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SZYBKA J, BRONIEC Z, PILCH R. Forecasting the failure of 
a thermal pipeline on the basis of risk assessment and exploitation 
analysis. Eksploatacja i Niezawodnosc - Maintenance and Reliability 
2011; 4: 5-10.
In this paper, a procedure for determining the utilisation period of a thermal 
pipeline, exploited in mining plants was presented. On the basis of analyses 
conducted in the real life situations, the pipeline failure, which could be cau-
sed by its bursting due to exceeding pipeline strength, was forecasted. The 
exploitation conditions of the thermal pipeline and factors contributing to its 
degradation were also analysed. Using the probability sampling method, the 
exploitation risk was assessed and the lifespan of the pipelines, after which the 
pipelines shall be replaced by new structures, were determined. 

SZYBKA J, BRONIEC Z, PILCH R. Prognozowanie uszkodzenia 
ciepłociągu na podstawie oceny ryzyka eksploatacji. Eksploatacja 
i Niezawodnosc - Maintenance and Reliability 2011; 4: 5-10.
W artykule przedstawiono procedurę postępowania w wyznaczenia okresu 
użytkowania  ciepłociągu  eksploatowanego w  zakładach  górniczych. Na 
podstawie badań przeprowadzonych w warunkach rzeczywistej eksploatacji 
prognozowano awarię rurociągu, która może być spowodowana pęknięciem na 
skutek przekroczenia jego wytrzymałości. Opisano warunki eksploatacji ciepło-
ciągu i czynniki wpływające na jego degradację. W ujęciu probabilistycznym 
oszacowano ryzyko eksploatacji i wyznaczono okres użytkowania, po którym 
powinna nastąpić wymiana rurociągów.

LEWI A, PEEW D. Ocena cech eksploatacyjnych oleju silnikowego 
Prista Super 25W40 metodą DIA. Eksploatacja i Niezawodnosc - Ma-
intenance and Reliability 2011; 4: 11-14.
The paper considers one of the few studies of motor oil using Differential Im-
pedance Analysis (DIA) method. The impedance data of Prista Super 25W40 
motor oil are analyzed through this method, which is more advanced technique 
comparing to Electrochemical Impedance Spectroscopy. Structural changes in 
samples of long exploited oil are found. The analysis of samples of less used 
oil registers one important phenomenon, which is known from the practice. 
The possibilities for viscosity indices determination are discussed. General 
impedance data analysis is also conducted.

LEWI A, PEEW D. On the evaluation of exploitation qualities of 
Prista Super 25W40 motor oil with DIA method. Eksploatacja i Nie-
zawodnosc - Maintenance and Reliability 2011; 4: 11-14.
Artykuł poświęcony jest badaniom oleju silnikowego przy pomocy Analizy 
Dyferencjalnej Impedancji (DIA). Zbadano tą metodę, która jest doskonalsza 
od Elektrochemicznej Spektroskopii Impedancyjnej, zmiany impedancji 
nowego oleju Prista Super 25W40 w okresie eksploatacji. Wyniki wykazują, 
że po pewnym krótkim okresie, używany olej ma lepsze właściwości smarne 
względem próbki oleju nieużywanego. Omówiono także możliwości oszaco-
wania oleistości i przeprowadzono analizę wyników.

CZECH P, MADEJ H. Application of cepstrum and spectrum histo-
grams of vibration engine body for setting up the clearance model of 
the piston-cylinder assembly for RBF neural classifier. Eksploatacja i 
Niezawodnosc - Maintenance and Reliability 2011; 4: 15-20.
The paper presents an attempt to evaluate the wear of piston-cylinder assembly 
with the aid of vibration signal recorded on spark ignition (SI) engine body. The 
subject of the study was a four-cylinder combustion engine 1.1 dm3. Diagnosing 
combustion engines with vibration methods is specifically difficult due to the 
presence of multiple sources of vibration interfering with the symptoms of 
damages. Diagnosing engines with vibro-accoustic methods is difficult also 
due to the necessity to analyse non-stationary and transient signals. Various 
methods for selection of usable signal are utilised in the diagnosing process. 
Changes of the engine technical condition resulting from early stages of wear 
are difficult to detect for the effect of mechanical defect masking by adaptive 
engine control systems. According to the studies carried out, it is possible to 
utilise artificial neural networks for the evaluation of the clearance in piston-
cylinder assembly.

CZECH P, MADEJ H. Wykorzystanie histogramów widma i cep-
strum drgań korpusu silnika do budowy wzorców luzu w układzie 
tłok-cylinder dla klasyfikatora neuronowego RBF. Eksploatacja i 
Niezawodnosc - Maintenance and Reliability 2011; 4: 15-20.
W artykule przedstawiono próbę oceny zużycia złożenia tłok-cylinder za po-
mocą sygnału drgań rejestrowanego na kadłubie silnika ZI. Obiektem badań 
był czterocylindrowy silnik spalinowy o pojemności 1,1 dm3. Diagnozowanie 
silnika  spalinowego metodami drganiowymi  jest  szczególnie utrudniona ze 
względu na występowanie wielu źródeł drgań, co jest przyczyną wzajemnego 
zakłócania symptomów uszkodzeń. Diagnozowanie uszkodzeń silników meto-
dami wibroakustycznymi jest trudne także ze względu na konieczność analizy 
sygnałów niestacjonarnych i impulsowych. W procesie diagnozowania stosuje 
się różne sposoby selekcji sygnału użytecznego. Zmiany stanu technicznego 
silnika wywołane wczesnymi fazami jego zużycia są trudne do wykrycia ze 
względu na maskowania usterek mechanicznych przez adaptacyjne układy 
sterowania silnika. Z przeprowadzonych badań wynika, że istnieje możliwość 
wykorzystania sztucznych sieci neuronowych do oceny luzu w układzie tłok-
cylinder.

LIUDVINAVIČIUS L, LINGAITIS L P, BUREIKA G. Investigation 
on wheel-sets slip and slide control problems of locomotives with 
ac traction motors. Eksploatacja i Niezawodnosc - Maintenance and 
Reliability 2011; 4: 21-28.
The article is dedicated to the solution of drive parameter adjustment and 
correction problems of AC traction motors. Having assessed different rail 
adhesion ratios and AC electrical machine operation peculiarities, there have 
been proposed new dynamic slip and slide process control methods to DC/
AC, AC/AC current system locomotives. There is described the influence of 
mechanical characteristics of AC traction motors to the formation of wheel 
slip process and there are provided structural control schemes of the dynamic 
slip process. The slip process formation and control conditions for wheel 
pairs are provided in mathematical and graphical forms. There are provided 
automatic control parameters of dynamic slip and slide process for AC/AC 
current locomotives. 

LIUDVINAVIČIUS  L, LINGAITIS L P, BUREIKA G. Badanie 
problemów buksowania kołowego i sterowania procesu ślizgania 
w lokomotywach z silnikami trakcji asynchronicznej. Eksploatacja i 
Niezawodnosc - Maintenance and Reliability 2011; 4: 21-28.
Artykuł jest przeznaczony dla rozwiązania problemów regulowania i korekcji 
parametrów pracy przekładni lokomotywy z silnikiem trakcyjnym AC. Oce-
niając różne czynniki przyczepności koła lokomotywy z torem i osobliwości 
maszyn elektrycznych typu AC, w artykule przedstawiono nowe metody buk-
sowania dynamicznego i sterowania procesu ślizgania przekładni lokomotywy 
dla systemów prądu AC/DC, AC/AC. Oceniając wpływ rodzaju charakterystyk 
mechanicznych silników trakcyjnych AC na formowanie procesu buksowania 
kół, w artykule przedstawiono  strukturalne  schematy  sterowania procesów 
buksowania dynamicznego. Formowanie procesu buksowania par kół i wa-
runki jego sterowania przedstawiono w wyrażeniu matematycznym i formie 
graficznej. W artykule zaprezentowano parametry buksowania dynamicznego 
i  sterowania  automatycznego procesu  ślizgania dla  lokomotywy systemów 
prądu AC/AC..

TOMASZEK H, JASZTAL M, ZIEJA M. A simplified method to as-
sess fatigue life of selected structural components of an aircraft for 
a variable load spectrum. Eksploatacja i Niezawodnosc - Maintenance 
and Reliability 2011; 4: 29-34.
The assessment of fatigue life of an aircraft’s structural component operating 
under variable load spectrum causes many and various problems, hence the 
need for simplified methods that facilitate it. The presented study covers the 
question of rearranging an actual spectrum with variable values of cycles into 
a homogeneous spectrum with weighted cycles. A method for the evaluation of 
fatigue life of some selected aircraft’s structural component with an initial crack 
has been presented using a rearranged spectrum. To model an increment in the 

TOMASZEK H, JASZTAL M, ZIEJA M. Uproszczona metoda oceny 
trwałości zmęczeniowej wybranych elementów konstrukcji statku 
powietrznego dla zmiennego widma obciążenia. Eksploatacja i Nie-
zawodnosc - Maintenance and Reliability 2011; 4: 29-34.
Ocena  trwałości zmęczeniowej elementu konstrukcji pracującego pod wpły-
wem zmiennego widma obciążenia przysparza wielu trudności. Stąd potrzeba 
poszukiwania uproszczonych metod umożliwiających tą ocenę. Przedstawiona 
praca obejmuje przekształcenie widma rzeczywistego o zmiennych wartościach 
cykli w widmo jednorodne o cyklach ważonych. Wykorzystując widmo prze-
kształcone przedstawiono metodę oceny  trwałości zmęczeniowej wybranego 
elementu konstrukcji  statku powietrznego z początkowym pęknięciem. Do 
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DZICZKOWSKI L, BUCHACZ A. Modification of a calibration me-
thod for conductometers. Eksploatacja i Niezawodnosc - Maintenance 
and Reliability 2011; 4: 35-40.
The paper presents an innovative and improved method for doubled calibration 
of an eddy-current conductometer. Implementation of the proposed method 
makes it possible to achieve independence of the instrument indications on 
surface condition of the examined parts. The calibrating function is determined 
on-line when the measurements are in progress on the basis of parameters that are 
assigned to the contact probe coil and calculated with use of general mathematic 
equations. The calculated correction parameter can be considered as a measure 
of the surface roughness. Application of the modification as described in this 
paper can contribute to efficiency improvement of operational examinations for 
components made of non-ferrous materials during their lifetime.

DZICZKOWSKI L, BUCHACZ A. Modyfikacja metody skalowania 
konduktometru. Eksploatacja i Niezawodnosc - Maintenance and 
Reliability 2011; 4: 35-40.
Zaproponowano oryginalną, ulepszoną metodę podwójnego skalowania kon-
duktometru wiroprądowego. Realizując tę metodę można uzyskać niezależność 
wskazań przyrządu od stanu powierzchni badanych elementów. Funkcja skalu-
jąca konduktometr jest wyznaczana dynamicznie w czasie trwania pomiaru na 
podstawie parametrów przypisanych eksperymentalnie sondzie-cewce stykowej 
oraz uniwersalnych równań matematycznych. Obliczona poprawka może być 
traktowana jako miara chropowatości powierzchni. Stosując opisaną modyfika-
cję można znacznie usprawnić badania eksploatacyjne elementów wykonanych 
z metali nieżelaznych.

ŚWIĆ A, MAZUREK L. Modeling the reliability and efficiency of 
flexible synchronous production line. Eksploatacja i Niezawodnosc - 
Maintenance and Reliability 2011; 4: 41-48.
The paper introduces a mathematical model of operation of a flexible synchro-
nous production line (FSPL) of multifunctional CNC machines that includes 
one redundant multifunctional CNC machine which can take over the functions 
of every FSPL machine. The graph of FSPL state, relations and equations 
used to calculate reliability and productivity are shown. Maple, the software 
used for reliability and productivity calculations and modelling, as well as the 
mathematical results are presented.

ŚWIĆ A, MAZUREK L. Modelowanie niezawodności i wydajności 
synchronicznej elastycznej linii produkcyjnej. Eksploatacja i Nieza-
wodnosc - Maintenance and Reliability 2011; 4: 41-48.
Przedstawiono model matematyczny funkcjonowania synchronicznej elastycz-
nej linii produkcyjnej (SELP) z obrabiarek wielozadaniowych CNC, w skład 
której wchodzi maszyna technologiczna rezerwowa. Maszyna technologiczna 
rezerwowa może przejmować funkcje każdej z obrabiarek SELP. Przedstawiono 
graf stanu SELP, zależności, równania do obliczania niezawodności i wydajno-
ści SELP. Opracowano program obliczeń niezawodności i wydajności (Maple) 
oraz zaprezentowano wyniki modelowania i optymalizacji ilości obrabiarek.

CHENG Z, BAI Y, CAI L, WANG L, LI P, CHEN L. Research on 
Warranty Interval of Multi-component System with Failure Inte-
raction. Eksploatacja i Niezawodnosc - Maintenance and Reliability 
2011; 4: 49-55.
Based on the analysis of failure interaction, imperfect preventive warranty 
policy is adopted for the multi-component system. Average failure rate of each 
warranty interval is studied and warranty cost model and availability model 
are built as viewed from interactive failure rate. Then Warranty period project 
is brought forward as an example, which can validate the feasibility of model 
and show the advantage of the project. The research can provide technique and 
methods for determining Warranty Period of multi-component system, which 
further enriches and perfects the warranty theory.

CHENG Z, BAI Y, CAI L, WANG L, LI P, CHEN L. Badania okresu 
gwarancyjnego dla systemu wieloskładnikowego, w którym zachodzą 
interakcje uszkodzeniowe. Eksploatacja i Niezawodnosc - Maintenance 
and Reliability 2011; 4: 49-55.
W oparciu o analizę interakcji uszkodzeniowych, przyjęto dla systemu wielo-
składnikowego politykę gwarancyjną obejmującą niepełną odnowę profilaktycz-
ną.Zbadano średnią intensywność uszkodzeń dla każdego okresu gwarancyjnego 
oraz skonstruowano modele kosztów obsługi gwarancyjnej oraz dostępności 
biorąc pod uwagę  intensywność uszkodzeń  interakcyjnych.  Jako przykład 
podano projekt okresu gwarancyjnego, który może potwierdzić poprawność 
przyjętego modelu oraz przedstawiono zalety takiego projektu. W badaniach 
opracowano technikę i metody ustalania okresu gwarancyjnego dla systemów 
wieloskładnikowych, które stanowią istotny wkład do teorii gwarancji.

