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On 25 January 2014, Col. Dr Eugeniusz Olearczuk, founding member and honorary mem-
ber of the Polish Maintenance Society, vice president of the Society in the years 1991-2004, 
passed away. Dr Eugeniusz Olearczuk, Eng. was born in 1933. He graduated from the Military 
University of Technology. There, he also defended his doctoral thesis  and throughout his work-
ing life he delivered lectures and conducted his research. Since 1999, he was lecturer at the Real 
Estate University in Warsaw. He specialized in the field of maintenance of aviation technology 
and foundations of maintenance of buildings. 

He was author of many books, among others: “Foundations of the theory of operation of 
technical devices” (in Polish) (WNT, Warsaw 1972), “Operation of aircraft (aspects of the theo-
ry)” (in Polish) (MON Publishing, Warsaw 1979), “How is military technology developed” (in 
Polish) (MON Publishing, Warsaw 1981), “Maintenance of (residential) buildings” (in Polish) 
(Institute for Sustainable Technologies, Radom 1999), “Maintenance of buildings” (in Polish) 
COIB Publishing, Warsaw 2005), “The use of buildings” (In Polish) (Issue 1 WSGN Warsaw 
2010), “Servicing of buildings” (in Polish) (Issue 3 WSGN Warsaw 2011).

He was member of the Scientific Board of the quarterly “Maintenance and Reliability” and  sec-
tion editor in the PAN quarterly “Scientific Problems of Machines Operation and Maintenance”.

He was organizer of a number of scientific conferences, a respected and kind Colleague. 
His work will remain in the fond memory of his students and co-workers.

Prof. Andrzej Niewczas

col. Dr eugenIusZ olearcZuK, eng.

In MeMorIaM
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WANG HW, GAO J. A reliability evaluation study based on competing 
failures for aircraft engines. Eksploatacja i Niezawodnosc – Maintenance 
and Reliability 2014; 16 (2): 171–178.
Aircraft engine is a complex and repairable system, and the diversity of its failure 
modes increases the difficulty of reliability evaluation. It is necessary to establish 
a dynamic relationship among data, failure mode and system reliability, to achieve 
the scientific reliability evaluation for aircraft engines. This paper has used data fu-
sion method to establish reliability evaluation models respectively for performance 
degradation failures and sudden failures. Furthermore, these two models have been 
integrated on the basis of competing failures’ mechanism. Bayesian model averaging 
has been used to analyze the impacts of performance degradation failures and sudden 
failures on aircraft engines’ reliability. As a result of above, the goal of an accurate 
evaluation of the reliability for aircraft engines has been achieved. Example shows 
the effectiveness of the proposed model.

WANG HW, GAO J. Badania dotyczące oceny niezawodności silników lotniczych 
w oparciu o uszkodzenia konkurujące. Eksploatacja i Niezawodnosc – Mainte-
nance and Reliability 2014; 16 (2): 171–178.
Silnik samolotu to złożony system naprawialny, w którym  różnorodność przyczyn uszko-
dzeń zwiększa trudność oceny niezawodności. Dlatego też istnieje konieczność ustalenia 
dynamicznych związków pomiędzy danymi, przyczynami uszkodzenia i niezawodnością 
systemu, których znajomość pozwoliłaby przeprowadzać  naukową ocenę niezawodności 
silników lotniczych. W prezentowanej pracy wykorzystano metodę fuzji danych do opra-
cowania modeli oceny niezawodności w zakresie uszkodzeń wynikających z obniżenia 
charakterystyk oraz uszkodzeń nagłych. Ponadto, opracowane modele zintegrowano na 
podstawie mechanizmu uszkodzeń konkurujących. Do analizy wpływu dwóch omawia-
nych typów uszkodzeń na niezawodność silników lotniczych wykorzystano procedurę 
bayesowskiego uśredniania modeli. Dzięki powyższym krokom, osiągnięto założony cel 
dokładnej oceny niezawodności silników samolotowych. Przykład pokazuje skuteczność 
proponowanego modelu.

KAROlEWSKI B, lIGOCKI P. Modelowanie długich przenośników taśmo-
wych. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
179–187.
Przedstawiono matematyczny model przenośnika taśmowego umożliwiający analizę 
dynamicznych stanów pracy urządzenia. Skrótowo opisano sposób modelowania zjawisk 
falowych w taśmie, zmian mas i oporów ruchu oraz elementów układu napędowego czyli 
silników, przekształtników, sprzęgieł, przekładni i współpracy bębna napędowego z taśmą. 
Rozwiązując komputerowo uzyskane zależności, symulowano rozruch przykładowego 
przenośnika. Porównano przebiegi rozruchowe uzyskane obliczeniowo z pomiarowymi. 
Zweryfikowany model można wykorzystać do badania różnych zjawisk i stanów pracy 
przenośnika.

KAROlEWSKI B, lIGOCKI P. Modelling of long belt conveyors. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
179–187.
A mathematical model that allows the  analysis of the dynamic states of a belt co-
nveyor was presented. A way of modelling wave phenomena in the tape, changes of 
mass and resistances to motion and elements of the drive system (motors, frequency 
converters, couplings, gears and co-operation between the belt and drive pulley) was 
briefly described. A start up of an exemplary belt conveyor was simulated with the 
use of obtained formulas. The start-up time histories obtained computationally were 
compared with measurements. The verified belt conveyor model can be utilized to 
examine various phenomena and operating states of a belt conveyor.

BRkIć AĐ, MAneSkI T, IgnjATovIć D, jovAnčIć P, SPASojevIć BRkIć 
vk. Diagnostyka właściwości dynamicznych wysięgnika zrzutowego koparki 
kołowej oraz jego przebudowa. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2014; 16 (2): 188–197.
W artykule badano możliwe przyczyny złych własności dynamicznych wysięgnika 
zrzutowego koparki kołowej C7ooS (BWe) pracującej w kopalni odkrywkowej ko-
lubara w Serbii. Do stworzenia modelu konstrukcji nośnej wysięgnika zrzutowego oraz 
przeprowadzenia obliczeń statycznych i dynamicznych wykorzystano metodę elementów 
skończonych (MeS). Model został następnie zweryfikowany przy użyciu metody eks-
perymentalnej – analizy drgań. Wyznaczone cele osiągnięto poprzez analizę wyników 
MeS, które zostały następnie zweryfikowane w badaniach doświadczalnych. Ustalono 
przyczyny słabego działania wysięgnika.  głównymi problemami eksploatacyjnymi 
okazały się być nieodpowiednia konstrukcja cięgien wysięgnika oraz montaż kabiny 
kierowcy. Aby poprawić charakterystyki pracy wysięgnika, rozważono możliwe opcje 
jego przebudowy.  Wybór metody przebudowy ograniczały zasoby techniczne i finansowe 
użytkownika maszyny. Przebudowa dała poprawę charakterystyk pracy wysięgnika, co 
wykazano w praktyce.

BRkIć AĐ, MAneSkI T, IgnjATovIć D, jovAnčIć P, SPASojevIć 
BRkIć vk. Diagnostics of bucket wheel excavator discharge boom dy-
namic performance and its reconstruction. Eksploatacja i Niezawodnosc 
– Maintenance and Reliability 2014; 16 (2): 188–197.
The paper focuses on an investigation into the possible causes of the bad dynamic 
performance of bucket wheel excavator C7OOS (BWE) discharge boom in the Ko-
lubara opencast mine, Serbia. A discharge boom load carrying structure model was 
produced and its static and dynamic calculations were made by the finite element 
method (FEM).  The model was then validated by the experimental method – vibration 
analysis. The set goals were achieved by the FEM result analysis, which were further 
confirmed in the experiment. The causes for discharge boom weak performance were 
established.  The main operation problems were found in the inadequate design of 
the discharge boom tie(s) and the subsequent installation of a steering cabin. Possi-
ble discharge boom reconstructions were considered with a view to improving its 
operation performance.  The selection of the reconstruction approach was limited 
by the technical and financial resources available to the machine users. After the 
completed reconstruction, the discharge boom improved operation performance was 
demonstrated in practice. 

CeCHoWICZ R, STĄCZek P. Computer supervision of the group of com-
pressorsconnected in parallel. Eksploatacja i Niezawodnosc – Maintenance 
and Reliability 2014; 16 (2): 198–202.
The paper presents the original solution of the control and monitoring system of the 
compressed air production plant. The plant was supplying the mid–size production 
system. The developed solution is consistent with the Condition–Based Maintenance 
approach. Its aim was to integrate the functions of direct control and monitoring of the 
process to ensure the best possible working conditions of machines (compressors) and 
to extend the period of their operation. The implementation of the described solution 
allowed: to eliminate the need for human presence in an environment with very high 
levels of noise, to improve the quality of the process by stabilising the course of its 
basic characteristics (variables), to automate the handling of alarm conditions, to 
increase machines' reliability through their rational use and ensuring proper working 
conditions, and to document the process. Freeing the operator from the common, 
repetitive control tasks and equipping him with diagnostic tools enabled him to detect 
threats (potential failures) sooner and to undertake appropriate corrective actions.

CeCHoWICZ R, STĄCZek P. Komputerowy system nadzorowania zespołu 
sprężarek pracujących w układzie równoległym. Eksploatacja i Niezawodnosc 
– Maintenance and Reliability 2014; 16 (2): 198–202.
W pracy przedstawiono własne, wdrożone rozwiązanie problemu automatyzacji sterowania 
i nadzorowania procesu wytwarzania sprężonego powietrza na potrzeby średniej wielkości 
systemu produkcyjnego. opracowane rozwiązanie jest zgodne z podejściem Condition-
Based Maintenance. jego istotą było zintegrowanie funkcji sterowania bezpośredniego oraz 
nadzorowania przebiegu procesu w celu zapewnienia możliwie najlepszych warunków pra-
cy maszyn i wydłużenia przez to okresu ich eksploatacji. Wdrożenie opisanego rozwiązania 
pozwoliło na: wyeliminowanie konieczności przebywania ludzi w środowisku o bardzo 
dużym poziomie hałasu, poprawę jakości procesu poprzez ustabilizowanie przebiegu jego 
podstawowych charakterystyk (zmiennych), zautomatyzowanie procedur obsługi sytuacji 
awaryjnych, zwiększenie niezawodności maszyn poprzez ich racjonalne wykorzystanie i 
zapewnienie prawidłowych warunków pracy, oraz dokumentowanie przebiegu procesu. 
Uwolnienie operatora od zadań sterowania i wyposażenie go w narzędzia wspomagające 
diagnostykę procesu spowodowały, że był on w stanie wcześniej wykryć zagrożenia dla 
przebiegu procesu (potencjalne awarie) i podjąć stosowne działania zaradcze.

vAlIS D, ZAk l, PokoRA o. Ocena technicznej trwałości resztkowej silnika 
w oparciu o dane tribologiczne. Eksploatacja i Niezawodnosc – Maintenance 
and Reliability 2014; 16 (2): 203–210.
Celem pracy jest ocena trwałości technicznej układu.  W ocenie statystycznej technicznej 
trwałości resztkowej, wykorzystywane są duże ilości danych tribo-diagnostycznych. 
Dane te służą jako początkowe źródło informacji.  Dostarczają informacji nt. cząsteczek 
zawartych w oleju, które świadczą o jego bieżącym stanie, jak również o stanie całego 
układu. Szczególny nacisk położono na cząsteczki, które uznano za godne uwagi i war-
tościowe.  Tego rodzaju informacje mają duży potencjał techniczny i analityczny, który 
nie został jeszcze wystarczająco zbadany.  Modelując występowanie cząsteczek w oleju, 
spodziewamy się określić najlepszy czas na przeprowadzenie konserwacji zapobiegawczej.  

vAlIS D, ZAk l, PokoRA o. Engine residual technical life estimation 
based on tribo data. Eksploatacja i Niezawodnosc – Maintenance and Re-
liability 2014; 16 (2): 203–210.
The aim of the paper is to estimate a system technical life. When estimating a residual 
technical life statistically, a big amount of tribo-diagnostic data is used. This data 
serves as the initial source of information. It includes the information about particles 
contained in oil which testify to oil condition as well as system condition. We focus 
on the particles which we consider to be interesting and valuable. This kind of infor-
mation has good technical and analytical potential which has not been explored well 
yet. By modelling the occurrence of particles in oil we expect to find out when a more 
appropriate moment for performing preventive maintenance might come. The way of 
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modelling and further estimation is based on the specific characteristics of a regression 
analysis, fuzzy logic and diffusion processes – namely the Wiener process. Following 
the modelling results we could, in fact, set the principles of “CBM – Condition Based 
Maintenance”. However, the possibilities are much wider, since we can also plan in 
service operation and mission. All these steps result in inevitable cost saving which 
we would like to contribute to.

Sposób modelowania i dalszej oceny oparto o konkretne charakterystyki analizy regresji, 
logiki rozmytej i procesów dyfuzyjnych-tj.proces Wienera. Śledząc wyniki modelowania 
możliwe będzie ustalenie reguł utrzymania urządzeń zależnie od ich bieżącego stanu 
technicznego (condition-based maintenance, CBM). Możliwości są jednak dużo większe, 
pozwalając także na planowanie eksploatacji rutynowej i zadań. Wszystkie powyższe 
kroki prowadzą do oszczędności.

CzMOCHOWSKI J, MOCzKO P, ODyJAS P, PIETRUSIAK D. Badania drgań 
maszyn wirnikowych w stanach ustalonych oraz nieustalonych na przykładzie 
wentylatorów promieniowych dużych średnic. Eksploatacja i Niezawodnosc – 
Maintenance and Reliability 2014; 16 (2): 211–216.
Problem występowania stanów nieustalonych maszyn obrotowych jest powszechnie 
spotykany. Pojawia się on głównie podczas rozruchu i wywołany jest „przechodzeniem” 
przez prędkość krytyczną, która wzbudza drgania obiektu w bardzo szerokim zakresie. 
Ponadto problemy z drganiami maszyn obrotowych wywoływane są przez takie czynniki 
jak niewyważenie, niewyosiowanie, defekty łożysk i wiele innych. W pracy przedstawiono 
wyniki badań drgań zarówno w stanach ustalonych jak i nieustalonych przykładowych 
wentylatorów promieniowych. Za pomocą widm STFT przeanalizowano zarejestrowane 
przebiegi drgań niestacjonarnych. Dzięki temu możliwe było zidentyfikowanie głównych 
parametrów mających wpływ na poziom drgań podczas rozruchu oraz pracy normalnej. 
Badania przeprowadzono na czterech obiektach, co umożliwiło dodatkowe porównanie 
i wyciągnięcie wniosków odnośnie parametrów eksploatacyjnych całego układu prze-
pływowego.

CzMOCHOWSKI J, MOCzKO P, ODyJAS P, PIETRUSIAK D. Tests of 
rotary machines vibrations in steady and unsteady states on the basis of 
large diameter centrifugal fans. Eksploatacja i Niezawodnosc – Maintenance 
and Reliability 2014; 16 (2): 211–216.
The existence of unsteady states of rotary machines is a common problem. It occurs 
mainly during the machine start-up and is caused by “passing through” the critical 
velocity, which activates large scale object vibrations. Moreover, rotary machines 
vibrations problems are caused by faults such as unbalance, misalignment, bearing 
defects and others. The paper presents the results of tests of sample centrifugal fans vi-
brations, both in steady and unsteady states. The recorded time traces of non-stationary 
vibrations were analyzed with the STFT spectrum. This method  allowed to identify 
main parameters influencing the level of vibrations during the start-up and regular 
operation of the machine. The tests were performed on four machines, which enabled 
an additional comparison of operational parameters of the whole flow system.

DUAN R, zHOU H. Wykorzystanie zbiorów rozmytych i dynamicznego drzewa 
uszkodzeń w strategii diagnostyki elektro-pneumatycznego układu hamulco-
wego sterowanego za pomocą mikrokomputera. Eksploatacja i Niezawodnosc 
– Maintenance and Reliability 2014; 16 (2): 217–223.
W niniejszej pracy, opracowano nową strategię diagnostyki elektro-pneumatycznego 
układu hamulcowego sterowanego za pomocą mikrokomputera Celem badań była poprawa 
efektywności diagnostycznej. Strategię oparto na wybranych teoriach niezawodności oraz 
technikach zbiorów rozmytych. W szczególności, strategia wykorzystuje ocenę ekspercką 
oraz teorię zbiorów rozmytych do określania intensywności uszkodzeń dla podstawowych 
zdarzeń zachodzących w układzie hamulcowym oraz posługuje się modelem dynamicz-
nego drzewa uszkodzeń aby uchwycić dynamiczne mechanizmy uszkodzeń. Za pomocą 
przedstawionej strategii oblicza się także wyniki analiz niezawodnościowych poprzez 
mapowanie dynamicznego drzewa błędów do równoważnej sieci bayesowskiej (Bn). 
Ponadto w artykule zaproponowano schematy służące do aktualizacji czynnika ważno-
ści diagnostycznej (DIF) oraz przekrojów niezdatności zgodnie z danymi z czujników. 
Wreszcie, w oparciu o uzyskane wyniki analiz niezawodnościowych, opracowano wy-
dajny algorytm diagnostyczny, który zawiadamia załogę konserwatorką o konieczności 
przeprowadzenia diagnostyki układu hamulcowego. Wyniki doświadczeń pokazują, że 
proponowana metoda pozwala na zlokalizowanie usterki układu hamulcowego przy 
mniejszych kosztach diagnozy.

DUAN R, zHOU H. Diagnosis strategy for micro-computer controlled 
straight electro-pneumatic braking system using fuzzy set and dynamic 
fault tree. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 
16 (2): 217–223.
In this paper, a new diagnosis strategy for micro-computer controlled straight electro 
pneumatic braking system is developed to improve the diagnostic efficiency, which 
makes full use of some reliability theories and fuzzy set techniques. Specifically, it 
adopts expert elicitation and fuzzy set theory to evaluate the failure rate of the basic 
events for the braking system, and uses a dynamic fault tree model to capture the 
dynamic failure mechanisms and calculates some reliability results by mapping a 
dynamic fault tree into an equivalent Bayesian network (BN). Furthermore, the 
schemes are proposed to update the diagnostic importance factor (DIF) and the cut 
sets according to the sensors data. Finally, an efficient diagnostic algorithm is deve-
loped based on these reliability results to guide the maintenance crew to diagnose 
the braking system. The experimental results demonstrate that the proposed method 
can locate the fault of the braking system with less diagnosis cost.

IlUK A. Metoda oceny sztywności pojazdu pod kątem zagrożenia eksplo-
zją. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
224–228.
W artykule przedstawiono nową metodę oceny sztywności struktury pojazdu pod kątem 
odporności na eksplozję miny. Metoda ta umożliwia ocenę konstrukcji szerokiej gamy 
pojazdów gąsienicowych i kołowych na wczesnym etapie procesu konstruowania pojazdu 
uwzględniając takie czynniki jak masa i sztywność kadłuba oraz prześwit pod pojazdem. 
Wynikiem zastosowania metody jest ocena zagrożenia kończyn dolnych wskutek lokalnej 
deformacji pojazdu dla każdego członka załogi.

IlUK A. Method of evaluating the stiffness of a vehicle with respect to the 
risk of explosion. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2014; 16 (2): 224–228.
This article describes a new method of evaluating the stiffness of structure of a 
vehicle with respect to its resistance to mine explosion. This method allows for the 
assessment of the structure of a wide range of tracked and wheeled vehicles in the 
early stage of the construction process, considering such factors as mass and stiffness 
of the hull and ground clearance. By applying this method it is possible to assess the 
risk of lower limb injury for every vehicle occupant, caused by local deformation 
of the vehicle. 

gRInčová A, MARASová D. Experimental research and mathema-
tical modelling as an effective tool of assessing failure of conveyor belts. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
229–235.
One of the main causes of damage is their dynamic stress, which often ends 
the life-cycle caused end of conveyor belts. Dynamic stress leads to fatigue 
strength functions in shear loading of fabric conveyor belts. Damage of the 
conveyor belt can be solved by extensive experimental research in laboratory 
conditions on complex equipments made just for this purpose. The aim of the 
study is to determine the relation of power in the conveyor belt to the weight 
of the material which is falling onto a conveyor belt and to impact level height, 
which is based on data obtained in the experimental research. The experimental 
measurements have been performed on a test rig, which was developed at the 
Institute of logistics and Transport Industry FBERG of Kosice. Results of 
mathematical modelling clearly say that proposed regression models describe 
real behaviour of the conveyor belts in productions during their dynamic stress 
as a result of the influence of shock and stretching forces very well.

gRInčová A, MARASová D. Experimental research and mathematical 
modelling as an effective tool of assessing failure of conveyor belts. Eksploatacja 
i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 229–235.
jedną z głównych przyczyn uszkodzeń taśm przenośnikowych są naprężenia dynamiczne, 
które często prowadzą do zakończenia cyklu życia taśmy. naprężenia dynamiczne powo-
dują pojawienie się funkcji wytrzymałości zmęczeniowej w warunkach oddziaływania 
na taśmę tkaninową obciążenia ścinającego. Problem uszkodzeń taśm przenośnikowych 
można rozwiązać prowadząc obszerne badania doświadczalne w warunkach laboratoryj-
nych na skomplikowanych, specjalnie do tego celu stworzonych urządzeniach. Celem 
prezentowanej pracy było określenie zależności między siłami w taśmie przenośnika a masą 
materiału spadającego na taśmę oraz wysokością zrzutu, w oparciu o dane z przeprowadzo-
nych badań doświadczalnych. Pomiary eksperymentalne przeprowadzono na stanowisku 
badawczym zaprojektowanym w Instytucie logistyki i Przemysłu Transportowego FBeRg 
w koszycach. Wyniki modelowania matematycznego wyraźnie pokazują, że proponowane 
modele regresji bardzo dobrze opisują rzeczywiste zachowanie taśm przenośnikowych 
podczas procesu produkcyjnego, w trakcie którego poddawane są one dynamicznym 
naprężeniom w wyniku oddziaływaniasiły uderzenia oraz sił rozciągających.
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STRyCzEK R, PyTlAK B. Multi-objective optimization with adjusted 
PSO method on example of cutting process of hardened 18CrMo4 steel. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
236–245.
In this paper a Modified Particle Swarm optimization (PSo) method for multi-
objective (MO) problems with a discrete decision space is proposed. In the PSO 
method the procedure to determine inertia weight, learning factor and social factor is 
modified. In addition, both an elitism strategy and innovative deceleration mechanism 
preventing the particles from going beyond the limits of decision space are introduced. 
The proposed approach has been applied to a series of currently used test functions as 
well as to optimization problems connected with finish hard turning operation, where 
the obtained results have been compared with those obtained by means of Genetic 
Algorithms (GA). The results indicate that the proposed approach is relatively quick, 
and thus it is highly competitive with other optimization methods. The authors have 
obtained a very good diversity, convergence and a maximum range of the Pareto 
front in the criteria space. In order to assess the quality of the generated Pareto set 
for each of presented examples, a rating has been determined based on the entropy 
measurement and inverted generational distance (IGD).

STRyCzEK R, PyTlAK B. Optymalizacja wielokryterialna skorygowaną 
metodą PSO na przykładzie procesu skrawania stali 18CrMo4 w stanie 
zahartowanym. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2014; 16 (2): 236–245.
W pracy zaproponowano zmodyfikowaną metodę optymalizacji wielocząsteczkowej 
(PSo) dla problemów optymalizacji wielokryterialnej z dyskretną przestrzenią decyzyjną. 
W metodzie PSo zmieniono sposób określania momentu bezwładności, współczynnika 
uczenia oraz współczynnika społecznego. Dodatkowo wprowadzono elitaryzm oraz inno-
wacyjny mechanizm hamowania cząstek chroniący je przed przekraczaniem dopuszczal-
nych granic przestrzeni decyzyjnej. Zaproponowane podejście zostało zweryfikowane na 
szeregu aktualnych funkcjach testowych oraz problemie optymalizacji procesu skrawania 
stali 18CrMo4 w stanie zahartowanym, gdzie porównano je z wynikami uzyskanymi za 
pomocą algorytmów genetycznych (gA). Uzyskane wyniki wskazują, że zaproponowane 
podejście jest względnie szybkie i wysoce konkurencyjne w stosunku do innych metod 
optymalizacji. Autorzy uzyskali bardzo różnorodne, zbieżne i w pełnym zakresie przebiegi 
frontu Pareto w przestrzeni kryteriów. W celu oceny jakości wygenerowanego zbioru 
Pareto dla każdego z prezentowanych przykładów wyznaczono ocenę opartą na pomiarze 
entropii oraz wskaźnika jakości IgD.

lAI M-T. Optimal replacement period with repair cost limit and cumu-
lative damage model. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2014; 16 (2): 246–252.
This paper deals with periodical replacement model with single repair cost limit under 
cumulative damage process. The system is subject to two types of shocks. Type I 
shock causes damage to the system. The total damage is additive, and it causes a 
serious failure eventually if the total additive damage exceeds a failure level K. Type 
II shock causes the system to a minor failure, which can be maintained by minimal 
repair if the estimated repair cost is smaller than a predetermined repair-cost limit lS 
or by preventive replacement if the estimated repair cost is larger than lS. The system 
is also replaced at scheduled time T or at serious failure. The long-term expected 
cost per unit time is derived using the expected costs as the optimality criterion. The 
minimum-cost policy is derived, and existence and uniqueness are proved.

lAI M-T. Optymalny okres wymiany przy limicie kosztów naprawy i modelu 
sumowania uszkodzeń. Eksploatacja i Niezawodnosc – Maintenance and Relia-
bility 2014; 16 (2): 246–252.
niniejszy artykuł dotyczy modelu wymiany okresowej z ograniczeniem kosztów pojedyn-
czej naprawy w ramach procesu sumowania uszkodzeń. Układ podlega dwóm rodzajom 
zaburzeń. Zaburzenie I typu powoduje uszkodzenie systemu. Uszkodzenie całkowite 
sumuje się, powodując w końcu poważną awarię jeśli łączna wartość uszkodzeń przekroczy 
poziom awarii k. Zaburzenie II typu powoduje drobną awarię systemu, która może zostać 
usunięta dzięki minimalnej naprawie jeśli przewidywany koszt naprawy będzie mniejszy 
niż zakładany limit kosztów naprawy lS lub na drodze wymiany prewencyjnej, jeżeli 
przewidywany koszt naprawy będzie większy niż lS. Układ również podlega wymianie 
w założonym czasie T lub w przypadku poważnej awarii. Długoterminowe przewidywane 
koszty na jednostkę czasu obliczono z wykorzystaniem przewidywanych kosztów jako 
kryterium optymalności. Wyprowadzono strategię minimalnych kosztów, udowadniając 
istnienie i jedyność.

PIlCH R, SZyBkA j, TUSZyńSkA A. Zastosowanie metod faktoryzacji 
oraz symulacjiczasowo-przestrzennej do oceny niezawodności sieci wodo-
ciągowych. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 
16 (2): 253–258.
W artykule przedstawiono sposób wyznaczenia niezawodności sieci wodociągowych 
przy wykorzystaniu algorytmu faktoryzacji. jest to metoda oparta na teorii grafów i ich 
redukcji, umożliwiająca obliczenie niezawodności układu o określonej strukturze połą-
czeń między elementami ale bez wyznaczania jego struktury niezawodnościowej. Dla 
wybranej sieci wyznaczono wpływ uszkodzenia poszczególnych odcinków rurociągów 
na jej niezawodność. W sieciach wodociągowych szczególnie ważne jest  zapewnienie 
odpowiednich parametrów dostarczanej wody. Za pomocą symulacji czasowo-przestrzen-
nej określono wartości wskaźnika warunków poboru wody WWPW w całej analizowanej 
sieci oraz jego zmiany, w efekcie uszkodzenia wytypowanych odcinków rurociągów. 
Przedstawione metody faktoryzacji i symulacja czasowo-przestrzenna, do wyznaczenia 
wartości wskaźnika WWPW, wzajemnie się uzupełniają w ocenie niezawodności. Po-
zwalają zwiększyć wiarygodność oceny niezawodności i mogą być wykorzystywane w 
prowadzeniu racjonalnej eksploatacji sieci wodociągowych.

PIlCH R, SZyBkA j, TUSZyńSkA A. Application of factoring and time-
space simulation methods for assessment of the reliability of water-pipe 
networks. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 
16 (2): 253–258.
This article presents a method for determining the reliability of water-pipe networks 
through the application of factoring algorithms. This is a method based on graph theory 
and graph reduction, making it possible to calculate the reliability of a system with a 
specific structure of connections between its elements without determining its relia-
bility structure. The impact of damage to individual pipeline segments on a network’s 
overall reliability was also determined. In water-pipe networks, it is also particularly 
important to ensure that the appropriate parameters of water are maintained. values of 
the water supply conditions index (WSCI) in the entire analysed network and changes 
resulting from damage to selected pipeline segments were determined by means of 
time-space simulation. The presented factoring and time-space simulation methods 
for determining WSCI index values are mutually complementary in the assessment of 
reliability. They make it possible to improve the credibility of reliability assessment 
and may be used to conduct rational usage of water-pipe networks.

BOCEWICz G. Model oceny odporności multimodalnych sieci transporto-
wych. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
259–269.
Dynamiczny rozwój infrastruktury komunikacji miejskiej obejmującej linie autobusowe, 
trolejbusowe, tramwajowe, linie metra, kolei podmiejskiej, itp. składające się na tzw. 
Multimodalne Sieci Transportowe (MST) rodzi wiele nowych problemów. Wśród waż-
niejszych z nich warto wymienić problemy planowania obsługi ruchu pasażerskiego w 
sytuacjach związanych z awariami elementów infrastruktury, wypadkami losowymi czy 
też z obsługą imprez masowych. Wiadomo, że istnienie rozwiązań dopuszczalnych gwa-
rantujących zakładaną przepustowość infrastruktury warunkuje tzw. odporność MST na 
ww. zakłócenia. W tym kontekście, niniejsza praca przedstawia pewien deterministyczny 
model multimodalnej sieci transportowej złożonej z połączonych stacjami przesiadkowymi, 
linii komunikacji miejskiej. Składające się na sieć, pracujące w zamkniętych cyklach, linie 
komunikacji miejskiej pozwalają obsłuchiwać ruch pasażerski na wybranych kierunkach 
np. północ-południe. obsługiwane strumienie pasażerów modelowane są jako tzw. mul-
timodalne procesy transportowe. Wprowadzone miary odporności MST, umożliwiające 
ocenę rozważanych wariantów infrastruktury, pozwalają na wyznaczenie warunków speł-
nienie, których gwarantuje dopuszczalną jakość obsługi ruchu pasażerskiego. Umożliwiają, 
zatem zarówno planowanie obsługi pasażerów na wybranych trasach, jak i kształtowanie 
struktury rozbudowywanej i/lub modernizowanej sieci komunikacji miejskiej.

BOCEWICz G. Robustness of Multimodal Transportation Networks. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
259–269.
This paper describes a declarative approach to modeling a multimodal transportation 
network (MTN) composed of multiple connecting transport modes, such as bus, tram, 
light rail, subway and commuter rail, where within each mode, service is provided 
on separate lines or routes. The considered model of a network of multimodal trans-
portation processes (MTPN) provides a framework to address the needs for trans-
portation networks robustness while taking into account their capacity and demand 
requirements. Therefore the work focuses on evaluation of the network robustness 
allowing distinguished multimodal processes to continue in order to accomplish trips 
following an assumed set of multimodal chains connecting transport modes between 
origins and destinations. Consequently, a solution to the problem of prototyping robust 
transits on a given multimodal network is implemented and tested. The conditions 
that guarantee the network robustness, taking into account disruptions of supply and 
demand as well as operational control, are provided. The aim of investigations is to 
provide a tool for evaluating the robustness of a network of multimodal transportation 
processes as well as different travel modes through a transportation network.
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STOECK T, OSIPOWICz T, ABRAMEK KF. Methodology for the repair 
of Denso Common Rail solenoid injectors. Eksploatacja i Niezawodnosc – 
Maintenance and Reliability 2014; 16 (2): 270–275.
This paper presents the problems of Denso Common Rail solenoid injector verification 
and repair. Due to conscious policy of the manufacturer who does not offer spare parts 
or special tooling, their servicing comes down most frequently to external cleaning, 
internal rinsing by the thermo-chemical method, and testing on test benches. Based 
on the analysis of failures and malfunctions being most frequently observed, own 
methodology for the repair process have been presented, specifying the successive 
stages of disassembly and final assembly. A possibility of effective fuel metering 
correction has been demonstrated, which is presented on the example of injectors in 
a 2.2 HDI engine of Citroën Jumper II delivery van.

STOECK T, OSIPOWICz T, ABRAMEK KF. Metodyka naprawy wtryskiwaczy 
elektromagnetycznychukładów zasilania Common Rail Denso. Eksploatacja i 
Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 270–275.
W artykule przedstawiono problematykę weryfikacji i naprawy wtryskiwaczy elektroma-
gnetycznych Common Rail firmy Denso. Ze względu na świadomą politykę producenta, 
który nie oferuje części zamiennych i specjalistycznego oprzyrządowania, ich obsługa 
sprowadza się najczęściej do czyszczenia zewnętrznego, płukania wewnętrznego metodą 
termochemiczną oraz testowania na stołach probierczych. W oparciu o analizę najczęściej 
spotykanych uszkodzeń i niesprawności, zaprezentowano własną metodykę procesu 
naprawy, z wyszczególnieniem kolejnych etapów demontażu oraz montażu końcowego. 
Wskazano na możliwość efektywnej korekty dawkowania, którą pokazano na przykładzie 
wtryskiwaczy silnika 2,2 HDI pojazdu Citroën Jumper II.

lIN J, ASPlUND M. Badania porównawcze zużycia powierzchni bieżnych kół 
lokomotyw dużej mocy. Eksploatacja i Niezawodnosc – Maintenance and Relia-
bility 2014; 16 (2): 276–287.
Resurs kół pociągu może być znacząco różny w zależności od ich miejsca zamontowania, 
warunków pracy, charakterystyk związanych z reprofilacją, itp. W artykule, porównano 
koła dwóch wybranych lokomotyw kursujących na linii Rud Żelaza w północnej Szwecji, 
aby zbadać niektóre ze wspomnianych różnic. Zaproponowano możliwość łączenia danych 
pochodzących z oceny niezawodności z danymi degradacyjnymi oraz danymi z reprofi-
lacji. Przeprowadzone badania pozwalają wyciągnąć następujące wnioski. Po pierwsze, 
krzywa wykładnicza degradacji oraz zadane warunki pracy można wykorzystać w celu 
przeprowadzenia badań niezawodności z użyciem modelu Weibulla z efektami losowymi 
(tzw. "frailty model"); po drugie, główną przyczyną zlecania reprofilacji kół jest zmęczenie 
toczne (RCF); po trzecie, analiza parametrów reprofilacji pozwala na monitorowanie i 
badanie zarówno szybkości zużycia kół, jak i ubytku materiału podczas reprofilacji, co 
może mieć zastosowanie w optymalizacji czynności obsługowych.

lIN J, ASPlUND M. Comparison Study of Heavy Haul Locomotive Whe-
els’ Running Surfaces Wearing. Eksploatacja i Niezawodnosc – Maintenance 
and Reliability 2014; 16 (2): 276–287.
The service life of railway wheels can differ significantly depending on their installed 
position, operating conditions, re-profiling characteristics, etc. This paper compares 
the wheels on two selected locomotives on the Iron Ore line in northern Sweden to 
explore some of these differences. It proposes integrating reliability assessment data 
with both degradation data and re-profiling performance data. The following conc-
lusions are drawn. First, by considering an exponential degradation path and given 
operation condition, the Weibull frailty model can be used to undertake reliability 
studies; second, among re-profiling work orders, rolling contact fatigue (RCF) is the 
principal reason; and third, by analysing re-profiling parameters, both the wear rate 
and the re-profiling loss can be monitored and investigated, a finding which could 
be applied in optimisation of maintenance activities.

joDejko-PIeTRUCZUk A, WeRBIńSkA-WojCIeCHoWSkA S. Analiza 
parametrów modeli obsługiwania systemów technicznych z opóźnieniem 
czasowym. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 
16 (2): 288–294.
W pracy analizie poddano system trzyelementowy (struktura niezawodnościowa progowa), 
którego procesy obsługiwania realizowane są zgodnie z założeniami Polityki Przeglądów 
Blokowych (BIP). Strategia ta może być zastosowana w procesie utrzymania systemów 
technicznych, gdy znane są pewne jego charakterystyki niezawodnościowe, bazujące m.in. 
na informacjach o czasach pomiędzy uszkodzeniami elementów systemu. W badaniach 
skupiono się na trzech rozkładach prawdopodobieństwa tej zmiennej losowej (normalny, 
Weibull, prostokątny). Model symulacyjny opracowano przy wykorzystaniu oprogra-
mowania GNU octave. Analiza okresu opóźnienia czasowego, przy założeniu różnych 
postaci rozkładów prawdopodobieństwa tej zmiennej losowej, pozwoliła na ocenę: czy 
znajomość typu rozkładu prawdopodobieństwa zmiennej losowej h ma istotne znaczenie 
dla wyników ekonomicznych funkcjonowania systemu, oraz jakie konsekwencje mogą 
wystąpić w wyniku niewłaściwej estymacji wartości średniej e(h).

joDejko-PIeTRUCZUk A, WeRBIńSkA-WojCIeCHoWSkA S. Ana-
lysis of maintenance models’ parameters estimation for technical systems 
with delay time. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2014; 16 (2): 288–294.
In the article authors are interested in BIP performance for three-element system 
(“k-out-of-n” reliability structure), the maintenance policy which is one of most com-
monly used in practice. The BIP may be implemented in technical systems when some 
information about reliability characteristics is known. The basic reliability parameters 
that have to be specified in such systems are: an estimation of system components’ 
time to failure and some delay time characteristics. In order to determine the effects 
of possible errors and to specify sufficient accuracy of the estimation, the analysis of 
system costs was done for various values of the expected delay time, assuming three 
different probability distributions of the delay time (Weibull, Uniform, and Normal). 
The modelling process was based on the use of GNU Octave software. Test analysis 
of delay time parameter, assuming different types of probability distributions is the 
base to conclude: if the form of the distribution has any meaning for economic results 
of the system, and what kind of consequences may result from improper mean delay 
time estimation E(h).

zHANG X, KANG J, BECHHOEFER E, zHAO J. A new feature extraction 
method for gear fault diagnosis and prognosis. Eksploatacja i Niezawodnosc 
– Maintenance and Reliability 2014; 16 (2): 295–300.
Robust features are very critical to track the degradation process of a gear. They are 
key factors for implementing fault diagnosis and prognosis. This has driven the need 
in research for extracting good features. This paper used a new method, Narrowband 
Interference Cancellation, to suppress the narrow band component and enhance the 
impulsive component enabling the gear fault detection easier. This method can impro-
ve the signal to noise ratio of impulse train associated with the gear fault frequency. 
A run-to-failure test is used to demonstrate the method’s effectiveness. Based on the 
time synchronous signal of high speed shaft, Sideband Index is extracted from the 
signals processed by Narrowband Interference Cancellation. This feature has good 
degradation trend than traditional Sideband Index extracted from the time synchronous 
average signal directly. Comparison of features based on different extraction process 
proves the effectiveness of developed method.

zHANG X, KANG J, BECHHOEFER E, zHAO J. Nowa metoda diagnozowania 
i prognozowania uszkodzeń przekładni z wykorzystaniem ekstrakcji cech. Eks-
ploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 295–300.
Cechy odporne (robustfeatures) mają krytyczne znaczenie w trakcie śledzenia procesu 
degradacji przekładni. Stanowią one kluczowy czynnik w procesie diagnozowania i 
prognozowania uszkodzeń. Fakt ten stwarza w badaniach naukowych potrzebę ekstrakcji 
pożądanych cech. W niniejszej pracy wykorzystano nową metodę, tzw. metodę eliminacji 
zakłóceń wąskopasmowych (narrowbandInterferenceCancellation), za pomocą której 
można wytłumić składową wąskopasmową, a wzmocnić składową impulsową, co ułatwia 
wykrywanie uszkodzeń przekładni. Metoda ta pozwala poprawić stosunek sygnału do 
szumu w szeregu impulsów związanym z częstotliwością charakteryzującą uszkodzenie 
przekładni. Skuteczność przedstawionej metody można wykazać za pomocą badań typu 
„pracuj do awarii” (run-to-failure) . na podstawie synchronicznego sygnału wału wy-
sokoobrotowego,  z sygnałów przetwarzanych za pomocą metody eliminacji zakłóceń 
wąskopasmowych ekstrahuje się wskaźnik wstęgi bocznej (Sideband Index). Cecha ta ma 
lepszy trend degradacji niż tradycyjny wskaźnik wstęgi bocznej ekstrahowany bezpośred-
nio z sygnału uśrednionego synchronicznie w czasie. Porównanie cech wyodrębnionych 
w różnych procesach ekstrakcji dowodzi skuteczności opracowanej metody.

BUCHACZ A, PłACZek M, WRóBel A. Modelowanie pasywnego tłumienia 
drgań przy użyciu przetworników piezoelektrycznych – model matematycz-
ny. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
301–306.
W pracy przedstawiono propozycję modelowania matematycznego drgających prze-
tworników piezoelektrycznych poprzez zastosowanie analogii elektrycznej. opracowany 
model stosowany jest w analizie oraz wyznaczaniu charakterystyk drgających płytek 
piezoelektrycznych z dołączonymi, zewnętrznymi, biernymi elementami elektrycznymi. 
Wprowadzono układ zastępczy przetwornika piezoelektrycznego równoważny trójwrotni-

BUCHACZ A, PłACZek M, WRóBel A. Modelling of passive vibration 
damping using piezoelectric transducers – the mathematical model. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 
301–306.
A proposal of mathematical modelling of vibrating piezoelectric transducers using 
the electrical analogy is presented in this work. The developed mathematical model 
is used in analysis of vibrating piezoelectric plates with adjoined external passive 
electric elements and for designating of their characteristics. A substitute electric 
system of the piezoelectric transducer that is equal to a three-port system was intro-
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duced. A piezoelectric transformer created by connection of two plates was analysed. 
Substitute systems of both plates were introduced. All mechanical parameters of 
the analysed system were replaced by equivalent electrical parameters in obtained 
Mason’s model.

kowi elektrycznemu. W pracy analizowano połączenia dwóch płytek piezoelektrycznych 
działających jako transformator piezoelektryczny, wprowadzając układy zastępcze obu 
przetworników. Przy stosowaniu układów zastępczych w postaci obwodów elektrycznych 
wszystkie wielkości mechaniczne w otrzymanym układzie Masona zostały zastąpione 
równoważnymi wielkościami elektrycznymi.

yANG y, lU z, lUO X, GE z, QIAN y. Średnia masa uszkodzenia i średni 
czas naprawy uszkodzenia: parametry łączące  niezawodność, obsługiwalność 
i utrzymywalność. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2014; 16 (2): 307–312.
jak dotąd w inżynierii niezawodności nie istniały parametry łączące niezawodność, 
obsługiwalność i utrzymywalność. Wskaźniki takie jak gotowość mogą być stosowane 
w celu sprawdzenia zgodności tych cech RAM (Reliability, Availability, Maintainability 
– niezawodność, gotowość, obsługiwalność) dopiero po uzyskaniu indywidualnego 
wskaźnika każdej charakterystyki, takich jak MTBF, MTTR, itp. W ten sposób dostępne 
metody równoważenia owych trzech cech nie są wystarczająco skuteczne i bezpośrednie 
w fazie projektowania produktu . niniejszy artykuł przedstawia pojęcia średniej masy 
uszkodzenia i  średniego czasu naprawy uszkodzenia. Badając zależność prawdopodo-
bieństwa uszkodzenia i masy produktu, uzyskuje się cechę łączącą niezawodność i utrzy-
mywalność. Podobnie, badając zależność prawdopodobieństwa uszkodzenia i średniego 
czasu naprawy produktu, uzyskuje się cechę łączącą niezawodność i obsługiwalność.  
na bazie powyższych definicji osiągnięto kompromisowe podejście do niezawodności, 
obsługiwalności i utrzymywalności podczas fazy projektowania. Skuteczności obu 
nowych koncepcji dowodzi przykład równoważenia niezawodności i obsługiwalności 
podsystemu stacji kosmicznej.

yANG y, lU z, lUO X, GE z, QIAN y. Mean failure mass and mean 
failure repair time: parameters linking reliability, maintainability and 
supportability. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2014; 16 (2): 307–312.
Up to now, no parameters linking reliability, maintainability and supportability 
directly are available in reliability engineering. Index such as availability can be 
used to check the compatibility of those RAM features only after individual index of 
every characteristic is obtained such as MTBF, MTTR, etc.  Thus available methods 
to balance those three features are not efficient and direct during the product design 
phase. In this paper, concepts of mean failure mass and mean failure repair time are 
presented. By investigating the relationship of the failure probability and the mass 
of a product, a feature linking reliability and supportability is obtained. Similarly, 
by studying the relationship of the failure probability and the mean time to repair 
of a product, a feature linking reliability and maintainability is obtained.  Based 
on above definitions, an approach of reliability, maintainability and supportability 
trade-off during design phase is achieved. Effectiveness of both of the new concepts 
is demonstrated by an example of balancing the maintainability and supportability 
of a subsystem of a space station.

ŻyCZyńSkA A. Zużycie ciepła i koszty ogrzewania po dociepleniu przegród 
budowlanych zespołu budynków zasilanych z lokalnej kotłowni olejowej. Eks-
ploatacja i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 313–318.
W artykule przedstawiono wskaźniki zużycia energii uzyskane w warunkach eksploata-
cyjnych i koszty ogrzewania przed i po dociepleniu przegród zewnętrznych grupy ośmiu 
budynków mieszkalnych wielorodzinnych zasilanych ze wspólnego źródła ciepła. Źródłem 
ciepła jest kotłownia lokalna opalana olejem opałowym lekkim, dystrybucja ciepła do po-
szczególnych budynków następuje poprzez osiedlową sieć ciepłowniczą. W celu określenia 
średnich jednostkowych wskaźników zużycia energii na cele grzewcze dla całego zespołu 
budynków przeprowadzono analizę zużycia paliwa uwzględniając standardowe warunki 
obliczeniowe. Analizą objęto okres czterech lat po dociepleniu budynków od 2008–2011 r. 
i odniesiono do stanu przed dociepleniem z 2006 r., inwestycja była realizowana w 2007 r. 
Uzyskane rzeczywiste wskaźniki zużycia energii porównano do obecnie obowiązujących 
wymagań warunków technicznych. na podstawie danych z eksploatacji budynków 
przeanalizowano spadek zużycia ciepła z tytułu docieplenia przegród, zmienność cen 
paliwa i kosztów eksploatacyjnych ogrzewania, określono spadek emisji zanieczyszczeń 
do atmosfery, oszacowano koszty eksploatacyjne ogrzewania jakie zostałyby poniesione 
w przypadku braku docieplenia przegród budowlanych.

ŻyCZyńSkA A. The heat consumption and heating costs after the in-
sulation of building partitions of building complex supplied by the local 
oil boiler room. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2014; 16 (2): 313–318.
The paper presents the indices of energy consumption obtained in operating condi-
tions as well as the heating costs before and after the insulation of external partitions 
of eight multiple dwelling buildings supplied by the common heat source which is 
the local boiler room heated by light fuel oil. The heat distribution to the particular 
buildings is by the district heating network.  In order to determine the average unitary 
indices of energy consumption aimed at heating of the whole building complex, the 
analysis of fuel consumption is carried out, with consideration of standard computa-
tional conditions. The analysis lasted for four years after the insulation of buildings, 
from 2008 to 2011; its results are compared to the ones obtained from the analysis 
conducted before the insulation, in 2006. The investment was realised in 2007. The 
obtained real energy consumption indices are compared to the current requirements 
of technical conditions. On the basis of the data referring to the operation of buil-
dings, the decrease in the heat consumption due to the insulation of partitions, the 
variability of fuel price, and the costs of heat generation are estimated . Moreover, 
the decrease in the emission of pollutants into the atmosphere is defined, as well as 
the costs of heat generation, which would be incurred if there was no insulation of 
partitions, are estimated.

AU-yONG CP, AlI AS, AHMAD F. Prediction cost maintenance model 
of office building based on condition-based maintenance. Eksploatacja i 
Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 319–324.
Building maintenance costs are continuously increasing as a result of poor main-
tenance. Consequently, there is an urgent need to develop solutions to reduce the 
maintenance costs. various studies demonstrated that the characteristics of condi-
tion-based maintenance are directly related to the cost performance. Thus, this paper 
seeks to establish the relationships between the characteristics of condition-based 
maintenance and the cost performance. The researcher then developed a regression 
model for maintenance planning and prediction. The study adopted a mix method 
approach that includes questionnaire survey, interview, and case study. The findings 
highlighted the reliability of maintenance data and information as the most significant 
characteristic of condition-based maintenance. Consequently, the study concluded that 
the planning and the application of the condition-based maintenance strategy should 
consider its significant characteristics and make reference to the resulting prediction 
model. Furthermore, the study recommended measures to improve the significant 
characteristics and the cost performance in practice.

AU-yONG CP, AlI AS, AHMAD F. Predykcyjno-kosztowy model konserwacji 
budynku biurowego oparty o utrzymanie zależne od bieżącego stanu tech-
nicznego (CBM). Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2014; 16 (2): 319–324.
koszty konserwacji budynków nieustannie rosną ze względu na nieodpowiednią konserwa-
cję. Z tej racji, niezbędne jest wypracowanie rozwiązań obniżających koszty konserwacji. 
Różne badania wykazały, iż charakterystyki utrzymania urządzeń zależnie od ich bieżącego 
stanu technicznego (condition-based maintenance, CBM) są bezpośrednio powiązane z 
wydajnością kosztu. niniejszy artykuł stara się więc ustalić związek pomiędzy charaktery-
stykami utrzymania budynków zależnie od ich bieżącego stanu technicznego a wydajnością 
kosztu. następnie opracowano model regresji dla planowania konserwacji jak i predykcji. 
W badaniach użyto metody mieszanej łączącej badania kwestionariuszowe, wywiad 
oraz studium przypadku. Rezultaty podkreśliły, iż wiarygodność danych z konserwacji i 
informacji to najbardziej istotne charakterystyki CBM. W konsekwencji, wnioski z badań 
sugerują, iż planowanie i wdrożenie strategii utrzymania w zależności od bieżącego stanu 
technicznego powinno brać pod uwagę jej istotne charakterystyki i odwoływać się do 
wynikającego z niej modelu predykcji. Ponadto, praca zawiera zalecenia jakimi środkami 
można w praktyce poprawić istotne charakterystyki i wydajność kosztu.

kołoDZIej P, BoRygA M. Analiza częstościowa sprzęgła o regulowanej 
podatności skrętnej. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2014; 16 (2): 325–329.
W pracy przedstawiono analizę częstościową sprzęgła podatnego umożliwiającego zmianę 
sztywności skrętnej. Wyprowadzono zależność na sztywność sprzęgła uwzględniając para-
metry geometryczne i materiałowe. Zmiana sztywności sprzęgła dokonuje się tak aby iloraz 
częstości wymuszenia i częstości drgań własnych układu był większy od 1,4. obliczono 
parametry drgań dla wybranych wartości współczynnika sztywności skrętnej przy często-
ściach wymuszenia bliskich częstości drgań własnych oraz po zmianie sztywności.

kołoDZIej P, BoRygA M. Frequency analysis of coupling with adju-
stable torsional flexibility. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2014; 16 (2): 325–329.
The article presents the frequency analysis of a flexible coupling allowing changes of 
torsional flexibility. The authors derived a relationship for coupling flexibility con-
sidering geometric and material parameters. Coupling flexibility change is executed 
in such a manner that the quotient of extortion frequency and natural frequency of 
the system is higher than 1.4. Oscillation parameters for selected values of torsional 
flexibility were calculated for extortion frequencies approximating natural frequencies 
and after flexibility change.
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WAlCzAK M, PIENIAK D, NIEWCzAS AM. Effect of recasting on the 
useful properties CoCrMoW alloy. Eksploatacja i Niezawodnosc – Main-
tenance and Reliability 2014; 16 (2): 330–336.
Recasting of the previously cast metal can change the chemical composition of the 
newly formed material, which ultimately could affect the properties of a dental alloy. 
The research used a dental alloy CoCrMoW trade name Remanium 2001. Three gro-
ups of dental alloy were prepared by mixing 50% fresh alloy to alloy remnants from 
previous castings. The specimens in the first casting group used 100% fresh alloy and 
served as control (R1). The second group consisted of equal amounts of fresh alloy 
and alloy remnants cast only once (R2). The third group contained 50% fresh alloy 
and alloy cast twice (R3). Microstructural analysis was performed and the chemical 
composition, XRD studies, hardness, and tribological test and the metal–ceramic 
bond strength was investigated according to ISO9693 standard. New material should 
be used in casting, and if previously casted material is used, it should be mixed with 
new material. The use of the recasting procedure can lower the costs of CoCrMoW 
castings and can be safely in dentistry.

WAlCzAK M, PIENIAK D, NIEWCzAS AM. Wpływ powtórnego przetapiania 
na właściwości użytkowe stopu CoCrMoW. Eksploatacja i Niezawodnosc – 
Maintenance and Reliability 2014; 16 (2): 330–336.
Przetapianie uprzednio odlanego metalu może spowodować zmianę składu chemicznego 
nowopowstałego materiału, co w końcowym efekcie może oddziaływać na właściwości 
użytkowestopu stomatologicznego. Do badań zastosowano stop stomatologiczny CoCr-
MoW o nazwie handlowej Remanium 2001.Przygotowano 3 grupy stopu stomatologiczne-
go przez zmieszanie 50% fabrycznie nowego stopu ze stopem po poprzednim przetopieniu. 
grupę pierwszą odlano w 100% z nowego fabrycznie stopu jako grupę kontrolną (R1). 
grupa druga (R2) została odlana z mieszaniny jednakowych ilości nowegostopu oraz 
stopu odlanego tylko raz.grupa trzecia (R3) zawierała 50% świeżego stopu oraz stopu 
odlanego 2 razy.Wykonano analizę mikrostrukturalną oraz składu chemicznego, badania 
XRD, pomiary twardości, badania tribologiczne oraz badania przyczepności wg ISo 
9693.Wykazano, że w odlewaniu należy używać nowego materiału a w przypadku wy-
korzystania materiału wcześniej używanego należy go wymieszać z materiałem nowym.
Wykorzystanie procedury przetapiania może obniżyć koszty odlewów CoCrMoW oraz 
może być bezpieczne w stomatologii.

CHłoPek M, DZIk T, HRynIeWICZ M. Wyznaczanie kąta chwytu w gra-
nulatorze z płaską matrycą. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2014; 16 (2): 337–340.
W artykule zwrócono uwagę na nową koncepcję określania kąta chwytu w układzie ro-
boczym rolka - płaska matryca. Poddano ją weryfikacji eksperymentalnej na przykładzie 
paliw kompozytowych. W tym celu opracowano metodykę i wyznaczono współczynniki 
tarcia zewnętrznego oraz wewnętrznego kilku mieszanek paliw. Ich znajomość umożliwia 
określenie kąta chwytu mającego istotny wpływ na wydajność granulatora. następnie 
przeprowadzono próby  granulacji ciśnieniowej wybranych mieszanek. Wyniki badań 
oraz obliczeń przedstawiono w artykule. Porównanie doświadczalnego kąta chwytu oraz 
wyznaczonego z równania teoretycznego świadczy o zbieżności teorii z rzeczywistą 
sytuacją fizyczną. Wyznaczone współczynniki tarcia determinują również dobór odpo-
wiedniej średnicy i szerokości rolki, a także kształtu jej powierzchni roboczej. Ma to 
istotne znaczenie dla prawidłowej eksploatacji prasy z płaską matrycą.

CHłoPek M, DZIk T, HRynIeWICZ M. Determining the grip angle in a 
granulator with a flat matrix. Eksploatacja i Niezawodnosc – Maintenance 
and Reliability 2014; 16 (2): 337–340.
The article addresses the new concept of determining the grip angle in a roll – a flat 
matrix working arrangement. It was verified experimentally with the exemplary use 
of composite fuels. For this purpose, a methodology has been developed and the 
external and internal friction coefficients for several fuel blends have been determi-
ned. knowing them enables one to determine the grip angle which has a significant 
influence on the efficiency of the granulator. Then, pressure granulation tests with 
selected blends were carried out. The test results and the calculations are presented in 
the article. The comparison of the experimental grip angle and the one determined on 
the basis of a theoretical equation testifies to the correspondence between the theory 
and the actual physical situation. The determined friction coefficients also determine 
the selection of an adequate diameter and width of the roller as well as the shape of 
its working surface. It is of essential importance for ensuring the correct operation 
of a press with a flat matrix.

WAlKOWIAK T. Simulation based availability assessment of services 
provided by web applications with realistic repair time. Eksploatacja  
i Niezawodnosc – Maintenance and Reliability 2014; 16 (2): 341–346.
Paper presents a numerical method for determining changes of availability of services 
provided by web applications in time. It takes into account the reliability and functional 
aspects. The reliability analysis allows determining the probability that the system is 
operational at a given time. The analysis includes the structure of a computer system, 
random times to failures (hardware or software – related to security breaches) and the 
detailed repair time model. The repair time model takes into account working hours of 
administrators and a time associated with delivering components to exchange. Func-
tional analysis allows the determination of the probability that the user will be served 
in less than a specified time limit. It is based on modelling the interaction between a 
user and a server as a sequence of tasks on one or more hosts. It takes into account 
the variability of workload over a week and web application parameters such as the 
choreography of service, allocation of tasks on hosts and technical parameters of hosts 
and tasks. The described method was the basis for development of a Monte-Carlo 
simulator that allows variability of service availability over a week to be calculated. 
The paper contains the numerical results of the sample analysis.

WAlKOWIAK T. Symulacyjna ocena gotowości usług systemów internetowych 
z realistycznym modelem czasu odnowy. Eksploatacja i Niezawodnosc – Ma-
intenance and Reliability 2014; 16 (2): 341–346.
W artykule przedstawiono metodę numerycznego wyznaczania zmian gotowości usług 
internetowych w czasie. Bierze ona pod uwagę aspekty niezawodnościowe i funkcjonal-
ne systemu komputerowego świadczącego usługi. Analiza niezawodnościowa pozwala 
na wyznaczenie prawdopodobieństwa, że system będzie zdatny w danym momencie. 
Uwzględnia ona strukturę systemu komputerowego, losowe czasy do uszkodzeń (sprzęto-
wych jak i oprogramowania związanych z naruszeniami zabezpieczeń) oraz szczegółowy 
model odnowy biorący pod uwagę godziny pracy administratorów oraz czas związany z 
dostarczeniem elementów do wymiany. Analiza funkcjonalna pozwala na wyznaczanie 
prawdopodobieństwa, że użytkownik zostanie obsłużony w czasie mniejszym niż zadany. 
oparta jest ona na modelowaniu procesu realizacji usługi jako sekwencji zadań wykonywa-
nych na jednym lub kilku komputerach. Bierze ona pod uwagę zmienność intensywności 
napływu użytkowników w ciągu tygodnia oraz parametry takie jak: sekwencję zadań, 
alokację zadań na komputerach oraz parametry techniczne komputerów i zadań. opisana 
metoda była podstawą do stworzenia aplikacji komputerowej wyznaczającej techniką 
symulacji Monte-Carlo zmienność gotowości systemu w ciągu tygodnia. Artykuł zawiera 
numeryczne rezultaty przykładowej analizy.
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Aircraft engine is a complex and repairable system, and the diversity of its failure modes increases the difficulty of reliability evalu-
ation. It is necessary to establish a dynamic relationship among data, failure mode and system reliability, to achieve the scientific 
reliability evaluation for aircraft engines. This paper has used data fusion method to establish reliability evaluation models respec-
tively for performance degradation failures and sudden failures. Furthermore, these two models have been integrated on the basis 
of competing failures’ mechanism. Bayesian model averaging has been used to analyze the impacts of performance degradation 
failures and sudden failures on aircraft engines’ reliability. As a result of above, the goal of an accurate evaluation of the reliability 
for aircraft engines has been achieved. Example shows the effectiveness of the proposed model.

Keywords: aircraft engine, reliability evaluation, competing failures, Bayesian model averaging, data fusion.

Silnik samolotu to złożony system naprawialny, w którym  różnorodność przyczyn uszkodzeń zwiększa trudność oceny niezawod-
ności. Dlatego też istnieje konieczność ustalenia dynamicznych związków pomiędzy danymi, przyczynami uszkodzenia i niezawod-
nością systemu, których znajomość pozwoliłaby przeprowadzać  naukową ocenę niezawodności silników lotniczych. W prezento-
wanej pracy wykorzystano metodę fuzji danych do opracowania modeli oceny niezawodności w zakresie uszkodzeń wynikających 
z obniżenia charakterystyk oraz uszkodzeń nagłych. Ponadto, opracowane modele zintegrowano na podstawie mechanizmu uszko-
dzeń konkurujących. Do analizy wpływu dwóch omawianych typów uszkodzeń na niezawodność silników lotniczych wykorzystano 
procedurę bayesowskiego uśredniania modeli. Dzięki powyższym krokom, osiągnięto założony cel dokładnej oceny niezawodności 
silników samolotowych. Przykład pokazuje skuteczność proponowanego modelu.

Słowa kluczowe: silnik lotniczy, ocena niezawodności, uszkodzenia konkurujące, bayesowskie uśrednianie modeli, 
fuzja danych.

Wang HW, gao J. a reliability evaluation study based on competing failures for aircraft engines. eksploatacja i niezawodnosc – Maintenance 
and reliability 2014; 16 (2): 171–178.

1. Introduction

The level of the aircraft engines’ reliability affects flight safety 
directly. Estimating the reliability level scientifically and objectively 
is the foundation of reliability management and decision-making of 
maintenance for aircrafts. The difficulties of reliability evaluation for 
aircraft engines lie in two aspects. First, there are less failure data and 
rich condition monitoring data. Second, there is a problem of compet-
ing failures caused by the diversity of failure modes arising from the 
complexity of the system. 

Extracting information about reliability from a large amount of 
monitoring information is a common concern issue in the current 
theoretical and engineering field. Researchers in the United States, 
Britain, Australia and other countries promote using HUMS (health 
and usage monitoring systems,) to monitor the health and use of en-
gines, structure, etc, which can provide full-time health information 
and on-line monitoring, in order to make the diagnosis and prediction 
of the remaining life of the equipment, structure and operation [7]. HP 

Engine Company has developed an advanced life prediction system 
for gas turbine engines, which integrates fault prognostics and health 
management capacity [16] .volponi [18] used data fusion technology 
for aircraft engine health management. Niu et al. [10] employed data 
fusion strategy for improving condition monitoring, health assessment 
and prognostics. Cobel [6] proposed using data fusion method, which 
fuses condition monitoring data and fault data effectively, to predict 
the remaining life, used genetic algorithm to select optimal monitor-
ing parameters, applied GPM (General path model, GPM) to achieve 
that transform the traditional reliability analysis based on failure time 
to analysis based on failure process.

For complex systems, the reliability evaluation of single failure 
mode or single point of failure is an ideal assumption. But in terms 
of practical situation of aircraft engines, the failure modes are vari-
ous and multi-failure modes often coexist. The failure modes can be 
divided into degradation failure and sudden failure only on the basis 
of major categories of classification. Different failure modes inter-
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act with each other, constantly change their forms of expression and 
mechanism of action in different stages of the running system. It is a 
problem of competing failures in essence, increasing the complexity 
of the reliability evaluation. The problem of competing failures has 
drawn a lot of concern in the field of reliability engineering. Bedford 
[2] analyzed the characters of reliability evaluation models for vari-
ous competing failures from a statistical point. lehmann [9] surveyed 
some approaches to model the relationship between failure time data 
and covariate data like internal degradation and external environment 
models. Bagdonavičius et al [1] made use of the half updating process 
of the linear degradation model to study the non-parameter estimation 
method of competing failure model, and to simplify the using decom-
position method. Pareek et al. [11] studied the problem of censored 
data processing for competing failures. Bedford et al. [3] presented 
a competing risks reliability model for a system that releases signals 
each time on its condition deteriorates and provided a framework for 
the determination of the underlying system time from right-censored 
data. Su et al. [17] regarded the incidence of sudden failure as the 
function of performance degradation amount, made use of Wiener 
process to describe the degradation process, and proposed a reliability 
evaluation model for competing failures. Bocchetti et al. [4] proposed 
a competing risk model to describe the reliability of the cylinder lin-
ers of a marine Diesel engine, in which the wear process is described 
by through a stochastic process and the failure time due to the ther-
mal cracking is described by the Weibull distribution. Park et al. [12] 
and Kundu et al. [8] considered the analysis of incomplete data in the 
presence of competing risks among several groups. Chen et al. [5] 
developed methods for competing risks when individual events are 
correlated with clusters. Wang et al. [19] used Bivariate exponential 
models to analysis of competing risks data involving two correlated 
risk components. Xing et al. (2010) [20] presented a combinatorial 
method for the reliability analysis of system subject to competing 
propagated failures and failure isolation effect. Salinas-Torres et al. 
(2002) [15] and Polpo et al. (2011) [14] proposed the Bayesian non-
parametric estimator of the reliability of a series system under a com-
peting risk scenario. Peng et al. (2011) developed reliability models 
and preventive maintenance policies for systems subject to multiple 
Dependent Competing Failure Process (MDCFP) .

For the problem of aircraft engines’ competing failures, the infor-
mation fusion technology will be referenced to the aircraft engines’ 
reliability modeling and the input variables of the reliability model 
will be determined by information fusion. The impacts of compet-
ing failure modes on system reliability will be analyzed through data. 
This paper will use Bayesian model averaging method to study the 
data, to select the optimal model, and to propose a reliability evalua-
tion model for aircraft engines based on competing failures.

2. The modeling framework of reliability evaluation for 
aircraft engines based on competing failures

2.1. The modelling process of reliability evaluation based on 
competing failures

This paper intends to combine the recent research results concern-
ing reliability evaluation and competing failures based on information 
fusion, and to propose reliability evaluation methods based on com-
peting failures for aircraft engines. Its characteristics are reflected in 
the following aspects. First, it takes into account both the characteris-
tics of information and failure mechanism, establishing the reliability 
evaluation models respectively for the performance degradation and 
sudden failures. Second, in the case of sudden failures and perform-
ance degradation failures coexist, the reliability evaluation model 
based on competing failures is established. Third, the impacts of dif-

ferent failure modes’ mechanism on the reliability are analyzed. The 
modeling process is shown in Fig.1.

2.2. The reliability modeling methods of aircraft engines 
based on competing failures

The reliability modeling methods of aircraft engines based on 
competing failures include the following three-part.

2.2.1. The reliability evaluation of performance degradation fail-
ures for aircraft engines

The performance monitoring of aircraft engines includes three 
categories, namely, gas path performance monitoring, oil monitoring 
and vibration monitoring. The engines’ performance degradation (or 
reduced efficiency) will usually be reflected in changes of monitor-
ing parameters. The main monitoring parameters are: the turbine gas 
temperature (EGT), fuel flow (WF), oil pressure (OP), oil tempera-
ture (OT) and the oil consumption rate (OCR), the deviation of the 
low-pressure rotor vibration value (DlPRv) and high-pressure rotor 
vibration value deviation (DHPRv) and so on. The excessive egT, 
the WF increasing, the larger DlPRv and DHPRv, the higher oCR all 
can reflect the performance degradation of aircraft engines. Compre-
hensively using above parameters to reflect the performance degrada-
tion of aircraft engines from the multi-dimensional perspective will 
be more realistic. This paper use Bayesian linear model to fuse above 
monitoring information, and its advantages are reflected in the fol-
lowing aspects. The Bayesian linear model, which foothold is expec-
tation, reflects the uncertainty in the form of variance. The Bayesian 
linear model can well represent the randomness of monitoring param-
eters and performance degradation variables. It can fuse the impacts 
of various sources of data on the performance degradation, while tak-
ing fully into account the correlation between the data to avoid the 
phenomenon of information overlap. It has a learning function and it 
can fully fuse the data of different timing points. Noise parameters can 
be designed to avoid performance degradation’s uncertainty caused 
by the uncertainty of the monitoring data results. It’s worthy noting 
that, the Bayesian linear model can also fuse various types of nonlin-
ear parameters through appropriate transformation.

Fig 1. The flow diagram of reliability evaluation for aircraft engines based 
on competing failures



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014 173

sciENcE aNd tEchNology

2.2.2.  The reliability evaluation of sudden failures for aircraft 
engines

The reliability analysis model based on the sudden failures in-
cludes two aspects. First, the reliability analysis of sudden failures, 
which is a reliability analysis problem of typical small-sample because 
the aircraft engine is high-reliability system and the fault information 
is rarely collected. The second are the correlation analysis between 
degradation failures and sudden failures, and quantifying the impacts 
of degradation failures on sudden failures. The reliability of sudden 
failures for aircraft engines is achieved by describing the law of its 
life changes. For the choice of sudden failures’ distribution form, the 
final form is selected mainly through the combination of the failure 
mechanism analysis, following the fitting of the data validation and 
uncertainty analysis on the basis of the failure mechanism analysis. 
Because Weibull distribution model itself can reflect the impacts of 
the performance degradation on the law of life changes, so it is gener-
ally regarded as the main choice. The condition monitoring parameters 
of aircraft engines can not directly reflect the impacts that they pose 
on the sudden failures, but the performance degradation of aircraft 
engines can be extracted from the condition monitoring parameters. 
And then, the link between sudden failures and performance failures 
can be established by transforming the performance degradation as 
the shape parameters of the Weibull distribution appropriately.

Notice the actual situation that there are insufficient or even no 
failure data, this paper uses Bayesian methods to establish reliability 
analysis model of sudden failures. 

2.2.3. The reliability evaluation of competing failures for aircraft 
engines

For the two major categories of failures, the research focused on 
the analysis of the relationship between sudden failures and perform-
ance degradation failures. For the mechanisms of the two failures 
between each other, the competing failures is usually regarded as a 
series model in the reliability analysis, but the reliability will be un-
derestimated by using this method because a variety of competing 
causes of failures can not be real-time and simultaneous. If calculat-
ing the remaining life or reliability of different failures modes respec-
tively and take the lowest as the reliability of competing failures, the 
reliability will be overestimated because to some extent the character-
istics that a variety of competitive modes coexist in a certain period 
of time will be ignored. Competing failures needs considering the two 
failures modes’ mechanisms comprehensively, but knowing how to 
act and change between the two modes can’t rely solely on the failures 
mechanism analysis, the data is the key to understand it. To study the 
mechanism of two competing failures, this paper will use Bayesian 
model averaging method. Bayesian model averaging (Bayesian model 
averaging, BMA) is a probability forecast approach that is proposed 
recently and is used in multi-mode collection. The forecast probability 
density function (PDF) of a particular variable in BMA, is a weighted 
average of a single model forecast probability distribution after devia-
tion correction, and the weight is the corresponding model’s posterior 
probability which represents each model’s relative forecast skill in the 
model training phase. The secondary use of condition monitoring data 
and event data can be achieved through BMA technology. And this 
not only solves the problem of reliability analysis based on a single 
failures mode, but also solves the problem of interaction of multiple 
failures modes. Based on the data re-learning, the goal of an accurate 
analysis of civil aircraft system reliability can be achieved. 

3. The problem description of competing failures for 
aircraft engines

The problem description of competing failures for aircraft engines 
includes three aspects. The first is the process description of perform-
ance degradation failures, following the sudden failures description. 
And the third is competing failure description based on the sudden 
failures and performance degradation failures.

3.1. Performance degradation failures

let ( )y t  be the amount of performance degradation failures at 
time t and l be the failures threshold. When ( )y t l≥ , aircraft engines 
will come up with performance degradation failures. Aircraft engines’ 
performance degradation is irreversible, that is, the performance grad-
ually decreases and the amount of performance degradation is con-
stantly increasing with the use of time. Therefore, the Gamma process 
can be applied to describe the degradation process. Assume that 0y is 

aircraft engines’ initial performance, so ( ) ( ) ( )0w t y t y t= −  repre-
sents the accumulated deterioration at time t . Because degradation 
amount increases monotonically, for any it , jt , if j it t> , there must 
be w t w tj i( ) − ( ) > 0 . Assume that degradation amount ( )w t  obey

Ga tµ λ( )( ), , its density function can be expressed as follows:
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 is Gamma function.

Generally assume that the scale parameter does not change in a 
performance monitoring process. Shape parameter changes with the 
change of the degradation process, because the extent and rate of the 
performance degradation experience an increasing trend, so we as-
sume that shape parameter is proportional with expected degradation 
degree and time power, that is:

 a t ktv( ) =  (2)

Further, Eq. (2) can be transformed as following:
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Based on the theory of system reliability, the reliability for degra-
dation failures can be depicted as following:

 R t P T t P w t( ) = >{ }⇒ ( ) <{ }ε  (4)

where, ε is the failure threshold for performance degradation of an 
aircraft engine. 
Then, the reliability evaluation for performance degradation of an 
aircraft engine can be depicted as following:
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3.2. Sudden failures

The Weibull distribution is widely used in engineering fields. 
Through assigning different values to its parameters, it can fuse the 
impact of performance degradation on the law of life changes, so to 
some extent, it can describe the relationship between performance 
degradation failures and sudden failures.

Assume that the law of life changes for sudden failure of aircraft 
engines complies with the Weibull distribution, it can be expressed 
as:

 f t t t; , expb γ
γ
b b b

γ γ

( ) = 







 −























−1

, if 0t >  (6)

Among that, β>0, γ>0 represent scale parameter and shape param-
eter respectively. And γ characterize the performance degradation.

When the shape parameter is known, the sudden failure reliability 
evaluation can be transformed to estimate scale parameter β. It is as-
sumed that the scale parameter β has a conjugate gamma prior, that is:
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where c and d are scale parameter’ conjugate prior hyper parameters. 
The values of c and d can be calculated through the acquisition of the 
scale parameter’ prior mean and variance. Further, it can calculate the 
posterior mean and variance of the scale parameter, to achieve the 
reliability evaluation of the sudden failure.

More generally, the conditional probability of sudden failure on 
the amount of degradation can be determined through data learning, in 
order to analyze the impact of degradation failure on sudden failure. 
Because the characteristics distribution of degradation amount is a 
function of time, so the process above can be simplified. Reliability 
can be calculated by the joint distribution function which based on the 
sudden failure’s conditional probability and probability distribution, 
the relevant solution can use Monte Carlo simulation method.

The reliability of sudden failure can be expressed as follows:

 
R f t r dts

Ts= − ( )∫1
0

, ,b  (8)

3.3. Competing failures

The basic assumptions for competing failure of aircraft engines 
are as follows.

There are two random variables I X  and Y , where Y  denote the 
degradation failure and X  denote sudden failure. X and Y are 
competing failures for causing failure.

The performance degradation failure is irreversible.II 

There is correlation between performance degradation failure and III 
the random variables of sudden failure.
So in the case of sudden failure, the reliability of aircraft engines 

in competing failures can be expressed as follow:

R t P T t P T t T t y d f yc g s s
t

w( ) = >( ) = > >( ) = − ( )
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ε λ τ τ a λ))dy   (9)

where ( )cR t  is the reliability under the competing failures at time
t . Eq. (8) is a problem of high dimensional integral calculation, the 

calculation itself has no difficulty. However, competing failure is not 
synchronous, and the data of correlation between competing failure 
and sudden failure can not be collected. In a certain degree, perform-
ance degradation failure and sudden failure can not play a role at the 
same time; maybe one failure mode plays the main part. Assume that 
the corresponding reliability evaluation model of the performance 
degradation failure is 1M , the corresponding reliability evaluation 
model of the sudden failure is 2M , Eq. (9) for the reliability evalua-
tion model based on the competing failures can be expressed as 3M . 
For the observational data collected, the expression of the various fail-
ure modes can be obtained through the study of observational data.
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Conditional probability density function ( )k kg D M  represents 

the conditional probability of observed variable D  which based on 
model kM . kw represents the posterior probability as the k th model 

is the best model, and kw is non-negative and satisfies 
1

1
N

k
k

w
=

=∑ . The 

expression represents the relative contribution of each model to civil 
aircraft system reliability evaluation in the model training phase.

4. Reliability evaluation algorithm for aircraft engines

4.1. Reliability evaluation algorithm for performance degra-
dation failures

Through the fusion of condition monitoring information, the I 
expectation and variance of the degree of aircraft engines’ perfor-
mance degradation can be extracted to calculate the results;

 Assume that the monitoring parameters of aircraft engines’ perfor-
mance degradation are expressed by matrix [ ]1 2, , , k=X X X X , 

where k  represents monitoring parameters, e  is deviation. The 
relationship between performance degradation and condition mo-
nitoring parameters can be expressed by the following stochastic 
equation:
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 ei is independent between each other and obey the normal distri-
bution N 0 2,σ( ) , and σ2 is known. 

 θ can be calculated through monitoring parameters. The mean is 
E(θ). And C(θ) is covariance matrix. 

 For monitoring parameters, generally assume that they are in 
line with the inverse Gaussian distribution. Through continuous 
monitoring, the mean and variance are also constantly updating. 
The mean and covariance matrix can be expressed as follows. 

̂
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C C C X XC X XCθ θ θ θ θx y Ce,( ) = ( ) − ( ) ( ) +( ) ( )
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   (13) 

 With the increasing observational information, the Eq.(12), (13) 
can be used repeatedly to update the fusion results of the monito-
ring information for the performance degradation. 

Making use of the calculations results of mean and variance to II 
calculate the scale parameter λ.

 
E w t ktv
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(14)
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(15)

 Assume that μj, σj respectively represents the mean and variance 
of the accumulated degradation collected in the j th time. By the 
Eq. (14), (15) shows:

 λ̂
µ

σ
j

j

j
= 2

ˆ

ˆ
 (16)

 From Eq. (16), we can know that λ is changing in the different 
monitoring stages.

Calculating the parameter III k and v  of the shape parameter α(t).

 α(t) is a time-varying parameter. According to monitoring the 
information’s mean and collecting the monitoring information’s 
time for several times, this model can be linear regressed after 
calculating the (15)’s logarithm to get k̂  and v̂ .

Calculating performance reliabilityIv 

 Put the relevant parameters into the Eq. (5), the performance relia-
bility can be calculated.

4.2. Reliability evaluation algorithm for sudden failures

Calculating the hyper parameters of scale parameter I β’s prior di-
stribution

 By the Eq. (7), the prior mean and variance of the scale parameter  
β are:
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 The reliability of sudden failure at time 
0Rt is known, and then β 

can be expressed as:
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 Put β’s mean and variance into Eq. (17) and (18), the hyper para-
meters ĉ  and d̂  can be calculated.

Calculating the posterior mean and variance of the scale parame-II 
ters

 Collect the observational data of sudden failures
t n t n t nm m1 1 2 2, , , , , ,( ) ( ) ( ){ } , where it  represents the happen 

time of sudden failures, and in  represents the number of samples 
of sudden failures. The hyper parameters ĉ  and d̂  are known, 
and then the posterior mean and variance of the scale parameters 
can be expressed as follows:
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Calculating the reliability of sudden failuresIII 

 Put γ̂  which got by Eq. (11) and β̂ which got by Eq. (19) into 
Eq. (8), the reliability of sudden failures can be calculated.

4.3. Reliability evaluation algorithm for competing failures

Description of the possibility of alternative modelI 

 The possibility of the model depends on the fitting function of the 
predicted values and experimental data for each model. And it can 
be expressed by deviation function and the measurement error. 

Assume that the output results of model kM  obey normal distri-
bution, and their expectations can be a simple linear function of 

the original experimental results k k ka b M+ , the standard devia-

tion is σk. Then, there is g D M N a b Mk k k k k k( ) +( )~ ,σ 2 .Among 

that, ka and kb  are error correction items, which can be obtained 
through a simple linear regression.

The weight calculation of alternative modelII 

 For the weight calculation of alternative model, this paper selects 
expectation maximization (EM) algorithm to accomplish it. The 
advantages of this method are that it is very effective for the pro-
blem of incomplete data, and it is in line with our civil aircraft 
system data collection, especially in the case of the incomplete 
observational data and the direct fault collection. In the calcula-
tion process, introduce a non-observed variable z . If the k th mo-
del is the best prediction in the model collection, set the value of 

ˆ
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z as 1, otherwise 0. At any time, as long as there is a value is 1, 
others are 0. Initializing the weight and variance of each model, 
the algorithm begins to iterate between the expectation step and 
the maximum step. Its expression is:

 z
w g D f

w g D f
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j k k k
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l l k
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 where, j  represents the number of iterations. Then, 

g D fk k
j,σ −( )( )1  represents the conditional probability distribu-

tion of the k th model focusing on observing D . g D fk j
k,σ −( )1  

is normal distribution, the mean is kf  and σ k
j−( )1  is the variance. 

In the following maximization step, the BMA weight and variance 

are updated according to the latest ( )j
kz until convergence is re-

ached.

5. Example

Table 1 shows the 35 samples which have repaired and replaced 
engines. There are six parameters have been monitored, which are 
DEGT ( the deviration exhaust gas tempreture), DWF (the devira-
tion of fuel flow ), DOP (the deviation of oil pressure), DHPRS (the 
deviation of high-pressure rotor speed), DlPRv ( the deviation of 
the low-pressure rotor vibration value) and DHPRv (the deviation of 
high-pressure rotor vibration value). The engines’ TSI (Time since 
installation) and FH (Fight hour) from the beginning of the monitor-
ing moment can be obtained. The 36th sample is the engine still in the 
monitoring stage. From the data of table 1, the relationship between 
the various monitoring parameters can be extracted and be used as 
the basis of information fusion. Among that, the PDD (Performance 
degradation degree) is not the data collected directly, but the Gamma 
distribution shape parameter got by Monte-Carlo simulation method, 
according to engine remaining wing life, in the case of a given reli-
ability threshold (90%), and in accordance with that its performance 
degradation meets Gamma random process.