BRZOZOWSKI K, NOWAKOWSKI J. Toxicity of exhaust gases of 
compression ignition engine under conditions of variable load for 
different values of engine control parameters. Eksploatacja i Nieza-
wodnosc - Maintenance and Reliability 2011; 4: 56-62.
This work presents  a  procedure  leading  to  empirical  identification of  the 
dependency of smoke level and emission of harmful compounds on selected 
engine control parameters in an compression ignition engine. In the course 
of experiments identification of emission of nitrogen oxides, carbohydrates, 
carbon oxide and smoke level of exhaust gases was carried out, depending on: 
rotational speed, fuel amount, exhaust gas recirculation factor and injection 
timing. Using artificial neural networks has been proposed to generalize the 
results of experiments. The computed values of coefficients used to evaluate 
approximation errors and prediction of smoke level and emission of harmful 
compounds confirm effectiveness of the proposed method of generalizing the 
identification procedure.

BRZOZOWSKI K, NOWAKOWSKI J. Toksyczność spalin silnika 
o zapłonie samoczynnym w warunkach zmiennego obciążenia dla 
różnych wartości parametrów regulacyjnych. Eksploatacja i Nieza-
wodnosc - Maintenance and Reliability 2011; 4: 56-62.
W pracy przedstawiono postępowanie prowadzące do eksperymentalnej iden-
tyfikacji zależności zadymienia i emisji związków szkodliwych od wybranych 
parametrów regulacyjnych silnika o zapłonie samoczynnym. W ramach badań 
przeprowadzono identyfikację emisji  tlenków azotu, węglowodorów, tlenku 
węgla oraz zadymienia spalin w zależności od: prędkości obrotowej, dawki 
paliwa, stopnia recyrkulacji spalin i kąta wyprzedzenia wtrysku. Do uogólnienia 
wyników badań eksperymentalnych zaproponowano wykorzystanie sztucznych 
sieci neuronowych. Obliczone wartości wskaźników wykorzystanych do oceny 
błędów aproksymacji oraz predykcji zadymienia i emisji związków szkodliwych 
spalin potwierdzają skuteczność zaproponowanej metody uogólnienia badań 
identyfikacyjnych.

crack length a difference equation has been applied which, after rearrangement, 
resulted in a partial differential equation of the Fokker-Planck type. A density 
function of the crack length is a particular solution to this equation. Using the 
density function of a crack length, fatigue life of the structural component has 
been determined for the crack that keeps growing up to the permissible value ld 
lower than the critical value lkr. What has been given consideration in this study 
is the case when the exponent of the Paris equation m ≠ 2.

modelowania przyrostu długości pęknięcia wykorzystano równanie różnicowe 
z którego po przekształceniu otrzymano równanie różniczkowe cząstkowe typu 
Fokkera-Plancka. Rozwiązaniem szczególnym tego równania jest funkcja gęstości 
długości pęknięcia elementu. Wykorzystując następnie funkcję gęstości długości 
pęknięcia określono trwałość zmęczeniową elementu konstrukcji dla pęknięcia 
narastającego do wartości dopuszczalnej ld mniejszej od wartości krytycznej lkr. 
W pracy rozpatruje się przypadek, gdy wykładnik równania Parisa m ≠ 2.

SHAKUNTLA S, LAL A K, BHATIA S S. Comparative study of the 
subsystems subjected to independent and simultaneous failure. 
Eksploatacja i Niezawodnosc - Maintenance and Reliability 2011; 4: 
63-71.
The paper discusses the comparison between availability of a pipe manufacturing 
industry when the sub systems are subjected to simultaneously and independent 
failure. The failure rates of the sub-systems are constant and the repair rates are 
variable. The governing differential equations of the system are solved using 
Lagrange’s Method. The performance evaluation of system is done by means of 
long run availability making use of software package Matlab 7.0.4. The tables 

SHAKUNTLA S, LAL A K, BHATIA S S. Badania porównawcze podsys-
temów ulegających uszkodzeniom niezależnym i jednoczesnym. Eksploata-
cja i Niezawodnosc - Maintenance and Reliability 2011; 4: 63-71.
W artykule porównano dostępność zakładu przemysłowego produkującego 
rury w przypadkach występowania jednoczesnych i niezależnych uszkodzeń 
podsystemów. Badania prowadzono przy stałych intensywnościach uszkodzeń 
podsystemów i zmiennych intensywnościach napraw . Konstytutywne równa-
nia różniczkowe systemu rozwiązano przy użyciu metody Lagrange'a. Oceny 
wydajności systemu dokonano na podstawie długotrwałej dostępności z wy-
korzystaniem pakietu oprogramowania Matlab 7.0.4. Przedstawiono tabele dla 
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NOWAKOWSKI T. Problems of reliability modelling of multiple-
phased systems. Eksploatacja i Niezawodnosc - Maintenance and 
Reliability 2011; 4: 79-84.
This article discusses the basic problems connected with modelling the reliability 
of multiple-phased systems. Operation and maintenance of such systems is 
associated with execution of various tasks which together lead to the achie-
vement of the final goal. Such systems include logistic and transport systems. 
Two types of models are discussed: synthetic models, which cover a system’s 
entire operating life and models in which the particular phases are considered 
separately. As an example, a “k out of n” system is used with different k pa-
rameters for each phase. The advantages and disadvantages of three models 
are discussed: the “conservative” model which is based on an analysis of the 
block reliability model, a Markov model with fixed duration of each phase and 
a Markov model with random phase duration.

LATALSKI J. Modelling of macro fiber composite piezoelectric active 
elements in ABAQUS system. Eksploatacja i Niezawodnosc - Mainte-
nance and Reliability 2011; 4: 72-78.
The paper presents an approach to effective modelling of piezoelectric trans-
ducers in finite element method based software. A macroscopic model of an 
active element made of macro fiber composite (MFC type) exhibiting d33 effect 
is developed in ABAQUS system. Next, a multilayer composite beam with the 
discussed piezoelectric actuator is analysed. Both a direct and a converse piezo 
effects are analyzed numerically, calculating respectively charge on transducer’s 
poles subject to forced displacements and beam static deflections with respect to 
assumed supply voltage. The outcomes of the numerical simulations are com-
pared to the laboratory test results. Next, the worked-out FEM model of MFC 
actuator/sensor is used to detect the simulated defect in composite material.

LATALSKI J. Modelowanie w systemie ABAQUS piezoelektrycznych 
elementów aktywnych typu MFC. Eksploatacja i Niezawodnosc - Ma-
intenance and Reliability 2011; 4: 72-78.
W pracy przedstawiono sposób efektywnego modelowania kompozytowych 
elementów piezoelektrycznych metodą elementów skończonych. W systemie 
ABAQUS przygotowano makroskopowy model elementu aktywnego typu MFC 
wykorzystującego efekt piezoelektryczny d33. W dalszej kolejności przeanalizo-
wano wielowarstwową belkę kompozytową z naklejonym badanym elementem 
aktywnym. Numerycznie zbadano prosty i odwrotny efekt piezoelektryczny, 
wyznaczając odpowiednio wartości napięć na zaciskach elementu aktywnego 
przy wymuszonym odkształceniu układu oraz ugięcia statyczne przy różnych 
wartościach napięcia zasilającego. Rezultaty tych analiz porównano z wynikami 
rzeczywistych pomiarów przeprowadzonych na stanowisku laboratoryjnym. 
Opracowany model numeryczny wykorzystano do próby wykrycia symulowa-
nego uszkodzenia materiału kompozytowego.

NOWAKOWSKI T. Problemy modelowania niezawodności syste-
mów wielofazowych. Eksploatacja i Niezawodnosc - Maintenance and 
Reliability 2011; 4: 79-84.
W artykule  omówiono podstawowe problemy związane  z modelowaniem 
systemów wielofazowych. Eksploatacja takich systemów związana jest z re-
alizacją różnych zadań, które składają się na osiągnięcie celu końcowego. Do 
takich systemów można zaliczyć systemy logistyczne i systemy transportowe. 
Omówiono dwa  rodzaje modeli: modele  syntetyczne ujmujące  cały okres 
eksploatacji  systemu  i modele, w których poszczególne  fazy  są  rozpatry-
wane oddzielnie. Wykorzystano przykładowy system o strukturze progowej 
zmiennej w kolejnych trzech fazach eksploatacji. Przedstawiono zalety i wady 
korzystania  z modelu  „konserwatywnego” bazującego na  analizie modelu 
blokowego i modeli Markowa z ustaloną i losowo zmiennych czasem trwania 
poszczególnych faz.

for various parameters are given which can be useful to the plant management 
for improving and planning the maintenance schedule.

różnych parametrów, które mogą być wykorzystywane przez osoby zarządzające 
produkcją przy poprawianiu i planowaniu harmonogramów przeglądów.
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prognozowanie uszkodzenia ciepłociągu na podstawie oceny 
ryzyka eksploatacji*

In this paper, a procedure for determining the utilisation period of a thermal pipeline, exploited in mining plants was 
presented. On the basis of analyses conducted in the real life situations, the pipeline failure, which could be caused by 
its bursting due to exceeding pipeline strength, was forecasted. The exploitation conditions of the thermal pipeline and 
factors contributing to its degradation were also analysed. Using the probability sampling method, the exploitation risk 
was assessed and the lifespan of the pipelines, after which the pipelines shall be replaced by new structures, were deter-
mined. 

Keywords: thermal pipeline, failure, pipeline resistance, exploitation risk, forecasting the failure.

W artykule przedstawiono procedurę postępowania w wyznaczenia okresu użytkowania ciepłociągu eksploatowanego 
w zakładach górniczych. Na podstawie badań przeprowadzonych w warunkach rzeczywistej eksploatacji prognozowano 
awarię rurociągu, która może być spowodowana pęknięciem na skutek przekroczenia jego wytrzymałości. Opisano wa-
runki eksploatacji ciepłociągu i czynniki wpływające na jego degradację. W ujęciu probabilistycznym oszacowano ryzyko 
eksploatacji i wyznaczono okres użytkowania, po którym powinna nastąpić wymiana rurociągów.

Słowa kluczowe:  ciepłociąg, uszkodzenie, wytrzymałość rurociągu, ryzyko eksploatacji, prognozo-
wanie uszkodzenia.

SZYBKA J., BRONIEC Z., PILCh R.: Forecasting the failure of a thermal pipeline on the basis of risk assessment  
and exploitation analysis. Eksploatacja i Niezawodnosc - Maintenance and Reliability 2011; 4: 5-10.

1. Introduction 

Ensuring the failure free work of the analysed thermal pi-
peline is a priority for the enterprise, on site of which the pi-
peline is exploited. Even a short break in hot water supply can 
cause serious complications for the normal work of the plant 
and can cause significant financial losses. The assessment of 
the failure hazard is an important information, as it is possible 
to plan preventative actions in the exploitation systems, which 
will prevent the damage, which could otherwise occur in the 
near future. 

Problems of reliability and maintenance risk of pipelines 
operations are presented in articles [5, 8, 9]. The existing litera-
ture mainly focuses on the influences of corrosion and ageing 
elements of the pipeline [3, 4, 6]. 

The important problem, associated with forecasting failu-
res of the thermal pipeline is a preventive maintenance of the 
pipeline [13], and in the analysed case, it is an issue of building 
an additional, spare pipeline, which will be used instead of the 
existing one. The so far exploited thermal pipeline, after reno-
vation, will be used as an additional pipeline in case of any 
failures and during the planned repair works. 

Two thermal pipelines, mutually supplementing each other 
during the exploitation, guarantee high reliability of hot water 
supply. 

In this paper, the authors presented the methodology for fo-
recasting the pipeline failure and or determining the lifespan of 
a thermal pipeline in a real life situation. 
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2. Structural – exploitation characteristics and iden-
tification of damage to the thermal pipeline 

The analysed object – the pipeline – is used for transpor-
ting hot water, of the average temperature around 463 K. The 
values of work pressures of the transported water vary from 
1,33 to 2,44 MPa within a 24 hour period and a maximum flow 
output reaches 700 t/h. The pipeline was built of seamless steel 
pipes, manufactured of a low carbon, R35 steel (P235GH)–PN-
80/H-74219. The required minimum value of the yield point of 
the pipe material, at 473 K equals Ret ≥ 185 MPa. The pipeline 
is protected with a thermal insulation of the thickness of 25 cm, 
comprising of a layer of glass wool mat, covered with a protec-
tive layer of tar paper and aluminium sheeting. 

The most important factor in assessing the technical condi-
tion of the pipeline and determining its damage due to exploita-
tion is the change of the pipe wall thickness, being a result of 
pitting [3, 4, 10]. The analysed pipeline is also subjected to ad-
verse influence of the chemical environment of the transported 
medium and, occurring simultaneously, impulse dynamic loads. 
The progressing degradation of the steel microstructure occurs 
as a result of the influence of the chemically aggressive com-
pounds, stresses, high temperature and time. The basic cause of 
the changes in the thickness of the pipeline walls is the electro-
chemical corrosion, being a result of high mineralisation of used 
water. Additional cause of a quick oxidation of the pipe surfa-
ces is high temperature of water, what furthers the corrosion. 
The presence of numerous chemical compounds, particulate 
suspended in the water and high temperature also contribute to 
an accelerated oxidation of the surface of the metal and, to a cer-
tain degree, to the abrasion of the surface of the pipeline [10]. 
The results of the conducted measurements of the thickness of 
the pipeline walls show, that corrosion pitting in some places 
is several millimetres deep. This leads to lowering the area of 
dangerous cross-sections of the pipeline and to increasing the 
summarised compound stresses. Another type of destructive ef-
fect of chemical corrosion are deep pitting on the surface of the 
metal. The local change in the thickness of the pipe wall result in 
pipeline deformation – proportional to the temperature differen-
ce. When applying the superposition principle for deformations 
caused by the exploitation stresses (pressure of the medium and 
its changes in time), it is also important to include deformations 
caused by thermal stresses. The changing load of the pipeline is 
also visible in high values of pipeline shift on erected supporting 
structures and towers. On the basis of observation, conducted 
over many years, the change of the pipeline shift on the suppor-
ting structures in all directions, x, y, z, was also proven.

This shift, reaching up to several dozen centimetres, lead to 
changes in the pipeline route, and in one case, it even led to the 
pipeline slipping of the supporting structure. 

The pipeline deformations, caused by its shift on the sup-
porting structures are particularly hazardous for weakened 
cross-sections. 

3. Assessing the stresses in the selected sections 
of the pipeline 

In thin wall pipes, subjected to an internal pressure p (the 
thin wall condition: h/r ≤ 0,2 is fulfilled) circumferential stres-
ses σ occur. Those stresses assume the same values for the enti-
re thickness of the pipe (for the specific cross-section) [7]: 

 σ =
⋅r p
h

 (1)

 ( )
4

Z WD D
r

+
=  (2)

where: h – thickness of the pipe wall (mm), r – average radius 
of the pipe (mm), Dz – external radius of the pipe (mm), Dw – 
internal radius of the pipe (mm), R – average radius if the pipe 
bend (mm).

For pressure changes, determined on the basis of analyses 
conducted over many years, the following values were deter-
mined:  pśr = 1,75795 MPa, pmin = 1,33457 MPa, pmax = 2,44297 
MPa and for pipe thickness (φ508x11) in selected measuring 
points, the run of the changes of the circumferential stress σ 
were determined.

Circumferential stresses (caused by the internal pipe pres-
sure) along the circumference of the pipe change in places, 
where the pipeline course changes from a straight section to 
a bent section. 

Average circumferential stress in the wall, on the internal 
side of the bend of a curved pipeline equals: 

 σ
σ

wew
R r
R r

=
⋅ − ⋅( )
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0 5,

 (3)

and on the external side of the bend equals: 

 σ
σ
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=
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For the φ508x11 pipe and for the average bending radius  
R = 750 mm the following stress values were obtained: 

 σ σwew = ⋅1 247,  (5)

 σ σzew = ⋅0 876,  (6)

Circumferential stress along the straight section of the pipe 
(φ508x11) for the cited pressure changes equals: 

  σ =
⋅248 5

11
, p  (7)

Taking into consideration the registered pressure values, 
the following was obtained: 

 σmin = 30,1493 MPa, σśr = 39,7139 MPa, σmax = 55,1891 MPa

Taking into consideration the formula for calculating the 
average circumferential stress on the internal side of the bend 
of the curved pipeline, the following was obtained:

σwew, min = 37,5962 MPa, σwew, śr = 49,5225 MPa,  
σwew, max = 68,8208 MPa

Impulse (dynamic) effect of the pressure can double the 
pipeline shift on the supporting structures [2] as compared to 
the effects of the static pressure. As a result, the pipeline shifts 
on the supporting structures and its fixing (supports) become 
unstabilised. A justified, engineering solution to the problem is, 
in this case, the change of the construction and the methods of 
suspending and supporting the compensator. 

Also a result of an impulse load [2] along the length of the 
pipeline or crosswise to the course of the pipeline, is a double 
increase of circumferential stress, as compared to to the effects 
of the static pressure.
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The properties of the materials show a significant disper-
sion of experimental data, obtained while analysing its mecha-
nical properties. This dispersion is also present when analysing 
the fatigue strength and static strength, e.g. the yield point Re 
or immediate strength Rm, thus the resistance of the material 
can be considered to be a random variable. The coefficients of 
variation υR characterising the dispersion of the mechanical pro-
perties can be obtained from statistical analyses, according to 
Warszyński [12] , for steel υR = 0,05 ÷ 0,1 and it is an indicator 
of the material quality, which depends on the manufacturing 
and further treatment conditions. 

The average value of Re, śr and the minimum value of Re, min 
of the yield point can be estimated with the use of the following 
formula: 

 ( ),min , 1e e sr RR R u v= ⋅ − ⋅  (8)

where the value of u is assumed: u= 2 ÷ 3, that is the value, en-
suring, with the probability exceeding 0,98, that the resistance 
will be greater than Re, min. Utilising the afore recommendations 
and formulas, the distribution parameters of the yield point Re 
were determined in the following chapters. 

4. Assessment of the probability of damage the 
pipeline 

The analysed thermal pipeline is exploited in difficult and 
variable external conditions. Both, the pressure and the tempe-
rature of the transported medium change in time. In addition, 
the transported medium can be characterised by its chemical 
composition, which, in conjunction with high temperature, cau-
ses a fast progressing corrosion of the thermal pipeline walls. 
Receding thickness of the pipeline walls and the dynamic cha-
racter of the load are a factor contributing to a constant risk of 
exceeding the ultimate limit state and the damage occurring. 

Probability of damage of the thermal pipeline can be de-
termined with the use of the results of the measurements of the 
wall thickness of the thermal pipeline and the results of the regi-
stered changes of the thermal load (pressure and temperature). 

The approximated estimation of the probability of the da-
mage of the structure can be determined using the Strielecki 
method. The probability of damage P is determined on the basis 
of load distribution and the structure strength (Fig. 1) and it is 
expressed with the dependency [1]: 

  ω ω ω ω ω ω1 2 1 2 1 2⋅ < < + − ⋅P   (9)

where: ω1 and ω2 – areas under the strength density distribution 
curve and the load induced, stress distribution curve were pre-
sented in Fig. 1. 

On the basis of the strength data of the material, of which 
the pipeline was made (data included in paragraphs 2 and 3), 
the distribution of its yield point was described – by a normal 
distribution N (264; 39,5). The stress distribution was determi-
ned on the basis of the measured wall thickness and the regi-
stered pressure changes. The probability of pipeline damage, 
determined with the use of the Strielecki method, for the avera-
ge wall thickness and for the worst measured point, in various 
years of pipeline exploitation, were presented in table 1. Due 
to the small values of the probability of pipeline damage, those 
values were expressed as a percentage. 

The determined above probability of damage, for both: the 
average wall thickness and the worst measured point, only gi-
ves the point assessment. However, much more hazardous po-
ints, where the wall thicknesses can be lower, can also occur in 
the analysed section of the pipeline. 

Thus, another method of making a risk assessment was pro-
posed. According to this method, the wall thickness distribution, 
of thicknesses measured at a certain date, shall be determined 
and referred to the determined minimum wall thickness of the 
thermal pipeline. On the basis of the strength condition: 

 σ =
⋅

≤
r p

h
Re,min   (10)

Thus it can be noted as: 

 min
,min2
Z

e

D ph
R p

⋅
=

⋅ +  (11)

 Taking into consideration the maximum measured pressure 
in the pipeline, and its dynamic properties, the hmin=6,64 mm 
was determined. Next, the distribution of the wall thicknesses, 
measured at certain dates, was determined and the probability, 
that in the system, the value equal to or lower than hmin will 
occur, was established (Fig. 2). This probability determines the 
possibility of wall thickness equal to or lower than the mini-
mum required thickness occurring in the analysed section of the 
pipeline. It was assumed, that this is also a risk of a damage to 
the pipeline occurring. 

The determined values of probability of damage, determi-
ned with the use of the described method were presented in 
table 2.Fig. 1. Strength and stress distribution [11]

Average from the measurements The worst point 

Year, the measurements were taken 1999 2001 2010 1999 2001 2010

Consecutive year the pipeline was 
exploited 6 8 17 6 8 17

ω1 0,002476 0,003127 0,007031 0,00195 0,01895 0,04033

ω2 0,001656 0,002314 0,005385 0,00119 0,01743 0,04704

Probability of pipeline damage P [%] > 0,00041 0,000723 0,00379 0,00023 0,033 0,19

Tab. 1. Probability of damage of the thermal pipeline, determined with the use of the Strielecki method [11] 
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The probabilities of the pipeline failure, calculated with the 
use of the proposed method are much greater than those, calcu-
lated with the use of the Strielecki method. This is due to the 
fact that in accordance to the specified wall thickness distribu-
tion, it is also possible, that the walls are thinner than it was de-
termined by conducting measurements in selected points. This 
approach better represents the analysed, real life segment of the 
thermal pipeline, on which, only a minimal percent of its actual 
surface was analysed when taking the measurements. 

5. Forecasting the failure of the thermal pipeline

The probability of failure of the thermal pipeline, as expla-
ined in Section 4, was determined for this point on the pipeli-
ne, in which the wall thinning achieved maximum values. This 
point was marked with number 21 (Fig. 3) and was regarded 
as the most hazardous. The measurements of the pipeline wall 
thickness were taken in 16 different points, marked in Fig. 3 
with numbers from 21 to 46. In four cases, the thinning of the 
pipeline wall could be regarded as hazardous, due to the lowe-
ring of the pipeline strength and in those places, the pipeline 
failure can occur in a near future. Those particularly hazardous 
spots add to 25% of all measurements taken on the pipeline. 

A precise assessment of the technical condition of the pipeline 
is not possible due to the fact, that the pipeline is thermally insula-
ted. Considering, that the taken measurements are representative, 
it can be assumed that if the research was conducted, more points, 
being a potential centre of pipeline failures would be found. 

A precise assessment of the technical condition of the pipe-
line is not possible due to the fact, that the pipeline is thermally 
insulated. It can be assumed that by continuing the measure-
ments, the ratio of the particularly hazardous areas to the gene-
ral number of measured points will remain unchanged. 

Damage of a pipeline is a serious threat to the normal func-
tioning of the enterprise, thus all feasible technical initiatives, 

preventing the pipeline failure, are undertaken. Taking into con-
sideration diminishing with time strength of the pipeline, the 
erection of a second thermal pipeline, supplanting the existing 
one, is considered. This can lead to erecting two pipelines, mu-
tually supplementing each other and guaranteeing high reliabi-
lity of hot water supply. 

The problem of determining, when the further exploita-
tion of the pipeline can be so risky, that the construction of the 
second line will become necessary, becomes more and more 
important. Taking into consideration the divagations presented 
in Section 4, it was assessed, that for the weakest point on the 
pipeline (point no: 21) the damage will occur after 20 years of 
exploitation [11]. 

This conclusion was confirmed by the distribution of the fa-
ilure frequency after 17 years of pipeline exploitation, as presen-
ted in figure 2, where around 22% of the values of the density 
function can exceed the thickness border value hmin = 6,64 mm.

An additional criterion, determining the necessity of repla-
cing the thermal pipeline are the economic reasons. The expec-
ted value of the failure occurring can be calculated on the basis 
of the renewal function: 

 N t N t x dF x( ) = + −( )( ) ( )∫ 1   (12)

where: N(t) – renewal function, t-x – remaining exploitation 
time after the first failure, t – exploitation time, F(x) – distribu-
tion of a random variable, being the pipeline exploitation time. 

Pipeline failure generates the necessity of conducting repair 
works, the costs of which can be estimated. The first pipeline 
failure, being a result of corrosive processes shall be a signal 
that the subsequent failures can occur in a near future and in 
various zones of the thermal pipeline. This is also a signal that 
the pipeline strength was also lowered and the time has come to 
consider replacing the pipeline. 

By continuing the use of the pipeline, threatened by failu-
res, one can generate profit, which can be calculated. For the 

Fig. 2. Distribution of wall thickness of the thermal pipeline, measured at different dates

Year, the measurements were taken 1999 2001 2010
Consecutive year the pipeline was exploited 6 8 17

Wall thickness distribution N(12,8; 0,9) N(8,85; 1,46) N(7,5; 1,13)
Probability of pipeline damage P P≈0 P=0,065 P=0,223

Tab. 2. Probability of damage of the thermal pipeline [11]
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analysed case, the ratio of the profit from pipeline exploitation 
to financial losses, considering the repair costs was 90 to 1. Ta-
king into consideration this ratio, the probability of generating 
profit and the risk of incurring losses were presented in figure 
4. The point, in which the curves crossed determined the time, 
after which further pipeline exploitation became unprofitable. 
For the analysed case, this time period was 20 years. 

The probability of generating profit and incurring losses 
after 16 years of pipeline exploitation was presented in figu-
re 4. This section shows the exploitation period before and after 
the first pipeline failure occurred. The probability of this failure 

Fig. 3. Location of measurement points – spots in which the thickness of the pipeline wall was measured and location of spots in which thermo vision 
measurements were taken on the hot water (21, …, 46 – exact points in which the measurements were taken)

Fig. 4. Determining the exploitation period of the thermal pipeline

was calculated on the basis of the value of the renewal function. 
This is a sensitive period in the pipeline exploitation period; 
signalling the necessity of pipeline replacement. 

The determination of the exploitation period of the thermal 
pipeline was conducted with the use of the probability sampling 
method. The worst possible cases were considered and the pre-
sented version is the pessimistic assessment. The applied, signi-
ficant safety margin was determined by the fact that building 
a new thermal pipeline is a complicated and a costly technical 
– economical venture, which cannot be completed in a short 
period of time. 
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6. Conclusions 

In exploitation processes, determination of the devices 
and installation exploitation period is an important managerial 
issue. Unjustified lengthening of the exploitation period will 
most often lead to significant losses and ecological hazard. Ma-
king such decision is never easy. 

The proposal of employing the methods of assessing re-
liability of devices and installations presented in this article is 
a universal one and it can be used for solving this types of pro-
blems in various branches of the machine industry. 



11Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

Article citation info:

Awram LEWI
darin PEEW

on the evaluation oF exploitation qualities oF prista super 
25w40 motor oil with dia method

ocena cech eksploatacyjnych oleju silnikowego  
prista super 25w40  metodą dia

The paper considers one of the few studies of motor oil using Differential Impedance Analysis (DIA) method. The imped-
ance data of Prista Super 25W40 motor oil are analyzed through this method, which is more advanced technique compar-
ing to Electrochemical Impedance Spectroscopy. Structural changes in samples of long exploited oil are found. The analy-
sis of samples of less used oil registers one important phenomenon, which is known from the practice. The possibilities for 
viscosity indices determination are discussed. General impedance data analysis is also conducted.

Keywords: Differential Impedance Analysis, Motor Oil, Oiliness, Quality Control.

Artykuł poświęcony jest badaniom oleju silnikowego przy pomocy Analizy Dyferencjalnej Impedancji (DIA). Zbadano 
tą metodę, która jest doskonalsza od Elektrochemicznej Spektroskopii Impedancyjnej, zmiany impedancji nowego oleju 
Prista Super 25W40 w okresie eksploatacji. Wyniki wykazują, że po pewnym krótkim okresie, używany olej ma lepsze 
właściwości smarne względem próbki oleju nieużywanego. Omówiono także możliwości oszacowania oleistości i prze-
prowadzono analizę wyników.
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LEWI A, PEEW d. On the evaluation of exploitation qualities of Prista Super 25W40 motor oil with dIA method.  
Eksploatacja i Niezawodnosc - Maintenance and Reliability 2011; 4: 11-14.