Fuse the information and performance degradation degree accord-
ing to the monitoring information collected and the algorithm pro-
posed in section 2. The vector fused monitoring parameters is:

 b = − −[ . , . , . , . , . , . , . ]0 0103 0 1795 0 0016 0 0318 0 0152 0 0158 0 0156 Tˆ

The estimated values of performance degradation after fusion and 
the actual degradation values are compared in Figure 2.

According to monitoring information and maintenance informa-
tion, the prior value of sudden failures can be determined as
( )3000 0.97E R = ,σ 2

3000
43 76 10R( ) = × −. . E b( )  and σ b2 ( )  can 

be computed by Eq.(19). ĉ  and d̂  can computed by Eq.(17) and 
Eq.(18). The posterior mean and variance of β̂ can be computed by 
Eq. (20) and Eq. (21). Then combining the results of performance 
degradation evaluation, the reliability of sudden failures can be com-
puted by Eq. (8). Figure 3 shows the changing trend of the probability 
density function of sudden failures.

Table 2 gives one engine’s wing time and key monitor-
ing parameters. For the above data, use different models to 
calculate the results of reliability evaluation. The compari-
son of each model is shown in Table 3. 

For the three alternative models, namely, the reliability 
evaluation models of sudden failures, the performance deg-
radation failures and competing failures, use Bayesian mod-
el averaging to calculate the weights of the three models 
respectively for three timing points. The calculation process 
is shown as Eq. (22). Estimate the reliability of aircraft en-
gines, make the results compared with the actual values   to 
calculate the deviation. The results are shown in Table 3.

The following conclusions can be drawn from Table 3. 
First, BMA can really analyze the mechanism of action be-
tween the different failure modes through learning different 
data. The advantages of the model are that it has higher fore-

Table 1. Key performance monitoring parameters for some aircraft engines

no DegT DWF DoP DHPrs DlPrv DHPrv TsI(FH) PDD

1 7.51 2.54 1.89 -7.27 1.06 0.32 4055 0.1192

2 -4.74 3.52 1.92 -5.16 0.52 0.55 7095 0.0459

3 -0.03 2.03 1.19 -8.33 0.57 0.37 7801 0.0378

4 8.04 5.16 1.69 -7.74 0.24 0.57 3331 0.1176

5 7.77 7.80 2.12 -6.81 0.86 0.46 3832 0.1308

        

31 22.69 7.58 2.12 -1.07 0.64 0.99 1055 0.2000

32 4.23 4.83 1.96 -58.92 0.17 0.62 3397 0.0996

33 14.28 5.25 1.63 -2.03 0.78 0.94 1422 0.1572

34 11.38 3.14 1.63 4.19 0.23 0.74 1830 0.1465

35 8.24 3.17 2.18 9.78 1.05 0.76 1954 0.1185

Fig. 2. The difference of performance degradation between real value and 
predictive value (The solid line shows the real value and the dashed 
line shows the predictive value)

Fig. 3. The changing trend of the probability density function of sudden fail-
ures (The solid line shows the firs phase, the dotted line shows the 
second phase and the dashed line shows last phase)
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Third, when aircraft engines are in the phase of 
high reliability, the possibility of sudden failure is 
generally less than the degradation failure. This is 
mainly due to the effects of degradation failure de-
gree on the reliability of degradation failure is great-
er than on the reliability of the sudden failure. As 
the first two monitoring points shown in Table 3, the 
reliability of sudden failures is higher than perform-
ance degradation failures.

Furthermore, when aircraft engines are in the 
operational phase of higher reliability, the probabil-
ity of the occurrence of sudden failure will increase. 
As the third monitoring point, this is a real moment 
that two failure modes play a role at the same time, 
reflecting in the decreased evaluation deviation us-
ing traditional reliability evaluation model of com-
peting failure.

6. Conclusions

In this paper, the mechanism of performance 
degradation and sudden failures of aircraft engines 
has been analyzed, a reliability evaluation model for 
competing failures has been proposed, and the tradi-
tional model of competing failures has been trans-
formed. This method not only can make full use of 
condition monitoring information, but also can ana-

lyze the mechanism and transforming relationship between perform-
ance degradation failures and sudden failures through data learning. 
The method should be studied further.

cast accuracy and it can effectively avoid the reliability overestimate 
or underestimate. From the prediction results of BMA model, because 
the existence of both positive deviation and negative deviation, there 
is no systematic bias from the forecast perspective. Therefore, the re-
sults are more credible.

Second, when aircraft engines are in the phase of higher reliability, 
the factors which lead to failure or affect the reliability are mainly re-
flected in the failure of performance degradation. From the weight cal-
culation results of BMA, the greater stage of high reliability we are in, 
the more proportion of share the performance degradation will occupy. 

Table 2. Key Monitoring parameters and main calculation results for on wing aircraft engines

   Item
no 

TsI
(FH) DegT DWF DoP DHPrs DlPrv DHPrv β̂ PDD

1 1707 −2.46 1.23 1.57 −0.12 0.33 0.94 55138 0.0567

2 4740 4.43 3.77 2.30 −2.78 0.52 0.48 46321 0.0832

3 5595 8.24 3.17 2.18 6.53 1.05 0.76 12334 0.1075

Table 3. The comparison of reliability evaluation results using different models

   Item

no  

M1 M2 M3 M

ˆ
GR Devia-

tion
ˆ
SR Devia-

tion
ˆ
CR Devia-

tion
Weight

R̂
Devia-

tion

1 0.9717 0.12% 0.9749 0.45% 0.9473 -2.39%

0.92

0.9711 0.062%0.05

0.03

2 0.9565 0.59% 0.9580 0.75% 0.9163 -3.64%

0.73

0.9506 -0.074%0.11

0.16

3 0.9512 2.42% 0.9493 2.21% 0.9030 -2.76% 0.28 0.9252 -0.377%
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Bogusław KaroleWsKI
Piotr lIgocKI

modelling of long belt conveyors

modelowAnie długich przenośników tAśmowych*
A mathematical model that allows the  analysis of the dynamic states of a belt conveyor was presented. A way of modelling wave 
phenomena in the tape, changes of mass and resistances to motion and elements of the drive system (motors, frequency convert-
ers, couplings, gears and co-operation between the belt and drive pulley) was briefly described. A start up of an exemplary belt 
conveyor was simulated with the use of obtained formulas. The start-up time histories obtained computationally were compared 
with measurements. The verified belt conveyor model can be utilized to examine various phenomena and operating states of a belt 
conveyor.

Keywords: belt conveyor, modelling, computer simulation, dynamics, inductive drive.

Przedstawiono matematyczny model przenośnika taśmowego umożliwiający analizę dynamicznych stanów pracy urządzenia. 
Skrótowo opisano sposób modelowania zjawisk falowych w taśmie, zmian mas i oporów ruchu oraz elementów układu napędo-
wego czyli silników, przekształtników, sprzęgieł, przekładni i współpracy bębna napędowego z taśmą. Rozwiązując komputerowo 
uzyskane zależności, symulowano rozruch przykładowego przenośnika. Porównano przebiegi rozruchowe uzyskane obliczeniowo 
z pomiarowymi. Zweryfikowany model można wykorzystać do badania różnych zjawisk i stanów pracy przenośnika.

Słowa kluczowe: przenośnik taśmowy, modelowanie, symulacja komputerowa, dynamika, napęd indukcyjny.

1. Introduction

 Belt conveyors are economical, efficient and are a more and more 
often used means of transportation. Advancements in belt conveyor 
technology have provided essentially unlimited adaptability, allowing 
conveyors to provide solutions for every geographic region and all 
belts of applications worldwide [1]. During the design and operation 
of longer and more efficient conveyors, new demanding problems 
have appeared which did not occur in shorter structures [15]. The start 
up of a conveyor involves significant variability of belt forces as well 
as strokes of driving torques and accelerations. The threat of belt dam-
age and other subassemblies exists. Additional problems appear in the 
case of the curvilinear belt route [3].

Carrying out investigations on real operative installations are dif-
ficult and expensive. Moreover, results of measurements can only be 
utilized in the evaluation of existing objects. On this base it is not pos-
sible to determine the effects of potential changes or new solutions. 
The formulation of coherent mathematical models of belt conveyors 
which take into account phenomena that occur in dynamic states, con-
siderably expands investigative and design possibilities and gives a 
chance to predict and solve various questions.

Despite many years of using conveyors, many exploitation prob-
lems have not been resolved [14]. Companies exploiting belt convey-
ors expect high reliability and performance to be ensured. Simulation 
studies using a mathematical model of the conveyor, made at the stage 
of design, allows this to be made and they have a significant impact 
on the subsequent process of exploitation and reliability. Examples 
of use of the model to determine dynamic waveforms in mechanical 
elements (speeds, accelerations, forces) is shown for example in [9], 
and both in mechanical and in electrical forms (currents and torques 
of motors) in [21, 22].

The initial stages of the development of dynamic modelling of belt 
conveyors is described in [11]. In the 70’s at the University of Hano-
ver, Germany, the model of the tape was divided into two sections, 

taking into account the viscoelastic properties [2]. Then the model 
was extended, taking into account a larger number of masses [3].

In the 80’s at the University of Newcastle in Australia, a model 
based on the propagation of stress waves in the tape was built [10]. 
Also, the U.S. company Conveyor Dynamics built a model that con-
tains the source variable as a function of time, the driving force, taking 
into account friction and theviscoelastic properties of the tape [31].

In Poland in the 90’s theoretical basis for modeling the belt and 
the whole conveyor was developed at the Technical University of 
Wroclaw [4, 17, 36, 46], Silesian University of Technology [30] and 
the Academy of Mining and Metallurgy in Cracow [24].

Comprehensive modelling which takes into account the trans-
verse conveyor belt moving in a vertical direction was dealt with at 
the Technical University of Delft in the Netherlands [28]. Work al-
lowing the determination of the behavior in the vicinity of the tape’s 
horizontal curves was carried out at the Austrian University of Mining 
and Metallurgy in leoben [8]. The company Krupp Fördertechnik and 
the University of Hanover focused especially on modelling the drive 
[39, 40]. The created model provides the ability to dynamically calcu-
late the convergence side tape on horizontal curves.

Most of these centers still improve old models [3, 12, 21, 22, 25, 
29]. Chinese centers also carry out such work [9].

The use of multiple drives in long conveyors entails new chal-
lenges and problems, such as inelastic slip on one of the pulleys and 
different distribution of power between the drives. Work regarding 
these issues include [16, 33, 37, 42].

A new theme is to study possible energy savings [23, 26, 38, 44].
Many authors dealing with the behavior of a model study of con-

veyor belt dynamic states, expanded the model in the desired direction, 
focusing on the improvement of a particular item of equipment, while 
ignoring or assuming a simplified description of other phenomena. In 
a large part of these works motor models were greatly simplified (for 
example, the course of the motor torque was approximated with two 
straight sections), which can result in large differences between the 

KaroleWsKI B, lIgocKI P. Modelling of long belt conveyors. eksploatacja i niezawodnosc – Maintenance and reliability 2014; 16 (2): 179–187.
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behavior of the model in relation to the actual device. In none of these 
works (apart from the works carried out by the authors of this article 
[17, 18, 20–22]) changes in the parameters of induction motors are not 
taken into account.

In the study, the results of which can be found in the literature, 
little attention was given to modelling the mechanical connection of 
the motor shaft drive drum. Even in many of the advanced models of 
conveyor there was a simplification assumed, consisting of the treat-
ment of the clutch and mechanical gear as rigid elements. When the 
flexible coupling was taken into account [30], models of other ele-
ments were simplified.

There is no fully comprehensive approach where different ele-
ments and events would be described in a similar way. Electricians 
favor the problem of modeling motors, simplifying the mechanical 
issues, and the mechanics behave vice versa. 

In addition to models arising in scientific centers, there are solu-
tions created by companies designing conveyors, but they do not give 
details of used dependence.

So work began on the creation of an extensive conveyor model 
that takes into account:

ring and squirrel cage motors with parameters changing as a  –
result of displacement of current and core saturation,
frequency converters and soft-start circuits, –
flexibility of flexible couplings and clutch slip, –
mechanical deflection of gear teeth, –
the possibility of the belt slipping on the drive pulley, –
one-, two- or three pulley drive and indirect drives, –
different models of belt, which can be divided into any number  –
of segments,
excavated material weight changes as a result of charging and  –
discharging,
changes of resistance to motion as a function of the mass, veloc- –
ity and force of the strip,
components resistance of motion connected with pressing of  –
the belt in idlers or deformation of the belt and excavated mate-
rial between idler sets and traditionally accepted idlers rolling 
resistance and slipping of the belt on idlers,
gradually moving the belt and changing the value of the friction  –
coefficients of static to dynamic,
impact of belt sag between idler sets and transverse forces in the  –
belt to vibration in the vertical plane.

The presented model was created by combining the well-known 
mathematical descriptions of various conveyor components, the use 
of the research results of its subassemblies and taking into account 
the theoretical analysis. Without detailed research it is difficult to as-
sess which elements have a significant impact on the behavior of the 
system. Therefore, attempts were made to take into account in the 
model as much as possible phenomena occurring in the real device. 
Conveyor components were described in a uniform convention with a 
similar degree of accuracy. After verification of the model,  it is then 
possible with its use, to study the impact of various phenomena and 
parameters on the obtained waveforms. These tests can be used to for-
mulate simplified versions of the general model, dedicated to specific, 
narrowly focused goals.

2. The belt Conveyor Model

The functioning of every conveyor element (represented in fig. 1) 
is described with the use of a mathematical relationship remaining in 
a uniform convention to ensure the possibility  of complex solving 
received equations. A block diagram of a drive system model con-
nected with a single motor as well as a block diagram of the overall 
belt conveyor model is presented in figures 2 and 3.

2. 1. The belt Model

The most important part of the conveyor is a rubber belt. The belt 
movement is described by two partial differential equations, of which 
one represents the equilibrium of the forces acting on the belt and the 
other the relationship between the stress and elongation of the belt 
[45]. The models section of the belt may have a different number of 
elements. The simplest model is elastic. A more powerful model is 
the two-element model of kelvin-voigt, consisting of springs and 
a damper connected in parallel. The three element model is seen as  
standard. It is made as a  serial connection between the spring and 
kelvin-voigt model. even more powerful is the four element model.

Each model can be completed with a module with Coulomb fric-
tion by taking into account changes in friction. The coefficient of fric-
tion that occurs in the formulas on resistances to the motion section 
of the belt changes from static to dynamic. When a section of the belt 
starts moving, the ratio decreases from static value µs to movement 
μr. Further growth of some components of motion resistances with 
speed increases must be reflected by calculating these resistances. 
By taking into consideration the impact of Coulomb friction, from a 
one-element model, a two-parameter model is achieved, and from a 
two-element model a three-parameter model is achieved , etc. [28, 31, 
46]. Therefore, a distinction between the number of elements and the 
number of model parameters was introduced.

There were tests carried out which presented how the choice of 
rheological model of the belt influences the obtained dynamical proc-

Fig. 1. Belt conveyor system with marked numbers of drive pulleys

Fig. 2. Block diagram of a single drive system model
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esses. By using  the developed conveyor model, starting waveforms 
were calculated.

The calculations were made for the conveyor system shown in 
figure 1, with a length of 3620 meters, equipped with a steel cord belt 
with a width of 1.8 m and nominal speed 5.24 m/s. The drive consist-
ed of five ring induction motors with a power of 630 kW each and a 
rated voltage of 6 kv, coupled with three drum drives (two in front and 
one at the end). The effect of using the 1, 2 and 3-element belt model, 
which includes changes of friction,  making  the model to be 2, 3 and 
4-parameters, on strength waveforms in the belt which tensions the 
drum was examined. The results – the top three waveforms in Figure 4 
– were compared with the results of measurements carried out by the 
staff of the Institute POlTEGOR [35] (lower course). Parameters for 
each model should be selected so that they correspond to the approxi-
mation of the same creep curve. Due to this, the dissimilarity between 
the characteristics are caused by the differences between models, and 
not by differences in parameter values.

vibration forces obtained with the 2-parameter model possess too 
large an amplitude and are insufficiently suppressed. The most simi-
lar to the measuring results are  the results of the application of the 

three-parameter model (two-elements with variable friction). Some 
differences are mainly caused by a slightly different frequency of vi-
bration force in calculations and measurements. This may be due to 
inaccurate estimation of the belt load factor during the measurements. 
Adding springs to the four parameter model resulted in the generation 
of additional vibration which did not occur in the measured wave-
form. A similar effect can be expected in the case of a five-parameter 
model. Models with greater than 4 parameters are rarely used and 
have not been studied.

In most tasks it is enough to use the two-element model including 
a variable friction, that is three-parameters. This model was used in 
further studies. A high impact on the quality of the results is the appro-
priate selection of the variables in the model. Parameters of models 
for transient analysis to be determined in a specific way so as to en-
sure that approximating the measured waveforms in the time duration 
of the transient, that is up to periods of tens of seconds. It is possible 
to use the free vibration tape sample analysis method [45].

2. 2.  Mass calculation

In the mass of a particular segment, the influence 
of idler inertias or non-drive pulleys (converted into 
equivalent mass), as well as masses of the belt and 
load, were taken into account.

An exemplary formula which determines the 
mass of the i-th segment of the upper strand is:

 
2

4
( ) ( ) ( )

( )
kg kg

jt jn
zg kg

z J
m i m m i l i

l i D

 ⋅ ⋅
 = + + ⋅
 ⋅ 

 [kg] (1)

where: 
mjt   – belt mass per unit length [kg∙m-1],
mjn(i) – load mass per unit length on  
   the belt segment between i and i+1  
   point [kg∙m-1],
l(i)  – length of i-th segment [m],
zkg  – number of rolls in each upper idler  
   rolls station,
Jkg  – roll moment of inertia [kg∙m2],
lzg(i)  – idler rolls stations spacing for upper  
   strand [m],
Dkg  – idler diameter for upper strand [m].

The mass of belt segments on drive pulleys de-
pends on conditions of cooperation between the belt 

and pulley. If the belt has the same velocity as a pulley’s lining, mass-
es of the pulley and other elements which are connected with it in a 
rigid way (i.e. slow-speed wheels of toothed gear) will also be taken 

Fig. 3. Block diagram of the mathematical model of a belt conveyor

Fig. 4. Comparison of the forces in the belt on the take-up pulley obtained using different models of 
the belt with the measurement results
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into account in calculations (fig. 5). Masses of further elements of the 
drive system (following wheels of toothed gear, couplings, motor ro-
tors) are connected in a flexible way. Their motion is described by ap-
plying other equations. If the belt starts to slip on the pulley’s lining, 
the motion of the pulley and part of the gear should also be described 
by applying a separate equation.

The load level of the upper strand can change. The model ena-
bles the simulation of conveyor start-up with a belt that is unloaded 
(empty), fully loaded or loaded in a specified degree. There is a pos-
sibility to simulate the start-up of a conveyor included in a sequence 
of conveyors, that is preceded by an earlier conveyor  which drops a 
load onto the conveyor (fig. 6).

Dropping a load from the belt on the head station causes the 
emptying of the following belt segments (area npz – npl), whereas the 
feeding conveyor fills the terminal segments from loading point npl. 
variability of the mass and load distribution along the carry strand are 
functions of the belts’ velocities of  both the examined and feeding 
conveyor. Differences of moments of switching on of the conveyors 
and duration of each start-up were taken into account.

2. 3. Resistance of motion variability

The motion of the belt is opposed by motion resistances W. Both 
passive resistances involving friction forces and active gradient re-
sistance connected with downhill or uphill haulage were taken into 
consideration. A method of elementary resistances [43] and its modi-
fications [4, 5, 6, 7] are used in the model with the aim of determin-
ing friction resistances. The resistance of motion components such as 
resistance of the idler bearing rolls rotation Wtk [27] and resistance of 
belt slipping on idlers surface Wst [43] are taken into account. Moreo-
ver, the trampling resistance [13], that is compounded of indentation 
rolling resistance Wtt [4, 41], flexing belt resistance Wpt and flexing 
material resistance Wdu  is taken into account:

 ( , , , , )tk st tt pt duW f W W W W W= [N] (2)

and:

  ( , , )tkW f m v T= ,

  ( , )stW f m v= ,

  ( )ttW f m= ,

  
( , , )ptW f m v F= ,

  ( , , )duW f m v F= .

where: m – mass on given belt segment [kg],
  v – belt velocity [m∙s-1],
  T – ambient temperature [oC],
  F – belt force [N].

Example calculations were performed for the conveyor with the 
parameters given in section 2.1.

Dynamical changes of values of particular components of pri-
mary motion resistances of the belt during start-up were determined. 
Examinations for two variants according to the used way of motion 
resistances modelling were performed:

variant  I – using method of elementary resistances, –
variant II – using method of calculation of the components of a  –
belt conveyor flexure resistance. 

Courses of the actual values of particular components of primary 
resistances of motion of the whole belt for variant I during a period of 
start-up which last for 60 s, are presented in fig. 7.

At the beginning of start-up all the resistances increase from zero 
in connection with the gradual start of the moving of subsequent seg-
ments of the flexible belt. The further slow increase of idler rolling re-
sistances results from their dependence on belt velocity. Belt slipping  
and motion resistances have the highest values at the moment when 
the whole belt starts moving. When the belt velocity increases, fric-
tion factors decrease from static to dynamic value and therefore both 
these resistances have lower values. The belt slipping on idler surface 
resistances and belt motion on idler resistances depend on the quality 
of conformance and the parameters of the belt which are invariable 
during the start-up period. Futhermore, they depend on  the stage of 
belt loading which is only variable on short segments of the conveyor. 
Therefore in further parts of start-up, after the first several-seconds of 
the period of changes, these resistances only changed insignificantly. 

In fig. 8 courses of changes of primary motion resistance compo-
nents achieved in variant II which means taking into consideration the 
resistances dependence on belt tension are presented.

Fig. 5. Drive system connected with k-th drive pulley: m(i) – mass of segment 
on drive pulley, moments of inertia of: Jw(j)- j-th motor rotor, Js(j)- 
j-th coupling, Jp(j)- j-th gear, Jb(k)- k-th drive pulley

Fig. 6. Scheme of load distribution on the conveyor belt

Fig. 7. Courses of actual values of particular components of belt primary 
motion resistances during start-up determined by the method of el-
ementary resistances
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In calculations using the method of calculation of the components 
of a belt conveyor flexure resistance two analogical components oc-
cur like in the method of elementary resistances. They are idler roll-
ing resistance and belt slipping on idlers surface resistance. For both 
variants the same formulas describing these two components were ap-
plied. Therefore both shapes of courses as well as values of these two 
components in both variants are very similar, which is visible in fig. 6 
and 7. Strictly speaking, slight vibration appeared in the idlers rolling 
resistance. Small differences are also connected with a tiny extension 
of starting time in variant II.

Belt motion on idler resistance that is presented in variant I was 
replaced by flexure resistance in variant II shattered into three differ-
ential components. Except in the period of initial increase, indentation 
rolling resistance (fig. 8) is in fact invariable. However, in courses of 
contraflexure belt resistances and even more of load deformation re-
sistances, oscillations connected with dependence of these resistances 
on belt tension occur.

The courses of sum of belt primary motion resistances for both 
variants are presented in fig. 9. 

At the beginning of start-up the value of sum of resistances in-
creases suddenly in connection with the gradual start in the movement 
of following belt segments. This phenomenon is partly compensated 
by higher values of static resistances during transition from static 

to dynamic friction at the moment of the start in the movement of 
following segments. In the further part of the course, the resistance 
increases, together with a velocity, until the belt achieves a steady 
velocity.

values of resistances corresponding to particular phases of mo-
tion in variant II are much higher than in variant I. This explains the 
fact, that when used in the model of the conveyor method of elemen-
tary resistances, underrate values of currents drawn by the motors are 
obtained [20]. In further studies, the method of the components of a 
flexure resistance was used.

2. 4. Model of the belt sag

Except for longitudinal oscillations, transverse displacement of 
the belt as belt sag between adjacent idler stations is taken into account 
in the model. Examination of the belt sag effect is aimed at preventing 
the appearance of the belt lifting above idlers within concave curves 
in a vertical plane during dynamic states (fig. 10). Curves along the 
conveyors route are applied in order to limit ground works costs.

Based on the catenary equation, belt sag f is expressed as follows:

 
2

8
zl Gf

F
⋅

= [m] (3)

where: lz – length between adjacent idler stations [m], 
  F – horizontal component of force acting on a belt  

 segment between idler stations [N], 
  G – weight per unit of belt and load [n∙m-1].

2. 5. Model of conveyors drive

In the conveyor belt model, circuit models of driving induction 
motors, both wound-rotor and squirrel-cage, were utilised. 

The form of flux equations is as follows:
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current equations:

Fig. 9. Courses of sum of belt primary motion resistances during start-up 
calculated for both methods

Fig. 8. Courses of actual values of particular components of belt primary 
motion resistances during start-up determined by method of calcula-
tion of the components of a belt conveyor flexure resistance

Fig. 10. Model of belt sags between idlers within conveyor route concave 
curves in a vertical plane
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The following electromagnetic moment formula and equation of 
motion was assumed
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e
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ϑ
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where:
 ψs1, ψs2, ψs3 – actual values of stator fluxes [Wb],
 ψr1, ψr2, ψr3 – actual values of rotor fluxes converted into stator  

  [Wb],
 is1, is2, is3 – actual values of stator currents [A],
 ir1, ir2, ir3 – actual values of rotor currents converted into  

  stator [A],
 ul1, ul2  – actual values of the supplying line phase  

  voltages [v],
 Rs, Rr  – stator and rotor resistances converted to the  

  stator side [Ω],
 Rl,, Ll  – resistance and inductance of the motor supplying  

  line [Ω], [H],
 Lz, Lsz’  – substitute inductance and stator transient induc 

  tance [H],
 ϑe, Ωe  – „electrical” angle between axes of the first st  

  tor and rotor phase in the modelled motor with  
  pole pairs number of p = 1 and „electrical” value  
  of rotor ‘s angular velocity [rad], [rad∙s-1],

 Te   – electromagnetic torque acting on the motor’s  
  rotor with pole pairs number of p [n∙m],

 Tm   – sum of motor mechanical losses torque and the  
  torque transferred via coupling connected with the  
  motor [n∙m],

 J   – inertia of spinning masses connected rigidly with  
  the rotor [kg∙m2],

 t   – time [s].

The variability of motor parameters caused by current displace-
ment and saturation was taken into account. Each drive in the program 
was modelled independently.

2. 6. Modelling of frequency converters and soft start equip-
ment

Squirrel cage motors can be supplied by frequency converters. A 
model of frequency converter with bipolar pulse-width modulation 
with the assistance of carrying a signal was applied [32]. Each of the 
conveyor squirrel-cage driving motors may be supplied via a frequen-
cy converter with a scalar control of velocity, according to the prin-
ciple of control that assumes stabilization of voltage amplitude with 

stator flux [34]. There is a possibility to assume an arbitrary shape of 
the start-up ramp in the program.

The model takes into account the possibility of supplying drive 
motors with soft-start devices. To this end, during the simulation igni-
tion time of the suitable thyristor in each half-period of voltage was 
determined, thus changing the value of the effective voltage.

2. 7. Modelling of driving torque transmission systems

Elasticity of gears, flexibility of flexible couplings and slip of hy-
drodynamic couplings are taken into account [18]. Characteristics of 
each flexible coupling is approximated as:

 T a b a b d
dtc s= + + +∆ ∆ ∆
∆

φ φ τ φ
φ3 23( ) [n∙m] (8)

where: Tc – moment transmitted via coupling [n∙m],
  Δφ – torsional angle measured between coupling’s  

 elements [rad],
  a, b – factors which determine participation of linear and  

 nonlinear term of an equation in couplings   
 characteristics   [n∙m ∙rad-1], [n∙m ∙rad-3]

  τs – delay time, i.e. time-constant of torsional angle  
 growing after step change of torsional moment [s].

2. 8. Belt slip of drive pulley

The driving force that is delivered to the drive pulley is transmit-
ted to the belt by means of the friction effect [19, 46]. If the force 
winding on drive pulley is too high in relation to the value of the force 
winding off drive pulley, the belt will be too weakly pressed against 
the pulley and a belt slip will appear. The occurrence of inelastic belt 
slip phenomena is undesirable. One should then choose preliminary 
values of belt forces or use the starting torque control to prevent the 
belt slip. The conveyors model involves the belt slip effect and it per-
mits the determination of velocity difference between the belt and the 
pulley.

The maximal value of the force which can be transmitted from a 
drive pulley to the belt is determined as [19]:

 PD k F i e W i m i dv i
dt

( ) ( ) ( ) ( ) ( ) ( )
= + ⋅ − + + ⋅⋅1 1µ a  [N] (9)

where: PD(k) – driving force which can be transmitted to the belt  
  without belt slip [N],

  F(i+1) – force in the belt winded off the drive pulley [N],
  μ   – factor of friction between the belt and the drive  

  pulley,
  α   – pulleys wrapping angle [rad].

If the force on the circumference of the drive pulley is smaller 
than the maximal force, which the pulley can transmit to the belt, 
then all the force, produced by driving motors and transferred to the 
pulley’s circumference, will be transmitted to the belt. If the above-
mentioned condition isn’t fulfilled then the force transmitted to the 
belt via the drive pulley will only be equal to the maximum force pos-
sible to transfer. It is expressed by the following equations:
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where: Pb – driving force transmitted to the belt via drive pulleys 
[N],

  PD – maximal force possible to transmit to the belt by drive 
pulley [N],

  PS – force on the circumference of the drive pulley, 
originated from driving motors [N],

  v(i) – belt velocity in point of winding on the pulley 
[m∙s-1],

  vb  – linear velocity of points on pulleys circumference 
[m∙s-1],

  vpos – rubbing speed between belt and drive pulley [m∙s-1].
A surplus of driving moment accelerates the drive pulley. The belt 

slip then appears between the pulley and the belt. When the surplus 
of driving moment fades, the belt catches up with the pulley and the 
belt slip disappears.

3. Measuring verification

Simulation program was developed to solve the model. The pro-
gram enables the simulation of diverse operating conditions of a con-
veyor and the investigation of the influence of particular phenomena 
on obtained courses of forces, moments, velocities, accelerations, 
voltages, currents and powers absorbed by driving motors.

The measuring verification was performed by matching selected 
computational and measured time histories. The measurement was 
made on a 3620 meter long conveyor described in section 2.1 [35]. 
The conveyor was driven by five wound-rotor motors, 630 kW each, 
connected with three drive pulleys. The take up device was operated 
periodically, ensuring 228 kN of belt pretension.

Analysis was carried out for start up time courses of belt forces at 
points near the take-up pulley, velocities at points near the first head 
drive pulley and for a current of one of the driving motors for cases  
when the belt is loaded at 33% (fig. 11, 12 and 13) and 75% (fig. 14 
and 15) of nominal value. Computational time histories are slightly 
different than results of measurement but the character of changes is 
similar which reflects the correctness of the model. Maximal differ-
ences between instantaneous values from computations and measure-
ment for forces do not exceed 30% of the measured value. Differences 
for currents do not exceed 27% of the rated current of motor (75 A). 
velocities differ no more than about 7% of steady velocity. The maxi-
mal differences are often achieved once, after the appearance of a step 
in the course of given quantity. In most parts of the start-up period dif-
ferences are much smaller. Bearing in mind how many elements and 
phenomena influence results, the obtained accuracy of computations 
seems to be satisfactory.

4. Summary

The conveyor model is a universal tool which can be utilised 
to optimize conveyor operation, check new solutions or to verify a 
project. Tests performed during the design of the conveyor allows pa-
rameters to be properly chosen. This has an important impact on the 
exploitation and reliability of the work of the device.The simulation 
program based on the model can be applied to determine the ways of 

controlling driving systems which ensure limitation of critical me-
chanical quantities in the system’s elements, especially values of the 
belt forces in dynamic states. The model enables the examination of, 
among others, the influence of drive location, time of start of par-
ticular motors, kind of motors’ selection, way of control of frequency 
converters for squirrel-cage motors or selection of resistance starters 
and program of start-up control for wound-rotor motors. The criterion 
of start-up control assessment is to achieve the shortest possible start-
up duration with assurance of not exceeding the specified belt forces 
level. The control of steady work should ensure such a belt velocity 
control that will maintain the nominal level of belt load, regardless of 
the value of the fed material stream.

Fig. 11. Time histories of belt forces on take-up pulley (33% of belt load): a) 
computation, b) measurement

Fig. 12. Time histories of belt velocities near head station(33% of belt load): 
a) computation, b) measurement

Fig. 13. Time histories of starting current of motor driven pulley No 2 (33% of 
belt load): a) computation, b) measurement

Fig. 14. Time histories of belt velocities near head station (75% of belt load): 
a) computation, b) measurement

Fig. 15. Time histories of starting current of motor driven pulley No 2 (75% of 
belt load): a) computation, b) measurement
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1. Introduction

In terms of energy balance, open cast mines have the largest share 
in electrical power production in Serbia. The increasing price of elec-
trical power compounded by the increasing social dependence on en-
ergy sources demand the close monitoring of machines and equipment 
in opencast mining operations, their regular maintenance, increased 
availability and efficiency. To achieve these goals – the maintenance 
of complex excavation, belt conveyor and dumping conveyor systems 
in opencast mines – ever greater significance is given to the diag-
nostics of the condition and performance of drive groups, steel con-
structions of excavation and transport machinery. The basic task of 
the condition analysis of each load carrying structure is to determine 
as accurately as possible its deformations, stress distribution and os-
cillation frequency. Carrying structures with bad dynamic behaviour 
can lead to undesirable occurrences in belt conveyor and dumping 
conveyor operations, such as: excessive construction deformations, 
entry into resonant oscillations, large dynamic response, the appear-

ance of fatigue, the breakdown of connections between construction 
parts, long periods needed for construction oscillations to die out and 
similar  [2, 3, 8, 16].  When modernizing the structure of the machine 
or modifying its operating parameters, it is necessary to establish the 
impact of changes on the behaviour of the machine undergoing mod-
ernization [17]. As a result a need arose to precisely determine the 
dynamic characteristics of the machine, which would help to establish 
its resonance range or to plan its modernization [4]. 

Such analyses are inherent in the design process of new belt con-
veyors and dumping conveyors and the correction and reconstruction 
of the existent ones. These machines operate in arduous conditions 
which additionally aggravates their operation performance. An engi-
neer is expected to use accurate and quickly calculation methods to 
ensure reliable and cost effective construction. This can be achieved 
by using modern CAD/FEM calculation methods and calculation 
validation by means of experimental methods on the produced con-
struction [18]. Nevertheless, Rusinski and others in [18, 19] point out 

BrKIć a Đ, ManesKI T, IgnJaTovIć D, JovančIć P, sPasoJevIć BrKIć v K. Diagnostics of bucket wheel excavator discharge boom dynamic 
performance and its reconstruction. eksploatacja i niezawodnosc – Maintenance and reliability 2014; 16 (2): 188–197.
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diAgnostics of bucket wheel excAvAtor dischArge boom dynAmic 
performAnce And its reconstruction

diAgnostykA włAściwości dynAmicznych wysięgnikA zrzutowego 
kopArki kołowej orAz jego przebudowA

The paper focuses on an investigation into the possible causes of the bad dynamic performance of bucket wheel excavator C7OOS 
(BWE) discharge boom in the Kolubara opencast mine, Serbia. A discharge boom load carrying structure model was produced 
and its static and dynamic calculations were made by the finite element method (FEM). The model was then validated by the ex-
perimental method – vibration analysis. The set goals were achieved by the FEM result analysis, which were further confirmed in 
the experiment. The causes for discharge boom weak performance were established.  The main operation problems were found in 
the inadequate design of the discharge boom tie(s) and the subsequent installation of a steering cabin. Possible discharge boom 
reconstructions were considered with a view to improving its operation performance.  The selection of the reconstruction approach 
was limited by the technical and financial resources available to the machine users. After the completed reconstruction, the dis-
charge boom improved operation performance was demonstrated in practice. 

Keywords: Discharge boom, bucket wheel excavator, dynamic performance, vibration analysis.

W artykule badano możliwe przyczyny złych własności dynamicznych wysięgnika zrzutowego koparki kołowej C7OOS (BWE) 
pracującej w kopalni odkrywkowej Kolubara w Serbii. Do stworzenia modelu konstrukcji nośnej wysięgnika zrzutowego oraz 
przeprowadzenia obliczeń statycznych i dynamicznych wykorzystano metodę elementów skończonych (MES). Model został następ-
nie zweryfikowany przy użyciu metody eksperymentalnej – analizy drgań. Wyznaczone cele osiągnięto poprzez analizę wyników 
MES, które zostały następnie zweryfikowane w badaniach doświadczalnych. Ustalono przyczyny słabego działania wysięgnika.  
Głównymi problemami eksploatacyjnymi okazały się być nieodpowiednia konstrukcja cięgien wysięgnika oraz montaż kabiny kie-
rowcy. Aby poprawić charakterystyki pracy wysięgnika, rozważono możliwe opcje jego przebudowy.  Wybór metody przebudowy 
ograniczały zasoby techniczne i finansowe użytkownika maszyny. Przebudowa dała poprawę charakterystyk pracy wysięgnika, co 
wykazano w praktyce.

Słowa kluczowe: Wysięgnik zrzutowy, koparka kołowa, właściwości dynamiczne, analiza drgań.
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some of the reasons leading to the breakdown of load carrying struc-
tures (faults in design, technology and operation). Faults in design 
are caused by the use of simplified calculation methods, the neglect 
of load influence and the existence of residual stresses, as well as 
the influence of construction element fits. Faults in technology occur 
in construction production and the most common causes are the use 
of inappropriate materials and the inappropriate production of joints. 
Faults in operation occur due to overloads, which may result from 
improper use or unforeseen circumstances. All of these can lead to 
weak static and dynamic performance of load carrying structures in 
ore excavation, conveyance and dumping machines. 

Detecting the causes of weak performance and the breakdown of 
load carrying structure parts in the machines which make up the EBD 
system (excavator, belt conveyor, and dumping conveyor) is the sub-
ject of numerous studies, particularly in the light of some large scale 
accidents. In their research Rusinski and others [13, 14] analyse the 
causes of the breakdown of the dumping conveyor’s steerable car-
riage in an opencast lignite mine during work in winter conditions. 
Using FEM analysis and the experimental (chemical analysis) method 
it was established that the accident was caused by faults in design and 
production, due to the use of the undercarriage half shafts systems. In 
paper [1] the structural failure of the bucket wheel stacker reclaimer 
was analysed by the computer structure analysis method and experi-
mental methods of microstructure characterization. The conclusion 
of this research was that the main cause for breakdown was a high 
concentration of stress in the welded connection of the load carrying 
structure elements (tubular tie-rod and flange) combined with cleav-
age crack propagation in the direction of lower fracture toughness. In 
research [6] the causes of the failure of the stacker-cum-reclaimer in 
an ore handling plant in India were analysed by visual methods, met-
allographic studies, and finite element and experimental methods of 
establishing stress distribution on construction elements. The research 
conclusion was that the accident was due to faults in the operational 
conditions.   Paper [7] deals with an evaluation of measuring of vibra-
tions on a bucket wheel excavator (BWE) SchRs 1320 during mining 
and while analyzing its dynamical properties several measurements 
were made.

This paper analyses the bad static and dynamic performance 
of the BWe C700S o&k discharge boom in the opencast mine in 
Kolubara, Serbia. The static and dynamic FEM calculations of the 
discharge boom load carrying structure were made thus describing 
the physical problem and operation performance, which, in turn, al-
lows the construction performance diagnostics. The analysis entails 
computer calculation by the FEM method. On the basis of the calcula-
tion results the cause of the weak performance of the discharge boom 
was established and several solutions for its reconstruction were of-
fered.  The selected manner of reconstruction was demonstrated and 
the reasons for the decision given. The validity of the FEM calculation 
was demonstrated on the reconstructed BWE discharge boom by ex-
perimental methods and its improved static and dynamic performance 
were then tested.

2. Methods

2.1. FEM analysis theoretical principles

Discharge boom weak dynamic performance is a common occur-
rence during the excavator operation. The discharge boom of the ob-
served excavator C700S in figure 1, in the opencast mine in Kolubara, 
Serbia, was reported to have entered resonant conditions, with the os-
cillation amplitude reaching  up to 600 mm. To find out the cause of 
this malfunction it is necessary to perform a detailed calculation. A 
dynamic performance analysis is very important for the evaluation of 
the selection parameters and the subsequent decision, especially in the 
case of constructions such as the discharge boom of a dumping con-

veyor system, whose operational performance and integrity depend 
largely on its dynamic characteristics. 

The static, dynamic and heat analysis of load carrying structures 
is most commonly performed by FEM (the Finite Element Method) 
[9, 10, 11, 12]. The basic static and dynamic (with damping) equations 
in matrix form and the global coordinate system can be expressed as 
follows (1), (2):

 
K F[ ]{ }= { }δ  (1)

 
M t B t K t F t[ ] ( ){ }+[ ] ( ){ }+[ ] ( ){ }= ( ){ } δ δ δ  (2)

In the above given expressions [M], [B], and [K] stand for 
the mass matrix, the damping matrix and the stiffness matrix, 

δ δ δt t and t( ){ } ( ){ } ( ){ }, ,   stands for the displacement, velocity and 

node acceleration vectors,  F t( ){ } the dynamic load vector, and t – 
time.

The program used for the static and dynamic analysis of dis-
charge boom performance was package KOMIPS [9] based on the 
FEM application, developed at the Faculty of Mechanical Engineer-
ing in Belgrade. For all kinds of final elements and the global node the 
equivalent stress is calculated according to the Huber-Hencky-Mises 
hypothesis. With the application of this program we will perform the 
discharge boom modelling and static and dynamic calculation, and 
determine the real model node movements and stress distribution 
on the construction model elements. On the basis of the obtained re-
sults we will define the causes of discharge boom weak performance 
and improve it through the direct modification of the model. Direct 
modification implies changes in the construction’s design parameters 
(mass and stiffness of certain construction parts). In addition to the 
aforementioned, the KOMIPS program package also supports specific 
calculations of construction elements which allow the determination 
of the membrane and bending stress distribution, the deformation en-
ergy distribution and the kinetic and potential energy distribution per 
model element. The said distributions are expressed in percentages 
per element, or selected element groups, or graphically in the form of 
lines of equal potentials and energies per model.  The energy defor-
mation distribution per construction part defines their sensitivity to 
modification. 

The equation of the deformation energy balance and external 
force work (3) is obtained by multiplying the basic static equation (1) 
by the transposed displacement vector.

 δ δ δ{ } [ ]{ }={ } { } ≡T T
dK F E2  

(3)

Fig. 1 Discharge boom of C700S excavator in the Kolubara open cast mine
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The deformation energy of the final element ed is expressed in the 
form below (4):

 e kd sr e
T

rs e sr e= { }   { }1
2
δ δ  (4)

In the equation, (4) krs e
   stands for the global matrix of stiff-

ness of a given element, and δsr e{ }  is the corresponding global dis-

placement vector. The kinetic and potential energy distribution on the 
main modes of the vibrations per construction element allows an even 
more precise analysis of their performance. The equation of the poten-
tial and kinetic energy balance [12] is obtained by multiplying the 
basic dynamic equation without the damping effect by the eigenvec-
tors transposed matrix [11]. The kinetic r

ke  and potential r
pe  energy 

of the finite element e and the whole system Er on the r main mode of 
the vibrations can be expressed by the equation below (5):

 

e m

e k

E E E

k
r
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T
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sr e
T

rs e sr e
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= { } [ ] { }

={ }   { }

= =

ω µ µ

µ µ

2

rr
r r

T
r r

T
rM K= { } [ ]{ }={ } [ ]{ }ω µ µ µ µ2

 (5)

In the equations (5), ωr stands for r eigenvalue (circular frequency 
of free undamped oscillations), {µr} stands for r eigenvector, and {µsr} 
stands for the corresponding r eigenvector of the finite element. 

2.2. Modelling 

Figure 1 shows the excavator discharge boom at the beginning of 
operation as it was designed and produced. After a certain time, the 
user installed a steering cabin on the discharge boom, as shown in 
figure 2. As already said, the dynamic performance of the discharge 
boom in operation became very bad (large deformations, large vibra-
tion amplitudes which took a long time to decay, construction vibra-
tions). To find out the cause of the described performance of the dis-
charge boom it is necessary to carry out calculations with the reduced 
model and to draw appropriate conclusions, which then need to be 
verified by calculations on a discharge boom spatial model.

The reduced model for the static and dynamic calculation of the 
discharge boom load carrying structure shown in figure 3 presents 
a plane model obtained by the reduction of the spatial linear model 
of the discharge boom structure. The calculation plane model will 

be used for the analysis of the discharge boom performance in the 
plane. 

The load acting on the model comprises the discharge boom 
weight itself, the load weight, the belt weight, the drive station weight, 
and the cabin weight [16]. The discharge boom supports on the exca-
vator are modelled as two joints. The hydro cylinder is modelled by 
the linear element with a joint connection at both its ends. The yoke is 
also jointly connected to the discharge boom carrier and the connec-

tion point between the cylinder and tie. The re-
duced plane model comprises 25 linear elements 
of beam type which perform the discretization 
of the boom carrier construction, and three lin-
ear truss elements (tie, yoke and cylinder).

The results of the FEM calculation of the 
static and dynamic performance obtained from 
the boom construction reduced model need to 
be verified and confirmed on a more realistic 
and precise model which will demonstrate the 
real construction performance in operation more 
faithfully. The new model represents a spatial-
linear model of the discharge boom. The number 
of nodes in the spatial model is 364, and the 
number of linear finite elements of beam and 
truss type 438. The discharge boom new spatial 
model is shown in figure 4. The methods of con-
necting the boom to the excavator, the yoke and 

hydro cylinder to the boom structure, and how the load acts on the 
model are the same as in the reduced model. 

Fig. 2. The discharge boom of the C700S excavator with a steering cabin

Fig. 3. Discharge boom reduced plane model

Fig. 4. Spatial model of discharge boom 
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2.3. Results and discussion

2.3.1. Static and dynamic calculation of the reduced plane model 

The deformed structure of the discharge boom plane model is 
shown in figure 5.

The maximum deformation of the model points 
on the boom left end amounts to 104 mm. For a 
more precise definition of the discharge boom static 
performance and optimization elements it is neces-
sary to analyse the load and energy deformation dis-
tribution per model element as shown in table 1.

An analysis of the static calculation results leads 
to the following conclusions about model perform-
ance:

The boom deformation between the joint • 
support of the boom structure and the yoke is 
significant due to the inaccurate positioning 
of the yoke connection.

Additional deformation of the left boom cantilever is caused • 
by the installed steering cabin.
The axial force in the tie and hydro cylinder is considerable, • 
while insignificant in the yoke.
The bending moment of the boom carrier is large in the con-• 
nection point between the boom structure and the yoke. 
The deformation energy distribution on the boom structure is • 
dominant over the other elements (72.2% goes to the boom 
structure element group), while within the boom structure it-
self it is dominant between the joint and the yoke. 

The first dynamic calculation is made for free undamped vibra-
tions. The first six main modes of vibrations are shown in figure 6. 

They also demonstrate the boom deformation mode in 
resonance (overlapping) with actuation. The first two main 
modes represent the vibration of the discharge boom, the 
third represents the vibration of the tie, the fourth is the 
joint vibration of the tie and the discharge boom, the fifth 
is that of the boom and the yoke, while the sixth is the 
vibration of the tie and the yoke. In this case, the first three 
main modes of vibrations are sufficient for dynamic per-
formance analysis. 

After the calculation of free undamped oscillation, a 
dynamic calculation of forced damped oscillations in the 
frequency domain was made; these can produce the fre-

quency characteristics of the structure. This is how we obtain the 
structure performance for simulated combinations of actuation and 
response; the simplest way to express this is through dynamic am-
plification in the observed frequency domain. The discharge boom 
frequency characteristics for vertical actuation acting on the con-
nection point between the tie, yoke and hydro cylinder and the 
vertical response on the left end of the boom carrier are shown in 
figure 7.

An example of discharge boom time response for displacement 
and stress in the selected connection point between the tie, yoke and 
hydro cylinder is shown in figure 8.

By analysing the results of dynamic calculation the following 
conclusions about model performance can be made:

The first two eigenfrequencies are very low, very close to each • 
other and they overlap with static deformation. 

The factor of dynamic amplification with 5% damping • 
equals around 38 for the first and 30 for the second modes 
of vibrations, which are rather significant values. The dy-
namic stability system diagram also shows a high imagi-
nary part of characteristics; i.e. high system instability. 

The potential energy distribution on the boom structure • 
is dominant in relation to other elements, while kinetic en-
ergy distribution is dominant on the external load (external 
masses) and on the boom structure elements.

Fig. 5. Plane model deformation 

Fig. 6. Main modes of plane model vibrations  

Fig. 7. Discharge boom frequency characteristics 

Table 1. Load distribution and deformation energy distribution per element group 

Model ele-
ment 

axial force 
[kn]

Bending mo-
ment [knmm]

Deformation energy [%]

carrier 350/450 535000 72.2: cantilever=9.6, 1/3l= 3.5, 
2/3l=17.6, 3/3l=41.5

Tie 380 - 16.8

cylinder 450 - 10.5

yoke 180 - 0.5

Table 2. Potential and kinetic energy distribution in the first two modes of vibrations

Model elements Potential  / kinetic energy distribution for the first two 
modes of vibrations [%]

ω01=1.58 Hz ω02=1.81 Hz

carrier 80 / 35 90 / 16

Tie 12 / 3 6 / 1

cylinder 8 / 0 4 / 0

yoke 0 / 0 0 / 0

external masses 0 / 62 0 / 73
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calculation), whereby the second is insignificantly 
larger than the corresponding one in the plane model. 
Smaller values of dynamic amplification factor can be 
noted, as well as reduced system dynamic instability 
in relation to the corresponding values of the plane 
model. These results were also expected due to greater 
accuracy in the distribution of mass and stiffness in 
the spatial model.

The dynamic calculation carried out on the dis-
charge boom spatial model completely confirms its 
bad performance. The actuation to the discharge 
boom comes from the bucket wheel on the bucket 
wheel excavator. The bucket wheel turns with 6 
RPM. Since there are 12 buckets on the bucket 
wheel, it follows that the bucket wheelcauses the ac-

tuation frequency of 1.2 Hz. The actuation frequency is close to the 
first eigen frequency. The dynamic calculation results for the spatial 
model are more accurate and show the more favourable behaviour 
of the boom than the plane model. Due to the simpler determination 
of the structural parameters the modification influences its dynamic 
behaviour. We will analyse the plane model below.

2.4. Reanalysis of boom discharge construction perform-
ance and its reconstruction 

Reanalysis or structural dynamic modification presents a set of 
methods which can improve the dynamic performance of the discharge 
boom structure. The dynamic response of the system is primarily char-
acterized by relevant eigenvalues and main modes of vibrations. Dy-
namic characteristic modification entails changes to the relevant struc-
tural parameters in order to achieve the desired dynamic performance 
in the changed eigenfrequencies and main modes of vibrations.

The dynamic calculation results of the discharge boom plane 
model define the parameters for model optimization; i.e. the boom 
reconstruction method for the improved dynamic performance of its 

load carrying structure. The main course of dynamic model optimi-
zation is an increase in the value of the eigenfrequencies, as well as 
an increase in their value difference.

On the basis of the above said we will consider the following 
modification models which may lead to an improvement in the dy-
namic performance of the discharge boom:

boom model without the subsequent installation of a steering • 
cabin;
boom model with increased stiffness on the bending boom car-• 
rier by introducing additional ties;
boom model with a changed connection point between the • 
yoke and boom cantilever. 
To determine which dynamic model satisfies these demands to 

the highest extent, it is necessary to perform static and dynamic cal-
culations of different model variants. The analysed discharge boom 
modified models have Xyij markings, with the following mean-

ings:
X = S – static calculation; –
X = D – dynamic calculation; –
y = A - model with a subsequently installed  –

steering cabin;
y = B - model without a subsequently installed  –

steering cabin; 
i = 0 – the existing model; –
i = 1 – model modified with the addition of two  –

new ties;
i = 2 – model modified with the addition of two  –

new ties and their infill;
j = 0 – the existing model; –

2.3.2. Dynamic Calculation of the Discharge Boom Spatial Model

The results of the reduced plane model calculation were verified 
by means of the dynamic calculation of the more realistic and precise 
discharge boom structure spatial model. The dynamic calculations of 
the first eight main modes of vibrations are shown in figure 9. As 
expected, due to a more accurate stiffness and mass distribution, a 
change in frequencies and modes of vibrations occurred compared 
to those of the plane model. New modes of vibrations (6, 7 and 8) 
appeared as a result of the spatial model due to the introduction of 3 
added degrees of freedom of nodes. The first three modes of vibra-
tions are largely identical whereby the first two main modes swapped 
places. The fifth and ninth eigenvalues of the spatial model corre-
spond to the fourth and fifth of the plane model. 

The forced damped response of the spatial model in the frequency 
domain for vertical actuation acting on the connection point between 
the tie, yoke and hydro cylinder and the vertical response on the left 
end of the boom structure are shown in figure 10.

Based on the performed dynamic calculations of the spatial model 
we can conclude that the first two eigen values of the spatial model are 
very close (the conclusion of the plane model confirmed by dynamic 

Fig. 9. Main modes of vibrations of the spatial model

Fig. 10. Frequency characteristics of the discharge boom spatial model 

Fig. 8. Time response of discharge boom
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j = 1 – model modified by moving the connection between the  –
yoke and boom structure to the middle distance from the joint 
rest; 
j = 2 – model modified by moving the connection between the  –
yoke and boom structure to the boom structure joint support. 

The variants of the analysed modified models are shown in figure 11.
An analysis of the values of the modified model deformations 

enables the following conclusions: 
the steering cabin increases the deformation of the left boom • 

cantilever; 
the introduction of new ties drastically re-• 

duces the deformation of all boom structure ele-
ments;

the optimum position of the yoke-boom • 
structure connection is between its current posi-
tion and the boom structure joint support in the 
case of the model without ties, and at the joint-
support in the case of the model modified with 
two new ties;

the introduction of a tie infill insignificant-• 
ly increases boom structure deformation, but it 
should have a positive influence on discharge 
boom dynamic performance. 

Models SA12 and SA11 demonstrate the best 
performance as regards deformation values. Bear-
ing in mind the difficulties involved in boom re-
construction by changing the yoke-boom structure 
connection point, the boom reconstruction accord-
ing to modified models SA10 and SA20 is both 
technically and economically the most effective.

Axial force distribution on the boom structure 
for the considered model variants is given in Ta-
ble 3. The optimum solution in view of this crite-
rion is again model SA12 or SA11. The proposed 
solution (SA10 and SA20) has increased force in 

Fig. 11. Variants of analysed modified models of discharge boom 

Fig. 12. Deformations of discharge boom modified models 

Table 3. The values of axial force in [kN] per element group of discharge boom modified models 

Model elements sa00 sa10 sa20 sa01 sa11 sa02 sa12 sB00

carrier 350 280 280 300 250 280 260 260

Tie 380 110 120 330 120 310 130 280

cylinder 450 450 470 450 450 450 450 330

yoke 180 300 320 190 240 200 230 130

additional tie   - 180 200   - 140   - 140   -

additional infill   -  -   0   -  -   -   -   -

Table 4. Deformation energy [kNcm] distribution per element group in the discharge boom modified 
models 

Model elements sa00 sa10 sa20 sa01 sa11 sa02 sa12

Beam 72.2 59.3 60.4 49.2 21.3 41.8 15.3

Tie 16.8 3.4 2.6 26.8 8.3 28.5 10.2

cylinder 10.5 23.0 22.9 22.3 48.1 27.1 51.9

yoke 0.5 3.3 3.4 1.7 5.6 2.6 6

additional tie - 11.0 10.7 - 16.7 - 16.5

additional  infill - - 0 - - - -

Σ ed [kncm] 1418 647 709 669 310 551 287

Fig. 13. Main modes of vibrations of the modified model with additional ties 
and infills 

Fig. 14. Main vibration modes in the modified model with changed yoke-boom 
connection position 
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the yoke which does not pose a technical problem. The steering cabin 
contributes to the increase in axial force.

The deformation energy distribution in percentages per element of 
the analysed models is shown in Table 4. The total deformation energy 
is minimal on models SA12 and SA11. The deformation energy was 
transposed from the boom structure elements to the cylinder.

Keeping the steering cabin, and the current position of the yoke, 
the effect of additional ties (DA10) and their infills (DA20) on boom 

dynamic behaviour in the first four modes of vibrations is shown in 
figure 13. Analysing the given results we can conclude that the intro-
duction of the addition of new ties and their infills favourably influ-
ences the dynamic behaviour of the basic model.

The effect of the changed yoke-boom structure connection posi-
tion (DA01) and the addition of new ties without infills (DA11) on 
discharge boom dynamic behaviour in the first four modes of vibra-
tions is shown in figure 14. Analysing the given results we can con-
clude that only moving the connection between the yoke and boom 
structure insufficiently influences the improvement of the dynamic 
behaviour of the basic model, making it necessary to introduce the 
addition of new ties.

The values of the first ten circular frequencies in the considered 
model are shown in Table.5. 

Based on the calculation results of free undamped vibration we 
can conclude that the introduction of new ties is fully justified. The 
presence of additional mass (steering cabin) has an adverse effect on 
discharge boom dynamic performance. The most advisable position 
for the yoke-boom structure connection is in the joint support. In the 
case of all the modified models there is an increase in the vibration 
frequency values, as well as their distance, which removes the basic 

cause of discharge boom weak performance. The dynamic behaviour 
of the modified model without a steering cabin and with additional 
new ties (DB10), and their infill (DB20), in the first four vibration 
modes is shown in figure 15.

The potential and kinetic energy distribution in the main modes of 
vibrations leads to the same conclusions as deformation energy dis-
tribution. The improved model variants have reduced energy in the 
boom structure and increased energy in the hydro cylinder.

The results of forced damped vibration calculations 
in the frequency domain which can produce the frequen-
cy characteristics of the modified models are shown in 
figure 16. vertical actuation acts on the cylinder-tie-yoke 
connection point, while the vertical response is observed 
on the boom structure left end.

The frequency characteristics indicate the weak per-
formance of the model with additional mass (steering 
cabin) on the boom structure left end, as well as the mod-
el without ties. Weak performance is observable in  the 
high factor of dynamic amplification, the large imaginary 
part of characteristics, the low vibration frequencies and 
their short distances.

The demonstrated procedure for static and discharge 
boom dynamic performance analysis allows a highly ef-

Table 5. Values of circular frequencies of free undamped vibrations [Hz] in the modified models 

ω Da00 Da10 Da20 Da01 Da11 DB00 DB10 DB20

ω01 1.58 2.03 2.23 1.62 3.04 1.61 2.10 2.58

ω02 1.81 2.38 4.64 2.33 3.92 3.22 4.11 6.94

ω03 4.30 4.19 9.43 3.08 6.03 8.52 4.65 12.27

ω04 8.25 4.74 13.16 7.11 7.83 9.31 8.93 13.31

ω05 10.7 5.86 17.67 9.93 11.1 10.97 11.42 18.46

ω06 11.21 8.30 21.77 11.05 14.53 12.20 13.81 21.98

ω07 13.56 10.85 22.82 18.37 21.85 13.56 15.30 25.50

ω08 18.43 11.98 24.16 20.55 22.24 19.83 20.30 28.22

ω09 23.09 13.85 24.57 24.07 25.85 23.46 23.34 30.21

ω010 24.53 15.02 26.57 25.60 26.48 28.15 23.62 31.81

Fig. 15. Main modes of vibrations without a cabin and additional ties  Fig. 16. Frequency characteristics of the discharge boom construction modified 
models 
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ficient and quality assessment of construction exploitation perform-
ance, the detection of poor performance cause, the degree of impact 
of the construction’s dynamic parameter on exploitation performance 

and allows for decision making on the selection of a reconstruc-
tion solution. The limitations present in the solution selection 
lie in the staff, and both the technical and financial capacities 
of the excavator users for the implementation of the optimal 
solution. According to all of the above, the selected solution 
for the discharge boom reconstruction comprises the following 
improvements on the present one: the steering cabin is removed 
(a camera is attached instead), two new ties without infills are 
added, while the yoke-boom structure connection remains in 
the same position (modified models SB10 and DB10). 

The reconstructed BWE discharge boom is shown in figure 
17. The performed reconstruction of the discharge boom solves 
the basic cause of previous poor performance.

Dynamic parameter values were experimentally determined 
for the reconstructed boom so as to describe its behaviour in 
operation. location of the measuring sensors and directions in 
which accelerations will be measured is very important[15]. 
Accelerometer placement is shown on the fig.17. Selected place 
has the most inconvenient boom`s dynamic behaviour. Carry-
ing structure vibrations were measured from the position of the 
last added tie-boom structure connection in the vertical direc-
tion and in two horizontal directions (axis and lateral). vibra-
tion measurement was performed with equipment consisting 
of a three-component acceleration gauge sensor, an analogue-

digital converter and USB computer communication. The software 
package supports the analysis of the time and frequency acceleration 
signal. The frequency signal was received by the application of the 
FFT analysis. Figures 18 and 19 show the measured accelerations 
within the frequency domain. 

The performed experimental measurement is aimed at establishing 
the presence of local or global structure response close to the actuation 
frequency, and the verification of the FEM calculation model. The ei-
genfrequencies of FEM model DB10 given in table 5 largely overlap 
with the measurements shown in figure 18, hence the conclusion that 

the FEM calculation model is validated. We also conclude that the 
measured acceleration values of the additional tie connection point on 
the boom structure in the vertical and lateral direction are within the 
limits of permissible values for this type of construction as prescribed 

Fig. 16. Frequency characteristics of the discharge boom construction modified models 
(continued)

Fig. 17. Reconstructed BWE C700S discharge boom on the Kolubara open-
cast mine 

Fig. 18. Acceleration of additional tie-boom structure connection points in the 
vertical direction

Fig. 20. Frequency characteristics of DB10 plane model of reconstructed dis-
charge boom

Fig. 21. Frequency characteristics of DB10 spatial model of reconstructed 
discharge boomFig. 19. Acceleration of additional tie and boom structure connection point in 

the lateral direction
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in [5]. All of the above serves to prove that the dynamic behaviour of 
BWE C700S operation performance is significantly improved after 
the implemented reconstruction. This conclusion is further confirmed 
by the results of dynamic calculations of forced damped vibrations in 
the frequency domain of model DB10 according to which the boom 
reconstruction was carried out. The frequency characteristics of the 
reconstructed boom plane model are shown in figure 20, while figure 
21 shows those for the reconstructed boom spatial model.

The numerical calculation of the spatial model show higher val-
ues of eigenfrequencies compared to those of the plane model. The 
experimental measurements were carried out on the BWE C700S 
reconstructed discharge boom in operating conditions. Although cal-
culations were not done on the whole BWE model, the results of the 
measurements are in correlation with the calculation results on the 
discharge boom model. Correlation is related to the identification of 
the presence of the boom vibration close to its eigenfrequencies. The 
spatial model gives more accurate results, but for the investigation in 
this paper the plane model was accurate enough.

3. Conclusion

The diagnostics of the load carrying construction condition shown 
in this paper are performed by the FEM and experimental method in 
order to detect the cause of the BWE C700S discharge boom opera-
tion problem in the Kolubara opencast mine, Serbia. The cause of the 
exploitation problem was established – insufficient stiffness of the 
boom ties as defined in the design, as well as the subsequently at-
tached steering cabin which does not form part of the original design. 
Numerical analysis (FEM) showed that the deformation energy distri-
bution was dominant in the elements of the boom structure(72%), that 
the boom deformations were very high (104 mm), that the first two 
vibration frequencies were very low and at high proximity, and that 

the dynamic performance factors for the first two vibrations were con-
siderable, all of which contribute to weak boom operation perform-
ance and point to possible courses of action in boom redesign. The 
paper analysed the dynamic performance of several possible dynamic 
behaviour improvement models.The selected model is optimal when 
taking into account the technical, financial and staffing capacities of 
the user for the reconstruction implementation. The boom reconstruc-
tion was implemented by removing the steering cabin and introducing 
two new boom ties. 

The BWE discharge boom dynamic behaviour improvement was 
verified by the experimental method on the reconstructed boom. The 
experiment results prove a good match with the FEM analysis results, 
which validate the numerical model. The major advantages of the re-
constructed discharge boom over the original  comprise the following:

Maximum boom deformation is reduced from 104 mm to (1) 
51.5 mm.
The first two eigenfrequencies are increased as is their distance (2) 
as shown in table 5.
A more even deformation energy distribution on the construc-(3) 
tion elements is achieved.
The dynamic amplification factor for the first vibration mode (4) 
is reduced from 38 to 12, and a significantly higher system 
dynamic stability is secured due to a considerable reduction in 
the imaginary part of characteristics (figure 20).
All accelerations of structure modes are reduced within the (5) 
limits of permissible values [5] (up to 2 m/s2).

The application of the described diagnostics methodology of load 
carrying structure performance is justified and necessary in the en-
gineering analysis of exploitation problems since it produces good 
results and is cost effective.
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radosław cecHoWIcZ
Paweł sTĄcZeK

computer supervision of the group of compressors 
connected in pArAllel

komputerowy system nAdzorowAniA zespołu spręŻArek 
prAcujących w ukłAdzie równoległym*

The paper presents the original solution of the control and monitoring system of the compressed air production plant. The plant 
was supplying the mid–size production system. The developed solution is consistent with the Condition–Based Maintenance ap-
proach. Its aim was to integrate the functions of direct control and monitoring of the process to ensure the best possible working 
conditions of machines (compressors) and to extend the period of their operation. The implementation of the described solution 
allowed: to eliminate the need for human presence in an environment with very high levels of noise, to improve the quality of the 
process by stabilising the course of its basic characteristics (variables), to automate the handling of alarm conditions, to increase 
machines' reliability through their rational use and ensuring proper working conditions, and to document the process. Freeing the 
operator from the common, repetitive control tasks and equipping him with diagnostic tools enabled him to detect threats (poten-
tial failures) sooner and to undertake appropriate corrective actions.

Keywords: monitoring, diagnosis, operation of compressors, Statistical Process Control, Condition Based Main-
tenance.

W pracy przedstawiono własne, wdrożone rozwiązanie problemu automatyzacji sterowania i nadzorowania procesu wytwarzania 
sprężonego powietrza na potrzeby średniej wielkości systemu produkcyjnego. Opracowane rozwiązanie jest zgodne z podejściem 
Condition-Based Maintenance. Jego istotą było zintegrowanie funkcji sterowania bezpośredniego oraz nadzorowania przebiegu 
procesu w celu zapewnienia możliwie najlepszych warunków pracy maszyn i wydłużenia przez to okresu ich eksploatacji. Wdroże-
nie opisanego rozwiązania pozwoliło na: wyeliminowanie konieczności przebywania ludzi w środowisku o bardzo dużym poziomie 
hałasu, poprawę jakości procesu poprzez ustabilizowanie przebiegu jego podstawowych charakterystyk (zmiennych), zautoma-
tyzowanie procedur obsługi sytuacji awaryjnych, zwiększenie niezawodności maszyn poprzez ich racjonalne wykorzystanie i za-
pewnienie prawidłowych warunków pracy, oraz dokumentowanie przebiegu procesu. Uwolnienie operatora od zadań sterowania 
i wyposażenie go w narzędzia wspomagające diagnostykę procesu spowodowały, że był on w stanie wcześniej wykryć zagrożenia 
dla przebiegu procesu (potencjalne awarie) i podjąć stosowne działania zaradcze.

Słowa kluczowe: nadzorowanie, diagnostyka, eksploatacja sprężarek, statystyczne sterowanie procesem.

1. Introduction

The paper describes the compressed air plant control and monitor-
ing system that is based on the idea of Condition–Based Maintenance 
(CBM), i.e. performing maintenance and repair only when the need 
for such actions results directly from machine observation, and not 
when it is imposed by the maintenance schedule. The idea of CBM 
is growing in popularity as evidenced in works [6] and [8] where the 
most common solutions and diagnostic methods were summarised.

Three main components should be taken into consideration to suc-
cessfully implement the CBM strategy: acquisition of data containing 
information about the status of the monitored devices, processing of 
the obtained information (data), and decision–making mechanism. 
The precise diagnosis is essential in CBM systems as it is used as a 
basis for decisions on maintenance and repair actions [11].

Potential benefits of CBM approach are twofold: firstly, service 
operations are performed when there is a real need for them (good 
parts are not replaced just because their planned operation time has 
expired), secondly, the danger of machine failure due to premature 
part wear is eliminated. The properly implemented CBM system 
makes possible to reduce the maintenance costs of the machines and 

cecHoWIcZ r, sTĄcZeK P. computer supervision of the group of compressorsconnected in parallel. eksploatacja i niezawodnosc – Maintenance 
and reliability 2014; 16 (2): 198–202.

increase the overall performance of a manufacturing system by elimi-
nating the downtime associated with equipment failures.

One of the methods to monitor the state of the process that can be 
used in CBM is using control charts, which are well known part of a 
broader strategy of statistical process control (SPC). The main pur-
pose of the control charts is to detect and signal deviations from the 
natural variability of the process (of selected quality characteristics). 
This approach has been used, for example, in [5]. Control charts, pro-
posed by Shewhart [10], were used for the first time in the automotive 
industry to evaluate the quality of the production batch.

The compressed air plant, for which the described method was 
developed, was composed of four reciprocating compressors work-
ing in parallel, and supplying the factory distribution network. There 
were various devices and machines (receivers) connected to the com-
pressed air distribution network in the factory. They had different air 
consumption characteristics (cargo handling systems, transport devic-
es, auxiliary devices, and hand tools). The demand for air during the 
manufacturing system operation was characterised by high dynamics. 
For this reason, the development of a static plan of compressor opera-
tions was a difficult task. The production of compressed air had to be 
controlled and monitored continuously by the operator who, having 
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access only to the current readings of measurement devices, had to 
make decisions about switching on or off the compressors and had 
to carry out maintenance work according to the maintenance plan. 
Due to the time–consuming nature of these operations and the con-
siderable number of measurement points, the evaluation of technical 
condition of the compressors was made occasionally, a few times a 
day. Therefore, it could happen that the machines worked temporarily 
under adverse conditions (e.g. overload), which was one of the causes 
of their failures and downtime. This, in turn, led to problems with the 
receivers connected to the air distribution network.

To improve this situation, it was decided to automate the control 
and diagnosing of the process of production of compressed air. Addi-
tional prerequisites to automate the process were: the need to improve 
the working conditions of the operator, the need to stabilise the pres-
sure in the compressed air distribution network, the requirement for 
an automatic documenting of the manufacturing processes [9].

2. Control of the compressed air plant

A system for automated control and monitoring of the compressed 
air plant was developed and implemented. In this system, the values 
of the basic variables of the process were monitored continuously and 
control algorithms guaranteed correct operation conditions for each 
of the machines, as well as uniform loading of all compressors. A 
detailed description of the control algorithms for individual machines 
and the entire plant was given in the works [2] and [3].

In Fig. 1 the recorded pressure waveform in the air distribution 
network is shown. The recording was done during the time of low air 
consumption (low load of the compressed air plant). At that time, it 
was enough to use just one compressor to satisfy the demand. The mo-
tor driving the reciprocating compressor was working all the time, and 
the air was pumped only during the periods of B–C, D–E and F–G. In 
the remaining time (intervals A–B, C–D, E–F and G–H) the compres-
sor inlet valves were deliberately opened (idle mode).

The duration of each interval of quasi-periodic waveform resulted 
from the rate of pressure rise or fall, that is from the air flow rate 
to the receivers. The main objective of the automatic control system 
was to maintain the pressure in the air distribution network within the 
tolerance limits 5.25..6.05bar (lSl..USl). In Fig. 1, the alarm limits 
are also marked. There is a sudden drop in the air pressure, shown in 
Fig. 1, in the period G–H. This drop was caused by a temporary in-
crease in air demand. The system responded to it with the shortening 
of the idle time of the compressor.

The process data record shown in Fig. 2 documents the oil tem-
perature alarm event and switching off the compressor motor that fol-
lowed. Such situations did occur when the compressor was working 
for long time during the summer heat. The compressor (precisely, the 
motor) was turned off each time when the predicted oil temperature 
value went beyond the set limit of 90°C (three events are marked in 
the graph). After the temperature went below the limit, the compres-
sor was switched on again (automatically, by the control system).

The pressure drop shown in Fig. 3 is the result of thermal over-
load of one of the compressors. In the segment A–B the machine was 
working correctly. In the time B–C there was an increased demand 
for compressed air, which resulted in an increase in the switching fre-
quency of the compressor. At the end of this time (in the moment 
C) the oil temperature went beyond the limit. The compressor was 
automatically switched off and then, after the oil temperature went 
below the limit, switched on again. Since the increased demand for 
compressed air continued throughout the time C–D, the following 
emergency shut–downs resulted in the gradual decrease of air pres-
sure in the network. Eventually, the pressure went down to a very low 
level and reached the lower limit, activating an alarm and alerting 
the technical staff about the situation. When the alarm was signalled, 
some of the pneumatic devices were switched off by the users, which 
reduced the demand (at the end of the time C–D). From that moment 
on, the air pressure remained within tolerance limits. During the time 
shown in Fig. 3 only one compressor was working (other machines 
were switched off permanently by the factory personnel).

3. monitoring and diagnostics

The values of the main variables of the compressed air manufac-
turing process were recorded and presented on the operator screen 
in the form of readings (numeric values) and time graphs (similar 
to these shown in Fig. 1..3). The following analogue variables were 
monitored for the diagnostic purposes:

air temperature at the outlet of each compressor,a) 
oil temperature in the sump,b) 
oil pressure in the compressor lubrication system,c) 
air pressure in the distribution network.d) 

Additionally, signals from the oil temperature and oil pressure 
limit switches were recorded.

The work [2] describes the method used for the quality evaluation 
of the process of the production of compressed air and the obtained 
results. The process capability index [7], calculated for air pressure p 
in the distribution network, was cpk=0.578 during typical work condi-
tions (typical demand for compressed air). The relatively low value of 
the capability index means, that statistically during approximately 7% 
of the working time the pressure p was outside the tolerance limits. It 
results from the properties of the control algorithm used, and the prop-
erties of the actuators – the compressors. The momentary output of 
the compressor resembled a discrete signal (each of the four machines 
could be in one of the three states: active, idle, or standby). Further-
more, there were technological limits imposed on the control system 
such as maximum number of motor starting events per hour and maxi-
mum continuous operating time. These conditions meant that the na-

Fig. 1. Time chart for pressure in the network and the status of the compres-
sor with low compressed air demand

Fig. 2. Temporal switching off the compressor motor caused by exceeding 
the maximum temperature of the oil

Fig. 3. Compressed air pressure fluctuations caused by the thermal overload 
of one of the compressors
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where the period of 30s is a constant interval between successive 
measurements of the value of variable p. Quasi-periodic nature of the 
pressure fluctuations p is also confirmed by the results of autocorrela-
tion analysis (Fig. 6), where the ratio of the autocorrelation function 
for the shift of N1=23 observations reaches the local extreme.

For the purpose of detecting irregularities in the course of the 
compressed air production, a new variable p23 was created. variable 
p23 was the arithmetic mean value of 23 consecutive measurements of 
p. variable p23 calculated for the normal work conditions (the source 
data taken from Fig. 4) shows no deviations from the normal distribu-
tion (Fig. 7). Also, the time-series of the newly created variable does 
not show the existence of autocorrelation, which was verified by per-
forming the appropriate statistical test [1] (Fig. 6b). It was therefore 
justified to use standard control charts X/R [7] to monitor the course 
of the compressed air manufacturing process with the quality charac-
teristics p23.

X/R charts for the variable p23 made for the normal 
work of the compressed air plant (from measurements 
shown in Fig. 4) are shown in Fig. 8. Sample size for 
the card was set to n=1 to reduce the time delay to de-
tect and signal the disturbance of the process, which 
may be as long as: N1*n*30s=11.5minutes.
The central line of the X control chart for pressure 
variable p23 is equal to the average of the process 
assumed to be under control (Fig. 4.). The small 
eccentricity of the process: 

23ˆ 5.692 5.650 0.042 0.05p T = = = (USL LSL)− − −
(2)

results from the properties of the compres-
sor control algorithm and was accepted in terms of 
technological requirements. The control limits LCL, 
UCL were calculated from the standard deviation of 

ture of the changes in the air pressure at the output (in the distribution 
network) was quasi–periodic and the extreme values of the pressure p 
in one cycle often went outside tolerance limits – Fig. 4.

If the process correctness were evaluated only on the basis of the 
actual value of the pressure p in the network, it would result in fre-
quent generation of unjustified alarms caused by typical fluctuations 
of the process variable. It was therefore decided to monitor the aver-
age value of the pressure p calculated over a suitably selected range 
(window) of time.

The frequency analysis of the monitored quality characteristics 
p (Fig. 5.) under typical production conditions (Fig. 4.) indicated the 
existence of a dominant oscillation frequency equal to:

 1
1 0.0014

23 30
f = = Hz

s⋅
 (1)

Fig. 4. The air pressure in the distribution network during the normal work 
of the compressed air plant (typical demand for air)

Fig. 7. Normality test for the p23 variable being the arithmetic average of 23 
consecutive observations of the variable p

Fig. 8. Control charts X/R for the variable p23 during the normal process run 
(source data from Fig. 4), the sample size n=1

Fig. 5. The frequency spectrum of the signal of the air pressure in the distri-
bution network

Fig. 6. Autocorrelation coefficients of the air pressure time-series: a) for raw data (variable p, the 
interval between successive measurements 30s), b) for the average of the subsequent 23 
measurements (variable p23)
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the variable p23 (for the same period) which equalled σ23=0.052bar. 
The statistics of X/R that are shown in Fig. 8 confirm the absence of 
significant deviations from the typical variability in the quality char-
acteristics p23.

The course of air pressure p changes in the distribution network 
during high air demand fluctuations in amplitude and in frequency 
was shown in Fig. 9. At the beginning of this period, during a small 
load of the system (for about 30 minutes), only one compressor was 
working. At the end of this period (about 30th minute), the air demand 

increased rapidly, which can be seen in the chart as a steep drop in the 
network pressure curve. The load in network was, at that moment, so 
large that one compressor could not supply enough air, so the control 
system automatically turned on the second machine. From the 35th 
minute on, the average pressure in the network was increasing. There 
was, however, a significant, highly dynamical and random “noise” 
(typical air consumption pattern for the devices performing handling 
and material displacement operations). It was not until the 80th minute 
when the network pressure p was within tolerance limits.

Control charts X/R (n=1) for the variable p23 made from the data 
shown in Fig. 9 are presented in Fig. 10. The points on the X chart 
(samples No. 3, 5, and 6) and on the R chart (samples No. 4, and 5), 
clearly indicate the disturbances in the process (insufficient air pro-

duction). In this situation, the computer control system generates an 
alarm to notify the operator that the system cannot meet the demand 
with just two working compressors (the two remaining compressors 
were switched off permanently). If these conditions lasted for a longer 
time, a thermal overload might occur (as the one shown in Fig. 3), 
which would then result in the shutdown of the compressors and a 
total halt in the compressed air production. Thanks to the alarm gener-
ated by the X/R charts, the operator could manage the situation before 
critical alarm occurred and react appropriately by allowing another 
compressor to work or by reducing the load in the network.

4. Summary

Based on experience of the operators and analysis of the data from 
nearly two years of operation of compressors with a modernised con-
trol and supervision system, three most common causes of compres-
sor downtime were identified:

high oil temperature and compressor output air temperature,a) 
high air humidity,b) 
breakdown (disconnection) of the measurement device or limit c) 
switch.

The number of machine malfunctions caused by factors a) and 
b), was significantly reduced through the use of control charts, whose 
task was to detect deviations from the natural variability of the proc-
ess as early as possible. Thanks to the quick diagnosis and applied 
countermeasures, the compressors were not overloaded and, as a re-
sult, were not shut down.

Interference caused by factors from group c) was random and oc-
curred sporadically. As there was no possibility to diagnose the state 
of the measurement and limit switch circuits, the control and moni-
toring system did not signal the possibility of failure caused by the 
events from this group. A similar approach to the assessment of a sin-
gle compressor was presented in the work [4].

The tangible result of the implementation of the computer con-
trol and monitoring system was a significant reduction in the numbers 
of failures in the compressed air plant. The operator of the system, 
equipped with diagnostic tools (control charts), could accurately 
predict the possibility of failure in the majority of cases before they 
emerged.

Another significant outcome from the implementation of the sys-
tem was the possibility to control the compressed air network load 
(compressed air consumption) by the production management person-
nel. Thanks to the information from the monitoring system, it was 
possible to plan production operations so as not to cause high and 
long–term load of compressors, which was the most common cause 
of emergency production stops.