1. Introduction

Recently a number of real-time motor oil condition systems 
have been developed. Usually the purpose of such systems is 
to determine the appropriate moment for the oil change. This 
is due to the fact that economical losses arise in both cases - if 
the oil has been changed before or after the useful life of the 
lubricant has been exhausted. The second case leads to a fast 
machine wear. The economical effect in the large commercial 
fleets is substantial. The most commonly used criterion for 
the oil change interval determination is the elapsed mileage. 
This doesn’t ensure the optimal use of the lubricant, because of 
the various factors that affect its useful life. All the laboratory 
methods require a considerable amount of time and resources. 
For this reason the systems for real-time analysis find a wide 
application. Frequently as initial parameters for the analysis 
are used the specific resistivity and the dielectric permittivity. 
The high precision of the methods which use the Electrochemi-
cal Impedance Spectroscopy (EIS) is well known [2, 9]. Dur-
ing the past years an advanced technique for impedance data 
processing named Differential Impedance Analysis (DIA) was 
developed [9]. It does not require an initial working hypothesis 
and thus overcomes some principal disadvantages of the known 
systems. 

The new capabilities of the DIA method permit to evaluate 
of viscosity indices of the motor oil. The present study is dedi-

cated to the application of the DIA method to the analysis of the 
exploitation qualities of Prista Super 25W40 motor oil.

2. Basic equations and problem formulation

The impedance measurements are performed using high 
precision Frequency Response Analyzer - Solartron 1260 FRA 
at room temperature within a frequency range 1MHz - 0.1Hz 
with a density of 5 points per decade. The graphical representa-
tion of the results for different oil samples depending on the 
exploitation cycle are shown on figure 1. 

The impedance of the cell Z jω( )  typically has a resistance-
capacitive character (ω - angular frequency). 

There are two mechanisms which cause the total decreas-
ing of the impedance by the exploitation period. The first is 
the oil oxidation which result in increasing the concentration of 
polar components, such as carboxylic acids, ketones and alde-
hydes et al. This leads to an increased dipolar and ionic nature 
of the solution [8]. The second is the presence of different 
contaminants - soot, antifreeze, water and metal particles from 
the machine wear causing the reduction of the specific resistiv-
ity. The spectral tale at the lowest frequency region is one of the 
reasons that obstruct modeling with simple equivalent circuit. 
This is due to the significant growth of the dielectric permit-
tivity between the frequencies 0.1Hz - 10 Hz, possibly caused 
by the formation of micelles. General impedance data analysis 
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cannot investigate the non-linear character of the result and the 
identification of the motor oil exploitation qualities. 

3. Solution of the problem

For the purposes of Differential Impedance Analysis in the 
time domain (Temporal Analysis) it is used the effective time 
constant distribution lgT = F(lgf-1), where f = ω/2π is the fre-
quency of the stimulus signal; T – effective time-constant of the 
local scanning model according to DIA [1]. 

The calculation of the effective time-constant for specific 
frequency is based on:

 T(ω) = dLeff(ω)/dReff(ω) (1)

where: dLeff(ω) - the effective inductance as a function of the 
angular frequency, R Z jeff ω ω( ) = ( ) Re   - the real part of the 
impedance.

The basic property of the oil is the lubricating ability. It 
depends on the viscosity. The viscosity define the lubricating 
efficiency when the oil film is thin enough and then the vis-
cosity doesn’t effect the lubrication [3, 7]. If the viscosity is 
insufficient the friction and the machine wear is considerable, 
specially in the piston-cylinder group [4]. 

The viscosity is higher in case of an easier molecule po-
larization processes [10]. The time-constant distribution for the 
particular oil samples is shown on the figure 2. The diagrams 
display a frequency dependent and an approximately frequency 
invariant regions [10]. The decreasing of the T with elapsed 
mileage when the shape of the distribution remains the same 
means an improved polarization ability. The specific negative 
peak (area A on figure 2.) is higher at the fresh oil comparing 
to the exploited oil. At the sample with longest exploitation cy-
cle the representative time-constant has the shortest frequency 

Fig. 1. Nyquist plot the fresh and the exploited oils

Fig. 2. Temporal plot for the oil samples
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where: B = lg(f-1), P = lgT, k0 - coefficient of a proportionality 
(const).

The result is shown on the figure 3. This way of calculation 
is suitable only in case of a low noise and a high measurement 
precision. In general case the estimation of the amplitude of the 
spectral lines could be done by means of an accumulation of the 
calculated results with similar values. A high noise immunity is 
thus achieved [1, 5].

The figure 3 shows the time-constant spectrum for a three 
oil samples. The representative time-constant of fresh oil dis-
tinctly predominates and is concentrated in a narrow scope of 
values. For the longest exploited oil of the excerpt that param-
eter feebly prevails over the spectrum and is more distributed. 
This indicates an initial destruction of the polymer macro-
molecules, i. e. certain structural changes [10]. The Spectral 
Analysis confirms the result from the Temporal Analysis that 
the oil at 1000-2000 km has a better lubricating ability compar-
ing to the fresh oil. Its representative time-constant is smaller 
and has a higher amplitude Ai than the fresh oil sample. Such 
a result can hardly be recognized with other known methods of 
analysis. 

The relaxation time within 10Hz-1MHz is approximately 
1ms. According to some authors the relaxation processes at the 
frequency of several kilohertz is related to the inverse micelles, 
formed by hydrophilic core and hydrophobic hydrocarbon tails 
[8]. 

4. Conclusions

The impedance of the analyzed motor oils generally de-
creases with the exploitation cycle. The Differential Impedance 
Analysis can detect changes in the molecular structure of the lu-
bricant. It registers an improved lubricating ability of the oil at 
nearly 2000 km, i.e. there is some activation period of the oil. 

The DIA method displays a noise-immunity and a high po-
tential for identification. It produces better results comparing 
to the Electrochemical Impedance Spectroscopy Technique [6], 
because of the absence of limitations from equivalent model. 

Fig. 3. Spectral plot for the effective time-constant

length (area B). This indicates structural changes which corre-
spond to the destruction of the polymer macromolecules. 

By means of a Spectral Analysis some additional informa-
tion can be extracted. The spectral lines formation is conducted 
through a spectral transform procedure [9]. The amplitude Ai of 
the line i can be calculated through :
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The paper presents an attempt to evaluate the wear of piston-cylinder assembly with the aid of vibration signal recorded 
on spark ignition (SI) engine body. The subject of the study was a four-cylinder combustion engine 1.1 dm3. Diagnosing 
combustion engines with vibration methods is specifically difficult due to the presence of multiple sources of vibration 
interfering with the symptoms of damages. Diagnosing engines with vibro-accoustic methods is difficult also due to the 
necessity to analyse non-stationary and transient signals [1,7]. Various methods for selection of usable signal are utilised 
in the diagnosing process. Changes of the engine technical condition resulting from early stages of wear are difficult to 
detect for the effect of mechanical defect masking by adaptive engine control systems [5]. According to the studies carried 
out, it is possible to utilise artificial neural networks for the evaluation of the clearance in piston-cylinder assembly.

Keywords: diagnostics, combustion engines, artificial neural networks. 

W artykule przedstawiono próbę oceny zużycia złożenia tłok-cylinder za pomocą sygnału drgań rejestrowanego na ka-
dłubie silnika ZI. Obiektem badań był czterocylindrowy silnik spalinowy o pojemności 1,1 dm3. Diagnozowanie silnika 
spalinowego metodami drganiowymi jest szczególnie utrudniona ze względu na występowanie wielu źródeł drgań, co jest 
przyczyną wzajemnego zakłócania symptomów uszkodzeń. Diagnozowanie uszkodzeń silników metodami wibroakustycz-
nymi jest trudne także ze względu na konieczność analizy sygnałów niestacjonarnych i impulsowych [1,7]. W procesie 
diagnozowania  stosuje  się  różne  sposoby  selekcji  sygnału  użytecznego. Zmiany  stanu  technicznego  silnika wywołane 
wczesnymi fazami jego zużycia są trudne do wykrycia ze względu na maskowania usterek mechanicznych przez adapta-
cyjne układy sterowania silnika [5]. Z przeprowadzonych badań wynika, że istnieje możliwość wykorzystania sztucznych 
sieci neuronowych do oceny luzu w układzie tłok-cylinder.

Słowa kluczowe: diagnostyka, silniki spalinowe, sieci neuronowe. 

CZECh P, MAdEJ h. Application of cepstrum and spectrum histograms of vibration engine body for setting up the 
clearance model of the piston-cylinder assembly for RBF neural classifier. Eksploatacja i Niezawodnosc - Maintenance 
and Reliability 2011; 4: 15-20.

1. Introduction 

For the improvement of the level of safety, the devices 
enabling current observation of vehicle movement parameters 
are becoming more and more important. The fast development 
of techniques influence on more and more widespread uses of 
such devices [10, 12].

Modern IC engine maintenance programmes incorporate 
various methods and techniques for early fault detection to ma-
intain efficiency and high reliability [3, 5].

Diagnostic systems used in modern combustion engines 
are intended to localise the component or system which, due to 
natural wear or damage, can no longer perform as specified by 
its manufacturer. For engines, the highest efficiency of on-bo-
ard diagnostics has been achieved in the field of toxic emission 

control. Some defects, however, such as the wear of cylinder 
bearing surface above the admissible limits, for a given engine, 
in many cases cause no reaction of the diagnostic system. In 
most cases, this is attributable to the algorithms for adaptation 
controls of combustion engines [8]. One of the methods for 
diagnostic data acquisition is to monitor the level of vibration 
generated by engine components. 

The major issue referred to in the literature related to me-
thods of artificial intelligence is the method for creating data 
used in the process of neural network operations. The ability 
to set up models is the guarantee for a successful classifying 
process using neural networks [4, 9, 11, 13-16].

Data in the experiments carried out is derived from time 
runs of the vibration accelerations in the engine body. The sub-
ject of tests was a Fiat Panda with SI engine 1.1 dm3. The tests 
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were carried out in Bosch FLA 203 roller bench. The vibration 
acceleration signal of the engine body was measured perpen-
dicularly to the cylinder axis with a sensor placed at the 4th 
cylinder. Vibration acceleration transducer type ICP 320C15 by 
PCB Piezoelectronics and data acquisition card NI PCI-6143 
controlled by a program developed in LabView environment 
were used for the measurements. The signals were recorded 
at the velocity of 2500 rpm, at the sampling frequency of 40 
kHz. During the tests, 23 runs of accelerations of the engine 
body vibration were recorded before the repair, and 27 runs of 
accelerations of the engine body vibration were recorded after 
the repair, including full operating cycles within the rotation 
angle of 0-720º. The engine repair involved the replacement of 
worn pistons which reduced the clearance in the piston-cylinder 
assembly.

The present paper describes an attempt to detect clearance 
in the piston-crank assembly by measuring the accelerations of 
body vibrations and, based on that, setting up models for radial 
artificial neural networks.

2. Setting up the model by use the histogram of 
vibration spectrum

The analysis of time runs excluded the possibility to use 
them directly as the data for neural classifiers. Refer to figure 
1 for examples of vibration signals recorded before and after 
the repair.

The repair of the engine did not explicitly affect the charac-
ter of changes in local measurements derived from the vibration 
signals. Both, the measurements of average position, differen-
tiation, the group of slope measure and the distribution kurtosis 
of measurable variants of vibration accelerations in time doma-

in did not allow the clearance in the piston-cylinder assembly 
to be explicitly identified.

Refer to figure 2 for examples of spectrum derived from the 
vibration signal for two different states of the engine.

According to the studies, signal analysis in two selected 
representative frequency ranges is required to evaluate the 
piston-assembly wear. Therefore, in the next stage of model 
construction, the spectrum range achieved was divided into 40 
sub-ranges, everyone equals 500 Hz.

A histogram was prepared to enable the description of the 
character of spectrum changes for each sub-range. The limits of 
the histogram ranges were assumed by dividing the amplitude 
of spectrum (determined for the maximum value of a given sub-
range) into 5 equal parts. The procedure was shown in figure 
3.

The histogram ranges assumed for further experiments are 
as follows:

range 1: 0 to 20 % maximum spectrum amplitude   -
in a given sub-range,
range 2: 20 to 40 % maximum spectrum amplitude   -
in a given sub-range,
range 3: 40 to 60 % maximum spectrum amplitude   -
in a given sub-range,
range 4: 60 to 80 % maximum spectrum amplitude   -
in a given sub-range,
range 5: 80 to 100 % maximum spectrum amplitude   -
in a given sub-range.

Refer to figure 4 for an example of spectrum histogram for 
accelerations of engine body vibrations with various clearance 
values in the piston-cylinder assembly.

Fig. 1.  Vibration acceleration runs recorded on the body before (a) and after (b) the engine repair

a) b)

Fig. 2. Spectrum of vibration accelerations recorded o the body before (a) and after (b) the engine repair

a) b)
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For all recorded time runs of the accelerations of vibration 
measured prior to and after the engine repair, spectrum histo-
grams were determined according to the procedure described. 

Another stage of the modelling process was to select only 
those ranges of spectrum amplitude (range 1 – 5) and only such 
spectrum sub-ranges (sub-range 1 – 40) for which the separa-
tion for classes referring to the worn and new pistons was vi-
sible. Refer to figure 5 for a sample comparison of spectrum 
sub-range and histogram range for correct and incorrect classes 
separation.

As a result of selections which best separate the states prior 
to and after the engine repair, 17 comparisons between the 
spectrum sub-range and histogram range were selected. Percent 
share of selected comparisons served as the input data for arti-
ficial neural networks.

For the studies carried out, artificial neural networks of 
RBF type were utilised (Radial Basis Function). The radial 
neural networks are used as the neural classifiers dividing the 
set of data into a determined number of output categories. They 
are of three-layer structure: input, hidden and output layer. The 
number of output neurons equals the number of classification 
categories. While using such network type, proper smoothening 
coefficient γ should be selected. It represents the radial devia-
tion of Gauss functions and is a measure of the range of neurons 
in the hidden layer [13, 15].