Fig. 9. The air pressure in the distribution network during the time of high 
demand fluctuations (disturbances)

Fig. 10. Control charts X/R for the variable p23 at the time of process distur-
bances (source data from Fig. 10), sample size n=1
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1. Introduction – motivation

Reliability, safety and availability of complex and time dynamic 
systems – like mechatronic, communication, space and smart systems 
– has attracted more and more attention in recent years – see, e.g. 
[17]. Systems – we would like to present – work in various and mostly 
adverse operating conditions due to their applications. Therefore it is 
hardly possible to analyse the reliability of an individual system us-
ing prior complex reliability tests, historical pieces of information of 
other similar systems or using expert judgement. Dependability char-
acteristics are surely of our interest as we are concerned of system 
reliability and an availability level. However, the reliability and avail-
ability level of systems under our observation is highly concerned by 
designers plus engineers for condition monitoring and maintenance 
decisions. Based on practical development in this area it emerges that 
condition-based maintenance has become an attractive research area 
in past decades – see, e.g. [18–24]. Moreover, for the equipment under 
our observation there is no actual link, prescription and firm threshold 
for fixed time maintenance intervals specified in standards – both glo-
bal (IEC, ISO) and/or specific ones, like, e.g. MIl-STD, STANAGs, 
etc. The majority of maintenance procedures – specifically the PM 
intervals – are based on historical observations, similar products´ ex-
perience or expert decisions. The firm prescriptions on the fixed time 
PM intervals on the other hand would be obsolete and very rigid in 

terms of current technical needs. Based on the information previously 
introduced, reliability analysis, evaluation and predictive methods for 
reliability assessment need to take into accountactual, recent and real-
time/on-line system conditions during operation. Real-time reliability 
and availability assessment may act as vital role in condition-based 
maintenance which may help to form further maintenance and optimi-
sation decisions – some examples see, e.g. [12]. In real processing of 
data mining there is important need to have also practical applicability 
of proposed theoretical models and ideas emerging from modelling. 
We can find some works on tackling the problems of condition-based 
maintenance in many aspects. For example in [14] there is a prob-
lem of predicting the real-time conditional reliability of an individual 
tool after its performance data was obtained. In [2] there is proposed 
an on-line reliability estimation method of an individual component 
based on degradation signals in which the performance was modelled. 
Products with exponential degradation paths were studied, e.g. in [8], 
while degradation signal modelling based on exponential smoothing 
was modelled, e.g. in [3] and [19] – namely the degradation measures 
with finite duration impulses. In [20] there is considered the exist-
ence of multivariate performance measures, while the proposal forthe 
approach which combines degradation process monitoring with envi-
ronmental variation is presented in [13].

At present there is a tendency to change the format of technical 
maintenance. Preventive maintenance (PM) at fixed intervals has been 

valIs D, ZaK l, PoKora o. engine residual technical life estimation based on tribo data. eksploatacja i niezawodnosc – Maintenance and reliability 
2014; 16 (2): 203–210.
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engine residuAl technicAl life estimAtion bAsed on tribo dAtA

ocenA technicznej trwAłości resztkowej silnikA 
w opArciu o dAne tribologiczne

The aim of the paper is to estimate a system technical life. When estimating a residual technical life statistically, a big amount 
of tribo-diagnostic data is used. This data serves as the initial source of information. It includes the information about particles 
contained in oil which testify to oil condition as well as system condition. We focus on the particles which we consider to be inter-
esting and valuable. This kind of information has good technical and analytical potential which has not been explored well yet. 
By modelling the occurrence of particles in oil we expect to find out when a more appropriate moment for performing preventive 
maintenance might come. The way of modelling and further estimation is based on the specific characteristics of a regression 
analysis, fuzzy logic and diffusion processes – namely the Wiener process. Following the modelling results we could, in fact, set the 
principles of “CBM – Condition Based Maintenance”. However, the possibilities are much wider, since we can also plan in service 
operation and mission. All these steps result in inevitable cost saving which we would like to contribute to.

Keywords: Field data assessment, off-line diagnostics, first hitting time, residual life, maintenance optimization.

Celem pracy jest ocena trwałości technicznej układu.  W ocenie statystycznej technicznej trwałości resztkowej, wykorzystywane są 
duże ilości danych tribo-diagnostycznych. Dane te służą jako początkowe źródło informacji.  Dostarczają informacji nt. cząsteczek 
zawartych w oleju, które świadczą o jego bieżącym stanie, jak również o stanie całego układu. Szczególny nacisk położono na 
cząsteczki, które uznano za godne uwagi i wartościowe.  Tego rodzaju informacje mają duży potencjał techniczny i analityczny, 
który nie został jeszcze wystarczająco zbadany.  Modelując występowanie cząsteczek w oleju, spodziewamy się określić najlepszy 
czas na przeprowadzenie konserwacji zapobiegawczej.  Sposób modelowania i dalszej oceny oparto o konkretne charakterystyki 
analizy regresji, logiki rozmytej i procesów dyfuzyjnych-tj.proces Wienera. Śledząc wyniki modelowania możliwe będzie ustalenie 
reguł utrzymania urządzeń zależnie od ich bieżącego stanu technicznego (condition-based maintenance, CBM). Możliwości są 
jednak dużo większe, pozwalając także na planowanie eksploatacji rutynowej i zadań. Wszystkie powyższe kroki prowadzą do 
oszczędności.

Słowa kluczowe: analiza danych terenowych, diagnostyka off-line, czas pierwszego przejścia, trwałość resztko-
wa, optymalizacja eksploatacji.
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abandoned and condition based maintenance has been introduced 
instead. This trend might be followed only on condition that high-
quality data on system condition is available. In technical literature, 
e.g. [2, 3, 8, 14], there are different ways of using direct and indirect 
diagnostic data. There are introduced the possibilities of vibrodiag-
nostics, thermal radiation, and also tribo-diagnostics there. As for the 
vibrodiagnostics and the thermal radiation, they frequently appear in 
existing publications and scientific papers. Regarding the tribodiag-
nostic data, it has been assessed mainly empirically, restrictedly and 
by specialists.

During the operation of the observed technical equipment in pre-
vious years, a lot of tribodiagnostic data were obtained. The truth 
is that these data have not been used efficiently. The authors of this 
article identified the potential of these data and applied it in further 
analysis. The operation data we possess are firmly given by order to 
collect observations on diagnostics in course of in-service operation – 
we speak about tribo-diagnostic data. These data are obtained thanks 
to parts syntactic methods (Atomic Emission Spectrometry – AES) 
and morphology observation (laser Net Finder – lNF). From these 
data we are about to present these indicators which are really of use 
in terms of presenting the system real deterioration. No such previ-
ous observations and assessment of operating object were conducted. 
Previous works – see, e.g. [33] – do not speak very deeply about some 
technical observations and tribo-data as to special big systems like 
diesel locomotives, mine lorries and war ships. No such extensive in-
vestigation has been conducted on medium lorries and common off-
road vehicles. What we know for sure is the fact that the tribo data 
have real potential of presenting system condition. It is probably the 
most accurate way of determining system state using non-direct di-
agnostics. Therefore we hope that based on our analytical principles 
– presented here – real optimisation steps in preventive maintenance 
planning, costing and mission planning will be allowed/possible to be 
performed.

There were a few reasons for starting this research. The main rea-
son was obviously to find the way of saving costs during the phase 
of operation and maintenance of the observed technical equipment. 
It is rather clear that both the operation and the maintenance have the 
potential to save costs. The question is how the potential might be 
identified and used further. The technical literature currently available 
shows us that the condition based maintenance is a right alternative. 
However, to introduce this type of maintenance, a certain amount of 
high-quality data as inputs should be available.

Another reason for assessing and searching for RUl (Residual 
Useful life) was to find a lot more adequate model than the ones 
introduced earlier. The previous models are based on a regression 
analysis and fuzzy logic which has the potential to support regression 
models. What we are trying to do in the paper, is to present a new view 
on the same issue which is supposed to either support the conclusions 
or disprove them.

2. State-of-the-art and literature survey

Some work in the field of oil data assessment has already been 
conducted, see, e.g. [10]. In this paper we introduced some fundamen-
tal data correlation and characteristics.

In the most recent literature publications a lot of space is devoted 
to a condition based maintenance. Therefore we have chosen the latest 
sources dealing with Mean Residual life (MRl) estimation based on 
data mining, modelling and other approaches. Deterioration and deg-
radation are other areas we are particularly interested in. For example 
the work [10] presents the modelling of residual life (MRl – mean 
residual life) using Proportional Hazards model (PH model) in case 
of indirect condition monitoring, i.e. the equipment state is not de-
terministically known. The other work [23] presents possibilities of 
modelling Remaining Useful life (RUl) using either a model based 

approach or a data-driven approach. In [7] we suggested the approach 
based on a mathematical model for degradation-based signals from a 
population of components. In work [11] there are methods of estimat-
ing the parameters of condition monitored equipment whose failure 
rate follows the Cox’s time-dependent Proportional Hazards Model. 
The work [28] presents principles of a non-linear model to estimate 
the remaining useful life of a system based on monitored degradation 
signals. Approach looking for balance between costs and preventive 
periodic maintenance is presented e.g. in [21].

A diffusion process with a non-linear drift coefficient with a 
constant threshold was transformed to a linear model with a variable 
threshold to characterize the dynamics and nonlinearity of the deg-
radation process (this new diffusion process contrasts sharply with 
existing models that use a linear drift, and also with models that use a 
linear drift based on transformed data that were originally nonlinear). 
The estimation of remaining useful life, an analytical approximation 
to the distribution of the first hitting time of the diffusion process 
crossing a threshold level is obtained in a closed form. An effort to es-
timate the permanent system deterioration is made in [16]. Therefore 
the level of true degradation determines the appropriate maintenance 
actions which are to be carried out. It is another approach to modelling 
the degradation process by segregating it into manifested (temporary) 
degradation and true (permanent) degradation – equipment degrada-
tion. The estimation of true degradation (with the use of quantitative 
data + imprecise and vague knowledge) is carried out using fuzzy sets 
and fuzzy inference system (FIS) on the observed condition indicators 
and process information. The case study presents steel rolling mill 
equipment – bearings – degradation. In [9]we focused on the develop-
ment of a prognostic model to estimate MRl (Mean Residual life) of 
Rail Wagon Bearings within certain confidence intervals. This work is 
concerned with the prognosis of mechanical rotating components. It is 
about the construction of a survival curve from censored data derived 
from a nonparametric method introduced by Kaplan and Meier. In 
the work there is also a construction of the degradation curve using 
Proportional Hazard Models introduced by COX with censored data 
used for estimating the survival function.

Our paper, however, is also aimed at looking for the RUl of the 
equipment, but not in the first instance. We would like to get an opti-
mising coefficient for hard time PM as well as tools for mission plan-
ning. For that reason we will use a multivariate function approach 
when determining an optimal threshold for diagnostic indicators. The 
paper presents two main approaches to the data assessment. The first 
one is based on a regression analysis and supported by FIS (Fuzzy 
Inference System). The FIS is a tool which serves either to accept or 
reject our decisions when selecting a regression course model. The 
regression approach shall indicate a possible way of determining the 
ERl (Estimated Residual life). The second approach introduces an-
other way based on a diffusion process, namely the Wiener process. 
This should help with determining the expected distribution of FHT 
(First Hitting Time) which actually represents the RUl distribution.

3. Objects of diagnostics, oil field data and methods of 
oil assessment

The assumed objects of diagnostics are in our case heavy tracked 
vehicle engines. These engines have not been ready yet in terms of 
design to use an ON-lINE diagnostic system. In practice similar pos-
sibilities of other applications have already been existing. It results 
from the information stated above that we are still supposed to use 
an OFF-lINE engine diagnostics system when sampling lubrication 
fluid at certain intervals, and using known and optimised special tri-
bodiagnostic methods [34]. In our case we use the results and infor-
mation from atomic emission spectrometry. Following this analysis 
we can obtain the information about the presence of the individual 
elements of a specific kind and the amount of elements. When evalu-
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ating data, the information is transformed many times and provides 
only estimated reality which might be different from reality itself. If 
the vagueness in classes distribution is not given by a stochastic char-
acter of measured characteristics, but by the fact that the exact line 
among states classes does not exists, it will be later on good to apply 
a fuzzy set theory and adequate multi-criteria fuzzy logic. However, 
we cannot identify the real origin of the respective elements – e.g. as 
results of fatigue, cutting or sliding. Therefore in our further research 
we try to identify where these elements might come from. We base 
our assumptions on the idea to increase the potential for maintenance 
optimisation inputs and cost benefit analysis inputs. We can perform a 
good analysis as we have a statistically significant set of data. Taking 
into account the amount of data, the results are believed to be valuable 
and statistically reliable. We concentrate on Fe particles contents and 
their presence in the engine of a heavy tracked vehicle.

4. Application of the regression approach

In this part we present the outcomes of regression functions utili-
zation to describe the data forming and course development. We con-
centrate only on Fe particles and one vehicle engine type, namely a 
heavy off-road tracked vehicle. In some previous works, see, e.g. [15 
and 34] several outcomes have already been presented. Therefore our 
results here are based only on the most likely regression courses. 

Consequently, the dependencies such as a linear, parabolic and 
base function – a square root plus confidence intervals in all instances 
will be applied. This will be supported by FIS. The data used for the 
analysis are listed in Table 1.

In view of their random character, a random vector X = (X1,…,Xk) 
represents independent variables and a dependent variable is represent-
ed by a random variable y.

When describing and examining the dependence of y on X, we 
use a regression analysis, and this dependence is expressed by the fol-
lowing regression function:

 y = φ(x, β) = E(y|X = x), (1)

where x = (x1,….,xk) is vector of numerical variables, y is a de-
pendent variable, β = (β1,…,βm) is vector of regression coefficientsβj.

For our data we will look for a regression function in a linear form 
and we will apply a linear regression model:

 y fj j
j

m
=

=
∑ b ( )x

1
, (2)

where fj(x) are well-known functions where β1,…,βm are not in-
volved.

For the data we will select gradually the following regression 
functions for individual item:

m – =2, f1(x)=1, f2(x)=x, regression function: y =β1+β2x
m – =3, f1(x)=1, f2(x)=x, f3(x)=x2, regression function: 
y=β1+β2x+β3x2

m – =2, f1(x)=1, f2(x)=x1/2, regression function: y=β1+β2x1/2

The coefficient of determination (R2) will show its suitability for 
approximation / data spacing with a relevant regression function. With 
the coefficient getting bigger, the regression analysis reflects the as-
sessed data better. The form of the coefficient of determination calcu-
lation is as follows:
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The outcomes from the regression analysis for group of vehicles 
of the same type are presented below in figures 1–3.

Table 1. Input data of Fe particles

sample / Mh Fe particles (ppm) sample / Mh Fe particles (ppm)

1/0 17.57 7/46 15.84

2/8 20.88 8/57 16.41

3/11 15.77 9/64 23.15

4/22 19.58 10/72 23.94

5/26 20.53 11/84 20.86

6/35 12.73 12/95 17.59

Fig. 1. Linear dependence of Fe particles course (for individual vehicle) on 
operating time in Mh

Fig. 2. Quadratic dependence of Fe particles course (for individual vehicle) 
on operating time in Mh

Fig. 3. First base function dependence of Fe particles course (for individual 
vehicle) on operating time in Mh



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014206

sciENcE aNd tEchNology

5. Utilisation Of Fuzzy Inference System (FIS) to support 
and to compare with Regression Approach

A Fuzzy Inference System (FIS) is based on the terms a fuzzy 
set and a fuzzy relation which were introduced by lotfi A. zadeh 
in 1965. The fuzzy set is one of possible generalizations of the term 
set. The fuzzy set is a pair (U, μA) where U is a universal set and 
μA: U → 〈0,1〉 is a membership function assigning the elements from 
U to a fuzzy set A. The membership is marked with μA(x).

Nowadays one of the most widely used applications is a Fuzzy 
Inference System – FIS (once used as a “fuzzy regulator” term). Two 
basic types of the FIS are used, and they are Mamdami and Sugeno 
[22 and 31]. Each FIS consists of input and output variables and FIS 
rules. For each FIS we specify:

the number of input and output variables, –
for each input and output the number of predefined values (lin- –
guistics values) in the form of fuzzy sets, 
FIS rules described by predefined values. –

We do not often expect a fuzzy set to be the FIS output, but we 
wish to get a single value z0∈z, i.e. we want to defuzzify the FIS out-
put. The centroid method is one of the most frequently used defuzzica-
tion methods. The FIS specified this way is called Mamdani FIS [22].

If we do not know how the process works (i.e. the FIS rules cannot 
be set), but the sufficient amount of input and output data is available, 
we can use the modification of Mamdani-FIS Sugeno (Takagi-Sugeno 
FIS) [22 and 31].

When looking for FIS correlation between output values and in-
put ones as for an unknown process, the method used a lot more fre-
quently is the Sugeno FIS method which is in fact a Mamdani FIS 
modification. In order to find a relevant FIS, we use the data that 
serves as a background for the input and output values of the process. 
In most cases these values are a subset of real numbers, and therefore 
the inputs and outputs are in a numerical form. The input variables 
are similar to Mamdani FIS. The output variables zj are in constant 
or linear forms.

 zj = aj or zj = αj+β1,jx1+β2,jx2+…+βn,jxn, (4)

where aj, bi,ji= 1, 2, …, n, j = 1, 2, …, k are suitable constants, k is the 
number of rules in the FIS model, and n-tuple (x1, x2,…, xn) consists 
of n input variables to the FIS (model). Sugeno FIS output is the value 
of weighted average zj where the weight is obtained by comparing the 
input (x1, x2,…,xn) with predefined input values [22 and 31].

To find a suitable Sugeno FIS, which describes the selected data, 
it is appropriate to divide the data into tuning and checking data. We 
find the FIS that corresponds to the tuning data best. The tuning part 
of data is divided into smaller parts, and predefined input (output) 
values and the rules describing relationship between relevant inputs 
and outputs are assigned to each part. There are two basic ways of 
dividing the data: 

dividing the area (which includes turning data) into smaller  –
parts. A fuzzy set is assigned to each part, and their combina-
tion is used for creating rules.
applying clustering methods to find clusters in data. One rule is  –
made for each cluster.

After selecting the number of fuzzy sets (linguistics values) and 
rules, we search for appropriate parameters (aj, bi,j) using output vari-
ables zj. These parameters were found through a neural network. The 
tuning itself results in setting parameters for the FIS to describe as-
signed tuning data as well as possible. The accuracy is verified by 
calculating the output values from the test data by the FIS, and then 
they will be compared with the original output of the test data. The 
design, tuning and selection of the FIS were performed in MATlAB 
(version 5.3) – FuzzyToolbox.

The FIS is applied here in order to support our regression courses 
and principles. When looking for a correlation between data, fuzzy 
model results and regression results, we concentrated on quadratic and 
first base function courses only.Following the results of the regression 
analysis, we decided in favour ofthese two models, since they have 
higher R2 coefficient of determination and therefore the most suitable 
correlation and inference. We also choose a more strict condition in 
the form of a mean value of the observed object (vehicles group). The 
outcomes are presented in Figures 4 and 5.

It is remarkable that the expected regression courses of Fe – quad-
ratic and first base – suit also the FIS.

6. Estimation of RUL based on a regression function

It is worthy of attention that a Fe particles generation based on 
oil field data might have a linear, a quadratic and a base functions 
course. This correlation and inference outcomes are based on the anal-
ysis performed above while using a regression and fuzzy approach. 
The linear course seems to be the best inference for this particular 
vehicle engine type. Therefore we take into consideration the linear 
dependence course. Moreover, we have available data obtained from 
a similar engine laboratory life test. Such test simulated real engine 
operation and was performed as an accelerated test until the engine 
was destroyed. These data and the engine serve as a reference item 
for a further analysis and comparison. Therefore we decided to try 
to estimate the residual life based on the reference engine and all the 
outcomes presented above. We believe that the capability to “read the 
diagnostic data” might help with mission planning, maintenance op-
timisation, or, e.g. in a cost benefit analysis. Some sources of inspira-
tion can be found, for example, in [1, 4, 5, 16, 25, 26, 27, 29, 30, 32, 
35]. The interval estimation of residual life was made on the basis of 

Fig. 4. Comparison of quadratic Fe course and fuzzy model

Fig. 5. Comparison of first base function Fe course and fuzzy model
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the Fe particles analysis and the results of the accelerated life test. Its 
value is rated on a scale of 220 Mh to 257 Mh. It results from the set 
interval and the real value declared for oil change that in practice the 
oil is changed when its durability is higher than 50%.In Figure 6 there 
is a graphical presentation of the RUl estimation.

7. Utilization of the Wiener process

As it has been mentioned before, the data are available in a big 
amount – it is a statistically important set. The data is collected at 
intervals and under conditions determined by a methodology which 
includes: 

homogenous time intervals given by technical equipment mileage,  –
oil temperature and right oil mixing, –
the same place of sample collection,  –
the same way of performing the tribo analysis after the sampling. –

When applying the Wiener process, we use some outcomes from a 
regression analysis. These regression outcomes are re-calculated into 
a usable form. The example of the data form is in Table 2.

We assume that the case we observe is a stochastic process with 
time dependence. The generation of Fe particles is time dependant. 
Therefore the application of a diffusion process seems to be perfectly 
adequate. Due to the normal distribution of a random variable and 
its application capabilities, the Brownian motion might be used uni-
versally. The application of the Brownian motion can be found in 
many areas. The Brownian motion is usually modelled with differen-
tial equations. We select one specific example of diffusion processes 
and that is the Wiener process [37]. The rules of the general Wiener 
process might be specified as follows. A real stochastic process {W(t) 
t∈〈0; +∞)} in a probability space (Ω, A, P) will be called the Brown-
ian motion or the Wiener process if the following applies:

 1. W(0) = 0,
 2. W(t) −W(s) has N(0, t − s) distribution for t >s ≥ 0,
 For arbitrary 0 < 3. t1< t2<· · · <tnincrements W(t1), W(t2) −W(t1),W(t3) 
−W(t2), . . . ,W(tn) −W(tn−1), W(t) trajectories are mutually inde-
pendent random variables and continuous almost everywhere.

Next, it applies that:
 1. E[W(t)] = 0 for t ≥0
 var [1. W^2(t)] = t for t≥0
The Wiener process represents one possible form of diffusion 

processes. It is actually the integral of what in practical applications is 
called a white noise. The Wiener process with a drift will be used in 
our application. The initial mean value (drift) is β1 and standard devia-
tions for each time increment have been previously calculated – see 
Table I. For our model we apply the Wiener process with a drift given 
by a stochastic differential equation:

 
dY t dt dW t

t
( ) ( )

( )
= ⋅ +

⋅
µ

σ

 
(4)

where dW(t) is increment of the Wiener process and dt is increment of 
time, σ is a standard deviation (either of an individual or a mean value), 
µ is a mean value, t is an instant of time, process initial value y(0) = β1. 
Time increment for modelling was 0.15 Mh. When modelling and 
simulating, we apply the course of an individual and a mean value, as 
shown in Fig. 7 and 8. The critical value of particles amount is 50.

We take into account the 95% interval of trajectories which 
achieve a critical value 50. The vertical line 200 shows a determined 
interval of PM. These intervals are for an individual and a mean value 
and are put in Figure 9 and Figure 10.

In order to determine the First Hitting Time (FHT) distribution 
of an individual and a mean value, we set histograms and performed 
tests for a presumed type of distribution. The expected types of prob-
ability density distribution such as Gamma (full/firm line), logNorm 
(dashed line – overcovered by IGD), Inverse Gaussian (IGD) – dotted 

Fig. 6. RUL estimation based on regression

Fig. 7. Course of Wiener process simulation for an individual value

Fig. 8. Course of Wiener process simulation for mean value

Table 2. Input data of Fe particles – example

sample / Mh Fe particles 
(ppm)

standard devia-
tion mean value

standard de-
viation individual 

value

1/0.15 13.71158 0 4.753368309

2/0.30 13.72016 0.001014608 4.753368417

3/0.45 13.73055 0.002029216 4.753368742

4/0.60 13.74004 0.003043824 4.753369284

5/0.75 13.74953 0.004058431 4.753370042

6/0.90 13.75902 0.005073039 4.753371016
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line), Normal (dash and dotted line) or Weibull’s were not proved. 
The courses of these tested distributions are shown in Fig. 7 and Fig. 
8. We expect then to obtain the FHT distribution only in the form of 
an empiric distribution function.

8. Estimation of RUL based on the Wiener process

The tested values reached for the individual value the follow-
ing limits: a minimum value = 134 Mh, a lower confidence interval 
2.5% = 265 Mh, an upper confidence interval 97.5% = 524 Mh, a 
mean value = 382 Mh, median = 378 Mh, maximum = 887 Mh.

As to the mean value, the following limits were achieved: a mini-
mum value = 258 Mh, a lower confidence interval 2.5% = 315 Mh, an 
upper confidence interval 97.5% = 480 Mh, a mean value = 385 Mh, 
Median = 381 Mh, Maximum = 746 Mh.

It follows from the results stated above that the mean value is 
more or less the same, but the lower threshold of confidence intervals 
is not. However, the lower confidence intervals are interesting for us 
in order to determine the possible beginning of the PM interval. But if 
we used the mean value, it would be sufficiently far from the original/
fixed PM interval. On the basis of the results we could work with a 
conservative version and set a new PM interval using the lowest value 
of a lower threshold of a confidence interval. This would be 265 Mh 
(an individual value). If we were for a benevolent alternative, we 
could rely on the mean value and set the PM interval at 380 Mh (more 
or less the same for both the individual and the mean value).

When planning a mission, we could work with versions that if 
common operating conditions were observed, a vehicle could be oper-
ated with one oil filling theoretically up to the upper confidence limit 
97,5%. Considering conservative or benevolent versions, it would be 
480 Mh, or 520 Mh.

9. Discussion

Since we have worked with two approaches to one problem, it 
is always interesting to compare the results. As we can see, the ob-
tained values of RUl estimations do not differ when working with 
conservative estimations. The procedure based on the Wiener process, 
however, is somewhat clearer and brings better analytical results. The 
form of RUl estimation is better to determine. It is also much easier 
to introduce other forms of a particle production course, not only the 
linear one.  Following this assumption – applying a quadric, or a base 
function course, we can develop our further procedure and research. 
Assessing available oil data, however, has a lot greater potential.

10. Conclusion

In this article we have introduced possible approaches to model-
ling indirect diagnostic measures. Our intention was to introduce a 
coherent research form when dealing with indirect oil diagnostic data 
and analyze it with different approaches / ways. Owing to the different 
approaches, we were able to present quantitative RUl values which 
are in view of PHM or CBM very important.

The achieved results complement the set of approaches to the 
indirect observation of a technical condition. Following the conclu-
sions of modelling with the Wiener process, the results of previous 
approaches might be completed when searching for: 

optimum interval PM, –
recommended/allowed time for mission completion, –
optimizing dependencies of life cycle cost analyzing. –

The approach introduced above opens the possibilities of ana-
lyzing other essential diagnostic indicators. The setting of the time 
derived from the histogram and pdf course should be as accurate as 
possible and undistorted.

Fig. 9. Confidence interval thresholds – 95% for an individual value

Fig. 12. Course of FHT pdf for a mean value

Fig. 11. Course of FHT pdf for an individual value

Fig. 10. Confidence interval thresholds – 95% for a mean value
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In our further analysis we are going to develop the Wiener ap-
proach even more and complement it with other approaches like ARI-
MA or ARMA methods.
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tests of rotAry mAchines vibrAtions in steAdy And unsteAdy stAtes 
on the bAsis of lArge diAmeter centrifugAl fAns

bAdAniA drgAń mAszyn wirnikowych 
w stAnAch ustAlonych orAz nieustAlonych nA przykłAdzie 

 wentylAtorów promieniowych duŻych średnic*
The existence of unsteady states of rotary machines is a common problem. It occurs mainly during the machine start-up and is 
caused by “passing through” the critical velocity, which activates large scale object vibrations. Moreover, rotary machines vibra-
tions problems are caused by faults such as unbalance, misalignment, bearing defects and others. The paper presents the results 
of tests of sample centrifugal fans vibrations, both in steady and unsteady states. The recorded time traces of non-stationary vibra-
tions were analyzed with the STFT spectrum. This method  allowed to identify main parameters influencing the level of vibrations 
during the start-up and regular operation of the machine. The tests were performed on four machines, which enabled an additional 
comparison of operational parameters of the whole flow system.

Keywords: rotary machines, unsteady states, vibrations.

Problem występowania stanów nieustalonych maszyn obrotowych jest powszechnie spotykany. Pojawia się on głównie podczas 
rozruchu i wywołany jest „przechodzeniem” przez prędkość krytyczną, która wzbudza drgania obiektu w bardzo szerokim zakre-
sie. Ponadto problemy z drganiami maszyn obrotowych wywoływane są przez takie czynniki jak niewyważenie, niewyosiowanie, 
defekty łożysk i wiele innych. W pracy przedstawiono wyniki badań drgań zarówno w stanach ustalonych jak i nieustalonych 
przykładowych wentylatorów promieniowych. Za pomocą widm STFT przeanalizowano zarejestrowane przebiegi drgań niestacjo-
narnych. Dzięki temu możliwe było zidentyfikowanie głównych parametrów mających wpływ na poziom drgań podczas rozruchu 
oraz pracy normalnej. Badania przeprowadzono na czterech obiektach, co umożliwiło dodatkowe porównanie i wyciągnięcie 
wniosków odnośnie parametrów eksploatacyjnych całego układu przepływowego.

Słowa kluczowe: maszyny obrotowe, stany nieustalone, drgania.

1. Introduction

vibrations in steady and unsteady states [18] occur in almost all 
cases of rotary machines operation. In the first case, vibrations oc-
cur during the nominal operation of the machine and, generally, if 
the technical condition of the machine is good, do not constitute a 
significant operational problem. The other type of vibrations occurs 
during the start-up and braking of a supercritical machine. If the ro-
tary machine is set in motion properly and under control, vibrations 
occurring during the operation are not a significant risk. It is impor-
tant to smoothly and quickly “pass through” critical velocities of the 
rotary machine. The critical velocity matching resonance frequency 
might become a cause of damage of the machine, if the start-up is not 
performed properly. Rotation of the elements with the critical veloc-
ity provides high energy of excitation in wide spectrum. This causes 
resonance vibrations of the system. It has to be noted that the critical 
velocity of the rotor, often matching the frequency of its natural vibra-
tions, is not the only resonance area in which the fan may operate. In 
the case of more complex machines, the frequency of natural vibra-
tions of particular elements, e.g. a casing has to be taken into account. 
Additionally, in the case of fan rotors, it has to be remembered that 
the excitation frequency equals the rotary frequency of the shaft but 

also the blade passing frequency, which is the product of the number 
of blades and a rotary velocity of the shaft [16]. Moreover, numerous 
flow effects cause dangerous vibrations of fan elements in other fre-
quency ranges [7, 8, 25].

The level of excitation energy is also influenced by significant 
assembly and operating factors such as static and dynamic balanc-
ing of rotary elements, alignment of connections, bearings condition, 
electromagnetic interference and others [3, 6, 8, 9].

Proper operation of fans, particularly those of huge power and 
large diameters, not only decreases operating costs but also increases 
the safety of work. Their proper operation ensures constant air ex-
change and suction of dangerous gases in the mine pits, which along 
with safety systems [14, 15] protects pit mine workers. In the paper 
the results of vibrations tests of centrifugal fans responsible for ven-
tilation of the mine are presented. Flow regulation of this type of fans 
is based on the fan airflow-pressure curve, where areas of unstable 
operation are located, which is unfavorable for the object. Tests per-
formed during the machine operation allow to obtain key informa-
tion for proper operation of the machine. Such tests are significant 
due to general lack of information regarding the subject of this type 
of machine behavior in the industry and because of the fact that the 
previous research was performed at a smaller scale in the laboratory 
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3. Tested objects 

The main ventilation system of a mine, which is the subject of the 
test, uses centrifugal fans denoted in Poland as WPK - 5,35, which in 
connection with the fan stations enable the mine ventilation. In the 
figure 1 the WPK-5.35 fan is presented.

vibrations of casings, channels, inlet vanes and air shutters no-
ticed during fans operation negatively influence the working condi-
tions. In order to precisely specify the level and cause of vibrations 
the tests were performed during the start-up of each fan at the station. 
Additionally, the tests were performed during the opening of the inlet 
vanes (figure 2), in order to determine the influence of different flow 
effects occurring during that process on the level of fan vibrations.

4. Experimental tests

The goal of the tests was to record the vibrations velocity level in 
the ventilation systems during unsteady (start-up, opening of the inlet 
vanes) and steady states (regular operation). The tests were performed 
on the casings and intake channels of the fans and on the bearings 
housing of the rotors shafts. The identical arrangements of sensors, 
which is presented in the figures 3 and 4, were applied to all fans. Four 
WPK-5.35 ventilators, which cooperate within two different types of 
fan stations, were selected.

[7, 25]. The analysis and interpretation of the results were granted as 
well. The goal of the tests was to verify correctness of the flow system 
operation parameters and analyze possibility to increase the system 
functionality and efficiency, which was related to the fact that the sys-
tems were designed in 1970’s.

2. The analysis of vibrations in diagnostics of the rotary 
machines

Machine vibrations are an important diagnostic symptom. It con-
cerns a large number of machines operating in different conditions 
and industrial, civil and military applications [4, 12]. The analysis of 
vibration signals allows to verify the condition of the machine and 
is performed in order to verify damages of elements such as toothed 
wheels, bearings, rotary machines parts [1, 11, 17, 22]. However, veri-
fication of turbomachines vibrations may be frequently more difficult 
than single machine elements, due to a larger number of factors influ-
encing the recorded vibration signal. These can include phenomena 
resulting from the flow of the medium and related pressure pulsation. 
The problem of an influence of the flow phenomena on the flow ma-
chine vibrations and noise emitted was discussed in numerous publi-
cations, e.g. [2, 7, 13, 22, 23, 25].

Among numerous methods of vibrations analysis for diagnostic 
purposes [5, 10, 17, 21, 22] those based on the Fourier’s analysis [10, 
21, 24] are widely applied. This method allows transition from the  
time to frequency domain and is based on the concept according to 
which each signal may be presented as the sum of different amplitudes 
and frequencies sinusoidal signals [21, 24]. Because of the commonly 
applied digital record of the signal, in practice the Fourier’s analysis 
results in application of the Discrete Fourier Transform (DFT) [21]:

 G k
N

g n j kn N
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( ) ( ) exp( / )= −

=

−
∑1 2

0

1
π . (1)

The algorithm enabling quick calculation of DFT is so called Fast 
Fourier Transform (FFT) [21]. The trace of vibrations amplitude in 
the frequency function achieved through this method allows to speci-
fy characteristic frequencies occurring during the machine operation.

In the case of rotary machines in which the states of unsteady 
operation occur, characteristic frequencies change in time, especially 
during the operation in the aforementioned states. In this case applica-
tion of the Fourier Transform, in which integration takes place dur-
ing the whole period of time, is not sufficient to recognize frequency 
changes over time. Due to that fact, in the vibrations analysis, it is 
reasonable to apply Short Time Fourier Transform (STFT), which 
is based on the Fourier’s analysis performed within the narrow time 
frame displaced according to the agreed parameters of length, resolu-
tion or overlapping of frames. This method allows to observe relation 
of frequency and time and recognize transition states of the machine 
operation. The relation defining the STFT method is presented as fol-
lows [21]:

 S f x t t j ft dt( , ) ( ) ( ) exp( )τ ϖ τ π= − −
−∞

∞

∫ 2 , (2)

where ϖ(t) corresponds to the time frame displaced during data ac-
quisition.
Due to numerous advantages in diagnostics of the rotary machines the 
analysis of data presented in the paper was performed in accordance 
with the STFT method.

Fig. 1. Centrifugal fan WPK – 5.35

Fig. 2. Radial vane inlet control of the fan
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Sensors in the measuring channel 1 and 2 were placed on the 
housing of the shaft bearing located closer to the rotor. The sensors 
on the other seven channels were placed directly on the rotors casings 
and the intakes channels. A detailed description of directions and ar-
rangement of sensors on particular channels is presented in the table 
1. Setting directions of the sensors are in compliance with the coordi-
nate system presented in the figures 3 and 4.

In the figure 5 the sensor on the channels no. 2 and 3 is presented. 
In the figure 6 the whole measuring system during the acquisition 
process is presented.

5. Tests results

Figures 7–10 present selected STFT diagrams recorded on the se-
lected fan. Characteristic changes of frequency in particular phases of 
the fan operation are presented in the figure 7.

The change of the blade passing frequency, which increases dur-
ing the start-up, is easily noticed. less clear, but also noticeable, are 
vibrations coming from the start-up system. Their frequency decreas-
es to 50 Hz when the fan operates with its nominal revolutions. Par-
ticular attention should be paid to the stage in which the fan achieves 
the nominal revolutions (375 rpm [19]) but the inlet vanes have not 
yet been opened. It is clearly recognized that this is an unfavorable 
moment for the system as it causes strong activation of vibrations in 
the whole range. After opening of the inlet vanes, the stable opera-
tion of the fan and related characteristic frequencies of vibrations are 
recognized. In all figures presenting spectrum vibrations recorded by 
sensors located on the casing (figure 7-9) the aforementioned blade 
frequency of the rotor amounting to about 50Hz is clearly noticed. 
Its harmonic 100 Hz and 150 Hz are observed as well. A detailed 
interpretation of vibrations visible on the STFT diagrams will be pos-
sible after performing numerical, experimental or operational modal 
analysis. As a result, mode shapes and frequencies of natural vibra-

Fig. 3. Arrangement of measuring sensors on the fan casing

Fig. 5. Sensors on channels 2 and 3

Fig. 4. Arrangement of measuring sensors on the fan casing

Fig. 6. Sensors installation and data acquisition

Table 1. Arrangement of measuring points

channel no. Direction location

1. X shaft bearing housing

2. Z shaft bearing housing

3. X fan casing

4. X fan casing

5. Z fan casing

6. Z fan casing

7. X fan casing

8. y fan casing

9. Z fan casing
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tions will be specified and it will be possible to identify them on the 
presented diagrams.

The results obtained from the sensors recording bearing vibra-
tions (in the figure 10 the spectrum of vibrations into the x direction 
is presented), tightly correlate with the fan casing vibrations, yet the 
level of acceleration is significantly lower. However, a significant dif-
ference in spectrums during the start-up and operation of the fan is 
noticed. During the start-up, the sensors located on the bearing do not 
record changes of blade velocity (vibrations are induced by the flow 
and influence only the fan casing). It is observable only after reaching 
the nominal velocity, when the flow pulsations are strong enough to 
influence the whole system. Also, a frequency not recorded on the fan 

casing amounting to about 6.25 Hz occurs. This corresponds with the 
rotary frequency and vibrations are induced by an unbalance of the 
shaft and rotor.

In the case of other fans, vibrations spectrums are similar. What 
distinguishes particular fans is a difference between duration of the 
start-up and opening of the inlet vanes. In the first case the start-up of 
the fan proceeded efficiently and it is difficult to notice on the STFT 
spectrum changing blade and start-up frequencies, as they after a 
while decline in the vibrations of the whole system caused by still 
unopened inlet vanes. The list of the vibrations levels is presented in 
the table 2.

In the table the levels of maximum vibrations and root mean 
square (RMS) of vibrations for an unsteady state (start-up and open-
ing of the inlet vanes) and for a steady state (operation with a nominal 
rotary velocity and open inlet vanes) are presented. In order to verify 
in which case (on which fan) the situation is the least favorable, the 
vibrations levels in particular channels are compared. The color font 
of the values indicates the maximum value of vibrations velocity or 
RMS in a particular channel (in the particular measuring point) re-
corded in an unsteady state among all tested fans. The values in the 
color boxes indicate respectively the maximum value of vibrations 
velocity or RMS in the particular channel (in the particular measuring 
point) recorded in a steady state among all tested fans. 

6. Summary and conclusions

Tests presented in the paper were performed in the real operation 
conditions. These allowed to specify characteristic frequencies and 
levels of forced vibrations of large sizes, power and efficiency cen-
trifugal fan elements. 

The vibrations analysis performed with the use of the Short Time 
Fourier Transform presented changes in the level and frequency of 
vibrations which correspond with particular phases of fans start-up se-
quences. As a result strong transient states in  the process of operation 
of tested objects were identified. By verification of the received vi-
bration spectrum characteristics, primary excitation frequencies were 
distinguished: rotary frequency of the rotor, blade passing frequency 
and their harmonic frequencies. Excitation in the wide frequency band 
noticed during opening of the inlet vanes results from the operation 
of the fan the region of instability (located on the left side from peak 
pressure point on fan airflow-pressure curve).

Apart from identifying of operation conditions of the fans for its 
different states it was also possible to compare characteristic param-
eters and make conclusions on the technical conditions of the objects 
tested and potential correction operations.

On the basis of tests performed, a huge discrepancy of vibrations 
level on particular fans was noticed. The highest level both in the 
steady and unsteady state is related to the W1 fan. It has the most 

Fig. 7. W3 fan start-up – channel 3 (direction x, fan casing)
Fig. 10. W3 fan start-up – channel 1 (direction x, bearing housing)

Fig. 8. W3 fan start-up  – channel 4 (direction x, fan casing)

Fig. 9. W3 fan start-up – channel 5 (direction x, fan casing)
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maximum values of the RMS. This indicates a general high level of 
vibrations. 

Similar situation occurs in the case of the W4 fan at the station. 
However, a significant difference is the fact that the largest number 
of extreme values is recognized for the maximum acceleration levels. 
This indicates that instantaneous accelerations of a high value occur.

vibrations levels of the other two fans are significantly lower 
compared to the abovementioned.

The observed results confirm occurrence of diverse and inappro-
priate (too long) duration of fans start-ups. The occurrence of vibra-
tions is also caused by the following factors: unnecessary keeping 
fans in motion while the radial vane inlet control is unopened, inap-
propriate unbalance of the rotary systems or inappropriate regulation 
of inlet vanes.

Also, a discrepancy between the vibration levels of particular fan 
casings is noticed. It may be however specified that in the channel 
3 and 7 the vibrations levels the mostly deviating from the average 
in a given channel are observed. This proves that huge excitation of 
the fan casing into the axis direction in the middle area of the casing 
occurs. It is attributable to the fact that these are the most vulnerable 
areas of the casing, which vibrate with a large amplitude. In all cases it 
was possible to identify characteristic vibration frequencies correlated 
with the enforcement and the other potentially being the natural vibra-
tions activated by operation of the rotor. 

Such characteristic behaviors of fan rotor casings may prove the 
phenomenon of beat effect. The analysis of particular processes of ac-
celeration allowed to find in some channels characteristic amplitude 
fluctuation, which confirms accuracy of this thesis. Therefore, there is 
probability of casings operation in the state comparable to resonance 
vibrations. This may cause the increase of the vibrations amplitude 
and generate casing damages. This fact may be finally confirmed after 
specifying the frequency and mode of the natural vibrations of fan 

casings either during the operation or with numerical or experimental 
methods [24]. After confirmation of this thesis it will be possible to 
implement construction changes in order to relocate the natural fre-
quency of casings into the higher range. 

Tests presented in the paper allow to identify operation conditions 
of complex mechanical-flow systems such as turbomachines. Opera-
tion of this type of machines is connected with numerous problems, 
which mainly result in different type of vibrations  of particular ele-
ments or the whole group. The proper interpretation of reasons for 
their occurrence allows to make quick modifications in order to in-
crease durability, decrease possibility of failure or allow further safe 
operations. In the case of huge power turbomachines, which were 
subject of the tests, the scale of these objects draws particular atten-
tion to the observed irregularities, whose symptoms are the increased 
levels of vibrations. In the case of this type of objects it is worth to 
consider installation of systems of periodical or constant monitoring 
of vibrations, recognized not only in the bearing support of the power 
transmission system, as it is right now, but also in the areas whose 
vibrations allow the early identification of potential problems. These 
areas are e.g. inlet vanes, fan casings etc. Additionally, it is accurate to 
monitor the flow parameters such as fan pressure ratio, flow machine 
efficiency and correlate them with the vibration signals. Such an at-
titude allows to fully identify phenomena occurring in different states 
of the machine operation and interpret them correctly. The next step 
should be to verify the influence of tested phenomena on the condition 
of the object. Numerical methods (FEM, BEM, FDM), which allow to 
perform simulations reflecting real (measured) operating conditions 
and predict its influence on the technical condition of the object, may 
be here applied.

Acknowledgement: Research co-financed by the European Union 
within the European Social Fund

Table 2. List of parameters measured in particular rotors for all measured channel

Fan channel
direction

1
x

2
z

3
x

4
x

5
z

6
z

7
x

8
y

9
z

W3

unsteady state
rMs [m/s²] 0.208 0.114 1.440 0.100 1.590 1.321 0.632 0.341 0.622

unsteady state
MaX[m/s²] 2.826 9.279 13.361 0.915 13.015 9.259 5.015 1.535 9.744

steady state rMs [m/s²] 0.131 0.171 0.987 0.093 1.479 2.138 0.630 0.490 0.670

steady state MaX[m/s²] 0.527 9.288 3.787 0.396 9.968 10.837 2.463 1.763 10.287

W4

unsteady state
rMs [m/s²] 0.155 0.120 1.323 0.192 2.411 0.787 1.024 0.329 0.707

unsteady state
MaX [m/s²] 1.488 9.252 12.349 1.816 17.564 9.287 7.592 4.190 9.497

steady state rMs [m/s²] 0.099 0.152 0.848 0.175 2.181 0.789 0.894 0.356 0.768

steady state MaX [m/s²] 0.406 9.319 3.692 0.874 10.539 9.272 3.290 1.276 10.144

W1

unsteady state
rMs [m/s²] 0.290 0.152 1.218 0.257 1.801 1.298 1.394 0.775 0.777

unsteady state
MaX [m/s²] 3.149 9.308 7.919 1.327 13.261 9.297 7.410 2.518 9.547

steady state rMs [m/s²] 0.184 0.196 0.752 0.228 0.989 1.505 1.056 0.886 0.774

steady state MaX [m/s²] 0.688 9.299 2.627 0.699 10.313 11.695 3.518 2.400 9.958

W2

unsteady state
rMs [m/s²] 0.210 0.132 1.665 0.141 1.910 0.346 0.829 0.296 0.441

unsteady state
MaX [m/s²] 4.008 9.281 13.425 1.107 16.413 9.422 5.851 1.710 9.572

steady state rMs [m/s²] 0.141 0.281 0.566 0.078 0.954 0.401 0.505 0.155 0.473

steady state MaX [m/s²] 0.721 9.386 2.111 0.538 10.760 9.259 1.890 0.857 9.737
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diAgnosis strAtegy for micro-computer controlled 
strAight electro-pneumAtic brAking system using fuzzy set And 

dynAmic fAult tree

wykorzystAnie zbiorów rozmytych i dynAmicznego drzewA 
uszkodzeń w strAtegii diAgnostyki elektro-pneumAtycznego 

ukłAdu hAmulcowego sterowAnego zA pomocą mikrokomputerA
In this paper, a new diagnosis strategy for micro-computer controlled straight electro pneumatic braking system is developed to 
improve the diagnostic efficiency, which makes full use of some reliability theories and fuzzy set techniques. Specifically, it adopts 
expert elicitation and fuzzy set theory to evaluate the failure rate of the basic events for the braking system, and uses a dynamic 
fault tree model to capture the dynamic failure mechanisms and calculates some reliability results by mapping a dynamic fault 
tree into an equivalent Bayesian network (BN). Furthermore, the schemes are proposed to update the diagnostic importance fac-
tor (DIF) and the cut sets according to the sensors data. Finally, an efficient diagnostic algorithm is developed based on these 
reliability results to guide the maintenance crew to diagnose the braking system. The experimental results demonstrate that the 
proposed method can locate the fault of the braking system with less diagnosis cost.

Keywords: Diagnosis strategy, Fuzzy set, Dynamic fault tree, Expected diagnosis cost.

W niniejszej pracy, opracowano nową strategię diagnostyki elektro-pneumatycznego układu hamulcowego sterowanego za pomo-
cą mikrokomputera Celem badań była poprawa efektywności diagnostycznej. Strategię oparto na wybranych teoriach niezawod-
ności oraz technikach zbiorów rozmytych. W szczególności, strategia wykorzystuje ocenę ekspercką oraz teorię zbiorów rozmytych 
do określania intensywności uszkodzeń dla podstawowych zdarzeń zachodzących w układzie hamulcowym oraz posługuje się 
modelem dynamicznego drzewa uszkodzeń aby uchwycić dynamiczne mechanizmy uszkodzeń. Za pomocą przedstawionej strate-
gii oblicza się także wyniki analiz niezawodnościowych poprzez mapowanie dynamicznego drzewa błędów do równoważnej sieci 
bayesowskiej (BN). Ponadto w artykule zaproponowano schematy służące do aktualizacji czynnika ważności diagnostycznej (DIF) 
oraz przekrojów niezdatności zgodnie z danymi z czujników. Wreszcie, w oparciu o uzyskane wyniki analiz niezawodnościowych, 
opracowano wydajny algorytm diagnostyczny, który zawiadamia załogę konserwatorką o konieczności przeprowadzenia diagno-
styki układu hamulcowego. Wyniki doświadczeń pokazują, że proponowana metoda pozwala na zlokalizowanie usterki układu 
hamulcowego przy mniejszych kosztach diagnozy.

Słowa kluczowe: Strategia diagnostyki, zbiór rozmyty, dynamiczne drzewo błędów, przewidywany koszt diagno-
zowania

1. Introduction

The micro-computer controlled straight electro-pneumatic brak-
ing system is a key system to ensure the safe operation of urban rail 
transit. Its performance has been greatly improved with wide ap-
plication of high technology. On the other hand, its complexity of 
technology and structure increasing significantly raise challenges in 
system diagnosis and maintenance. These challenges are displayed 
as follows: (1) lack of sufficient fault data. Fault data integrity has 
significant influence on the system diagnosis efficiency. However, 
it is very difficult to obtain mass fault samples which need lots of 
case studies in practice due to some reasons. One reason is imprecise 
knowledge in early stage of new product design. The other reason is 
the changes of the environmental conditions which may cause that the 
historical fault data can not represent the future failure behaviours. (2) 
Failure dependency of components. The micro-computer controlled 
straight electro-pneumatic braking system adopts many redundancy 
units and fault tolerance techniques to improve its reliability. So the 
behaviours of components in the system and their interactions, such 
as failure priority, sequentially dependent failures, functional depend-
ent failures, and dynamic redundancy management, should be taken 

into consideration. (3) High level of uncertainty. The micro-computer 
controlled straight electropneumatic braking system is usually oper-
ated in a dynamic environment and is greatly affected by the techni-
cal, human and operational malfunctions that may lead to hazardous 
incidents. Aiming at these issues, many efficient diagnosis methods 
have been proposed. Assaf et al. proposed a fault tree based approach 
to determine the diagnosis order of components using DIF, which 
can, to some extent alleviate fault data acquisition bottleneck [1, 17]. 
However, this method determines the diagnostic sequence only by 
components’ DIF, and usually causes minimal cut sets with a smaller 
DIF to be checked first, thereby influencing the diagnosis result. Tao 
et al. presented an improved method for system fault diagnosis which 
makes the overall consideration of components’ DIF and minimal cut 
sets’ DIF [22]. However, these diagnosis methods are based the static 
fault tree which cannot model dynamic fault behaviours. For this pur-
pose, Duan et al. proposed a hybrid diagnosis method using dynamic 
fault tree and discrete-time BN [15]. In many cases, when a system 
fails, additional evidence is observed too, which may be collected 
from sensors. Hence, Assaf et al. put forward a method to incorpo-
rate evidence data from sensors into the diagnostic process to further 
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improve the diagnosis efficiency [2]. But, the solution for dynamic 
fault tree was based on Markov model which is ineffective in handing 
larger dynamic fault tree and modelling power capabilities. What’s 
more, it cannot incorporate the evidence information into the reason-
ing and can’t update the components’ posterior failure probability 
based on the evidence data from sensors, which affects the diagnostic 
accuracy. In the application of fault tree analysis mentioned above, 
the failure probability of basic events must be known. In addition, the 
failure rates of the system components are considered as crisp values. 
However, in practice, the failure rates of the system components are 
imprecise, deficient or vague in the system modelling. To overcome 
these difficulties and limitations in fault tree analysis, Fuzzy fault tree 
has been proposed, which employs fuzzy set and possibility theory, 
and deals with ambiguous, qualitatively incomplete, ill-defined and 
inaccurate information [3, 5, 12]. However, these approaches use 
the static fault tree to model the system fault behaviours and can not 
handle the challenge (2).So fuzzy dynamic fault tree (FDFT) analy-
sis has been introduced [10], which takes into account not only the 
combination of failure events but also the order in which they occur. 
But the solution for FDFT is Markov chains (MC) based approach, 
which has the infamous state space explosion problem and can not 
incorporate sensors data into diagnosis process. Usually, BN is one of 
the most efficient models in the uncertain knowledge and reasoning 
field. It has been used to locate the system fault in many fields [4, 13]. 
However, the construction of BN model usually needs lots of fault 
data, which are very difficulty to obtain in reality. Motivated by the 
problems mentioned above, this paper presents a diagnosis strategy 
for micro-computer controlled straight electro-
pneumatic braking system based on fuzzy set 
and dynamic fault tree. It pays special attention 
to meeting above three challenges. We adopt ex-
pert elicitation and fuzzy set theory to deal with 
insufficient fault data and uncertainty problem 
by treating failure rate as fuzzy numbers. Fur-
thermore, we use a dynamic fault tree model to 
capture the dynamic behaviours of the braking 
system failure mechanisms and calculate some 
reliability results by mapping a dynamic fault 
tree into an equivalent BN in order to avoid the 
infamous state space explosion problem. In ad-
dition, we present a new method to incorporate 
sensors data into the system diagnosis to opti-
mize the diagnosis process. The objective of 
this paper is to present an efficient diagnosis 
strategy for micro-computer controlled straight 
electro-pneumatic braking system using fuzzy 
set and dynamic fault tree. The rest sections 
of this paper are organized as follows: Section 
2 provides a brief introduction on the braking 
system and its dynamic fault tree model. In sec-
tion 3 describes estimation of failure rate for the 
basic events. Section 4 presents a novel diagno-
sis strategy which makes use of the qualitative structure, quantitative 
information and sensors data. The outcomes of the research and future 
research recommendations are presented in the final section.

2. Dynamic fault tree of braking system

The micro-computer controlled straight electro-pneumatic brak-
ing system has been the first choice braking system for urban rail tran-
sit, which has the advantages of the swift response, flexible operation, 
combined application with electric braking and anti-slip control.  It is 
an electro-mechanic control system, and achieves its function by the 
coordination of electrical circuit part and air circuit part. Specifically, 
it includes power unit for braking system, service braking instruc-

tion processing unit, service braking control unit, emergency brak-
ing instruction processing unit, air supply unit and braking execution 
unit. The service braking instruction processing unit includes braking 
controller, logic controller and braking instruction line, which gener-
ates the service braking signals and transmits them into the braking 
control unit of every vehicle; service braking control unit receives 
service braking signals, calculates service braking force and detects 
braking system state. It consists of microcomputer brake control unit 
(MBCU) and several valves; Four modules (empty weight valves, 
under compaction switch, emergency braking button and emergency 
braking switch) form the emergency braking instruction processing 
unit which generates the emergency braking signals and transmits 
them into the emergency braking control unit; air supply unit offers 
air for braking system and thus a train is actuated to brake by braking 
execution unit. High coupling degree together with complicated logic 
relationships exists in these modules. lots of current research about 
the micro-computer controlled straight electro-pneumatic braking 
system has focused on its reliability analysis using a reliability block 
diagram [14] or static fault tree [21]. It attempts to find out the weak-
est part of the system and then presents some reasonable solutions to 
improve its reliability. Fig. 1 shows a dynamic fault tree for service 
braking failure of a micro-computer controlled straight electro-pneu-
matic braking system. Any one of braking control failure, air supply 
unit failure, braking control output failure and braking execution unit 
failure will result in service braking failure. The failure events and dif-
ferent components of the braking system are represented by different 
symbols which are presented in Table 1.

3. Estimation of failure rates for braking system

In order to evaluate the reliability result for the braking system, 
failure rates of the basic events must be known. However, it is very 
difficult to estimate a precise failure rate due to insufficient data, or 
vague characteristic of the events, especially for the new equipments. 
In this study, the expert elicitation through several interviews and 
questionnaires and fuzzy set theory are used to determine the failure 
rates of the basic events.

3.1. Experts evaluation
Experts are selected from different fields, such as design, installa-

tion, operation, maintenance and management of the braking system, 
to judge failure rates of the basic events. They evaluate them in quali-

Fig. 1. A dynamic fault tree for service braking failure of braking system
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tative natural languages based on their experiences and knowledge 
about the braking system. The granularity of the set of linguistic val-
ues usually used in engineering fields is from four to seven terms. In 
the paper, the component failure rates are defined by seven linguistic 
values, i.e. very high, high, reasonably high, medium, reasonably low, 
low and very low.

3.2. Converting linguistic terms to fuzzy numbers

After experts’ evaluation, a numerical approximation method 
is used to systematically map linguistic terms into triangular fuzzy 
numbers. Each predefined linguistic value has a corresponding math-
ematical representation. The shapes of the membership functions to 
mathematically represent linguistic variables in engineering systems 
are shown in Fig. 2. To eliminate the bias coming from an expert, 
eleven experts are asked to justify how likely a basic event will fail in 
the system under investigation. So, it is necessary to aggregate their 
opinions into a single one. There are many methods to combine fuzzy 
numbers. A popular approach is the linear opinion pool [7]:

 M A i mi j ij
j

n
= =

=
∑ω

1
1 2 3, , , ,...,  (1)

where m is the number of basic events; Aij is the linguistic expression 
of a basic event i given by expert j; n is the number of the experts; ωij 
is a weighting factor of the expert j and Mi represents combined fuzzy 
number of the basic event i.

Usually, an α-cut addition followed by the arithmetic averag-
ing operation is used for aggregating more membership functions of 
fuzzy numbers of different types. The membership function of the 
total fuzzy numbers from n experts’ opinion can be computed as fol-
lows:

 f z f x f x f x
z x x x

n n
n

( ) max ( ) ( ) ... ( ))
,...,
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where fn(x) is the membership function of a fuzzy number from expert 
n and f (z) is the membership function of the total fuzzy numbers.

3.3. Calculating fuzzy fault rates of the basic events

Obviously, the final ratings of the basic events are also fuzzy numbers 
and cannot be used for fault tree analysis because they are not crisp 
values. So, fuzzy number must be converted to a crisp score, named 
as fuzzy possibility score (FPS) which represents the most possibility  
that an expert believes occurring of a basic event. This step is usually 
called defuzzification. There are several defuzzification techniques 
[8]: area defuzzification technique, the left and right fuzzy ranking 
defuzzification technique, the centroid defuzzification technique, the 
area between the centroid point and the original point defuzzification 
technique, and the centroid based Euclidean distance defuzzification 
technique. In this paper, an area defuzzification technique is used to 
map the fuzzy numbers into FPS. If (a, b, c; 1) is a normal triangular-
fuzzy number, then its area defuzzification technique is as follows: 

FPS a b b c b a c b b c ab
c

=
+ + + − − − + −

−
( ) ( )( ) ( )

( )
2 2 2 3 2 3 4

18

2

a
    (3)

The event fuzzy possibility score is then converted into the cor-
responding fuzzy failure rate (FFR), which is similar to the failure 
rate. Based on the logarithmic function proposed by Onisawa [18], 
which utilizes the concept of error possibility and likely fault rate, 
the fuzzy failure rate can be obtained by the following equation (4). 

Table 1. The basic events of the braking system

node 
symbol Description node 

symbol Description

X1 Microcomputer 
brake control unit X14 air cylinder 1

X2 eP brake valve X15 air cylinder 2

X3 Brake line failure X16 large membrane

X4 Power board of pulse 
width modulation X17 small membrane

X5 Digital input board X18 High pressure oil 
seal ring 1

X6 Input/output board X19 low pressure oil seal 
ring 1

X7 Modulation board X20 left clamp 1

X8 Digital output board X21 left clamp 2

X9 Pulse width modula-
tion line X22 High pressure oil 

seal ring 1

X10 Multifunction vehicle 
Bus 1 failure X23 low pressure oil seal 

ring 2

X11 Multifunction vehicle 
Bus 2 failure X24 right clamp 1

X12 compactor 1 failure X25 right clamp 2

X13 compactor 2 failure X26 relay valve

Fig. 2. Fuzzy numbers used for representing liguistic value

Table 2. The FPS and FFR of basic events

Basic events
Fuzzy numbers

FPs FFr
a b c

X1 0.1498 0.2499 0.4094 6.98e-2 3.5e-6

X2 0.1991 0.2201 0.3584 5.88e-2 1.6e-6

X3,X9, X10,X11 0.1101 0.2099 0.2572 5.04e-2 7.6e-7

X4 0.0996 0.2005 0.1999 4.44e-2 4.1e-7

X5 0.1802 0.3403 0.9097 9.61e-2 1.4e-5

X6 0.1151 0.2148 0.2844 5.33e-2 1.0e-6

X7 0.1397 0.2301 0.8426 9.07e-2 1.1e-5

X8 0.1698 0.3204 0.5534 8.63e-2 8.9e-6

X12,X13 0.1651 0.3103 0.5744 8.58e-2 8.7e-6

X14,X15 0.1549 0.2801 0.5688 8.16e-2 7.1e-6

X16,X17 0.1131 0.2128 0.2224 4.93e-2 6.8e-7

X18,X19,X22,X23 0.1851 0.6502 0.9716 1.31e-1 4.8e-5

X20,X21,X24,X25 0.1801 0.5499 0.9526 1.24e-1 3.8e-5

X26 0.1599 0.3002 0.5666 8.37e-2 7.8e-6
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Table 2 shows the fuzzy failure rates of the basic events for the brak-
ing system.
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4. Diagnosis strategy

4.1. Calculating reliability data

After the dynamic fault tree is constructed and all basic events 
have their corresponding fault rates, reliability results of the braking 
system can be calculated. We use the zero-suppressed binary decision 
diagram (zBDD) to generate all minimal cut sets (MCS) [19]. Firstly, 
it converts the dynamic fault tree into the static fault tree by separat-
ing logic constraints and timing constraints. Secondly, this algorithm 
generates the minimal cut sets of the resulting static fault tree using 
some set operations as follows:

 
, ,1 2 1 1 2 2

1 2 1 2 3, ,
c c cS S S D S S D S S

U D D P D D D U P

= = − = −

= = ∗ = −





 (5)

where S1and S2 are the input of MCS-AND and MCS-OR. Sc, D, 
U, and P respectively represent set intersection, set difference, set 
union, and set product.

The MCS generation algorithm is executed recursively during the 
depth-first left-most traversal of a fault tree. It first generates the MCS 
of the inputs of a connection gate, and then performs a serial of set 
operations to combine the MCS of the inputs into the MCS of the 
output of the connection gate. Finally, it expands each minimal cut 
set to minimal cut sequences by considering the timing constraints. 
For convenience, we define the sum of all minimal cut sets as the 
characteristic function of the system. The characteristic function of 
the braking system is 

1 26 2 12 13 18 23 19 24 25
18 24 25 19 23 19 22 23 20 21
14 15 3 5 6 3 4 3 7 8 22 20 21
18 22 16 17 3 9 10 11+ 24 20 21 25

F X X X X X X X X X X
X X X X X X X X X X
X X X X X X X X X X X X X
X X X X X X X X X X X X

= + + + + +
+ + + +
+ + + + +
+ + +

  (6)

Quantitative analysis for dynamic fault tree is used to calculate 
the importance parameters. DIF is the corner stone of our method-
ology and provides an accurate measure of components’ relevance 
from a diagnosis perspective. The DIF is defined conceptually as the 
probability that an event has occurred given the top event has also 
occurred.

 
( ), ( )

nMCS n CDIF P MCS S DIF P C S= =
 

(7)

MCSn: nth minimal cut sets, C: a component in system S

In order to avoid infamous state space explosion problem we cal-
culate the DIF by mapping a fault tree into an equivalent discrete-time 
BN (DTBN). In addition, DTBN can deal with the evidence data and 
update the DIF after receiving them. We divide the mission time into 
n+1intervals. Each node variable has a finite number n+1 of states. 
The n first states divide the time interval [0, T] (T is the mission time) 

into n equal intervals, and the last state n+1 represents the time in-
terval [T,∞]. Random variables X is in state n+1 means that the cor-
responding basic component or gate output did not fail during the 
mission time [6]. In the paper, we use n=2 to balance the accuracy and 
computational complexity. Assume mission time 2000, we convert the 
dynamic fault tree in Fig. 1 to the BN using the approach in [6,11] and 
enter the evidence that the braking system has failed:

 
( 2) 0

( 1) 0.5

( 0) 0.5

P Top state

P Top state

P Top state

= =

= =

= =

 (8)

Solving the BN using the inference algorithm gives the results of 
some importance factors in Table 3 and Table 4.

4.2. Updating reliability data according to sensors informa-
tion

When the braking system fails, sometimes additional evidence 
from diagnostic sensors is observed too, and this may be used to opti-
mize the system diagnosis. However, the performance of a diagnostic 
system highly depends upon the number and location of sensors. Ac-
cording to the optimal sensors placement in [16] and Table 3, X18 and 
X19 will be the best location of sensors. If sensors detect the failure 
of X18 and X19, we can adopt the evidence to reduce the number of 
the diagnosed minimal cut sets using algorithm 1. The cut sets under 
evidence (CUE) is the set of all essential minimal cut sets obtained 
after evidence eliminates some cut sets. The following CUE function 
is generated:

 
1 2 22 23 26 24 25
14 15 16 17 12 13 3 4
3 7 8 3 5 6 3 9 10 11

CUEF X X X X X X X
X X X X X X X X
X X X X X X X X X X

= + + + + +

+ + + +
+ + +

 (9)

Since a failure sensor can lead to a faulty diagnosis progress, we 
introduce the DIF of sensor to take this situation into account. The 
DIF for a sensor with respect to the system is measured by the same 
way the DIF of the components:

 
( ) /Sensor Sensor SDIF P Sensor S q Q= =

 
(10)

where qSensor and QS represent the unreliability of sensor and the sys-
tem, respectively.

Assume sensors have a fixed probability of failure of 10-6; the DIF 
of the sensor is 1.79×10-5. The updated CUE function is as follows:

Table 3. DIF of components for the braking system

components components’ 
DIF components components’ 

DIF

X18,X19 3.24e-1 X6,X7 7.01e-3

X22,X23 3.24e-1 X21,X25 4.79e-3

X26 2.87e-1 X6 2.01e-3

X1 1.25e-1 X3 1.55e-3

X20,X24 7.64e-2 X9,X10 1.52e-3

X2 5.74e-2 X16,X17 1.39e-3

X5 2.71e-2 X13 1.34e-3

X7 2.17e-2 X15 8.74e-4

X8 1.77e-2 X4 8.19e-4

X14 1.47e-2 X11 5.78e-7
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1 2 22 23 26 24 25
14 15 16 17 12 13 3 4
3 7 8 3 5 6 3 9 10 11+

CUEF X X X X X X X
X X X X X X X X
X X X X X X X X X X Sensor

′ = + + + + +

+ + + +
+ + +     

(11)

In addition, we add the sensors evidence nodes to the BN from the 
dynamic fault tree and set the conditional probability, which can be 
used to update the DIF of the components and CUE. The DIF of the 
CUE can be calculated using equation (12).

 

( , , )
( )CUE

E

P CUE E SDIF
P S DIF

=  (12)

S: system, E: variables with given evidence.
Now we input the evidence defined as equation (13) to the BN 

and update the DIF of components and CUE using the inference algo-
rithm. Table 5 and 6 shows the diagnostic data with sensors data.

 

( 18 2) 0

( 18 1) ( 18 0) 0.5

( 19 2) 0

( 19 1) ( 19 0) 0.5

P X state

P X state P X state

P X state

P X state P X state

= =

= = = =

= =

= = = =

 (13)

 

Algorithm 1     GetCUE(F, E, v )

FCUE＝0

Input:
F：the characteristic function
E：evidence  information function
v：if occurred, v=1, otherwise v=0 

Output：CUE

if (v=0) ｛E=ITE(E,0,1)｝

for (                         ) product E∀ ∈

｛ tempF=F

for (                                          )   {component product∀ ∈

if (                                                   )  ( )product F component∃ ∈ =

｛ tempF=Fcomponent=0 }

else ｛ tempF=Fcomponent=1 }
 }
FCUE＝ITE(FCUE, 0, tempF)

 }

return (FCUE)

4.3. Diagnosis strategy

As CUE represents minimal sets of component failures under evi-
dence that can cause a system failure, we should diagnose it one by 
one to find the root reason of the braking system failure. only when 
we finish diagnosing a CUE can we do next. The order by which CUE 
are checked depends on its DIF ordering, while the order of compo-
nents in the same CUE is determined by their DIF. The CUE with 
larger DIF is checked first. Accordingly, components with larger DIF 
in a CUE are checked first. This assures a reduced number of system 
checks while fixing the braking system. Based on quantitative and 
qualitative data obtained from reliability analysis after incorporating 
evidence, the diagnostic strategy is as follows:

Step1. Sort all CUE and select the CUE with highest DIF value.
Step2. Check the component C with highest DIF in the CUE.
Step3. Split the CUE into those with C and those without. 

      a) If C failed test we take the set of CUE that include C
Select the • CUE untested with highest DIF value.
And recursively repeat Step2 - Step3.• 

      b) If C has not failed test we take the other set of CUE
Select the • CUE untested with highest DIF value.
And recursively repeat Step2 - Step3.• 

The diagnosis strategy can easily be described in the graphical 
diagnostic decision tree (DDT). It provides us with a map that allows 
us to recognize the failing components. It is a directed acyclic graph 
composed of circular nodes and arcs linking parent nodes to child 
nodes. A node represents a component being tested. Arcs point to the 
next component to be tested; right arcs point to components within 
the same cutest as the parent node, and left arcs point to components 
which are not in the same cutest as the parent node. Moreover, when 
diagnostician reaches a node and tests the component at the node, the 
test either fails or passes. If the test fails then the right arc is traversed 

Table 4. DIF of minmal cut sets for the braking system

Mcs Mcs’ DIF MCS MCS’ DIF

X26 2.78e-1 X19 X24 X25 2.25e-3

X18 X22 1.50e-1 X12 X13 1.34e-3

X18 X23 1.50e-1 X14 X15 8.74e-4

X19 X22 1.50e-1 X3 X4 1.17e-4

X19 X23 1.50e-1 X20 X21 X24 X25 3.37e-5

X1 1.25e-1 X16 X17 3.32e-5

X2 5.74e-2 X3 X4 2.17e-5

X23 X20 X21 2.25e-3 X7 X8 X3 1.32e-5

X18 X24 X25 2.25e-3 X3 X5 X6 1.50e-6

X22 X20 X21 2.25e-3 X3 X9 X10 X11 2.40e-11

Table 5. The updated DIF of components for the braking system

components components’ 
DIF components components’ 

DIF

X22,X23 4.65e-1 X14 1.41e-2

X26 7.86e-2 X25 6.93e-3

X24 7.84e-2 X6 1.99e-3

X20 7.32e-2 X3 1.55e-3

X1 3.54e-2 X9,X10 1.52e-3

X5 2.76e-2 X16,X17,X21 1.37e-3

X7 2.17e-2 X4 8.01e-4

X8 1.76e-2 X13 3.81e-4

X12 1.75e-2 X15 2.47e-4

X2 1.62e-2 X11 5.78e-7

Table 6. The updated DIF of CUE for the braking system

CUE CUE’s DIF CUE CUE’s DIF

X22 4.65e-1 X14 X15 2.47e-3

X23 4.65e-1 sensor 1.79e-5

X26 7.86e-2 X16 X17 9.33e-6

X1 3.54e-2 X3 X4 6.11e-6

X2 1.62e-2 X3 X7 X8 1.54e-6

X24 X25 6.93e-3 X3 X5 X6 2.22e-7

X12 X13 3.78e-4 X3 X9 X10 X11 3.53e-12
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indicating the need to repair the tested component in the parent node. 
If a test passes then the left arc is traversed indicating that the cut 
sets which include the tested component in the parent node have not 
failed. Once the order of components is determined, we can generate 
the DDT of the braking system shown in Fig.3.

Average diagnostic cost is often used to evaluate the fault diag-
nosis method. The diagnostic cost is lower; the method is better. As 
we all know, the output of fault diagnosis method is the DDT, we 
can evaluate it with the help of several decision tree evaluation mea-
sures. Traditional evaluation measures have the mean depth of the tree 
[20], which calculates the expected number of tests needed to isolate 
a fault, and the expected cost function [9], which takes into account 
the testing cost of a path as a weighting factor. But these measures 
only consider the test cost and the failure probability of components, 
and neglect system qualitative structure and the importance factors 
of each component. Also, they only diagnose one fault at a time and 
are not capable of detecting multiple faults by a single tree traversal. 
Based on these evaluation mechanisms, we introduce expected diag-
nostic cost (EDC) which incorporates the qualitative (structure) and 
quantitative (reliability analysis) into one measure for predicting di-
agnosis cost [16]. This evaluation index takes both diagnosis accuracy 
and diagnosis cost into consideration, also considers the relationship 
between component failure and system failure, and can evaluate the 
diagnosis algorithm objectively. EDC can be computed by:

 1

n

i i
i

S

qcutset cp
EDC

Q
==
∑  (14)

where Qs is the unreliability of the system, cpi is the sum of all test 
costs from the top node to the cutset’s leaf node, qcutseti is the unreli-
ability of cut sequences.

For convenience, assuming all components have a unit test cost 
and their test cost is independent, the diagnostic cost of different al-
gorithms using equation (14) is shown in Table 7, which indicates 

the proposed approach is more efficient than others. Furthermore, the 
curve in Fig. 4 depicts the effect of sensors’ reliability on EDC of the 
braking system. So we should choose the sensors with higher reliabil-
ity to detect the components in order to decrease the diagnosis cost of 
the braking system.

5. Conclusion

In this work, we have discussed the use of fuzzy set theory, dy-
namic fault tree and BN to diagnose the micro-computer controlled 

straight electro-pneumatic braking system. 
Specifically, it has emphasized three impor-
tant issues that arise in engineering diagnostic 
applications, namely the challenges of insuffi-
cient fault data, uncertainty and failure depend-
ency of components. In terms of the challenge 
of insufficient fault data and uncertainty, we 
adopt expert elicitation and fuzzy set theory to 
evaluate the failure rates of the basic events for 
the braking system; In terms of the challenge of 
failure dependency, we use a dynamic fault tree 
to model the dynamic behavior of system fail-
ure mechanisms and calculate some reliability 
results by mapping a dynamic fault tree into an 
equivalent BN in order to avoid the state space 
explosion problem. Furthermore, we incorpo-
rate sensors data into fault diagnosis, cope with 
the sensors reliability and propose the schemes 
on how to update DIF and the cut sets. In ad-
dition, an efficient diagnostic decision algo-
rithm is developed based on these results to 
optimize system diagnosis. The experimental 
results demonstrate its efficiency. The proposed 
method makes use of the advantages of the dy-
namic fault tree for modeling, fuzzy set theory 
for handling the uncertainty and BN for infer-
ence ability, which is especially suitable for the 
complex system diagnosis.

In the future work, we will focus on the dy-
namic fault tree model optimization and take the test cost, sensitive 
analysis and other attributes into the diagnosis strategy.

Table 7. The comparison among three diagnosis methods

Diagnosis methods EDC

Diagnosis method without sensors 3.562

Diagnosis method with sensors data by assaf and Dugan [2] 2.586

Diagnosis method in the paper 1.918
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Fig. 3. DDT for service braking failure of braking system, (a) DDT without evidence from sensors; (b) DDT 
with evidence from sensors

Fig. 4. The relation curves of EDC and failure probability of sensors



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014 223

sciENcE aNd tEchNology

References

1. Assaf T, Dugan JB. Design for diagnosis using a diagnostic evaluation measure. IEEE Instrumentation and Measurement Magazine 2006; 
9(4):37-43.

2. Assaf T, Dugan JB. Diagnosis based on reliability analysis using monitors and sensors. Reliability Engineering and System Safety 2008; 
93(4): 509-521.

3. Ayhan Mentes, Ismail H. Helvacioglu. An application of fuzzy fault tree analysis for spread mooring systems. Ocean Engineering 2011; 38: 
285–294.

4. Doguc O, Ramirez-Marquez JE. Using Bayesian approach for sensitivity analysis and fault diagnosis in complex systems. Journal of 
Integrated Design and Process Science 2009; 3(1): 33-48.

5. E Jafarian, Rezvani MA. Application of fuzzy fault tree analysis for evaluation of railway safety risks. Proceedings of the Institution of 
Mechanical Engineers, Part F: Journal of Rail and Rapid Transit 2012; 226: 14-25.

6. Boudali H, Dugan JB. Discrete-time Bayesian network reliability modeling and analysis framework. Reliability Engineering and System 
Safety 2005; 87: 337-349.

7. Huang D, Chen T, Wang MJJ. A fuzzy set approach for event tree analysis. Fuzzy Sets and Systems 2001; 118 (1): 153–165.
8. julwan Hendry Purba, jie lu, guangquan Zhang, Da Ruan. An Area Defuzzification Technique to Assess nuclear event Reliability Data 

from Failure Possibilities. International Journal of Computational Intelligence and Applications 2012; 11(4): 1250022-1-16.
9. Koutsoukos X, zhao F, Haussecker H, Reich J, Cheung P. Fault modeling for monitoring and diagnosis of sensor-rich hybrid systems. 

Proceedings of the 40th IEEE conference on decision and control 2001; 793-801.
10. li yF, Huang Hz, liu y, Xiao, li HQ. A new fault tree analysis method: fuzzy dynamic fault tree analysis. Eksploatacja i Niezawodnosc – 

Maintenance and Reliability 2012; 14 (3): 208-214.
11. li yF, Mi J, Huang Hz, Xiao NC, zhu SP. System reliability modeling and assessment for solar array drive assembly based on Bayesian 

networks. Eksploatacja i Niezawodnosc - Maintenance and Reliability 2013; 15 (2): 117–122.
12. Manjit verma, Amit kumar. Fuzzy fault tree approach for analysing the fuzzy reliability of a gas power plant. International journal of 

Reliability and Safety 2012; 6(4): 354-370.
13. Mansour MM, Wahab MAA, Soliman WM. Bayesian networks for fault diagnosis of a large power station and its transmission lines. Electric 

Power Components and Systems 2012; 40(8): 845-863.
14. Mengling Wu. Discussion of the Reliability Model of the Micro-computer Controlled Straight Electro-pneumatic Braking System. Rolling 

Stock 2006; 44(3): 20-23.
15. Rongxing Duan, Guochun Wan, Decun Dong. Intelligent Fault Diagnosis Method Based on Dynamic Fault Tree Analysis. Journal of 

Computational Information Systems 2010; 6(3): 949-957.
16. Rongxing Duan, Dongxiu ou, Huilin Zhou, optimal Sensor Placement for Fault Diagnosis based on diagnosis cost specifications. journal of 

Computational Information Systems 2011; 7(9): 3253-3260.
17. Shaoxu Ni, yufang zhang, Xiaofeng liang. Intelligent Fault Diagnosis Method Based on Fault Tree. Journal of Shanghai Jiaotong University 

2008; 42(8):1372-1386.
18. Takehisa Onisawa. An approach to human reliability in man-machine systems using error possibility. Fuzzy Sets and System 1988; 27 (2) 87-103.
19. Tang, zhihua, Dugan, Joanne Bechta. Minimal cut set sequence generation for dynamic fault trees. Proceedings of annual reliability and 

maintainability symposium on product quality and integrity 2004; 207-213.
20. Tong DW, Jolly CH, zalondek KC. Diagnostic tree design with model-based reasoning. Proceedings of IEEE automatic testing conference 

1989; 161-167.
21. Wu Mengling, Wang Xiaoyan, yan Kaijun. Analysis by FMEA and FTA Method of Micro-computer Controlled Directacting Electro-

pneumatic Braking System. Electric Drive for locomotives 2008; 1: 32-36.
22. yongjian Tao, Decun Dong, Peng Ren. An improved method for system fault diagnosis using fault tree analysis. Journal of Harbin Institute 

of Technology 2010; 42(8): 143-147.

Acknowledgement: 
The research work was supported in part by National Natural Science Foundation of China (61062009, 61074139) and the Science and Tech-

nology Foundation of Department of Education in Jiangxi Province (GJJ12146).

rongxing duAn
huilin zhou
school of Information engineering
nanchang university
Xuefu rd., 999 Jiangxi, china
e-mail: duanrongxing@ncu.edu.cn



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014224

article citation info:

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl

1. Introduction

The use of military vehicles in areas where landmine or Impro-
vised Explosive Devices (IEDs) are used is highly hazardous to mili-
tary vehicle occupants. The task of evaluating the resistance of such 
vehicles to explosions is complex and is often possible only after the 
vehicle has been constructed [2]. This problem is particularly impor-
tant in relation to military vehicles; however, in the era of terrorist 
threat, there is often a need to analyze the safety of civilian vehicles 
in this respect. 

Occupant safety should be evaluated on many aspects related to dif-
ferent types of threats [11]. The most dangerous and difficult to combat 
are threats related to injury of lower limbs [8] and spine [3, 7].

 I p dtt
= ∫0  (1)

where t is the time of the pressure impulse and p – the instantaneous 
average value of pressure of gases acting on the loaded surface. 

The energy transmitted to the structure can be regarded as two 
energy streams. One of them is dissipated through permanent defor-
mation of the structure; the second is transmitted to the structure as 
kinetic energy. The kinetic energy may, in turn, be divided into the 
energy of elastic deformations, which are excited by wave impact in 
the form of vibrations consistently with its natural frequencies, and 
into global structure motion. The latter is understood as the change in 
the velocity vector of the vehicle’s center of gravity in relation to the 
environment, resulting from the explosion.

The diagram in figure 2 depicts the phases of blast energy trans-
mission. The high-frequency vibrations excited in the first stage by 
the wave impact propagate at the speed of sound in the entire struc-
ture, which can lead to temporary damages of less resistant elements. 
Due to the high velocity of the elastic wave, this stage is very short, in 
the range of several milliseconds.