In the experiments carried out, the radial neural networks 
had the following structure:

number of input neurons: 17, -
number of output neurons: 2, -
number of neurons in the hidden layer: 50. -

Fig. 3. Procedure of spectrum histograms determination

a) b)

Fig. 4. Sample spectrum histogram of vibration accelerations recorded o the body before (a) and after (b) the engine repair
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The neural network was expected to assign the recorded 
vibration signal to one of two classes corresponding to the en-
gine prior to and after its repair. 50 time runs of the engine 
body vibration accelerations were divided into two equal parts 
and utilised for teaching and testing the performance of neural 
networks.

In the experiments aimed at the construction of a proper 
neural classifier of RBF type, the performance of the network 
for 86 various values of γ coefficient were checked. 

With the experiments carried out, it was possible to set up 
properly operating neural classifier. Such result was obtained 
for γ coefficient value within the range 2÷50000. For γ coef-
ficient in the value range 0.0001÷2 significant increase of the 
classification error was noticeable.

3. Setting up the model by use the histogram of 
vibration cepstrum

According to the studies carried out to date, wherever the 
vibro-accoustic signal can be presented as a series of elementa-
ry events, the cepstrum analysis can be useful: 

 C F F x tτ( ) = ( )( )( )log
2 2

  (1)

Occurrence of noise, especially of periodic nature, is possi-
ble to be identified with that analysis [2]. It allows to separate 
the series components respectively to the pulse response of the 
system and the initiation [17]. For the diagnostics of technical 
facilities, the cepstrum analysis is used for all applications in 
which the change of state results in the appearance or disappe-
arance of harmonics. 

Cepstrum was determined from the recorded accelerations 
of engine body vibrations. 

Refer to figure 6 for examples of cepstrum derived from the 
vibration signal for two different states of the engine.

According to the studies, signal analysis in two selected 
representative frequency ranges is required to evaluate the 
piston-assembly wear. Therefore, in the next stage of model 
construction, the cepstrum range achieved was divided into 5 
sub-ranges:

sub-range I: 0 to 0.01 s, -
sub-range II: 0.01 to 0.02 s, -
sub-range III: 0.02 to 0.03 s, -
sub-range IV: 0.03 to 0.04 s, -
sub-range V: 0.04 to 0.05 s. -

A histogram was prepared to enable the description of the 
character of cepstrum changes for each sub-range. The limits 
of the histogram ranges were assumed by dividing the amplitu-
de of cepstrum (determined for the maximum value of a given 
sub-range) into 5 equal parts. Based on the initial experiments, 
it was found that better results are obtained by assuming the va-
lue of the maximum cepstrum amplitude range, separately for 
signals recorded prior to and after the engine repair, than for the 
range determined based on all recorded signals, either before, 
or after the repair. The histogram ranges assumed for further 
experiments are as follows:

range 1: 0 to 20 % maximum cepstrum amplitude   -
in a given sub-range,
range 2: 20 to 40 % maximum cepstrum amplitude   -
in a given sub-range,
range 3: 40 to 60 % maximum cepstrum amplitude   -
in a given sub-range,
range 4: 60 to 80 % maximum cepstrum amplitude   -
in a given sub-range,
range 5: 80 to 100 % maximum cepstrum amplitude   -
in a given sub-range.

Fig. 5. Sample comparison between the spectrum sub-range and histogram range for the correct (a) and incorrect (b) separation of wear classes of the 
piston-cylinder assembly (∆ – engine prior to repair, • – engine after repair)

a) b)

Fig. 6. Cepstrum of vibration accelerations recorded o the body before (a) and after (b) the engine repair
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Fig. 7. Sample cepstrum histogram of vibration accelerations recorded o the body before (a) and after (b) the engine repair

a) b)

Refer to figure 7 for an example of cepstrum histogram for 
accelerations of engine body vibrations with various clearance 
values in the piston-cylinder assembly.

For all recorded time runs of the accelerations of vibration 
measured prior to and after the engine repair, cepstrum histo-
grams were determined according to the procedure described. 

Another stage of the modelling process was to select only 
those ranges of cepstrum amplitude (range 1 – 5) and only such 
cepstrum sub-ranges (sub-range I – V) for which the separation 
for classes referring to the worn and new pistons was visible. 
Refer to figure 8 for a sample comparison of cepstrum sub-
range and histogram range for correct and incorrect classes se-
paration.

As a result of selections which best separate the states prior 
to and after the engine repair, 15 comparisons between the cep-
strum sub-range and histogram range were selected. Percent 
share of selected comparisons served as the input data for arti-
ficial neural networks.

In the experiments carried out, the radial neural networks 
had the following structure:

number of input neurons: 15, -
number of output neurons: 2, -
number of neurons in the hidden layer: 50. -

The neural network was expected to assign the recorded 
vibration signal to one of two classes corresponding to the en-
gine prior to and after its repair. 50 time runs of the engine 
body vibration accelerations were divided into two equal parts 
and utilised for teaching and testing the performance of neural 
networks.

In the experiments aimed at the construction of a proper 
neural classifier of RBF type, the performance of the network 
for 86 various values of γ coefficient were checked. 

The results of the effect of the γ coefficient on the classifi-
cation error value are presented in figure 9.

With the experiments carried out, it was possible to set up 
properly operating neural classifier. Such result was obtained 
for γ coefficient value within the range 2÷50000. For γ coef-
ficient in the value range 0.0001÷2 significant increase of the 
classification error was noticeable.

4. Summary

With the studies carried out, it was proven that it is possible 
to set up a properly operating neural classifier able to identify 
the degree of wear in the piston-cylinder assembly, based on 
the signal of vibration acceleration in the engine body. Faultless 
classification was successfully obtained with the use of radial 
neural network with properly selected value of γ coefficient.

At the same time, based on the experiments carried out, the 
crucial role was confirmed for the selection of proper method 
for pre-treatment of data intended for neural network teaching. 
The results obtained confirmed the usefulness of the cepstrum 
histogram and the spectrum histogram of the acceleration of 
engine body vibration for that purpose. 

The efficiency of OBD systems allowing the detection of 
engine mechanical defects masked by electronic controls in 
modern vehicles can be increased by the development of sys-
tems utilising radial artificial neural networks.

Fig. 8. Sample comparison between the cepstrum sub-range and histogram range for the correct (a) and incorrect (b) separation of wear classes of the 
piston-cylinder assembly (∆ – engine prior to repair, • – engine after repair)

a) b)



NAuKA I TEChNIKA

20 Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

Fig. 9. The effect of the γ coefficient on the correctness of the RBF neural network classification (γ – the radial deviation of Gauss functions)

5. References
Batko W, Dąbrowski Z, Engel Z, Kiciński  J, Weyna S. Modern methods of examination of vibroacoustic processes. Radom: 1. 
Wydawnictwo ITeE, 2005.
Cempel C. Vibroaccoustic diagnostics of machines. Warszawa: Państwowe Wydawnictwo Naukowe, 1989.2. 
Charchalis A. Operational supervision of the ship’s power plant equipped with gas turbine engines. Problemy Eksploatacji - 3. 
Maintenance Problems 2001; 4: 105-113.
Czech P, Łazarz B, Wojnar G. Detection of local defects of gear teeth using artificial neural networks and genetic algorithms. 4. 
Radom: Wydawnictwo ITeE, 2007.
Dąbrowski Z, Madej H. Masking mechanical damages in the modern control systems of combustion engines. Journal of KONES 5. 
2006; 13(3): 53-60.
Droździel  P.  The  influence  of  the  vehicle  work  organization  conditions  on  the  engine  start-up  parameters.  Eksploatacja  i 6. 
Niezawodnosc - Maintenance and Reliability 2008; 1(37): 72-74.
Heywood J. B. Internal combustion engines fundamentals. New York: McGraw Hill Book Company, 1988.7. 
Isermann R. Diagnosis methods for electronic controlled vehicles. Vehicle System Dynamics 2001; 36(2-3): 77-117.8. 
Korbicz  J,  Kościelny  J,  Kowalczuk  Z,  Cholewa  W.  (collective  work)  Process  diagnostics.  Models.  Methods  for  artificial 9. 
intelligence. Applications. Warszawa: Wydawnictwa Naukowo-Techniczne, 2002.
Merkisz J, Tarkowski S. Selected aspects of using deck recorders in automotive vehicles in automotive vehicles. Eksploatacja i 10. 
Niezawodnosc - Maintenance and Reliability 2011; 2(50): 50-58.
Moczulski W, Przystałka P. Application of Neural Networks for Diagnostics of Dynamic Processes. Gliwice: AI-METH, 2004.11. 
Niewczas A, Borowiec M, Sen A K, Litak G, Hunicz J, Koszałka G. Vibrations of a vehicle excited by real road profiles. Forsch 12. 
Ingenieurwes 2010; 74: 99-109.
Osowski St. Neural networks for information processing. Warszawa: Oficyna Wydawnicza Politechniki Warszawskiej, 2000.13. 
Tadeusiewicz R. Neural networks. Warszawa: Akademicka Oficyna Wydawnicza, 1993.14. 
Tadeusiewicz R, Lula P. Introductin to neural networks. Krakow: StatSoft, 2001.15. 
Shao Y, Li X, Mechefske C. K, Chen Z. Rear axle gear damage prediction using vibration signal preprocessing coupled with RBF 16. 
neural networks. Eksploatacja i Niezawodnosc - Maintenance and Reliability 2009; 4(44): 57-64.
Żółtowski B, Cempel C. (collective work) Machine diagnostics engineering. Warszawa-Bydgoszcz-Radom: Wydawnictwo ITeE, 17. 
2004.

dr inż. piotr czech
prof. dr hab. inż. henryk madej
Faculty of Transport
Silesian university of Technology
Krasińskiego Street 8, 40-019 Katowice, Poland
e-mail: piotr.czech@polsl.pl



21Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

Article citation info:

Lionginas LIudVINAVIČIuS
Leonas Povilas LINgAITIS
gintautas BuREIKA

investigation on wheel-sets slip and slide control problems 
oF locomotives with ac traction motors 

badanie problemów buksowania kołowego i sterowania  
procesu Ślizgania w lokomotywach z silnikami trakcji  

asynchronicznej

The article is dedicated to the solution of drive parameter adjustment and correction problems of AC traction motors. Ha-
ving assessed different rail adhesion ratios and AC electrical machine operation peculiarities, there have been proposed 
new dynamic slip and slide process control methods to DC/AC, AC/AC current system locomotives. There is described the 
influence of mechanical characteristics of AC traction motors to the formation of wheel slip process and there are provided 
structural control schemes of the dynamic slip process. The slip process formation and control conditions for wheel pairs 
are provided in mathematical and graphical forms. There are provided automatic control parameters of dynamic slip and 
slide process for AC/AC current locomotives. 

Keywords:  diesel-electric locomotives, AC traction motor, slip-slide control system, adhesion coef-
ficient, traction generator characteristics, anti-slip drive.

Artykuł jest przeznaczony dla rozwiązania problemów regulowania i korekcji parametrów pracy przekładni lokomotywy 
z silnikiem trakcyjnym AC. Oceniając różne czynniki przyczepności koła lokomotywy z torem i osobliwości maszyn elek-
trycznych typu AC, w artykule przedstawiono nowe metody buksowania dynamicznego i sterowania procesu ślizgania 
przekładni  lokomotywy dla systemów prądu AC/DC, AC/AC. Oceniając wpływ rodzaju charakterystyk mechanicznych 
silników trakcyjnych AC na formowanie procesu buksowania kół, w artykule przedstawiono strukturalne schematy stero-
wania procesów buksowania dynamicznego. Formowanie procesu buksowania par kół i warunki jego sterowania przed-
stawiono w wyrażeniu matematycznym i formie graficznej. W artykule zaprezentowano parametry buksowania dynamicz-
nego i sterowania automatycznego procesu ślizgania dla lokomotywy systemów prądu AC/AC.

Słowa kluczowe:   lokomotywa elektryczna z silnikiem Diesla, silniki trakcji AC, system sterowania 
buksowania i ślizgania, współczynnik przyczepności, przekładnia antyślizgowa. 

1. Introduction 

The main income (over 90%) of the Lithuanian state railway 
transport  company  “Lietuvos  geležinkeliai”  Plc.  comes  from 
freight transportation. Thus it is very important to ensure con-
tinuous and stable freight train traffic by transporting the big-
gest possible cargo amounts. The most intensive freight flows 
as well as the heaviest freight rolling stocks cross Lithuanian 
railways from Belorussia to the harbors of the Baltic sea, i.e. 
Klaipeda and Kaliningrad. When carrying heavy rolling stocks, 
especially if it is necessary to move standstill rolling stocks or 
get over steep and long slopes, locomotives face the problem 
how to ensure stable traction mode, i.e. the phenomenon of lo-
comotive wheel set slip and slide. The locomotive interaction 
with rails and the causes of their slip have been analyzed by 
many researchers all over the world. In case of drive wheel slip 
and slide there is a sudden drop of locomotive traction force as 
well as train speed. The train may be stopped at the uphill, thus 
disturbing (or even interrupting) side track traffic. The phenom-
ena of train stable driving uphill were described by Bureika [4], 

by Liudvinavičius et al [11]. In case of movement of standstill 
trains and sliding of locomotive wheels, there is no sufficient 
traction force to move the locomotive. 

However if sand is put under the sliding wheels the adhe-
sion of drive wheels with the rails shall increase several times 
and, moreover, there shall be a rapid increase of the traction 
force. This force has a negative effect on rolling stocks as 
a huge amount of shock force is transferred to the whole roll-
ing stock length through automatic coupling point. This shock 
force affects rolling stock structures (frames, bodies, suspen-
sions, carriages, etc.) and can harm cargos and as well as their 
packaging. These problems were analyzed by Bąk et al [2], Jas-
tremskas et al [7]. 

There have been theoretical assumptions of locomotive 
wheel set slip and slide causes when carrying out the research. 
The article discusses theoretical and practical aspects of forma-
tion of wheel set rolling surface conicality, rail tilt angle and 
wheel pair position in the track, redistribution of locomotive 
drive wheel set axis force to rail in traction mode at slip condi-
tions. There are analyzed peculiarities of locomotive adhesion 

LIudVINAVIČIuS L, LINgAITIS L P, BuREIKA g. Investigation on wheel-sets slip and slide control problems of locomotives 
with ac traction motors. Eksploatacja i Niezawodnosc - Maintenance and Reliability 2011; 4: 21-28.
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weight optimum usage, axis force change in traction mode. 
The influence of locomotive adhesion ratio change to traction 
characteristic and traction force change are described. There are 
examined various locomotive construction schemes with AC 
traction motor drive. Mechanical characteristics of AC traction 
motors are provided.