The diagram in figure 2 depicts the phases of blast energy trans-
mission. The high-frequency vibrations excited in the first stage by 
the wave impact propagate at the speed of sound in the entire struc-
ture, which can lead to temporary damages of less resistant elements. 
Due to the high velocity of the elastic wave, this stage is very short, in 
the range of several milliseconds.

In the second stage, local deformation occurs in the lower part of 
the vehicle, which includes permanent deformations and elastic vibra-
tions, whose proportions depend on the strength of the structure. Per-
manent deformations dominate in vehicles of low structural strength, 
whereas elastic deformations may dominate in vehicles structurally 
resistant to explosion under the vehicle. 

IluK a. Method of evaluating the stiffness of a vehicle with respect to the risk of explosion. eksploatacja i niezawodnosc – Maintenance and reliability 
2014; 16 (2): 224–228.

artur IluK

method of evAluAting the stiffness of A vehicle 
with respect to the risk of explosion

metodA oceny sztywności pojAzdu pod kątem zAgroŻeniA eksplozją*
This article describes a new method of evaluating the stiffness of structure of a vehicle with respect to its resistance to mine explo-
sion. This method allows for the assessment of the structure of a wide range of tracked and wheeled vehicles in the early stage of 
the construction process, considering such factors as mass and stiffness of the hull and ground clearance. By applying this method 
it is possible to assess the risk of lower limb injury for every vehicle occupant, caused by local deformation of the vehicle. 

Keywords: military vehicles, risk of explosion, IED, stiffness of structure.

W artykule przedstawiono nową metodę oceny sztywności struktury pojazdu pod kątem odporności na eksplozję miny. Metoda 
ta umożliwia ocenę konstrukcji szerokiej gamy pojazdów gąsienicowych i kołowych na wczesnym etapie procesu konstruowania 
pojazdu uwzględniając takie czynniki jak masa i sztywność kadłuba oraz prześwit pod pojazdem. Wynikiem zastosowania metody 
jest ocena zagrożenia kończyn dolnych wskutek lokalnej deformacji pojazdu dla każdego członka załogi.

Słowa kluczowe: pojazdy wojskowe, zagrożenie eksplozją, IED, sztywność struktury.

Fig. 1. Diagram depicting the process of transmitting blast energy to the ve-
hicle structure
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In the third stage of explosion the whole structure accelerates. 
This stage is longer than the second stage due to significantly larger 
inertia of the whole vehicle than the inertia of the vehicle floorplate. It 
should be noted that the global motion of the structure caused by the 
explosion can overlap the motion of the structure prior to the explo-
sion, e.g. the advance velocity of a vehicle which is moving when the 
landmine explodes. If the advance velocity is significant, the vertical 
height of the vehicle leaping over an exploding explosive charge may 
be so high that the pressure impulse distributes over a larger area of 
the floorplate. In terms of safety, such a phenomenon is advantageous 
as it decreases the concentration of energy and local deformation. This 
effect intensifies with the increase in burial depth of the explosive 
charge, which lengthens the time of energy transmission. In the case 
of surface detonation, or detonation of shallow buried explosives, the 
transmission of energy to the hull is too short for the velocity of the 
vehicle to impact the blast load to the structure surface.

The threat to lower limbs is related to the second stage, i.e. the lo-
cal deformation of the structure. The load to lower limbs is a result of 
the vertical motion of the floorplate, in which case the key parameters 
related to the threat of lower limb injury are the vertical velocity and 
maximum deflection. Figure 3 shows an example graph of the vertical 
velocity of the floorplate during explosion.

The figure shows a large increase in the floorplate velocity in 
the initial stage of loading, which is a result of the plastic and elastic 
deformation of the vehicle floor (second stage in figure 2). This is 
followed by a series of elastic vibrations of the floor near average ve-
locity, which correspond to the global vertical velocity of the vehicle 
(third stage, figure 2).

The basic parameters which determine the deflection of the floor-
plate are the load mass, distance between the charge and the floor 
of the vehicle, mass of vehicle and the stiffness of vehicle structure. 
Whereas the mass of the vehicle has significant influence on the glo-
bal motion of the vehicle (figure 2c), the stiffness in connection with 
the mass determines the degree of local deformation to the structure 
(figure 2b). The diagram in figure 4 shows the relation between mass, 
stiffness and threat of injury to lower limbs.

By using an additional deflectors under the vehicle it is possible 
to decrease the local deformation, but this also decreases the distance 
to the explosive charge. This is exceptionally disadvantageous in ve-
hicles with low ground clearance.

The assessment of the level of threat of injury to lower limbs is 
possible by performing costly tests on firing grounds using anthropo-
morphic manikins [12]. The biomechanical criterion in such a case 
is the maximum axial force in the lower leg Similar tests can be per-
formed by simulation, however such calculations are complex and 
are not suitable for evaluating the vehicle in the design stage [4]. Full 
simulation of the threat of injury requires the modeling of the detona-
tion process of an explosive charge buried in the ground, the propaga-
tion of the shock wave with the products of detonation and soil ejected 
into the air. Figure 5 shows an example simulation of a detonation of 
a 10 kg TNT charge buried in the ground at a depth of 100 mm using 
the MM-AlE method.

In the existing literature there is no method for assessing the local 
deformation in a vehicle as a result of landmine of IED explosion un-
der the vehicle, without performing a full simulation of the explosion. 
Such a method, which takes into consideration the key safety-related 
parameters of the whole system, including the detonating explosive 
and the structure of the vehicle, would allow for a preliminary analy-
sis of the vehicle with respect to such events.

3. Method

The local deformation of the vehicle floorplate is determined by 
the mass of the vehicle and the stiffness of the floorplate in vertical 
direction. The maximum force acting statically on the vehicle floor at 
a given point is limited to the force which lifts one or two wheels off 
the ground. Therefore, maximum force may be exerted by pressing 
on the floor directly under the vehicle’s center of gravity, which is 
illustrated in the diagram in figure 6. This point is also considered the 
most dangerous point of detonation under a vehicle[12].

Fig. 2. Load to vehicle caused by landmine explosion: a) propagation of 
elastic waves, b) local deformation of structure, c) global vehicle mo-
tion [6]

Fig. 4. Relation between mass, stiffness of vehicle and threat of injury to 
lower limbs

Fig. 5. Simulation of an explosion of an explosive buried in the ground using 
the MM-ALE method

Fig. 3. Example graph of the vertical velocity of the floorplate during explosion. [1]
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The surface subject to the action of products of detonation and the 
soil ejected by the explosion is frequently located at some distance 
from the feet of the passenger. This could be due to a double floor, 
elastic mats which separate the feet from the vehicle floor or addi-
tional shields under the floor of the vehicle.

As the direction of wave incidence on the surface deviates from 
the perpendicular direction, the pressure and pressure impulse de-
crease. The relation between the impulse of incident pressure Is, im-
pulse of reflected pressure Ir, and the angle of wave incidence θ can 
be defined as the formula described in [9]:

 I I Ir r sθ θ θ θ= + + −cos ( ) ( cos( ) cos ( ))2 21 2  (2)

The impulse of reflected pressure Ir exerted on the vehicle floor 
can be defined using the equation described in [5], which is based on 
experimental surface tests of detonations of explosive charges. The 
value of the impulse is determined by the scaled distance Z expressed 
by the Hopkinson-Cranz formula:

 Z =
R

W1 3/  (3)

which relates the distance from the center of the explosive device R 
[m] with the mass of the explosive W [kg]. The relationship between 
the value of the impulse of incident and reflected pressure and the 
scaled distance may be expressed by the formula:

 Is r,
/exp( ln( ) ln( ) ln( ) ln( ) )= + + + +A B z C z D z E z W2 3 4 1 3       (4)

where Z is expressed in [m/kg1/3], whereas Is, Ir in [Pa s]. The values 
of parameters A, B, C, D and E for the impulse of incident pressure Is 
are given in [10]. The values of reflected pressure Ir were calculated 
on the basis of the formula in [5]. The numerical values of parameters 
are presented in table 1.

let us define the measurement of threat of lower limb injury as 
parameter S, which is proportional to the ratio of vertical deflection Δh 
of the surface loaded with shock wave pressure and the initial distance 
h of that surface from the feet of the passenger. The proportionality 
factor is the pressure impulse of reflected wave Irθ, which includes the 
inclination of the surface loaded with pressure in relation to the direc-
tion of wave incidence.

 S I h
hr= θ
∆

 (5)

This parameter enables the assessment of threat of injury resulting 
from local deformation of vehicle floor for different classes of vehi-
cles without the necessity to perform full simulations of the explosion. 
It includes such factors as ground clearance, mass of the explosive 
charge, geometry and stiffness of the vehicle floor and the initial dis-
tance between the feet and the impact point of the shock wave.

An attempt to statically deflect the vehicle floorplate in selected 
points causes elastic or elastic and plastic deformation of the vehicle 
structure. In order to measure the static deflection Δh it is necessary 
to adopt a measurement base connected to the vehicle. Due to the 
fact that the threat of feet injury is related to the motion of the floor 
relative to the vehicle , the nearest points with high stiffness in verti-
cal direction, e.g. the lower parts of the vehicle’s side walls, should 
be used as the base for measuring the deflection. Figure 7 presents a 
diagram of the measurement method.

4. Results

The measurement of static deflection may be performed on a real 
vehicle or using a numerical model. Figure 8 presents an example 
measurement of the vertical stiffness of the floor of a Ford F250 vehi-
cle. The static deflection in this case is 132 mm and the plastic defor-
mation of the floorplate is significant.

Fig. 6. Local deformation to the floorplate of the vehicle caused by explosion

Fig. 7. Method of static measurement of the vehicle floor deflection

Fig. 8. Local static deformation of Ford F250 vehicle under the driver’s feet, 
maximum static deflection (marked red) equal to 132 mm, large plas-
tic deformations

Table 1. Values of parameters describing the impulse of incident pressure Is and 
reflected pressure Ir as a function of scaled distance Z [10]

A B C D E remarks

Is 5.522 1.117 0.6 -0.292 -0.087 for Z in the range 0.2÷0.96

Is 5.466 -0.308 -1.464 1.362 -0.432 for Z in the range 0.96÷23.8

Ir 6.775 -1.346 0.102 -0.0112 0 for Z in the range 0.2÷100
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The values of parameter S were calculated 
for several vehicles. Calculations were per-
formed for a pickup-type vehicle (Ford F250), 
a tracked vehicle with a mass of 33 Mg and an 
armored wheeled vehicle with a mass of 12.5 
Mg both with and without an additional deflec-
tor under the chassis frame. Figure 9 depicts 
the analyzed vehicles. The results of calcula-
tions and the basic parameters of vehicles are 
presented in table 2.

Calculations were performed for different 
masses of explosive charge. Results indicate 
that a detonation of a 0.5 kg TNT explosive 
charge under a pickup vehicle is much more 
dangerous than the detonation of 10 kg under 
a mine-resistant wheeled vehicle. A tracked 
vehicle, due to its large mass and flat floor 
with relatively low stiffness, is less resistant 
to detonation of 6 kg TNT than a significantly 
lighter wheeled vehicle with a much higher 
ground clearance. The value of parameter S for 
a wheeled vehicle with an additional v-shaped 
deflector is higher, because it receives a higher 
pressure impulse and the deflector has lower 
stiffness. These factors are so unfavorable that 
they are not compensated by the significantly 

larger distance between the loaded surface and the passenger’s feet. 
Figure 10 illustrates how the change in the ground clearance im-

pacts the value of parameter S. One can observe that the impact of 
ground clearance is significant, especially in the range below 0.5 m 
characteristic of tracked vehicles. 

Figure 11 illustrates how the distance between the feet and the 
impact point of the wave influence the value of parameter S. One can 
see that in the neighborhood of 170 mm the change in the distance h 
has significant influence on the threat of lower limb injury.

The presented method enables the evaluation of the threat caused 
by local deformation at different locations within the same vehicle, 
e.g. threat to individual passengers. To this end, the abovementioned 
method should be used to measure the local stiffness of floor under the 

Fig. 9. Analyzed vehicles

Fig. 10. Influence of ground clearance R of wheeled vehicle on the value of 
parameter S for a charge of 10 kg TNT and inclination angle of 17 
degrees

Fig. 12. Location of measurement points for local deflection of floor, Ford 
F250

Fig. 11. The influence of the distance h between feet and the impact point of 
the wave on the value of parameter S for wheeled vehicle, charge of 
10 kg TNT and inclination angle of 17 degrees

Table 2. Results of calculations for selected vehicles

vehicle type pickup tracked wheeled wheeled
with deflector

M [Mg] 2.6 33 12.5 12.5

Δh [mm] 132 7 3 11

hs [mm] 25 175 170 520

R [m] 0.65 0.57 1.17 0.82

W [kg] 0.5 6 10 10

Z [m/kg1/3] 0.65 0.31 0.54 0.38

Θ [degrees] 0 0 17 17

S [Pa s] 4735 332 68 139

Table 3. Values of parameter S for detonation of 500 g TNT charge under Ford 
F250 vehicle, location of points in parentheses as depicted in figure 12

left side
[mm]

center
[mm]

right side
[mm] description

4735 (B) - 2475 (a) feet in front

4232 (s) center of vehicle mass

2116 (D) - 1721 (c) seats in front

2690 (F) - 3192 (e) feet in back

1542 (H) - 1470 (g) seats in back

- 1112 (I) - bed

- 1040 (J) - bed
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feet of individual occupants. Figure 12 presents an example of such 
analysis performed at different points for the Ford F250 vehicle. Table 
3 presents the values of parameter S for detonation of 500 g of TNT, 
calculated on the basis of stiffness measurements in selected points.

local deflection, and thus the level of threat of injury, is signifi-
cantly different at different points of the vehicle. Despite the fact that 
the largest loading force occurs under the center of gravity, higher de-
flection values were recorded under the driver’s feet, where there are 
gaps in the floorplate, which consequently reduce its stiffness. Figure 
8 shows the distribution of deformations for this case.

This example illustrates the capability of the method of assessing 
the vehicle structure with respect to its resistance to local deformation 
resulting from an explosion under the vehicle. This assessment may 
apply not only to the vehicle as a whole, but also to selected areas of 
the structure.

5. Conclusion

The presented method enables the assessment of stiffness of a 
projected or existing structure with respect to its resistance to local 
deformation caused by explosion under the vehicle. In order to com-

pare the resistance of different vehicles, the parameter S may be used, 
which, to a certain extent, defines the threat of lower limb injury. In 
the case of other methods, it is necessary to perform full analyses with 
explosion simulation or exceptionally costly tests on firing grounds. 
The possibility to assess structures in the early stage of design offers 
the opportunity to increase structural resistance of vehicles to explo-
sion. An additional advantage is the possibility to assess the resistance 
of the vehicle at any point, which allows for the estimation of threat of 
lower limb injury for each vehicle occupant individually.

In its current form, the method allows only for the comparison of 
the level of threat between different vehicles or between individual 
structural solutions for the body and deflectors. To assess the threat 
directly, it is necessary to analyze the entire vehicle-occupant system 
with the use of biomechanical criteria.
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1. Introduction

Belt transport is a high performance transport system which has 
a wide application in praxis. The conveyor belts represent the most 
productive, and thus even the most economical transport device 
with a high transport performance and ecologic harmlessness. By 
Kulinowski [17] for belt conveyors, the transport task can be defined 
as a process whose purpose is to transport the set quantity of handled 
material within a defined time between the set loading and offloading 
locations.

From the point of belt conveyor operation the most important 
construction element is the conveyor belt.  Conveyor belt is a closed 
element, which orbits around the end of drums and also it forms the 
support and traction element of conveyor belt. Rope belt conveyors 
are the only exceptions where the belt is only a load bearing element 
and the rope has a tow function. According to zur, belt conveyor is 
a limited range, continuously moving transport facility that carries 
material on the belt surface, between two belts or inside a belt [28]. 
According to Marasová [20] conveyor belt carries resistances arising 
from the movement and serves for transportation  of material, loads 
or people.

During the operation, conveyor belt is influenced by many dif-
ferent stresses, which cause the process of damaging and wearing the 
belt. Wearing of conveyor belts depends on many factors, but mainly 
on the operating conditions in which the conveyor belt is working and 

on the kind of transported material [15, 20, 26, 27]. The operating 
experience shows that the most critical point, where 66 to 80% of all 
the damages of conveyor belt arise is the place of feeding, so called 
dunes. A point impact load, which is one of the main reasons of dam-
aging of conveyor belt is formed at dunes. This point load arises from 
sharp-edged pieces conveyed material on the conveyor belt. If the en-
ergy of impact is greater than the ability of supports and a conveyor 
belt to absorb this energy, conveyor belt gets damaged mainly in its 
upper cover layer in the form of transverse and longitudinal grooves, 
injections and punctures.

The theoretical knowledge, experimental measurements and op-
erating experience shows that the speed and the way of damaging the 
conveyor belt at the places of dunes depend mainly on itself design 
of belt and on character of design elements, from which the belt is 
made. It also depends on the power situation in belt, exactly in the 
part, where the action of point-forces begins and on the stiffness of the 
supporting elements of the belt.

Among the functional features of conveyor belts the importance 
also lies in the tensile strength and resistance of conveyor belts to de-
flection which is classified as conveyor belt ability to absorb impact 
energy waist emerging at the impact of the material on the belt, i.e. to 
absorb the energy shock through deformation work of the conveyor 
belt without its damaging. In theory, the authors effort is focused on 
the creation of mathematical models to describe the characteristics 
of the conveyor belt. Mathematical apparatus for determining opti-

grInčová a, Marasová D. experimental research and mathematical modelling as an effective tool of assessing failure of conveyor belts. eksploatacja 
i niezawodnosc – Maintenance and reliability 2014; 16 (2): 229–235.

anna grInčová
Daniela Marasová

experimentAl reseArch And mAthemAticAl modelling As 
An effective tool of Assessing fAilure of conveyor belts

bAdAniA eksperymentAlne i modelowAnie mAtemAtyczne  
jAko skuteczne nArzędziA oceny uszkodzeń tAśm przenośnikowych

One of the main causes of damage is their dynamic stress, which often ends the life-cycle caused end of conveyor belts. Dynamic 
stress leads to fatigue strength functions in shear loading of fabric conveyor belts. Damage of the conveyor belt can be solved by 
extensive experimental research in laboratory conditions on complex equipments made just for this purpose. The aim of the study 
is to determine the relation of power in the conveyor belt to the weight of the material which is falling onto a conveyor belt and 
to impact level height, which is based on data obtained in the experimental research. The experimental measurements have been 
performed on a test rig, which was developed at the Institute of Logistics and Transport Industry FBERG of Kosice. Results of 
mathematical modelling clearly say that proposed regression models describe real behaviour of the conveyor belts in productions 
during their dynamic stress as a result of the influence of shock and stretching forces very well.

Keywords: experimental research, modelling, conveyor belt, conveyor belt stenting.

Jedną z głównych przyczyn uszkodzeń taśm przenośnikowych są naprężenia dynamiczne, które często prowadzą do zakończenia 
cyklu życia taśmy. Naprężenia dynamiczne powodują pojawienie się funkcji wytrzymałości zmęczeniowej w warunkach oddzia-
ływania na taśmę tkaninową obciążenia ścinającego. Problem uszkodzeń taśm przenośnikowych można rozwiązać prowadząc 
obszerne badania doświadczalne w warunkach laboratoryjnych na skomplikowanych, specjalnie do tego celu stworzonych urzą-
dzeniach. Celem prezentowanej pracy było określenie zależności między siłami w taśmie przenośnika a masą materiału spadają-
cego na taśmę oraz wysokością zrzutu, w oparciu o dane z przeprowadzonych badań doświadczalnych. Pomiary eksperymentalne 
przeprowadzono na stanowisku badawczym zaprojektowanym w Instytucie Logistyki i Przemysłu Transportowego FBERG w 
Koszycach. Wyniki modelowania matematycznego wyraźnie pokazują, że proponowane modele regresji bardzo dobrze opisują rze-
czywiste zachowanie taśm przenośnikowych podczas procesu produkcyjnego, w trakcie którego poddawane są one dynamicznym 
naprężeniom w wyniku oddziaływaniasiły uderzenia oraz sił rozciągających.

Słowa kluczowe:badania eksperymentalne, modelowanie, taśma przenośnika, stentowanie taśmy przenośnika.
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mum reliability and durability of conveyor belts using the theory of 
recovery was described in the works [24, 25]. The issue of damaging 
conveyor belts is concerned in many works [9, 10, 22, 23].

The models of punctures rubber-textile conveyor belts have been 
marginally addressed in the works [2, 3, 4, 5, 13, 14]. Nowadays a 
significant attention is devoted to mathematical modelling using finite 
element method [16, 18, 19]. Research of damaged conveyor belts 
can be implemented at two levels: directly during the operation of 
conveyor belts, or through special test equipment .Aldrich et al. [1] 
were realising research of conveyor belts damaging in praxis by using 
of machine vision and kernel methods. In contrast to it, Fiset and Dus-
sault [11], Ballhaus [6, 7] and Flebbe [12] have analysed the causes of 
conveyor belts damage in laboratory conditions.

Experimental research in laboratory conditions provides consid-
erable information about the properties of materials. Therefore, the 
impact tests on laboratory instruments have become a common testing 
method. In these tests there are forces acting on the sample measured 
during impact in most cases continually during the test period. Results 
contain complete information of absorbed energy and deformation of 
the sample. Currently there are no established uniform criteria for as-
sessing the resistance of conveyor belts against punctures. There are 
numbers of experimental machines and equipment on which tests on 
resistance of conveyor belts to deflation were performed.

2. Methodology of experimental research

During operational measurements either directly during operation 
of a conveyor belt or during measuring of effects of tested samples 
it is possible to determine force effect on to the individual construc-
tion parts of the conveyor belt, such as roller table. However, during 
operational measurements it is not possible to determine any external 
load arising, which caused these force effects. And that is why the ex-
perimental measurements begin on experimental equipment, where it 
is able to exactly determine weight of impact load, impact height and 
forces acting on the belt at the moment of load impact. 

A test rig for puncturing tests of conveyor belts was designed and 
constructed at  the Institute of logistics and Transport Industry in 
košice several years ago. According to the gained experiences a labo-
ratory was created later on. It serves to simulation and modelling of 
structural parts of conveyor equipment including conveyor belts and 
modern experiment equipment for testing conveyor belts from the 
point of their resistance to puncturing [20].

The original device (Fig.1) was upgraded later on (Fig.2). For 
testing rig a concrete foundation with a grill for attaching the tower, 
control room for operating the machine and test rig itself were built 
for the testing rig in advance.

The test rig is equipped with a hydraulic system for clamping strip 
samples (Fig.3) and other hydraulic system for tensioning the sample 
during the test. Hydraulics provide the better clamping and tension-
ing strip samples and thus allows to obtain relevant test results. The 
design of the test equipment is based on the current requirements re-
sulting from the present research, as well as from the requirements of 
the manufacturer of conveyor belts in Slovakia.

During the realization of the experiment the following parameters 
can change:

weight of the ram•  – in the range from 50 kg to 100 kg (simula-
tion of different density of the transported material) 
ram head•  – a spherical shape (Fig.4), pyramid and cone (simu-
lation of different types of impact material)
the amount of impact ram•  – up to 2.6 meters (simulating the 
impact of different heights at belt conveyor) 
type of conveyor belt•  (simulation of different operating condi-
tions for which different types of conveyor belts are intend-
ed).

Fig. 1. Side view of the existing structure of test equipment 1 – Tower 
(mast), 2 – reel device of ram, 3 – belt conveyor

Fig. 2. View of innovated test rig

Fig. 3. Test table with hydraulic rig
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3. Result and discussion

3.1. Material and realization of the experiment

The research was conducted in order to determine the actual val-
ues of impact and tension forces simulating operational conditions 
and comparing them with those obtained by regression models. Ex-
perimental measurements have been performed on a test rig shown 
in Figure 2. 

The objects of experimental tests were steel cord conveyor belts 
STEElBElT type (Fig. 5) produced in the Slovak Republic.

Conveyor belts STEElBElT (Fig.5) are suitable to transport ma-
terial over long axial distances in difficult working conditions. low 

Fig. 4. Globular head ram

Fig. 5. Cord conveyor belt

elongation under load and their excellent ability to adapt to the con-
veyor trough due to low transverse stiffness make them suitable for 
their use mainly in demanding conditions [21].

The skeleton is composed of high-strength steel reinforcing cords 
laid one plane and coated in rubber core, which provides a perfect 
blend of top and bottom coating. This hardback ensures optimal func-
tional ability and high durability. Shift cords by selected spacing can 
be achieved by different strength council. Coatings protect the frame 
of the conveyor belt against external climatic environmental influ-
ences and mechanical damage. Coatings come into contact with the 
conveyor rollers and drums and protect the skeleton from the adverse 
effects of abrasion.

Ram head with spherical shape and two types of steel cord con-
veyor belts were used during testing: conveyor belt type ST 1250 
with strength 1250 N.mm−1 and conveyor belt type ST 2500 with the 
strength 2500 N.mm−1.

The procedure for experiment is as follows: 
A specimen with a length from 1.2 m to 1.4 m and a width 1. 
from 0.4 meters to 0.6 meters is cut out from the conveyor 
belt. 
The specimen of the conveyor belt is fastened into hydraulic 2. 
jaws on both sides. 
It is stretched by the force equal to 1/10 of strength of the belt 3. 
set by the manufacturer by using hydraulic equipment.
The drop-hammer of the relevant weight is lifted by a pulley 4. 
block to the required height, from which it is released by free 
fall onto the conveyor belt. During which values of the ten-
sion and impact force in kN units are recorded during the 
whole measurement by two tens-meter sensors.

Evaluation of tests in case of puncture detection consists in a vis-
ual inspection of conveyor belt. Meanwhile, it is also determined at 

what size of tensile force SF  and impact force IF   the puncture of a 
belt i.e. damage of a belt was caused from the  recording of measured 
data (Fig.7). 

3.2. Analysis and design of experiment regression model 

Evaluation of the results of the process of damaging the conveyor 
belt by puncturings is based on long-term follow-up and subsequent 
statistical evaluation of measured data. In modelling the process of 

Fig.6. Conveyor belts STEELBELT in use
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degradation, we used basic statistical methods and multiple regres-
sion analysis. To estimate the coefficients of the selected regression 
model we used the method of least squares. Determining of the close 
dependence among quantitative variables was considered by a cor-
relation analysis.
The relationship between variable y  and several independent varia-

bles jx , 1, 2, ,j k= 
can be expressed by the multiple linear regres-

sion model in the form:

 y x x x x x xk k= + + + + + + +b b b b b b b ε0 1 1 2 2 3 3 4 4 5 5  ,     (1)

where:

 β0 and βj for 1, 2, ,j k= 
 – parameters of regression model,

 ε  – random error [8].
Point estimate of the multiple linear regression model is the regression 
function:

 Y b b x b x b x b x b x b xk k= + + + + + + +0 1 1 2 2 3 3 4 4 5 5  , (2)

where:
 Y  – theoretical, estimated  value of the dependent variable, 

 0b  – the estimated parameter β0.

The parameters of the regression model are estimated using the 
method of least squares to which it applies:
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= =
− = →∑ ∑  (3)

   where: i i ie y Y= − .

The aim of the experiment is to determine the dependence of im-

pact force IF , respectively  tension force SF  from independent vari-
ables Weight of the ram (m) and The amount of impact ram (h) . The 
best results showed a regression model, which is originated from the 
regression function in the form:

 y x x x= + + + +b b b b ε0 1 1 2 2 3 3 , (4)

where variables ix , 1,2,3i =  we chosen in the following way:

 1 2 3, ,x m x h x m h= = = ⋅  and Iy F= , resp. Sy F= .

Adjusted regression model has the form:

 0 1 2 3 .Y b b m b h b m h= + ⋅ + ⋅ + ⋅ ⋅  (5)

The method of least squares as a method of estimating parameters 
of a regression model is very sensitive to the presence of extreme 
outlying points in the sample. Therefore, at the beginning of the re-
gression analysis, we assessed the quality of the data for outlying and 
extreme values. values considered as outliers were excluded from the 
field. Outlying values were mainly those values, which are beginning 
to show damage to the conveyor belt, respectively there has been a 
breakdown of the conveyor belt.

To verify the statistical significance of the regression model we 
use the F – test the statistical significance of the model. The null 

and alternative hypotheses are: 0H : regression model is not statisti-
cally significant against  1H :  regression model is statistically sig-
nificant.

The test statistics is computed using the form:
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where:
 iy  – ith observed value of dependent variable,

 iY  – ith estimated value of dependent variable using the 
regression model,

 y  – mean of the dependent variable, 

 k  – number of independent variables,

 n  – number of observations. 
If the null hypothesis is true, the test statistics F is an observed 

value of an F distributed random variable with k  and ( )1n k− −
 

degrees of freedom. The null hypothesis is rejected at the level of 

significance α, if  F F k n k> − −( )−1 1a ; . In case of rejection of the 

null hypothesis at least one explanatory variable has a statistically sig-
nificant effect on the test explained variable. 

Statistical significance of the regression model parameters will be 
verified by testing the statistical significance of regression param-
eters

 
βj. The null and alternative hypotheses are: 0H : parameter of 

regression model is not statistically significant against 1H : param-
eter of regression model is statistically significant. The test statistics 
computed using the form:

 
j

j

b

b
t

s
= , (7)

where jb  is the point estimate of the parameter βj and 
jbs  is the esti-

mated standard error. We reject the null hypothesis at the level of sig-
nificance α, if t t n k> − −( )

−1
2

1a .

Fig. 7. Damage of a conveyor belt in a way of an impact break
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In hypothesis testing acceptance or rejection of the null hypoth-
esis can be carried also by decision rule for a p-value. If p-value is 
less than the level of significance α, the null hypothesis is rejected. If 
p-value is greater than the level of significance α, the null hypothesis 
is accepted.

Conveyor belt type ST 1250
Point estimate a linear regression model that captures the depend-

ence of impact force from selected independent variables has the 
form:

 1.2873 0.0588 0.7945 0.1313IF m h m h= − + − + ⋅ . (8)

To check the statistical significance of the model, we used the F 
– test of the statistical significance of the model. Because 

p value− <<a , we assume that the proposed regression model is sta-

tistically significant. Statistical significance of each parameter regres-
sion model has been verified through a test of statistical significance 
of the regression parameter. The results show that all of the parame-
ters appear to be statistically significant (Table 1).

Multiple index value determination is 2 0.9981I = , which means 

that 99.81% of the variability of the variable IF  can be explained by 
the influence of the variables Weight of the ram, The amount of impact 
ram and their interaction.
Analogically, we obtain regression models for tensioning force. Mod-
el has the form:

 22.5681 0.2407 4.8752 0.1929SF m h m h= + + + ⋅ . (9)

The obtained model and parameters of the model are statistically 

significant. Multiple index value determination is 2 0.9827I = , which 

means that 98.27% of the variability of the SF  can be explained by 
the influence of the variables Weight of the ram, The amount of impact 
ram and their interaction.

Conveyor belt type ST 2500
Parameters of the regression model for conveyor belt type ST 

2500 and the value of the index determination for the impact and ten-
sion force are shown in Table 2.

Graphical representation of the measured (empirical) values   and 
calculated (theoretical) values of impact force and tension force to the 
belt ST 2500 is on Figure 8.

3.3. evaluation of the experiment

Two types of steel cord conveyor belts were considered 
during modelling and experimental research: conveyor-type 
ST 1250 with strength 1250 N.mm-1 a conveyor belt type ST 
2500 with strength 2500 N.mm-1. From measurements, which 
have been performed on a test rig and ram with spherical tip 
the following conclusion has resulted:

cross section of the conveyor belt type ST 1250 appears at • 
a ram of weight:

  60m kg=  at its impact from the height  2.2h m= ,

  70m kg=  at its impact from the height  1.8h m= ,

   80m kg=  at its impact from the height  1.6h m= ,

   90m kg=  at its impact from the height  1.4h m= ,

cross section of the conveyor belt  type ST 2500 appears at a • 
ram of weight:

     80m kg=  at its impact from the height  2.2h m= ,

   90m kg=  at its impact from the height  2.0h m= ,

      100m kg=  at its impact from the height  1.8h m= . 

In both cases is can be concluded that size of the energy needed 
to breakdown of the conveyor belt can be compared with a potential 
energy of the load impacting the conveyor belt. 

Potential energy [J], where the acceleration due to gravity, in the case 
of the conveyor belt ST 1250 is in the range 1 236,1 295  J of the con-
veyor belt in the case of ST 2500 is in the range 1 727,1 766 J. These 
values are roughly threshold energy at which it is possible to breakdown 
the conveyor belt. 

The mentioned values are only approximate because the values 
were measured with difference by weight and the amount of impact. 
The conveyor belt might have been punctured at the levels that were 
outside the scope of measurement. Due to a more accurate estimate 

of limiting energy causing puncturing the conveyor belt, it 
will be necessary to carry out measurements with smaller 
differentiate weight or maybe with higher impact.

4. Conclusion

Experimental tests provide not only the information 
about a process of degradation but even data necessary for 
their subsequent use in mathematical modelling.

Table 1. Estimates of the parameters of a regression model for conveyor belt type ST 1250

Param-
eter

The point 
estimate

The lower 
limit of 95% 
of the esti-

mate

The upper 
limit of 

95% of the 
estimate

p-value

statistical 
significance 

of the pa-
rameter

b0 −1.2873 −1.9506 −0.6241 0,0004 <α significant

b1 (m) 0.0588 0.0490 0.0687 9,94.10−14<α significant

b2 (h) −0.7945 -1.3303 −0.2584 0,0049<α significant

b3 (m.h) 1.1313 0.1225 0.1401 1,1.10−25<α significant

Table 2. Point estimates of the regression model for conveyor belt type ST 2500

Force Point estimates of regression model Index determi-
nation

FI F m h m hI = − + − + ⋅1 5635 0 0687 1 3970 0 1341. . . . 0.9987

FS F m h m hS = + + + ⋅44 6561 0 2153 7 3865 0 1004. . . . 0.9860

Fig.8. Measured and calculated values of impact force –conveyor belt type 
ST 2500
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One of the special methods was carried out in the experimental 
research-the method for determining the resistance to deflection. That 
method was used because puncturing on conveyor belts often occurs 
during the transport of a material with large fragmentation, and thus 
decreases their tensile strength, which is the most important parameter 
of the conveyor belt in terms of reliability.

On the basis of the facts mentioned above, the important fact is 
that for a subsequent evaluation of measured data it is able:

to use a created  mathematical model directly without checking • 
other models,
based on the model created with specific coefficients to deter-• 
mine sizes interpolation of shock, respectively tension forces 
even for other impact heights and ram weights,

through the methodology used within solution of problems to pro-
vide manufacturer with an ability, to set technical parameters of types 

conveyor belts put out by them for technical praxis, taking operation 
conditions into account.

Both experimental research and modelling of conveyor belts are 
important for producers as well as for users of conveyor belts. Us-
ers are free to reconsider the way of choice of type and construction 
of their conveyor belt. Determination of impact energy threshold, at 
which the breakdown appears, thus destroying DP has practical sig-
nificance for the user. He can directly set impact height in the place 
of dunes and regulate the maximum weight load with shredders in the 
operation and thus not to achieve or exceeded the size of the marginal 
impact energy. Manufactures got an opportunity to try new design and 
develop new and more resistant structures of conveyor belts.
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roman sTrycZeK
Bogusław PyTlaK

multi-objective optimizAtion with Adjusted pso method on exAmple 
of cutting process of hArdened 18crmo4 steel

optymAlizAcjA wielokryteriAlnA skorygowAną metodą pso 
nA przykłAdzie procesu skrAwAniA stAli 18crmo4  

w stAnie zAhArtowAnym*
In this paper a Modified Particle Swarm Optimization (PSO) method for multi-objective (MO) problems with a discrete decision 
space is proposed. In the PSO method the procedure to determine inertia weight, learning factor and social factor is modified. In 
addition, both an elitism strategy and innovative deceleration mechanism preventing the particles from going beyond the limits of 
decision space are introduced. The proposed approach has been applied to a series of currently used test functions as well as to 
optimization problems connected with finish hard turning operation, where the obtained results have been compared with those 
obtained by means of Genetic Algorithms (GA). The results indicate that the proposed approach is relatively quick, and thus it is 
highly competitive with other optimization methods. The authors have obtained a very good diversity, convergence and a maxi-
mum range of the Pareto front in the criteria space. In order to assess the quality of the generated Pareto set for each of presented 
examples, a rating has been determined based on the entropy measurement and inverted generational distance (IGD).

Keywords: hard turning, particle swarm optimization (PSO) method, evolutionary computations, multi-objective 
optimization, entropy.

W pracy zaproponowano zmodyfikowaną metodę optymalizacji wielocząsteczkowej (PSO) dla problemów optymalizacji wielo-
kryterialnej z dyskretną przestrzenią decyzyjną. W metodzie PSO zmieniono sposób określania momentu bezwładności, współ-
czynnika uczenia oraz współczynnika społecznego. Dodatkowo wprowadzono elitaryzm oraz innowacyjny mechanizm hamowa-
nia cząstek chroniący je przed przekraczaniem dopuszczalnych granic przestrzeni decyzyjnej. Zaproponowane podejście zostało 
zweryfikowane na szeregu aktualnych funkcjach testowych oraz problemie optymalizacji procesu skrawania stali 18CrMo4 w 
stanie zahartowanym, gdzie porównano je z wynikami uzyskanymi za pomocą algorytmów genetycznych (GA). Uzyskane wyniki 
wskazują, że zaproponowane podejście jest względnie szybkie i wysoce konkurencyjne w stosunku do innych metod optymalizacji. 
Autorzy uzyskali bardzo różnorodne, zbieżne i w pełnym zakresie przebiegi frontu Pareto w przestrzeni kryteriów. W celu oceny 
jakości wygenerowanego zbioru Pareto dla każdego z prezentowanych przykładów wyznaczono ocenę opartą na pomiarze entropii 
oraz wskaźnika jakości IGD.

Słowa kluczowe: toczenie na twardo, metoda optymalizacji wielocząsteczkowej (PSO), obliczenia ewolucyjne, 
optymalizacja wielokryterialna, entropia.

1. Introduction

The search of optimal decision poses a problematic issue from 
the perspective of many, often conflicting criteria. Usually, the search 
results in a large set of solutions. Typical methods of single criterion 
optimization usually give one solution in a single run of the calcula-
tion process, and therefore such methods are useless in multi-objec-
tive optimization. In order to obtain many solutions in a single run of 
calculation process the unconventional methods must be employed. 
However, only a few of these make it possible to obtain an evenly 
distributed, coherent and complete set of solutions.

Nowadays, the most popular of these methods are based on evolu-
tionary techniques; Genetic Algorithms (GA) in particular. Generally, 
these techniques are based on metaheuristics, improving the current 
situation of an individual in the population, increasing its chances of 
survival and/or enabling it to inherit the genetic code. The Particle 
Swarm Optimization (PSO) method is one of those techniques. It has 
become widely accepted, since it’s introduction in 1995 [11] and is 
used in many fields [19].

PSO has also become the major alternative for GA in the area 
of multi-objective optimization. The comparison to genetic algorithm 
and ant colony optimization algorithm indicates that PSO is more ef-
fective than the others because of its faster convergence rate [14]. The 
number of publications describing the use of PSO has grown expo-
nentially for the last few years [20]. The success of this method results 
from its intuitive nature, the algorithm which is easy to use for pro-
gramming, and the fact that it is liable to modification, which makes it 
an excellent tool for experimental research. Reyes-Sierra and Coello 
Coello [25] have provided a complete taxonomy of existing MOP-
SOs’ algorithms. They studied the main features of MOPSOs such as: 
the existence of an external archive for non-dominated solutions, the 
election strategy of non-dominated solutions as the leaders guiding 
the swarm, the neighbourhood topology, and the existence or non-ex-
istence of a mutation operator. During the past few years, several effi-
cient multi-objective variants of PSO have been proposed. Interesting 
proposals for improving the original PSO algorithm appear every year 
[21]. More than thirty different Multi-Objective Particle Swarm Opti-
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mizers (MOPSOs) have been described in the literature [5]. New ap-
proaches are still being put forward, some focusing on the successful 
and improved results achieved by the basic algorithm MOPSO [16]. 
zhang et al. [28] proposed a new multi-swarm cooperative multi-ob-
jective particle swarm optimization algorithm. To better its perform-
ance, several improved techniques such as the Pareto dominance-
based species technique, the escape strategy of mature species, and 
the local MOPSO algorithm have also been introduced. The proposed 
algorithm can produce solution sets that are highly competitive as far 
as the convergence, diversity, and distribution are concerned. Kaveh, 
and laknejadi [10] proposed a hybrid method which is a combina-
tion of the particle swarm method and a recently developed algorithm 
charge system search (CSS). Combining the proposed method with a 
mutation operator and particle redistribution strategy strengthens the 
search ability of the proposed algorithm. Magnus and Pedersen [15] 
suggest a table of PSO parameters which may be used by a researcher 
in the first place when optimizing new problems. Chakraborty et al. 
[3] present an analysis of the general Pareto-based MOPSO and find 
conditions on its most important control parameters (the inertia factor 
and acceleration coefficients) that govern the convergence behaviour 
of the algorithm to the optimal Pareto front in the objective function 
space. Many multi-objective optimization problems in real world en-
gineering applications involve discrete and/or discontinuous param-
eters [7].

We think that the three following features have a significant im-
pact on the efficiency of MOPSO: the control method of approach and 
the attempts to exceed the limits of decision space by the particles, 
consideration of continuous or discrete decision space, and control of 
the movement speed of particles.

A quality assessment of the Pareto front generated during the 
multi-objective optimization is not easy [1]. There are many differ-
ent approaches here and their wider description can be found in the 
work [29]. In order to compare effectiveness of various approaches, 
special tests have been developed. Usually, this assessment includes 
three aspects: convergence meant as the minimum distance between 
adjacent solutions on the Pareto front, diversification understood as a 
uniform distribution of the solutions in criteria space, and a maximum 
range of Pareto front in the criteria space. A suitably chosen metric 
of decision space has a crucial meaning for the correct assessment in 
reference to the first and the second aspect. De Carvalho and Pozo [4] 
performed an empirical analysis of measure by means of three quality 
indicators (generational distance, inverted generational distance and 
spacing) to examine how the many-objective technique named control 
of dominance area of solutions (CDAS) affects the convergence and 
diversity of MOPSO algorithms. Also Pradhan and Panda [22] used 
some performance metrics, such as: set coverage metric, generational 
distance, maximum Pareto-optimal front error, spacing and spread.

One of the main issues dealt with by the researchers seeking ef-
fective, intelligent methods for multi-objective optimization is how to 
obtain a complete and coherent set of Pareto solutions. A current qual-
ity assessment of the Pareto front may serve as a determinant of its 
proper shape. The Entropy-based Multi-Objective Genetic Algorithm 
(E-MOGA) method, which strongly improves the convergence and 
uniformity of the Pareto front in comparison to the Multi-Objective 
Genetic Algorithm (MOGA), can serve as an example here. To assess 
the quality of solutions, the approach described in this work also uses 
two forms of entropy: external and internal, as well as inverted gen-
erational distance (IGD). This approach does not modify the method 
of entropy calculation, but it makes the comparison of different tests 
possible. Our research confirms the following conclusion: “a solution 
set with a higher entropy is spread more evenly throughout the feasi-
ble region and provides a better coverage of the space” [8].

In practical problems the decision space is limited by technical ca-
pabilities. The limit values are often optimal. Therefore, the proposed 
PSO algorithm approach has a built-in mechanism of the particle de-

celeration, in order to prevent them from exceeding the limits of deci-
sion space by its better penetration of the values near the boundary. In 
industry the decision maker consider the most often a discrete deci-
sion space. In design, he is usually able to analyse only a very limited 
number of solutions [6]. A continuous decision space is only relevant 
for theoretical consideration. Therefore, the proposed approach takes 
into account the position change of a particle in one direction only as 
a multiple of some fixed discrete value.

The speed control of particles movement is one of the main, but 
little explored parameter influencing the efficiency of the PSO al-
gorithm. Nebro et al. [17] have proposed a new MOPSO algorithm 
which includes a velocity constriction mechanism. In our approach, 
as described below, heuristics strategy has also been used for the par-
ticles‘ speed control.

2. Methodology

let us imagine N-dimensional, discrete space of decision-making, 
in which each point of the space is represented by a vector x. Each 
component xi of the vector x has the specified range of variation ΔLi, 
corresponding to the interval [Li

-, Li
+], and a constant step of discre-

tization di in the range of the variation. The discrete area of decision-
making is dictated with the practical reasons in mind, because in real-
ity, the designer determines the precision of the settings. Realization 
of the PSO method in discrete space somewhat complicates the algo-
rithm. On the other hand, it eliminates oversized concentrations of 
solutions in a certain areas of the Pareto front, which tend to elongate 
the calculation process. Due to the fact that individual ranges of the 
variation can differ from one another considerably, which results in 
differences di, it was assumed that di creates a new unit for the given 
dimension. This assumption establishes an appropriate metric to cal-
culate the distance between the points in the decision space and at the 
same time enables the quality assessment of the generated Pareto set, 
by measuring the entropy.

Formally, the multi criteria optimization problem can be expressed 
in the following way: we require a vector x*=[x1

*, x2
*, ..., xN

*]T, which 
satisfies:
K inequality constraints

 gk x( ) ≥ 0   for   k=1, 2, ..., K (1)

and M equality constraints

 hm x( ) = 0    for   m=1, 2, ..., M   and   M<N (2)

and optimizes the vector of the objective function f(x)=[f1(x), f2(x), ..., 
fI(x)]T, where x=[x1, x2, ..., xN]T is the vector of decision variables.

The PSO method is often subjected to various modifications. One 
of the questions that researchers ask themselves is: how should the so-
cial factor in the generation of successive positions of the particle be 
taken into account? In case of a single criterion optimization, one can 
choose the movement in the direction of the best located neighbour 
in a specified surrounding of the analyzed particle, or the movement 
towards the best individual from the whole population. In case of 
multiobjective optimization, one can additionally select a movement 
toward the Pareto front. In this paper a few variant approaches were 
tested. The best results were achieved when the movement toward the 
nearest located solution on the Pareto front had been chosen.

In the canonical version of PSO, a particle is associated with the 
position attribute, the velocity attribute and the individual experience 
attribute. The position of a particle is always updated in every step 
using the equation (3)

 iii vxx += 0
 (3)
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and the velocity is updated in the following way:

 v w v c r x x c r x xi i i
bp

i i
gb

i= ⋅ + ⋅ ⋅ −( ) + ⋅ ⋅ −( )0
1 1 2 2  (4)

where: xi
0 – i-th component of the position vector in the previous step, 

vi
0 – i-th component of the velocity vector in the previous step, w – in-

ertia weight, c1, c2 – acceleration coefficients, r1; r2∈[0,1] are random 
values, xi

pb – best particle position, xi
gb – best global position.

In multi-objective algorithms, a set containing a representation of 
all non-dominated solutions (leaders) is maintained.

The general structure of code of the proposed algorithm is shown 
as follows:
BEGIN

Initialize Swarm
Initialize Particles_Best
Initialize leaders_archive
FOR t=1 to Number_of_Iteration

  FOR p=1 to Population_Size
   Find_leaderp
   Move_Particlep
   Evaluate_new_position_of_Particlep
   Update_Particle_Bestp
   IF new_leader=TRUE
    Update_leaders_Archive
   ENDIF
  NEXT p
 NEXT t
 Output_leaders_Archive
END
where, t denotes the generation index, p denotes particle index.

The proposed approach to determination of the Pareto front with 
the PSO method consists of the following steps:

Step 1. Generating of the initial population of particles. For each 
particle p=1, 2, …, Npop The components of the decision variables 
vector of xp and the initial speed vector vp for i-the dimension of the 
decision space are generated randomly:

 
x L d L

v
ip i i i

ip

= + ⋅ ⋅( )
= ⋅ −







− round ” rand

rand

( )

( )2 1
   for   i=1, 2, …, N (5)

Meanwhile, the position of the particle in the criteria space (fit-
ness space) is calculated bestp=[f1(xp), f2(xp), ..., fI(xp)]T, and analy-
sis regarding the location of the solution against the Pareto front is 
performed. The location generated in this step is stored as the bestp, 
which means the best position of the particle p achieved up to now. 
The Initial Pareto front is determined during this step.

Step 2. Accomplishment of successive iterations during which the 
particles are moving in the decision space. During the next iterations, 
the course of the Pareto front is being constantly modified if necessary.

What follows for each particle p is:
Step 2.1. Calculation of the distance dp

f (Fig. 1) of the particle p 
from the current Pareto Set (from the current leader for the particle 
p):

 d d d dp
f f f

L
f
p

= 





min , , ...,1 2  (6)

where:       d
x x

dl
f i i

f

ii

N
=

−











=

∑
2

1
   for   l=1, 2, ..., Lp (7)

where: xi – current location of the particle in the i-dimension, xi
f – the 

location of the nearest point on the forehead of Pareto (leader) in the 
i-dimension.

Step 2.2. Determining coefficients w, c1, c2, (Fig. 2) that are used 
for calculation of velocity components of particle p motion. The co-
efficient w is actually the weight, and it is taken into account when 
considering the current direction of particle motion. In case of the 
coefficient w, its value is set as a reference value and is determined at 
constant level equal to 0.5. The coefficient c1 decides how closely the 
particle will try to return to its the best position. It was assumed that 
in the first phase of iterations this coefficient will play a decisive role, 
guaranteeing penetration of the decision space by the particle near its 
current location. In the final phase of iterations this coefficient reaches 
the value of 0, because the main task in this phase is to direct all parti-
cles near to the Pareto front. The coefficient c2 takes into account the 
social impact of the particle, enabling it to choose the direction of the 
particle’s movement toward better located particles, especially those 
on the Pareto front. In the proposed approach, the partial components 
of particle movement associated with the coefficient c2 point at the 
shortest way toward the Pareto set. In the first iteration cycles the so-
cial impact is ignored, allowing the particle to move in random direc-
tions and thus better penetrate its environment. In the second phase, 
the social coefficient becomes decisive. In the presented approach the 
oscillation of the coefficient c2 value, was used so as to enable a par-
ticle to temporarily abandon the close surrounding of the Pareto set. 
Therefore the particle can leave the Pareto set and penetrate the area 
near to the Pareto set better, and consequently its further movement 
in the right direction is possible. To determine current values of the 
coefficients, the following formulas were adopted:

 w const= =0 5.  (8)

 c
e

q Nq
1 20 0 5

1 1
= −

− −( ).
 (9)

 c
q N

e

q
q Nq

2 10 0 5

0 5 0 5 34 5

1
=

+ ⋅ ( )
+

− −( )
. . cos .

.
 (10)

where: q – number of successive iteration, Nq – number of all  
 iterations.

Step 2.3. Determining the particle deviation dp
b from its the best 

position. It is calculated from the formula:

 d x x
dp

b i i
b

ii

N
=

−











=
∑

2

1

 (11)

where: xi
b – i-th component of the best position of particle so far.

Step 2.4. Determining directional vector components for the best 
particle position so far:

 p r x x
d

i
b i

b
i

p
b= ⋅
−

1    for   i=1, 2, …, N (12)

where: r1=rand( ) – random number, the same for all components.
Step 2.5. Determining directional vector components of the parti-

cle p for the Pareto set (leader):
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 p r
x x

di
f i

f
i

p
f= ⋅
−

2    for   i=1, 2, …, N (13)

where: r2=rand( ) – random number, the same for all components.
Step 2.6. Calculating the elements of movement speed vector:

 v w v c p c pi i i
b

i
f= ⋅ + ⋅ + ⋅0

1 2    for   i=1, 2, …, N (14)

where: vi
0 – i-th component of the speed vector in the previous  

 step.
Step 2.7. The normalization of the movement speed vector com-

ponents:

 
v v

v
i
n i

i
i

N=

=
∑ 2

1

   for   i=1, 2, …, N (15)

Step 2.8. Correction of the particle speed resulting from the pos-
sibility of exceeding of the permitted movement area. The speed cor-
rection is carried out by the inhibition mechanism of the particle ac-
cording to the following formulas:

 dv a v x L L v L L
i i i

n
i

i i
i
n i i= ⋅ ⋅ −

+
− ( ) ⋅ −











+ − + −
abs

2 2
sgn  (16)

where: ai – coefficient of movement speed of the particle. This coef-
ficient should be chosen in such a way to guarantee similar mobility 
of the particles in all directions. The coefficient value is chosen from 
the range of (0,1].

Step 2.9. Calculation of new components of particle position:

 x d x dv
di i

i i
i

' = ⋅
−







round    for   i=1, 2, …, N (17)

Step 2.10. Generation of a new location of the particle in the cri-
teria space. In case when the criteria are not within the assumed con-
straints, the next part of this step is omitted. Checking whether the 
new position of the particle in the modified metric is the best position 
so far. If the current particle position is located on the Pareto front, 
such position is added to the Pareto set and all the solutions which are 
predominated by the new solution are removed.

Step 2.11. In case of failure to achieve desired number of itera-
tions, return to step 2.1.

The term “entropy” appears in many areas of science and is as-
sociated with the assessment of disorder or arrangement. Individual 
entropy treated as the amount of information (Hartley 1928) can be 
determined by the formula: hi=−ln(pi), where pi – the probability of 
an event. Absolute entropy of n events is the weighted arithmetic av-
erage of the amount of information received with the occurrence of 
individual events, where the probability of these events constitute the 
weights H=−∑(pi∙ln(pi)) (Shannon 1948). In turn, relative entropy Hr 
is expressed by the formula Hr=H/ln(n).

In the paper the two different definitions of entropy are used: ex-
ternal and internal. The external entropy is measured by means of as-
sessing how close a given set is to the reference set of solutions. In 
this case, as the reference set we chose the ideal Pareto set, i.e. the 
complete set of solutions possible to be achieved in a given discrete 
space of the decision. To meet this requirement the authors calculated 

the reference Pareto set. The generated Pareto set was used as the set 
comparable with the calculated set. However, by the internal entropy 
we mean the measure of entropy defined on the generated Pareto set, 
taking into account mutual distances of particular solutions from their 
nearest neighbours in this set. In practice, we have a possibility of 
calculating only the internal entropy. The objective of this work is to 
show, however, that when the internal entropy reaches a sufficiently 
high level, the external entropy reaches a satisfactory level, too.

Assess the external entropy one should define the elements’ inter-
action function s from the set S with the element f from the set F. It 
was assumed, that this function (Fig. 3) is expressed by the formula:

 I ef
s

b rf s=














− ⋅( )→max
2

 (18)

where: rf→s is the distance between the element f and the element s 
measured in the assumed metric decision space, b – coefficient con-
trolling the range of impact, in conducted tests was established as 1.

In practice, it is sufficient to find the distance rf→s from the current 
Pareto set in the decision space for each solution f belonging to ideal 
Pareto front F.

 r
x x

dr s
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s
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f

ii
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→

=
=
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∑min
2

1
 (19)

where: f∈F, s∈S.
To be able to compare different experiments’ results, it is prefer-

able to normalize values of the influence function, to have their sum 
equal 1. As a result, the maximum entropy can amount to 1:

 I
I

If
n f

f
f

=
∑

 (20)

Hence, the quality assessment of current Pareto front in the form 
of external entropy is:

 H

I I

n
e

f
n

f
n

f

f
=

− ⋅ ( )
( )

∑ ln

ln
 (21)

where: nf – the power of the set F.
As mentioned above, an ideal Pareto front remains unknown in 

the course of practical calculations. Hence, actual evaluation of the 
quality of the Pareto front should be determined by the measure of the 
internal entropy Hi. The Agglomeration method was used for the cal-
culation of the Hi. In the first step, a randomly chosen solution from 
the set S is moved to initially empty set S’ . In the following steps, the 
next solutions s∈S (which are located in the nearest distance to the set 
S’ in the decision space) are moved to the set S’. Figure 4 illustrates 
the method of calculating mutual distances in the decision space. At 
the same time, the distance Ds of a transferred solution to the set S’ is 
written on the stack during each step.

The influence function of the solution s onto neighbouring solu-
tions takes the form:

 I es
b Ds= − −( )1 2

 (22)
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where: it was assumed that b=1.
After normalization:

 I I
Is

n s
s

s

=
∑

 (23)

Internal entropy of the set S is calculated by the formula:

 H
I I

n
i

s
n

s
n

s
s

=

− ⋅ ( )
−( )

−
∑ ln

ln
1

1
 (24)

where:  ns – the power of the set S.
For example, the value of internal entropy for the sequence of 

0-1-2-4-5 (Fig. 4).
where: I0→1=I0→2=1, I2→4=0.135, I4→5=0.035, 0-1-2-4-5 chain 

length is 2.17, In
0→1=In

0→2=0.46, In
2→4=0.062, In

4→5=0.016, 
is:

  Hi=–(0.46ln(0.46)+0.46ln(0.46)+0.062ln(0.062)+0.016(ln(
0.016))/ln(4)=0.694

Additionally, the inverted generational distance (IGD) is used in as-
sessing the performance of the algorithms in our experimental studies.

3. Experiments and results

3.1. Test functions

The modified particle swarm optimization method proposed here 
for the multi-objective problems has been applied to the solve several 
currently used test functions.

The first of the test problems was presented in the paper [13]. The 
objective functions for the particular criteria of the optimization were 
described by the formulas:
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where: J1={j│j is odd and 2≤j≤n} and J2={j│j is even and 2≤j≤n}, 
and the decision space Ω=[0,1]×[–1,1]n–1 and n=3.

After 500 iterations 251 solutions were found and they are pre-
sented in the Figures 5 and 6. Additionally, the Figure 7 shows a graph 
of entropy values, power of Pareto set and IGD (Inverted Genera-
tional Distance) in the function of iteration.

The second test problem was also presented in the paper [13]. 
The objective functions for the particular optimization criteria were 
expressed by the formulas:
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where: J1={j│j is odd and 2≤j≤n} and J2={j│j is even and 2≤j≤n}, 
and the decision space Ω=[0,1]×[–1,1]n–1 and n=3.

500 iterations found 204 solutions, which are presented in the 
Figures 8 and 9 for d1=d2=d3=0.01. There were 491 solutions for 

d1=d2=d3=0.002 and they are presented in the Figures 10 and 11. 
Additionally, the Figures 12 and 13 show a graph of entropy values, 
power of the Pareto set and IGD in the function of iteration for values 
of d1=d2=d3=0.01 and 0.002 accordingly.

The third test problem was presented in the work [27]. The objec-
tive functions for the particular optimization criteria were described 
by the formulas:
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where: x=(x1, …, xn)T∈[0,1]n and n=3.
After 500 iterations we found 134 solutions, which are presented 

in Figures 14 and 15. Additionally, the Figure 16 shows a graph of 
the entropy values, power of the Pareto set and IGD in the function 
of iteration.

As shown in the above figures, the modified particle swarm opti-
mization algorithm has generated better sets of Pareto solutions (PSO 
solutions) than those presented in the publications cited above and 
in the works [13, 27]. For comparison, in the above figures, an ideal 
Pareto set is presented (all solutions). The analysis of Pareto solution 
sets shows that the PSO method can find the most solutions from the 
ideal Pareto set in a very short time period (after 500 iterations).

3. 2. Multi-criteria optimization of hard turning operation of 
hardened 18CrMo4 steel

In the next step, a modified particle swarm optimization algorithm 
for multi-objective optimization problems has been used for solving 
the problems of multi-objective optimization in finish hard turning 
of hardened steel. The obtained experimental results were compared 
with the results from the work by [24], where GA with Modified Dis-
tance Method (MDM) [18] were used to solve the problem of multi-
objective optimization of hard turning operation.

Technological progress in the area of cutting materials has made it 
possible to machine hardened materials with use of cutting tools with 
specified contour and angles of the edge. However, this operation is 
relatively rare in industry, due to the very high cost of tools made 
of cubical boron nitride (CBN) and the necessity to use the machine 
tools with appropriately high rigidity. Therefore, this operation should 
be performed with the optimal values of cutting parameters and many 
optimization criteria should be taken into account [9]. This will in-
crease profitability and the number of industrial applications.

Hard finish turning operation of hardened (58HRC) 18CrMo4 
steel machined with the use of CBN tools with Wiper geometry was 
subjected to optimization. 18CrMo4 steel (C – 0.18%, Mn – 0.32%, 
Si – 0.31%, P – 0.012%, S – 0.003%, Cr – 1.02%, Ni – 0.14%, Cu 
– 0.28%, Ti – 0.071%) is used for toothed elements. The research in-
cluded: the effect of cutting speed vc=100–200 m/min, feed f=0.1–0.3 
mm/rev, depth of cut ap=0.1–0.2 mm, and length of cutting distance 
L on: unit production cost Kj, time per unit tj, resultant cutting force 
F and selected parameters of the surface roughness: Ra, Rz and Rmax 
[24]. The research was carried out with respect to the machined sur-
face mating with sealing rings (Radial shaft seal), where the following 
parameters are recommended: Ra=0.2–0.8 µm, Rz=1–4 µm i Rmax≤6.3 
µm [12]. On the basis of experimental research results formulas [24] 
were developed for:

unit production cost –  Kj,
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time per unit –  tj,
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resultant cutting force  – F,

 F

v f a Lc p

=
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. . . . . ++
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 (30)

arithmetical mean of roughness profile ordinates –  Ra,
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average, maximal height of roughness from 5 elementary sec- –
tors Rz,
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maximum height of roughness  – Rmax,

 R v f v fmax c c= − − + + +2 775193 0 016948 2 123522 0 000042 5 4306042 2. . . . .
00 028112 0 058322 0 000008. . .v f v f a v a Lc c p c p⋅ − ⋅ ⋅ + ⋅ ⋅

 (33)

In the equations (30)-(33), cutting distance L is present apart from 
cutting parameters. The value L was derived from the dependency 
VBC=g(vc, f, ap, L)=0.2 mm, and was inserted into the above specified 
equations as the constant [23].

As a result of the optimization performed with the use of the mod-
ified PSO method for multi-objective optimization problems, after 50 
iterations a set of non-dominated solutions was obtained as having 
197 solutions and it is presented in Figure 17. For comparison, the set 
of non-dominated solutions obtained with the help of GA with MDM 
is presented as well (Fig. 18). Here the result of performed optimiza-
tion was a Pareto set consisting of 106 non-dominated solutions.

As can be seen, the PSO method has detected much more solu-
tions, and such solutions are better than the ones generated with the 
help of GA with MDM (Fig. 19). This confirms supremacy of the PSO 
over the AG and the opinion expressed in the work [2, 26], where the 
authors compared the PSO method with the ACO, TS, SA, MA, GA 
methods. In each case of turning and milling operations, the PSO has 
proved to be the best for selecting the optimal cutting method.

Figure 19 shows the entropy graph and the power of the Pareto set 
in the function of iteration.

4. Conclusions

In this article, only a discrete space of particle movement is con-
sidered. In practice, we always define the location in a particular di-
mension with a specific, rational accuracy. As has been confirmed by 
experimental studies, the decision space discretization is essential. 
The method proved effective only after discretization. The conducted 
in the work research show that such an approach is correct.

A great number of experiments has been conducted for both con-
stant and variable in time coefficients w, c1 and c2. For the particle 
inertia coefficient determined as the base coefficient (hence its con-
stant value), experiments have been conducted in order to adjust the 
remaining two coefficients correctly. Obviously, these formulas are 
heuristic. They cannot be treated as universal. Nevertheless, we think 
that introduction of oscillation and the reduction of chaos (random-
ness) in successive iterations has a positive effect on efficiency of the 
method. This has been confirmed by the conducted experiments.

The evaluation of determined Pareto front quality is executed by 
the measurment of internal entropy. As pointed out by the performed 
tests, internal entropy at levels greater than 0.9 corresponds to the 
external entropy on a very similar level. Because the external entropy 
for multidimensional multi-objective optimization problems is not 
known, we can refer to the level of the internal entropy, not only as an 
assessment degree of the generated Pareto front, but also as a criterion 
for interrupting the calculation when the internal entropy exceeds a 
certain, satisfactory level. The external and internal entropy show sig-
nificant changes during the calculations, in contrast to the parameter 
of IGD, which stabilizes quickly. The only negative phenomenon here 
is a longer time needed for computation, when the number of solu-
tions on the Pareto front increases. Hence, we should choose appropri-
ate steps of discretization of the di in order to avoid this problem.

Further research connected with the proposed method should tend 
towards the determination of the parameter ai at the appropriate level. 
It has a very large impact on the mobility of particles, which should 
take the referred average interval. It seems that suitable values are 
very closely linked to the specific character of the problems being 
solved. Therefore, it is difficult to determine these values a priori. In-
stead, one should develop a mechanism of its adaptive selection dur-
ing calculations. Another important factor for the effectiveness of the 
PSO method is a suitable choice of ranges in the decision space. In the 
work this issue has not been studied deeply. Nevertheless, on the base 
of the tests performed one can conclude that the appropriate narrow-
ing of the decision space to the range corresponding to the position of 
particles on the Pareto front is very beneficial. When evaluating the 
obtained tests’ results, we can draw the conclusion that the developed 
modified PSO method is highly competitive when compared to the 
previous proposals of the PSO, and should find numerous practical 
applications.
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Fig. 7. Values of external and internal entropy, power of Pareto set and IGD in the 
function of iteration for the first test problem for the parameters: Npop=200, 
Nq=500, a=const=0.2, d1=d2=d3=0.01

Fig. 3. Determination of the influence function value

Fig. 1. Leader of particle in discrete decision space

Fig. 2. Changes of w, c1, c2 coefficients value during calculations

Fig. 6. Set of Pareto-optimal solutions for the first test problem in the de-
cision space for the parameters: Npop=200, Nq=500, a=const=0.2, 
d1=d2=d3=0.01

Fig. 5. Set of Pareto-optimal solutions for the first test problem generated for 
the parameters: Npop=200, Nq=500, a=const=0.2, d1=d2=d3=0.01

Fig. 4. Determination of the distance in 3-dimensional decision space
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Fig. 8. Set of Pareto-optimal solutions for the second test prob-
lem generated for the parameters: Npop=200, Nq=500, 
a=const=0.2, d1=d2=d3=0.01

Fig. 9. Set of Pareto-optimal solutions for the second test problem 
in the decision space for the parameters: Npop=200, Nq=500, 
a=const=0.2, d1=d2=d3=0.01

Fig. 10. Set of Pareto-optimal solutions for the second test prob-
lem generated for the parameters: Npop=200, Nq=500, 
a=const=0.2, d1=d2=d3=0.002

Fig. 11. Set of Pareto-optimal solutions for the second test problem 
in the decision space for the parameters: Npop=200, Nq=500, 
a=const=0.2, d1=d2=d3=0.00

Fig. 12. Values of external and internal entropy, power of Pareto set 
and IGD in the function of iteration for the second test prob-
lem for the parameters: Npop=200, Nq=500, a=const=0.2, 
d1=d2=d3=0.01

Fig. 13. Values of external and internal entropy, power of Pareto set 
and IGD in the function of iteration for the second test prob-
lem for the parameters: Npop=200, Nq=500, a=const=0.2, 
d1=d2=d3=0.002
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Fig. 14. Set of Pareto-optimal solutions for the third test problem gen-
erated for the parameters: Npop=200, Nq=500, a=const=0.2, 
d1=d2=d3=0.002

Fig. 15. Set of Pareto-optimal solutions for the third test problem in 
the decision space for the parameters: Npop=200, Nq=500, 
a=const=0.2, d1=d2=d3=0.002

Fig. 16. Values of external and internal entropy values, power of Pareto 
set and IGD in the function of iteration for the third test prob-
lem for the parameters: Npop=200, Nq=500, a=const=0.2, 
d1=d2=d3=0.002

Fig. 17. Set of Pareto-optimal solutions generated with help of the PSO 
method for the parameters: Npop=200, Nq=50, a=const=0.8, 
d1=1, d2=d3=0.01

Fig. 18. Set of Pareto-optimal solutions generated with help of the ge-
netic algorithms [24]

Fig. 19. Values of external and internal entropy, and power of the 
Pareto set in the function of iteration
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Min-Tsai laI

optimAl replAcement period with repAir cost limit 
And cumulAtive dAmAge model 

optymAlny okres wymiAny przy limicie kosztów nAprAwy i modelu 
sumowAniA uszkodzeń

This paper deals with periodical replacement model with single repair cost limit under cumulative damage process. The system 
is subject to two types of shocks. Type I shock causes damage to the system. The total damage is additive, and it causes a serious 
failure eventually if the total additive damage exceeds a failure level K. Type II shock causes the system to a minor failure, which 
can be maintained by minimal repair if the estimated repair cost is smaller than a predetermined repair-cost limit LS or by preven-
tive replacement if the estimated repair cost is larger than LS. The system is also replaced at scheduled time T or at serious failure. 
The long-term expected cost per unit time is derived using the expected costs as the optimality criterion. The minimum-cost policy 
is derived, and existence and uniqueness are proved.

Keywords: periodical replacement model, cumulative damage model, repair cost limit, minimal repair.

Niniejszy artykuł dotyczy modelu wymiany okresowej z ograniczeniem kosztów pojedynczej naprawy w ramach procesu sumowa-
nia uszkodzeń. Układ podlega dwóm rodzajom zaburzeń. Zaburzenie I typu powoduje uszkodzenie systemu. Uszkodzenie całkowite 
sumuje się, powodując w końcu poważną awarię jeśli łączna wartość uszkodzeń przekroczy poziom awarii K. Zaburzenie II typu 
powoduje drobną awarię systemu, która może zostać usunięta dzięki minimalnej naprawie jeśli przewidywany koszt naprawy 
będzie mniejszy niż zakładany limit kosztów naprawy LS lub na drodze wymiany prewencyjnej, jeżeli przewidywany koszt naprawy 
będzie większy niż LS. Układ również podlega wymianie w założonym czasie T lub w przypadku poważnej awarii. Długotermino-
we przewidywane koszty na jednostkę czasu obliczono z wykorzystaniem przewidywanych kosztów jako kryterium optymalności. 
Wyprowadzono strategię minimalnych kosztów, udowadniając istnienie i jedyność.

Słowa kluczowe: Model wymiany okresowej, model sumowania uszkodzeń, limit kosztów naprawy, naprawa 
minimalna.

1. Introduction

Preventing unexpected failure of  the system during production 
process is very important because the production loss from system 
failure is very expensive, sometimes is very dangerous. In such situa-
tion, it is wise to replace the system before failure. Therefore, preven-
tive maintenance (PM) models with regard to deteriorating systems 
have widely attracted the attention of several researchers and prac-
titioners.

The system suffers external shocks, and then these shocks can in-
cur damage to the system. lai et al. (2006) divided shock models into 
five categories depending on the effect of shock damage to the sys-
tem: (1) Cumulative damage model; (2) Instantaneous failure model; 
(3) Increasing operating cost model; (4) Increasing failure rate model; 
and (5) δ-shock model. On cumulative damage model, the system is 
subjected to shocks and suffers some amount of damage such as wear, 
fatigue, crack growth, creep, and dielectric at each shock. The total 
damage due to shocks is additive, and the system can fail when the 
total damage exceeds a failure level. The reliabiity properties and pre-
ventive maintennace policies for variuos damage models were sum-
marized sufficiently in nakagawa (2007).

In cumulative damage model, many researchers have used the 
optimum control-limit policy where a system is replaced when the 
total damage exceeds a threshold level (Nagakawa (1976)). On the 
other hand, the replacement models where a system is replaced at a 
planned time T were proposed in Taylor (1975), Mizuno (1986), and 
Perry (2000). Furthermore, the replacement models where a system is 
replaced at shock N were proposed in Nagakawa (1984). 

Nakagawa and Kijima (1989) applied the periodical replacement 
policy with minimal repair at failure to a cumulative damage model 
and obtained the optimal values T*, N*, and Z*, individually. Kijima 
and Nakagawa (1991) considered a cumulative damage shock model 
with imperfect PM policy. Satow and Nakagawa (1997) presented 
a modified cumulative damage model and considered a system suf-
fers two kinds of damage. They proposed three replacement policies 
as following: the system can be replaced before failure at time T, at 
shock N or at damage level k, where k is less than failure level K. The 
optimal values T*, N*, and k* which minimize the expected cost rates 
of three replacement policies are obtained individually. Satow et al. 
(2000) continued the work of Satow and Nakagawa (1997). The sys-
tem is preventively replaced when the cumulative damage exceeds a 
threshold k. The optimal value k* which minimizes the expected cost 
is obtained.

Qian et al. (1999) presented an extended cumulative damage 
model with two kinds of shocks: one is failure shock and the other is 
damage shock at which it suffers only damage. The system is replaced 
at scheduled time T or at failure. Qian et al. (2003) considered an ex-
tended cumulative damage model with maintenance at each shock and 
minimal repair at each failure. The optimal values T* and N* which 
minimize the expected cost are obtained. Qian et al. (2005) consid-
ered a cumulative damage model, where the system undergoes the PM 
at a certain time T or the total damage exceeds a managerial level k. 
The optimal values T* and k* are obtained simultaneously. 

Ito and Nakagawa (2011) considered three cumulative damage 
models: (1) a unit is subjected to shocks and suffers some damage due 
to shocks. (2) The amount of damage due to shocks is measured only 
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at periodic time. (3) The amount of damage increases linearly with the 
time. The unit fails when the total damage has exceeded a failure level 
K. The optimal T* for Models 1 & 3 and N* for Model 2 are obtained. 
Recently, Nakagawa (2007) summarized a large amount of preventive 
maintenance optimization problems for cumulative damage model.

In PM models with minimal repair, Drinkwater and Hastings 
(1967) introduced firstly the concept of repair cost limit. When a unit 
fails, repair cost is estimated and minimal repair is then executed in 
case the estimated cost is less than a predetermined limit; otherwise, 
the unit is replaced. PM models with repair-cost limit policy have 
been discussed in several articles. Several extensions of these poli-
cies have been proposed in Kapur et al. (1983), Park (1985), Bai and 
yun (1986), Kapur and Garg (1989), and yun and Bai (1987, 1988). 
Dohi et al. (2000) applied the TTT method to determine the optimal 
repair-time limit, in which it wants to minimize the long-run expected 
cost per unit time in the steady state case. Continuously, Dohi et al. 
(2003) discussed it to minimize the expected total discounted over an 
infinite time horizon.

 In this paper, we consider a periodical replacement policy 
incorporating with the concept of repair cost limit under a cumulative 
damage model. The outline of this paper is as follows. In Section 2, 
the problem is defined. The long-term expected cost per unit time 

( , )sA T L  and the conditions characterising the optimal period T* are 
derived in Section 3. Finally, a numerical example and conclusions 
are presented in Sections 4 and 5, respectively.

2. Problem Definition

A system subjected to external shocks is considered and these 
shocks are supposed to occur randomly at a non-homogeneous Pois-

son process with an intensity function λ( )t . These shocks can be di-

vided into two types: type I shock and type II shock. A shock when-

ever occurs is type I and type II with probailities  (0 1)p p< ≤  and 

(1 )q p= − , respectively. Thus, we can know that the occurrences of 
type I and type II shocks are according to two non-homogeneous Pois-

son processes 1{ ( ), 0}N t t ≥ and 2{ ( ), 0}N t t ≥  with intensity rates 

p tλ( )  and q tλ( ) , respectively. The effects of two types of shock to 

the system are described as follows:
Type I shocks cause the damage to the system and these dama-

ges are additive. When a type I shock occurs, an amount iX  of dama-

ge due to this shock has a probability distribution ( ) ( )i iH x P X x= ≤  

and a finite mean µx , 1,2,3,...i = . Then the accumulated damage to 

the j-th type I shock after the installation 
1

W X
j

j i
i=

= ∑  has a distribu-
tion function:

 P W w H w
j

H Hj
j( ) ( )( )≤ = =

=
∗ ∗ ∗

1 0

1 2

                              
 HH w jj ( ), , , ,    =





 1 2 3
,  (1)

where the “*” mark is denoted the Stieltjes convolution, i.e., 

 
 0

( ) ( ) ( )ta b t b t u da u∗ ≡ −∫  for any function ( ) and  ( )a t b t . The prob-

abiliity that the number of type I shocks occurred in 0,t[ ) equals to j 

is given by. 
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( ) exp ( )
( ( ) ) ( ),
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j

j
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j

−
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where m t p x dxt
1 0
( ) ( )= ∫ λ

 
  denote the mean number of type-I shocks 

occurred in 0,t[ ) .

If the accumulated damage exceeds a failure level K, then a 
serious failure occurs and the system must be replaced by a new one. 
The probability that a serious failure occurs at j-th type I shock is 

( 1) ( )( ) ( )j jH K H K− − . let random variable Z denote the occurrence 
time of the first serious failure, so the survival function of Z is given 
by 

F t P Z t P W K P N t j W K P t H Kz N t j
j

j
j( ) ( ) ( ) ( ( ) , ) ( ) (( )

( )= > = < = = < =
=

∞
∑1 1

0
1 ))

j=

∞
∑

0
 (3)

and the density function of Z is f t p t H t H t P tz
j j

j
j

( ) ( ) ( ) ( ) ( )( ) ( )
,= −( )+

=

∞
∑λ 1

1
0

.

A type II shock whenever occurs makes the system into minor 
failure, and such a failure can be corrected by minimal repair. Hence, 

the probability that the number of  minor failures occurred in 0,t[ )  

equals to j is given by:

 
( )2 2

2 2
( ) exp( ( ))

( ( ) ) ( )
!

j

j
m t m t

P N t j P t
j

−
= = =  (4)

where m t q x dxt
2 0
( ) ( )= ∫ λ

 
  denote the mean number of minor failures 

during
 

0,t[ ) . 

When a minor failure occurs, the repair cost due to this failure is 

evaluated. We assume that the repair cost iY  due to i-th minor failure 
are nonnegative i.i.d. random variables with a probability distribution 

( ) ( )iG y P Y y= ≤ , 1,2,3,...i = .If iY  is smaller than a predetermined 
limit LS, then the system is corrected by minimal repair. Otherwise, 

the system is replaced. Thus, δ = >P Y Li s( )  is the probability of the 

system’s preventive replacement at the minor failure occurement. We 

let µy  
be the mean of random variable iY  truncated at LS. let random 

variable U denote the time of replacement due to minor failure has the 
following distribution:

F t P U t P N t j P Y L Y L Y Lu s s j s
j

( ) ( ) ( ( ) ) ( , , , ) exp(= > = = × < < < −
=

∞
∑ 2 1 2

0
 = δmm t2( ))  (5)

and the density function of U is f t q t m tu ( ) ( )exp ( )= −( )δ λ δ 2 .

Except the system replacement at a serious failure or at one minor 
failure in case that the corresponding repair cost is larger than LS, the 
system is also preventively replaced at a scheduled time T . In sum-
mary, the system is replaced at scheduled time T , or at a time of one 
minor failure where the repair cost exceeds a pre-determined limit 
LS, or at serious failure. The probabilities for these three cases will be 
computed as follows.

First, if all repair cost for minor failures occurred before T are less 
than LS 

and the accumulted damage due to type I shocks up to time T 

is less than failure level K, i.e., min( , , )Z U T T= , preventive replace-
ment is executed at scheduled time T. Thus, the probability that the 
system will be replaced preventively at scheduled time T is given by: 
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P Z U T P Z T P U T e m T P T H Kj
j

j
min( , ) xp ( ) ( ) ( )( )>( ) = >( )× >( ) = −( )

=

∞
∑δ 2 1

0
.(6)

Second, if min( , , )Z U T U= , the system will be replaced preven-
tively at some one minor failure that the corresponding repair cost 
is the first time larger than limit LS. Thus, the probability that the 
system will be replaced preventively at one minor failure is derived 
as follows:

P U T U Z P Z t f t dt H K P t m tT
u

j

j
j< <( ) = > = −( )∫ ∑

=

∞
, ( ) ( ) ( ) ( )exp ( )( )

0
0

1 2δ
00
T q t dt∫ δ λ( )  (7)

Finally, if min( , , )Z U T Z= , the system will be replaced at a seri-
ous failure. Thus, the probability of a failure replacement is given by:

P T Z U P U t P W K W P S t t tT
j j j

j
( , ) ( ) ( ) ( ( , )z

       

< < = > < ≤ ∈ +∫ ∑ −
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∞
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1
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                  = −( ) −( )+

=
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∑ H K H K m t Pj j

j
j

( ) ( )( ) ( ) exp ( )1

0
2 1δ (( ) ( )t p t dtT λ

0∫
 (8)

Moreover, the following assumptions are required:
  (a1) The system is monitored continuously, and all failures 

are detected immediately. 
  (a2) Repairs and replacements are completed  

 instantaneously.
  (a3) The steady state case is considered.

Moreover, the replacement that is executed at scheduled time T or 
at the occurrence of one minor failure where the repair cost exceeds 

limit LS  is called preventive replacement of cost 0C . While replace-
ment executed at serious failure is called failure replacement of cost 

1 1 0( )C C C> . Under a fixed limit LS, this problem is to find an optimal 

T* to minimize the long-term expected cost per unit time ( , )sA T L  in 
the steady state case.