New generation diesel locomotives, e.g. SIEMENS ER-
20CF use AC motors for wheel set traction motor that are 
significantly more reliable and unsophisticated if compared 
to the previous DC motors used for drives. The three-phase 
asynchronous traction motor is the motor used most frequently 
for modern locomotive drives because of its excellent reliabil-
ity, its simple and thus low-cost construction and low main-
tenance costs. The three-phase asynchronous traction motor is 
also known as squirrel-cage rotor. On the other hand, AC motor 
rotation speed adjustment differs essentially from DC motor 
rotation speed change. Thus, aiming to control and adjust slip 
and slide processes of drive wheel sets it is necessary to apply 
different principles of electrical machine operation parameter 
tracking, measurement and adjustment. These issues are analy-
sed by Lingaitis and Liudvinavičius [8]. Hereinafter the authors 
describe the causes of locomotive drive wheel slide and provide 
measures for the correction and control of slip and slide pro-
cesses of locomotive wheel sets with AC traction motors.

Theoretical presumptions for locomotive slip formation 
and wheel set slide on rail consequences

The locomotive wheel set slippage is evident when the lo-
comotive traction force exceeds adhesion force. The main loco-
motive traction law is the following:

 Ftr ≤ Ψadh· Padh (1)

where: Ψadh – locomotive wheel-sets’ adhesion to rail coeffi-
cient; Padh – locomotive adhesion weight, N. 

In order to maintain stable traction mode (to avoid wheels 
slip) it is necessary to maintain formula (1) inequality condi-
tion. The change of locomotives wheel-sets adhesion coeffi-
cient value in different seasons is provided in figure 1 

The estimation of adhesion coefficient of a newly made lo-
comotive is carried out by means of practical tests in different 
seasons and different day time. In order to obtain objective re-
sults several hundred of practical tests are carried out. Figure 1 
shows that adhesion coefficient values are highly dissipated as 
there are many factors that influence in case of equal train mass, 

including rain, snow, rail contamination with oil products, etc. 
[16]. Traction characteristics of diesel-electric powered loco-
motive are provided in figure 2.

The diesel-electric powered locomotive adhesion coef-
ficient value in the season change time (dissipated, e.g. 0.33 
to 0.2) is as shown in figure1. However, when operating the 
said diesel locomotives in season change time, the rolling stock 
mass is not adjusted due to the changes of adhesion conditions. 
Caused by the decrease of the adhesion coefficient the traction 
power becomes insufficient for this rolling stock towing. In 
such a case sand is sprinkled intensively to increase the adhe-
sion coefficient. However locomotive starting traction time is 
increased due to intensive slipping, thus causing accelerated 
wheel set and rail wear.

3. Slipping process of locomotive drive wheel 
sets

3.1.  Peculiarities of locomotive traction and train mo-
vement resistance force operation

The wheel to rail force redistribution scheme (in traction 
mode) of locomotive drive wheel set axle is provided in figu-
re 3. The scheme illustrates the “rising” moments Mo that emer-
ge in the traction mode that decrease the wheel set force to the 
rail of the first wheel set by one value ΔP (rise up) and incre-
ase the axle load to the rail of the second wheel set ΔP (press 
down). Such torques are formed due to the traction force Ftr of 
locomotive drive wheel sets that acts as a wheel set tangent and 
the moment of train resistance force Wj that acts in the height of 
the automatic coupling point h.

Locomotive traction force at wheel rim and locomotive 
movement resistance fore at automatic coupling point h form 
the force pair or the “rise” torque M0 that decreases the load of 
locomotive front wheel set and increases the final wheel set to 
rail force. Thus, the least loaded wheel set shall be the first to 
lose the necessary adhesion with the rails. The most frequent 
slip occurs namely at the first wheel set. Locomotive traction 
force is also influenced by wheel set traction force unevenness. 
If less loaded wheel set produces bigger traction force, it starts 
slipping earlier (when the traction force it produces is smaller) 
and this decreases the total locomotive traction force.

Fig. 2. Diesel-electric powered locomotive characteristics in traction 
mode: 1 – traction characteristics of one locomotive Fk = f(v); 
2 – traction characteristics of two locomotives; 3 – traction 
characteristics of three locomotives; 4 – locomotive power at 
wheel rim Pk = f(v); 5 – Diesel engine power characteristics 
ND = f(v) Fig. 1. Locomotive adhesion coefficient dissipation dependence on lo-

comotive speed in different seasons



SCIENCE ANd TEChNOLOgY

23Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

3.2. Peculiarities of engine operation and location of 
wheel set to rail static force

Traction engine operation and the influence of its location 
to static wheel-to-rail force are especially significant when the 
suspension of traction motor is axial-supporting. Active forces 
and torques of the said situation are provided in figure 4. Trac-
tion motor achieves torque Mp that rotates wheel set. Traction 
motor shaft is connected to the wheel set via reducer. If the 
traction motor is located to the wheel set as shown in figure 3 
and locomotive moves in the defined direction, force Z is di-
rected upward. 

Moreover, motor stator is influenced by torque Ms=Mv that 
is applied to motor supports by force P3 calculated as follows:

 3
MP
L

=  (2)

Thus by locating the traction motor behind a wheel set and 
with supporting-frame suspension of the traction motor, the 
wheel to rail force is decreased by one value ∆Pi. 

When locomotive changes its movement direction, the 
wheel to rail force increases by the same value.

3.3. Peculiarities of locomotive axle force change  
in traction mode

The bogie to rail force redistribution scheme (in traction 
mode) of the six-axle locomotive is provided in figure 5. Frames 
of bogies are affected by drive wheel set traction forces Fa1,..., 
Fa6 and automatic coupling point of rolling stock is affected by 
movement resistance forces Wj that are equal Wj = n·Faš. Due to 
the operation height difference of the traction force FT generated 
by locomotive drive wheel sets and train movement resistance 
force Wj that acts at coupling point there is torque MT:

 ( )T a rM n F h r= ⋅ ⋅ −  (3)

where: n – wheel set number, units; Fa – traction force of one 
drive wheel set, N; h – coupling point height (distance from 
railhead to coupling point longitudinal axis ), m; rr – wheel set 
rolling radius, m.

Torque MT tilts locomotive body at axis Y that crosses lo-
comotive weight center C and it changes the value of vertical 
force T acting on bogies and it is calculated as follows:

 T = MT / B (4)

where: B – distance between bogies (basis), m.
Wheel set force change ∆Pi is calculated as follows:

 T
i T

T MP R
m m B

∆ = = =
⋅

 (5) 

where: m – bogie wheel set number. 
At torque MT the first bogie is less loaded and the second 

one is more loaded.

Fig. 3 Wheel to rail force redistribution scheme (in traction mode) of locomotive drive wheel set axle: F1 
adh and F2

 adh – drive wheel traction forces; Po 
– wheel-to-rail force; WJ – resistance force at automatic coupling point; h – height from the railhead to automatic coupling point. 

Fig. 4. Different schemes of electric traction motor dislocation influ-
ence on the wheel–force-to rail: P3 – electric traction motor 
force to rail; Mp – motor torque applied to the motor shaft; Mc 
–resistance torque applied to traction motor shaft.

Fig. 5. Redistribution scheme of locomotive bogie to rail force: Fa1, Fa2, Fa3, Fa4, Fa5, Fa6 – traction forces of drive wheel sets; Wj – movement resistan-
ce forces that act on the rolling stock; qa – static wheel to rail force of a wheel set; h – height from the railhead to automatic coupling point;   
B – distance between bogie centers (basis). A – locomotive’s movement direction.
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3.4. Peculiarities of locomotive adhesion coefficient 
changes

Locomotive traction force is influenced by inequalities of trac-
tion forces of every wheel set that are formed due to the uneven 
distribution of the locomotive weight between wheel sets. If less 
loaded locomotive wheel set produces too high traction force com-
pared to the adhesion conditions, slipping shall be started at low-
er traction force thus lowering the total locomotive traction force. 
Adhesion coefficient is also influenced by rim erosion, rail wear 
and differences in wheel diameters of wheel sets. At road curves 
of small radius, wheel set adhesion to rail is worse due to wheel 
set slide caused by uneven distance that is traveled by a wheel of 
the wheel set. Adhesion coefficient depends on the locomotive 
electric drive type (AC/DC or AC/AC), traction motor connec-
tion type, nature of traction motor mechanical characteristics. The 
locomotive traction force may be decreased by the force due to 
wheel set force to rail redistribution and it is calculated as follows:  
ΔP + ΔP1+ ΔP2. Force of the least loaded wheel set is calculated 
as follows: 
 2 1 0 03P q Pamin .= ⋅ −( ) −⋅ ∆  (6) 

where: 0.03 – the tolerance of the static force to rail of wheel 
set according to technical locomotive characteristics with load 
qa less than 225 kN. 

Ratio of the least loaded wheel set and calculable force is 
called locomotive adhesion use coefficient βk and it is expresses 
as follows:

 βK
a

a

a r

a a

q
q

q r P
q

P
q

= =
−( ) −

= −min ,
, .

0 03
0 97

∆ ∆  (7)

Locomotive adhesion use coefficient shows the part of the 
traction force that is actually achieved by the locomotive. Hav-
ing analyzed the said theoretical presumptions it can be said 
that locomotive adhesion use coefficient depends on wheel set 
and traction motor location, suspension type, nature of the trac-
tion motor mechanical characteristics.

4. Locomotive DC and AC traction motor speed-
torque characteristics 

Locomotive traction motor mechanical characteristics are 
in figure 6. Speed-torque characteristics of the DC and AC trac-
tion motor are described by Fuest and Döring [6]. The speed 
- torque natural characteristics are different [15].

Variation in load moment causes variation in speed. For 
locomotive traction force and wheel-sets slip requirements in 
starting mode the best is synchronous traction motor speed- to-
rque characteristic (fig. 6, 1st curve). Figure 6 shows the speed-
torque characteristic (1) curve of a synchronous traction motor. 
In the speed-torque characteristic the torque is usually shown 
dependent on the speed. Asynchronous traction motor and sepa-
rately excited shunt - wound DC traction motor speed - torque 
characteristics a variation in load moment is similar-sized tole-
rance (fig. 6, 1st and 3rd curves). Locomotive with this traction 
motor speed- torque characteristics rarely comprise wheel-set 
slip conditions. The 4th curve (in fig. 6) shows that for loco-
motive with DC series-wound traction motors anti-slip systems 
must be used because when it is operated without load torque 
speed increases very quickly.

Figure 6 shows the speed-torque characteristic 2nd curve 
of a three-phase asynchronous traction motor. In the speed-to-

rque characteristic, the torque is usually shown dependent on 
the speed. There M = 0 when the motor is idling. If a load is 
applied to the motor, the speed drops and the torque increases. 
The maximum torque which a motor can produce is known as 
the pull-out torque. 

5. Parallel operation and control peculiarities of 
AC traction motors

Principal scheme of AC/AC electrical system locomotive 
electrical drive when three asynchronous traction motors of one 
bogie are powered from the common frequency converter FC is 
shown in figure 7. Peculiarities of parallel operation of traction 
motors are analyzed at the same static resistance moment Mst. 
Due to the inevitable geometrical deviations of parts (wheel 
set, rail), differences of electrical and magnetic properties of 
materials, the characteristics of the same type traction motors 
are different. In the nominal load mode the traction motor ro-
tor speeds may differ ±3 %. When asynchronous traction mo-
tors are powered from one source the currents among parallel 
traction motors are redistributed due to the natural mechanical 
characteristics of the same type asynchronous traction motors. 
Traction motors achieve different respective torques M1, M2, 
M3, rotor rotation speeds n1,n2,n3 and develop different traction 
forces of individual motors.

Natural mechanical characteristics of the same type asyn-
chronous traction motors (ATM) at the same static resistance 
torque Mst at the wheel set force point A are shown in Fig. 8.

Natural mechanical characteristics of the same type ATMs 
may be formed at the point where synchronous speed is no. 
When analyzing natural mechanical characteristics of the same 
type asynchronous torque motors with the same static resistan-
ce torque Mst at the wheel set force point A it can be seen that 
the rotation speed of the first ATM rotor n1, rotation speed of the 
second ATM rotor n2 and rotation speed of the third ATM rotor 
n3

 do not synchronize. When the wheel set diameter is equal and 
the speed of traction motor rotor is different, the distance trave-
led by wheel sets is different. This phenomenon causes wheel 
set slip conditions and redistribution of traction forces.

Fig. 6. Speed-torque characteristics of the DC and AC traction mo-
tor: 1 – synchronous traction motor, 2 – asynchronous traction 
motor speed-torque characteristics, 3 – individually excited 
shunt-wound DC traction motor, 4 – series wound DC traction, 
speed-torque characteristics; Δn1 – asynchronous traction mo-
tor speed variation; Δn2  – separately excited shunt - wound DC 
traction motor speed variation; Δn3 – series wound DC traction 
speed variation
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6. Control systems of asynchronous motors with 
individual frequency converters

Control systems of asynchronous motors with individual 
frequency converters are shown in figure 9.

When using ATM control via individual frequency conver-
ters, the slipping and sliding process is easier to control as the 
speed of every traction motor can be adjusted separately. Ho-
wever, this control system is often more complex and less re-
liable. 

7. Frequency control peculiarities of locomotives 
with asynchronous traction motors 

For locomotives with frequency converter mode of ATM 
that satisfies traction theory requirements, there is a need to 
change the nature of natural mechanical characteristics artifi-
cially by developing there a part of hyperbolic function. Thus 
ATM areas of the natural characteristics are shown as A1, A2, 
A3 (fig. 10). The nature of ATM artificial mechanical charac-
teristics corresponds to DC series excitation DC traction mo-
tor mechanical characteristics. Therefore locomotives with 
ATMs should have installed control systems to control wheel 
set slipping process. During locomotive wheel set slipping they 
temporarily change the nature of the ATM artificial mechani-
cal properties and recover the conditions of wheel set adhesion 
with rails. Computer aided control system for locomotive whe-
el set slipping and sliding process control that is proposed by 
the authors will change the nature of ATM artificial mechanical 
properties and it will automatically recover good conditions of 
wheel set adhesion to rails. Adjusted ATM dynamic mechani-
cal properties with applied frequency speed control method are 
provided in fig. 10.