3. Long-term expected cost per unit time 

A replacement cycle is actually a time interval between the in-
stallation of the system and the first replacement or a time interval 
between consecutive replacements. Therefore, the successive repla-

cement cycles will constitute a renewal process. let ( , )sR T L  and 

( , )SZ T L  denote the mean length of a replacement cycle and the 
expected total cost incurred during a replacement cycle, respective-
ly. By using renewal-reward theorem, we can see that the long-term 
expected cost per unit time in the steady state case is given by (Ross 
(1983)):

 
( , )( , )
( , )

s
s

s

R T LA T L
Z T L

= . (9)

Under the defined preventive maintenance policy, the expected 

length of a replacement cycle ( , )SZ T L  is given by: 

Z T L P T Z U t dt H K P t mS
j

j
j

T( , ) (min( , , ) ) ( ) ( )exp(( )= > = −
∞

=

∞
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0

10
 δ 22( ))t dt  (10)

If the system is replaced at scheduled time T, then the number of 

minor failures during 0,T[ ]  will be 2( )N T . If the system is replaced 

at time U, then the number of minor failures during [0,U] will be

2( )N U . And, if the system is replaced at the first serious failure, then 

the number of minor failures during [0,Z] will be 2( )N Z . Therefore, 

the expected number of minor failures until replacement is: 
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Furthermore, the expected total cost ( , )sR T L  during a replacement cycle can be dervied dervied as follows:
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Combining (10) and (11), the long-term expected cost per unit time ( , )sA T L  is obtained as follows:
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A necessary condition that a finite T* minimizes ( , )sA T L  under a fixed lS can be obtained by differentiating ( , )sA T L  with respect to T and 

setting it equal to zero. If we let  
( , )SdA T L
dT

 equal to zero, we have:
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For simplification, let ( )U T  denote the left-hand side of (14).

Theorem 1: If λ( )t  is an increasing function of t and 0lim ( )
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then ( )U T  is a strictly increasing function of t, and hence, the optimal 
T* is also unique. And, the resulting optimal long-term expected cost 
per unit time will be: 

* *( , ) ( )SA T L U T=

Conversely, if ( ) 0U T′ >  and U C( )∞ < 0 or ( ) 0U T′ ≤ , then T* is in-

finite.
In our model, we can have the following special cases:
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This is reduced to a periodical replacement policy with minimal repair 
at minor failure and with replacement at serious failure.

Case 2. If  and 1SL p→∞ = , then δ =1.  A T LS( , ) will be reduced to
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which is the same as in zuckerman (1980) and model 1 in Ito and 
Nakagawa (2011).

4. numerical example 

In this numerical example, we consider that external shocks occur 
randomly at a non-homogeneous Poisson process with an intensity 

function λ λ b( ) ,t t= −1 λ b> >0 0, . We assume that the shape pa-

rameter is set at b = 2 , and that λ λ( )t t=  is an increasing function 

of t. Suppose that the amount of damage iX  
due to the i-th type I 

shock has an exponential distribution with finite mean µx =12 , 

1,2,3,...i = . And, the failure level K of this system is set to be 100. So, 

the convolution ( ) (100)jH is computed as follows:
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tends to a fixed number and ( ) 1D ∞ → , then ( )U ∞ →∞ , as t →∞  . 

That means that 0lim ( )
T

U T C
→∞

> . According to the conditions of 

Theorem 1, we can see that the optimal T* will be finite and unique. 

We use Mathematical software “MAPlE” to compute ( , )SA T L  under different combinations of parameters λ, p and δ. In order to 

understand the effects on T* and *( , )SA T L  from different parameters, 
we consider two cases: 
 Case 1:  p=0.9, 0.8, 0.7, 0.6, 0.5 and λ=1.0, 1.5, 2.0, 2.5, 3.0, δ=0.1. 
 Case 2: δ=0.1, 0.15, 0.2, 0.25, 0.3, p=0.7, λ=2. 

The results of cases 1 and 2 are showed in Tables 1 and 2, re-
spectively. From tables, 1 and 2, we have the following conclusions: 

When (1) λ is greater, it is shown that the optimal preventive pe-
riod T* decreases but the minimum long-term expected cost 

per unit time *( , )SA T L  
increases. The greater λ implies that 

the failures of the system occurred easily, so the optimal T* 
must be shorter to prevent the occurrence of random failures.

When (2) p is smaller (and (1 )p− is greater), we can see that the 

optimal preventive period T* increases but the minimum 
*( , )SA T L  is firstly decreasing and then increasing. The small-

er p implies that the probability of replacing the system at seri-
ous failure is smaller, so the optimal T* can be longer.
When (3) δ is greater, it will be shown that the optimal preventive 
period T* and the minimum long-term expected cost per unit 

time *( , )SA T L  
increase simultaneously. The greater δ implies 

that the possibility of replacing of the system from serious fail-
ure is reduced slightly, so the optimal T* can be extended 
slightly.



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014 251

sciENcE aNd tEchNology

5. Conclusions

In this paper, a periodical replacement policy with repair-cost lim-
it under cumulative damage model is introduced, in which we derived 

the long-term expected cost per unit time ( , )SA T L  by incorporating 
costs due to replacement and minimal repair. This research verifies 

that under some specific conditions, the optimal period T* to minimize 

( , )SA T L  will be finite and unique. This work can be extended to con-
sider multi-unit system or include the concept of imperfect repair. 

Table 1. Optimal T* and *( , )SA T L  at different values of λ and p .

p=0.9 p=0.8 p=0.7 p=0.6 p=0.5

λ T* *( , )SA T L T* *( , )SA T L T* *( , )SA T L T* *( , )SA T L T* *( , )SA T L

1.0 4.14 324.4449148 4.36 322.9600534 4.62 322.1957584 4.93 322.4162087 5.31 324.0059950

1.5 3.38 397.3623157 3.56 395.5436502 3.78 394.6077033 4.03 394.8774576 4.34 396.8248869

2.0 2.95 458.8561575 3.09 456.7344917 3.27 455.6532650 3.49 455.9652071 3.75 458.2141217

2.5 2.62 512.9920485 2.76 510.6440824 2.92 509.4369527 3.12 509.7845672 3.36 512.2985146

3.0 2.39 561.9551858 2.52 559.3825379 2.67 558.0590004 2.85 558.4410978 3.07 561.1954111

Table 2. Optimal T* and *( , )SA T L  at different values of δ.

δ=0.1 δ=0.15 δ=0.20 δ=0.25 δ=0.30

λ T* *( , )SA T L T* *( , )SA T L T* *( , )SA T L T* *( , )SA T L T* *( , )SA T L

2.0 3.27 455.6532650 3.3 467.2935446 3.32 479.1248321 3.35 491.1283410 3.38 503.2854405
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ApplicAtion of fActoring And time-spAce simulAtion methods 
for Assessment of the reliAbility of wAter-pipe networks

zAstosowAnie metod fAktoryzAcji orAz symulAcjiczAsowo- 
przestrzennej do oceny niezAwodności sieci wodociągowych*

This article presents a method for determining the reliability of water-pipe networks through the application of factoring algo-
rithms. This is a method based on graph theory and graph reduction, making it possible to calculate the reliability of a system 
with a specific structure of connections between its elements without determining its reliability structure. The impact of damage to 
individual pipeline segments on a network’s overall reliability was also determined. In water-pipe networks, it is also particularly 
important to ensure that the appropriate parameters of water are maintained. Values of the water supply conditions index (WSCI) 
in the entire analysed network and changes resulting from damage to selected pipeline segments were determined by means of 
time-space simulation. The presented factoring and time-space simulation methods for determining WSCI index values are mutu-
ally complementary in the assessment of reliability. They make it possible to improve the credibility of reliability assessment and 
may be used to conduct rational usage of water-pipe networks.

Keywords: reliability of network systems, water-pipe network, factoring algorithm, time-space simulation.

W artykule przedstawiono sposób wyznaczenia niezawodności sieci wodociągowych przy wykorzystaniu algorytmu faktoryzacji. 
Jest to metoda oparta na teorii grafów i ich redukcji, umożliwiająca obliczenie niezawodności układu o określonej strukturze po-
łączeń między elementami ale bez wyznaczania jego struktury niezawodnościowej. Dla wybranej sieci wyznaczono wpływ uszko-
dzenia poszczególnych odcinków rurociągów na jej niezawodność. W sieciach wodociągowych szczególnie ważne jest  zapew-
nienie odpowiednich parametrów dostarczanej wody. Za pomocą symulacji czasowo-przestrzennej określono wartości wskaźnika 
warunków poboru wody WWPW w całej analizowanej sieci oraz jego zmiany, w efekcie uszkodzenia wytypowanych odcinków 
rurociągów. Przedstawione metody faktoryzacji i symulacja czasowo-przestrzenna, do wyznaczenia wartości wskaźnika WWPW, 
wzajemnie się uzupełniają w ocenie niezawodności. Pozwalają zwiększyć wiarygodność oceny niezawodności i mogą być wyko-
rzystywane w prowadzeniu racjonalnej eksploatacji sieci wodociągowych.

Słowa kluczowe: niezawodność układów sieciowych, sieć wodociągowa, algorytm faktoryzacji, symulacja czaso-
wo-przestrzenna.

1. Introduction

Reliability in a descriptive sense can be defined as the measure of 
trust that we have in a person or technical object that interests us. The 
development of reliability theory over the last decade or so has led to 
the elaboration of many methods of reliability assessment applied to 
solving a wide range of problems [1, 6, 7, 11]. The presented solutions 
pertain to both assessment of reliability and the risk of using water-
pipe networks and methods of searching for optimal solutions for 
the implementation of economically justified redundancy in network 
structures [1, 7, 11, 14, 18]. Another significant aspect is the provision 
of supply of sufficient amounts of water, which must also fulfil quali-
tative requirements, to end users [6, 13]. Since the 1980s, the sub-
ject of water line and sewage system reliability has been undertaken 
in parallel by the Cracow University of Technology and the Warsaw 
University of Technology in Poland [15]. A series of interesting solu-
tions have been found, which have been successfully implemented in 
practice for the control of water supply to users [2, 3].

This article presents the application of the factoring method for 
estimation of the reliability of water lines as a critical part of infra-

structure, for the purpose of indicating locations in the network that, if 
damaged, pose a threat to supplying users with water. For such points 
in the network, the Water Supply Conditions Index (WSCI) was deter-
mined [3]. This index is significant in the assessment of water supply. 
Analysis of obtained results was also conducted to indicate segments 
that would significantly impact network reliability if damaged.

Analysis was conducted on a selected part of the water-pipe net-
work being used under actual conditions.

2. Characteristics of a selected water-pipe network

The analyzed network consists of a transit system, water main, 
and distribution pipelines with diameters ranging from 100 [mm] – 
400 [mm]. In this work, terminals and pipelines with diameters of less 
than 100 [mm] were omitted, as they do not have a significant impact 
on the functioning and reliability of the system as a whole.

Most pipelines form closed rings; however, the presence of 
branched endings justifies the classification of this network both as 
a ring and branched network. A large number of closed rings has a 
positive influence on the reliability of the operation of this network, 
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because in the case of failure of one pipeline water can be supplied to 
a consumer via a different route. The elements with the greatest influ-
ence on the functioning of the entire system are pumping plants, along 
with delivery lines and reservoirs. A supply source system comprising 
pumping plants is advantageous here, as their location on opposite 
sides of this extended network results in better functioning of the sys-
tem, equalisation of pressure, and a high level of reliability.

The network supplies water to approximately 40 000 residents 
with an average demand for water amounting to about 10 000 [m3] 
daily. Users are located at heights fluctuating within the range of 
283,5–320 [m] above sea level. The highest areas are in the downtown 
area, around the existing z1 reservoir, and in the southwestern part of 
the city in the vicinity of the z2 reservoir.

The north pumping plant (P1) is situated at a height of 293 [m] 
above sea level and operates in the pressure range of 4,2 [MPa] – 6,1 
[MPa]. Water is supplied to the city through three transit pipelines 
running in parallel, with diameters of 200 [mm], 225 [mm] and 400 
[mm]. In the case of failure of one of the pipelines, the two remaining 
pipelines take on the burden of water supply to the city. The south 
pumping plant (P2) is situated 6 metres higher, and so its pumping 
parameters are lower: 3,5 [MPa] – 5,1 [MPa]. From the P2 pumping 
plant, water is supplied to the city by only one transit pipeline. Thus, 
there is a danger that in the case of failure of this pipeline, pumping 
plant P2 will be put completely out of operation, which may cause in-
sufficient pressure in the network and a decrease in comfortable water 
consumption for users. In such a situation, consumers situated at the 
greatest heights may be deprived of water from the network. The lo-
cation of the z1 reservoir in the downtown area is also advantageous 
because it additionally supplies areas with a greater population den-
sity and greater demand located farther from the pumping plant, and 
thus also stabilises pressure. Unfortunately, its ability to accumulate 
water in the event of failure is severely limited by its small capacity 
(550 [m3]).

This network was built in the 1970s and is made mostly of cast 
iron, polyvinyl chloride, and several steel segments. Thus the main 
causes of failure are leaks in connections of cast iron pipelines and 
material defects in plastic pipelines.

3. Applied methods of reliability analysis of the water-
pipe network

The connection structure of the water-pipe network shown in fig. 
1 is complex from the perspective of reliability. The factoring algo-
rithm was used to determine the reliability of the presented network. 
This is a method based on graph theory and graph reduction, making 
it possible to determine network reliability under the following basic 
assumptions [4, 9, 10, 16, 17]:

the analyzed network represents an undirected graph: –

 G = (V, E) (1)

where:
 V – set of graph peaks – nodes in the network (connection of 

more than 2 pipelines or a recipient connection point): 
V = (v1, v2,…,vn),

 E – set of graph edges – connections (pipelines) in the network: 
E = (e1, e2,…,em),

it is accepted that graph peaks, or nodes in the network, are  –
always in a serviceable state,
the probabilities of individual connections being damaged in  –
the network are to be assumed or determined by using e.g. sta-
tistical methods and data on malfunctions gathered for the given 
network or for networks exploited under similar conditions,
any incidents of damage are independent from one another.  –

Network reliability is defined as the probability of the existence 
of at least one serviceable connection between all nodes of set K in 
the network (2≤|K|≤|V|). This makes it possible to determine various 
measures of network reliability depending on the number of nodes 
contained in set K. When K=2, reliability is the probability of the ex-
istence of a connection between two nodes, e.g.: source – reception 
point or inlet – outlet. When K=V, reliability is the probability of the 
existence of a connection between all nodes of set v. In a water-pipe 
network, this can be interpreted as the probability that water supply is 
available for all nodes in set K, and thus, for all users. 

Determination of a dependency making it possible to calculate 
reliability is done by way of the appropriate reduction of the network, 
represented by an undirected graph, according to the following nota-
tion [4, 8, 9, 17]:

R(GK) = Rei∙R(GK|ei serviceable) + (1−Rei)∙R(GK|ei unserviceable)  (2)

 R G R R G e R R G eK i K i ei K i( ) ( ) ( ) ( )e= ⋅ ∗ + − ⋅ −′ 1  (3)

where:
G e V u v w E eK i i′ ∗ = − − + −( , )  – graph reduction when connection 
ei is serviceable; peaks at the ends of connection ei are subtracted from 
the set of peaks (V), a peak resulting from their connection is added in 
their place, and the reduced connection ei is removed from connection 
set (E),

  

G e V E eK i i− = −( , )  – graph reduction when connection ei is unser-

viceable; the peak set (V) is unchanged and connection ei is removed 
from the connection set.

Figure 2 demonstrates the method to reduce and obtain a depend-
ency for calculation of the measure of network reliability sought. 
Depending on the number of nodes in set K, system reduction is car-

Fig. 1. Structure of water-pipe network connections
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ried out according to the method presented in figure 2. The method 
from fig. 2a is applied only when all nodes are included in set K. The 
method from fig. 2b, presented here for K=2, is analogous for all cases 
where K<V.

The application of the presented method enables the reduction and 

determination of the reliability of a network system of any degree of 
complexity. However, the problem becomes significantly more com-
plicated as the number of connections in the network increases, be-
cause the reduction procedure is more time-consuming and the form 
of the final dependency is extensive [4, 10, 16, 18]. Figure 3 shows a 
fragment of reduction for a simple system where, for 7 connections, 
the final dependency is already extensive [10]. For more complex sys-
tems, such as the water-pipe network analysed here, it is necessary to 
use a computer program.

Besides providing water to recipients through undamaged pipe-
lines, it is particularly important to ensure the required parameter val-
ues of supplied water in a water-pipe network. This concerns both hy-
draulic parameters and those of chemical composition. In this paper, 
aspects related to the chemical composition of water will not be taken 
into consideration. As for hydraulic parameters, it is most important to 
ensure the required pressure values for all consumers and their ability 
to receive necessary amounts of water at any time [2, 3, 13].

Because the factoring algorithm does not account for the above as-
pects in its analysis, the ‘ISyDW’ program, developed at the Cracow 
University of Technology, was used to calculate hydraulic parameters 
of water supply to consumers [2,3]. The computational model applied 
in this program accounts for the following, among other things:

the structure of connections in the network, –
the diameters and lengths of all pipelines, –
flow resistance and resultant losses of pressure, –
altitudes of users in the network and the corresponding required  –
pressures,
variable outputs of network supply sources, –

capacities of reservoirs cooperating with the network, –
volume of water demand of consumers in the network. –

The program carries out a simulation of network operation, and 
the execution of calculations makes it possible to observe changes 
of hydraulic parameters at individual points in the network over a se-
lected time interval, the method in which the network functions, and 
changes in these parameters in the event of failure of pipelines, reser-
voirs, or network supply sources. The determined values for hydraulic 
parameters in the network are then compared to the required values. 
A convenient method of assessing the degree to which required pa-
rameter values are fulfilled is to observe the Water Supply Conditions 
Index (WSCI). This index defines the degree to which the capability 
to supply water to consumers is reduced. It is defined as the quotient 
of the volume of water consumption and the volume of demand. Full 
user comfort is defined as a WSCI of 1; when this value falls below 
1, users do not receive water with the appropriate parameters (pres-
sure in the network is lower than the required pressure, and the user 
cannot receive the required amount of water). For an individual node 
in the network, this value is determined according to the following 
dependency [2, 3]: 

 WSCI ZU
ZP

= ≤1  (4)

where:
ZU – value of water consumption,
ZP – value of water demand, which is known.

The ZU value is determined according to the dependency:

 ZU ZP h
h

= ⋅










min

0 5,
 (5)

where:
h – pressure in the node at a given moment in time,
hmin – minimum pressure in a given node providing full comfort of 
water consumption.

Depending on pressure value h in the node, the following situations 
are possible:

if  – h= hmin then ZU=ZP and WSCI=1,
if  – h= 0 then ZU=0 and WSCI=0,
if 0< – h< hmin then 0<ZU<ZP and 0<WSCI<1.

The value of the index for the entire network is the quotient of the sum 
of consumption values for all nodes and the sum of the demand values 
for all nodes at a given moment in time.

4. Results of calculations

Due to the labour demand related to reduction of the graph rep-
resenting the network analyzed in this paper, reliability calculations 
were carried out using a computer programme developed at the AGH 
Technical University [12]. 

The nodes in the network consist of all branches, connection 
points of the network with supply sources and user connection points. 
For the presented water-pipe network, all 28 nodes were included in 
set K. In this case, a state of network serviceability is every situation 
in which water transfer to every node in the network is possible, and 
calculated reliability is the probability of such a situation.

Network reliability, determined as the probability of the existence 
of a connection between all nodes, with changes dependent on the 
probability of connections remaining in a serviceable state, is pre-
sented on fig. 4.

Fig. 2. Method of system reduction according to the factoring algorithm:  
a) K=V, b) K=2

Fig. 3. Fragment of system reduction with seven connections for a case where 
K=V [9]
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The main goal of analysis is to determine the impact of damage to 
individual connections in the network on its reliability. To simplify the 
calculations presented further on in the paper, only one of the values 
from figure 4 was taken as a point of reference. This is a case in which 
the value of the probability of connections remaining in a serviceable 
state is expressed as Rp = 0,99, according to literature data elaborated 
on the basis of many years of study of water-pipe networks [5,15]. 
Network reliability, determined as the probability of existence of a 
connection between all nodes, is then equal to Rs = 0,95997. 

The determined values of network reliability in the event of dam-
age to a given connection, as well as the impact of connection damage 
on network reliability expressed as a percentage, are shown in figures 
5 and 6. The zero value of reliability in fig. 5 signifies that damage to 
a given connection causes a state of network unserviceability in terms 
of the accepted assumptions. There is no way water can be transferred 
to the node at the end of this connection. In the case where a supply 
source is located at the end of the damaged connection, it cannot supply 
water to the network. These connections (24, 33, 35, 36) can be seen as 
critical from the perspective of the reliability of the analyzed network.

It can also be seen that if certain connections in the ring structures 
are damaged, this will not cause a state of network unserviceability; 
however, such damage has a decidedly larger influence on the reli-
ability of the network as a whole. Such critical connections are: 9, 
10, 11, 12, 17, 19, 23, 25, 28, 29, 34, 39. Thus, it turns out that from 
the perspective of maintaining the cohesion of the network structure 

and the capability of supplying water to all nodes in the network, the 
serviceability of these connections is also of great significance. 

Next, assuming damaged connections in the network, a simula-
tion of network functioning was carried out in the ISyDyW program 
and WSCI index values were determined. Each time-space simulation 
was carried out for a full day. Based on information from the use of 
actual networks, it was assumed that the time to repair a damaged con-
nection would not exceed 1 day [2,3]. 

When reservoirs and pumping plants are operating correctly, the 
WSCI index for the entire network is equal to 1. Temporary disen-
gagement of a reservoir does not cause a reduction in comfortable 
water consumption, whereas total planned closing of a reservoir at 
peak hours causes a reduction of the WSCI value to 0,9 for several 
nodes. This means that the small number of consumers supplied from 
these nodes and residing at the highest altitudes may be affected by 
insufficient pressure. If reservoir closing is unplanned, then the entire 
western part of the city is subject to slight inconvenience (WSCI = 
0,9), and in the vicinity of several nodes, this inconvenience is signifi-
cantly greater (at peak hours WSCI = 0,3 – 0,4). 

Failure of a 200 [mm] or 225 [mm] transit pipeline (connection 
1, 2) from pumping plant P1 does not have a significant impact on 
WSCI. However, failure of the 400 [mm] pipeline (connection 3) at 
peak hours causes a drop in WSCI value in several nodes on the west 
side of the city to 0,9, and, at the most disadvantageous point, to 0,7. 
However, the effects of disconnection of this pipeline can be mini-
mised by increasing the output of pumping plant P2.

In the case of total shutdown of pumping plant P1 at the most 
disadvantageous time of day, the WSCI index in the eastern part of 
the network reaches a value of approximately 0,85; in the western 
part 0,15 – 0,55.

The most difficult situation occurs when pumping plant P2 is shut 
down (damage to connection 24). Pressure drops throughout the city, 
and in the eastern part, the greatest values of the WSCI index are in 
the range of 0,8 – 0,9 and fall to 0,5 at peak hours. However, in the 
western part of the city, WSCI fluctuates in the range of 0,15 – 0,55. 
This means that the water supply needs of only 50% of consumers are 
met. The course of changes of the mean WSCI index determined for 
the entire network during a given day is shown in figure 7. It is clearly 
visible that in the hours from 3 pm to 11 pm, water supply conditions 
will deteriorate significantly.

Based on the calculations, it can be stated that the most significant 
connections in the analyzed network are designated by the numbers: 
17, 24, 25, 28, 33. Damage to these connections significantly aggra-
vates water supply conditions at certain points in the network and in 
large areas of the network.

A list of the most important connections indicated by reliability 
analysis and time-space simulation has been presented in table 1. 
Connections of the greatest significance have been marked with the 
“X” symbol. 

The results obtained in both methods show a certain convergence. 
It can, however, be seen that not all connections indicated in the re-
liability analysis are significant from the perspective of time-space 

Fig. 4. Network reliability as a dependency of the probability of serviceability 
of its connections

Fig. 5. Network reliability in the event of damaged connections

Fig. 6. Percentage of impact of a damaged connection on network reliability

Fig. 7. Change in mean WSCI if connection 24 is damaged
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simulation and have a weaker influence on the determined value of 
the WSCI index. 

Differences mainly result from different approaches to the prob-
lem in the two methods. Reliability analysis determines whether water 
can be transferred to all points in the network with connections being 
damaged within a certain probability. The most important connections 
are determined in terms of the fulfilment of this condition.

In time-space analysis, certain quantities not taken into considera-
tion in reliability analysis were accounted for. These include both the 
diameters and lengths of individual pipelines as well as loss of flow 
and variable outputs of supply sources. The obtained results make it 
possible to determine whether, and to what degree, required hydraulic 
parameters of water will be supplied to consumers. 

It can thus be said that the methods are complementary, and in the 
final assessment of network reliability, connections indicated as sig-
nificant in both methods should be given special consideration. The 
critical connections indicated in both methods (17, 24, 25, 28, 33, 35, 
36) are the most important from the perspective of structural relia-
biltiy as well as the ability to ensure required water supply conditions 
for consumers in the network. This constitutes a direct guideline for 
undertaking necessary inspection and technical activities in order to 
ensure their correct functioning.

In the case under consideration, the following can be recommended:
impose strict inspection of: construction work, and particularly  –
of performance of excavations and other work involving heavy 
machinery performed in the area of critical pipeline segments,

in the case of water main pipelines (24, 25), the construction of  –
a backup should be considered (as in the case of pumping plant 
P1), particularly if further development of the existing network 
is planned and in light of the fact that segment 24 is the only 
connection between pumping plant P2 and the network.

5. Conclusions

The presented factoring and time-space methods used to deter-
mine the values of the WSCI index are mutually complementary in 
the assessment of reliability and can be used to conduct rational usage 
of water-pipe networks.

 Running a time-space simulation in order to determine WSCI 
index values and to assess structural reliability of the water-pipe net-
work leads to the identification of critical pipeline segments, which, 
if damaged, could cause the greatest inconvenience to water users. 
Ensuring the appropriate supervision and technical inspection for 
these parts of the network is a significant element of usage strategy, 
because water supply systems are one of the most critical parts of 
the infrastructure, of particular significance to the functioning of the 
country and its citizens. Accordingly, ensuring their safe and reliable 
operation is a particularly important matter. 

Table 1. Most important connections in the network indicated by both computing methods

Damaged  
connection no.

Influence on 
structural reli-

ability

Influence on wa-
ter supply condi-

tions to recipients 
(WscI)

Minimum mean 
WscI value during 

the day calcu-
lated for the entire 

network

Minimum WscI 
value during the 
day for the worst 
point in the net-

work

9 x @1 0,98

10 x @1 0,98

11 x @1 0,98

12 x @1 0,96

17 x x 0,97 0,37

19 x @1 0,98

23 x @1 0,98

24 X X 0,48 0,13

25 x x 0,86 0,13

28 x x 0,91 0,13

29 x @1 0,98

33 X X 0,56 0,13

34 x @1 0,98

35 x @1 0,98

36 x @1 0,98

39 x @1 0,98
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grzegorz BoceWIcZ

robustness of multimodAl trAnsportAtion networks

model oceny odporności multimodAlnych sieci trAnsportowych*
This paper describes a declarative approach to modeling a multimodal transportation network (MTN) composed of multiple 
connecting transport modes, such as bus, tram, light rail, subway and commuter rail, where within each mode, service is pro-
vided on separate lines or routes. The considered model of a network of multimodal transportation processes (MTPN) provides 
a framework to address the needs for transportation networks robustness while taking into account their capacity and demand 
requirements. Therefore the work focuses on evaluation of the network robustness allowing distinguished multimodal processes to 
continue in order to accomplish trips following an assumed set of multimodal chains connecting transport modes between origins 
and destinations. Consequently, a solution to the problem of prototyping robust transits on a given multimodal network is imple-
mented and tested. The conditions that guarantee the network robustness, taking into account disruptions of supply and demand as 
well as operational control, are provided. The aim of investigations is to provide a tool for evaluating the robustness of a network 
of multimodal transportation processes as well as different travel modes through a transportation network.

Keywords: multimodal networks, transportation systems, cyclic scheduling, robustness, multimodal processes, 
state space, cyclic steady state.

Dynamiczny rozwój infrastruktury komunikacji miejskiej obejmującej linie autobusowe, trolejbusowe, tramwajowe, linie metra, 
kolei podmiejskiej, itp. składające się na tzw. Multimodalne Sieci Transportowe (MST) rodzi wiele nowych problemów. Wśród 
ważniejszych z nich warto wymienić problemy planowania obsługi ruchu pasażerskiego w sytuacjach związanych z awariami 
elementów infrastruktury, wypadkami losowymi czy też z obsługą imprez masowych. Wiadomo, że istnienie rozwiązań dopusz-
czalnych gwarantujących zakładaną przepustowość infrastruktury warunkuje tzw. odporność MST na ww. zakłócenia. W tym 
kontekście, niniejsza praca przedstawia pewien deterministyczny model multimodalnej sieci transportowej złożonej z połączonych 
stacjami przesiadkowymi, linii komunikacji miejskiej. Składające się na sieć, pracujące w zamkniętych cyklach, linie komunikacji 
miejskiej pozwalają obsłuchiwać ruch pasażerski na wybranych kierunkach np. północ-południe. Obsługiwane strumienie pasa-
żerów modelowane są jako tzw. multimodalne procesy transportowe. Wprowadzone miary odporności MST, umożliwiające ocenę 
rozważanych wariantów infrastruktury, pozwalają na wyznaczenie warunków spełnienie, których gwarantuje dopuszczalną jakość 
obsługi ruchu pasażerskiego. Umożliwiają, zatem zarówno planowanie obsługi pasażerów na wybranych trasach, jak i kształto-
wanie struktury rozbudowywanej i/lub modernizowanej sieci komunikacji miejskiej.

Słowa kluczowe: sieci multimodalne, systemy transportowe, harmonogramowanie cykliczne, odporność na 
zakłócenia, procesy multimodalne, przestrzeń stanów, cykliczne przebiegi ustalone.

1. Introduction

Multimodal route planning that aims to find an optimal route 
between the source and the target of a trip while utilizing several 
transportation modes including different passenger/cargo transporta-
tion systems, e.g. ship, airline, Agv systems, train and subway net-
works, are of significant and fast growing importance [9, 11, 14, 16, 
20]. Multimodal transportation process (MTP), i.e. a set of transport 
modes which provide connection from the origin to the destination, 
executed in a multimodal transportation network (MTN) can be seen 
as passengers and/or goods flow transferred between different modes 
to reach their destination [5]. 

MTPs planning problems, i.e. taking into account MTPs routing 
and scheduling can be found in different application domains (such 
as manufacturing, intercity fright transportation supply chains, multi-
modal passenger transport network combining several unimodal net-
works as well as data and supply media flows, e.g., cloud computing, 
oil pipeline and overhead power line networks) [1, 3, 5, 6, 8, 15, 16]. 
The problems concerning multimodal routing of freight flows and 
scheduling of multimodal transportation processes (MTPN) schedul-
ing, are NP-hard [7, 12]. 

The local transportation processes serviced by different transporta-
tion modes, while executed along unimodal networks (lines), are usual-
ly cyclic. Hence, MTPs supported by them also have the periodic char-
acter. That means that the periodicity of MTPN depends on periodicity 
of unimodal (local) processes executed in MTN. Of course, the MTPN 
throughput is maximized by the minimization of its cycle time. 

Apart from such typically used objectives as the maximization of 
a user’s (e.g. a passenger) benefits and/or the minimization of a pro-
vider’s (e.g. public transport service bureau) costs, the present paper 
discusses the importance of a network structure in assuring a robust 
network. In other words, a network structure design, that is efficient 
at handling traffic in normal conditions and provides spare capacity in 
exceptional situations, is of our main interest. 

Therefore, the considered problem can be seen as a problem of 
robust MTPN designing where the assumed demand objectives are 
satisfied. That is, assuming each line is serviced by a set of stream-like 
moving transportation means (vehicles) and operation times required 
for travelling between subsequent stations as well as semaphores 
ensuring vehicles mutual exclusion on shared stations are given, the 
main question concerns MTPN timetabling, for instance guaranteeing 
the shortest time of passengers’ itinerary following a given direction. 
MTN capacity determines a maximum traffic flow obtainable with 
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use of all available lines and roads. In turn, a network demand reflects 
its users’ perspective, i.e. MTPs encompassing traveling passengers 
itineraries and conditions, taking into account factors such as the 
quality of transport options available and their prices. Depending on 
different supply and demand as well as operation control disruptions 
the MTPN timetabling and, consequently, the time of the passengers 
trip, following different itineraries, may dramatically differ. In that 
context, special attention is devoted to disruptions causing MTPNs’ 
deadlock occurrence while threatening MTP by congestions arise. 

The declarative models employing the constraint programming 
techniques implemented in modern platforms such as OzMozart, 
IlOG, [2, 3, 4] seems to be well suited to cope with MTPs plan-
ning problems. Since a problem of robust MTPNs design remains 
still open, the sufficient conditions guaranteeing the assumed level of 
MTN’s robustness are of primary importance. Therefore, constraints 
stating the sought conditions can be formulated in terms of MTPN 
declarative model as well. 

To the best of our knowledge, there is no research paper on cyclic 
scheduling of MTPs subjected to assumed robustness of MTPN mod-
elled in terms of SCCPs. The existing approach to solving the SCCPs 
scheduling problem is based upon the simulation models, e.g. the Petri 
nets [17], the algebraic models [18] upon the (max,+) algebra or the 
artificial intelligent methods [10]. The SCCP driven models, assum-
ing a unique process execution along each cyclic route while allowing 
to take into account the stream-like flow of local cyclic processes, 
e.g. buses servicing a given city line, studied in [5], do not take into 
account the MTP robustness factor. Therefore, this work can be seen 
as a continuation of our former investigations conducted in [2, 3, 4, 5, 
19]. In that context, our paper provides contribution to a time and/or 
distance robust path-finding problem [13, 14] within the environment 
of multimodal transportation network as well as its possible imple-
mentation in the route advisory systems solving the Multi-Criteria, 
Multi-Modal Shortest Path Problem [9]. 

The rest of the paper is organized as follows. We start by intro-
ducing a concept of multimodal transportation network (MTN) and 
then provide its representation in terms of a system of concurrently 
flowing cyclic processes (SCCP) encompassing a network of mul-
timodal transportation processes (MTPN) while allowing for mul-
timodal transportation processes (MTPs) modeling. The MTPN ro-
bustness issues in different contexts of supply and demand as well as 
operation control disruptions (disruptions leading to the deadlocks) 
are discussed.

Next, we present the formulation of the problem of robust MTPN 
designing where network’s capacity and demand objectives are si-
multaneously taken into account. Afterwards, we discuss the implica-
tions of adopting different robustness measures and following from 
them network robustness conditions. Then, we discuss and compare 
the results obtained through the model for an arbitrarily chosen set 
of MTPs. In the final section, we briefly summarize our results and 
provide some concluding results. 

2. Multimodal Transportation Network

Multimodal Transportation Network (MTN) concerning the or-
ganization of city traffic and the network of public transportation can 
be modelled with focus on the network of city serviced lines and/or 
routes. Subway or tram lines as well as bus routes form cycles inter-
connected via common shared interchange stations or closely situ-
ated (short walk-distance) transportation mode specific stations. The 
means of transportation servicing a particular line mode can be seen 
in turn as transportation processes enabling passengers to move along 
their destination route. 

2.1. Structure of Multimodal Processes Network

The MTPN seen as a network of vehicles periodically circulating 
along cyclic routes (see Fig. 1a) can be modeled in terms of Systems 
of Concurrently flowing Cyclic Processes (SCCP) shown in Fig. 1b). 
vehicles are used for the transport of passengers following two direc-
tions: north-south (blue line – mP1) and east-west (red line – mP2). 
These routes, setting the courses of multimodal processes, are com-
posed of fragments of the local mode transportation lines (trams and 
busses). In the considered case, there are six means of transportation: 
trams (P1, P3, P5) and busses (P2, P2′ , P4). 

The SCCP is assumed to include two types of processes:
local processes –  (representing modes of transport – P1, P2, P3, 
P4, P5), whose operations are cyclically repeated along the set 
routes (sequences of successively visiting stations). For the sys-
tem from Fig. 1b), the line linking stations R1, R2, R8, R9 provide 
two buses that can be modeled by two streams, P2 and P2′, re-
spectively. The routes of local processes are defined as follows: 
p1=(R7, R2, R3), p2=p2′=(R1, R2, R8, R9), p3= (R1, R5, R4), 
p4= (R3, R4, R6), p5= (R8, R10, R9).  
The i-th operation (executed on resource Rk) of the local proc-
ess Pj (or its stream) is denoted by oi,j and ti,j denotes the time 
of its execution.
multimodal processes –  (mP1, mP2) representing streams of 
passengers. Operations of the multimodal processes are im-
plemented cyclically along routes being compositions of 
fragments of routes of local processes representing resources 
used for transporting materials along a given route. For the 
system from Fig. 1b), the routes of multimodal processes 
(i.e. itineraries of passenger streams) are defined as follows: 

mP1 = ((R10, R9),(R9, R1, R2),(R2, R3),(R3, R4, R6)), mP2 = ((R7, R2, 
R3),(R3, R4,),(R4, R1, R5)).

Similarly as before the i-th operation of the multimodal process, mPj 
is denoted by moi,j and mti,j denotes the time of its execution.

Process operation are implemented on two kinds of resources: lo-
cal resources (each of them is used by only one process of a given 
kind – R5, R6, R7, R10) and shared resources (each of them is used by 
more than one process of a given kind: R1−R4, R8, R9). 

The local processes use resources that are shared in the mutual ex-
clusion mode, i.e. in a given moment only one local process operation 
of a given kind can be implemented on a resource (in other words one 
station can be occupied by only one transportation mode).

The access to shared resources of local processes, is given in the 
sequence determined by the dispatching rules Θ. It is assumed that 
Θ = {σ1,…,σk,…,σlk }, where σk – is the sequence whose elements de-
termine the order in which the processes (or their streams) are provid-
ed with access to the resource Rk. In case of the system from Fig. 1b), 
the access to shared resources is determined by the following rules:

σ1 = (P2, P3, P2′), σ2 = (P1 ,P2 ,P2′), σ3 = (P1 ,P4), σ4 = (P3, P4), σ8 = (P5, P2, P2′),
 σ9 = (P5, P2, P2′).

The subsequent operation starts right after the current operation is 
completed, providing that the resource indispensible to its implemen-
tation is available. While waiting for the busy resource, the process 
does not release the resource which was assigned for implementing 
the previous operation [4]. Moreover, an assumption is made that 
processes are of non-expropriation nature, and the times and sequence 
of operations performed by the processes do not depend on external 
interferences.

The parameters described above constitute the structure of SCCP 
that determines its behavior. Formally, the structure of SCCP is de-
fined as the following tuple [4]:
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 SC=((R,SL),SM) , (1)

where: R= {Rk | k=1,...,lk} – set of resources, 
SL=(P,U,O,T,Θ) – structure of local processes, where:
P={Pi | i=1…ln } – set of local processes (streams), Pi – i-th process, 
U={ pi = (pi,1,… ,pi,j,… ,pi,lr(i) ) | i=1…ln} – set of routes of local proc-

esses, pi – i-th route, p(i,j) ∈ R – resource required for imple-
menting j-th operation of the process Pi, 

O={Oi = (oi,1,..,oi,j,...,oi,lr(i) ) | i=1…ln} – set of sequences of opera-
tions, oi,j – j-th operation of the process Pi,

T={Ti= (ti,1,… ,ti,j,… ,ti,lr(i) ) )| i=1…ln} – set of sequences of opera-
tion performance times , ti,j – time of performing an opera-
tion oi j

h
, , 

Θ={σk=(sk,1,...,sk,d,...,sk,lh) | k=1…lk} – set of dispatching rules, σk – 
dispatching rule for the resource Rk, sk,d – local process, lh– 
length of the rule σk,

SM = (mP,mU,mO,mT) – structure of multimodal processes, where:
 mP={mPi | i=1…lw} – set of multimodal processes mPi, lw- 

number of the processes 

 mU={mpi = (mpi,1,…,mpi,j,…,mpi,lm(i) | i=1…lw} – set of routes 
of multimodal processes, mpi – i-th route, 

 mO={ mOi
h = (moi,1,...,moi,j,...,moi,lm(i) | i=1…lw} – set of se-

quences of operations, moi,j – j-th operation of the process 
mPi,

 mT={mTi = (mti,1,… ,mti,j,… ,mti,lm(i) | i=1…lw} – set of sequenc-
es of operation times, mti,j – time of operation performance 
moi,j.

2.2. Behavior of Multimodal Processes Network

In the systems of concurrent cyclic processes, the behavior is usually 
presented [2, 3, 4], as schedules determining the moments of initiat-
ing all the operations implemented within them. Fig. 2b) provides an 
example of such a schedule that determines the way of implementing 
the processes of SC structure from Fig. 2a).
The presented schedule is an example of the cyclic behavior, i.e. the 
successive states of the processes are reachable within the constant 
period (the operations of local and multimodal processes are repeated 
within the period α=7 time units [t.u.]).

Fig. 1. An example of MTPN a) and corresponding SCCP model b)

Fig. 2. Example of SCCP structure a) and the corresponding cyclic schedule b)



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014262

sciENcE aNd tEchNology

In this approach, each behavior can be represented by a sequence 
of successive states (subsequent allocations of processes, as well suc-
cessively changing, according to the rules Θ of access rights). In case 
of the schedule from Fig. 2b), it is a sequence of 7 states S0, S1, …, S6. 
Formally, the SCCP state is defined as follows [4]:

 Sr=(Slr, mSr ),  (2)

where Slr means the rth state of local processes: 
 Slr = (Ar,Zr,Qr),
 Ar = (a1

r,a2
r,…,ak

r,…,alk
r) – allocation of local processes in the 

r-th state, ak
r ∈ P ∪ {∆}; ak

r=Pi – allocation meaning that the 
resource Rk occupied by the process Pi, and ak

r=∆ – means 
that the resource Rk is unoccupied.

 Zr = (z1
r,z2

r,…,zk
r,…,zm

r) – sequence of semaphores of the r-th 
state, zk

r ∈ P  – semaphore determining the process (an 
element of rule σk), which has an access to the resource Rk 
next in the sequence, i.e. zk

r=Pi means that process Pi is the 
next to access the resource Rk.

 Qr = (q1
r,q2

r,…,qk
r,…,qm

r) – sequence of semaphore indexes of 
the r-th state, qk

r – index determining the position of the 
semaphore value zk

r in the dispatching rule σk, qk
r ∈ ℕ. For 

example, if a semaphore z2
r indicates the process P1: z2

r=P1 
which is the second element of the dispatching rule σ2, then 
q2

r = 2. 
mSr – means the r-th state of multimodal processes:

 mS mA mA mAr r
i
r

l
r= … …( )1 , , , , ,

 mA ma ma ma mai
r

i
r

i
r

i k
r

i m
r= … …( ), , , ,, , , , ,1 2  – sequence of 

allocations of a multimodal process mPi in the r-th state, 
ma mPi k

r
i, ,∈{ }∆ , mai,k

r = mPi – allocation means that the 
resource Rk is occupied by the process mPi, and mak

r =∆ – 
means that the resource Rk is unoccupied.

Behaviors of the system characterized by various sequences of 
subsequently reachable states Sr (2) can be illustrated in a graphical 
form as the state space 𝒫. Fig. 3a) shows an example illustrating this 
possibility for the system from Fig. 2a). If we take the graph-theoreti-
cal interpretation of the space 𝒫, the diagraph corresponding to it is 
represented by the pair 𝒫=(  ,  ), where   means a set of admissible 

SCCP states [4], ⊆  ×   means a set of arcs representing transi-
tions between SCCP states (transitions take place according to the 
function Sf=δ(Se ) described in [4]. 

Cyclic behaviors of SCCP are connected with the presence of cy-
cles (e.g. cycle in digraph G1) in the space 𝒫. A sequence of states 
being part of a cycle is called as a cyclic steady state.

Formally, the cyclic steady state is the sequence 
D S S S SC

d d d di i ld= … …( )+1 1, , , , ,  of various admissible states 

S Sd di i, + ∈1  , in which each pair of states satisfies the expression  

S Sd di i+ = ( )1 δ , i=1…(ld−1) and S Sd lp dld1 = ( )δ .

The states of space 𝒫 leading to the shared cyclic steady state DC 
constitute a coherent digraph called Whirlpool W(DC) (Fig. 3b).

 W D G D G DC C T
D DT DT C

( ) = ( )∪ ( )














∀ ∈ ( )




.
 (3)

where: G(DC ) – digraph consisting of cyclic steady state DC,
G(DT ) – digraph consisting of sequence of states DT leading to the 

cyclic steady state DC, DT ∈ DT(DC ), where: DT(DC) – set 
of all sequences of states leading to DC,

G1 ∪  G2 – sum of digraphs G1=(V1,V1) and G2=(V2,E2):  
G G V V E E1 2 1 2 1 2∪ ∪ ∪= ( , ) ,  

G G G G for G G G GiG G a ai∈
⋅ = ∪ ∪ ∪ ={ }* , , , ,*


 





1 2 1 2   

An example of a whirlpool is presented in Fig. 3b). It shows clear-
ly that the initiation of process implementation of any state belonging 
to this whirlpool consequently results in cyclic state DC.

It must be emphasized that not all digraphs of the state space 𝒫 
result in a cyclic steady states DC. Some states lead to deadlock states 
S* (marked with the symbol ⊗), which means system interruption 
caused by a closed-loop resource request occurrence.

An example of a deadlock caused by a closed-loop resource re-
quest is illustrated in Fig. 3a). In the state S*, the process P2 waits 
for releasing the resource R3 by the process P1, the process P1

 waits 
for releasing the resource R5 by the process P3 and the process P3 
waits for the access to resource R1. The access to resource R5 is pos-
sible only for the process P2; yet, it cannot reach the resource as it is 

Fig. 3. The states space 𝒫 determined by structure from Fig 2a), and the basic components of 𝒫 b) 

.
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blocked by P1. In practice, we face such situations when buses (trams) 
queue up in the order of service different that that required in a given 
station. In the considered case, bus P2 is the last in the queue though 
it is the first to be served. As a result, such deadlocks stop the work 
of the system. 

States causing deadlocks constitute the other type of behavior di-
graphs: Tree (Fig. 3b): 

 Tr G DS T
D DT ST

*

*
( ) = ( )















∀ ∈ ( )



.
, (4)

where: G(DT ) – a digraph consisting of sequence of states DT 
leading to the deadlock state S*, DT ∈ DT(S*); DT(S*) – a set 
of all sequences of states leading to the deadlock state S*. 

Whirlpools and trees are the two basic components of the state 
space 𝒫. Whirlpools make it possible to estimate the presence of cy-
clic steady states (determining the collision-free and deadlock-free 
transport of passengers in MTN). Trees enable determining dangerous 
states that lead to deadlocks (e.g. traffic congestions).

2.3. Disruptions in Supply and Demand

Determining the state spaces is the subjects of numerous investi-
gations [2, 3, 4]. One of the properties of the considered SCCPs is the 
fact that once obtained behavior (cyclic steady state DC that guaran-
tees meeting the requirements of a user, deadlock S*) does not change 

Fig. 4. Example of structural disruption in system from Fig. 1, stream failure P′2 a) , connection failure R8 – R9 b)

Fig. 5. The change of the state space generated by Fig. 4 while cussed by structural disruptions 
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until the work conditions of the system are changed (e.g. change in the 
parameters of structure SC). An alteration in conditions of this kind 
may be caused by a number of external disruptions. Among disrup-
tions in supply and demand, two types of disruptions can be distin-
guished:

 structural disruption: disruptions related to changes in the struc- –
ture SC including, among others, addition or removal of a proc-
ess (e.g. a new bus) – see Fig. 4a), changes in process routes 
caused by failures of transport lines (the railway/street tracks) 
– see Fig. 4b), resources failure (the tram/bus stations), etc.
behavioral malfunction: disruptions related to changes in the  –
way processes are implemented (disruptions of the system 
state Sr) including:
delays in the course of operation implementation (changes in • 
duration of operation ti,j). SCCPs systems subjected to this 

kind of disruptions have the ability to return to cyclic steady 
states unaided [5], 
disruption in operation control resulting in changes in the cur-• 
rent access rights to the shared resources (changes in values of 
semaphores Zrand indexes Qr related to them). Such disrup-
tions include failures of traffic lights, railway signal, etc.

Examples of structural damages are presented in Fig. 4. We are 
considering a situation when the removal of stream P2′ (line P2′ bus 
broke down) – see Fig. 4a), and next there was a failure in the connec-
tion between resources R8 and R9 – see Fig. 4b). Consequently, the 
route of the local process P2 was changed into p2=(R1,R2,R8,R10,R9); 
in practice it means that bus P2, changed its itinerary. When such a 
series of disturbances occurs the question arises whether it is pos-
sible to maintain the cyclic behavior of the system.

Figure 5 shows state spaces 𝒫0, 𝒫1, 𝒫2 generated by the structures 
of SCCP affected by subsequent failures. In case of the first failure, 

Fig. 6. Schedules illustrating changes of SCCP behavior caused by structural disruptions: leading to the cyclic steady state – disruption from Fig 4a) a), leading 
to the cyclic steady state – disruption from Fig 4b) b), leading to the deadlock c)   
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changing the state space from 𝒫0 to 𝒫1results in the transition of the 
system from the state S0 to St1, which leads to cyclic steady state DC,1. 
Generally, disruptions of this kind (removing processes) lead back to 
the cyclic steady state; these disruptions were subjected to investiga-
tions described in [5].

In case of the next disruption (removal of the connection R8 – R9), 
the behavior of the system is not that obvious. Figure 5 presents two 
possible scenarios for the further behavior of the system, depending 
on the state in which the disruption occurred. The occurrence of a 
disruption is equivalent to changing the state space to 𝒫2, where the 
state S'4 passes to the state Sr1, and the state S'2 passes to the state Sd1 
(as a result of changing the itinerary of the process P2, some values of 
semaphores and indexes change – they are marked with a frame  ).

It is clear that the occurrence of a disruption in the state S'4 re-
sults in disturbances in the behavior of the system manifested by the 
states (i.e. Sr1, Sr2) leading to a new cyclic steady state DC,2. On the 
other hand, the disruption in the state S'2 (see Fig. 6c) results in states 
leading to the deadlock S*. Schedules illustrating the described-above 
transitions are presented in Fig. 6.

As the described example shows, the occurrence of the structural 
disruption in SCCP causes a change of states and, consequently, the 
current state of the system. Further behavior of the system depends on 
the fact whether the newly obtained state is a part of a whirlpool (lead-
ing to a cycle, as Sr1) or a tree (leading to a deadlock, as Sd1). 

2.4. Disruptions in Operation Control

A change in the structure SC caused by the occurence of structural 
disruption leads to the change in the state space (e.g. a change from 
𝒫0 to 𝒫1 and 𝒫1 to 𝒫2). However, such situations do not happen in 
case of behavioral malfunction, and especially in case of disruptions 
in operation control. Disruptions of this kind do not lead to the physi-
cal damage of the structure (connection failure, removal of a process, 
etc.) and, consequently, they do not cause changes in the space state. 
It means that the change of the current state space, resulting from a 
disruption, occurs in the same space.

An example illustrating a situation of this kind is shown in Fig. 7. 
The considered disruption is of the operation control type. Its idea is 
to change the current access rights to resources (by changing sema-
phores Z1 and corresponding indexes Q1). For example, the disruption 
in the state S1 consists of changing the access rights to the resource R3 
(from 𝒫1 to 𝒫2) and R5 (from 𝒫1 to 𝒫3). The change of this kind re-

sults in a transition of the system into the state St1 which, subsequently 
(through the states St1 and S6) can return to the cyclic steady state DC,1. 
In practice, such a disruption may mean a signaling system failure in 
the stations R3 and R5, which results in the change of servicing order 
of trams and buses in these stations. Another example, this time lead-
ing to deadlock (see Fig. 7), is the disruption in the state S3.

Similarly as in case of structural damages, the system’s ability to 
return to cyclic steady state after the disruption of operation control 
depends on the system’s ability to pass to the state included in the 
whirlpool. 

3. Problem formulation

The existence of states leading to cyclic steady state, among states 
resulting from a disruption, proves the system’s ability to self-organ-
ize. The system’s robustness results from this ability. It is assumed 
that the robustness is expressed as:

 Rob dist
NC dist
NT dist

( ) = ( )
( )

 (5) 

where:
Rob(dist) – robustness of SCCP to disruption dist; Rob(dist) ∈[0,1]; 

Rob(dist) = 0 – means the lack of robustness, i.e. 
disruption dist will always lead to a deadlock,  
Rob(dist) = 1 – means full robustness to disruption dist, 
regardless of the disruption state, the system always returns 
to the cyclic steady state,

𝒫dist  – state space imposed by disruption dist,
NC(dist) – number of states leading to cyclic steady states contained 

in 𝒫dist, 
NT(dist) – number of states contained in 𝒫dist, NT(dist)=|  dist |.

According to (5), in all the cases discussed so far, the system’s 
robustness to disruption dist should be regarded as the ratio of the 
number of whirlpool’s states to states of the space 𝒫dist. The value, 
obtained in this way, determines the natural robustness (denoted as 
Rob0 (dist) determined by the structure of the system SC (1). 

Owing to the fact that in many cases occurring in practice [2, 3, 
4] the state space 𝒫dist includes mainly digraphs of the tree type, the 
value Rob0 (dist) does not exceed 0.5. That means, that over 50% 
of possible disruptions lead to stoppage of the system (deadlocks). 

Fig. 7. The state space 𝒫0 generated by the system from Fig. 2 due to disruptions in operation control a), Gantt’s diagram illustrating the changes in a system 
behavior b)
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Therefore, investigations are carried out aiming at MTN structure de-
sign robustness of which is higher than Rob0 (dist). In general case 
the robustness of a MTN depends on its structural features (such as 
redundancy, density, and so on) and on control mechanism employed 
in course of synchronization of concurrently executed flows. In that 
context, the present work attempts to determine these conditions for 
disruptions in operation control. Within this approach, the considered 
problem takes the following form: 

There is a given MTN network modelled by SCCP with the struc-
ture SC (1). The robustness of the system Rob0 (dist) to disruptions 
in operation control is known. The answer to the following question 
is sought: Are there any conditions (e.g. determining the methods of 
controlling the system) guaranteeing Rob(dist)>Rob0 (dist)?

4. Robustness Conditions

In our further considerations, let’s make an assumption that we 
are constraining to disruptions in operation control (e.g. disruptions in 
signaling – see Fig. 7). According to the previously made annotation 
(see point 2.4), it means that, as a result of a disruption, the state space 
does not change: 𝒫dist=𝒫.

In such a space, only states belonging to whirlpools make it pos-
sible to return to cyclic steady state. (see Fig. 7). It means that the 
increase in robustness (5) comes down to determining whether it is 
possible to reach cyclic steady states from states that do not belong to 
whirlpools. In other words, it is crucial to answer the following ques-
tion: Is the transition between structures of the whirlpool type and the 
tree type possible in space 𝒫 (Fig. 8a)?

As Fig. 8a) shows, that this kind of transition depend on the exist-
ence of a state that is, at the same time, an element of both the tree and 
the whirlpool. However, the presence of such states in space 𝒫 is not 
acceptable [3]. Transitions of this kind may occur only 
as a result of modification of elements (semaphores 
and indexes) of the proper states (e.g. S* and S4). For 
this purpose, the properties referring to states possess-
ing the same allocation are used.

Figure 8b) shows the implementation of process 
operations of the system from Fig. 2 caused by the dis-
ruption in state Sz1 (the disruption consists in change of 
access rights to the resource R3). As a result of the dis-
ruption, the system passes to the state Sz1, which leads 
to a deadlock (state S*). It is noticeable that the alloca-
tion of local processes of state S* is identical as the al-
location in the state S4: A*=A4. In practice, it means that 
in the state S* means of transport (buses and trams) are 

in the same stations as in the state S4. Hence, the deadlock is caused 
by improper assignment of access rights to resources (signaling that 
controls the order of service in stations). It means that it is enough 
to change the access rights to resources and the system will return to 
cyclic steady state. In the considered case, such a change comes down 
to changing semaphores from Z* to Z4 (on the resource R1 the access 
P2 is changed into the access for P3).

The example above shows that in certain situations (e.g. concern-
ing structures of the tree type) it is possible to return to cyclic steady 
state as a result of changing current values of semaphores (signaling). 
However, a condition must be fulfilled that the states, between which 
the transition happens, are characterized by the same allocation of 
processes. This observation leads to the following property:

Property 1
If in the space 𝒫 there are two states Sa ∈ VTr (S*), Sb ∈ VW (DC,2) 

(where: VTr (S*) –set of states belonging to the tree Tr(S*) (4), VW 
(DC,2) – set of states belonging to the whirlpool W(DC,2) (3)) possess-
ing the same allocation of local processes Aa = Ab, then the whirlpool 
W(DC,2) (and, consequently, cyclic steady state DC,2) is reachable 
from the tree Tr(S*).

The presence of states that make it possible to return to cyclic 
steady state increases the system’s robustness to disruptions in opera-
tion control. The evaluation of the presence of such states (as well 
as determining their number) requires searching through the states of 
𝒫 in order to identify the same allocation of processes. In the situa-
tion when the cyclic steady state DC,1 (being a part of the whirlpool 
W(DC,1) and the tree Tr(S*) are known, determining the states pos-
sessing the same allocation comes down to searching through all the 
admissible pairs of states, i.e. elements of the set VW (DC,1)×VTr (S*). 
The proper algorithm has the following form:

Fig. 8. An example of a return to cyclic steady state in the state space from Fig. 3

Algorithm 1

function StatesCoAll W D V D E D Tr S V S E SC W C W C Tr Tr( )) ( ), ( ) , ( ), ( ), , ,
* * *

1 1 1= ( ) ( ) = ( )( )
 AC ← ∅
 forall Sa ∈ VTr(S*)
  forall Sb ∈ VW(DC,1)
   if Aa = Ab then AC ← AC ∪ (Sa,Sb)
   end
  end
 end
 return AC
end
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Fig. 9. State space of the system from Fig. 1

Fig. 10. State space of the system from Fig. 1 with highlighted states possessing the same allocation (set AC) and states leading to them (set AD)

where: W(DC,1) =(VW (DC,1),EW (DC,1)), Tr(S* ) = VTr (S*), ETr(S*)) – 
input data: whirlpool related to cyclic steady state DC,1, and 
the tree leadig to the deadlock S*,

 AC – set of pairs (Sa,Sb ) of states possessing the same alloca-
tion.

The result of Algorithm 1 is the set AC of pairs of states (Sa,Sb) 
possessing the same allocation: AC⊆VW (DC,1)×VTr (S*). If we as-
sume, for simplicity reasons, that the considered digraphs (W(DC,1), 
Tr(S*)) have the same number of states (determined by ld), the compu-
tational complexity of the proposed Algorithm 1 is estimated by the 
quadratic function f(ld) = (ld 2 ). 

The presented algorithm makes it possible to estimate the reach-
ability of only two selected digraphs W(DC,1), Tr(S* ) ∈ DG (DG – set 
of digraphs of the space 𝒫). Investigating the reachability between all 
the digraphs of the set DG comes down to evaluating the reachability 

of each pair of this set. The computational complexity of a procedure 

of this kind amounts to: f ld dg dg dg ld dg DG( , ) ( ) ( | |)= − ⋅ =
1
2

2 2 .

Owing to the polynomial character of the computational complex-
ity function, the problem of evaluating the reachability of whirlpools 
seen as subspaces of 𝒫 is easy to handle. 

It must be emphasized that all states of the set AC make it pos-
sible to return to the cyclic steady state as a result of changes in the 
values of semaphores. Therefore, using these states in the process of 
returning the system to the cyclic steady state enhances the system’s 
robustness to the existing disruptions:

 Rob dist
VW AC AD

NT dist
( ) = + +

( )
 (6)
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where: VW – set of states constituting whirlpools of the state 𝒫, AC 
- set of states possessing the same allocations, AD – set of 
states leading to the states of the set AC.

Contrary to (5), with the expression (6), the states that make it 
possible to return to cyclic steady state include not only states of the 
set VW, but also states with the same allocation (set AC) and all the 
states leading to them (set AD).

5. Numerical Example

The developed approach to determining states possessing the same 
allocation was used to evaluate the robustness of the system from Fig. 
1 to disruptions in operation control. For this purpose, the state space 
𝒫 (see Fig. 9) was determined with use of the method presented in [3]. 
The space 𝒫 includes 414 states, out which 198 states are elements of 
whirlpools (in the space there are two whirlpools leading to two cyclic 
steady states). The robustness (5) of such systems to disruptions in 
operation control (disruptions which do not lead to changes in state 
space) amounts to Rob(dist)=0.4783. In practice, it means that over a 
half of disruptions (if we assume that all disruption are equally prob-
able) lead to the stoppage of the system (deadlock).

The robustness of the system can be enhanced by taking into ac-
count states possessing the same allocation in the process of returning 
to cyclic steady state. These states were determined on the basis of 
algorithm 1. Figure 10 shows the space 𝒫 of the system from Fig. 1 
along with states with the same allocation (set AC) and states leading 
to them (set AD). Owing to the knowledge about these states it is pos-
sible to return to the cyclic steady state even when the system passes to 
a state belonging to a tree. An example of such a transition is present-
ed in Fig. 10 – the transition between the states S1, Sd1, S*, St1, S0. By 
taking into consideration states of the sets AC and AD the robustness 
of the system (6) can be increased to the value Rob(dist)=0.6891.

6. Conclusions

The article has discussed the major disruptions in the labor of sys-
tems with cyclic multimodal processes and focused mainly on disrup-
tions in operation control. In order to evaluate the robustness of NTN 
to this kind of disruptions the measure Rob(dist) has been introduced: 
it determines the system’s ability to return to the cyclic steady state.

In order to enhance the robustness of NTN, an approach based on 
a property which states that the return to the cyclic steady state is pos-
sible from states possessing the same allocation, is proposed.

In this case, the return is possible as a result of change in ac-
cess rights (semaphores) to the shared resources. The analyzed ex-
ample shows that owing to the fact that these states are classified as 
the so-called “safe” states the robustness of system can be increased 
by as much as 44% (the value Rob(dist) has risen from z 0.4783 up 
to 0.6891). 

The proposed algorithm of determining states possessing the same 
allocation is characterized by polynomial computational complexity. 
Therefore, it is possible to use this approach in networks with a scale 
that is met in practice. 

The use of the proposed conditions (Property 1) is restrained to 
disruptions in operation control. That is why, further investigations 
will focus on an attempt to expand the developed conditions to the 
area of disruptions including, among others, the structural disruption. 
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1. Introduction
The Common Rail injectors are the most sensitive, i.e. damage-

able, elements of the fuel delivery system of modern car engines [7, 8, 
10]. This is chiefly due to exceptionally difficult operation conditions 
which may include, among others, high pressure and temperature, bal-
listic phenomena, turbulent fluid flow, etc. Defects appear as a result 
of the normal wear of needle and nozzle assemblies and actua-
tors, occurring usually after the time of longer operation or use 
of considerable intensity. There are also defects being induced 
by erosion and cavitation, in particular in the vicinity of nozzle 
holes and control valve seat [1, 5, 6, 9, 12, 13]. In some cases, 
however, hugely accelerated processes take place, leading to 
premature damages. Failure wear, being also called pathologi-
cal wear, may occur due to the use of fuels with inappropriate 
physicochemical properties (viscosity, density, water and sul-
phur content) and those being contaminated, for example, with 
the filings from faulty high-pressure pump [2, 5, 6, 7, 9, 12]. 
The external damages, resulting from the improper assembly 
and disassembly of injectors being performed inconsistently 
with the recommendations of manufacturer or without special-
ist tools, e.g. slide tampers, hydraulic instruments, bench vices, 
repair kits, torque wrenches, etc., are a separate group.

2. Research objective
The Denso solenoid injectors are characterised by the design and 

the principle of operation being similar to the Bosch first-generation 
products which have been comprehensively discussed in the literature 

[2, 3, 8, 10]. Therefore, the verification of respective parts is similar, 
focusing in particular on evaluation of the wear of: needle, nozzle 
tip, guide plunger, control unit (valve, body, mounting). Figure 1 also 
presents the elements which are taken into account when injector ad-
justment is needed, i.e. pressure spindle (full load fuel charge) and 
calibration and needle washers (pilot fuel charge and idle run fuel 
charge, respectively).

The principal objective of this study was to provide a cognitive, 
factual evaluation of the repairability of Denso injectors, considering 
the given assumptions, i.e. lack of access to spare parts and neces-
sity to determine guidelines for respective disassembly and assembly 
stages. These processes required an adapter to be prepared for un-
screwing and screwing a nozzle nut which, due to wrench sizes, is not 

sToecK T, osIPoWIcZ T, aBraMeK KF. Methodology for the repair of Denso common rail solenoid injectors. eksploatacja i niezawodnosc – Main-
tenance and reliability 2014; 16 (2): 270–275.

Tomasz sToecK
Tomasz osIPoWIcZ
Karol Franciszek aBraMeK

methodology for the repAir of 
denso common rAil solenoid injectors

metodykA nAprAwy wtryskiwAczy elektromAgnetycznych 
ukłAdów zAsilAniA common rAil denso*

This paper presents the problems of Denso Common Rail solenoid injector verification and repair. Due to conscious policy of the 
manufacturer who does not offer spare parts or special tooling, their servicing comes down most frequently to external cleaning, 
internal rinsing by the thermo-chemical method, and testing on test benches. Based on the analysis of failures and malfunctions 
being most frequently observed, own methodology for the repair process have been presented, specifying the successive stages of 
disassembly and final assembly. A possibility of effective fuel metering correction has been demonstrated, which is presented on 
the example of injectors in a 2.2 HDI engine of Citroën Jumper II delivery van.

Keywords: compression-ignition engine, injectors, repair, adjustment.

W artykule przedstawiono problematykę weryfikacji i naprawy wtryskiwaczy elektromagnetycznych Common Rail firmy Denso. Ze 
względu na świadomą politykę producenta, który nie oferuje części zamiennych i specjalistycznego oprzyrządowania, ich obsługa 
sprowadza się najczęściej do czyszczenia zewnętrznego, płukania wewnętrznego metodą termochemiczną oraz testowania na 
stołach probierczych. W oparciu o analizę najczęściej spotykanych uszkodzeń i niesprawności, zaprezentowano własną metodykę 
procesu naprawy, z wyszczególnieniem kolejnych etapów demontażu oraz montażu końcowego. Wskazano na możliwość efektyw-
nej korekty dawkowania, którą pokazano na przykładzie wtryskiwaczy silnika 2,2 HDI pojazdu Citroën Jumper II.

Słowa kluczowe: silnik o zapłonie samoczynnym, wtryskiwacze, naprawa, regulacja.

Fig. 1. A diagram showing Denso solenoid injector
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provided with the tooling being used when servicing injectors made 
by other manufactures. The second objective, of an utilitarian  nature, 
was to make an attempt to determine a method for the correction of 
fuel charge, the value of which was not within acceptable limits dur-
ing the tests being performed.

3. Test object and test bed

The test object were Denso solenoid injectors which had been 
removed from a 2.2 HDI (High Pressure Direct Injection) engine 
of Citroën Jumper II delivery van with the mileage of 148 thousand 
km. It is a four-cylinder, 16-valve compression-ignition engine with 
a maximum power of 88 kW, with Common Rail direct fuel injection 
system. The repair of injectors was conducted on laboratory stands 
at vASCo Co. ltd in Mierzyn near Szczecin, co-operating with the 
Department of Automotive Engineering of the West Pomeranian Uni-
versity of Technology (zUT) in Szczecin. The following tests were 
used in this process: 

test benches (Diesel Bench CRU 2 zapp, Diesel Tech DS2 • 
zapp),
Fl150/70 microscope with a camera for recording digital im-• 
ages on a PC-class computer,
MIC-40700 lCR meter,• 
Flexbar IP54 digital micrometer,• 
ultrasonic cleaners (Elma Elmasonic S 10 H, Carbon Tech Ul-• 
trasonic Bath S15/C2),
GRS Tools POWER HONE diamond grinder,• 
vices and injector disassembly and assembly kits,• 
torque wrenches.• 

4. Test scope and methodology

Tests were conducted according to an own methodology adopted 
which included three successive implementation stages (Fig. 2).

The steps included in respective stages match the standard Bosch 
procedures. The basic difference is the third step of repair introduced 
by the manufacturer, basing on the equipment and instrumentation 
dedicated solely for own products. A distinctive feature of the current 
technology in operation is earlier adjustment of injectors in order to 
obtain correct results on a test bench. The methodology being pre-

Fig. 2. Methodology for the repair of injectors being analysed

Table 1. Examples of the most frequent external damages of Denso injectors

Type of 
part

Type of 
defect

Possible 
causes

Main 
body

cracking Incorrect assembly on or disassembly from engine (too strong tightening of 
the mounting yoke, no lubricant, wrong tools selected)

Deformation 
of shape

Incorrect assembly on or disassembly from engine; grinding of the surface is 
required to aid injector mounting

contamination, coking
long-term operation of engine; fuelling with poor quality fuels or those with 
high level of vegetable component; combustion of lubricating oil due to 
scavenge phenomena

High pressure connector

Deformation 
of shape Incorrect assembly on or disassembly from engine (tightening the injection 

pipe nut with too high torque, strong impact)Thread 
damage

control 
solenoid 
valve

Damages to plastic housing Incorrect assembly on or disassembly from engine

Damage 
to nut

Incorrect assembly or disassembly (tightening with too high torque, wrong 
tools selected)

Damage to electrical con-
nection Incorrect assembly or disassembly of feeder cable plug

Damage to overflow pipe 
and connector Incorrect assembly or disassembly

nozzle

nozzle tip 
damage

overheating; unauthorised cleaning

contamination, coking
long-term operation of engine; fuelling with poor quality fuels or those with 
high level of vegetable component; combustion of lubricating oil due to 
scavenge phenomena

nozzle tip 
burning

long-term and intensive operation of engine, fuelling with poor quality fuels

Deformation 
of holes

long-term operation of engine; fuelling with poor quality fuels; high com-
bustion temperatures; erosion and cavitation processes
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sented is a classic approach based on the long-standing workshop and 
laboratory practice but being possible to use in a much broader scope. 
It assumes a correction of fuel charges only after the results of initial 
test stage have been obtained. Furthermore, successive stages may be 
modified as required, enabling the repair of solenoid injectors of dif-
ferent types and manufactures. In the case of the Denso products, it 
was necessary to make an adapter for nozzle nut.

4.1. Stage I

First of all, the injectors were prepared to initial test. After their 
removal from the engine, the injectors were evaluated by visual as-
sessment and completeness check of components. Examples of ex-
ternal damages, detectable in this stage, are summarised in Table 1. 
Next, theirs were identified, reading the numbers on the main body 

and entering them into the memory of test benches in order to carry 
out the measuring stage.

The washing of injectors in ultrasonic cleaners was carried out so 
that control solenoid valves were not immersed in the cleaning fluid. 
This is because the plastic housing may soften and insulation may be 
damaged. Duration of this process did not exceed 30 min. Next, the 
injectors were dried and purged with compressed air.

The procedure of initial test was started checking the solenoid coil 
resistance and inductance and its fault to frame. This testing should 
be treated as a supplementary (additional) one because inspection 
of injectors on test benches includes within its scope basic electrical 
measurements. It should also be noted that defects of the element un-
der discussion in Denso products have been occasionally encountered 
during several years of practice, which does not find confirmation in 

Table 2. Preset test parameters when measuring injector delivery rate

Type of fuel 
charge

Injection
Pressure [MPa]

Injection time
[μs]

Set value of injection fuel 
charge

[mg/skok]

Set value of return fuel 
charge

[mg/skok]

Full load 160 910 47,74 ± 6,93 32,90 ± 32,90

emission (half-load) 80 720 18,28 ± 4,20 25,00 ± 25,00

Idle run 25 710 3,90 ± 1,84 15,00 ± 15,00

Pilot 80 320 1,84 ± 1,22 15,00 ± 15,00

Table 3. Examples of the most frequent internal damages of Denso injectors

Type of part Type of defect Possible causes

control valve unit

scratching or deformation 
of valve seat

Too large half-ball travel; poor fuel quality and fuel contamination; improper 
filtration; presence of solids (faulty pump); erosion and cavitation processes

scratching of valve spindle 
surface

Poor fuel quality (lubricating ability) and fuel contamination; improper filtra-
tion; presence of solids (faulty pump)

Damages to the surface of 
valve body and mounting

Poor fuel quality and fuel contamination; improper filtration; presence of 
solids (faulty pump); erosion and cavitation processes

corrosion of the surface of 
valve body and mounting Poor fuel quality (sulphur and water)

guide 
plunger

surface scratching or sei-
zure

Poor fuel quality (lubricating ability) and fuel contamination; improper filtra-
tion; presence of solids (faulty pump)

surface 
corrosion

Poor fuel quality (sulphur and water)

nozzle

seat 
deformation

Poor fuel quality and fuel contamination; improper filtration; presence of 
solids (faulty pump)

Worsening of the needle 
and nozzle assembly coop-
eration

abrasive wear as a result of natural processes 

surface scratching or sei-
zure

Poor fuel quality (lubricating ability) and fuel contamination; improper filtra-
tion; presence of solids (faulty pump)

Pressure face corroding Poor fuel quality (sulphur and water)

contact zone overheating long-term and intensive operation of engine; too high temperature of 
operation

needle

Worsening of the needle 
and nozzle assembly coop-
eration

abrasive wear as a result of natural processes

Damage to needle cone
Poor fuel quality (lubricating ability) and fuel contamination; improper filtra-
tion; presence of solids (faulty pump)surface scratching or sei-

zure

surface 
corroding

Poor fuel quality (sulphur and water)

contact zone overheating long-term and intensive operation of engine; too high temperature of 
operation



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014 273

sciENcE aNd tEchNology

the assessment being presented in the paper by Kuszewski and Us-
trzycki [11].

In injector measurements made on testers, the following initial 
tests were carried out:

electrical test „eRlC” (• Resistance, Inductance, Capacitance), 
except the capacitance being checked for the products with pi-
ezoelectric elements,
leakage test „lkT” (Static leak Test),• 
nozzle opening pressure test „noP” (• Nozzle Opening Pressure),
volume test „ivM” (• Injector Volume Metering) for respective fuel 
charges, the parameters of which are summarised in Table 2.

4.2. Stage II

To unscrew nozzle nuts, a special adapter was made, using a 30 
mm hexagonal iron (Fig. 3). This was a necessary condition to carry 
out disassembly because adapters for injectors of other manufacturers 
have different dimensions.

When unscrewing the nut, a torque of 150 Nm should not be ex-
ceeded because the sealing surface may be permanently damaged and 
the pins locating nozzle position against a fuel feed hole may be shorn. 
After this step, an access to the following elements was gained:  nee-
dle, lower spring, needle washer, spindle ,and guide plunger. It should 
be noted that any resistance occurring when removing the latter from 
the main body is evidence of permanent seizure and impossibility to 
repair the injector.

Before disassembling the upper part, scribing markings were 
made, locating the original position of control solenoid valve against a 
high pressure connector. The unscrewing of nut enabled the following 
elements to be removed: valve shim and spring washer, upper spring, 
and half-ball valve. Access to the body and mounting, co-operating 
with the latter, required a special triple-bit wrench to be applied.

All parts, except solenoid valve, were rinsed in ultrasonic cleaners 
and then dried and  purged with compressed air. Their evaluation and 
verification was done by the visual method (organoleptic assessment), 
as well as at high magnification of laboratory microscope. A sum-
mary of the most frequent internal defects, detectable in this stage, is 
presented in Table 3. Possible correction of fuel charges should take 
place after last stage, before assembling the injectors and carrying out 
the main tests.

4.3. Stage III

In the first instance, upper parts of the injectors were assembled, 
preserving the reverse order to disassembly. The tightening torque for 
the valve body should not exceed 75 Nm. The mounting of half-ball 
is important so that its flat surface is outside the seat. It must also be 
remembered that the original position of solenoid valve coil against a 
high pressure connector is to be preserved. Threads for solenoid valve 
and nozzle nuts should be lubricated with white mineral oil and their 

tightening should be done with torques amounting to 10–15 Nm and 
45 Nm.

Inspection of the injectors on test benches was carried out in a 
similar way to that for the initial test. Owing to that, a comparison of 
the test results from before and after the repair was possible. Next, the 
injectors were assembled on the engine, the operation of which was 
assessed during a test drive.

5. Results and discussion

Evaluation of the injectors did not show any external defects or 
missing components. After the preparation stage, initial tests were per-
formed, the results of which are summarised in Table 4 and Figures 4 
and 5. Electrical measurements excluded a failure solenoid coils, while 
no fault to frame in them was found in the supplementary test (outside 
test bench) These findings were consistent with the guidelines being 
presented by other authors [8, 9]. In the leakage tests, no fuel leaks on 
injector tips were found, while fuel overflow delivery rates were mini-
mal. Also the nozzle opening pressure was positively evaluated. Any 
failures in this respect would induce an immediate termination of the 
test stage, disqualifying a given injector from further tests.

The analysis of fuel delivery rate in the „ivM” test showed that 
idle run fuel charges for injector 2 and 4 were too small, amounting to 
1.78 mg/stroke and 1.94 mg/stroke, respectively. The results pointed 
to the worsening of the needle and nozzle assembly co-operation, 
which became apparent only when setting low pressure on a tester. 
Malfunction of this type is one of the most frequently detectable de-
fects, being also encountered in the products of other manufacturers, 
but it is usually observed in the injectors of engines with a relatively 
low operational mileage. In such cases, a change in the initial stress of 
lower spring is required, which reduces the lift of needle at low pres-
sure and in consequence the charge of injected fuel. The correction of 
fuel charge is conducted by reducing needle washer thickness.

The process of disassembly was carried out for all products being 
analysed, mainly to wash and carefully verify their components. It 
can, however, be simplified in the situation when only idle run fuel 
charge adjustment is assumed, which requires the nozzle itself to be 
unscrewed and taken to pieces. Due to the fact that needle washer 
replacement is not possible, its butting face was ground off on a GRS 
Tools POWER HONE grinder. An assumption was made, like in the 
case of Bosch injectors, that thickness reduction by 0.1 mm would 
allow obtaining an increase in fuel delivery rate by about 1,5 mg/
stroke. The size of fuel charges in the products being positively evalu-
ated was also taken into account i order to obtain relatively similar 
injection parameters. Therefore, the thickness of needle washers in 
injectors 2 and 4 was reduced from 1.33 mm to 1.27 mm. Before as-
sembling, evaluation of all parts was made in a microscopic examina-
tion, focusing in particular on the needle and nozzle assembly and 
actuators. No internal damages were detected.

The findings of main tests show that adjustment of the injec-
tors being repaired produced advantageous results (Figs 6 and 7). 
An increase in idle run fuel charges by a predicted value of 0.75 and 

Fig. 3. An adapter enabling nozzle nut to be unscrewed

Table 4. Results of the initial tests for the Denso injectors being analysed

Injector 
number

Electrical test „eRLC”
Leakage test
„LKT” [MPa] 

Nozzle open-
ing pressure 

test „NOP” 
[MPa]

Coil resist-
ance [Ω]

Coil in-
ductance 

[μH]

1 0,54 181 81,80 16,00

2 0,72 184 82,70 18,50

3 0,55 179 90,30 15,50

4 0,72 179 86,80 16,00
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0.76 mg/stroke. This means an improvement in the co-operation of 
needle and nozzle assembles because needles in both products stopped 
to be blocked when setting low pressure. As a result, more fuel will 
go to given cylinders of the drive unit, while the rotational speed will 
not be lowered.

An intermediate effect on other fuel delivery rates was observed, 
in particular reduction of the fuel amount on most overflows. In in-
jector 2, this effect occurred only with the full load, while for other 
fuel charges (emission, idle run and pilot fuel charges) the increase 
was negligibly small. In this respect, the repair process should be also 
positively assessed because excessive amount of fuel on the return 
might manifest in difficulties in starting the engine, its spontaneous 
stoppage, and observable loss of power at different load ranges. In the 
products being analysed, these problems should not be found. The test 
results being obtained on test benches and the verification of parts, in 
which other causes were excluded, e.g. damages to valve unit, loss of 
internal leak-tightness, nozzle hole plugging, is evidence of this.

Figure 8 presents the histogram of Denso solenoid injector re-
pairs in vASCo Co. ltd which were performed in the time period 
of October 2012 – February 2013. The data referring to the products 
being acknowledged operational represent the unimodal distribution, 
being characterised by a moderate right-side asymmetry. The obtained 
results indicate a high efficiency of this process with mileage to 200 
thousand km but in most cases a correction of idle run fuel charge 
was necessary. Considerably less observations are grouped within the  
ranges being found at the end of the series. This is because the repairs 
become groundless with no spare parts, while the cleaning itself and 
adjustment brought selective benefits only. As a consequence, it was 
decided to limit acceptance of the injectors from motor-car engines 
with high operational mileage for repair.

Fig. 4. Results for injected fuel delivery rate according to injection pressure 
obtained from the initial test for the injectors being analysed

Fig. 6. Results for fuel injection and fuel return charge according to injection 
pressure obtained from the initial test for the analysed injectors after 
repair

Fig. 5. Results for fuel return charge according to injection pressure obtained 
from the initial test for the injectors being analysed

Fig. 7. Differences in fuel injection and fuel return charge according to injec-
tion pressure in the injectors being repaired

Fig. 8. Histogram of Denso solenoid injector repairs
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6. Conclusions

The results of own study show that the repair of Denso Common 
Rail injectors may be conducted but its efficient depends on many 
factors. A crucial issue is the initial condition, and more specifically 
the type of malfunction being found, which - with lack of spare parts 
- may exclude a given product. This refers in particular to the needle 
and nozzle assembly and actuators, including control valve unit and 
guide plunger. The workshop practice shows that application of the 
substitute parts being found on the market is not is not indicated be-
cause, in respect of their quality, they decidedly fall behind the origi-
nal elements, leading to accelerated (pathological) wear. A relatively 
numerous group is also external damages, developing frequently when 
disassembling or assembling the injectors which is performed without 
the tooling required or not observing the servicing procedures.

The proposed procedure methodology specifies the scope of ac-
tivities to which attention should be paid during the repair process. 
Also, an adapter of own design has been presented, the making of 
which allowed disassembling the nozzle unit. The obtained results 
have broaden the scope of Denso solenoid injector servicing, which is 
usually reduced to external washing, internal cleaning and testing on 
test benches. However, it is noteworthy that, out of consideration for 
the aforesaid limitations, correction of respective fuel charges is pos-
sible for motor-car engines with a relatively low mileage, so for those 
with no serious internal damages.
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compArison study of heAvy hAul locomotive wheels’ 
running surfAces weAring

bAdAniA porównAwcze zuŻyciA powierzchni bieŻnych kół 
lokomotyw duŻej mocy

The service life of railway wheels can differ significantly depending on their installed position, operating conditions, re-profiling 
characteristics, etc. This paper compares the wheels on two selected locomotives on the Iron Ore Line in northern Sweden to 
explore some of these differences. It proposes integrating reliability assessment data with both degradation data and re-profiling 
performance data. The following conclusions are drawn. First, by considering an exponential degradation path and given opera-
tion condition, the Weibull frailty model can be used to undertake reliability studies; second, among re-profiling work orders, 
rolling contact fatigue (RCF) is the principal reason; and third, by analysing re-profiling parameters, both the wear rate and the 
re-profiling loss can be monitored and investigated, a finding which could be applied in optimisation of maintenance activities.

Keywords: reliability analysis; locomotive wheels; frailty; re-profiling; wear; Markov Chain Monte Carlo.

Resurs kół pociągu może być znacząco różny w zależności od ich miejsca zamontowania, warunków pracy, charakterystyk zwią-
zanych z reprofilacją, itp. W artykule, porównano koła dwóch wybranych lokomotyw kursujących na Linii Rud Żelaza w północ-
nej Szwecji, aby zbadać niektóre ze wspomnianych różnic. Zaproponowano możliwość łączenia danych pochodzących z oceny 
niezawodności z danymi degradacyjnymi oraz danymi z reprofilacji. Przeprowadzone badania pozwalają wyciągnąć następujące 
wnioski. Po pierwsze, krzywa wykładnicza degradacji oraz zadane warunki pracy można wykorzystać w celu przeprowadzenia 
badań niezawodności z użyciem modelu Weibulla z efektami losowymi (tzw. "frailty model"); po drugie, główną przyczyną zlecania 
reprofilacji kół jest zmęczenie toczne (RCF); po trzecie, analiza parametrów reprofilacji pozwala na monitorowanie i badanie 
zarówno szybkości zużycia kół, jak i ubytku materiału podczas reprofilacji, co może mieć zastosowanie w optymalizacji czynności 
obsługowych.

Słowa kluczowe:analiza niezawodności; koła lokomotywy; efekty losowe; reprofilacja; zużycie; markowowska 
metoda Monte Carlo.

1. Introduction

The service life of different railway wheels can vary greatly. 
Take a Swedish railway company, for example. For the wheels of its 
26 locomotives, statistics show that from 2010 to 2011, the longest 
mean time between re-profiling was around 59 000 kilometres and 
the shortest was about 31 000 kilometres. The large difference can be 
attributed to the non-heterogeneous nature of the wheels; each differs 
according to its installed position, operating conditions, re-profiling 
characteristics, etc. [6, 7, 14, 17, 23]. 

One common preventive maintenance strategy (used in our study) 
is re-profiling wheels after they run a certain distance. Re-profiling 
reduces the wheel’s diameter; once the diameter is reduced to a pre-
specified length, the wheel is replaced by a new one. Seeking to op-
timise this maintenance strategy, researchers have examined wheel 
degradation data to determine wheel reliability and failure distribution 
[6, 7, 23]. However, most studies cannot solve the combined problem 
of small data samples and incomplete datasets while simultaneously 
considering the influence of several covariates [14].

In addition, most reliability studies are implemented under the as-
sumption that individual lifetimes are independent and identically dis-
tributed (i.i.d). In reality, sometimes Cox proportional hazard (CPH) 
models cannot be used because of the dependence of data within a 
group. For instance, because they have the same operating condi-
tions, the wheels mounted on a particular bogie may be dependent. 
Modelling dependence in multivariate survival data has received con-
siderable attention, especially in cases where the datasets comprise 
inter-related subjects of the same group [1, 20]. A key development in 
modelling such data is to consider frailty models, in which the data are 

conditionally independent. When frailties are considered, the depend-
ence within subgroups can be considered an unknown and unobserv-
able risk factor (or explanatory variable) of the hazard function. In this 
paper, we consider a gamma shared frailty, first discussed by Clayton 
[4] and Oakes [16] and later developed by Sahu et al. [20], to explore 
the unobserved covariates’ influence on the wheels on the same bogie. 
We also adopt the Weibull hazard model to determine the distribution 
of the wheels’ lifetime; the validity of this model has been established 
by lin et al. [14].

Besides the degradation analysis, re-profiling information is a key 
source of data to evaluate the wheels’ performance. As Fröhling and 
Hettasch [8] note, the “loss of material during re-profiling because of 
hollow or flange wear” is a significant element in the integrated data 
processing of the wheel-rail interface management. Even so, related 
studies remain limited.

To fill this gap in the literature, this paper compares the wheels on 
two selected locomotives on the Iron Ore line in northern Sweden, 
taking an integrated data approach to reliability assessment by consid-
ering both degradation data and re-profiling data. 

The remainder of the paper is organised as follows. Section 2 de-
scribes the background of the comparison study, by introducing the 
Iron Ore line, as well as the degradation data and re-profiling pa-
rameters for the locomotive wheels being studied, along with their 
operating conditions. Section 3 presents the degradation analysis 
using a Weibull frailty model; the analysis considers the wheels’ lo-
cation in the bogies and their operating conditions as covariates and 
uses Markov Chain Monte Carlo (MCMC) methods. Sections 4 to 6 
comprise the comparison study; the three sections compare the re-
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profiling work orders, the specified re-profiling parameters (the wheel 
diameters, the flange thickness,  the radial run-out, and the lateral run-
out), and the wear rate of the wheels, respectively. Each section is 
accompanied by a discussion. Section 7 offers conclusions and makes 
suggestions for future study.

2. Study Background

This section gives background information on the Iron Ore line. 
It also introduces the degradation data and the re-profiling parameters 
for the locomotive wheels being studied, along with their operating 
conditions.

2.1. Iron Ore Line (Malmbanan)

The Iron Ore line (Malmbanan) is the only existing heavy haul 
line in Europe; it stretches 473 kilometres and has been in operation 
since 1903. As Fig. 1 shows, it is mainly used to transport iron ore 
and pellets from the mines in Kiruna (also Malmberget, close to Kiru-
na,  in Sweden) to Narvik Harbour (Norway) in the northwest and 
luleå Harbour (Sweden) in the southeast. The track section on the 
Swedish side is owned by the Swedish government and managed by 
Trafikverket (Swedish Transport Administration), while the iron ore 
freight trains are owned and managed by the freight operator (a Swed-
ish company). Each freight train consists of two IORE metric tonnes 
with axle loads of 30 tonnes. The trains operate in harsh conditions, 
including snow in the winter and extreme temperatures ranging from 
- 40 °C to + 25 °C. Because carrying iron ore results in high axle loads 
and there is a high demand for a constant flow of ore/pellets, the track 
and wagons must be monitored and maintained on a regular basis. The 
condition of the locomotive wheel profile is one of the most important 
aspects to consider.

2.2. Degradation data and re-profiling parameters 

We use the degradation data from two selected heavy haul cargo lo-
comotives (denoted as locomotive 1 and locomotive 2), collected from 
October 2010 to January 2012. The selection criteria are discussed in 
Section 2.3. Each locomotive is studied separately, and 2n = . For 
each locomotive, see Fig.2, there are two bogies (incl., Bogie I, Bogie 
II); and each bogie contains six wheels. The installed position of a 
wheel on a particular locomotive is specified by the bogie number 
(I, II-number of bogies on the locomotive), a wheel-set number (1, 2, 
3-number of wheel-sets for each bogie, shown as “Axel” in Fig.2) and 

the position of the wheel-set (right or left) where each wheel is mount-
ed. For instance, the abbreviation I1H represents the wheel installed in 
the first bogie, the first wheel-set and the right side.

The diameter of a new locomotive wheel in this study is about 
1250 mm. Following the current maintenance strategy, a wheel’s di-
ameter is measured after it runs a certain distance. If it is reduced to 
1150 mm, the wheel set is replaced by a new one. Otherwise, it is re-
profiled (see Fig.3). Therefore, a threshold level for failure, denoted 
as 0y , is defined as 100 mm ( 0y = 1250 mm – 1150 mm). The wheel’s 
failure condition is assumed to be reached if the diameter reaches 0y  . 
The dataset  includes the diameters of all locomotive wheels at a giv-
en inspection time, the total running distances corresponding to their 
“mean time between re-profiling”, and the wheels’ bill of material 
(BOM) data, from which we can determine their positions. 

The type of measurement tool is SIEMENS SINUMERIK (see 

Fig.3). During the re-profiling process, the re-profiling parameters 
include but are not limited to: 1) the diameters of the wheels; 2) the 
flange thickness; 3) the radial run-out; 4) the lateral run-out.

2.3. Comparison of the operating conditions 

In this study, both locomotive 1 and locomotive 2 are operating 
on the Iron Ore line (Malmbanan). In Fig.4, the horizontal axle repre-
sents the different working intervals; “Nrv-Kmb” represents the route 
from Narvik to Kiruna, while “Kmb-Nrv” represents the route from 
Kiruna to Narvik. Those intervals make up the whole Iron Ore line 
(Malmbanan). The longitudinal axle of Fig. 4 (a) represents the pro-
portion (%) of operating in each working interval (%); the longitudi-
nal axle of Fig. 4 (b) represents the running distances (kilometers) in 
those intervals. For instance, the first blue bars (around 35% in (a) and 
about 40000 kilometres in (b)) represent that, locomotive 1 has been 
operated around 40000 kilometres in the interval between “Nrv” and 
“Kmb”. And these 40000 kilometres are almost 35% of locomotive 
1’s total running distances.

As seen in Fig.4, during the period in question (from October 
2010 to January 2012), the total running distance for locomotive 1 
is 101035 kilometres and for locomotive 2, 81302 kilometres. About 
70% of the locomotives’ workload is between Narvik and Kiruna. 
There is no substantial difference between the running routes, but it 
seems that locomotive 1 works harder than locomotive 2, because the 
former runs 24% farther. As there is not a big difference between the 
topographies, we assume that the only difference in operating condi-
tions is the total running distance.

3. Degradation analyses with the Weibull frailty model

In this section, we propose the Weibull frailty model for analysing 
the wheels’ degradation data, using a MCMC computation scheme. 

Before continuing, it should be pointed that lin et al. [5] have 
used the Bayesian Exponential Regression Model, Bayesian Weibull 
Regression Model (easily transferred to an extreme-value Regres-
sion Model) and Bayesian lognormal Regression Model, separately, 
to analyze the lifetime of locomotive wheels using degradation data 
and taking into account the position of the wheel. Their results show 

Fig. 1. Geographical location of Iron Ore Line (Malmbanan) Fig. 3. One locomotive wheel under re-profiling and the measurement tool

Fig. 2. Wheel positions specified in this study
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that “the performance of the Weibull Regression Model is close to the 
log-normal Regression Model, which could also be a suitable choice 
under specified situations.” As the Weibull Regression Model is more 
acceptable to engineers and the differences between the Weibull 
Regression and lognormal Regression Models are quite small, we 
choose the former model in this comparative study.

3.1. Weibull frailty model 

Most reliability studies are implemented under the assumption 
that individual lifetimes are independent and identically distributed 
(i.i.d). In reality, at times, Cox proportional hazard (CPH) models can-
not be used because of the dependence of data within a group. For 
instance, because they have the same operating conditions, the wheels 
mounted on a particular bogie may be dependent. Modelling depend-
ence in multivariate survival data has received considerable attention, 
especially in cases where the datasets comprise inter-related subjects 
of the same group [1, 20]. A key development in modelling such data 
is to consider frailty models, in which the data are conditionally in-
dependent. 

Frailty models were first considered by Clayton [4] and Oakes 
[16] to handle multivariate survival data. In their models, the event 
times are conditionally independent according to a given frailty fac-
tor, which is an individual random effect. As discussed by Sahu et 
al.[20], the models formulate different variabilities and come from 
two distinct sources. The first source is natural variability, which is 
explained by the hazard function; the second is variability common to 
individuals of the same group or variability common to several events 
of an individual, which is explained by the frailty factor. 

Assume the hazard function for the thj individual in the thi group is:

 
h t h tij i( ) ( )exp( )= +0 µ xij

' bb . (1)

In equation (1), µi  represents the frailty parameter for the thi

group. If ω µi i= exp( ) , the equation can also be written as:

 h t h tij i( ) ( ) exp( )= 0 ω xij
' bb . (2)

Equation (1) is an additive frailty model, and equation (2) is a 
multiplicative frailty model. In both equations, µi  and ωi  are shared 
by the individuals in the same group, and they are thus referred to as 
shared-frailty models and actually are extensions of the CPH model.

To this point, discussions of frailty models have focused on the 
forms of 1) the baseline hazard function and 2) the frailty’s distribu-
tion. Representative studies related to the former include the gamma 
process for the accumulated hazard function [3, 21], Weibull baseline 
hazard rate [20], and the piecewise constant hazard rate [1] which is 

adopted in this paper due to its flexibility. Some researchers have ex-
amined finite mean frailty distributions, including gamma distribution 
[2, 4], lognormal distribution [15],  and the like; others have studied 
non-parameter methods, including the inverse Gaussion frailty distri-
bution [11], the power variance function for frailty [5], the positive 
stable frailty distribution [10, 19], the Dirichlet process frailty model 
[19] and the levy process frailty model [9]. In this paper, we consider 
the gamma shared frailty model, the most popular model for frailty.

From equation (2), suppose the frailty parameters ωi  are inde-
pendent and identically distributed (i.i.d) for each group and follow 

a gamma distribution, denoted by Ga( , )κ κ− −1 1 . Therefore, the prob-
ability density function can be written as:

 f i i i( ) ( )
( )

exp( )ω
κ
κ

ω κ ω
κ

κ= ⋅ −
−

−
− −

−
−1

1
1 1

1
1

Γ
. (3)

In equation (3), the mean value of ωi  is 1, where κ is the un-
known variance of ωi s. Greater values of κ signify a closer positive 
relationship between the subjects of the same group as well as greater 
heterogeneity among groups. Furthermore, as ωi >1, the failures for 
the individuals in the corresponding group will appear earlier than if 
ωi =1; in other words, as ωi <1, the predicted lifetimes will be greater 
than those found in the independent models. 

Supposeωω = ( , , , )'ω ω ω1 2  n ; then:

 π κ ω κ ωκ( ) exp( )ωω ∝ −
− −

=

−∏ i
i

n
i

1 1

1

1 . (4)

Denote the thj  individual in the thi  group as having lifetime 

i11 12( , , , ) 'nmt t t=ijt  , where 1, ,i n= 
 and 1, , ij m= 

 . Suppose 

the thj  individual in the thi  group has a 2-parameter Weibull distribu-

tion W ( , )a γ , where a > 0  and γ > 0 . Then, the p.d.f. is 

f t t tij ij ij( , ) exp( )a γ aγ γa a= −−1 , and the c.d.f. F tij( , )a γ  and the reli-

ability function R tij( , )a γ  are F t t R tij ij ij( , ) exp( ) ( , )a γ γ a γa= − = −1 1 . 

Meanwhile, the hazard rate function can be written as:

 
h t tij ij0

1( , )a γ γa a= − . (5)

Based on the above discussions (equation (2), (3), and (5)), the Weibull 
frailty model with gamma shared frailties can be written as

Fig. 4. Comparison of the operating conditions for locomotive 1 and locomotive 2
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 h t tij i i ij( , ) exp( )x xij ij
'ω γaω a= −1 bb . (6)

In equation (6), ωi ~ Ga( , )κ κ− −1 1 .

In reliability analyses, the lifetime data are usually incomplete, 
and only a portion of the individual lifetimes are known. Right-cen-
sored data are often called Type I censoring, and the corresponding 
likelihood construction problem has been extensively studied in the 

literature [12, 13]. Suppose the thj individual in the thi group has life-

time ijT and censoring time ijL . The observed lifetime min( , )ij ij ijt T L=
 
; 

therefore, the exact lifetime ijT will be observed only if ij ijT L≤ . In 

addition, the lifetime data involving right censoring can be represent-
ed by n  pairs of random variables ( , )tij ijυ , where υij =1  

if ij ijT L≤

and
 
υij =1

 
if ij ijT L> . This means that υij  indicates whether lifetime 

ijT is censored or not. The likelihood function is deduced as:

 L t f t R tij ij
j

m

i

n
ij ij

i
( ) [ ( )] ( )= −

==
∏∏ υ υ1

11
. (7)

If we denote
 
λ γ ωij i= + +exp( log log )xij

' bb , equation (6) be-

comes h t tij ij ij ij( , )λ a λ a a= −1 , the Weibull regression model with a 

gamma frailtyW ij( , )a λ .

If we denote the model’s dataset as D n= ( , , )ω t,X,υυ , following 

equation (7), the complete likelihood function L D( , , )bb γ a  for the 

individuals in the thi  group can be written as:

L D t tij i ij
ijj

mi
i
n

( , , ) ( exp( )) exp( exbb bbγ a γa ω γa υ a∝ ∑∑ −− ==1 11xij
' pp( ) )xij
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m

i

n i

==
∑∑

11
. (8)

let π ( )⋅  denote the prior or posterior distributions for the param-

eters. Then, the joint posterior distribution π ω a γ( , )i Dbb, ,
 
for gam-

ma frailties ωi  can be written as: 

π ω a γ γ a π κ
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Equation (9) shows that the full conditional density of each ωi  is 
a gamma distribution. Suppose γ  has a gamma prior distribution, de-

noted by γ ρ ρ~ ( , )Ga 1 2 . The full conditional density of γ is:
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Equation (10) also shows that the full conditional density of γ  
is a gamma distribution. The full conditional density of β and a  can 
be given by:

π η ω γ υ γ ωa( , , , ) exp{ exp( )'bb bb bbD x tij
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3.2. Comparison study of degradation analyses

3.2.1. Degradation path and lifetime data

From the dataset, we obtain 5 to 6 measurements of the diam-
eter of each wheel during its lifetime (in the period October 2010 
to January 2012). By connecting these measurements, we can de-
termine a degradation trend. In their analyses of train wheels, most 
studies (e.g., [6], [7], [14]) assume a linear degradation path. In this 
study, the corresponding running distance (kilometres) is recognized 
as the lifetime. The degradation data of the wheels are tested with 
ReliaSoft Weibull++.  The statistics of Ranks and MSE under differ-
ent assumption of degradation path are compared, including linear 
degradation path, Exponential degradation path, Power degradation 
path, logarithmic degradation path, Gompertz degradation path, and 
lloyd-lipow degradation path. The results show that, an exponential 
degradation path is a better choice for the studied locomotive wheels. 
Meanwhile, the second choice is linear degradation, and the third one 
is Power degradation. In Table 1, we list the lifetimes as their degrada-
tion reach to the threshold level (equal to 100mm). 

Table.1.  Statistics on degradation path and lifetime data

Locomo-
tive Bogie Life-

time**
Locomo-

tive 2 Bogie Life-
time**

1 I *159.00 2 I 205.47

1 I *162.04 2 I 205.49

1 I *159.04 2 I 207.51

1 I *159.32 2 I 207.82

1 I 152.22 2 I 211.24

1 I 151.13 2 I 211.22

1 II 163.84 2 II 203.45

1 II 163.87 2 II 203.32

1 II 157.84 2 II 203.44

1 II 157.75 2 II 204.08

1 II 159.05 2 II 203.17

1 II 159.53 2 II 203.17

* Right-censored data; ** 310× kilometres

Note:  some lifetime data are right-censored (denoted by the asterisk in Table.1 
However, we know the real lifetimes will exceed the predicted lifetimes.
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Following the above discussion, a wheel’s failure condition is as-
sumed to be reached if the diameter reaches 0y . We adopt the linear 
path for all wheels and set 0y = y . The lifetimes for these wheels are 
now easily determined and are shown in the “lifetime” columns of 
Table 1. These lifetimes are the input of the Weibull frailty model, as 
discussed in Section 3.

3.2.2. Parameter Configuration

Following the discussion in 3.2.1, vague prior distributions are 
adopted in this paper as:

Gamma frailty prior: • ωi Ga~ (0.1, 0.1);

Normal prior distribution: • b0  ~ N (0.0, 0.001);

Normal prior distribution:  • b1 ~ N (0.0, 0.001);
Gamma prior distribution: • a ~ Ga (0.1, 0.1);
Gamma prior distribution: • γ ~ Ga (0.1, 0.1).

At this point, the MCMC calculations are implemented using the 
software WinBUGS [2]. We use a burn-in of 10,001 samples, along 
with an additional 10,000 Gibbs samples. 

3.2.3. Results

Following the convergence diagnostics (incl., checking dynamic 
traces in Markov chains, time series, and comparing the Monte Carlo 
(MC) error with Standard Deviation (SD); see [22]), we consider the 
following posterior distribution summaries (see Table 3):  the param-
eters’ posterior distribution mean, SD, MC error, and the 95% highest 
posterior distribution density (HPD) interval. 

In Table 2, b1 0< means that the wheels mounted in the first bogie 
(as 1x = ) have a shorter lifetime than those in the second (as 2x = ). 
However, the influence could possibly be reduced as more data are 
obtained in the future, because the 95% HPD interval includes a 0 
point. In addition, the heterogeneity of the wheels on the two locomo-
tives is significant. Nevertheless, ω1 1<  suggests that the predictive 
lifetimes for the wheels mounted on the first locomotive are shorter 
when the frailties are considered; however, ω2 1> indicates the op-
posite conclusion. 

By considering the random effects resulting from the natural vari-
ability (explained by covariates) and the unobserved random effects 
within the same group (explained by frailties), we can determine other 
reliability characteristics of lifetime distribution. The statistics on reli-
ability ( )R t  for the two wheels mounted in different bogies are:

0.035
1 1( ) 0.97 1.035 0.9763 exp( 0.2836 ( 0.1593 ))h t t x= × × × − + −• 

0.035
2 2( ) 0.97 1.035 1.029 exp( 0.2836 ( 0.1593 ))h t t x= × × × − + −• 

3.3. Discussion

The above results can be applied to maintenance optimisation, 
including lifetime prediction and replacement, preventative main-
tenance, and re-profiling. More specifically, determining reliability 
characteristics distributed over the wheels’ lifetime could be used 
to optimise replacement strategies and to support related predictions 
for spares inventory. With respect to preventative maintenance, the 
wheels installed in different bogies should be given more attention 
during maintenance. Especially when the wheels are re-profiled, they 
should be checked starting with the bogies to avoid duplication of 
efforts. last but not least, as the operating environments are similar 
for the two locomotives considered here, the frailties between bogies 
could be caused by the locomotives themselves, the status of the bo-
gies or spring systems, and human influences (including maintenance 
policies and the lathe operator). 

4. Comparison study on re-profiling work orders

This section compares the work orders for wheel re-profiling by 
date (denoted as “by date” in Fig.5) and the corresponding bogies’ 
total number of kilometres in operation (denoted as “by kilometres” 
in Fig.6), separately.

In Fig.6, the work order statistics for re-profiling are listed by date. 
The number of the bar represents the type of work order reported in 
the system. For instance, number 1 means the reason for re-profiling is 
a high flange; number 3 represents the RCF problem; number 7 means 
the re-profiling is due to the dimension difference between wheels in 
a bogie; number 9 denotes a thick flange. The work orders have 14 
categories for re-profiling: high flange, thin flange, RCF, unbalanced 
wheel, QR measurements, out-of-round wheel, dimension difference 
in between wheels in same bogie, vibrations, thick flange, cracks, re-
marks from measurement  of the wheel by Miniprof, other defects, 
to plant for re-profiling, and hollowware. These categories are deter-
mined by the operator and are listed in Appendix A. Take Fig.5 (a) 
for example. By April 2010, the wheels of locomotive 1 have been 
re-profiled 12. Eight times it was related to category 3 (RCF problem), 
and four times it was in category 7 (the dimension difference between 
wheels in a bogie).

In Fig.5 and Fig.6, the figures on the left side provide the statistics 
for locomotive 1, while those on the right are for locomotive 2. Note 
that in Fig.6, the work order statistics on re-profiling are listed by the 
corresponding bogies’ total number of kilometres in operation on the 
reported date. In Fig.6(b), the wheels have run 87721 kilometres and 
been re-profiled 16 times, 12 times due to category 1 (high flange) and 
4 times due to category 9 (thick flange).

It should be pointed out that since October 2010, new wheels have 
been mounted on both locomotives. However, the selected work or-
ders are from the beginning of 2010; therefore, more re-profiling has 
been done on locomotive 1.

For locomotive 1, there are two failure modes: RCF and dimen-
sional differences for wheels in the same bogie. The number of re-pro-
filing work orders due to RCF is 64; the number due to dimensional 
differences for wheels in the same bogie is 8. locomotive 2 shows 
three failure modes, high flange, RCF and thick flange. Again, the 
dominant failure mode is RCF with 38 re-profilings, followed by high 
flange with 12 re-profilings and thin flange with 4; see Fig. 5(b). Figs. 
5(c) and (d) show the amount of material removed at each re-profiling 
for all wheels. Even here, the RCF failure dominates with more mate-
rial lost in re-profiling. Figs. 5(e) and (f) show the mean cut deep for 
each re-profiling. The RCF failure mode has deeper cuts than other 
modes; the high flange failure mode has the smallest mean cut depth.

Fig. 6 shows the same information but uses the global traveling 
distance in kilometres (km). It should be pointed out that for locomo-

Table 2. Posterior distribution summaries

Param-
eter mean SD MC error 95% HPD In-

terval

β0 -0.2836 31.36 0.3449 (-60.69,61.4)

β1 -0.1593 31.62 0.3085 (-63.2,62.71)

α 1.035 3.329 0.03368 (2.449e-16,10.36)

γ 0.9726 3.101 0.02904 (1.683e-15,9.277)

ω1 0.9763 3.045 0.02924 (1.738e-16,9.595)

ω2 1.029 3.261 0.0337 (9.718e-16,10.21)

Fig. 6. Work order statistics on re-profiling by kilometre
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Fig. 5. Work order statistics on re-profiling by date

Fig. 6. Work order statistics on re-profiling by kilometre
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tive 1, Fig. 6 has more bars on the left hand side because the wheel-
sets have been changed and the recorded kilometres are different.

Generally speaking, RCF is the main type of work order for both 
locomotives. What should also be pointed out is that in the work order 
statistics, natural wear and the amount of re-profiling are considered 
simultaneously. yet the trends in the amount of re-profiling are differ-
ent. For instance, for locomotive 1, there is a decreasing trend for new 
wheels, while locomotive 2 shows an increasing trend.  

During this investigation, we discovered a number of problems in 
the work orders. For example, some reported data cannot be recog-
nised (e.g., some wheels are apparently re-profiled twice on one date; 
some reported wheel diameters after re-profiling are even larger than 
before re-profiling). 

We suggest applying related KPIs to monitor the re-profiling work 
and the wheel performance in the future.

5. Comparison study on re-profiling parameters

In this section, we compare the re-profiling parameters (the statis-
tics before and after each re-profiling), including the diameter of the 
wheel (denoted as Rd), the flange thickness (denoted as Sd), the radial 
runout (denoted as Rr), and the axial runout (denoted as Rx). 

5.1. Assessment of re-profiling parameters (Rd)

Starting in this section, we only include statistics by re-profiling 
date. In addition, due to the similarities of the wheels installed in the 
same bogie, we only list statistics for the chosen wheel within each 
bogie. The upper line represents the statistics obtained before re-
profiling; the lower line represents statistics after re-profiling. Fig. 7 
shows, the y-axle is the wheel diameter and the x-axle is the re-profil-
ing date.  For locomotive 1, the graphs start with the last re-profiling 
of an old wheel; step two is the first re-profiling with new wheels. 

The wheels installed in the same bogie show similar trends in the 
before and after re-profiling statistics (denoted as ∆ Rd). ∆ Rd is de-
creasing for locomotive 1 and increasing for locomotive 2.

5.2. Assessment of re-profiling parameter (Sd) 

Fig. 8 shows the statistics of the Sd for the selected wheels. lo-
comotive 1 is represented on the left hand side, with locomotive 2 
on the right.  For both, the flange thickness increases during winter 
and decreases in summer; this phenomenon is especially pronounced 
for locomotive 1 and the first bogie and first wheel-set. A reasonable 
explanation for this phenomenon (changes in flange thickness in win-
ter and summer) is that, in winter time, the wheel treads have more 
wear compared with in the summer. Therefore, as the measurements 
are taken, the positions (from the wheel treads) where to measure 
the flange thickness are lower than in the summer. Considering the 

Fig. 7. Rd statistics by date (before and after re-profiling): one example (I1H & II1H)
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wheels’ geometry, it leads to the increasing of the flange thickness 
during wither and decrease in summer time.

like the Rd statistics, the Sd statistics for the wheels installed in 
the same bogie are quite similar. The “after” statistics are stable. The 
“before” statistics are gradually becoming stable, which means the 
gap (denoted as ∆ Sd) is decreasing.

Note that if we check the before and after statistics in different 
seasons, we see that the flange thickness decreases in summer and 
increases in winter; see Fig. 8 (a).

5.3 Assessment of re-profiling parameter (∆Rd, ∆Sd, ∆Rr, ∆Rx)

In this section, we simultaneously consider the gaps of the four 
parameters discussed above: ∆Rd, ∆Sd, ∆Rr, and ∆Rx.

As discussed above, the statistics for the wheels installed in 
the same bogie are quite similar. Among these four parameters, the 
changing of ∆Rd is the most obvious one, with ∆Sd coming second. 
The changing of ∆Rr and ∆Rx are random and the amount is quite 
small compared to the first two parameters. Therefore, we suggest 
applying the first two parameters to monitor the wheels’ re-profiling 
performance in the future.

6. Comparison of wear rate

In this section, we compare the wheels’ wear rates, shown in Ta-
bles 3 to 6. Table 3 shows locomotive 1, bogie 1 and the first wheel-set 
on the right side; Table 4 shows locomotive 1, bogie 2 and the first 
wheel-set on the right side; see Fig. 2 for the position of the bogies 
and wheel-sets. The number of re-profiling work orders is different 
between bogies: bogie 1 has 4 and bogie 2 has 5. The reason for the 

difference may be that bogie 1 was changed after the fourth re-profil-
ing. The re-profiling at times 1 to 4 was done at the same time for both 
bogies, extending over 12 months. 

As for locomotive 1, Table 3 shows that it has been running for 
123.351 km; the mean distance between re-profiling is 41.117 km. 
The distance after the last re-profiling for bogie 2 was only 17.930 
km, less than half of the average distance for re-profiling numbers 1 
to 4; see Table 4. Tables 3 and 4 also show the diameter of the wheel 
before and after re-profiling and the amount of material removed at 
each re-profiling. The mean amount of material removed during re-
profiling for bogie 1 is 16.193 mm and for bogie 2, 11.176 mm. Re-
markably, the amount of re-profiling for bogie 2, step 2 is 27.04 mm, 
much more than the others; as noted above, the mean is 16.193 mm. 
If we compare natural wear with artificial wear, the former is between 
15 mm and 20% of the total wear. In addition, the total wear rate for 
locomotive 2, bogie 1, is 0.619 mm/1000 km; for bogie 2, it is 0.393 
mm/1000km.

As mentioned, locomotive 1 and locomotive 2 have the same op-
erating conditions (see Fig. 4 for the comparison), but the figures in 
Tables 5 and 6 show different results. Table 5 shows locomotive 2, the 
first bogie, the first wheel-set, and the right hand side wheel; Table 6 
shows the second bogie, the first wheel-set, and the right hand side 
wheel. This locomotive has been re-profiled 4 times in 15 months; the 
mean distance between re-profiling is 56.990 km. The mean amount 
of material removed for re-profiling for bogie 1 is 15.10 mm; for bo-
gie 2 it is 16.51 mm. The last re-profiling for the first bogie removed 
26.59 mm and for the second bogie 31.47 mm. Finally, the total wear 
rate for locomotive 2, bogie 1, is 0.452 mm/1000 km and for bogie 2, 
0.484 mm/1000km

Explanatory comments for Tables 3, 4, 5, 6 include the following:

Fig. 8. Sd statistics by date (before and after re-profiling): one example (I1H & II1H)
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Fig. 9* Gap statistics by date (before and after re-profiling): one example (I1H & II1H)

Table 3. Statistics for wear rate: an example (locomotive 1, I1H)

Locomotive 1 Position I1H Total/Average

Number of re-profiling 1 2 3 4 4 times

Re-profiling date 201010 201103 201108 201110 12 months

Reported kilometres /1000km 720.254 759.032 815.661 843.605 /

Absolute kilometres /1000km 0 38.778 56.629 27.944 123.351

Diameters (before)/mm 1252.72 1240.08 1207.11 1187.81 /

Diameters (after)/mm 1243.93 1213.04 1189.64 1176.34 /

Re-profiling Amount/mm 8.79 27.04 17.47 11.47 64.77

Natural Wear/mm 0 3.85 5.93 1.83 11.61

Total Wear/mm 8.79 30.89 23.4 13.3 76.38

Re-profiling Amount % 1 0.875 0.747 0.862 0.848

Natural Wear % 0 0.125 0.253 0.138 0.152

WearRate_re-profiling / 0.697 0.308 0.41 0.525

WearRate_Natural / 0.099 0.105 0.065 0.094

WearRate_Total / 0.797 0.413 0.476 0.619

*) Note: To make it more clearly, we adopted two axis here (left and right). For Rd and Rr, we adopted the axis on the left side; while for Rx and Sd, we adopted 
the axis on the righ side.
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Table 4. Statistics for wear rate: an example (locomotive 1, II1H)

Locomotive 2 Position II1H Total/Average

Number of re-profiling 1 2 3 4 5 5 times

Re-profiling date 201010 201103 201108 201110 201112 14 months

Reported kilometres /1000km 838.124 876.902 933.531 961.475 979.405 /

Absolute kilometres /1000km 0 38.778 56.629 27.944 17.93 141.281

Diameters (before)/mm 1251.01 1241.39 1226.34 1208.59 1182.66 /

Diameters (after)/mm 1244.72 1231.16 1211.09 1195.43 1171.71 /

Re-profiling Amount/mm 6.29 10.23 15.25 13.16 10.95 44.93

Natural Wear/mm 0 3.33 4.82 2.5 12.77 10.65

Total Wear/mm 6.29 13.56 20.07 15.66 23.72 55.58

Re-profiling Amount % 1 0.754 0.76 0.84 0.462 0.808

Natural Wear % 0 0.246 0.24 0.16 0.538 0.192

WearRate_re-profiling / 0.264 0.269 0.471 0.611 0.318

WearRate_Natural / 0.086 0.085 0.089 0.712 0.075

WearRate_Total / 0.35 0.354 0.56 1.323 0.393

Table 5. Statistics for wear rate: an example (locomotive 2, I1H)

Locomotive 2 Position 11H Total/Average

Number of re-profiling 1 2 3 4 4 times

Re-profiling date 201010 201102 201109 201201 15 months

Reported kilometres /1000km 33.366 87.721 161.346 204.349 /

Absolute kilometres /1000km 0 54.355 73.625 43.003 170.983

Diameters (before)/mm 1251.97 1234.15 1217.22 1201.24 /

Diameters (after)/mm 1239.04 1225.41 1205.07 1174.65 /

Re-profiling Amount/mm 12.93 8.74 12.15 26.59 60.41

Natural Wear/mm 0 4.89 8.19 3.83 16.91

Total Wear/mm 12.93 13.63 20.34 30.42 77.32

Re-profiling Amount % 1 0.641 0.597 0.874 0.781

Natural Wear % 0 0.359 0.403 0.126 0.219

WearRate_re-profiling / 0.161 0.165 0.618 0.353

WearRate_Natural / 0.09 0.111 0.089 0.099

WearRate_Total / 0.251 0.276 0.707 0.452

Table 6. Statistics for wear rate: an example (locomotive 2, II1H)

Locomotive 2 Position II1H Total/Average

Number 1 2 3 4 4 times

Date 201010 201102 201109 201201 15 months

Reported kilometres /1000km 33.366 87.721 161.346 204.349 /

Absolute kilometres /1000km 0 54.355 73.625 43.003 170.983

Diameters (before)/mm 1252.09 1236.67 1213.58 1200.81 /

Diameters (after)/mm 1241.75 1221.98 1204.06 1169.34 /

re-profiling Amount/mm 10.34 14.69 9.52 31.47 66.02

Natural Wear/mm 0 5.08 8.4 3.25 16.73

Total Wear/mm 10.34 19.77 17.92 34.72 82.75

re-profiling Amount % 1 0.743 0.531 0.906 0.798

Natural Wear % 0 0.257 0.469 0.094 0.202

WearSpeed_re-profiling / 0.27 0.129 0.732 0.386

WearSpeed_Natural / 0.093 0.114 0.076 0.098

WearSpeed_Total / 0.364 0.243 0.807 0.484
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Absolute kilometres = the current reported kilometres – the • 
previous reported kilometres;
Re-profiling Amount = Diameters (before) - Diameters (af-• 
ter);
Natural Wear = the previous Diameters (after) – the current • 
Diameters (before);
Total Wear = Re-profiling Amount + Natural Wear;• 
Re-profiling Amount % = Re-profiling Amount / Total Wear;• 
Natural Wear % = Natural Wear/ Total Wear;• 
WearRate_Reprofiling = Re-profiling Amount / Absolute kilo-• 
metres;
WearRate_Natural = Natural Wear / Absolute kilometres;• 
WearRate_Total = Total Wear / Absolute kilometres;• 
Average of the total wear rate = the average of WearRate_Total.• 

In addition, by comparing the interval of the re-profiling date, we 
can simply divide each re-profiling episode into seasons (for instance, 
the summer and warmer times, the winter and cooler times). 

In Table 7, we list the statistics for the WearRate_total of all 
the wheels for the two locomotives. The mean wear rates are 0.516 
mm/1000km for locomotive 1 and 0.480 mm/1000km for locomotive 
2; in other words, locomotive 1 has a 75% higher wear rate. Wheel-sets 
1, 2 and 5 have 11.6 % higher wear rate than wheel-sets 3, 4 and 6.

By comparing the above parameters of the wheels installed in dif-
ferent positions on the locomotives, we can reach the following ad-
ditional conclusions: 

the average wear rate of the wheels on locomotive 1 is greater • 
than for locomotive 2;
the natural wear is about 10% ~ 25 % of the total wear; the re-• 
profiling is about  75 %~ 90% of the total;
the natural wear in winter time is slower than in summer;• 
the re-profiling rate in winter is larger than in summer; • 
the wheels installed on the second wheel-set in the second bo-• 
gie have an abnormal higher wear rate compared to the wheels 
installed in the same bogie but on the other wheel-set; this re-
quires more attention;
The wheels installed in the same bogie perform similarly.• 

7. Conclusions

In this paper, the Weibull frailty model is used to analyse the 
wheels’ degradation.  The gamma shared frailties ωi are used to ex-
plore the influence of unobserved covariates within the same locomo-

tive. By introducing covariate ix ’s linear function x'
ibb , we can take 

into account the influence of the bogie in which a wheel is installed. 
The proposed framework can deal with small and incomplete data-
sets; it can also simultaneously consider the influence of various co-
variates. The MCMC technique is used to integrate high-dimensional 
probability distributions to make inferences and predictions about 
model parameters. Finally, we compare the statistics on re-profiling 
work orders, the performance of re-profiling parameters (denoted as 
∆Rd, ∆Sd, ∆Rr, ∆Rx), and wear rates. 

The results show the following for the two locomotives: 1) with 
the specified installation position and operating conditions, the 
Weibull frailty model is a useful tool to determine wheel reliability 
by considering an exponential degradation path; 2) rolling contact 
fatigue (RCF) is the main type of re-profiling work order; 3) the re-
profiling parameters can be applied to monitor both the wear rate and 
the re-profiling loss; 4) the total wear of the wheels can be determined 
by investigating natural wear and/or loss of wheel diameter through 
re-profiling loss, but these are different in different locomotives and 
under different operating conditions; 5) the bogie in which a wheel is 
installed is a key factor in assessing the wheel’s reliability. 

Finally, the approach discussed in this paper can be applied to 
cargo train wheels or to other technical problems (e.g. other indus-
tries, other components).

We suggest the following additional research: 
The covariates considered here are limited to the positions of • 
the locomotive wheels; more covariates must be considered. 
For example, the braking forces and the curving forces should 
also be considered. 
We have chosen vague prior distributions for the case study. • 
Other prior distributions, including both informative and non-
informative prior distributions, should be studied.
One of our research focuses in the future is to analyse the re-• 
lationship between re-profiling interval and material removal 
on the lathe, together with other influencing factors such as the 
flange wear, wheel diameter, position on the bogie, and other 
possible covariates mentioned above.
In subsequent research, we plan to use our results to optimise • 
maintenance strategies and the related lCC (life Cycle Cost) 
problem considering maintenance costs, particularly with re-
spect to different maintenance inspection levels and inspection 
periods (long, medium and short term). 

Table 7. Statistics for total wear rates

WearRate_total

11H 11V 12H 12V 13H 13V 21H 21V 22H 22V 23H 23V
Locomotive 1 0.619 0.607 0.614 0.605 0.542 0.533 0.393 0.404 0.467 0.467 0.467 0.472
Locomotive 2 0.452 0.439 0.448 0.448 0.449 0.448 0.484 0.482 0.568 0.575 0.487 0.476
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Appendix A
Table A.1 work order’s categories

Code Description Code Description Code Description

1 High flange 6 out-of-round wheel 11 Measurements on the wheel, Miniprof

2 Thin flange 7 Dimension difference
in between wheels in bogie 12 other defect, pressure defect

3 rcF 8 vibrations 13 empty, no code

4 unbalanced wheel 9 Thick flanges 14 Plant to be re-profiled

5 Qr measurements 10 cracks 15 Double flanges
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anna JoDeJKo-PIeTrucZuK
sylwia WerBIńsKa-WoJcIecHoWsKa

AnAlysis of mAintenAnce models’ pArAmeters estimAtion 
for technicAl systems with delAy time

AnAlizA pArAmetrów modeli obsługiwAniA 
systemów technicznych z opóźnieniem czAsowym*

In the article authors are interested in BIP performance for three-element system (“k-out-of-n” reliability structure), the main-
tenance policy which is one of most commonly used in practice. The BIP may be implemented in technical systems when some 
information about reliability characteristics is known. The basic reliability parameters that have to be specified in such systems 
are: an estimation of system components’ time to failure and some delay time characteristics. In order to determine the effects of 
possible errors and to specify sufficient accuracy of the estimation, the analysis of system costs was done for various values of 
the expected delay time, assuming three different probability distributions of the delay time (Weibull, Uniform, and Normal). The 
modelling process was based on the use of GNU Octave software. Test analysis of delay time parameter, assuming different types of 
probability distributions is the base to conclude: if the form of the distribution has any meaning for economic results of the system, 
and what kind of consequences may result from improper mean delay time estimation E(h).

Keywords: delay-time, maintenance model, parameters estimation methods.

W pracy analizie poddano system trzyelementowy (struktura niezawodnościowa progowa), którego procesy obsługiwania realizo-
wane są zgodnie z założeniami Polityki Przeglądów Blokowych (BIP). Strategia ta może być zastosowana w procesie utrzymania 
systemów technicznych, gdy znane są pewne jego charakterystyki niezawodnościowe, bazujące m.in. na informacjach o czasach 
pomiędzy uszkodzeniami elementów systemu. W badaniach skupiono się na trzech rozkładach prawdopodobieństwa tej zmiennej lo-
sowej (normalny, Weibull, prostokątny). Model symulacyjny opracowano przy wykorzystaniu oprogramowania GNU Octave. Ana-
liza okresu opóźnienia czasowego, przy założeniu różnych postaci rozkładów prawdopodobieństwa tej zmiennej losowej, pozwoliła 
na ocenę: czy znajomość typu rozkładu prawdopodobieństwa zmiennej losowej h ma istotne znaczenie dla wyników ekonomicznych 
funkcjonowania systemu, oraz jakie konsekwencje mogą wystąpić w wyniku niewłaściwej estymacji wartości średniej E(h).

Słowa kluczowe: opóźnienie czasowe, model obsługiwania, metody estymacji parametrów.

JoDeJKo-PIeTrucZuK a, WerBIńsKa-WoJcIecHoWsKa s. analysis of maintenance models’ parameters estimation for technical systems with delay 
time. eksploatacja i niezawodnosc – Maintenance and reliability 2014; 16 (2): 288–294.

1. Introduction

In the case of complex systems, in which an important issue is a 
problem of modeling the relationship between two separate subsys-
tems that have an impact on the overall system availability, a lot of 
works draw attention to the delay times occurrence during operational 
processes performance [8]. 

In the year 1976 Christer (following [16]) proposed the delay-
time (DT) concept, used to this day in the renewal theory in order to 
optimize the technical system downtime due to not detected failures 
occurrence (e.g. [9, 10, 14, 16, 20]). The basic idea rests on an obser-
vation that a failure does not usually occur suddenly, but is preceded 
by a detectable fault for some time prior to actual failure, called a 
delay time and is denoted by h (Fig. 1) [8, 12]. This research area has 
been widely studied in the literature, e.g. in [2, 3, 6, 7, 8, 12, 13, 24, 
25, 26, 27, 28], where reviews of delay-time models from the applica-
tion point of view are provided, and in [22, 23, 25, 32] which focus on 
the possibilities of DT models use for multi-unit systems maintenance 
performance.

The correctness of maintenance model selection for technical sys-
tems with time delay is directly dependent on the accuracy of model 
parameters estimation process. Generally, there is no possibility to 
measure directly either the delay time associated with a defect, or the 
initial point u. There can be proven a possibility to estimate the delay 

time for a set of specific faults and failures, and from this deduce the 
location of the initial point and estimate the delay-time and initial-
point distributions [12, 25]. 

There are two methods to estimate delay-time h and initial point 
u parameters in the literature. When the operating data are available 
and reliable, it is possible to estimate the model parameters using the 
maximum likelihood method (e.g. [30]). Otherwise, there is applied 
a subjective estimation of parameters based on expert opinion (e.g. 
[29]). One of the first works in which authors have developed and 
investigated the method of subjective opinion of experts use in the 
parameter h estimation process are [10, 14, 15, 16, 20]. These works 
regarded to maintenance processes performed in civil engineering 
[10], industrial systems [16], manufacturing [15, 20] and transport 
maintenance [14].

Fig. 1. Delay-time concept [15]
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In the next paper [13], authors continued their research on the de-
lay time models parameter estimation issues. The authors presented an 
overview of the literature in the study area and discussed the revision 
delay-time models. Moreover, they investigated the issue of biased 
estimates determination in the analysed research area. This issue was 
later continued in [12], where e.g. the parameter estimation methods 
criteria used in maintenance decision processes have been analyzed. A 
literature review of the fields of subjective probability and the experts’ 
opinions application in maintenance decision-making processes per-
formance with the use of DT concept was presented in [7, 29].

In the next works, authors presented the implementation of sub-
jective method of delay time parameters estimation in maintenance 
issues of industrial systems [19], manufacturing systems [1], and city 
bus transport companies [21].

On the other hand, for the first time, authors in [5] used an objec-
tive method in the process of delay time parameters estimation for 
the repairable object performance. Model parameters were estimated 
using maximum likelihood method and Akaike Information Criterion 
(AIC). The proposed model was developed in [4], where the authors 
investigated a technical system consisting of multiple components.

In the next work [17] authors considered a multi-element system, 
in which inspection actions are carried out systematically at time T 
and at failure. The issue of an objective estimation of the model pa-
rameters for complex system were analyzed e.g. in [18].

The problem of model parameters estimation, when there are 
available only data about the moments of failure occurrence (lack of 
information about system maintenance process performance), was 
analyzed in [11]. In other work [31], there is presented an example of 
time between maintenance actions performance for a manufacturing 
company. 

 Particularly noteworthy is the work [30], in which authors devel-
oped a model of delay time parameter estimation using both estima-
tion methods.

literature studies show that the problem of the proper esti-
mation of the parameters of the random variable delay time h is ex-
tremely important and there are developed methods for continuous 
improvement of these estimates. In practice, there is not always the 
possibility of a correct and accurate approximation of all the delay 
time parameters for maintained system. In many cases, the available 
data allow only for estimation of the expected value and standard de-
viation of the delay time variable. Following this, there can be asked 
a question about possible consequences of incorrect estimation of the 
model parameters and the legitimacy of estimation improvement pro-
cess performance. Therefore, the aim of this article is to assess:

consequences - economic and reliability ones  - which should be • 
taken into account for maintained system, if only selected pa-
rameters of delay time will be possible to estimate in practice,
the necessary delay time parameters estimation accuracy, al-• 
lowing the selection of the correct time between inspection ac-
tions performance in multi-component system.

Achievement of such defined objectives has been performed by 
carrying out a simulation analysis of a technical system operation 
process with implementation of different delay time characteristics. 
The system is maintained according to Block Inspection Policy - BIP. 
Research results analysis allowed assessing the influence of selected 
delay time parameters changes on the obtained system maintenance 
costs and availability ratio. This process enables to assess the conse-
quences connected with parameters under- and overestimation or with 
absence of delay time parameter data. Moreover, there is a possibility 
to define the influence of such consequences on performance outputs 
of multi-unit system, maintained according to BIP strategy. The arti-
cle bases on simulation studies implementation because of the lack of 
analytical models development which could be used to define mainte-
nance costs and system availability, depending on the multi-unit sys-
tem characteristics and BIP strategy requirements and conditions.  

In the next Sections, there are discussed the main assumptions 
used in BIP model, used simulation algorithm, and there are presented 
the obtained research results.  

2. Block Inspection Policy Model

The study investigates system comprised of 3 identical elements, 
in a k-out-of-n reliability structure, working independently under the 
same conditions. The used maintenance policy is a BIP which assumes 
that the diagnosis operations of the state of a system are carried out 
at regular intervals of T time units. This maintenance strategy can be 
used in the maintenance process of technical system, where some of 
its reliability characteristics are known, based on e.g. the information 
about the time between failures of system components. It is assumed, 
that the system components are independent, as well as the first signs 
of forthcoming failures (defects occurrence). The inspections are as-
sumed to be perfect. Thus, any component’s defect, which occurred 
in the system till the moment of inspection, will be identified. All 
elements with identified defects will be replaced within the inspection 
period. The performance of the investigated system being illustrated 
in Fig. 2 is also defined by the additional assumptions:

maintenance actions restores system to as good as new condi-• 
tion,
failures of the system are identified immediately, and repairs or • 
replacements are made as soon as possible,
system incurs costs of: new elements, when they are replaced, • 
inspection costs, and some additional, consequence costs, 
when system fails,
elements’ lifetime, repair time, replacement time and the length • 
of the delay time before element’s failure are random and their 
probability distributions are known.

The performance of the chosen system is modeled with the use 
of simulation processes. The modeling process was based on the use 
of GNU Octave software. The list of tested system parameters, which 
were used in the simulation models, is given in Table 1. The scheme 
of the simulation algorithm is given in Fig. 3.

The research analysis regards to the assessment of delay time pa-
rameters influence on the investigated system economic results. As 
a result, there is a necessity to define the expected costs per unit of 
operating time of the system resulting from BI maintenance policy 
performance CBI(T): 

  C T CE T CC T CI TBI BI BI BI( ) ( ) ( ) ( )= + +  (1)

where: CBI – the expected cost resulting from BI maintenance policy 
performance, T – the period between two consecutive inspection ac-
tions performance, CEBI – the expected costs of new elements per unit 
time for BI maintenance policy, CCBI – the expected cost of the con-

Fig. 2. Idea of the Block Inspection Policy for investigated system
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sequences resulting from a system failure for BI maintenance policy, 
CIBI – the expected costs of performed inspections.

The expected costs of new elements per unit time can be obtained 
from the following formula: 

 CE T
n k N T n T c

OTBI
SF PR e( )

[( ) ( ) ( )]
=

− + ⋅ + ⋅∑1
 (2)

where: n – number of elements of the system, k – minimal number of 
up-stated elements for having system in an operational state, NSF – the 
number of system failures during assumed time horizon, ΣnPR – the 
expected number of elements that were preventively replaced after 
inspection, ce – the cost of new element, OT – the operating time of 
the system.

Moreover, the expected cost of the consequences resulting from a 
system failure for the investigated maintenance policy can be calcu-
lated from the following formula:

 
CC T N T c

OTBI
SF c( ) ( )

=
⋅

 (3)

where: cc – the cost of the consequence resulting from a system failure 
occurrence.
There is also a necessity to define the expected costs of performed 
inspections:

 CI T N T c
OTBI

PR i( ) ( )
=

⋅  (4)

where: NPR – the number of preventive replacements of system ele-
ments, ci – the cost of an inspection performance.

The next step is connected with availability analysis. Thus, the 
availability ratio is calculated with the use of the following formula:

 A T OT T
OT T T T T TBI

PR SF
( ) ( )

( ) ( ) ( )
=

+ +
 (5)

where: TPR – the expected time of preventive replacements of system 
elements, TSF – the expected time of corrective replacements of sys-
tem elements.

3. Estimation of delay time parameter h – analysis of 
obtained simulation results 

While performing the simulation analysis, it was assumed that 
there are tested three systems, built and operated in the same way and 
differing only in the area of delay time characteristics of its compo-
nents. It was assumed, that the systems delay time differs in the form 
of the probability distribution of the variable h (Weibull, rectangular, 
normal distributions), but the expected value of the variable is the 
same (E (h) = 35). Analysis of the delay time period, assuming the 
different forms of probability distributions of variable h, allows as-
sessing:

if the form of the probability distribution of the random varia-• 
ble h is important for system performance in terms of obtained 
economic and availability results, and hence - if the knowledge 
of the form of its probability distribution function is necessary 
for the proper selection of time between inspections T,

Fig. 3. Simulation algorithm

Table1. Modelled system parameters

Symbol Description Tested values 

n number of system elements 3

k Minimal number of up-stated ele-
ments keeping the system in upstate 1,3

ce The cost of new element 1

ci The cost of an inspection 1

cc The cost of a system failure 10 000

Ti The time required for inspection 0

T constant time between maintenance 
actions performance –

F (t = u+h) c.d.f. of elements’ lifetime F t e
t

( )
( ) ,

= −
−

1 100
3 5

Gr(t) c.d.f. of single elements’ repair time 
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t

( )
( ) ,

= −
−

1 100
2 3
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c.d.f of single element’s replacement 
time (resulting from preventive re-
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G t ep

t

( )
( ) ,

= −
−
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2 3
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what kind of the economical and reliability consequences can • 
arise in a maintained system in the case of incorrect estimation 
of parameters describing the variable h.

The Figures 4 – 9 show the economic results and availability ra-
tio level of three-element system performing according to BIP policy 
depending on the expected value E(h), the length of the period T, 
and the type of the probability distribution of the random variable h. 
Moreover, the presented analysis results refer to the technical system 
performing in two extreme reliability structures “1-out-of-3” (parallel 
reliability structure – bright markers) and “3-out-of-3” (serial reliabil-
ity structure - dark markers).

For all the three investigated cases, the obtained economic results 
are very similar regardless of the type of the probability distribution of 
the variable h. Both parameters: the time between maintenance action 
performance (T) and the expected value of time delay (E(h)) have a 
significant impact on the level of expected maintenance costs. How-
ever, obtained results rather do not depend on the type of the prob-
ability distribution of the variable h. Areas of maintenance costs for 
both systems, performing in serial and parallel reliability structures, 
have the same characteristics, e.g. for the cases of the longest delay 
time (E(h) = MTTF = 100) maintenance costs for serial system range 
0–200 depending on the desired length of time between inspections 
T, but independently of the type of the probability distribution of the 
elements delay time h (Fig. 4, 6, 8). Exactly the same effect can be 
observed for the other tested values of E(h) in both system’s reliability 
structures – the same maintenance costs boundaries, as well as the 
same curvature of the maintenance cost surfaces. This fact leads to 
the conclusion that the optimization process of BIP policy parameters 
for the analysed system requires no knowledge about the type of the 
probability distribution of the random variable h. Hence, the wrong 
assumption of the type of probability distribution of the random delay 
time h does not cause significant differences in the system mainte-
nance cost assessment. A similar effect can be observed in the analysis 
of system availability ratio level (Fig. 5, 7, 9).

The research works [22, 23], which investigate the BIP policy in 
multi-unit systems performance implementation, determine the rela-
tionship between time T and the expected value of the variable h in 
systems with serial reliability structure, which is obtained for the low-
est maintenance cost and highest system availability:

Fig. 4. The expected costs CBI when probability distribution of delay time 
variable is Weibull distribution 

Fig. 5. System availability ratio (A) when probability distribution of delay 
time variable is Weibull distribution

Fig. 6. The expected costs CBI when probability distribution of delay time 
variable is rectangular distribution

Fig. 7. System availability ratio (A) when probability distribution of delay 
time variable is rectangular distribution

Fig. 8. The expected costs CBI when probability distribution of delay time 
variable is normal distribution

Fig. 9. System availability ratio (A) when probability distribution of delay 
time variable is normal distribution
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E h

T
( )

≈ 2  (6)

This relationship is shown in the Figures 4 – 9 as an additional 
line, near which are the best solutions for the economic and avail-
ability criteria and analysed expected values E(h). Expression (6) and 
the results presented in the Figures show that “nearly optimal” period 
between inspections of the series system performed according to BIP 
strategy should be determined on the basis of information about the 
expected value of the delay time.

In order to confirm the fact that the type of the probability dis-
tribution of the random variable h has no significant effect on the 
obtained economical results of BIP use, the relationship described 
by equation (6) was subjected to further analysis (Figures 10 – 15). 
For this purpose, all maintenance cost results and system availability 
ratios, obtained during the simulation experiments are shown in the 
form of the relationship E(h)/T. The ratio of     E(h)/T ≈ 0 means 
systems in which:

the expected value of the elements delay time is very low (short • 
time of defect occurrence before failure),
the time between inspections • T is very overestimated in the 
relation to the length of the expected elements delay time 
(wrongly defined time T).

As it can be seen, in both the investigated cases the system econom-
ical results, as well as the availability ratio level are very unfavorable. 
With the increase of the relation E(h)/T, the economic results seem 
to improve (maintenance costs decrease), there is also observable an 
increasing system’s availability ratio level. The expected maintenance 
costs of system CBI  reaches a minimum at the values of the E(h)/T ≈ 2 
for technical system performing in series reliability structure. The op-
timal values of costs CBI for the system operating in parallel reliability 
structure are observed for the smaller value of the relationship E(h)/T, 
regardless of the type of the probability distribution of the random 
variable h. In the case, where E(h)/T >> 2, maintenance costs are still 
low what is connected with the “safe” maintenance variant includ-
ing frequent system elements inspections performance. However, the 
availability ratio decreases due to the existence of unnecessary, redun-
dant maintenance actions performance. The discussed analysis results 
are the same for all the studied probability distributions characterizing 
the elements delay times.

To sum up, the obtained results (Figures 10 – 15) confirm the con-
clusions reached in the works [22, 23] and lead to the conclusion that 
the optimal length of time between every inspections performance T 
can be determined even when we do not have complete information 
about the form of the probability distribution of the random variable 
h. The basic parameter of BIP model, which must be evaluated as pre-
cisely as possible, is the expected value of the delay time E(h). This 
is due to its significant impact on all of the system analysed results. 
On the other hand, for the system in which the random variable h is 

Fig. 10. The expected costs CBI when probability distribution of delay time 
variable is Weibull distribution

Fig. 11. System availability ratio (A) when probability distribution of delay 
time variable is Weibull distribution

Fig. 14. The expected costs CBI when probability distribution of delay time 
variable is normal distribution

Fig. 13. System availability ratio (A) when probability distribution of delay 
time variable is rectangular distribution

Fig. 12. The expected costs CBI when probability distribution of delay time 
variable is rectangular distribution
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described by the rectangular probability distribution, one can detect 
an economic results variability in the area of their obtained minimum 
point (Figures 12, 13, E(h)/T ≈ 2). Unlike the results obtained for oth-
er types of probability distributions of the random variable h, even for 
the relation E(h)/T > 3 there are cases where the costs CBI > 30. These 
results confirm that greater dispersion of the values  of the variable 
h (and hence its less predictability) reduces the effectiveness of the 
BIP strategy implementation. It also means, that if there is a practical 
possibility, there should be estimated the standard deviation of the 
random variable – delay time. The exemplary results, obtained for dif-
ferent values of variation coefficient (v) and identical expected value 
delay time (E(h) = 35) for two probability distributions of the variable 
h: rectangular and Weibull ones, are presented in the Fig. 16 – 17. 
These results give us the possibility to conclude, that: 

despite various forms of the probability distributions of ran-• 
dom variable h, the economical results are very similar for a 
similar range of variation coefficient v and time period T,
when • v = 0, the system components should be inspected when 
T = E(h),
the increasing variation coefficient of the variable • h causes, 
that the “optimum” time between inspections T should be re-
duced in relation to the expression (6), 
in order to choose the best period between inspections • T, one 
should try to estimate the variability range of the delay time 
real values, such as the variation coefficient.

The results shown in the Figures 4 – 17 are the basis for the re-
sponse to the second question defined in the initial part of the chapter 
relating to the potential consequences of improper estimation of the 
parameters of the variable h. The consequences level (e.g. financial 
ones) depends on the level of committed error. Basic observations 
of obtained results indicate, that the bad estimation of the parameter 

E(h) value causes a significant difference between the value of esti-
mated time between inspections T and the value obtained from equa-
tion (6). As a result, it can impair the efficiency of the results of BIP 
strategy implementation. This effect is particularly easy to observe 
when the expected value of the variable h is overvalued relative to its 
actual value. Following this, the selected time between inspections T 
(too long) will cause, that the ratio satisfies the following inequality: 
E(h)/T < 2. Thus, this can cause significant financial and reliability 
consequences.

4. Summary

The obtained research results of the BIP model analysis allow ob-
taining a preliminary answer to the question of how the level of delay 
time parameter estimation may affect the performance of the technical 
system. The analysis involved observation of the impact of the ex-
pected value of the variable h and the forms of the three selected prob-
ability distributions of this random variable on the performance level 
of multi-element technical system in “k-out-of-n” reliability structure. 
There were also analysed certain rules of BIP policy implementation, 
defined by the authors in [22, 23].

On the basis of this carried out research study, it can be concluded 
that:

the main parameter that must be estimated as accurately as it is • 
possible, based on the available statistical data, is the expected 
duration of the delay time; this parameter unequivocally influ-
ences the analyzed cost and reliability results,
the knowledge about the form of probability distribution of • 
random variable h is important only from the point of view of 
its dispersion and need not be estimated on the basis of statisti-
cal data,
when there is a possibility to estimate the dispersion of random • 
variable h results, it should be assessed to properly define the 
time between inspections T,
there should be conducted further research to determine type • 
of influence of the variation coefficient on optimization for-
mula, described in equation (6).

In the article, authors continue their research related to the DT 
modelling for multi-unit systems developed in [22, 23, 25, 32]. The 
next step of our research analysis should be connected with its com-
plementation for assumption of a constant mean value and standard 
deviation of a variable h. Moreover, authors focus on definition of 
the DT models implementation possibilities for real technical systems 
performance optimization (e.g. imperfect maintenance assumption). 
This will allow defining the basic principles of preventive mainte-
nance policy selection process from the point of view of the person 
who manages the operational processes of technical system.

Fig. 15. System availability ratio (A) when probability distribution of delay 
time variable is normal distribution

Fig. 16. The expected costs CBI for various values of variation coefficient (v) 
of delay time parameter when probability distribution of delay time 
variable is rectangular distribution

Fig. 17. The expected costs CBI for various values of variation coefficient (v) 
of delay time parameter when probability distribution of delay time 
variable is Weibull distribution
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A new feAture extrAction method 
for geAr fAult diAgnosis And prognosis

nowA metodA diAgnozowAniA i prognozowAniA 
uszkodzeń przekłAdni z wykorzystAniem ekstrAkcji cech

Robust features are very critical to track the degradation process of a gear. They are key factors for implementing fault diagnosis 
and prognosis. This has driven the need in research for extracting good features. This paper used a new method, Narrowband 
Interference Cancellation, to suppress the narrow band component and enhance the impulsive component enabling the gear fault 
detection easier. This method can improve the signal to noise ratio of impulse train associated with the gear fault frequency. A 
run-to-failure test is used to demonstrate the method’s effectiveness. Based on the time synchronous signal of high speed shaft, 
Sideband Index is extracted from the signals processed by Narrowband Interference Cancellation. This feature has good degrada-
tion trend than traditional Sideband Index extracted from the time synchronous average signal directly. Comparison of features 
based on different extraction process proves the effectiveness of developed method.

Keywords: Narrowband Interference Cancellation, degradation, fault diagnosis, fault prognosis, sideband index.

Cechy odporne (robustfeatures) mają krytyczne znaczenie w trakcie śledzenia procesu degradacji przekładni. Stanowią one klu-
czowy czynnik w procesie diagnozowania i prognozowania uszkodzeń. Fakt ten stwarza w badaniach naukowych potrzebę ekstrak-
cji pożądanych cech. W niniejszej pracy wykorzystano nową metodę, tzw. metodę eliminacji zakłóceń wąskopasmowych (Narrow-
bandInterferenceCancellation), za pomocą której można wytłumić składową wąskopasmową, a wzmocnić składową impulsową, 
co ułatwia wykrywanie uszkodzeń przekładni. Metoda ta pozwala poprawić stosunek sygnału do szumu w szeregu impulsów 
związanym z częstotliwością charakteryzującą uszkodzenie przekładni. Skuteczność przedstawionej metody można wykazać za 
pomocą badań typu „pracuj do awarii” (run-to-failure) . Na podstawie synchronicznego sygnału wału wysokoobrotowego,  z 
sygnałów przetwarzanych za pomocą metody eliminacji zakłóceń wąskopasmowych ekstrahuje się wskaźnik wstęgi bocznej (Side-
band Index). Cecha ta ma lepszy trend degradacji niż tradycyjny wskaźnik wstęgi bocznej ekstrahowany bezpośrednio z sygnału 
uśrednionego synchronicznie w czasie. Porównanie cech wyodrębnionych w różnych procesach ekstrakcji dowodzi skuteczności 
opracowanej metody.

Słowa kluczowe: Eliminacja zakłóceń wąskopasmowych, degradacja, diagnoza uszkodzeń, prognozowanie 
uszkodzeń, wskaźnik wstęgi bocznej.

1. Introduction

Gears are critical elements in complex machinery, such as heli-
copter, wind turbine etc. Gear faults misdetection will increase the 
overall cost of customer or even lead to disaster. Condition based 
maintenance (CBM) [7] and Prognostics and Health Management 
(PHM) [5] are developed for supplement the traditional maintenance 
methods of capital equipment. Most operations and maintenance 
(o&M) organization are using fault diagnosis and prognosis to im-
prove logistics support of high value equipment. As we know, ex-
tracting good features are key steps for effective fault diagnosis and 
prognosis. For vibration signals based gear fault diagnosis, there are 
time domain analysis, frequency domain analysis and time-frequency 
domain analysis. Some statistical features extracted from time domain 
signals can detect abnormal of gear effectively [10]. However, these 
techniques are limited in their ability to provide actionable informa-
tion as to the location of the fault in the gearbox. Frequency domain 

analysis is difficult for gear faults involving soft/broken teeth as the 
FFT is not sensitive to impact events. 

For many industries (wind farms for example), the investment in 
the infrastructure to support on-line analysis has not been made and 
the hardware is unavailable to record vibration signals of every in-
spection. That is, the cost benefic ratio of on-line equipment is not 
great enough to convince o&M organization to invest. The goal of 
this study is to develop robust analysis techniques such that the busi-
ness case for implementing on-line analysis is made. 

As noted, frequency analysis alone has limited effectiveness for 
some types of faults that occur on gears. Therefore, other time fre-
quency analysis techniques are needed to allow development of con-
dition indicators sensitive to impact/soft tooth/broken tooth faults. For 
the normal case, statistics of these condition indicators are calculated. 
Then if condition indicators exceed the predefined thresholds, this de-
notes the system abnormal. Additional frequency spectrum analysis 
can be implemented to the raw vibration signal recorded provide more 
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actionable information: e.g. the fault locations in the gearbox. When 
the operating conditions are un-stationary, time-frequency analysis 
can be used to fix the fault location and severity. 

For the whole degradation process of gear, we expect to detect 
fault as early as possible and extract effective features that have good 
deterioration trend. In real world condition, a fault signature is small 
relative to the vibration signals. The impulsive signals produced by 
incipient faults are immersed in quasi-stationary signal with far great-
er energy (e.g. gear mesh, shaft rates) which are noise in the fault 
detection process. Additionally, because acceleration is the second 
derivative of displacement, the problem is especially difficult on low 
speed shaft encountered on wind turbines (main shaft rate of 0.15 to 
0.25 Hz for large machines). 

In practice, for statistical features extracted from time domain sig-
nals or frequency domain analysis, it is very difficult to detect incipi-
ent fault of gears of low speed shaft. Wang and Wong [11] developed 
an autoregressive (AR) model based filtering technique to enhance 
the gear fault diagnosis. Then, Endo and Randall [6] proposed the 
use of the minimum entropy deconvolution (MED) technique to en-
hance the ability of the existing AR model based filtering technique 
to detect gear faults. AR model can filter the gear meshing waveforms 
out and only retain the impulsive signal produced by faults, allowing 
earlier fault detection. The MED searches for an optimum set of filter 
coefficients that recover the output signal with the maximum value of 
kurtosis. Therefore, it can enhance the gear fault impulses enabling 
the fault detection easily (assuming that there are no other impulsive 
sources, such as a bearing fault). 

A limitation of the AR-MED method is the preference of the MED 
algorithm to deconvolve only a single impulse or a selection of im-
pulses, as opposed to the desired periodic impulses repeating at the 
period of the fault. Inspired by the MED deconvolution technique, 
McDonald et al. [9] proposed an improved novel deconvolution norm, 
Correlated Kurtosis, which takes advantage of the periodicity of the 
faults and requires no AR model stage prior to deconvolution. zhang 
et al. [12] developed a new condition indicator tracking the gear deg-
radation under un-stationary condition based on the AR filtering. In 
the signals of gear faults, there is a number of narrow band tones and 
broad noise which mask the desired impulsive signal produced by 
gear faults. If one can find an effective method that can remove the 
narrow band tones out, the impulsive signal will be easily detected. 
Recently, Bechhoefer [2] developed a new method called Narrowband 
Interference Cancellation (NIC) to enhance the gear fault detection. 
This method can filter the narrow band signals out. So, the impulsive 
signals are enhanced. 

Based on the work of Bechhoefer, this paper proposes a new 
feature, which can track the gear degradation effectively. Time syn-
chronous (TS) technology is used to compensate the varying rotation 
speed. Then, NIC is implemented to filter the narrow band signal out. 
Finally, sideband index mentioned in [1] is extracted from post-NIC 
signals. The results demonstrate that this condition indicator is more 
robust than others.

2. Narrowband Interference Cancellation

We can categorize gears faults in two basic categories: wear (scuff-
ing, micro-pitting) or breakage (soft tooth/broken tooth/crack tooth, 
etc). The second fault mode is of great interest because it can cause 
catastrophic fault of a gearbox. These types of faults are characterized 
by generated an impulse signals with the relative characteristic fre-
quencies. The vibration signals collected from machines contain gear 
mesh, shaft rotation, bearing vibration and random noise, along with 
the impulsive signal of interest. The quasi-stationary signals produced 
by gear and shaft are narrowband, while the impulse signals generated 
by gear faults are in a wideband. Usually, the gear fault signals are 
very weak compared to the gear mesh tones and shaft rotation. There-

fore, if we can cancel these narrowband signals, the gear faults will be 
detected easily. This phenomenology can be modeled as:

 x(n) = s(n)+y(n)+v(n) (1)

where
  s(n) is the signal of interest,
  y(n) is the signal associated with gear mesh, shafts rotation, 

e.g. interference,
  v(n) is random noise.

The interference signal is usually large compared to the signal of 
interest. It is necessary to remove the interfering signal y(n) from x(n) 
while preserving the signal of interest s(n). Since the measured signal 
x(n) and the interference signal y(n) are correlated, one can estimate 
the interference using an optimal linear estimator:

 ŷ(n) = ( )H
0 n D−c x  (2)

 Rc0 = d (3)

 R = E{x(n-D)xH(n-D)} (4)

 d = E{x(n-D)y*(n)} (5)

where D is an integer delay operator. If D=1, then Eq. (2) is the lS for-
ward linear predictor. If ŷ(n) = y(n), the output of the filter is x(n)- ŷ(n) 
= s(n)+v(n). This means we can completely remove the interference 
and only the desired signal and noise remains. In practice, signal y(n) 
is not available. To overcome this obstacle, we can use a minimum 
means square error D-step forward linear predictor, such that:

 ef(n) = x(n)+aHx(n-D) (6)

 Ra = -rf (7)

where: 

 rf = E{x(n-D)x*(n)} (8)

For this modeling, the components of the observed signal have the 
following properties:

The signal of interest • s(n), the interference signal y(n), and the 
noise signal v(n) are mutually uncorrelated.
The noise signal • v(n) is white.
The signal of interest • s(n) is wideband and has a short correla-
tion length (e.g. its impulsive).
The interference signal • y(n) has a long correlation length: its 
autocorrelation length takes significant values over the range 
0≤|l|≤M, for M>D.

In practice, the second and third properties mean that the desired 
signal and the noise are approximately uncorrelated after a certain 
small lag. These are precisely the properties exploited by the canceller 
to separate the narrowband interference from the desired signal and 
the background noise.

According to the first assumption, we have:

 E{x(n-k)y*(n)}=E{y(n-k)y*(n)}=ry(k) (9)

 rx(l) = rs(l) + ry(l) + rv(l) (10)

If the second and third modeling assumptions hold true, we have:

 rx(l) = ry(l) for l ≠ 0, 1, …, D-1 (11)
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The exclusion of the lags for l ≠ 0, 1, … , D-1 in r and d is critical, 
and we have arranged for that by forcing the filter and the predictor to 
form their estimates using the delayed data vector x(n-D). From (5), 
(8), and (11), we conclude that d = rf and therefore c0 = a0. Thus, the 
optimum NBI estimator c0 is equal to the D-step linear predictor a0, 
which can be determined exclusively from the input signal x(n). Then, 
the signal with interference removed is:

 x(n)- ŷ(n) = x(n) - ( )0aH n D−x = ef(n) (12)

which is identical to the D-step forward prediction error. This leads to 
the linear prediction NIC shown in Figure 1. For a full description of 
the analysis, we can see (Manolakis et al. 2000) [9].

3. Experiment

Figure 2 shows the experimental system used in this paper to 
verify the performance of the proposed method. The system includes 
a gearbox, a 4 kW three phase asynchronous motor for driving the 
gearbox, and a magnetic powder brake for loading. The motor rotat-
ing speed is controlled by an electromagnetic speed-adjustable motor, 
which allows the tested gear to operate under various speeds. The load 
is provided by the magnetic powder brake connected to the output 
shaft and the torque can be adjusted by a brake controller. 

The data acquisition system is composed of acceleration trans-
ducers, PXI-1031 mainframe, PXI-4472B data acquisition cards, and 
labvIeW software. The type of transducers is 3056B4 of Dytran 
Company. There are four transducers which are mounted in different 
places on gearbox. In order to acquire the speed and torque informa-
tion, a speed and torque transducer is installed in the input shaft as il-
lustrated in Figure 2. For this transducer, one revolution of input shaft 
will produce 60 impulses.

As shown in Figure 3, the gearbox has three shafts, which are 
mounted to the gearbox housing by rolling element bearings. Gear 1 
on low speed (lS) shaft has 81 teeth and meshes with gear 3 with 18 

teeth. Gear 2 on Intermediate speed (IS) shaft has 64 teeth and meshes 
with gear 4, which is on the high speed (HS) shaft and has 35 teeth. 

This experiment is a run-to-failure (RTF) test. It operated from 
normal to failure. When the vibration amplitude exceeds the 60 m/
s2, we define the gearbox failure. The whole process took 548 hours 
under approximate speed 1200 rpm and load 15 n•m. In this test, the 
sampling frequency was 20 KHz for 12 second. The sampling interval 
between two consecutive inspections is ten minutes. During the test, 
the gearbox was periodically inspected. It was found that the main 
fault mode was wear. Gear 2, 3, and 4 had slight wear. Gear 1 has 
serious wear and some teeth were broken. Then, the whole degrada-
tion process can be depicted as follows. When a normal gear operates 
some time, some pitting fault will appear on the gear face. With the 
time elapse, these pitting faults will extend to the spalling and lead 
to broken tooth finally. The degradation process of gear 1 can be de-
picted as Figure 4.

4. Data analysis and discussion

4.1. Degradation feature extraction

Because the rotating speed during the signal acquisition has small 
fluctuations, TS technology [3] must be used to mitigate the influence 

Fig. 1. Block diagram of linear prediction NBI canceller

Fig. 3. Structure of gearbox and the transducers location

Fig. 4. Fault propagation over time

Fig. 2. Test-rig of gearbox
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of varying speed. This was done by resampling the vibration data rela-
tive to a key-phasor [9]. Then, NIC is used to remove the narrowband 
signals out. Finally, sideband index (SI) is extracted from the NIC sig-
nals. SI is the average of the first order sidebands of the fundamental 
gear meshing frequency. It can be represented as Equation 13:

 SI = (RI,-1(x)+ RI,+1(x))/2 (13)

In this analysis, the HS shaft is the synchronous shaft. In this pa-
per, the parameters D and M of NIC are selected as 1 and 32 for all 
the data processing. For the RTF test described in Section 3, there are 
3,288 inspection points in the gearbox life. From Figure 4, we can see 
that the gear had some incipient pitting fault in the face when it oper-
ated until 100 hours. In order to demonstrate the effectiveness of NIC 
technology, data collected at inspection point 601 (the first inspection 
point after 100 hours) was selected as the processing object. After 
time synchronous and NIC processing, results of time domain and 
frequency domain can be seen in Figure 6 and Figure 8. 

Figure 5 is the time domain signal of inspection point 601 with-
out NIC processing. Compared to the Figure 6, its kurtosis value is 
smaller. This denotes that NIC processing isolated the fault, which 
is impulsive in nature (e.g. higher kurotosis). From the view of fre-
quency analysis, it is seen that the mesh tones of HS-IS (702.5764 
Hz) are dominant in the frequency spectrum without NIC processing, 
as depicted in Figure 7. The main fault is found on gear 1. Mesh fre-
quency of IS-lS (197.5996 Hz) and its harmonics should be dominant 
in the spectrum. Compared to Figure 7, Figure 8 shows that spectral 
energy of HS-IS (narrowband signal) is suppressed after NIC process-
ing. This enabled the fault detection of gear 1 be more easily detected. 
Finally, the robust degradation feature SI can be extracted from the 
RTF data sets as illustrated in Figure 9. 

From the Figure 9, we can see that degradation feature SI of chan-
nel four has the best performance. Its degradation trend is better than 
the features of other three channels. Degradation feature of channel 
1increase after the gearbox operating a short time and it decrease 
gradually at the initial stage of gearbox’s life. This is wear in, could 
possible affect the effectiveness of prognostic algorithms. Similarly, 
degradation features of channel 2 and channel 3 have high values at 
beginning and then enter into a relatively stationary process. These 
kinds of features will lead to ineffectiveness of the prognostic algo-
rithms. In Figure 9, curves with arrow are used to denote the abnormal 
feature fluctuation. 

4.2. Discussion

In reference [9], degradation feature SI was extracted from (1) 
time synchronous average (TSA) signals. We compared the 
SI extracted from TSA signals with the SI extracted from the 
NIC-TS signals. Here, the synchronous shaft is the lS shaft. 
SI extracted from TSA signals of four channels are depicted in 
Figure 10. Similar to Figure 9, degradation feature SI of chan-
nel four is the best. Figure 11 is the comparison of feature SI 
extracted from NIC-TS signals (showed in Figure 9) and TSA 
signals (showed in Figure 10) of channel four. It is showed 

Fig. 5. Time domain signal of inspection point 601 without NIC processing

Fig. 8. Frequency domain information of inspection point 601 after NIC 
processing

Fig. 9. Degradation feature SI extracted from NIC signal of four channels

Fig. 6. Time domain signal of inspection point 601 after NIC processing

Fig. 7. Frequency domain information of inspection point 601 without NIC 
processing
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that SI extracted from NIC-TS signal is smoother than the SI 
extracted from TSA signals. SI extracted from TSA signals has 
large fluctuations at the early stage of gearbox’s life. 

In section 4.1, the NIC was used to process the TS signal in (2) 
which the HS shaft is the synchronous shaft. If the lS shaft is 
the synchronous shaft, the SIs based on the NIC-TSA process-
ing and NIC-TS processing should be investigated. Figure 12 
is the feature SI extracted from the NIC-TSA signals. It shows 
that all features SI of four channels have large fluctuations in 
the whole degradation process.