Fig. 7.  Circuit diagram of diesel-electric powered locomotive (AC/AC current system) drive, when one frequency converter is used to power three AC 
traction motors: DM – diesel engine; G – synchronous traction generator; FC1 – frequency converter; M1, M2, M3 – asynchronous traction 
motors; WS1, WS2, WS3 – wheel-sets; Mst – static resistance torque U1, f1 - asynchronous traction motor drive parameters

Fig. 8. The same type natural mechanical characteristics of asynchro-
nous traction motors at the same static resistance torque

 Fig. 9. Control system of asynchronous engines with individual frequ-
ency converters: FC1, …, FC6 – frequency converters; WS1, 
…, WS6 – wheel-sets of locomotive

Fig. 10. Artificial asynchronous mechanical characteristics of asyn-
chronous motor when ATM frequency rotation speed control 
method is applied
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8. Automatic control of slipping process of loco-
motives with AC traction motors

Figure 11 shows AC/AC system that is proposed by the au-
thors for computer aided control of AC/AC system of locomo-
tive wheel set slipping and sliding process that is comprised: 
wheel set speed sensors BR1- BR6 that are mounted in trac-
tion motors, A and B bogie wheel set speed tolerance signal 
comparison blocks SCBI, SCBII [9]. When tolerance of one of 
individual wheel sets of bogies (A or B) is exceeded, there are 
generated control signals A and B that adjust signals sent by 
computer aided control system (in Fig. 11 marked respectively 
as XA and XB) to inverter elements IGBT transistors that have 
changing on and off cycles [13].

The automatic control system of slipping process that is 
proposed by the authors shall decrease the value of supply po-
wer and its frequency of one bogie from the three asynchronous 
engines for a short time. Thus the rotation speed of one bogie 
of traction motor-wheel set shall be equalized and wheel to rail 
adhesion shall be restored. Such dynamic characteristics are 
shown in figure 11 in green as E1-Y1 with supply power fre-
quency f1(1). E2-Y2 at supply power frequency f1(2), E3-Y3 with 
supply power frequency f1(3). When adhesion conditions are 
restored, there is automatic restoration of ATM supply power 
and its frequency value, i.e. it returns to any point of the previo-
us operating characteristic (figure 10). Traction forces are not 
disrupted in locomotive control process as slipping process is 
controlled automatically. 

9. Algorithm for slipping process parameter adju-
stment and control

The authors provide computer aided control system of loco-
motive wheel set slipping and sliding process control. Variants 
of the control algorithm: a – wheel set speed tolerance signals 
are compared with the tolerance signals in blocks SCBI, SCBII 
and they are adjusted by changing parameters of that inverter 
to control signals Y1 and Y3 (thereof the respective three asyn-
chronous traction engines (individual controlled) are powered). 
b – in case with controlled parameters of inverters I and II the 
process of bogie wheel set slippage is continued and bogie 
wheel set speeds are not equalized, the generator voltage of 

synchronous traction motor is limited by decreasing excitation 
current with signal Y2 (general parameter control).

Computer aided control system of AC/AC current system 
diesel locomotive wheel set slipping-sliding process consists 
(figure 11): DM – diesel engine; G – synchronous traction ge-
nerator; I, II– frequency converters; UCR-uncontrolled recti-
fier; M1, …, M6 – asynchronous traction motors; speed sensors 
of BR traction motors; LD – locomotive driver; SCBI – bogie 
A wheel set speed tolerance signal comparison unit; SCBII-B 
– bogie wheel set speed tolerance signal comparison unit; Y1 
– control signal that adjusts inverter I electrical parameters; Y2 
– synchronous traction motor signal that adjusts generator exci-
tation current; Y3 – control signal that adjusts inverter II electri-
cal parameters; R – excitation current regulator of synchronous 
traction generator; GE – excitation winding of synchronous trac-
tion generator; Δn1,..., Δn6 – speed tolerance signals of traction 
motor; XA – total compared bogie A wheel set speed tolerance 
signal; XB – total compared bogie B wheel set speed tolerance 
signal.

Authors propose to install an encoder in ATM rotation spe-
ed and location coordinate measurement sensors BR that are 
installed in the traction motor (see figure 12). The encoder is 
analogous or digital converter with analogous signal at the out-
put or a certain number of pulses that is proportional to rotation 
speed or turn angle [12].

Fig. 11.  Circuit diagram of diesel-electric powered locomotive (AC/AC electric system) automatic wheel-sets anti-slip and slide control system process 
parameters computer drive: SCBI –traction motors speed control block (bogie A); SCBII – traction motors speed control block (bogie B)

Fig. 12. Asynchronous traction motor with internal optical encoder: 
1– encoder; 2 – stator; 3 - terminal box; 4 – stator windings; 
5  –  ferromagnetic  core;  6  –  clamps;  7  –  cooling  channel;  
8 – shaft
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To use an encoder in ATM vector control system is suggest-
ed by Liudvinavičius et al [10]. The encoder consists of a light 
source, mask, code disk and sensors. The code disc contains ar-
tificial spaces that make light permeable and impermeable seg-
ments. Light sensitive sensors are mounted behind the code disc. 
The scheme of optical encoder is provided in figure 13 [5]. 

When encoder is installed in the ATM control system that 
is proposed by the authors, there can be received analogous or 
digital information, thus developing analogous-digital (hybrid) 
locomotive electrical drive control system [1, 14].

 Pursuant to the purpose, the encoder may contain various 
codes: binary code, Gray code, Gray-express code [3]. All of 
them are suitable for computer system of AC/AC current sys-
tem diesel locomotive wheel set slipping-sliding process con-
trol that is proposed by the authors.

10. Tests of locomotive wheel set slipping and 
sliding process computer aided control and 
management system 

10.1.  Locomotive tests description

The software performs the several tasks. It ensures highly-
efficient wheel-to-rail force transmission by means of continu-
ous wheel force at its rim; slip control; limitation of wheel ac-
celeration; reliable determination of the reference speed, which 
should represent the true train speed.

The software protects the mechanical components against 
excess stress and reduces wear on the rails and wheel-set by 
avoiding: wheel blocking (flat spots on the running surface); 
synchronous drifting of the wheel speeds (worn rail heads); in-
herently stable rotational vibrations in the drive train.

The software continuously monitors the movement of the 
vehicle and the running wheels. If the movement variables de-
viate from the tolerance values, the tractive effort demanded 
by the overall control level is automatically reduced to a level 
which can be physically transmitted from the wheel to the rail.

Due to continuous monitoring of the movement variables 
relating to the vehicle and the wheels, it is ensured that traction 
is kept under control under different track conditions.

Power mode: The test train is accelerated from standstill to 
maximum speed. All wheel speeds are monitored via the data 
logger to confirm the proper functionality.

Dynamic brake only: The test train is decelerated from ma-
ximum speed to standstill with the dynamic brake.

Dynamic and pneumatic brake: The test train is decelerated 
from maximum speed to standstill with the dynamic and the 
independent brake.

This is not a normal service operation. It shows, that the 
wheel slide is corrected via signals transmitted from the pneu-
matic wheel slide system to the Locomotive Computer Unit for 
the limitation of electric brake in case of active pneumatic bra-
ke.

10.2.  Valuation of tests results

AC/AC system diesel-electric powered locomotive wheels 
slip and slide computer control results are presented in Fig. 14.

Fig. 13. Optical encoder scheme

Fig. 14. AC/AC system diesel-electric powered locomotive test characteristics:Upper lines left scale: 1 – 1st bogie torque 1 reference before slip and 
slide control; 2 –1st  bogie torque after slip and slide control; 3 – 2nd bogie torque reference before slip and slide control; 4 – 2nd bogie torque 
after slip and slide control; Lower lines right scale: 1 – 1st wheel-set speed; 2 – 2nd wheel-set  speed; 3 – 3rd wheel-set speed; 4 – 4th wheel-set 
speed; 5 – 5th wheel-set  speed; 6 – 6th wheel-set speed
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11.  Conclusions

The non-traditional computer aided slipping an sliding con-1. 
trol system of locomotive AC traction motors that is propo-
sed by the authors allows automatic continuous control of 
electrical parameters of the inverter and traction generator 
in traction mode (dynamic mode) with the simultaneous 
slipping process control.
When the provided slip and slide control system of locomo-2. 
tives with AC traction motors is used, train driver does not 
need to interrupt traction mode control and this way there 
are no conditions for the formation of the rolling stock lon-
gitudinal tensile and compression forces.

When the provided slip and slide control system of loco-3. 
motives with AC traction motors is used, there is optimal 
traction force control.
When the provided slip and slide control system of locomo-4. 
tives with AC traction motors is used, there are less energy 
transformation losses in internal combustion engines.
When the provided slip and slide control system of locomo-5. 
tives with AC traction motors is used, the adhesion coeffi-
cient is little dependant on the season.
When the provided slip and slide control system of locomo-6. 
tives with AC traction motors is used, the adhesion coeffi-
cient is recovered automatically and there is no need to put 
sand under the wheels to increase the adhesion.
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a simpliFied method to assess Fatigue liFe oF selected  
structural components oF an aircraFt For a variable  

load spectrum

uproszczona metoda oceny trwałoŚci zmęczeniowej  
wybranych elementów konstrukcji statku powietrznego  

dla zmiennego widma obciążenia*

The assessment of fatigue life of an aircraft’s structural component operating under variable load spectrum causes many 
and various problems, hence the need for simplified methods that facilitate it. The presented study covers the question 
of rearranging an actual spectrum with variable values of cycles into a homogeneous spectrum with weighted cycles. 
A method for the evaluation of fatigue life of some selected aircraft’s structural component with an initial crack has been 
presented using a rearranged spectrum. To model an increment in the crack length a difference equation has been applied 
which, after rearrangement, resulted in a partial differential equation of the Fokker-Planck type. A density function of the 
crack length is a particular solution to this equation. Using the density function of a crack length, fatigue life of the struc-
tural component has been determined for the crack that keeps growing up to the permissible value ld lower than the critical 
value lkr. What has been given consideration in this study is the case when the exponent of the Paris equation m ≠ 2.

Keywords: load cycle, weighted load cycle, reliability, durability, load spectrum.

Ocena trwałości zmęczeniowej elementu konstrukcji pracującego pod wpływem zmiennego widma obciążenia przyspa-
rza wielu trudności. Stąd potrzeba poszukiwania uproszczonych metod umożliwiających tą ocenę. Przedstawiona praca 
obejmuje przekształcenie widma rzeczywistego o zmiennych wartościach cykli w widmo jednorodne o cyklach ważonych. 
Wykorzystując widmo przekształcone  przedstawiono metodę  oceny  trwałości  zmęczeniowej wybranego  elementu  kon-
strukcji  statku powietrznego z początkowym pęknięciem. Do modelowania przyrostu długości pęknięcia wykorzystano 
równanie różnicowe z którego po przekształceniu otrzymano równanie różniczkowe cząstkowe  typu Fokkera-Plancka. 
Rozwiązaniem szczególnym tego równania jest  funkcja gęstości długości pęknięcia elementu. Wykorzystując następnie 
funkcję gęstości długości pęknięcia określono trwałość zmęczeniową elementu konstrukcji dla pęknięcia narastającego do 
wartości dopuszczalnej ld mniejszej od wartości krytycznej lkr. W pracy rozpatruje się przypadek, gdy wykładnik równania 
Parisa m ≠ 2.

Słowa kluczowe: cykl obciążenia, ważony cykl obciążenia, niezawodność, trwałość, widmo obciążenia.

1. Introduction

The assessment of fatigue life of an aircraft structural com-
ponent operating under variable load spectrum causes many 
and various problems, however it proves essential to flight sa-
fety. The present study is an effort to find a simplified method 
of fatigue life determination. This simplification consists in the 
rearrangement of an actual load spectrum into a homogeneous 
spectrum with weighted cycles. The rearrangement has been 
outlined in Section 2. 

It has been assumed that an initial crack in the structural 
component is l0. As affected by the load of a variable spectrum 
the crack grows up to some permissible length ld (safe) shorter 

than the critical length lkr. The crack growth rate, approached in 
a deterministic way, has been described with the Paris formula 
of the following form [1]:

   
           (1)

where: ΔK – the range of changes in the stress intensity factor, 
C, m – material constants, N – a variable that denotes the num-
ber of structure-affecting load cycles. 

TOMASZEK h, JASZTAL M, ZIEJA M. A simplified method to assess fatigue life of selected structural components of an 
aircraft for a variable load spectrum. Eksploatacja i Niezawodnosc - Maintenance and Reliability 2011; 4: 29-34.
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2. How to find the cracking rate for the load in the 
form of a rearranged load spectrum 

The following assumptions have been made for the need of 
rearranging the actual spectrum with variable load values into 
the spectrum with weighted cycles:

An aircraft structural component keeps operating under 1) 
variable loads while performing its functions.
The load spectrum that affects the component in the cour-2) 
se of a standard flight of the aircraft is known.
We assume that this spectrum of loads allows of the de-3) 
termination of:

the total number of load cycles  - Nc in the course of one 
flight,
there is the  - L number of thresholds of maximum load 
values σ1

max, σ2
max,..., σL

max
.

The number of repetitions of maximum threshold values 4) 
in the assumed spectrum is as follows: σ1

max occurs n1 
times, σ2

max occurs n2 times, …, σL
max occurs nL times. The 

number of repetitions of specific threshold values of load 

in the course of one flight is:       
 

   
   

The minimum value in thresholds is determined with the 5) 
following relationship:

          
                       

   

  
 , where i = 1,2,...,ni.

Table 1 gives maximum 6) σi
max and minimum           stress 

values in the cycles, and frequencies of their appearing in 
the spectrum Pi
Table 2 gives the statement of stress ratios 7)      and empiri-
cal coefficients of influence on crack growth Ui where: 

    
        

      ,                  
  ; α1, α2, α3 – empiri-

cal coefficients [4, 5].
The range of stress variations has been shown in Table 38) 

                   
Account has been taken of the effect of overload cycles 9) 
upon the crack growth rate (table 4):

Δσi,ef = Ci
P Δσi 

where: Ci
P - factor of crack growth retardation after over-

load cycles occurred [3].
In the case given consideration it has been also assumed 

that the rate of crack growth in the structural component, ap-
proached in a deterministic way, follows the Paris’ law written 
down with formula (1). For the above specified assumptions, 
in this case for the i-th type of a load cycle (gained from the 
description of the spectrum of loading in a standard cycle), for-
mula (1) takes the following form:

   
        

         
  

 
  

 
   (2)

where Mk specify influence of crack location and dimensions 
with relations to structural element dimensions on crack growth 
velocity [1].