Figure 13 is the features SI extracted from the NIC-TS signals. 
It is very similar to Figure 12. Therefore, the degradation feature SI 
directly extracted from NIC-TS signal of HS shaft has the best per-
formance.

From Figure 12 and Figure 13, it can be seen that all the features 
of four channels have large fluctuation when the gearbox degraded. 
Using lS shaft as the synchronous shaft, the TSA signal will have a 
very long length for one revolution. Really, there is nothing up there 
but noise which is due to the interpolation. So, this leads to the feature 
fluctuation. 

In this paper, the parameters (3) D and M of NIC are selected by 
experience. The optimization of these two parameters can 
be investigated in future to enhance the NIC ability. Another 
problem is that the rotation speed and load are varying with 
time as depicted in Figure 14 and Figure 15. Even if the vary-
ing range is small, this will have certain influence to the trend 
of degradation feature. In real, taking wind turbine for exam-
ple, its rotation speed and load are varying with wind speed. 
So, robust features which are not sensitive to speed and load 
varying need to be investigated in the future work.

5. Conclusion

This paper uses a new method NIC that can enhance the impulse 
signals produced by gear faults. NIC technology can suppress the 
interference of narrow band signal. Based on the TS signal of HS 
shaft, robust degradation feature can be extracted after NIC process-
ing. various results comparison from different view demonstrated the 
effectiveness of the proposed method. 

Fig. 12. SI extracted from NIC-TSA signals of four channels

Fig. 13. SI extracted from NIC-TS signals of four channels

Fig. 10. Degradation feature SI extracted from TSA signal of four channels

Fig. 14. Rotation speed of gearbox RTF data

Fig. 15. Load of gearbox RTF data

Fig. 11. Comparison of SI extracted from TSA and NIC-TS signals of channel 
four
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modelling of pAssive vibrAtion dAmping 
using piezoelectric trAnsducers – the mAthemAticAl model

modelowAnie pAsywnego tłumieniA drgAń przy uŻyciu 
przetworników piezoelektrycznych – model mAtemAtyczny*
A proposal of mathematical modelling of vibrating piezoelectric transducers using the electrical analogy is presented in this work. 
The developed mathematical model is used in analysis of vibrating piezoelectric plates with adjoined external passive electric 
elements and for designating of their characteristics. A substitute electric system of the piezoelectric transducer that is equal to 
a three-port system was introduced. A piezoelectric transformer created by connection of two plates was analysed. Substitute 
systems of both plates were introduced. All mechanical parameters of the analysed system were replaced by equivalent electrical 
parameters in obtained Mason’s model.

Keywords: piezoelectric transducers, piezoelectric transformer, vibration damping, passive electric circuits.

W pracy przedstawiono propozycję modelowania matematycznego drgających przetworników piezoelektrycznych poprzez zasto-
sowanie analogii elektrycznej. Opracowany model stosowany jest w analizie oraz wyznaczaniu charakterystyk drgających płytek 
piezoelektrycznych z dołączonymi, zewnętrznymi, biernymi elementami elektrycznymi. Wprowadzono układ zastępczy przetwor-
nika piezoelektrycznego równoważny trójwrotnikowi elektrycznemu. W pracy analizowano połączenia dwóch płytek piezoelek-
trycznych działających jako transformator piezoelektryczny, wprowadzając układy zastępcze obu przetworników. Przy stosowaniu 
układów zastępczych w postaci obwodów elektrycznych wszystkie wielkości mechaniczne w otrzymanym układzie Masona zostały 
zastąpione równoważnymi wielkościami elektrycznymi.

Słowa kluczowe: przetworniki piezoelektryczne, transformator piezoelektryczny, tłumienie drgań, modelowanie, 
pasywne obwody elektryczne.

1. Introduction

Piezoelectric elements are increasingly used in modern techni-
cal means. The reason for the growth in popularity of this type of 
materials are, inter alia, high efficiency of conversion of electrical 
to mechanical energy or in the opposite direction and the possibility 
to produce a piezoelectric transducers of any shape, suitable for the 
application. One of the possible applications of piezoelectric trans-
ducers are systems with passive damping of mechanical vibrations 
with external electric circuits adjoined to the piezoelectric transducers 
[9–9, 18, 19].

In the Gliwice Research Centre works which aim is to develop a 
mathematical algorithms for analysis and determination of character-
istics for both vibrating mechanical systems and mechatronic systems 
containing piezoelectric transducers used as vibration dampers or ac-
tuators are realized [1–14, 25, 26, 28]. Issues of synthesis of such kind 
of systems, so their design taking into account required characteris-
tics, as well as computer-aided methods of synthesis and analysis are 
also considered [3–5, 10, 12, 16, 17].

Development of mathematical models of this type of systems with 
high detail representation of real systems is a very important issue due 
to the complexity of the phenomena occurring in them. The correct de-
scription of the system in the form of mathematical model already in 
the design phase is a important condition, necessary to obtain desired 
results, such as required characteristics of the system, as well as the 
maximum efficiency of its operation [7,21,22]. This work is therefore 

an introduction to the process of modelling of vibrating piezoelectric 
plates with passive electric circuits attached in order to damp vibra-
tions. This paper proposes a description of the piezoelectric vibrating 
plate as a substitute electric circuit. Then the developed scheme was 
extended to describe two plates that interact with each other acting as 
a piezoelectric transformer. Using the electromechanical analogy, the 
dynamic flexibility of the system was determined and presented on 
chart. In further studies the created mathematical algorithm will be 
used to model and determine characteristics of systems with adjoined 
electric circuits. It will be also used to analyze the impact of the sys-
tem’s parameters on obtained characteristics.

2. The substitute scheme of the piezoelectric transducer

A mathematical model of longitudinally vibrating piezoelectric 
plate is considered in this work. The form of a single, free piezoelec-
tric plate loaded by external forces F1 and F2 are presented in Fig. 1. 
Symbols u1 and u2 denote displacements of the transducer’s surfaces 
and U denotes the electric voltage generated by the transducer as a 
result of its deformation [14].

Symbols a, b and d denote geometric dimensions of the consid-
ered system and Δd denotes the plate’s thickness change.

A substitute electric system of the piezoelectric transducer that 
is equal to a three-port system was introduced. It is a system with 
three pairs of terminals corresponding to the mechanical and electri-
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cal inputs or outputs. A block diagram of this system together with the 
indication of the stiffness matrix is shown in Fig. 2 [24]. 

Initially, in order to clarify the internal structure of the three-port 
system the value of a piezoelectric constant was assumed as zero. So, 
the system under consideration was not treated as piezoelectric and 
equations of forces acting on the plate can be described as [14]:

 
1 1 2

2 1 2

tan sin

sin tan

Z ZF u u
j kd j kd

Z ZF u u
j kd j kd

⋅ ⋅

⋅ ⋅


= −



 = −

, (1)

where: 

 
k

V
=
ω , (2)

 
V c
=

ρ
, (3)

 
c E S= +

ε
ε

2
, (4)

 Z VA= ρ , (5)

In equations denotation was introduced: the symbol j denotes the 
imaginary unit, ε the relative deformation of the plate, εS the dielectric 
permittivity, ω a frequency of excitation, while symbols E, A and ρ 
denote the young’s modulus, the cross-section area and the density of 
the transducer [14].

The system of equations (1) describes dependences of the plate’s 
surfaces movements on the applied forces. Using the electrical analogy 
a substitute electric circuit was introduced. It is a four port system of 
impedances connected in a star configuration. It is presented in Fig. 3.

Taking into account the non-zero value of the piezoelectric con-
stant, the system of equations (1) can be supplemented by a relation-
ship that describes the transformation of electrical energy into me-
chanical energy or in the opposite direction [14]:

 hC u u j C e i0 1 2 0 3 3
⋅ ⋅
−









 = −ω , (6)

where:

 
h S=

ε
ε

, (7)

 
C A

d

S

0 =
ε . (8)

The left side of the equation (6) describes the current flowing in 
the longitudinal branch of the four port system after the transforma-
tion of mechanical values to electrical values. Using the transforma-
tion law, the considered system can be replaced by an ideal trans-
former with a ratio of:

 0r hC= . (9)

The equivalent circuit of the piezoelectric plate that was created in 
this way is presented in Fig. 4.

The transformation law is used for equivalent voltage, which in 
the Mason’s equations are represented by an element [14]:

 h
j

i ri
j Cω ω

=
0

. (10)

Fig. 1. The form of a single, free piezoelectric plate

Fig. 3. A substitute electric circuit of the plate with the value of piezoelectric 
constant assumed as zero

Fig. 2. A block diagram of a equivalent three-port system 

Fig. 4. A part of the electrical equivalent circuit of the piezoelectric plate
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In the case of absence of piezoelectric coupling (r=0) there is not 
an electric current flow in the secondary winding of the transformer. 
So, the voltage of the electrical part can be described by the equa-
tion:

 
e i

j C
=

ω 0
. (11)

In agreement with Thevenin theorem, the electrical current source 
was replaced by the voltage source and additional capacitance C0 was 
introduced in parallel to the electrical input in the 3-3 node. The condi-
tion of equality of voltage on the electrical and mechanical part will be 
fulfilled in the case of joining a serial capacitor – C0. The substitute Ma-
son circuit of the piezoelectric plate that is powered by a parallel field is 
presented in Fig. 5. It represents mechanical and electrical parts.

When using substitutive systems of piezoelectric transducers in 
the form of electrical circuits all mechanical values were replaced by 
an equivalent electrical values in the introduced Mason circuit:

 
e F

r1
1= ,  2

2
Fe
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= , (12)

 1 1i u r
⋅

= ,  2 2i u r
⋅

= , (13)

 
0 2

ZZ
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r eC

S= 0

ε
. (15)

By substituting equations (12) to (15) in equations (1) and (6), the 
system can be described by equations:
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2
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3
1 1 1
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ω ω ω

, (18)

and a corresponding Mason circuit can be presented as shown in Fig. 6.

The equivalent circuit of the piezoelectric transducer was trans-
formed in such way that the forces F1 and F2 were replaced by elec-
tric voltages e1 and e2 and the values of displacement u1 and u2 by 
electrical currents i1 and i2. The ratio of turns of the primary winding 
to the number of turns of the secondary winding of the transformer 
is 1:1. Calculations carried out in the following part will therefore be 
conducted using the equivalent circuit shown in Fig. 6 and the cor-
responding equations. Note, however, that the arms 1-1 and 2-2 are 
representation of mechanical values.

3. The equivalent model of the piezoelectric trans-
former

The idea of   creating a piezoelectric transformer appeared in the 
fifties of the twentieth century [15, 20, 23, 27]. Both, the direct and 
reverse piezoelectric effects are used in the piezoelectric transformer. 
By converting electrical energy into mechanical energy in the first 
piezoelectric plate of the transformer mechanical vibrations are being 
generated (the reverse piezoelectric effect). vibrations are transmit-
ted to the second piezoelectric plate and, as a result of mechanical 
deformation, electric charge is generated (simple piezoelectric effect). 
Operation of the piezoelectric transformer is illustrated in Fig. 7.

In the presented case it was assumed that harmonic voltage is 
applied to the first piezoelectric plate of the transformer and causes 
vibration in the thickness direction of the plate. The second piezo-
electric plate is used to recover and strengthening of the electric volt-
age. In the work [20] different types of piezoelectric transformers that 
transfer longitudinal vibrations  are presented. Depending on the type 
of piezoelectric material used and the arrangement of electrodes the 
piezoelectric transformer is characterized by a specific gain value of 
the output voltage.

Fig. 5. The equivalent Mason circuit of piezoelectric plate

Fig. 7. Functional diagram of the piezoelectric transformer

Fig. 6. The equivalent Mason circuit in electrical analogy of the piezoelec-
tric transducer powered by the parallel field
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Modelling of the considered piezoelectric transformer by intro-
duction of substitute, equivalent electrical circuits of each plate is 
presented in this paper. The first plate is subjected to external electric 
field and the other one to the forces generated by the first plate. Both 
plates are polarized in the direction of axis 3. Assumed equivalent 
circuit of a single piezoelectric plate is shown in Fig. 8 [23].

Dependencies of impedances connected in a star configuration are 
described as:

 1 1' 0
[ ]

2
kdZ Z jZ tg= = , (19)

 0
2 2' sin[ ]

ZZ Z
j kd

= = . (20)

A diagram formed by connecting terminals of the pair of mechani-
cal arms 2-2 is presented in Fig. 9. It is transformed model of the plate 
cooperating with the second piezoelectric transducer. In the place of 
the newly formed pair of arms 1-2 the second piezoelectric plate is 
coupled. The terminal 3-3 is powered by external input voltage Uwe 
[23].

In the case of the second piezoelectric plate its equivalent circuit 
is similar but supplemented by an additional capacitor C0. An ob-
tained equivalent circuit of the piezoelectric transformer is presented 
in Fig. 10.

The system consisting of the same type of piezoelectric plates 
was considered thus the piezoelectric transformer ratio, that is cou-
plings between electrical and mechanical systems, is 1:1. The value 
of substitute impedance created from a connection of Z1 and Z’1 was 
determined:

 1 1 1 1 0
[ ]' ' 2

2
kdZ Z Z jZ tg= + = , (21)

and the connection of impedances Z1, Z’1 and Z1’1 was changed from 
the triangle configuration to the star configuration:
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Obtained substitute circuit is presented in Fig. 11.

Further minimize of the number of system components was real-
ized by combining elements respectively Z2 together with ZA and Z’2 
together with ZC according to the equation:

 
0 0

2 2 '
sin[ ] 2 2A C

Z jZ kdZ Z Z Z tg
j kd

+ = + = + . (25)

Using the trigonometric identity:

 tg kd kd
kd2

1
=

− [ ]
[ ]

cos
sin

, (26)

Fig. 9. The transformed substitute circuit of the input piezoelectric plate Fig. 11. Diagram of transformation of impedances connection from the trian-
gle configuration to the star configuration

Fig. 10. The substitute circuit of the piezoelectric transformer transmitting 
longitudinal vibrations

Fig. 8. Substitute electric circuit of a single, input piezoelectric plate of the 
transformer
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it was obtained:

 Z Z Z Z Z
j kd

jZ kd
kdA C2 2

0 0 1
2

+ = + = +
− [ ]( )
[ ]

'
sin[ ]

cos
sin

. (27)

After transformations, equation (27) can be written in the form:

 Z Z Z Z
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j kdA C2 2
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Taking into account that:
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it can be finally written down:
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The minimized form of the circuit is presented in Fig. 12.

Using electromechanical analogies the created system can be 
transformed to a resonant circuit composed of passive RlC compo-
nents. This circuit is presented in Fig. 13.

The obtained model is equivalent to a mechanical RmlmCm sys-
tem [23]. The value of the first natural frequency can be described by 
the equation:

 ω
π

ρ0 = l
c

. (30)

values of the individual elements of passive resonant circuit were 
described by equations:

 L Z
m =

π
ω

0

04
, (31)

 R Z
Qm

m
=
π 0
4

, (32)

 C
Lm

m
=

1

0
2ω

, (33)

by symbol Qm a quality constant was indicated [23].

Using equations (31) to (33) values of the individual elements 
of RmLmCm circuit were calculated. They were used to calculate the 
dynamic flexibility of the piezoelectric transformer without damping 
(in analogy of electrical admittance Y of the electric resonant circuit). 
The value of the Qm constant was taken from [23] to be equal 2000. 
The obtained modulus of dynamic flexibility of the resonant system 
for the first natural frequency is shown in Fig. 14.

Fig. 14 shows designated course of absolute values of the dynam-
ic flexibility of mechanical resonant system (the piezoelectric plate) 
obtained from the electrical analogy.

4. Conclusions

Presented algorithm can be used to develop an electrical equiva-
lent circuit of a single piezoelectric plate and the piezoelectric trans-
former is an introduction to the process of modelling and testing of 
this type of vibrating systems that can be used to stabilize and damp-
ing of mechanical vibrations. In next works systems with vibrations 
damping will be considered. The damping will be introduced by con-
necting to the piezoelectric transducer passive electric circuits. The 
advantages of this type of passive vibration damping is primarily their 
low complexity and no need for an external power supply. This allows 
their applications in technical devices where is no possibility of access 
to the system during its operation or there is a need to reduce the com-
plexity and energy consumption of the designed technical means.

Using the presented mathematical algorithm it is possible to realize 
modelling and testing of such systems, as well as analysis of the impact 
of their parameters on characteristics, including both parameters of the 
piezoelectric transducer as well as parameters of the external circuit. A 
necessary condition to realize a synthesis task, so designing of the sys-
tem with required characteristics, is to develop a precise mathematical 
model of the designed system. Using this model it is possible to precise 
representation of the phenomena occurring in it.

Fig. 12. Minimized circuit (containing a combination of resistors in a star 
configuration) of the piezoelectric transformer

Fig. 14. Absolute value of the dynamic flexibility of mechanical resonant sys-
tem

Fig. 13. Substitute scheme of the mechanical resonance system in the form of 
an electrical circuit



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014306

sciENcE aNd tEchNology

Acknowledgements: The work was carried out under the project number PBS2/A6/17/2013 agreement implemented under the Applied Research 
Program, funded by the National Centre for Research and Development.

References

1. Białas k. Passive and Active elements in Reduction of vibrations of Torsional Systems. Solid State Phenomena 2010; 164: 260-264.  
2. Białas k. Mechanical and electrical elements in reduction of vibrations. journal of vibroengineering 2012; 14(1): 123-128.
3. Buchacz A. Modelling, synthesis and analysis of bar systems characterized by a cascade structure represented by graphs. Mechanism and 

Machine Theory 1995; 30 (7): 969-986.
4. Buchacz A, Wojnarowski J. The modelling of vibrating bar systems with nonlinear changeable sections of robots by means of hypergraphs 

and structural numbers. Journal of the Tranklin Institute-Engineering and Applied Mathematics 1995; 332B (4): 443-467.
5. Buchacz A. The expansion of the synthesized structures of mechanical discrete systems represented by polar graphs. Journal of Materials 

Processing Technology 2005; 164: 1277-1280.
6. Buchacz A, Płaczek M. Damping of Mechanical vibrations Using Piezoelements, Including Influence of Connection layer's Properties on 

the Dynamic Characteristic. Solid State Phenomena 2009; 147-149: 869-875.
7. Buchacz A, Płaczek M. Development of Mathematical Model of a Mechatronic System, Solid State Phenomena 2010; 164: 319-322.
8. Buchacz A, Płaczek M. Selection of Parameters of external electric Circuit for Control of Dynamic Flexibility of a Mechatronic System. 

Solid State Phenomena 2010; 164: 323-326. 
9. Buchacz A, Płaczek M. The approximate galerkin’s method in the vibrating mechatronic system’s investigation. Proceedings of The 14th 

International Conference Modern Technologies, Quality and Innovation ModTech 2010, Slanic Moldova, Romania 2010, pp. 147-150.
10. Buchacz A, Wróbel A. Computer-Aided Analysis of Piezoelectric Plates. Solid State Phenomena 2010; 164: 239-242.
11. Buchacz A, Płaczek M. The analysis of a composite beam with piezoelectric actuator based on the approximate method. journal of 

vibroengineering 2012; 14 (1): 111-116.
12. Buchacz A, galeziowski D. Synthesis as a designing of mechatronic vibrating mixed systems. journal of vibroengineering 2012; 14 (2): 553 -559.
13. Buchacz A, Płaczek M., Wróbel A. Control of characteristics of mechatronic systems using piezoelectric materials. journal of Theoretical 

and Applied Mechanics 2013; 51: 225-234.
14. Buchacz A, Wróbel A. Modeling and study of the piezoelectric effect influence on the characteristics of mechatronic systems. Silesian 

University of Technology Publishing House, Gliwice, 2010 (in Polish). 
15. Crawford A. Piezoelectric Ceramic Transformers and Filters. Journal of the British Institution of Radio Engineers 1961; 21 (4): 353-360.
16. Dymarek A, Dzitkowski T. Modelling and synthesis of discrete – continuous subsystems of machines with damping. Journal of Materials 

Processing Technology 2005; 164-165: 1317-1326.
17. Dymarek A, Dzitkowski T. Searching for the values of damping elements with required frequency spectrum. Acta Mechanica et Automatica 

2010; 4: 19-22.
18. Fleming A J, Behrens S, Reza Moheimani S O. Optimization and Implementation of Multimode Piezoelectric Shunt Damping Systems. 

Transactions on Mechatronics 2002; 7 (1): 87-94.
19. Hagood N W, von Flotow A. Damping of structural vibrations with piezoelectric materials and passive electric networks. Jurnal of Sound 

and vibration 1991; 146 (2): 243-268.
20. Ho S T.  Design of the longitudinal Mode Piezoelectric Transformer. Proceedings of the International Conference on Power Electronics and 

Drive Systems, 2007, pp.: 1639 – 1644.
21. Jamroziak K, Kosobudzki M. Determining the torsional natural frequency of underframe of off-road vehicle with use of the procedure of 

operational modal analysis. journal of vibroengineering, 2012; 14 (2): 472-476.
22. kulisiewicz M, Piesiak S, Bocian M. Identyfication of nonlinear damping using energy balance method with random pulse excitation. 

journal of vibration and Control 2001; 7 (5): 699-710.
23. lin C. Design and analysis of piezoelectric transformer converters. Ph.D Dissertation, virginia Polytechnic Institute, 1997.
24. Sherrit S, leary S, Dolgin B, Bar-Cohen y. Comparison of the Mason and KlM Equivalent Circuits for Piezoelectric Resonators in the 

Thickness Mode. Proceedings of the IEEE Ultrasonic Symposium 1999; 2 921-926.
25. Wróbel A. kelvin voigt’s model of single piezoelectric plate. journal of vibroengineering 2012; 14 (2): 534-537.
26. Wróbel A. Model of piezoelectric including material damping, Proceedings of 16th International Conference ModTech 2012, ISSn 2069-

6736, pp.1061-1064.
27. zaitsu T, Ohnishi O, Inoue T, Shoyama M, Ninomiya T, lee F C, Hua G C. Piezoelectric transformer operating in thickness extensional 

vibration and its application to switching converter. Proceedings of the Power Electronics Specialists Conference 1994; 1: 585-589.
28. Zolkiewski S. Damped vibrations Problem of Beams Fixed on The Rotational Disk. International journal of Bifurcation and Chaos 2011; 

21 (1): 3033-3041.

Andrzej buchAcz
marek płAczek
Andrzej wróbel
Institute of engineering Processes automation and Integrated Manufacturing systems 
Faculty of Mechanical engineering
silesian university of Technology
Konarskiego 18a, 44-100 gliwice, Poland
e-mails: andrzej.buchacz@polsl.pl, marek.placzek@polsl.pl, andrzej.wrobel@polsl.pl



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014 307

article citation info:
yang y, lu Z, luo X, ge Z, QIan y. Mean failure mass and mean failure repair time: parameters linking reliability, maintainability and supportability. 
eksploatacja i niezawodnosc – Maintenance and reliability 2014; 16 (2): 307–312.

yongmin yang
Zhimiao lu
Xu luo
Zhexue ge
yanling QIan

meAn fAilure mAss And meAn fAilure repAir time: pArAmeters linking 
reliAbility, mAintAinAbility And supportAbility

średniA mAsA uszkodzeniA i średni czAs nAprAwy uszkodzeniA: 
pArAmetry łączące niezAwodność, obsługiwAlność i utrzymywAlność

Up to now, no parameters linking reliability, maintainability and supportability directly are available in reliability engineer-
ing. Index such as availability can be used to check the compatibility of those RAM features only after individual index of every 
characteristic is obtained such as MTBF, MTTR, etc.  Thus available methods to balance those three features are not efficient and 
direct during the product design phase. In this paper, concepts of mean failure mass and mean failure repair time are presented. 
By investigating the relationship of the failure probability and the mass of a product, a feature linking reliability and supportability 
is obtained. Similarly, by studying the relationship of the failure probability and the mean time to repair of a product, a feature 
linking reliability and maintainability is obtained.  Based on above definitions, an approach of reliability, maintainability and sup-
portability trade-off during design phase is achieved. Effectiveness of both of the new concepts is demonstrated by an example of 
balancing the maintainability and supportability of a subsystem of a space station.

Keywords: mean failure mass, mean failure repair time, reliability, maintainability, LRU.

Jak dotąd w inżynierii niezawodności nie istniały parametry łączące niezawodność, obsługiwalność i utrzymywalność. Wskaźniki 
takie jak gotowość mogą być stosowane w celu sprawdzenia zgodności tych cech RAM (Reliability, Availability, Maintainability 
– Niezawodność, Gotowość, Obsługiwalność) dopiero po uzyskaniu indywidualnego wskaźnika każdej charakterystyki, takich jak 
MTBF, MTTR, itp. W ten sposób dostępne metody równoważenia owych trzech cech nie są wystarczająco skuteczne i bezpośrednie 
w fazie projektowania produktu . Niniejszy artykuł przedstawia pojęcia średniej masy uszkodzenia i  średniego czasu naprawy 
uszkodzenia. Badając zależność prawdopodobieństwa uszkodzenia i masy produktu, uzyskuje się cechę łączącą niezawodność i 
utrzymywalność. Podobnie, badając zależność prawdopodobieństwa uszkodzenia i średniego czasu naprawy produktu, uzyskuje 
się cechę łączącą niezawodność i obsługiwalność.  Na bazie powyższych definicji osiągnięto kompromisowe podejście do nieza-
wodności, obsługiwalności i utrzymywalności podczas fazy projektowania. Skuteczności obu nowych koncepcji dowodzi przykład 
równoważenia niezawodności i obsługiwalności podsystemu stacji kosmicznej.

Słowa kluczowe: średnia masa uszkodzenia, średni czas naprawy uszkodzenia, niezawodność, obsługiwalność, LRU

1. Introduction

Modern equipments or systems are becoming more dependent on 
system engineering methods to ensure the life cycle availability and 
reliability. RAM (reliability, availability and maintainability ) features 
are more and more essential to systems such as atomic energy plants, 
space stations and aeroplanes [1, 2].

Assessment of RAM parameters, methodologies for RAM analy-
sis and simulation or modeling for RAM are the major issues on RAM 
studies [3]. As an approach which affects the product design deeply, 
methodology for RAM analysis plays the most important role in the 
life cycle RAM work. By the view of applications, RAM analysis 
should be a synthesis way which will deal with reliability, availabil-
ity and maintainability at the same time.  Unfortunately the methods 
presented in literature are not able to analyze RAM features simulta-
neously. Many analysis methods deal with RAM feature individually 
[4–7]. Other methods perform analysis of reliability, maintainability 
and supportability in a serial way [1, 8]. The reason is that no direct 
parameters linking reliability, maintainability and supportability are 
available [9–11]. Index such as availability can be used to check the 

compatibility of those RAM features only after individual index of 
every characteristic is obtained such as MTBF, MTTR, etc.

Above situation leads to that methods used to balance RAM fea-
tures are not efficient and direct during the product design phase.  
For some systems such as space station or expeditionary warships, 
support issue plays an important role for mission accomplishment.  
Spares supply is expensive and crucial herein. During the design 
phase, trade-off of reliability, maintainability and spare plan is much 
necessary. Indirect methods such as multidiscipline domain optimiza-
tion (MDO) approach and RAM simulation have been employed for 
RAM trade-off [12–13]. As these methods are not able to point out 
what issues affect the RAM parameters and how to affect RAM pa-
rameters, direct analysis methods are needed for RAM features trade-
off, so are the parameters which can link reliability, maintainability 
and supportability directly. 

So far, existent RAM parameters are not able to link reliability, 
maintainability and supportability directly [9-10]. This paper aims to 
give two parameters. One directly links reliability and supportabil-
ity, another directly links reliability and maintainability. As we know, 
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supportability and maintainability are two concepts which depend 
on the usage and maintenance scenario. Failure-maintenance and 
failure-spare delivery schedule affect the product supportability and 
maintainability profoundly. Once the usage and maintenance scenario 
is confirmed, the failure-maintenance and failure-spare delivery rela-
tionships will express objective characteristics of the designed prod-
uct. Naturally, there is a need to study the relationship of the failure 
probability and the mass of a product. Similarly, the relationship of 
the failure probability and the mean time to repair of a product is also 
an interesting target.  

In this paper, concepts of mean failure mass and mean failure re-
pair time are presented. Effectiveness of both of the new concepts 
is demonstrated by an example of balancing the maintainability and 
supportability of a subsystem of a space station. 

2. the concept of mean failure mass

Failure of a product is its inherent property.  When a failure oc-
curs, some units (lRU and SRU, namely line replaceable unit and 
shop replaceable unit) in the product need to be maintained or to be 
replaced directly. For a matured product, a unit locates in a fixed loca-
tion. For units in a product, a failure and a unit replacement relation-
ship contains the product structural information and the maintenance 
information. Once the maintenance scenario is confirmed, the failure-
replacement relationship of the unit is fixed.

For organizational-level maintenance or intermediate-level main-
tenance, failure of a lRU or a SRU can result in a replacement of 
another lRU or SRU.  Hence, the following concept is presented.

Definition 1: suppose some failure of unit A will result in a re-
placement of unit B. let the set of failures of unit A which will result 
in replacement of unit B be Ω. Under the given conditions and given 
time, the total failure probability of unit A in Ω is named Fa(t). The 
mass of unit B is named Mb. Define the product of Fa(t) and Mb as: 
mean failure mass of unit B brought by unit A which is expressed by 
MFMa-b:

 MFMa-b (t)=Fa(t)∙Mb (1)

Definition 2: suppose some failure of unit A will result in a re-
placement of itself. let the set of failures of unit A which will result in 
replacement of itself be Ω. Under the given conditions and given time, 
the total failure probability of unit A in Ω is named Fa(t). The mass 
of unit A is named Ma. Define the product of Fa(t)and Ma as: mean 
failure mass of unit A which is expressed by MFMa:

 MFMa(t)=Fa(t)∙Ma (2)

By definition 1 and definition 2, it is obvious that MFM is a vari-
able of time t with a dimension of mass (for instance, kilogram). It can 
be seen as how much mass has been lost by failure in average which in 
most cases can also be regarded as the delivery burden of spares.  For 
example, suppose there are 100 lRU As and 100 lRU Bs in service. 
lRU A has a failure probability of 0.25 in 6 months and a mass of 10 
kg. lRU B has a failure probability of 0.50 in 6 months and a mass of 
6 kg. Calculation shows that in 6 months, 25 lRU As and 50 lRU Bs 
will fail. For lRU A, 25 spares with 250 kg are needed, meanwhile for 
lRU B, 50 spares with 300kg are needed. Under this circumstance, on 
the view of weight, lRU B has a greater support burden than lRU A 
with a ration of 300 to 250. Actually, by definition 2, this ratio can be 
obtained direct. By definition 2, MFMa is the product of 0.25 and 10 
kg, that is 2.5; MFMb is the product of 0.5 and 6 kg, that is 3. MFMb/
MFMa is exactly the ratio of 3/2.5 which means the ratio of support 
burden of spares weight of lRU A to lRU B. It can be seen mean 
failure mass can be a useful parameter in the case where the spares 

delivery is difficult and expensive such as accommodation of a Space 
Station.

3.  The concept of mean failure repair time

As mentioned above, for a matured product, a unit locates in a 
fixed location. Once the maintenance scenario is confirmed, the fail-
ure-maintenance relationship is fixed.  Under given conditions, the 
time consumed for a unit repair is of an objective value named as 
mean time to repair.  If every failure results in an immediate repair, 
then next concept will be objective.

Definition 3: suppose some failure of unit A will result in a repair 
of unit B. let the set of failures of unit A which will result in repair of 
unit B be Ω. Under the given conditions and given time, the total fail-
ure probability of unit A in Ω is named Fa(t). The MTTR (mean time 
to repair) of unit B is named MTTRb. Define the product of Fa(t) and 
MTTRb as: mean failure repair time of unit B brought by unit A which 
is expressed by MFRTa-b:

 MFRTa-b (t)=Fa(t)∙MTTRb (3)

Definition 4: suppose some failure of unit A will result in a repair 
of itself. let the set of failures of unit A which will result in repair 
of itself be Ω. Under the given conditions and given time, the total 
failure probability of unit A in Ω is named Fa(t). The MTTR (mean 
time to repair) of unit A is named MTTRa. Define the product of Fa(t)
and MTTRa as: mean failure repair time of unit A which is expressed 
by MFRTa:

 MFRTa (t)=Fa(t)∙MTTRa (4)

By definition 3 and definition 4, it is obvious that MFRT is a vari-
able of time t with a dimension of time (for instance, hour). It can be 
seen as how much repair time has been spent by failure in average 
which in most cases can also be regarded as the maintenance burden.  
Example can be simply given similarly as section 2.

4. Applications

Definition 1 to 4 implies that the object is a unit. A unit is a re-
placement or repair target, so above definitions have no doubt in real-
ity usage.  But if the object is a module or a system which consists 
of several units, then the average support burden and average main-
tenance burden cannot be obtained from above definitions directly.   
Although definition 1 to 4 are not suitable to a module or a system, we 
can still borrow MFM and MFRT to express total spares delivery bur-
den and total maintenance burden of a module or a system, which are 
the total spares mass need to be delivered and the total maintenance 
time need for every failure repair.  Once MFM and MFRT can be cal-
culated directly, RAM trade-off analysis can be easily accomplished. 

4.1. Failure-replacement correlative matrix and failure-main-
tenance correlative matrix

A failure-replacement correlative matrix can be employed to ex-
press failure-replacement relationship of lRUs in a system:

If failure of unit i results in replacement of unit j, set mij as 1. If 
failure of unit i doesn’t result in replacement of unit j, then set mij as 

Table1. Failure-replacement correlative matrix Σ

unit 1 unit 2 … unit n

failure of unit 1 m11 m12 … m1n

failure of unit 2 m21 m22 … m2n

… … … … …

failure of unit m mn1 mn2 … mnn
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0. note that matrix Σ depends on the structure of the system and lRU 
selection plan. Similarly, A failure-maintenance correlative matrix 
can be similarly defined as Φ. In most cases, Σ and Φ have the same 
expression, so we treat them as the same one. once Σ is known, the 
MFM and MFRT of a system can be calculated by following equa-
tions:
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where F is a vector consists of failure probability of every unit. M is a 
vector consists of mass of every unit. T is a vector consists of MTTR 
of every unit. Obviously, when all the units of a system are independ-
ent in the view of failure-replacement and failure-maintenance, ma-
trix Σ is diagonal:
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Formula (5) to (7) are reasonable only if the failures of every unit 
are independent which means the elements of F are independent. 

4.2. Corrective and preventive maintenance

Above concepts are induced from corrective maintenance where 
failure is the only reason for units replacement or repair. But actual 
cases are more complicated where preventive maintenance is also 
a major issue.  As preventive maintenance is more regular, one can 
simply add its affect on corresponding parameters of corrective main-
tenance. Suppose during time t, the system support burden and main-
tenance burden resulting from failures are FΣM and FΣT. We also 
suppose during time t, there are n times scheduled replacement for 
unit A.  Suppose corrective repair doesn’t affect scheduled preventive 
replacement and the time consumed of other preventive maintenances 
is negligible,  then the total the system support burden and mainte-
nance burden can be written as:

 MFMs(t)=FΣM+nMa
 MFRTs(t)=FΣT+nMTTRa (8)

The ratio is reasonable which can be showed simply as follows. 
Suppose there are m unit A. Then for time t, mass of m∙Fa(t)∙Ma will 
be replaced for corrective maintenance. At the same time, for preven-
tive maintenance every unit A will be replaced n times. Then mass of  
m∙n∙Ma will be replaced for preventive maintenance. Total replaced 
mass is m∙Fa(t)∙Ma+ m∙n∙Ma. It is obvious that for defined MFM, re-
placed mass for preventive maintenance can directly added as n∙Ma. 

4.3. Trade-off analysis by MFM and MFRT. 

When MFM and MFRT are achieved, trade-off analysis can be 
done efficiently. As MFM and MFRT are deeply dependent on the 
product structure and the lRU selection results, this trade-off can be 
used for lRU selection optimization. In general, a product structure 
can be expressed as a tree. Following is an example:

The lRU selection can be (1) lRU1 and lRU2, or (2) lRU11, 
lRU12, lRU21 and lRU22. Normally, selection (1) results in great-
er MFM, as spare defined as bigger item will lead to uneconomical 
spares delivery.  Selection (1) also leads to a smaller MFRT, as main-
tenance for bigger item will consume smaller dismantlement time. 
At the same time, selection (2) results in smaller MFM and greater 
MFRT, as spares defined as smaller item will lead to economical spare 
delivery and consume greater replacement time.

Above figure shows that MFM and MFRT are contradictory with 
regard to different lRU selection level. By a unification ration, an 
optimization point can be found for the total cost function of MFM 
and MFRT.

5. Case study

MFM and MFRT represent the mean spares delivery burden and 
maintenance burden which are contradictory in some sense. As they 
both are relative to lRU selection plan, they are suitable for RAM 
trade-off in product design phase.  Following is an example of lRU 
selection by RAM trade-off on CDRA (Carbon Dioxide Removal 
Assembly) of EClSS (Environmental Control and life Support Sys-
tems). Here the concept of ORU(Orbit Replaceable Unit) is employed 
instead of lRU.

In following study, 7 ORU selection plans are given. The first ap-
proach is to compute MFM and MFRT directly and employ a resulted 
synthetical objective function to carry on ORU selection. The first ap-
proach is called direct calculation method. In next step, a Monte Carlo 
method is used to simulate the failure occurence in a time range. Real 
spares mass delivered and maintenance time consumed are calculat-
ed by accumulation approach. The second way is called simulation 

Fig. 1. A product structure tree

Fig. 2. ORU selection trade-off
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method. Finally, the effectiveness of new definitions can be verified 
by comparison of above results obtained in different ways.

CDRA of eClSS has 4 modules, the AIR I/o Selector valve Mod-
ule, Desiccant and Sorbent module, AIR Save Pump Module and AIR 
Blower and Precooler Module. The structure tree of CDRA is shown 
in Fig. 3, and the names of ORU in CDRA are given in Table 2. In ad-

dition, the basic reliability, mass and MTTR 
of ORUs are given in table 3. According to 
structure tree of CDRA, there are 7 ORU se-
lection scheme as shown in table 4.

Some assumptions are given for MFM 
and MFRTcomputation:

For simplicity, suppose the ORU’s reli-(1) 
ability is of exponential distribution. 

Failure and replacement of every unit (2) 
does’t affect each other. 

The MFM and MFRT are computed as 
ORU selection indices by formulas (2), (4), 
(7), (8). For synthesis trade-off analysis, 
MFM and MFRT are normalized as :

 x X X
X Xi

i=
−
−

min

max min
              (9)

Where Xmin is the minimum value of MFM 
or MFRT, Xmax is the maximum value of 
MFM or MFRT. let the synthetical objec-
tive function be:

 min MFM MFRT2 2+{ }       (10)

Results are shown in Table 5 and Fig. 4. The selection (4) is the 
optimal solution from the curve of trade-off value.

In another approach, Monte Carlo method is used to simulate fail-
ure occurance of the ORUs of CDRA in a time range. The real spares 

Fig. 3. Structural tree of CDRA 

Fig. 4. plot of objective function of direct calculation method

Table 2. Name of ORUs

o1 aIr I/o selector valve 
Module o32 open loop vent valve

o2 Desiccant and sorbent 
module o33 aIr save Pump

o21 Desiccant Bed o4 aIr Blower and Precooler 
Module

o22 co2 sorbent Module o41 selector valve 4

o221 co2 sorbent Bed o42 aIr Blower

o222 check valve o43 Precooler

o3 aIr save Pump Module o44 selector valve 5

o31 selector valve 3

Table 3. Basic data of ORUs

oru or Module Failure rate(1/y) MTTr(h) Mass(kg) Maintenance plan

aIr I/o selector valve 
Module  1 0.0815 0.92 10 corrective maintenance

Desiccant and sorbent 
module 2 0.3879 1.23 52 Preventive maintenance

Desiccant Bed 21 0.2827 2.21 19 Preventive maintenance

co2 sorbent Module22 0.3052 1.26 26 Preventive maintenance

co2 sorbent Bed221 0.1594 1.90 24 Preventive maintenance

check valve222 0.1458 2.22 5 corrective maintenance

aIr save Pump Module3 0.4099 1.55 25 corrective maintenance

selector valve 3 31 0.1730 2.58 4 corrective maintenance

open loop vent valve 32 0.1601 2.63 4 corrective maintenance

aIr save Pump 33 0.0768 2.84 18 corrective maintenance

aIr Blower and Precooler 
Module 4 0.7078 1.38 30 corrective maintenance

selector valve 4 41 0.2230 3.38 4 corrective maintenance

aIr Blower42 0.0733 2.92 20 corrective maintenance

Precooler43 0.1885 2.96 4 corrective maintenance

selector valve 5 44 0.2230 3.32 4 corrective maintenance

Table 4. ORU Selection Scheme

selection number 
of oru oru

1 5 01,021,022,03,04

2 6 01,021,0221,0222,03,04

3 7 01,021,022,031,032,033,04

4 8 01,021,0221,0222,031,032,033,04

5 9 01,021,0221,0222,03,041,042,043,044

6 10 01,021,022,031,032,033,041,042,043,044

7 11 01,021,0221,0222,031,032,033,041,042,043,044
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mass and maintenance time are achieved by accumulation compu-
tation. Here the ORU’s failure rate is assumed to be of exponential 
distribution. The spares delivery burden and maintenance burden are 
achieved by employing Monte Carlo method and normalization meth-
od  shown in Table 6 and Fig. 5.

The selection (4) is also the optimal solution by Monte Carlo 

simulation. 

Finally, the results of two different trade-off ways 
are compared in Fig.6. The trade-off objective function 
value of direct calculation method and classical Monte 
Carlo simulation method shows the same tendency 
and the same optimal ORU selection point. This case 
study shows that the concepts of mean failure mass 
and mean failure repair time are much useful for RAM 
trade-off analysis.

6. Conclusions

Because of some restriction during the design 
phase of products, the traditional methods used to bal-
ance RAM are not efficient and direct. In this paper, 
an approach of reliability, maintainability and support-
ability trade-off during design phase is achieved using 

the concepts of mean failure mass and mean failure repair time both 
of which are firstly presented. The article uses the concepts of MFM 
and MFRT to express total spares delivery burden and total mainte-
nance burden of a module or a system, which are the total spares mass 
need to be delivered and the total maintenance time  needed for every 
failure repair. Once MFM and MFRT of a system can be calculated di-
rectly, the system RAM trade-off analysis can be easily accomplished. 
A case of a Carbon Dioxide Removal Assembly (CDRA) of space 
station showed that the concepts of MFM and MFRT are very useful 
for a simple calculation of the support and maintenance burden which 
leads to a direct trade-off of RMS. The trade-off results of direct com-
putation and simulation are same which shows the new concepts and 
relative computation method are effective.  From above paper, one 
can see that MFM and MFRT are the parameters linking reliability, 
maintainability and supportability.

Acknowledgement: The research work is financed by the project of 
National Natural Science Foundation of China 51005238 .

Table 5. MFM and MFRT

selection number 
of oru MFM(kg) MFrT(h) MFM 

(normalized)
MFrT 

(normalized)
Trade-off 

value

1 5 147.7801 10.1655 1 0 1

2 6 143.9708 12.8225 0.8212 0.1713 0.8389

3 7 139.3280 14.3858 0.6034 0.2721 0.6619

4 8 135.5187 17.0428 0.4246 0.4435 0.6140

5 9 134.9192 21.4509 0.3965 0.7278 0.8288

6 10 130.2764 23.0141 0.1787 0.8286 0.8476

7 11 126.4671 25.6712 0 1 1

Fig. 5. Plot of objective function of simulation method

Fig. 6. Trade-off value of two methods 
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anna ŻycZyńsKa

the heAt consumption And heAting costs After the insulAtion of 
building pArtitions of building complex supplied by  

the locAl oil boiler room

zuŻycie ciepłA i koszty ogrzewAniA po dociepleniu przegród 
budowlAnych zespołu budynków zAsilAnych 

z lokAlnej kotłowni olejowej*
The paper presents the indices of energy consumption obtained in operating conditions as well as the heating costs before and 
after the insulation of external partitions of eight multiple dwelling buildings supplied by the common heat source which is the lo-
cal boiler room heated by light fuel oil. The heat distribution to the particular buildings is by the district heating network.  In order 
to determine the average unitary indices of energy consumption aimed at heating of the whole building complex, the analysis of 
fuel consumption is carried out, with consideration of standard computational conditions. The analysis lasted for four years after 
the insulation of buildings, from 2008 to 2011; its results are compared to the ones obtained from the analysis conducted before 
the insulation, in 2006. The investment was realised in 2007. The obtained real energy consumption indices are compared to the 
current requirements of technical conditions. On the basis of the data referring to the operation of buildings, the decrease in the 
heat consumption due to the insulation of partitions, the variability of fuel price, and the costs of heat generation are estimated . 
Moreover, the decrease in the emission of pollutants into the atmosphere is defined, as well as the costs of heat generation, which 
would be incurred if there was no insulation of partitions, are estimated.

Keywords: heat-transfer coefficient, the insulation of building partitions, heat energy consumption in a building, 
heating costs.

W artykule przedstawiono wskaźniki zużycia energii uzyskane w warunkach eksploatacyjnych i koszty ogrzewania przed i po 
dociepleniu przegród zewnętrznych grupy ośmiu budynków mieszkalnych wielorodzinnych zasilanych ze wspólnego źródła ciepła. 
Źródłem ciepła jest kotłownia lokalna opalana olejem opałowym lekkim, dystrybucja ciepła do poszczególnych budynków nastę-
puje poprzez osiedlową sieć ciepłowniczą. W celu określenia średnich jednostkowych wskaźników zużycia energii na cele grzew-
cze dla całego zespołu budynków przeprowadzono analizę zużycia paliwa uwzględniając standardowe warunki obliczeniowe. 
Analizą objęto okres czterech lat po dociepleniu budynków od 2008–2011 r. i odniesiono do stanu przed dociepleniem z 2006 r., 
inwestycja była realizowana w 2007 r. Uzyskane rzeczywiste wskaźniki zużycia energii porównano do obecnie obowiązujących 
wymagań warunków technicznych. Na podstawie danych z eksploatacji budynków przeanalizowano spadek zużycia ciepła z tytułu 
docieplenia przegród, zmienność cen paliwa i kosztów eksploatacyjnych ogrzewania, określono spadek emisji zanieczyszczeń do 
atmosfery, oszacowano koszty eksploatacyjne ogrzewania jakie zostałyby poniesione w przypadku braku docieplenia przegród 
budowlanych.

Słowa kluczowe: współczynnik przenikania ciepła, docieplenie przegród budowlanych, zużycie ciepła w budyn-
ku, koszty ogrzewania.

1. Introduction

The sector of building industry is one of major consumers of heat 
energy in economy. For this reason, the energetic policy of particular 
countries aims at introducing the strategies which reduce the energy 
consumption in this sector. Energy that is essential to heat rooms has 
the biggest share in the structure of energy consumption in a building 
which is not equipped with air conditioning [2, 5, 13]. For various 
types of buildings, one analyses the possibility of saving the heat en-
ergy by enhancing the parameters of thermal insulation of a building 
structure, increasing the efficiency of heating systems, the appropriate 
choice of heat source as well as by energy management [1, 4], [6–8], 
[11–12].  The investments aimed at the decrease in the heat consump-
tion in building engineering, have been realised for several years in 
Poland and many other countries. Such investments are financially 

ŻycZyńsKa a. The heat consumption and heating costs after the insulation of building partitions of building complex supplied by the local oil boiler 
room. eksploatacja i niezawodnosc – Maintenance and reliability 2014; 16 (2): 313–318.

supported by the European Union or national budget. The most sig-
nificant outcomes of such ventures are heat savings which contribute 
to the decrease in fuel consumption, and consequently, results in the 
reduction of the emission of pollutants into the atmosphere, and the 
drop in the operating costs of heating.  Financial support is condi-
tioned upon the fulfilment of requirements referring to the heat in-
sulation of building partitions. The heat energy savings calculated in 
various studies according to current algorithm based on the domestic 
regulations as well as European and Polish standards, are the approxi-
mate predictive quantities. It is possible to determine the true level 
of energy savings and its unitary indices of consumption which can 
be compared to the requirements, owing to the measurements of heat 
energy or fuel consumption, performed in the operating condition, for 
heating purposes in a building and subsequently, by the analysis of 
obtained results, simultaneously, allowing for the changes in outside 
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temperature and the length of the heating season. In the case of the 
high indices while managing the property, the steps should be taken to 
introduce conscious energy management in a building. The energetic 
savings and the average real indices of energy consumption for heat-
ing purposes, obtained in the operating conditions, are examined in 
the article. 

2. The Description of object

Among the analysed group of eight buildings, two types can be 
distinguished: three one-storey, two-family houses made in the tradi-
tional way; and five three-storey, twelve-family buildings of one- or 
two-staircase made in the industrial technology, known as ‘żerańska 
brick’. The district was built in the years 1968-1978, whereas the 
existing single-function oil boiler room as well as two-wire heating 
network were built in 2003. The location of buildings (third climate 
zone) and the route of network are displayed in fig.1. 

The total usable area which is heated amounts to 3745,5 m2 where 
66 apartments are located and is occupied by 246 people. The pro-
prietor of the district is a homeowner association administered by a 
licensed property manager. The settlement of consumption costs is 
proportional to the heated usable area.

 Before the insulation, building partitions in the objects were char-
acterised by the following coefficients: heat transfer coefficients [15] 
expressed in [W/m2K]: external walls – 1,15 or 1,12; ventilated slab 
roofs – 0,93 or 0,72; a roof – 1,43; the ceilings of cellars from  0,83; 
1,00 to 1,01; floors on ground – 0,56 or 0,46; windows – 2,6 and 1,8 
and the external doors – 2,5 or 1,8. The shape coefficient A/ve (A – 
the sum total of the partitions area separating heated area from the 

external environment, not heated area and ground; ve – cubic capacity 
of heating) of two-family buildings amounts to 1,01, whereas of the 
remaining ones to 0,53 or 0,54. The heating systems in buildings have 
not been modernised  since their installation, at the end of 1970s’. The 
hydraulic regulation was realised by the orifices fixed at heaters and 
at the bottom of risers. However, the boiler room is equipped with the 
weather control panel which allows to regulate the system centrally. 
The generation of warm water takes place locally by electricity, in 
separate apartments. In 2007 the external walls, roofs and slab roofs 
in all buildings were insulated; the windows at staircases and external 
doors were replaced. The heating system stayed unchanged. The com-
putational heat transfer coefficients of partitions after the insulation 
[15] expressed by [W/m2K], amount to: external walls – 0,25; ven-
tilated slab roofs – 0,22 or 0,21; a roof – 0,22; the ceilings of cellars 
- from 0,83 to 1,01; floors on ground - 0,56 or 0,46; staircase windows 
-  1,8 and external doors - 1,8. It should be stated that according to the 
administrator and users’ information, before the insulation, the build-
ings were not sufficiently heated  and the calculated temperatures of 
internal air were not achieved. Figure 2 shows the buildings before the 
commencement of investment; whereas figure 3 presents the already 
finished venture  

3. The methodology of computations

The computations, conducted during the years 2008–2011, com-
prise the determination of the level of heat consumption for heating 
purposes; the emisson of pollutants; and the analysis of operating 
costs related to heating, and their comparison with the state from 
2006. On the basis of the fuel supply documents, the consumption of 
light fuel oil for heating purposes could be analysed; and the unitary 
prices as well as the calorific value and density of light fuel oil could 
be assumed. The consumption of heat and the operating costs of heat-
ing were brought to the same level of reference. Thus, the values of 
corrective coefficient (φ), for the external computational conditions 
in a given year (assuming that internal temperature amounts to 20°C), 
were determined according to the dependence (1) and on the basis of 
the data concerning the length of the standard and real heating season; 
as well as the standard and measured average, monthly temperatures 
of outside air from the nearest weather station. The average index of 
the demand for the final energy and the non-renewable primary ener-
gy, was determined during the analysed period in every year. Owing to 
the fact that there is no individual measurement of heat consumption 
in buildings, the indices contain heat losses resulting from the genera-
tion and distribution of heat in the existing system. Subsequently, the 
obtained results are compared to the current requirements of technical 
conditions for dwelling buildings. The average, unitary prices of light 
fuel oil as well as the average unitary heating costs before and after 
the insulation are calculated in order to estimate the financial indices. 
The ecological effect is illustrated by the decrease in the emission of 
pollutants such as, carbon dioxide, carbon oxide, sulfur oxides, nitro-
gen oxides, dust and benzo-[a]-pyrene

The following dependencies are used in computations:

 φ =
Sd
Sd

s
r

 (1) 

where:
 φ – the corrective coefficient for a given year
 Sdr – the number of degree days for a given year
 Sds – the number of degree days for a meteorological station 

in a standard year ( for the analysed case 3825,2 [day · K / 
year])

Fig. 1. The localization of dwelling-house complex together with the route of 
heating network
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 Qco =0,001· φ · V · W0 · ρ (2)

where:
Qco – the heat energy consumption for heating purposes [GJ/ year]
V – the volume of oil used for heating purposes [dm3/year]
Wo – the calorific value of oil ( 42,6 MJ/dm3 is assumed)
ρ – the density of oil (0,85 kg/dm3 is assumed)

 EK Q
AH

co
f

= ⋅
⋅

100
3 6,

 (3)

 EKH* = EKH ·η (4)

 EPH = wi · EKH (5)

 EPH* = wi · EKH* (6)

 EPHWT = 55 + 90 · A/Ve (7)

 EPHWT
’ = 1,15 · EPHWT (8)

where:
EKH  – the average index of the demand for the final energy to 

heat the district, together with the losses on the grounds of 
the generation in the local source and transmission by the 
district heating network [kWh/m2·year]

EKH
* – the average index of the demand for the final energy to 

heat the district buildings, reduced in the losses due to the 
generation and transmission [kWh/m2·year]

EPH  – the average index of the demand for the non-renewable 
primary energy to heat the district, together with the losses 
due to the generation in the local source and transmission by 
the district heating network [kWh/m2·year] acc[9]

EPH
* – the average index of the demand for the non-renewable 

primary energy to heat the district buildings, reduced 
in losses due to the generation and transmission [kWh/
m2·year] 

EPHWT – the average index of the demand for non-renewable primary 
energy to heat new buildings, determined according to the 
requirements of technical conditions [kWh/m2·year] acc.[10]

EPHWT
’ – the average index of the demand for non-renewable 

primary energy to heat modernised buildings, determined 
according to the requirements of technical conditions [kWh/
m2·year] acc.[10]

A/Ve  – the coefficient of building shape (0,57 1/m is assumed 
as the average value weighted for the whole group of 
buildings) 

Af   – the usable area of rooms of regulated temperature (in total 
3745,5 m2  for all the buildings)

wi  – the expenditure coefficient of non-renewable primary 
energy (1,1 is assumed acc. [9])

η  – the efficiency of energy generation in a boiler room and 
transmission of the district heating network (by the applica-
tion of [9], 0,85 is assumed as the product of values 0,89 and 
0,95)

 Kr =  V∙Cj (9)

 Kr
* =  φ·V·Cj (10)

 k K
Aj

r
f

=
⋅

∗

12
 (11)

where:
Kr  – the annual costs of the oil purchase [zl/year]
Kr

*  – the corrected annual costs of the oil purchase [zl/year]
kj  – the unitary cost of heating [zl/m2·month]

Fig.2 Buildings before the investment: two-family, one-staircase and two-staircase dwelling-house [15]

Fig.3 Buildings after the investment: two-family, one-staircase and two-staircase dwelling-houses [15]
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Cj – the average gross price of fuel oil in a given year [zl/dm3]
The ecological indices resulting from the fuel consumption are 

expressed by determining the emission of carbon dioxide (CO2), car-
bon oxide (CO), sulfur dioxide (SO2), nitrogen oxides (NOx), dust 
(TSP=PM10) and benzo-[a]-pyrene, employing the dependency (12) 
as well as the assumptions included in [14]: 

 E = B · W (12)

 B =0,001· φ · V (13)

where:
E  – substance emission [kg]
B  – fuel consumption [m3]
W  – the index of sling load [kg/m3]

4. The analysis of results

The computational results are achieved on the basis of the above 
dependencies, the source data concerning operation, made accessible 
by the property administrator, and the information included in build-
ing documentation in tables 1, 2, 3, 4 as well as in the diagrams (figs. 
4 and 5).

4.1. The heat savings concerning heating 

The achieved real level of heat consumption on heating, obtained 
during the years 2008-2011 (2007 is assumed to be temporal due to 
the investment realisation) is referred to 2006 and extends from 16,3% 
to 21,5% for particular year

Nevertheless, the indices of the demand for energy which are dis-
played in fig.5 reach the following level: 

According to the requirements of technical conditions [10] for  –
a ‘new’ building 

EPHWT = 106,3 kWh/m2year 

According to  the requirements of technical conditions [10] for  –
a ‘modernised’ building 

EPHWT
’ = 116,9 kWh/m2year

The average index after thermomodernisation in the years  –
2008-2011, excluding 2007 of the realisation of investment, 
respectively

EKH
* = 133,2 kWh/m2year and EPH

* = 146,5 kWh/m2year
The discrepancy between the real state and techni- –
cal requirements: 

Δ EPH = 25,3 % 

4.2. The operating costs

Table 2 contains the annual consumption costs incurred before 
and after the insulation of building partitions; the average unitary pric-
es of fuel purchase; as well as the estimated unitary fees per month 
for 1m2 of heated area. The annular costs of oil purchase (Kr

**) are 
shown in table 2, and the unitary heating costs (kj

*) depicted  in fig. 
5, in the case of absence of insulation of external partitions (for each 
year, the level of heat energy consumption is assumed as in 2006; 
whereas the price of fuel purchase is assumed as the average value 
for a given year).).

4.3. The ecological effect

The emission of pollutants in the particular years of analysed pe-
riod is shown in table 3, while its decrease with reference to 2006 is 
presented in table 4. The proportional drop in the emission of pollut-
ants is designated as ΔE. The type of fuel has not been changed, hence 
the proportional decrease in the emission of every kind of pollutant is 
the same.

5. Summary

As a result of the insulation of external walls, roofs and slab roofs; 
as well as the replacement of external doors and windows at stair-
cases, the real energy savings (achieved in the operating conditions) 
referred to the standard computational conditions of 2006 (before 

Table1. The demand for heat

Lp. Year φ V φ ·V Qco qj

- - - dm3/year dm3/year gJ/year gJ/m2

1 2006 1,010 70713 71420 2586 0,690

2 2007 1,041 60779 63271 2291 0,612

3 2008 1,074 55151 59232 2145 0,573

4 2009 1,030 58025 59766 2164 0,578

5 2010 0,897 65164 58452 2117 0,565

6 2011 1,025 54684 56051 2030 0,542

Fig. 4 The value of EKH
* and EPH

* in reference to EPHWT and EPHWT'

Fig. 5 The variability of unit costs of heating and prices of light fuel oil

Table 2. The operating costs

Lp. Year Cj OZ Kr Kr
* Kr

**

- - zł/dm3 zł/gJ zł/year zł/year zł/year

1 2006 1,90 52,47 134188 135698 135698

2 2007 2,28 62,97 138648 144258 162838

3 2008 2,66 73,46 146933 157558 189977

4 2009 2,27 62,69 131640 135668 162123

5 2010 2,69 74,29 175032 157236 192120

6 2011 3,43 94,73 187557 192255 244971
Oz – the average cost of one GJ of heat energy for the group of buildings
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rise constantly, reduce these effects substantially. In the discussed 
case, the unitary costs do not decrease despite the limitation on fuel 
consumption. yet, from the analysis conducted before the insulation 
and after considering the rise in oil prices, the operating costs would 
be higher, for instance of about 27,3% in the last year. The increase in 
oil prices consumes the financial savings received from the reduction 
of heat consumption. The differences occurring between the obtained 
results for particular years show that the approach to the operation and 
usage of a building as well as its technical equipment exerts the impact 
on the real energetic and financial effects of thermomodernisation.

The improvement of heat insulation contributes to the freez-
ing elimination in the fragments of buildings partitions and allows 
to achieve the inside temperature which provides comfort in heated 
rooms. The realised investment encompassing the whole complex of 
buildings simultaneously, increases substantially the aesthetic quali-
ties and the market value of a property. These imponderable effects 
are also significant to the owners of properties. 

the insulation) are within the range from 16,3 to 21,5% for particular 
years within the period of 2008 and 2011. The obtained decrease in 
the consumption of heat energy is lower than expected due to the lack 
of reliable hydraulic regulation of heating 

The averaged for the whole group of buildings, the lowest value 
of final energy consumption index amounts to 127,9 kWh/m2year in 
the operating conditions; whereas the value of non-renewable pri-
mary energy consumption index is 140,7 kWh/m2year. In the case of 
averaged value, required for the buildings after the modernisation, 
amounting to 116,9 kWh/m2year, the obtained value exceeds the re-
quired one of about 20,4%. Consequently, it is necessary to introduce 
subsequent activities so as to reduce the consumption of heat energy 
in the complex of buildings by raising the efficiency of use, consump-
tion and transmission in the heating installation; as well as to provide 
the rational energy management by the users of buildings. 

The decrease in the consumption of fuel takes place together with 
the decrease in the emission of pollutants which is characteristic of light 
fuel oil combustion, at the level equal to the level of energy saving 

The energetic savings generate financial savings concerning the 
consumption costs of heating; nevertheless, the prices of fuel which 

Table 3. The emission of pollutants

Lp. Year B SO2 NOx CO CO2 PM10 Benzo(a)piren

- - m3/year kg/year kg/year kg/year kg/year kg/year kg/year

1 2006 71,42 364,2 142,8 40,7 192834 24,28 0,0186

2 2007 63,27 322,7 126,5 36,1 170832 21,51 0,0165

3 2008 59,23 302,1 118,5 33,8 159927 20,14 0,0154

4 2009 59,77 304,8 119,5 34,1 161368 20,32 0,0155

5 2010 58,45 298,1 116,9 33,3 157821 19,87 0,0152

6 2011 56,05 285,9 112,1 31,9 151335 19,06 0,0146

Table 4. The decrease in the emission of pollutants

Lp. Rok ΔE ΔSO2 ΔNOx ΔCO ΔCO2 ΔPM10 ΔBenzo(a)piren

- - % kg/year kg/year kg/year kg/year kg/year kg/year

1 2007 11,4 41,5 16,3 4,6 22002 2,77 0,0021

2 2008 17,1 62,1 24,3 6,9 32907 4,14 0,0032

3 2009 16,3 59,4 23,3 6,6 31466 3,96 0,0031

4 2010 18,2 66,1 25,9 7,4 35013 4,41 0,0034

5 2011 21,5 78,3 30,7 8,8 41499 5,22 0,0040
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Building maintenance costs are continuously increasing as a result of poor maintenance. Consequently, there is an urgent need to 
develop solutions to reduce the maintenance costs. Various studies demonstrated that the characteristics of condition-based main-
tenance are directly related to the cost performance. Thus, this paper seeks to establish the relationships between the characteris-
tics of condition-based maintenance and the cost performance. The researcher then developed a regression model for maintenance 
planning and prediction. The study adopted a mix method approach that includes questionnaire survey, interview, and case study. 
The findings highlighted the reliability of maintenance data and information as the most significant characteristic of condition-
based maintenance. Consequently, the study concluded that the planning and the application of the condition-based maintenance 
strategy should consider its significant characteristics and make reference to the resulting prediction model. Furthermore, the 
study recommended measures to improve the significant characteristics and the cost performance in practice.

Keywords: characteristics, condition-based maintenance, cost performance, office building, Malaysia.

Koszty konserwacji budynków nieustannie rosną ze względu na nieodpowiednią konserwację. Z tej racji, niezbędne jest wypra-
cowanie rozwiązań obniżających koszty konserwacji. Różne badania wykazały, iż charakterystyki utrzymania urządzeń zależnie 
od ich bieżącego stanu technicznego (condition-based maintenance, CBM) są bezpośrednio powiązane z wydajnością kosztu. 
Niniejszy artykuł stara się więc ustalić związek pomiędzy charakterystykami utrzymania budynków zależnie od ich bieżącego 
stanu technicznego a wydajnością kosztu. Następnie opracowano model regresji dla planowania konserwacji jak i predykcji. W 
badaniach użyto metody mieszanej łączącej badania kwestionariuszowe, wywiad oraz studium przypadku. Rezultaty podkreśliły, 
iż wiarygodność danych z konserwacji i informacji to najbardziej istotne charakterystyki CBM. W konsekwencji, wnioski z badań 
sugerują, iż planowanie i wdrożenie strategii utrzymania w zależności od bieżącego stanu technicznego powinno brać pod uwagę 
jej istotne charakterystyki i odwoływać się do wynikającego z niej modelu predykcji. Ponadto, praca zawiera zalecenia jakimi 
środkami można w praktyce poprawić istotne charakterystyki i wydajność kosztu.

Słowa kluczowe: charakterystyki, utrzymanie zależne od bieżącego stanu technicznego (CBM), wydajność kosz-
tu, budynek biurowy, Malezja.

1. Introduction

Building maintenance is the combination of technical and admin-
istrative actions to ensure the items and elements of a building are of 
an acceptable standard to perform their required functions. Generally, 
building maintenance is divided into planned maintenance and un-
planned maintenance under BS3811 [25]. Planned maintenance is the 
predetermined tasks that are well organised and performed in advance 
so as to reduce or to prevent any damages to the components or items. 
It is subdivided into scheduled maintenance and condition-based 
maintenance. On the other hand, unplanned maintenance is carried 
out in the event of contingency maintenance without any predeter-
mined plan after failure or damage was detected. It is subdivided into 
corrective maintenance and emergency maintenance [1].

Moreover, planned maintenance should be the major activity in 
building maintenance compared to unplanned maintenance. Other-
wise, unplanned maintenance will result in frequent breakdown or 
downtime, and subsequently, high maintenance cost for repair and 
replacement works [7]. Thus, condition-based maintenance, as a strat-

egy of planned maintenance, should be recommended to achieve the 
optimal maintenance expenditure. 

This paper aims to establish the relationship between the char-
acteristics and the performance through inferential analysis; then, 
to develop a regression model for prediction purpose. Taking into 
cognizance of the advantages and disadvantages of condition-based 
maintenance, this paper focuses on the characteristics of condition-
based maintenance towards maintenance performance as shown in 
Figure 1.

Fig. 1. Relationship between characteristics of condition-based maintenance 
and maintenance performance
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2. High-Rise Office Building

In Malaysia, high-rise building is defined as building of more than 
7 storeys (or the top floor of the building is more than 60 feet) [8]. 
This definition is in accordance with the Uniform Building By-laws 
1984. Despite the increasing concerns  on the maintenance of build-
ings in Malaysia, there are few researches on the facilities and main-
tenance management of high rise office building. 

Office buildings usually have their own maintenance manage-
ment teams managed by the maintenance or the building managers to 
preserve the conditions of the buildings [30]. Generally, the services 
provided by the building managers in office buildings are cleaning, 
landscaping, general maintenance, lighting, heating, ventilating and 
air conditioning (HvAC), lift or escalator, mechanical and electrical, 
sanitary and plumbing, access, signage, parking and others [22]. These 
services are significant for office buildings as they provide functions, 
safety, health and comfort to the building users in daily activities.   

However, building satisfaction surveys indicated that most build-
ing users were not satisfied with the building services [30]. The build-
ing users’ dissatisfaction was mainly due to issues such as lack of 
maintenance staff, lack of expertise, lack of tools and technology, 
insufficient allocations and inappropriate maintenance strategies. 
These issues are more evident in medium-sized high-rise office build-
ing, which is equipped with more sophisticated systems, such as fire 
detection and protection systems, central heating, ventilating and air 
conditioning system, escalators and others [15].

Therefore, this study focuses on the issue related to the building 
users’ dissatisfaction in high-rise office buildings through the exami-
nation of the characteristics of condition-based maintenance strategy 
towards maintenance performance.

3. Characteristics of Condition-Based Maintenance

Condition-based maintenance is defined as the maintenance ini-
tiated as a result of knowledge of the condition or significant dete-
rioration of an item or component through continuous monitoring 
and routine inspection to minimise the total cost of repairs [11, 12, 
17, 19, 25]. This maintenance strategy is aimed to minimise the total 
maintenance cost by collecting and gathering the condition data of the 
building systems, especially those critical components. However, the 
maintenance strategy might not be applicable to all building systems 
or assets in terms of the availability of such maintenance technology 
and cost effectiveness [17]. The characteristics of condition-based 
maintenance toward maintenance performance are stated below:

3.1. Skilled Manager 

This maintenance strategy requires vigorous analysis on the data 
and information of systems condition and reliability, as well as fi-
nancial maintenance data. Meanwhile, building managers must have 
proper understanding on the failure modes and rates, asset critical-
ity, and other significant factors while implementing condition-based 
maintenance [11]. In order to perform condition-based maintenance 
effectively, there must be qualified maintenance personnel with relat-
ed experience, skill and knowledge. High level of training is required 
for the supervisors and technicians to carry out the maintenance works 
include condition monitoring, routine inspection, as well as repair and 
replacement [6, 27]. In this circumstance, skilled manager should be 
able to provide or conduct training session for the maintenance per-
sonnel improve their skill and knowledge. Thus, satisfactory level of 
skill and knowledge of manager is required to ensure the success of 
the maintenance strategy. 

3.2. Monitoring Equipment and Technique

According to Edward et al. [10], there is a wide range of tech-
niques to examine the condition of specific items or assets, such as 

oil analysis, vibration monitoring, thermography and so on. Specific 
measuring and monitoring equipments are required by expertise to 
perform the maintenance tasks. The tools might be complicated and 
costly for an organisation [6]. Due to the technical complexity of 
building systems and the level of sophistication of monitoring tools 
increases, the maintenance management must be able to train and de-
velop the skill of maintenance personnel for adaptation of new main-
tenance technology. Therefore, the criteria that should be taken into 
consideration for condition-based maintenance include: 

Availability of monitoring equipment and technique. • 
Capability to adopt the monitoring technology. • 

3.3. Acquisition of Data and Information 

Bevilacqua and Braglia [5] argued that the data and informa-
tion acquisition systems are the necessary applications to perform 
condition-based maintenance. The documentation and record of in-
formation are essential to ensure the reliability of information about 
the conditions and remaining lifetime of system components. Ali [2] 
further explained that the conditions of buildings and systems must 
be considered to allocate adequate maintenance cost. Thus, the main-
tenance personnel should acquire the data and information regarding 
the conditions of building system components. In order to achieve the 
success of condition-based maintenance, the reliability of data and 
information regarding system conditions must be taken into consid-
eration.

3.4. Frequency of Monitoring and Inspection 

Condition-based maintenance can only be implemented with 
proper system monitoring and inspection. Tsang [28] found that the 
frequency of inspection must be determined, either the components 
are monitored continuously or inspection is performed with fixed in-
terval, so that action can be taken in time to prevent the failures or 
breakdowns occur. The maintenance personnel need to identify an 
optimal frequency or interval of inspection to avoid over-inspection 
or under-inspection. Then, Hameed et al. [16] demonstrated that plan-
ning of appropriate maintenance activities prior to failure and mainte-
nance cost is greatly influenced by the ability to monitor and inspect 
the condition of systems. Thus, it is necessary to identify the optimal 
frequency of monitoring and inspection, so that condition-based main-
tenance can improve the performance in term of cost-effectiveness. 

4. Maintenance Performance

The development of performance measurement in management 
aims to improve the quality and service, as well as to meet cost param-
eters [4]. The measurement of maintenance performance is an assess-
ment that helps to identify the strengths and weaknesses of the main-
tenance activities. In addition, the result of performance measurement 
indicates the effectiveness of the existing strategy. Consequently, the 
management team is able to plan and make appropriate decision for 
future maintenance strategy [13]. 

The measurement of performance can be obtained through the 
level of success or failure in terms of schedule, cost and functionality 
[18, 26]. Acknowledging that the rising maintenance cost is one of 
the major concerns of the industry and public, this study chose cost 
performance as the dependent variable. The cost or expenditure for 
building maintenance is often used in measuring the performance of 
buildings. The maintenance performance is calculated using the vari-
ance of actual expenditure and planned cost for building maintenance 
activities [2]. However, accuracy of planned cost reflects the credibil-
ity of maintenance performance. Therefore, it is vital for top manage-
ment to identify the planned maintenance cost at the planning stage.

For the purpose of this study, a comparison between the actual 
and the planned cost was made to identify the level of maintenance 
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performance. For example, maintenance performance of a building 
system is deemed below expectation when the actual expenditure for 
maintenance tasks exceeds the planned cost. In contrast, high per-
formance level is achieved when the total expenditure is below the 
planned cost for maintenance works.

5. Research Methodology

This research adopted a mixed method approach that was adopted 
by Ali [3] and Nik Mat [23] to study maintenance-related topics. The 
approach comprises literature review, questionnaire survey, semi-
structured interviews, and case study. This approach allows research-
ers to address more complicated research questions and achieve higher 
reliability and validity of the research [29]. The research was divided 
into stages and conducted sequentially. Firstly, the characteristics of 
condition-based maintenance were identified through literature re-
views and subsequently; questionnaires were drafted.

Secondly, simple random sampling was adopted in the question-
naire survey to identify the relevant respondents who have been or 
were involved in office building maintenance management during the 
period of this research. This method ensures the sample accuracy by 
selecting the respondents at random and by considering all elements 
in the population[24]. Population criteria included building require-
ments, which were high-rise office buildings (7-storey and above) 
located in klang valley, Malaysia and must have been completed for 
more than two years. 338 (research population) sets of the question-
naire were sent out by post and 100 sets were returned, which gave a 
return rate of 30 percent. The respondents were maintenance manage-
ment staff working in the office buildings (see Figure 2). Based on the 
data obtained during the survey, some of the respondents, included in 
the category of “others”, were either managing directors of a property 
management firm, or mechanical and electrical engineers. 85 percent 
of the respondents were building manager, building supervisor and 
executive specialising in the planning and the execution of mainte-
nance management activities. They are considerably expert in the 
planning and implementation of maintenance strategies, and thus able 
to provide accurate and reliable answers towards the questions.

Subsequently, the survey result was converted and analysed 
through Statistical Package for Social Science (SPSS) software. Reli-
ability analysis was conducted for the condition-based maintenance 
characteristics variables to enhance the reliability of the data. The 
purpose of this analysis was to check the consistency of the scale of 
data [20]. Cronbach’s alpha test showed a coefficient of 0.888. A coef-
ficient of more than 0.70 indicates good reliability.

A correlation test was suitable to measure the relationship between 
the characteristics of maintenance strategy [9]. It helped to indicate 
the influence of the maintenance characteristics on the maintenance 

expenditure. This was performed through the SPSS software. The 
Pearson product-moment correlation was employed for the analysis. 
The correlation test was calculated using the following formula: 

 r
x x y y

x x y y
=

− × −

− −

∑
∑ ∑

( ) ( )

( ) ( )2 2  (1)

Where, 
 ( )x x−  = the deviation of variable X from its mean;
 ( )y y−  = the deviation of variable y from its mean.

The findings on the relationships between condition-based main-
tenance characteristics and cost performance were used as the basis 
for the prediction of maintenance performance. The predicted value 
of a dependent variable from the value of an independent variable is 
called regression [14]. In this study, there were more than one signifi-
cant independent variables identified. Thus, a multiple linear regres-
sion was used to analyse the collective and the separate contributions 
of two or more independent variables to the variation of the dependent 
variable. The multiple linear regression is formulated as: 

 Y = β0 + β1X1 + β2X2 + ... + βkXk + ε  (2)

Where, 
 Y is the dependent variable (Y = maintenance expenditure 

variance)
 X1, X2, ..., Xk are the independent variables (X1 = skill and 

knowledge of manager; X2 = availability of monitoring 
equipment and technique; X3 = capability to adopt the 
monitoring technology...)

 Y = β0 + β1X1 + β2X2 + ... + βkXk is the deterministic portion of 
the model 

 β i determines the contribution of the independent variable Xi
 ε is the random error 

In order to validate the questionnaire results, building managers 
were interviewed at the third stage. In the interview sessions, the in-
terviewees were required to answer the interview questions and to 
provide further explanation about the implementation of the main-
tenance strategy. Thus, the building manager with more than five 
years’ experiences and expertise in office building maintenance was 
the minimum requirement as the interview respondent. The interview-
ees were selected from the questionnaire respondents who fulfil the 
requirement. 76 respondents who met the requirement were identi-
fied. However, only 15 of them agreed to participate in the interview 
session. Semi-structured interviews were conducted to obtain fur-
ther details and understandings about the significant characteristics 
of condition-based maintenance determined through the correlation 
analysis. For example, one of the interview questions was “Does the 
level of manager skill and knowledge significantly influence the cost 
performance? How does it influence the cost performance?” This 
type of interview allows the researcher to explore and uncover the 
respondents’ views in detail [21]. 

Then, a case study was carried out on a 27-storey office building 
located in Kuala lumpur. The building is thirteen years old, with total 
floor area of 324,000 square feet, privately owned and managed under 
the in-house maintenance and management team. The purpose of the 
case study was to test the applicability of the developed regression 
model. Relevant information about the significant predictor was col-
lected. The data was applied into the regression model for calculation 
of the ratio of maintenance expenditure variance. Consequently, the 
ratio was compared to the exact scenario of the office building. 

Fig. 2. Respondents’ Profile
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6. Finding and Discussions

6.1. Relationship between Characteristics of Condition-
Based Maintenance and Cost Performance

 The findings revealed the relationship between characteri-
stics of condition-based maintenance and cost performance as shown 
in Table 1. The dependent variable of this study was cost perfor-
mance, which was determined by maintenance expenditure variance 
whilst the independent variables were the five variables discussed 
earlier. SPSS considers variables with the significance value of 0.05 
or below to be significantly correlated. Four out of the identified five 
independent variables were determined to be significantly correla-
ted to the maintenance expenditure variance. The variables are as 
follows: 

Skill and knowledge of manager• 
Availability of monitoring equipment and technique • 
Capability to adopt the monitoring technology• 
Reliability of  maintenance data and information• 

In condition-based maintenance, skilful and knowledgeable main-
tenance manager is needed for allocating appropriate manpower, pro-
viding training, monitoring the system conditions, as well as supervis-
ing the execution of inspection and maintenance works. The analysis 
result as shown in Table 1 stated that the level of manager skill and 
knowledge was significantly correlated to the maintenance expendi-
ture variance. Condition-based maintenance is meant to prevent sys-
tem failure by monitoring the system condition and restoring the sys-
tem to its required standard before failure occurs. When a manager 
does not have sufficient skill and knowledge to adopt the condition-
based maintenance effectively, defects and failures are likely to oc-
cur. Thus, additional maintenance cost will be required for the repair 
works. As a result, the exact maintenance expenditure varies from the 
planned maintenance expenditure. Meanwhile, the analysis result was 
supported by majority of the interviewees, who demonstrated that 
skilful manager is able to ensure the optimal workforce, tools and 
parts allocated for each maintenance task at minimal cost. 

Additionally, the availability of condition monitoring technology 
may help to improve the maintenance outcome. It was found that the 
availability of equipment and technique significantly correlated to 
the maintenance expenditure variance (see Table 1). Since Tsang [28] 
mentioned that the availability of reliable monitoring and inspection 
technology is one of the factors to be concerned in condition-based 
maintenance, the selection of monitoring equipment and technique 
must be suitable for the monitoring and inspection of building sys-
tems. Furthermore, most of the interviewees noted that the condition 
of building system can be easily tracked and monitored by having 
appropriate equipment and technique. Therefore, the probability of 
system failure is minimised. The maintenance expenditure variance is 
prevented as well because emergency repair cost is reduced.

Meanwhile, specific monitoring and inspection tools and equip-
ment require the expertise to operate and use them in condition-based 

maintenance. The capability to adopt equipment and technique was 
found to be significantly correlated to the maintenance expenditure 
variance (see Table 1). According to Carnero [6], it is complicated and 
costly for an organisation to acquire the condition monitoring tools 
and technology. If yet, the maintenance personnel are not capable to 
utilise those tools and technology, more maintenance issues may oc-
cur. Then, additional maintenance cost will be needed to solve the 
problems. Therefore, the exact maintenance expenditure varies from 
the planned one. In fact, the interview results proved that capable to 
adopt and utilise monitoring equipment and technique is compulsory 
for predicting and remedying system defects.

Furthermore, system condition data and information is one of the 
most important aspects to be considered in condition-based mainte-
nance. In this maintenance strategy, the maintenance tasks such as 
replacement works are implemented when the parts are almost end 
of their lifetime by referring to the condition data. The reliability of 
data and information was found to be significantly correlated to the 
maintenance expenditure variance (see Table 1). The primary aim of 
condition-based maintenance is to prevent failure occurs by moni-

toring the condition of building systems. Basically, emer-
gency repair cost will not be allocated in planning stage 
of this maintenance strategy. Some interviewees revealed 
that reliable condition data can indicate the need of main-
tenance accurately. This will help to enhance the quality of 
system operation, as well as utilise the resources and time. 
Oppositely, when the obtained system condition data is not 
reliable and accurate, the occurrence of sudden breakdown 
may not able to be avoided. As a result, additional main-
tenance expenditure is required for the repair work and it 
varies from the planned maintenance expenditure. 

6.2. Regression Model of Maintenance Cost 
Performance 

Since there were four characteristics found to be significantly 
correlated to the cost performance, the predictors of maintenance ex-
penditure variance (Mev) included skill and knowledge of manager 
(SKM), availability of monitoring equipment and technique (AET), 
capability to adopt monitoring technology (CAT), as well as reliability 
of maintenance data and information (RDI). The regression model for 
the research was produced as follows (see also Table 2): 

Model 1 (Enter Method) 

Mev = 6.686 – 0.162 SkM – 0.392 AeT + 0.272 CAT – 0.513 RDI  (3)
Coefficient of multiple regression, R2 = 0.186 (18.6%) 

However, the analysis result determined that three predictors were 
not significant with p-value of more than 0.05. So, another regression 
model that eliminated the non-significant predictors was developed 
as follows (see also Table 3). This model was determined appropriate 
and accurate to estimate the maintenance expenditure variance. 

Model 2 (Stepwise Method) 

 Mev = 6.281 – 0.665 RDI (4)
Coefficient of multiple regression, R2 = 0.148 (14.8%) 

In order to ensure that the regression models were not violated, 
the validity of the regression models was checked. Data tabulated in 
Table 2 and Table 3 had proven that there was no problem of multicol-
linearity for Model 1 and Model 2 respectively. Whereby, the toler-
ance value should not be less than 0.1 and variance inflation factor, 
vIF should not be greater than 10. 

Table 1. Correlation between characteristics of condition-based maintenance and mainte-
nance cost performance 

characteristic Maintenance expenditure variance

skilled Manager-skill and Knowledge -.276**

equipment and Technique-availability -.350**

equipment and Technique-capability to adopt -.240*

acquisition of Data-reliability -.394**

Monitoring and Inspection-Frequency -.138..
**. Correlation is significant at the 0.01 level (2-tailed)
*.  Correlation is significant at the 0.05 level (2-tailed)
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6.3. Testing the Applicability of the Regression Model in 
Practical

Since Model 2 was identified as the appropriate model to esti-
mate the cost performance, case study on a selected office building 
was carried out to collect the data about the reliability of maintenance 
data and maintenance expenditure variance. level of concern towards 
the reliability of maintenance data was reflected by the accuracy of 
maintenance data (see Table 4); while the maintenance expenditure 
variance was reflected by the ratio of actual maintenance expenditure 
to planned maintenance expenditure (see Table 5). 

In the case study, the management team of the building had a very 
high degree of concern towards the reliability of maintenance data. 
The management ensured 85% of the maintenance data was accurate, 
getting the measurement unit score of 5. Meanwhile, the actual and 
planned annual maintenance costs of the building were both 148,000 
Malaysian Ringgit. Therefore, the ratio of the maintenance expendi-
ture variance was 1.00, with the measurement unit score of 3. 

The measurement unit score of the predictor was inserted in to the 
regression model for calculation as follows: 

  Mev = 6.281 – 0.665 RDI
            = 6.281 – 0.665 (5)
            = 2.956 ≈ 3

As a result, the prediction of maintenance expenditure variance 
that was calculated through the regression model matched to the exact 
scenario of the studied case. So, the applicability of the regression 
model in practical was validated and confirmed. The result also sum-
marised that very high degree of concern towards the reliability of 
maintenance data is a must to eliminate the issue of over-budget. 

7. Conclusion

The findings revealed that the characteristics of condition-based 
maintenance directly influenced the cost performance. Therefore, it 
is important to understand the influences of condition-based mainte-
nance characteristics in the maintenance process, from planning to the 
outcome of maintenance. Skill and knowledge manager, availability 
of monitoring equipment and technique, capability to adopt monitor-
ing technology, as well as reliability of maintenance data and informa-
tion were highlighted as the characteristics that significantly influenc-
ing the maintenance performance. Model 2 developed from stepwise 
regression analysis highlighted reliability of maintenance data and in-
formation as the significant predictor in condition-based maintenance 
strategy. Using the prediction model, practitioners can predict the var-
iance of maintenance expenditure from the level of concern towards 
the reliability of maintenance data. Thus, they may decide how much 
of concern towards the reliability of maintenance data is required in 
order to achieve optimal maintenance expenditure. Several measures 
were recommended to improve the maintenance characteristics. The 
measures include provision of training to maintenance personnel, ef-
fective communication between maintenance personnel and clients, 
planning of maintenance interval based on priority of building servic-
es and safety level to occupants, and the collaboration with the service 
providers. In conclusion, it is vital for the building maintenance prac-
titioners to incorporate the identified significant characteristics and 
measures for improvement in planning and executing condition-based 
maintenance with optimum maintenance cost performance. Neverthe-
less, further research should be conducted on measures to improve the 
maintenance strategy and outcome.

Table 2. Coefficientsa – enter method (characteristics of condition-based maintenance toward maintenance expenditure variance)

Model
unstandardized coefficients standardized coefficients

t sig.
collinearity statistics

B std. error Beta Tolerance vIF

1

(constant) 6.686 .743 8.999 .000

skilled Manager-skill and Knowledge -.162 .240 -.083 -.675 .501 .572 1.748

equipment and Technique-availability -.392 .218 -.226 -1.800 .075 .544 1.838

equipment and Technique-capability to 
adopt .272 .268 .137 1.014 .313 .472 2.121

acquisition of Data-reliability -.513 .222 -.297 -2.315 .023 .521 1.919
a. Dependent Variable: Maintenance Expenditure Variance

Table 3. Coefficientsa – stepwise method (characteristics of condition-based maintenance toward maintenance expenditure variance)

Model
unstandardized coef-

ficients
standardized 
coefficients t sig.

collinearity statistics

B std. error Beta Tolerance vIF

1
(constant) 6.281 .577 10.880 .000

acquisition of Data-reliability -.665 .161 -.384 -4.121 .000 1.000 1.000

Table 4. Measurement units of the predictor

accuracy of Mainte-
nance Data, %

level of concern towards reli-
ability of Maintenance Data

Measure-
ment unit

20% and below very low degree 1

21 – 40% low degree 2

41 – 60% average 3

61 – 80% High degree 4

81% and above very high degree 5

Table 5. Measurement units of the prediction

Maintenance expenditure variance (ratio) Measurement unit

0 – 0.80 1

0.81 – 0.90 2

0.91 – 1.00 3

1.01 – 1.10 4

1.11 – 1.20 5

1.21 and above 6
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freQuency AnAlysis of coupling with AdjustAble torsionAl flexibility

AnAlizA częstościowA sprzęgłA o regulowAnej podAtności skrętnej*
The article presents the frequency analysis of a flexible coupling allowing changes of torsional flexibility. The authors derived 
a relationship for coupling flexibility considering geometric and material parameters. Coupling flexibility change is executed in 
such a manner that the quotient of extortion frequency and natural frequency of the system is higher than 1.4. Oscillation param-
eters for selected values of torsional flexibility were calculated for extortion frequencies approximating natural frequencies and 
after flexibility change.

Keywords: couplings flexibility, torsional stiffness, frequency analysis, amplitude characteristics.

W pracy przedstawiono analizę częstościową sprzęgła podatnego umożliwiającego zmianę sztywności skrętnej. Wyprowadzono 
zależność na sztywność sprzęgła uwzględniając parametry geometryczne i materiałowe. Zmiana sztywności sprzęgła dokonuje 
się tak aby iloraz częstości wymuszenia i częstości drgań własnych układu był większy od 1,4. Obliczono parametry drgań dla 
wybranych wartości współczynnika sztywności skrętnej przy częstościach wymuszenia bliskich częstości drgań własnych oraz po 
zmianie sztywności.

Słowa kluczowe: sprzęgło podatne, sztywność skrętna, analiza częstościowa, charakterystyka amplitudowa.

1. Introduction

The development of technology in machine design and exploita-
tion extorts the necessity to choose the most favourable construction 
solutions and increasing exploitation velocity in production processes. 
Considering the results of the above-mentioned activities, one should 
conclude that the increase of movement velocity causes the increase 
of dynamic strains. Naming the relations with the term machine “dy-
namicity”, one should consider the characteristics of its mechanical 
state, i.e. the values of oscillation amplitudes of the construction as a 
whole and its individual elements and sub-assemblies. High values of 
dynamic strains have negative impact on durability, reliability, preci-
sion of work, shape errors and positioning precision [1]. The oscil-
lations during the work of driving systems strained with changeable 
moment depend on the amplitude value and the coercion frequency, 
mass inertia moments of the drive elements, torsional stiffness and 
damping. 

Mechanical systems with changeable flexibility are used as ele-
ments of coupling constructions, shafts and vibration eliminators. An 
example of such a torsional vibration eliminator using a changeable 
flexibility of neoprene rings, playing a role of springs and dampers, 
is presented in the works by Slavick and Bollinger’s [13]. Stiffness 
change results from axial relocation of countersunk screw causing the 
increase or decrease of pressure onto the rings. The range of neo-
prene flexibility changes allows adjusting the eliminator with a plate, 
weighting 20 kg, to resonance frequency of milling machine spindle 
used for device milling. In Kowal's publications [8–10] the changes 
of couplings or transmission shaft flexibility using cylindrical or disc 
push springs in packages are done with screw thread mechanisms. 
According to the author a coupling is a system effectively limiting dy-
namic strains during the set work and starting the drive system. Mod-
ule construction made of disc springs allows building systems with 
different static characteristics. Filipowicz [2–5] and Filipowicz, Kuc-
zaj [6, 11] presented new solutions of flexible systems and conducted 

theoretical and practical analysis of the double-acting couplings. The 
researchers concluded that the constructions allow obtaining torsion 
angles of a few degrees, transforming significant values of torque 
and easing momentary overloads. Moreover, they noticed that defin-
ing the most favourable characteristics of couplings (for the types of 
the machines) requires selecting the sets and systems of springs and 
threat mechanism parameters, what is possible as early as at design-
ing stage. 

The aim of the present work is to define the influence of torsional 
flexibility of the designed flexible coupling to the parameter of ex-
torted normal oscillations. The contents of the article is the following. 
Chapter 2 presents the method of solving the equations of extorted, 
deadened vibrations. Chapter 3 explains how to adjust the torsional 
stiffness of coupling. Chapter 4 contains the description of coupling 
and calculating its torsional stiffness. In chapter 5 the results of analy-
ses for ten selected values of torsional stiffness values are presented.

2. Equations of extorted vibrations and their solu-
tions

Differential equation of extorted vibrations can be presented as 
illustrated in [14]:

 Bq Cq Kq H + + = sinωt  (1)

where: B , C , K  – inertia, damping and stiffness matrices respective-
ly, H – vector, amplitude of extorting force, q – vector of generalised 
coordinates, ω – frequency of extorted vibrations [rad/s], t – time [s].

Filling the stationary solution to the vibration equation you obtain 
a system of algebraic equations in which the unknown is the vector of 
complex amplitudes a  of set extorted vibrations [14]:
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 ( )K B a Ca H− + =ω ω2 i  (2)

where: 1i = −  – imaginary unit.
In the case of flexible coupling, system of equations has a form of
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where: sJ  – mass moment of inertia in the rotor and rotating elements 

of active part of coupling reduced to engine rotor axis [kg∙m2], mJ – 
machine inertia moment reduced to the rotation axis of output shaft 
coupling [kg∙m2], c – viscous damping coefficient [N∙m∙s/rad], k – 

torsional stiffness [N∙m/rad], M – load torque coupling, [N∙m], θ1  – 

angle tilt of active part of coupling [rad], θ2  – angle tilt of passive 

part of coupling [rad].
Using formula (2) and the transformations, one obtains:
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Having solved the obtained expressions into real and imaginary parts, 
one obtains:
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where: a ω= − +2J J k J Js m s m( ) , b ω= +2 2c J Js m( ) , γ ω= cJs , 

δ ω= −k Js
2 .

The module of amplitude and the phase angle is calculated with 
the formulas [14]:

 a A Bi i i( ) [ ( )] [ ( )]ω ω ω= +2 2  (7)
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3. The selection of coupling torsional stiffness

Characteristic equation allows defining natural vibration 

frequencies ω0 . The equation has the form:

 det( )K B− =ω0
2 0                          (9)

In case of flexible coupling the equation has a form
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The calculated roots of equation (10) are:

 ω0 0=  and ω0 =
+k J J

J J
s m

s m

( )  (11)

The coupling has positive effect on the dynamic properties of the 
system provided the following condition is satisfied [12]:

 ω
ω0

2>  (12)

The torsional stiffness k must be adjusted in such a manner to 
make the coupling work at supercritical conditions, passing through 
resonance in the initial period of starting-up, when the dynamic torque 
is not yet excessively high. Placing the calculated value of main os-
cillations (11) into the relation (12) and making transformations one 
obtains the relation for the required torsional stiffness k:

 k J J
J J
s m

s m
<

+
ω2

2( )
 (13)

4. Torsional stiffness of a flexible coupling 

4.1. Coupling description

The analysis of problems concerning the influence of flexible ele-
ments stiffness on the values of dynamic loads in drive systems, brings 
to a conclusion that it is an effective method of reducing negative in-
teractions to use the devices whose construction allows obtaining an 
adaptable (within a certain range) value of torsional stiffness. Still, the 
flexibility would be changeable independently from drive movement 
parameters and external load. Considering the above information one 
should conclude that the task is satisfied by the coupling with in-built 
mechanism of fluent change of torsional stiffness [7], whose scheme 
of actions is presented in figure 1.

In the above figures the authors presented the rules governing the 
torsional flexibility coupling. Stiffness change of the system requires 
blocking the active length of flat spring connecting active and passive 
discs. The blockade is possible due to the linear movement of driv-
ing disc attached to an shaft spline. Maximum coupling flexibility is 
obtained for springs’ active length is the highest (Lmax) and minimum 
is the lowest (Lmin).

Fig. 1. The scheme of actions of flexible coupling



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.16, No. 2, 2014 327

sciENcE aNd tEchNology

Figure 2 presents the construction of the designed coupling [7]. 
In the input shaft 10 brush runs 12 are attached to power drive 11 via 
toothed gear transmission (wheels 13 and 14) and lead screw 15. The 
lead screw which can turn in active disc 16 and support plate is used 
to control the swashplate 18. Axial movement of the swashplate along 
the shaft spline 17 causes decrease of active length of flat springs 20 
limiting the angle of turn between active 16 and passive 19 discs. Flat 
springs 20 are fixed in the covers 21, which can rotate in freely in 
discs 16 and 19.

4.2. Torsional stiffness calculations

Deflection of flat spring is:

 
3

3 x

FLf
EJ

=  (14)

where: F – load force onto the spring [N], L – active length of the 

spring [mm], E  – young’s modulus [MPa], xJ  – axial moment of 
inertia spring [mm4].

The force acting on one spring can be calculated from the formula:

 2MF
nd

=  (15)

where: d – spring distribution diameter [mm], n  – the number of 
springs.

For small angles it can be formed as:

 f d tg=
2

ψ  (16)

where: ψ  – relative angle of coupling torsion of discs [rad]

Comparing the relations (14) and (16) and using formula (15) you 
obtain:

 d tg ML
ndEJx2
2

3

3
ψ =  (17)

For small angles expressed in radians tgψ ψ≈  thus appropriate trans-
formation of formula (17) for the right units, you can obtain the rela-
tion for torsional stiffness k:

 k M nd EJ
L

x= =
ψ

3
4000

2

3  (18)

Figure 3 presents graph of the torsional stiffness coefficient of 
coupling k depending on active spring length L, wherein axis of k is 
logarithmic. The graph was obtained for the following coupling pa-
rameters: n = 4, d = 100 mm, Jx = 5.625 mm4, E = 2.1⋅105 MPa, L = 
(5÷105) mm.

5. Results of the analysis

The calculations were made for ten selected values of torsional 
stiffness k within the regulation range. Column 1 in table 1 contains 
the frequencies of natural oscillation (ω0) determined from the rela-
tions (11, 5, 6) and the values of angular transformations amplitudes 
of active (a1) and passive (a2) discs. The calculations employed the 
values of construction parameters of coupling presented in the previ-
ous chapter. Moreover, it was assumed that Js = 0.03 kg·m2, Jm = 10 
kg·m2, c = 0.2 N·m·s/rad and M = 3.5 N·m. Column 2 presents the 
values of torsional stiffness determining from the relation (13), with 
consideration for condition (12).

Figures 4 and 5 present the results of simulations for a selected 
calculation case presented in table 1. Figure 4 presents a graph of am-
plitude a1 with relation to extortion frequency ω . Initially, the system 
was near the resonance spot A (torsional stiffness k = 10000 N∙m/rad 
whereas extortion frequency was ω = 578 rad/s and was approximat-
ing the natural frequency ω0). At that point, the value of amplitude 
was a1 = 9.017⋅10-5 rad. The change of torsional stiffness from 10000 
N∙m/rad to k = 5000 N∙m/rad caused system transformation to point 

Fig. 2. Flexible coupling

Fig. 4. The graph of amplitude a1 in relation to extortion ω frequency for 
torsional stiffness k = 10000 N·m/rad and k = 5000 N·m/rad

Fig. 3. Graph presenting torsional stiffness k with relation to active length of 
spring L
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B and decreasing the amplitude down to a1 = 1.046⋅10-6 rad (over 86 
times lower than in point A).

Figure 5 presents the graph of amplitude a2 with relation to extor-
tion frequency ω. In this case the decrease of a2 is not as significant 
as for a1. The decrease of torsional stiffness k = 10000 N∙m/rad to k = 
5000 N∙m/rad caused a decrease of amplitude a2 from z 1.177⋅10-6 rad 
down to 1.050⋅10-6 rad (points A and B).

6. Conclusions

On the basis of the discussions conducted in the framework of the 
present work, the following conclusions can be drawn:

The presented construction solution of flexible coupling (with • 
control system) may constitute a system for constant control 
and vibration compensation in mechanical systems. 
The change of torsional stiffness with relation to active spring • 
length is strongly non-linear. For the assumed geometric and 

material parameters the torsional stiffness varies from 
30.6 N∙m/rad, in case of maximum spring length Lmax 
= 105 mm up to 283500 N∙m/rad for minimum active 
spring length Lmin = 5 mm.

linear change of torsional stiffness • k generates 
non-linear change of angular displacement of cou-
pling active disc a1. The amplitude a1 decreases and 
ranges from 0.74% to 30.62% of a1 amplitude before 
the change, wherein increase of over 10% applies the 
values of torsional stiffness k over 80 N∙m/rad.

The change of • k has smaller influence on angular 
displacement of passive disc plate a2. For k values 
more than 1250 N∙m/rad amplitude a2 decreases in 
the range of 82.56% to 98.80% of the amplitude value 
before the change and for k less than 630 N∙m/rad, a2 
increase to 101%.

Fig. 4. Graph of amplitude a1 in relation to extortion ω frequency for tor-
sional stiffness k = 10000 N·m/rad and k = 5000 N·m/rad

Table 1. The values of torsional stiffness k and amplitude of angular displacement of a1 and a2 
coupling discs

1 2

k ω0 a1 a2 k a1 a2

[n·m/rad] [rad/s] [rad] [rad] [n·m/rad] [rad] [rad]

25000 914.239 5.682∙10-5 5.090∙10-7 12500 4.181∙10-7

(0.74%)
4.202∙10-7

(82.56%)

10000 578.215 9.017∙10-5 1.177∙10-6 5000 1.046∙10-6

(1.16%)
1.050∙10-6

(89.28%)

5000 408.860 1.274∙10-4 2.254∙10-6 2500 2.023∙10-6

(1.59%)
2.078∙10-6

(92.16%)

2500 289.107 1.806∙10-4 4.370∙10-6 1250 4.015∙10-6

(2.22%)
4.145∙10-6

(94.86%)

1250 204.430 2.549∙10-4 8.537∙10-6 625 8.455∙10-6

(3,32%)
8.435∙10-6

(98.80%)

630 144.553 3.606∙10-4 1.666∙10-5 312,5 1.665∙10-5

(4.62%)
1.669∙10-5

(100.21%)

315 102.623 5.101∙10-4 3.329∙10-5 157,5 3.435∙10-5

(6.73%)
3.374∙10-5

(101.34%)

160 73.139 7.199∙10-4 6.542∙10-5 80 6.596∙10-5

(9.16%)
6.586∙10-5

(100.66%)

80 51.717 1.036∙10-3 1.335∙10-4 40 1.414∙10-4

(13.64%)
1.349∙10-4

(101.03%)

60 31.670 1.208∙10-3 1.794∙10-4 30 3.700∙10-4

(30.62%)
1.816∙10-4

(101.21%)
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1. Introduction

The recasting of previously casted alloy is a routine procedure 
used in dental laboratories in order to reduce the cost of permanent 
partial dentures.

The prosthetic “scrap” encompasses the residuals generated in 
frame dentures casting process e.g. originating from the runners, 
from casting cones and improperly completed melts e.g. withmisruns, 
shrinkage porosities and cracks and is frequently used as a part of 
charge for recasting [20]. The state of load occurring in oral cavity 
in course of mastication process is diversified and causes various 
level of stress concentration in hard tooth tissues and in dental fillings 
which may result in damages of denture fasteners or in ceramic phase 
separation from prosthetic apparatuses with permanent porcelain ve-
neers [5, 21].

The addition of 50% recast material to a brand new alloy is allowed 
by greater part of dental alloys manufacturers. Some manufacturers es-
tablished the condition that the addition of so called scrap can be recast-
ed only once and must wholly originate from the same batch. However 
the use of additions in the form of repeatedly remelted materials is not 
allowed by other alloys manufacturers or no information concerning 
potential use of post-production scrap is not published by them.

In the opinion of Bauer et al. [4] the scrap produced in dentistry is 
extremely pure due to the fact that this metal is melted in controlled 
conditions without necessity to apply any chemical process used in 
industrial conditions. Dental alloys reuse seems promising in case of 
Ni–Cr [12] and Co–Cr alloys [1] as well as gold based alloys [17].

From references [4, 12, 13] it appears that the properties of recast-
ed alloy may differ from the properties of a new alloy purchased from 
the manufacturer. The differences may be associated with its chemical 
composition [13], castability [12], as well as with mechanical proper-
ties [4]. However the opinions concerning mechanical properties are 
extremely divided. Some authors [1, 4] think that these properties can 
increase or decrease [11, 20] but the research carried out by Palaskar 
et al.[12] demonstrate that there is no statistically significant 
castability change as a result of alloys recasting. There are experimen-
tal studies described in literature [13] and reflecting changed chemi-
cal composition of final products under the influence of successive 
recasting processes and development of new phases determining the 
changes in alloy properties. The deterioration in the scope of corrosion 
properties [6] or even cytotoxicity [2] is also possible due to changed 
chemical composition in case of recasting. 

WalcZaK M, PIenIaK D, nIeWcZas aM. effect of recasting on the useful properties cocrMoW alloy. eksploatacja i niezawodnosc – 
Maintenance and reliability 2014; 16 (2): 330–336.

Mariusz WalcZaK
Daniel PIenIaK
agata M. nIeWcZas

effect of recAsting on the useful properties cocrmow Alloy

wpływ powtórnego przetApiAniA 
nA włAściwości uŻytkowe stopu cocrmow*

Recasting of the previously cast metal can change the chemical composition of the newly formed material, which ultimately could 
affect the properties of a dental alloy. The research used a dental alloy CoCrMoW trade name Remanium 2001. Three groups of 
dental alloy were prepared by mixing 50% fresh alloy to alloy remnants from previous castings. The specimens in the first casting 
group used 100% fresh alloy and served as control (R1). The second group consisted of equal amounts of fresh alloy and alloy 
remnants cast only once (R2). The third group contained 50% fresh alloy and alloy cast twice (R3). Microstructural analysis was 
performed and the chemical composition, XRD studies, hardness, and tribological test and the metal–ceramic bond strength was 
investigated according to ISO9693 standard. New material should be used in casting, and if previously casted material is used, 
it should be mixed with new material. The use of the recasting procedure can lower the costs of CoCrMoW castings and can be 
safely in dentistry.

Keywords: cobalt alloys, durability of prosthetic devices, recasting.

Przetapianie uprzednio odlanego metalu może spowodować zmianę składu chemicznego nowopowstałego materiału, co w końco-
wym efekcie może oddziaływać na właściwości użytkowestopu stomatologicznego. Do badań zastosowano stop stomatologiczny 
CoCrMoW o nazwie handlowej Remanium 2001.Przygotowano 3 grupy stopu stomatologicznego przez zmieszanie 50% fabrycz-
nie nowego stopu ze stopem po poprzednim przetopieniu. Grupę pierwszą odlano w 100% z nowego fabrycznie stopu jako grupę 
kontrolną (R1). Grupa druga (R2) została odlana z mieszaniny jednakowych ilości nowegostopu oraz stopu odlanego tylko raz.
Grupa trzecia (R3) zawierała 50% świeżego stopu oraz stopu odlanego 2 razy.Wykonano analizę mikrostrukturalną oraz składu 
chemicznego, badania XRD, pomiary twardości, badania tribologiczne oraz badania przyczepności wg ISO 9693.Wykazano, że w 
odlewaniu należy używać nowego materiału a w przypadku wykorzystania materiału wcześniej używanego należy go wymieszać 
z materiałem nowym.Wykorzystanie procedury przetapiania może obniżyć koszty odlewów CoCrMoW oraz może być bezpieczne 
w stomatologii.

Słowa kluczowe: stopy kobaltu, trwałość aparatów protetycznych, powtórne przetapianie.
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The process associated with remelted materials use may change 
the composition of metal oxide surface layer which may be of critical 
importance for metal ceramic bond [24].

Sufficient bond strength between porcelain and metal structure 
of applied biomaterial [19, 21] is an important factor determining the 
durability of metal ceramic apparatuses. The use of recycled alloys is 
not recommended by Ucar et al. [19] to avoid potential reduction of 
bond strength between porcelain and metal.

Therefore the purpose of the present study was to evaluate the 
effect of addition of remelted materials on some mechanical proper-
ties of CoCrMoW alloy i.e. hardness, tribological wear, metal ceramic 
bond strength as well as evaluation of microstructure and chemical 
composition of newly produced castings.

2. Material and methods

Remanium 2001 dental alloy (Dentaurum, Germany) with cobalt 
matrix and nominal Remanium 2001 (w/w) consisting of 63% Co, 
23% Cr, 7.3% Mo, 4.3% W, 1.6% Si and Mn<1% and N<1% [27] has 
been used in tests. This alloy is used for casting of denture elements 
(among others crowns and bridges) with permanent ceramic veneers. 
Three groups of identical dental alloy have been prepared in order to 
simulate standard applications used in dental laboratories. The first 
group has been casted in 100% from new alloy as a control group  
(R1). The other groups have been made of 50% new alloy and 50% 
remnants from the previous group (Table 1). The second group (R2) 
has been casted as the mixture of equal amounts of the new alloy and 
the alloy after previous recasting. The alloy used in the third group 
(R3) has been prepared adding new alloy and 50% remnants from 
second group (R2).

The process associated with preparation of specimens made of 
CoCrMoW alloy was carried out in conditions existing in professional 
prosthetic dental laboratory in accordance with procedures applied for 
production of metal denture elements. The castings have been pro-
duced in investment casting process by means of vacuum – pressure 
casting machine Nautilius (Bego, Germany) and ceramic crucibles.

The specimens used for testing: hardness, chemical composition 
analysis and tribological tests have been made as the discs with di-
ameter of Ø 25 mm and thickness of 2 mm. The discs have been sub-
jected to grinding by means of water abrasive papers with grain size 
of 220, 600 and 1200 correspondingly. After grinding the specimens 
were mechanically polished by means of diamond particles suspen-
sion 3 µm and oxides particles suspension 0.05µm as well as washed 
in acetone and dried thereafter. 

The hardnessof tested materials was measured under the load 
of 98.07n on Fv-700 vickers hardness meter with automatic ARS 
900 system manufactured by Future-Tech Corp. Fourty (40) hardness 
measurements have been performed for each group of specimens.

The analysis of chemical composition has been performed by 
means of Q4 Tasman 130 spark emission spectrometer (Bruker, Ger-
many) in detail Co130 testing channel used to complete five (5) analy-
ses (sparking sequences) for each specimen.

X-ray Diffraction device manufactured by Rigaku Ultima Iv and 
equipped with Cukα has been used for XRD analysis in order to ena-

ble phase identification (mainly carbides identification) for the groups 
of CoCrMoW alloys under tests. 

ICDD database was used for the interpretation of obtained results. 
The tests were carried out under accelerating voltage of 40 kv and 
current of 40mA. The scanning range 2θ was included between 35° 
and 55° at scanning speed of 0.2°min-1 and step of 0.02°. The scanning 
range has been selected on the basis data available in literature [10] in 
a manner enabling the identification of carbides types reinforcing the 
alloys under tests.

The wear tests were carried out by means of “ball-on-disc” tri-
botester manufactured by CSM Instruments, at temperature of 37ºC 
in artificial saliva environment (pH=5.3). The composition of artifi-
cial saliva has been prepared on the basis of PN-EN ISO 10271:2012 
standard [26]. The balls with diameter of 6 mm and hardness of 
2000Hv (manufactured by CSM Instruments)made of Al2O3 have 
been used as counterpart (ball). The tests were carried out under the 
load of 10N with linear speed of 1.88 cm/s on the radius of 3 mm. The 
total test travel used to record friction coefficient variation was equal 
to 100 m. The reduction of specimen material volume occurred in the 
form of wear trace as a result of specimen - counterpart mating was 
used as the wear measure. Therefore Dektak 150 profile contact tester 
manufactured byveeco Instruments has been used to measure the sur-
face area ofspecimen wear profile along specimen circumference (in 
12 locations). Tip radius of measuring needle was equal to 2 µm. The 
volumetric wear has been determined as the average value of speci-
men wear surface area multiplied by the circumference of the circle of 
wear trace produced in the ball-on-disc test.

The specimens for ceramic bond strength tests have been pre-
pared in accordance with requirements included in PN-EN ISO 9693 
[25] standard in the form of rectangular plates with dimensions of 
25×3×0.5 mm. IPS d.SIgn dental porcelain (Ivoclarvivadent, 
Schaan, liechtenstein) with dimensions of 8×3×1 mm has been ap-
plied centrally onto the metal plates. The whole process associated 
with dental porcelain fusion to metal was carried out in conditions ex-
isting in professional prosthetic dental laboratory. Nine (9) specimens 
from each test group have been used for test. Three point bending test 
has been carried out by means of zwick z100 universal testing ma-
chine equipped with 500N measuring head. The distance between the 
supports was equal to 20 mm and the diameter of specimen supporting 
rollers was equal to 2 mm. The testing speed (traverse beam feed) was 
equal to 1.5 mm/min. The loss of bond strength was indicated by the 
value of force at which a load disturbance (reduction) was observed 
in deflection curve. Then the bond strength (τb) has been determined 
using the following formula [25]:

 
τb failk F= ⋅  (1)

where: k – the factor depending on thickness of base metal and 
young module, Ffail – the force causing the loss of metal-
ceramic bond strength.

The microstructure of tested materials and their surface after tri-
bological tests has been analysed by means of Phenom G2 pro desk 
top scanning microscope.

3. Tests results and discussion

The microstructure of tested cast alloys is characterized by typi-
cal coarse grained dendritic structure (Fig. 1). The microstructure of 
castings containing remelted material is similar to microstructure of 
brand new castings. There were no inclusions which could originate 
from charge contamination in the form of investment material. Fur-
thermore diversified carbides shapes have been revealed in course of 
SEM analysis. The carbides phases are characterized by dual structure 
i.e. occurring in the form of blocky precipitations as well as lamellar 
precipitations (“pearlitic type”). In the opinion of some authors [15], 

Tabele 1. Different recast alloy groups used in this study

groups Procedure

never cast (r1) cast 100% new alloy

cast once (r2) cast from 50% new alloy and 50% remnants from first 
group

cast twice (r3) cast from 50% new alloy and 50% remnants from 
second group
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the lamellar structure of carbides is caused by cooling rate variation 
between 8 and 16 ºC/min; 35 ºC/min [16] is the maximum cooling 
rate for the creation of eutectoid phase. Carbides precipitations may 
have decisive impact on increased reinforcement of an alloy and its 
reduced plasticity [20].

The average hardness achieved by a brand new alloy and recycled 
materials reaches a value similar to that declared by the manufacturer 
of 336Hv10 (Fig. 2). There are no significant differences between R1 
and R2 groups (p=0.942) demonstrated by non-parametric test for in-
dependent test by U Mann-Whitney (for α=0.05) carried out by means 
of STATISTICA program. However the difference found between R1 
and R3 group (p<0.05) as well as between R2 and R3 group (p<0.05) 
was significant.

Hardness results have been additionally analysed by means of 
kruskal-Wallis test at assumed significance level α=0.05. However no 
significant difference has been found between R1 and R2 groups but 
the difference found between R1 and R3 group (p<0.05) as well as be-
tween R2 and R3 group (p<0.05) was significant. Detected hardness 
differences are closely associated with changed chemical composi-
tion of remelted materials and particularly with percentage of carbon 
content contributing to the formation of hard carbides. The changes of 
chemical composition in tested materials are presented in table 2.

It should emphasized that there is information about elements 
concentrations under 1% indicated in manufacturer’s data. The carbon 
content for R1 and R2 groups is similar and average hardness values 

are identical in the both groups (334Hv10). However a change in 
carbon concentration has been denoted in remelted materials from R3 
group which could be the explanation for hardness increase. However, 
the determining factor in the increase in the hardness of the alloy R3 
is a large percentage of the hard carbide Cr3C2 (Fig. 3) as compared 

Fig. 1. SEM microstructure of castings: (a) control sample R1, (b) recasting R2, (c) recasting R3

c)b)a)

Table 2. Chemical composition of alloys under test [wt. %]

Groups C Si Mn P S Cr Mo Ni

r1 0.059 1.136 0.152 ~0.014 <0.0020 22.86 8.426 0.058

sd. 0.0076 0.013 0.0020 – – 0.125 0.085 0.0025

r2 0.060 ~1.221 0.153 ~0.014 0.0029 22.84 ~8.570 0.052

sd. 0.0038 0.028 0.0022 – 0.0011 0.403 0.221 0.0026

r3 0.073 1.199 0.146 ~0.014 0.0039 22.05 8.435 0.193

sd. 0.017 0.047 0.014 – 0.0022 1.230 0.085 0.0029

Groups W Fe Al Cu Nb N Ti Co

r1 ~4.299 <0.005 <0.005 0.0068 <0.005 0.192 0.0048 62.77

sd. 0.034 – – 0.0003 – 0.052 0.0003 0.111

r2 ~4.320 <0.005 <0.005 0.0069 <0.005 0.203 0.0051 62.52

sd. – – 0.021 0.0001 – 0.071 0.0002 0.150

r3 ~4.315 <0.005 0.140 0.0068 <0.005 0.184 0.0047 63.23

sd. 0.011 – 0.209 0.0002 – 0.057 0.0003 0.904

Fig. 2. The comparison of Vickers hardness of tested alloys groups
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to the carbides present in the other study groups.The carbon content 
within 0.059÷0.073% indicates that materials under analysis belong 
to low carbon alloys group.

Figure 3 illustrates XRD pattern for the alloys groups under test 
indicating only the reflections from carbides without any reflections 
from matrix. The tests demonstrated the co-existence of carbides i.e. 
mainly Cr23C6, Cr7C3 and Cr3C2 in the alloys under test. Cr7C3 car-
bides percentage is the highest in R1 control group; Cr23C6, carbides 
prevail in R2 group and Cr3C2 in R3 group. Such circumstances are 
associated with changed chemical composition and carbides transfor-
mations occurring in course of alloy recasting processes. Additionally 
the presence of the following intermetallic phases has been detected in 
course of tests: Cr0.7Mo0.3 and Mo6Co7 – not marked on XRD pattern.
However the authors of studies [9, 14] found that Cr7C3, Cr3C2 carbides 
may be produced in alloys with low chromium content but this opinion 
has been not confirmed in our tests  (about 23% Cr). However Karaali 
et al. [8] emphasize that carbides i.e. MC, M7C3, M23C6 and M6C may 
be produced in cobalt alloys for medical and dental applications but the 
carbon content occurring in said data is equal to 0.1÷0.35%C and CoC 
ralloys for dental applicationsshould be low carbon alloys. 

The results of tribological tests in artificial saliva demonstrated 
average friction coefficient on the level µ=0.32÷0.341 – similar for 
all materials groups under test (table 3). 

Figure 4 illustrates the changes of friction coefficient for mating 
surfaces CoCrMoW (specimen) – Al2O3 (counterpart) along the dis-
tance of 100 m. The top points of roughness profile are sheared off 
first, therefore the initial values of friction coefficients are higher. As a 
result of running – in of friction surface, the contact area between mat-
ing surfaces increases and the friction coefficient is reduced and stabi-

lized. The stabilization of friction coefficients is practically observed 
in all cases under test after the distance of 20 m. The higher carbon 
content in an alloy and consequently increased hardness causes in-
creased friction coefficient observed for R3 alloy.

Hard carbides precipitations constitute a natural barrier for the 
counterpart material. The analysis of wear profiles (Fig. 5) and surface 
of paths –SEM pictures (Fig. 6) indicate to abrasive wear mechanism. 
The microcutting in the form of continuous cracks along wear traces 
and abrasion wear abrasion wear of relatively soft matrix are prevail-
ing factor in this case. The wear process is intensified as a result of 
an additional impact of hard carbide phase loosely rolling between 
mating surfaces of specimen and counterpart with wearing surfaces. 
Such behaviour causes increased abrasive wear effect in alloys being 
tested. The scratches are caused by rolling carbides on the specimen 
mating surface or plastic deformation of matrix fragments leaving 
specific traces in the form chases. The chases are clearly visible on 
wear trace profile (Fig. 5). The authors of studies [3, 23] also confirm 
in their tests that the abrasive wear is the prevailing factor causing the 
destruction of the top layer of CoCrMo casting alloys.

Figure 7 illustrates the results for volumetric wear for tested ma-
terials. When comparing the tested materials, it is possible to observe 
higher wear resistance of R1 control material by about 14% in rela-
tion to R2 alloy. However in case of addition of two times remelted 

Fig. 3. XRD patterns of the as-cast R1, R2, R3 alloys

Fig. 5. Typical wear traces profiles

Fig. 4. The curve illustrating changes of friction coefficient vs. distance at the 
load of 10N

Table 3. Summary of friction coefficients determined for tested materials 
mating with counterpart made of Al2O3

groups average µ standard deviation

never cast (r1) 0.320 0.021

cast once (r2) 0.329 0.043

cast twice (r3) 0.341 0.019
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material to the fresh alloy (R3 specimen) its wear resistance will be 
reduced by about 34% in relation to R1 control specimen. 

As described in literature [23], abrasive wear of cobalt alloys is 
determined by hard carbide particles or hard protrusion which are de-
pressed by the counterpart and moved in relation to mating surfaces 
thereafter. From data available in literature [22] it appears that wear in-
tensity in high carbon CoCrMo alloys is significantly lower than in low 
carbon alloys due to the fact that low carbon CoCrMo alloys are char-
acterized by low volume percentage of carbides. The value of friction 
coefficient is affected by the environment (liquid medium) contacting 
and interacting with an active surface. For instance 0.36%NaCl envi-
ronment increases the friction coefficient in high carbon cobalt casting 
alloys and its reduction in case of low carbon alloys [23]. However this 
trend is completely reversed in different medium (e.g. in 50% bovine 
serum or Dulbecco’s Modified Eagle’s Medium).

The values of friction coefficients obtained by the authors of the 
present article is similar to the data available in literature [23] ob-
tained from tests performed for high carbon alloys (µ=0.19÷0.25) 
and for low carbon alloys (µ=0.27÷0.28) in various liquid media (but 
other than artificial saliva). 

However the authors of the present article were unable to make 
any references in wider form because the scientific studies in the scope 
of tribological measurements for recast CoCrMo alloys in artificial 
saliva environment still remain to be realized. So called wear factor 

K considering the force and sliding distance applied in course of test 
is specified as a comparative wear measure by the authors engaged in 
the scope tribological wear research [18, 23]:

 K Wear volume
Applied force sliding

mm N m=
×

− −
distance

[ ]3 1 1  (2)

The table No 4 presented below contains the values of wear factors 
for all tested groups. Iijima et al. [7] emphasize the fact that the wear 
factor is an important feature characterizing the tribological properties 
of materials used for the production of prosthetic apparatuses. Fur-
thermore they indicate to a serious problem occurring in the greater 
part of research studies in the scope of prosthetic dentistry i.e. the fact 
that the tribological properties are neglected by the scientists concen-
trating on the examination of strength and corrosion properties.

Significant differences between R1 and R2, R2 and R3 as well as 
R1 and R3 groups (p<0.05) have been demonstrated in course of sta-
tistical analysis of wear volume carried out in the form of U Mann-

Fig. 8. The mean bond strength of metal-ceramic systems for different groups

Fig. 7. Diagram illustrating volumetric wear for tested materials obtained for 
the distance of 100m

Fig. 6.SEM microstructure of wear trace: (a) R1, (b) R2 and (c) R3.

c)b)a)

Table 4. Summary of determined wear factors

groups Wear factor K [mm3n-1m-1] standard deviation

never cast (r1) 2.25×10-6 0.26×10-6

cast once (r2) 2.58×10-6 0.31×10-6

cast twice (r3) 3.02×10-6 0.57×10-6
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Whitney test (for α=0.05). However the significant differences only 
between R1 and R3 groups (p<0.05) have been demonstrated by means 
of Kruskal-Wallis analysis. The differences demonstrated as a result of 
comparison between R1 and R2 groups were insignificant but p was 
close to α  (p=0.06). The power of U Mann-Whitney test is the high-
est among non-parametric tests. In case of of Kruskal-Wallis test more 
prudence is necessary when drawing any substantive conclusions from 
performed tests due to greater probability of type I and II errors.

Figure 8 illustrates the variations of bond strength for metal-
ceramic systems carried out in accordance of ISO 9693 procedures. 
This standard assumes the minimum strength on the level of τb =25 
MPa in three point bending test. The mean strength values for metal-
ceramic bond demonstrate that this minimum value has been achieved 
and even significantly exceeded in certain cases. Only in R2 and R3 
specimens group with the addition of remelted alloy, one case of case 
has been recorded in each group when a specimen under test achieved 
the value τb<25MPa. The production of prosthetic apparatuses with 
permanent porcelain coat is a difficult process due to different nature 
of chemical bonds occurring in the both materials. This process in 
large part depends on manual skills of dental technician who should 
uniformly apply the dental porcelain onto metal substrate in a man-
ner ensuring complete wetting of metal substrate and the thickness of 
individual ceramic layers being applied should be not excessive in or-
der to avoid the weakening of metal-ceramic bond structure by pores 
occurring in course of porcelain firing process. Therefore the failure 
to achieve the minimum value of 25Ma for said two specimens could 
probably caused by excessive porosity in ceramic structure created in 
application phase but not by the addition of recast material.

In summary, no deterioration has been observed in metal–ceramic 
bond strength for alloys containing recast materials be even an in-
significant growth. Comparing the results obtained for R2 group and 
for R1 control group, it can be observed that dental porcelain bond 
strength is 17% higher in R2 group. In case of comparison between 
R1 and R3 group the bond strength is increased in R3 alloy. However 
no statistically significant changes have been indicated by means of 
U Mann-Whitney test at significance level α=0.05 in all combinations 
of specimens under test (p>0.05). Such statistical result may be af-
fected by a large dispersion in min-max values and insufficient size of 
sample (n=9); although the quantity of specimens used for tests was 

higher than that required in ISO 9693 standard (min. 6 pcs). However 
there is a significant difference between R1 and R3 group (p<0.01) at 
significance level α=0.1.

Figure 9 presents SEM microphotographs of the cross-section of 
the metal-ceramic systems after debonding for dental porcelain on 
metal substrate. The adhesive-cohesive fractures have been obtained 
in almost all tested groups of alloys on the metal substrate end. The 
cohesive fracture has been obtained in several cases (Fig. 9c) for R3 
test group, with the fracture occurring within ceramic or metal oxides 
transitionlayer. 

Ucar et al. [19] suggest that porcelain veneers on recast metals 
may result in changed composition of surface metal oxide and con-
sequently in a critical impact on metal–ceramic bond strength. Their 
three point bending tests for NiCrMo demonstrated that use of recast 
base metal alloy with fresh alloy reduces the metal alloy–ceramic ma-
terial bond strength but they did not achieve any statistically signifi-
cant difference in metal–ceramic bond strength for alloys containing 
recast material. 

4. Summary and conclusions

The alloys produced by the authors with the addition of recast 
materials meet the quality requirements applicable to prosthetic dental 
elements in the scope of their quality and durability and can be used 
in prosthetic dental laboratories. After applying remelting materials, 
in spite of small increase in hardness wear increased, preferably while 
affected the adhesion of dental porcelain. Hence, one can predict that 
such a material is certainly better suited to veneering than abrasion 
working elements. 

On the basis ofits ownresearchfound thatthe production of dura-
ble prosthetic castings is possible provided that relevant procedure is 
adhered to, i.e. at least 50% of brand new must be used and remaining 
part of alloy may be casted once or twice. In the present study, the al-
loys with 50% addition of recast materials have been tested up to the 
second generation level only. Therefore the authors suggest the recast-
ing of alloy addition to the level of determined number of generations 
as well as the testing of effect of increased number of recasting proc-
esses on the alloy properties. The recasting procedure may reduce the 
costs of CoCrMoW castings and may be safely used in dentistry.

c)b)a)

Fig. 9. SEM microphotograph of the cross-section of the metal-ceramic systems after debonding: (a) R1, (b) R2, (c) R3
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determining the grip Angle in A grAnulAtor with A flAt mAtrix

wyznAczAnie kątA chwytu w grAnulAtorze z płAską mAtrycą*
The article addresses the new concept of determining the grip angle in a roll – a flat matrix working arrangement. It was verified 
experimentally with the exemplary use of composite fuels. For this purpose, a methodology has been developed and the external 
and internal friction coefficients for several fuel blends have been determined. Knowing them enables one to determine the grip an-
gle which has a significant influence on the efficiency of the granulator. Then, pressure granulation tests with selected blends were 
carried out. The test results and the calculations are presented in the article. The comparison of the experimental grip angle and 
the one determined on the basis of a theoretical equation testifies to the correspondence between the theory and the actual physical 
situation. The determined friction coefficients also determine the selection of an adequate diameter and width of the roller as well 
as the shape of its working surface. It is of essential importance for ensuring the correct operation of a press with a flat matrix.

Keywords: pressure granulation, composite fuels, grip angle, external and internal friction coefficient.

W artykule zwrócono uwagę na nową koncepcję określania kąta chwytu w układzie roboczym rolka - płaska matryca. Poddano ją 
weryfikacji eksperymentalnej na przykładzie paliw kompozytowych. W tym celu opracowano metodykę i wyznaczono współczyn-
niki tarcia zewnętrznego oraz wewnętrznego kilku mieszanek paliw. Ich znajomość umożliwia określenie kąta chwytu mającego 
istotny wpływ na wydajność granulatora. Następnie przeprowadzono próby  granulacji ciśnieniowej wybranych mieszanek. Wy-
niki badań oraz obliczeń przedstawiono w artykule. Porównanie doświadczalnego kąta chwytu oraz wyznaczonego z równania 
teoretycznego świadczy o zbieżności teorii z rzeczywistą sytuacją fizyczną. Wyznaczone współczynniki tarcia determinują również 
dobór odpowiedniej średnicy i szerokości rolki, a także kształtu jej powierzchni roboczej. Ma to istotne znaczenie dla prawidłowej 
eksploatacji prasy z płaską matrycą.

Słowa kluczowe: granulacja ciśnieniowa, paliwa kompozytowe, kąt chwytu, współczynnik tarcia zewnętrznego i 
wewnętrznego.

1. Introduction 

Pressure granulation most often uses granulators with a ring ma-
trix or a flat matrix [6,7] and structures combining the advantages of 
granulators and roll presses, which are used mainly to consolidate ma-
terials of mineral origin and post-production waste. A granulator with 
a flat matrix is a solution which offers great development potential. 
The key factors of structural nature which have an influence on the 
course of the pressure granulation process in a granulator with a flat 
matrix include the diameter, the roller width, the shape of its working 
surface, the matrix height and the geometry of the moulding forms [1, 
2, 3, 12, 13]. The sources present experiments in the area of selecting 
some structural parameters of the working elements of the granulator 
obtained on a laboratory and industrial scale [1, 6, 8, 12]. These works 
focus on selecting the structural features of the matrix. The results of 
laboratory tests and operational tests have been found to provide a 
data base which is sufficient to make their proper selection. 

To ensure a proper course of the pressure granulation process, it 
is important that the consolidated material is forced through the holes 
in the matrix, and most of all, that the condition of gripping the mate-
rial being condensed in the roller-matrix arrangement is fulfilled. The 
issue of determining the grip angle in the working arrangement of the 
granulator has not been addressed in a complex way so far. Only one 
paper [6] presents considerations aimed at comparing the efficiency 
of a granulator with a flat matrix and a ring matrix, on the assumption 

that the grip angle is the same. Many more publications concern mod-
elling of the process of condensing in a closed matrix [4, 14], a screw 
press [10, 11] and in a roll press in which material is consolidated in 
a way similar to that in a granulator with a flat matrix [5, 9]. There 
is, however, a shortage of knowledge about the phenomena which 
occur during the flow of material in the roll-flat matrix zone [7, 15]. 
Therefore, the geometrical dimensions of the roll, which have a sig-
nificant influence on the course of the press operation, are selected in 
an experimental way, with the use of the trial and error method. This 
way of proceeding is time-consuming, expensive and does not enable 
determining the influence of the change of the feed properties on the 
granulation process. This inspired undertaking relevant own research. 
It was carried out with the exemplary use of composite fuels because 
the development of their production technology is innovative both in 
the field of science and technique [16]. 

2. Objective of the paper

The issue of fundamental importance for the proper operation of a 
granulator with a flat matrix is introducing a proper amount of mate-
rial into the roller-flat matrix zone, its stable flow and forcing through 
the holes of the matrix. The grip angle [6] is of great importance here, 
similar to the case of a roll press [9]. A theoretical analysis has been 
carried out and used to develop a concept of determining the material 
grip angle in a granulator with a flat matrix [2]. Its innovative nature 
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required that its correctness had to be checked. The objective of the 
research studies, the results of which are presented in the present ar-
ticle, was to verify experimentally the hypothesis on determining the 
grip angle in the working arrangement of the granulator on the basis 
of the knowledge of external and internal friction coefficients. This 
required building proper laboratory stations, developing a methodol-
ogy and carrying out tests as well as carrying out pressure granulation 
trial tests with the exemplary use of composite fuels. 

3. Determining the grip angle in a press working ar-
rangement

A new concept of determining the material grip angle in the roller 
– matrix working arrangement has been presented in the paper [2]. It 
considers conditions of balance of an elementary section of the vol-
ume of material between the roller and the matrix. It has been assumed 
that the indispensable condition of a correct condensation process is to 
eliminate internal skids of material which may occur within the com-
paction zone. Focus was laid on its beginning, that is, the place where 
the working surface of the roller comes in contact with the material. 
The scheme of the material compaction arrangement in the roller – 
flat matrix zone is presented in Fig. 1. 

The result of theoretical considerations is the dependence (1) de-
termining the grip angle value αˊ which is presented below:

 ′ ≤ −





a ξ µarctan ( )1

2
 (1)

Where: ξ– internal friction coefficient, 
  µ – external friction coefficient.

The considerations show that the grip angle  in the working ar-
rangement of the granulator can be determined theoretically if the 
internal and external friction coefficients are known. It is of essential 
importance for the correct selection of geometrical structural param-
eters of the roller and the shape of its working surface. Considering 
the theoretical nature of the considerations, it was decided that the 
presented hypothesis needed to be verified. It required laboratory tests 
to be carried out.

4. Experimental determination of external and internal 
friction coefficients

The external and internal friction coefficients of the feed were 
determined on the station presented in Fig. 2. It consists of a support 
structure on which a rotational base unit and an arm with a discharge 
trough are set. Before starting the measurements, the station is lev-
elled with the use of adjustment screws. The trough is inclined to the 
level at an angle which makes it possible for the feed to freely slide 
down the trough. It is fed in a continuous manner while simultane-
ously reducing the inclination angle. 

The external friction coefficient of the feed – steel frictional cou-
ple is the tangent of the angle at which the trough is inclined to the 
level at which the feed no longer continues to move. Then, such a 
position of the trough is determined which makes the feed pour down 
along the axis of the rotating base unit. It lasts until a regular cone is 
formed. Its height and mass are used to determine the internal friction 
method and the bulk density of the feed. Three trial tests were carried 
out for each case. The internal friction coefficient tests were carried 
out at the test station in which no consolidation of the material being 
condensed occurs because it features no cohesion at the moment when 
the roller grips the material. Table 1 contains results of measurements 
of the external friction coefficient, the internal friction coefficient 
and the bulk density of lignite, straw, miscanthus, plastifier and their 
blends under gravitational pressure. The presented results constitute 
an average of three measurements. 

The tests proved that the highest internal friction coefficient is 
shown by grinded <3 mm plant biomass in the form of straw and 
miscanthus. It falls within the range from 1.12 to 1.23. However, the 
lowest external friction coefficient among the tested materials is 0.74 
and it is shown by the <3 mm lignite whereas the WB45 plastifier fea-
tures a slightly higher value. As expected, the blends had the friction 
coefficient dependent on the content of components. A higher content 
of lignite results in a reduced internal friction coefficient. Composi-
tions of individual blends marked as M1 to M5 and their moistures are 
provided in table 2. 

Table 1. Friction coefficient and bulk density measurement results 

Name Internal friction 
coefficient

External fric-
tion coefficient

Bulk density 
[kg/m3]

lignite 0.74 0.34 650

straw 1.23 0.32 110

Miscanthus 1.12 0.29 210

M1 0.98 0.32 371

M2 0.95 0.31 381

M3 0.92 0.36 401

M4 0.88 0.34 448

M5 0.8 0.31 542

WB 45 plastifier  0.78 0.39 1020

Fig. 1. Scheme of the material condensation arrangement in the roller – flat 
matrix zone [2]

Fig. 2. Scheme of a test station designed to determine the external friction 
coefficient, the internal friction coefficient and the bulk density of fuel 
blends
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5. Composite fuel pressure granulation laboratory re-
search tests

The tests of the pressure granulation of blends containing miscant-
hus, lignite and plastifier were carried out with the use of a laboratory 
granulator with a flat matrix, presented in Fig. 3. It is equipped with a 
matrix which is 25 mm thick and has a diameter of 120 mm. It has 36 
cylindrical holes with a diameter of 8 mm which are disposed in a ring 
with an internal diameter of 52 mm and the external diameter of 100 
mm. In the top part of the hole, there are conical 2.5 mm deep undercuts 
with a 60° flare angle. The granulator is equipped with two condensing 
rollers which are 40 mm thick and have a diameter of 64 mm. On the 
cylindrical surface of the rolls, there are 30 prismatic cuts with a width 
and depth of 3 mm. The rotational speed of the matrix is 300 rpm. The 
granulator is powered with a three-phase motor with the power output 
of 2.2 kW. The distance of the rollers from the matrix is set to be 0.1 
mm. Before carrying out the measurements, the matrix and the rollers 
were heated up to the temperature of approximately 70°C by means of 
a mixture consisting of bran-water-oil-corundum powder.

The initial preparation of components of the blends consisted in 
drying lignite and miscanthus, then grinding them to a grain size be-
low 3 mm. Immediately before starting the tests, the blend composi-

tions, which are specified in table 2, were prepared. After blending 
the components exactly, the moisture of the blends, their bulk density, 
external and internal friction coefficients were measured. Then, the 
blend granulation tests were performed during which the weight of 
the obtained granules, their quality and the process duration were de-
termined. The data obtained in the experimental research was used 
to calculate the experimental grip angle on the basis of the measure-
ment of the granulator efficiency and the density of fuel blends which 
underwent pressure granulation. However, the theoretical grip angle 
was obtained from the dependence (1), using the experimentally de-
termined external and internal friction coefficients. The results of the 
tests and calculations are presented in table 2. They point at a regular-
ity which consists in that the experimental grip angle is bigger than 
the theoretical one. The average difference between them is 6.21 %. 
Fig. 4 shows selected results of tests and calculations in the form of 
a dependence of the experimental and theoretical grip angle on the 
granulator efficiency, obtained in the course of the composite fuel 
blend consolidation tests.

In both cases, this is a linear dependence and the correlation coef-
ficient is high. Furthermore, both straight lines have a similar gra-
dient. The difference between the initial ordinates, calculated from 
regression equations, amounts to 1.0697, which, in reference to the 
experimental grip angle value, gives an error level of 7.0%, at its low-
est value and 5.5% at the highest one. Their average calculated differ-
ence within the examined range is 6.29%. This confirms the observed 
regularity.

Fig. 3. Laboratory granulator

Fig.4. Dependence of the experimental and theoretical grip angle on the 
laboratory granulator efficiency obtained in subsequent trial tests.

Table 2. Pressure granulation test results and grip angle value calculations

Blend number M1 M2 M3 M4 M5

name um w [%] um w [%] um w [%] um w [%] um w [%]

Miscanthus 0.68 13.00 0.60 13.00 0.55 13.00 0.50 13.00 0.45 13.00

carbon 0.27 35.00 0.35 35.00 0.40 35.00 0.45 35.00 0.50 35.00

WB 45 plastifier 0.05 10.00 0.05 10.00 0.05 10.00 0.05 10.00 0.05 10.00

Blend moisture [%] 19.00 21.00 22.00 23.00 24.00

Initial density [kg/m3] 371 381 401 448 542

Blend mass [g] 500.00 950.00 890.00 450.00 950.00

Pelleting duration [s] 62.00 120.00 120.00 64.00 138.00

efficiency Qm [g/s] 8.06 7.91 7.41 7.04 6.90

remarks Bad quality good quality good quality Best quality granulate too wet

experimental grip angle αrz [
o] 19.32 18.87 16.77 16.38 14.73

Measured internal friction coefficient ξ 0.98 0.95 0.92 0.88 0.8

Measured external friction coefficient µ 0.32 0.31 0.36 0.34 0.31

Theoretical grip angle αobl [
o] 18.24 17.66 15.62 15.18 13.67

Markings used in the table: Um– mass content of the component, W- moisture of the component.
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Considering the presented research test results, it can be ascer-
tained that there is conformity between theory and practice. However, 
explaining the reasons why the experimental grip angle value is high-
er in comparison to the theoretical one requires undertaking further 
research works.

6. Summary

Great interest in the pressure granulation of fine-grained materi-
als, especially biomass and solid fuel blends, inspired research which 
aimed at developing a method of selecting the components of the 
granulator working arrangement. In the paper [2], the authors pre-
sented their own concept of a solution to the problem in which the 
determination of the grip angle in the roller - flat matrix working ar-
rangement plays an important part. A hypothesis was formulated about 
the possibility of determining it on the basis of the knowledge of the 
external and internal friction coefficients of the feed. Continuing the 
research, the results of which are presented in the present article, the 
verification of this theory was carried out. It was found through an 
analysis of test and calculation results that there are no grounds to re-
ject the hypothesis concerning the possibility of determining the grip 

angle on the basis of the knowledge of the external and internal fric-
tion coefficients. It is of significant importance for determining the 
operational efficiency of the granulator and allows for forecasting its 
decline caused by the reduction of the operating roller diameter due to 
its wear. The knowledge of the grip angle also allows one to determine 
the material condensation resistance torque correctly and therefore 
the demand for energy needed to perform the process already at the 
machine construction stage. It enables matching the granulator drive 
properly, which ensures durability of this arrangement.

The undertaken work will be continued for blends containing 
other components. This should enable explaining the reasons for the 
occurrence of the observed regularity which consists in that the exper-
imental grip angle is bigger than the theoretical one. Research is also 
planned to discover phenomena which occur in the roller – flat matrix 
zone. In this case, it will be necessary to determine the changeability 
of friction coefficients and the side pressure versus regular pressure.

The paper has been carried out at AGH University of Science and 
Technology as part of the project entitled “CoalGas” – KIC “Work 

Package 5, agreement no 7.7.130.7006
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simulAtion bAsed AvAilAbility Assessment of services provided by 
web ApplicAtions with reAlistic repAir time

symulAcyjnA ocenA gotowości usług systemów internetowych 
z reAlistycznym modelem czAsu odnowy*

Paper presents a numerical method for determining changes of availability of services provided by web applications in time. It 
takes into account the reliability and functional aspects. The reliability analysis allows determining the probability that the system 
is operational at a given time. The analysis includes the structure of a computer system, random times to failures (hardware or soft-
ware – related to security breaches) and the detailed repair time model. The repair time model takes into account working hours 
of administrators and a time associated with delivering components to exchange. Functional analysis allows the determination 
of the probability that the user will be served in less than a specified time limit. It is based on modelling the interaction between a 
user and a server as a sequence of tasks on one or more hosts. It takes into account the variability of workload over a week and 
web application parameters such as the choreography of service, allocation of tasks on hosts and technical parameters of hosts 
and tasks. The described method was the basis for development of a Monte-Carlo simulator that allows variability of service avail-
ability over a week to be calculated. The paper contains the numerical results of the sample analysis.

Keywords: web application, availability, reliability, Monte-Carlo simulation.

W artykule przedstawiono metodę numerycznego wyznaczania zmian gotowości usług internetowych w czasie. Bierze ona pod 
uwagę aspekty niezawodnościowe i funkcjonalne systemu komputerowego świadczącego usługi. Analiza niezawodnościowa po-
zwala na wyznaczenie prawdopodobieństwa, że system będzie zdatny w danym momencie. Uwzględnia ona strukturę systemu 
komputerowego, losowe czasy do uszkodzeń (sprzętowych jak i oprogramowania związanych z naruszeniami zabezpieczeń) oraz 
szczegółowy model odnowy biorący pod uwagę godziny pracy administratorów oraz czas związany z dostarczeniem elementów 
do wymiany. Analiza funkcjonalna pozwala na wyznaczanie prawdopodobieństwa, że użytkownik zostanie obsłużony w czasie 
mniejszym niż zadany. Oparta jest ona na modelowaniu procesu realizacji usługi jako sekwencji zadań wykonywanych na jednym 
lub kilku komputerach. Bierze ona pod uwagę zmienność intensywności napływu użytkowników w ciągu tygodnia oraz parametry 
takie jak: sekwencję zadań, alokację zadań na komputerach oraz parametry techniczne komputerów i zadań. Opisana metoda była 
podstawą do stworzenia aplikacji komputerowej wyznaczającej techniką symulacji Monte-Carlo zmienność gotowości systemu w 
ciągu tygodnia. Artykuł zawiera numeryczne rezultaty przykładowej analizy.

Słowa kluczowe: usługa internetowa, gotowość, niezawodność, symulacja Monte-Carlo.

1. Introduction

Services provided on Internet are nowadays the basis of many 
enterprises.Their correct and uninterrupted operation is an important 
aspect of business success. Users of services provided by web appli-
cations can very easily move to another portal. Therefore, essentials 
are methods that allowassessing the service availability. Especially 
important is to investigate the influence of various parameters related 
to the configuration and maintenance of the web application on serv-
ice availability.

Availability in case of repairable systems, to which web systems 
belong to, is understood as the probability that the system is operating 
at a specified time. Therefore to define availability of web application 
we need to understand what it means that service is operating. We will 
follow definition from [29]: “the system is operational when required 
tasks are performed correctly within the defined time limits”. It in-
cludes two important aspects analysed in this paper. 

In the first, this is the reliability aspect. The system must operate. 
It cannot be failed. Secondly, the functional aspect must be consid-
ered. The user who will be waiting for a response for longer than a few 

seconds will treat service as failed, and possibly will look for another 
website with similar functionality.

There are a large number of studies examining the reliability of 
websites or web applications. However, in most cases the reliability 
analysis is based on Markov processes [3] and the analysed system 
is modelled as a simple serial one [18]. In this paper, we propose to 
focus on the more realistic modelling of how repairs of computer 
systems are carried out. It will take into account working hours and 
weekends of system administrator. Analysis of the functional aspect is 
based on the commonly used solution in the analysis of complex tech-
nical systems: modelling and simulation [4]. Modelling is focussed 
on a process of execution of a user request that is described as a se-
quence of tasks realised on technical services provided by the system 
[26]. The computer simulation is responsible for calculation of service 
availability. It is based on a time event simulation with Monte Carlo 
analysis [8]. The simulator allows to calculate the probability that the 
user will receive an answer in a time less than the given threshold 
under given workload.
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2. State of art and related works 

Reliability analysis of complex technical systems (to which web 
systems belong to) is a subject of researches for many years. It is 
described in a number of good textbooks, for example in a book by 
Barlow and Proshan [3]. The problem of repair time modelling is most 
often solved by the use of the exponential distribution [1, 3, 18]. This 
is due to popularity of Markov processes in reliability analysis. In 
relatively fewer cases researches are using other distributions for re-
pair time modelling. For example, in [13, 14] authors assume that the 
repair time could be described by the geometric process(proposed by 
lama in [16]). Moreover, most often it is assumed [1, 3] that the repair 
time begins immediately after the failure. However, the other scenario 
is also analysed in the literature [7, 30]. It assumes that the time from 
the component’s failure to the completion of the repair is composed 
of two different periods: waiting and real repair. The waiting period 
is modelled as a random variable independent of the lifetime of the 
component. There are also works [14] that apply a mix approach, in 
which the repair time with a certain probability consists of the waiting 
and the real repair time or only of the real repair time.

The analytical approaches (mentioned above) have significant 
limitations [21] which includes the limited distributions (mostly ex-
ponential), narrow applicability (only to a special class of systems) 
and poor compliance with reality. To overcome these limitations the 
simulation approach is applied [4]. The use of computer simulation 
[5], in particular the Monte-Carlo simulation [8], to analyse the reli-
ability of complex systems is also described by many researches, for 
example in the monograph [15] or in papers [6, 21].

Methods of availability analysis of web systems that are described 
in the literature are based on the analytical models [9, 12] or on real 
system monitoring [2, 11, 22]. In contrast, the method described in 
this paper is based on the use of computer simulation. The simulation 
is used for determining the user response time as a function of the user 
request rate (chapter 5).

The response time  can be determined experimentally by perform-
ing load tests of real systems (using tools as: Funkload, Apache JMe-
ter, Rational Performance Tester or Developer Tools from Microsoft), 
estimated by analytical models[19, 25] (in most cases based on queu-
ing networks [17]) or by simulation techniques [24] (also very often 
based on queuing models).

3. Service availability

One of the quality metrics used for web systems is availability, 
defined as the probability that a user will be properly serviced by a 
system at a specific time, i.e.:

 ( ) Pr( )tA t U= , (1)

where tU is an event that system provides correct responses.

let tS  be an event that the computer system on which the web 
application is deployed is operational (there are no failures). Using 
an equation for conditional probabilities the service availability could 
be calculated as:

 ( ) Pr( | )Pr( ) Pr( | )Pr( )t t t t t tA t U S S U S S= + . (2)

In case of analysed class of systems a user will benot correctly 

serviced if the computer system is failed. Therefore, Pr( | )t tU S =0. It 
simplifies the above equation to:

 ( ) Pr( | ) Pr( )t t tA t U S S= ⋅ . (3)

The above equation is the basis of a numerical method that al-
lows to calculate the value of the service availability. For readability, 
we will introduce names for individual factors of the product (3). let

Pr( )tS  be calledthe system availability, which is understood as the 
probability that the computer system, on which the web application is 

deployed is operational, is not failed. let’s Pr( | )t tU S  call the func-
tional availability defined as the probability that the user will receive 
an answer in a time less than a given threshold (tmax) under assump-
tion that computer system is operational. Therefore, the functional 
availability is given by the equation:

 maxPr( | ) Pr( ( ) | )t t tU S responsetime T t T t S= < = ∧ . (4)

4. Reliability model

The paper considers a very wide class of web systems. In general 
some business services are accessed by the user using web interac-
tions. The service responses are dynamically computed by the service 
components, which also interact with each other using the client-serv-
er protocols. On the low level the system consists of interconnected 
hosts with installed software (technical services) responsible for pro-
viding business service. In the considered approach to web system 
modelling, the hosts are the basic components of the system infra-
structure. Thus, all the failures are attributed to them (of course they 
origin from hardware or software components faults).

There are numerous sources of failures in web systems. These 
encompass hardware malfunctions (transient and persistent), software 
bugs, human mistakes, viruses, exploitation of software vulnerabili-
ties, malware proliferation, drainage type attacks on system and its 
infrastructure (such as ping flooding, DOS). We propose to model all 
of them from the point of view of resulting failure.

The most common source of host failures are caused by some 
exploitation of security vulnerability, often a proliferation of bogus 
service requests that lock up all the server resources. This is a com-
mon consequence of insufficient security metrics (for example caused 
by wrong firewall rules or a lack of antivirus software, etc.). It may re-
sult in inoperational host failure or in a lost in performance. In the first 
case the host cannot process services that are located on it, these in 
turn do not produce any responses to queries from the services located 
on other hosts. In the second case the host can operate, but it cannot 
provide the full computational resources, causing some services to fail 
or increasing their response time above the acceptable limits. 

A web system from the point of reliabilityis a repairable system. 
The reliability analysis requires to model failures occurrence, their re-
sults and the repair time. For simplicity, we will assume that a failure 
of any host (caused by hardware or software component fault) will 
result in a web systemfailure [18]. 

Moreover, we propose to model system failures by a set of inde-
pendent host failures.The occurrence of a host failure is described by 
a random process. Where, the time to failure is modelled by the expo-
nential distribution (like in the Markov model). In case ofa repair time 
we propose to model it in details taking into consideration repairman 
working hours and a time required to replace the failed component or 
a time needed to react on a software failure.

let’s assume that the system administrator works five days a 
week in selected hours. And only during these hours any failure could 
be discovered and any repair operation could be started (for exam-
ple software reinstallation). Moreover, a time required to deliver new 
equipment by courier will be taken into consideration. We assume 
that the system component to be replaced will be available on the next 
working day at a given hour.

let’s divide host failures into two groups: failures that require 
delivery of a new component and ones that don’t (like failures con-
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nected with software or cases when required component is available 
onsite). let’s mark the probability of the first type failures as pf. 

Taking into account all these assumptions we could distinguish 
following elements of period from the component’s failure to the 
completion of the repair (withsystem administrator working hours 
from 8 am to 5 pm with one hour lunch break):

time to failure discovery– equal to zero if a failure happens dur- –
ing working hours, in other cases it is a time to next working 
period: the finish of lunch break (2 pm) or next day (8 am), for 
example if a failure will occur just after 5 pm on Friday, it will 
be equal to 63 hours.
failure analysis time – a time needed to discover a failure rea- –
son, we propose to model it by a random variable with a trun-
cated normal distribution, if the failure analysis overlaps with 
not working hours, it is enlarged by a time to next working pe-
riod  (1 hour in case of overlapping witch lunch time, 15 hours 
during working days evenings and nights or even 63 hours in 
case of Friday afternoon);
delivery time – with a probability of 1- – pf it is equal to zero (it 
allows to model an operating system or software component 
failure), in other cases equal to a time to next working day (it  
models the delivery of a new system component by courier);
component replacement time –time required to replace a failed  –
hardware component or to reinstall failed software component,  
it is modelled by a random variable with the truncated normal 
distribution plus extra value in case of overlapping with not 
working hours(like in the case of failure analysis time).

Presented reliability model includes random values with exponen-
tial, truncated normal and discrete distributions. Therefore, it is hard 
to calculate the system availability by analytical methods (like Mark-
ov or semi-Markov chains). But it could be done using the numerical 
approach, strictly speaking by Monte-Carlo simulation [8]. Therefore, 
authors developed the reliability simulator. It was implemented in 
C++ within the Scalable Simulation Framework (SSF) [20]. SSF is 
an object–oriented API, a collection of class interfaces with prototype 
implementations. For the purpose of simulating reliability states the 
Parallel Real-time Immersive Modeling Environment (PRIME) [20] 
implementation of SSF was used. The main reason of using SSF was 
the fact that it was also used by authors for the development of the 
functional simulator of web system described in the next chapter.

Operation of the simulator is based on repetition of the failure and 
repair process simulation. Following simulations differ in the values   
of random variables occurring in the analysed system. Knowing the 
distribution of these variables (input data for simulation), one can get 
information about the behaviour of the system in the most probable 
cases. By observing changes of some metric values, the information 
about their distributions and any other statistics could be easily gath-
ered. A single simulation last for a fixed length (in the analysed case a 
multiplication of seven days).

The reliability model contains some arbitrary assumptions, such 
as working hours of administrator or a number of shifts. The used 
method allows changing the assumptions and thus different scenarios 
could be also simulated. However, it could require changes in the 
source code of the simulator. Sample numerical results are presented 
in chapter 6.

5. Functional model

5.1. Response time prediction 

As it was presented in chapter 3, the service availability depends 
on the system reliability (described in the previous chapter) and on 
the web system performance measured by the user response time. To 
calculate the user response time we need to analyse the process of user 

request execution. It is performed from the point of view of business 
service realised by web system [10].

The user initiates the communication requesting some tasks on 
a host, it could require a request to another host or hosts, after the 
task execution a host responds to requesting server, and finally the 
user receives the respond. Requests and responses of each task give a 
sequence of a user task execution, according to a given choreography. 
It could be described as a sequence of requests:

 choreography u c task c task c taskb b bn
( ) ( ), ( ),..., ( )= ( )1 2

, (5)

where ( )
ibc task

 
represents a request (⇒ ) to

ibtask or a response (⇐ )
from a given task. Some tasks after completing the calculation return-
reply to the sender. Other tasks before sending the response can call 
other tasks. It is important to mention that each task is deployed on 
one of hosts and it cannot be changed during running of the system.

Based on the above model (a detailed description can be 
found in [26]) the response time is equal to the time required for com-
munication between hosts, on which tasks are deployed and the time 
required to perform each of tasks. For following choreography:

 
1 2 1 3 1

( )choregraphy u

u task task task task task u

=

⇒ ⇒ ⇐ ⇒ ⇐ ⇐
 (6)

the user response time could be calculated as a sum:

resoponsetime u delay h h pt task delay h h pt tas( ) , ,= ( ) + ( ) + ( ) +0 1 1 1 2 kk

delay h h delay h h pt task delay h h del

2

2 1 1 3 3 3 1

( ) +
( ) + ( ) + ( ) + ( ) +, , , aay h h1 0,( )

, (7)

where ( )0 1,delay h h
 
is a time of transmitting a request from host hi to 

hj, and pt(task) is a task processing time (on a host on which the task is 
deployed). For contemporary web systems not associated with media 
broadcasting the time of transmitting a request can be modelled by a 
random variable with a truncated normal distribution [26].

The processing time of each task depends on the type of task (its 
computational complexity), the type of a host (its performance) and 
of its load (number of other requests being handled concurrently). The 
last of these parameters is not a constant value over time. It depends 
on the workload (number of users) and its changes. Processing time is 
difficult to be determined in an analytical way, that is why the compu-
ter simulator based on the Monte- Carlo technique [8] was developed 
[27]. It was implemented, as the simulator discussed in the previous 
chapter, in the Prime SSF [20]environment. For a given choreography 
(for example described in WS-CDl), deployment of tasks to hosts, 
configuration of hosts (processor performance and number of cores), 
technical service parameters (types and configuration of web servers), 
computational complexity of each task, and model of a user (like a 
number of users) the developed software allows to determine the user 
response time.

5.2. Functional availability

Mentioned simulator software allows to determinate in a numeri-
cal way the probability that the user will receive an answer in a time 
less than a given threshold in a function of workload (described by 
intensity of user requests):

 Af responsetime t workload( ) Pr( | )maxλ λ= < = . (8)
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This metric is a numerical representation of client’s perception of 
particular business service quality. It measures the probability that the 
user will not resign from active interaction with the service due too 
long service response time.

If we know how the intensity of user requests varies over a time  
( ( )workload t ) we could calculate the functional availability as:

 Pr( | ) ( ( ))t tU S Af workload t= . (9)

The values of the workload function depend on the type of offered 
service. For example, websites used by students have the greatest in-
flux of users in the period just before exams and mostly at night. In 
the sample analysed in the next section, it is assumed that the work-
load is periodic with a period equal to one week. Daily and weekly 
variability is often observed in public services. This can be noticed 
analysing the variability of traffic over the networks of large Internet 
service providers.

6. Availability analysis of a case system

6.1. System availability

All the simulation results that illustrate the presented method were 
computed using a real-life example of the case-study web system. The 
system consists of six hosts. There were five hosts with business com-
ponents communicating according to selected choreography and one 
router with a firewall. Since, today’s computer devices are character-
ised by high reliability parameters, the intensity of failures was set to 
one year per year. The repair model parameters were set as follows:

mean failure analysis time – 3 hours, –
mean component replacement time – 1 hour, –
probability of hardware failure  – pf (requiring a component to be 
delivered by courier) – 0.2,
working hours of administrator – 8 am to 17 pm, with one hour  –
break for lunch,
standard deviation of truncated normal distributions – 20% of  –
its mean values.

The achieved results for simulating 1,000 weeks 50,000 times are 
presented in Fig. 1. The changes of system availability during a week 
could be noticed. The lowest value is achieved on Monday. It agrees 
with authors experience, that Monday is a day that there isthe most 
work to be done by system administrator. It is caused by the fact that 
the administrator is not working during weekends and failures that oc-
curred during that time are maintained on the next working day. 

6.2. Functional availability

Another factor contributing to the service availability is the func-
tional availability, defined as the probability that the user will obtain a 
response in time less than the given limit, assuming that the computer 
system running the service is not failed. As already mentioned the 

analysed system consists of six hosts and performs selected chore-
ography. The time limit was set to 12 seconds. The results obtained 
from simulation, i.e. functional availability in a function of the user 
request rate, are shown in Fig. 2. Assuming weekly workload varia-
tions shown in Fig. 3, the functional availability in a function of time 
is presented in Fig. 4.

6.3. Service availability

According to equation (3) the product of the system (Fig. 1) and 
functional (Fig. 4) availability gives the services availability (Fig. 5) 
for the case web system. The daily variations of service availability are 
results of the diurnal variation in the workload and administrators work-
ing hours. In addition, there is a noticeable decline of availability in the 

Fig. 1. System availability changes over a weekachieved by computer simula-
tion of the case system

Fig. 2. Functional availability in a function of user request rate 

Fig. 3. Assumed changes in workload over a week

Fig. 4. Functional availability changes over a week for thecase system

Fig. 5. Service availability changes over a week for thecase system
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weekend reaching its minimum on Monday around noon. The mini-
mum value on Monday is linked to the accumulation of failures from 
Saturday and Sunday and daily maximum of the user request rate.

7. Final remarks

7.1. Conclusions

This paper presented a method for determining changes of avail-
ability of service provided by web applications in time (over a week). 
The method considers reliability and functional aspects. The reliabil-
ity analysis takes into account the structure of the system (number of 
hosts), random failure occurrence (modelled by exponential distribu-
tions), failure analysis time (modelled by truncated Gaussian distribu-
tion), component replacement time (next working day) and working 
hours of system repairman (administrator).

Functional analysis allows to determinate the probability that the 
user will receive an answer in a time less than the given threshold. 
Functional model parameters include the web system choreography 
(interaction between tasks), system structure (number of hosts, host 
performance, task allocation on hosts and task execution time) and 
workload (changes in the user request rate over a week).

Numerical calculations were performed using the simulator de-
veloped by authors. The use of Monte-Carlo simulation allowed a 
flexible functional and reliability model of web system to be created. 
However, the presented approach has some significant drawbacks. 
Firstly, the simulation time associated with multiple repetitions (the 
basic principle of Monte-Carlo simulation) in case of the functional 
simulator could be large. Secondly, changes in the structure of the 
model (but not in its parameters) may require changes in the source 
code of the simulator. 

The presented approach provides an easy way to explore the im-
pact of changes in the system maintenance (such as working hours 
of administrators) or changes in functional parameters of the system 
(e.g. other allocation of tasks, increased level of security or perform-
ance of hosts) on the significant from the point of view of user’s pa-
rameter: the service availability.

7.2. Future work

The presented method includes some assumptions that limit its 
applicability. First of all, the web system is modelled as a serial reli-
ability system, i.e. a failure of any system component (hosts) results in 

a failure of the system. It is not true for web systems that useload bal-
ancing techniques or systems deployed in computing cloud. In such 
cases the failure of one of hosts (hardware or software) results in deg-
radation of system performance not in a failure of the whole system.

The second assumption is to model failure results as an inopera-
tion of a single host. However, some of security breaches, like viruses 
or malware, could result in degradation of hosts performance. So the 
web system is able to answer to user requests, only response time in 
longer. It is possible to extend the proposed two–state (operational – 
failed) reliability model to a multistate one. Each state will be de-
scribed by a state of each system component (host). Whereas, each 
component could be in one of three states: operational, degraded per-
formance and failed. The state probability for each of N-states (let 

mark them as iS ) could be calculated by a simple extension to simula-
tor described in chapter 4. Using simulator described in chapter 5, it is 
possible to calculate functional availability   

( maxPr( ( ) | )iresponsetime T t T t S< = ∧ ) in each of states and finally 

the functional availability of service as:

 max
1

( ) Pr( ( ) | ) Pr( , )
N

i i
i

A t responsetime T t T t S S t
=

= < = ∧ ⋅∑      (10)

The main problem of this solution is a number of states. For n 
independent elements, which could be failed, it gives 22n states [28]. 
So for the case system analysed in this paper it gives 4096 states. For 
each of states a time consuming functional simulation has to be per-
formed (chapter 5). The problem could be solved by limiting the sum 
in (10) to the most probable states and skipping less probable states. 

Another area of future work concerns the application of the pro-
posed method in the analysis of websites deployed in computing 
cloud. In such case, the hardware failures playa much smaller role. 
This is due to the use of virtualization techniques and migration of 
virtual machines in the cloud in case of failures. However, the most 
frequently occurring software failures caused by security breaches 
and the process of recovery of the system after such failures can be 
modelled in the same way as described in this work.
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