With account taken of all types of load cycles, the relation-
ship (2) takes the form:

   
     

 
     

 

   
          

    
  

 
   (3)

where: i = 1,2,...,L.

Table 1. Maximum σi
max and minimum           stress values in the cycles, and frequencies of their appearing in the spectrum Pi
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                           …          …          

      
  
  

    
  
  

 …    
  
  

 …    
  
  

 

 

 

Table 2. Stress ratios      and empirical coefficients of influence on crack gr owth Ui

Table 3. Range of stress Δσi and frequencies of their appearing in the spectrum Pi

Table 4. Range of effective stress Δσi,ef which takes into consideration effect of overload cycles
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Formula (3) can be expressed as a function of time, or more 
precisely, of the aircraft’s flying time. Therefore, we assume 
that:
 N = λt (4)

where: λ – the rate of load cycles, N – the number of load cyc-
les, t – flying time of an aircraft.

In our case λ=1/Δt, where Δt denotes duration of the fatigue 
loading cycle that affects the structural component. We can as-
sume the following formula for Δt:

 
    

  
 
 (5)

where: T – the duration of the aircraft’s standard flight to deter-
mine load spectrum, Nc – the number of load cycles during the 
standard flight.

After these rearrangements, formula (3) takes the following 
form:

 
  
      

 
     

 

   
          

    
  

 
   (6)

Formula (6) describes the crack growth rate for a homoge-
neous load spectrum with weighted cycles.

3. Finding the density function of the crack 
length

Let Ul,t denote probability that for the aircraft’s flying time 
t the structural component’s crack length is l. The difference 
equation for the above listed assumptions takes the following 
form [2, 6]:
                                 (7)

where: Δ l – the crack length increment during one equivalent 
load cycle.

The value of the crack-length increment calculated on the 
basis of (6) will be:

       
 
     

 

   
          

    
  

 
     (8)

Equation (7) expressed in terms of function notation takes 
the following form:

                                       (9)

where: U(l,t) – the density function of the crack length after the 
aircraft’s flying time t expressed in terms of flight hours has 
elapsed; (1- λ Δt) – the probability that no equivalent load cycle 
occurs in time Δt; λΔt - the probability that an equivalent load 
cycle occurs in time Δt.

Equation (9) can be rearranged into a partial differential 
equation using the following approximations:

 
                    

     
    

                    
     
      

 
        
         

 

 
  (10)

Having substituted equation (10) into equation (9) the fol-
lowing is arrived at:

        
       

     
            

         
     (11)

where:

      
 
     

 

   
          

    
  

 
    

 
Since λΔt = 1, the above written equation takes the form:

      
 
     

 

   
          

    
  

 
   (12)

Let
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   (14)

Substitution of relationship (14) into equation (11) gives:

       
       

     
        

 

   
          

   
 
            

 

   
          

   
 
    

       
    

       
       

     
        

 

   
          

   
 
            

 

   
          

   
 
    

       
    

 (15)

The result of equation (6) should be substituted for the 
crack length l in equation (15). What we get is:

  
      

 
   

     

 

   
          

   
 
  

   
 

 
 

 

  
         

 

   
          

  
 

 
   

 
    

   
   

     
   

         

 

   
          

    

 
    

   
   

     
   

         

 

   
          

    

     
   

     
        

 

   
          

    

 
   

 

 

 (16)

With account taken of (16), coefficients of equation (15) 
can be written down as:
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Equation (15) with coefficients (17) and (18) takes the fol-
lowing form for m ≠ 2:

         
          

     
         

        
     (19)

A particular solution of equation (19) takes the form [2, 6]:
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where:
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Now, the integral (21) is calculated:

             

 

   
          

    

     
   

     
        

 

   
          

    

 
   

   
 

 
 

        

 

   
          

   
  
      

  

    
   

     
        

 

   
          

    

 
     

  

   
   
        

 
             

  
 
 

 

  

    
   

     
        

 

   
          

    

 
   

    

 
i.e. B(t) is an average of the crack length for the flying time t 
of the aircraft. The computational formula takes, therefore, the 
following form:
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Calculation of the integral (22) follows:

         
     

 

   
          

  
 

  

     
   
     

        

 

   
          

    

  
   

   
 

 
 

    
     

 

   
          

  
 

 
   
      

  

    
   
     

        

 

   
          

    

  
     

  

   
   
        

 
             

  
 
 

 

  

    
     

 

   
          

  
 

 
    
    

  

    
   
     

        

 

   
          

    

   
   

  

   
   
        

 
             

  
 
 

 

  

   
 

       

 

   
          

    

    
   
     

        

 

   
          

    

   
   

  

   
 

       

 

   
          

     
   
  

   
     

   
 

       

 

   
          

    

     
   
     

        

 

   
          

    

   
   

   
   
   

 

         
     

 

   
          

  
 

  

     
   
     

        

 

   
          

    

  
   

   
 

 
 

    
     

 

   
          

  
 

 
   
      

  

    
   
     

        

 

   
          

    

  
     

  

   
   
        

 
             

  
 
 

 

  

    
     

 

   
          

  
 

 
    
    

  

    
   
     

        

 

   
          

    

   
   

  

   
   
        

 
             

  
 
 

 

  

   
 

       

 

   
          

    

    
   
     

        

 

   
          

    

   
   

  

   
 

       

 

   
          

     
   
  

   
     

   
 

       

 

   
          

    

     
   
     

        

 

   
          

    

   
   

   
   
   

 i.e. A(t) is a variance of the crack growth for the flying time t. 
The computational formula takes the form:

       
 

       

 

   
          

       
   
     

        

 

   
          

    

   
   

   
   
   

       
 

       

 

   
          

       
   
     

        

 

   
          

    

   
   

   
   
   

 (24)

4. Determination of fatigue life of the selected 
structural component of the aircraft

For the density function of the crack length versus the fly-
ing time of the aircraft the structural component’s reliability can 
be found from the relationship [2, 6]:

                 
  

  
  (25)

where the form of the density function of the crack length U(l,t) 
has been determined by the relationship (20). The permissible 
crack length ld can be found using the stress intensity factor of 
the following form:

           (26)

When the crack length and the stress reach their critical va-
lues, lkr and σkr respectively, the factor determined by the rela-
tionship (26) also becomes a critical value Kc and is then called 
fracture toughness of the material:



SCIENCE ANd TEChNOLOgY

33Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

                (27)

This relationship together with the safety factor allow of 
finding the permissible crack length:

    
   

   
      

  (28)

where: k – safety factor.
Normalization of the integral in equation (25) results in:

                  
       
     

  
  (29)

where: B(t) and A(t) are determined with relationships (23) and 
(24), respectively. 

With the reliability level found we take values of the up-
per limit of the integral (29) from the normal distribution table. 
Hence the relationship:

     
       
     

  (30)

Where:      – value of the upper limit of the integral (29), 
for which value of the integral equals        . 

From relationship (30) we can find value of the flying time 
such that makes the assumed reliability level reached.

5. Final remarks and a computational example

To illustrate the above described method, a computational 
example has been presented. The example covers the rate of 
growth of an average-length fatigue crack in a structural com-
ponent made from the steel of specified material properties, 
subjected to an actual load spectrum. Computations have been 
performed for the spectrum of variable- amplitude loads, which 
represents an actual component-loading spectrum and has been 
rearranged in the way discussed in Section 2 [2]. Table 5 below 
shows quantities that describe the rearranged loading spectrum 
used in our study. 

The table 5 includes: values of ranges of changes in stress 
in cycle ∆σi  for assumed load factors i and frequencies of their 
occurrence Pi, and factors with both load cycle asymmetry and 
how it affects the crack growth taken into account.

For some specified material of the pattern component, the 
following values of material constants have been used in the 
computations:

m = 3,5
C = 3,2·10-12

In our example the following values have been used for the 
computations: the initial crack length in the component assumed 
to be l0 = 10mm, and permissible crack length found from the re-
lationship (28) ld = 25mm. It has been also assumed that the crack 
growth retardation factor after overload cycles Ci

P = 1, whereas 
the factor with the load cycle asymmetry and how it affects the 
crack growth taken into account has been defined by the empiri-
cally formulated equation                        

  . In 
numerical calculations account has been also taken of the change 
in the Mk coefficient in the course of the crack growth. Then, the 
rearranged equation (23) for the average crack length has been 
used to make it depend on the number of loading cycles N, on the 
basis of equation (4). 

 
        

   
     

   
 
   

      

 

   
          

    

 
   

    

        
   

     
   

 
   

      

 

   
          

    

 
   

    

 (31)

Using the above written relationship, the increment in the 
average crack length against the number of loading cycles N 
over the range from the initial crack length l0 to the permis-
sible crack length ld = 25mm has been found. Figure 1 shows 
the change in the average crack length against the number of 
loading cycles.

Fig. 1. Increment in the average crack length against the number of 
loading cycles

Table 5. Quantities which describe the rearranged loading spectrum

Load factor i 1 2 3 4 5 6 7

Number of cycles 1 5 4 10 30 50 140

σ i
max

 [MPa] 186 159 141 129 112 93 72

σ i sr,
min

 [MPa] -28 -13 8 17 23 27 27

Factor iR̂ -0,1505 -0,0818 0,0567 0,1317 0,2053 0,2903 0,375

Range of stress Δσi,ef[MPa] 214 172 133 112 89 66 45

Empirical function Ui 0,5030 0,5238 0,5691 0,5955 0,6228 0,6559 0,6906

 Share of load factor in the spectrum Pi (frequency of occurrence) 0,0042 0,0208 0,0167 0,0417 0,125 0,2083 0,5833
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On the basis of computations of growth of an average-
length fatigue crack B(N) one can find that the permissible crack 
length ld = 25mm will be reached after              loading 
cycles. To find fatigue life of the structural component given 
consideration, with probabilistic approach adopted, one should 
also take account of the crack length scatter A(N) defined with 
equation (24). Then, for the already found density function of 
the crack length against the number of loading cycles the struc-
tural component’s reliability can be determined:

                  
  

  
  (32)

A great advantage of the presented method is that it takes 
account of physical phenomena accompanying the variable lo-
ading spectrum. Values of material constants used in this me-
thod, and of other types of factors as well, all of them indi-
spensable for the computations, are to be found experimentally, 
whereas some of them (e.g. C,m in Paris equation) can be esti-
mated using service data on the crack growth. The method of 
moments or the function of likelihood prove applicable. 
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The paper presents an innovative and improved method for doubled calibration of an eddy-current conductometer. Im-
plementation of the proposed method makes it possible to achieve independence of the instrument indications on surface 
condition of the examined parts. The calibrating function is determined on-line when the measurements are in progress 
on the basis of parameters that are assigned to the contact probe coil and calculated with use of general mathematic 
equations. The calculated correction parameter can be considered as a measure of the surface roughness. Application 
of the modification as described in this paper can contribute to efficiency improvement of operational examinations for 
components made of non-ferrous materials during their lifetime. 
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Zaproponowano oryginalną, ulepszoną metodę podwójnego skalowania konduktometru wiroprądowego. Realizując  tę 
metodę można uzyskać niezależność wskazań przyrządu od stanu powierzchni badanych elementów. Funkcja skalująca 
konduktometr jest wyznaczana dynamicznie w czasie trwania pomiaru na podstawie parametrów przypisanych ekspery-
mentalnie sondzie-cewce stykowej oraz uniwersalnych równań matematycznych. Obliczona poprawka może być trakto-
wana jako miara chropowatości powierzchni. Stosując opisaną modyfikację można znacznie usprawnić badania eksplo-
atacyjne elementów wykonanych z metali nieżelaznych.

Słowa kluczowe: prądy wirowe, konduktometria, badania nieniszczące, chropowatość powierzchni.
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1. Introduction

An eddy-current conductometer is an instrument that can be 
used for non-destructive measurements of conductance (speci-
fic electrical conductivity) of materials that the examined part 
is made of. The measuring probe, made as a contact coil and 
supplied with alternate current, is approached to the surface 
under test. As the coil conducts electric current, it generates pri-
mary magnetic field, which, in turn, entails induction of eddy 
currents in a conductive material beneath the coil. According to 
the Lentz rule the secondary magnetic field produced by such 
eddy currents is a negative feedback, i.e. the direction of its 
induction vector is opposite to the one of the exciting magnetic 
field. Consequently, a resulting magnetic field is originated wi-
thin the area of the coil probe that amends the coil impedance. 
The field component produced by eddy currents depends on 
the conductance parameter of the material the examined part is 
made of. Therefore the differential impedance of the probe shall 
also depend on the measured conductance. Eddy-current con-
ductometers measure impedance components of the coil probe 
and use the measurement results to calculate the actual conduc-
tance. Conductometers, being instruments designed to measure 
absolute values of conductance, not only are meant to measure 
specific electrical conductivity of non-ferrous materials or elec-
trolytes, but also can be used to determine purity of metals, mo-
nitor structures and homogeneity of non-ferrous alloys and for 
indirect tests of strength and hardness, estimation of phosphor 

content in copper, control of casting operations (polarization of 
copper), monitoring of separation processes, e.g. Cu-Cr, sorting 
and separation of metal scrap, detection of fatigue and thermal 
defects in aluminium alloys (operation tests of aircrafts) and 
many other applications. 

Conductometers are calibrated against dedicated patterns, 
where the determinable parameter. i.e. conductance is assigned 
to physical variables that can be measured in a direct manner 
(coil resistance and inductance. But the measurement results 
are accurate and reliable only when structures and shapes of 
investigated workpieces are similar to reciprocal parameters of 
patterns that were already used for calibration. Unfortunately, 
examinations with use of eddy currents is associated with two 
detrimental effects that make the measurements more troubleso-
me and difficult. Application limits for the eddy current method 
are determined by consequences of the following phenomena: 

Surfaces of examined workpieces are not always flat, with 1. 
frequent buckles and cavities. It is possible to place a spa-
cing ring below the measuring coil to eliminate swiveling 
of the probe on the surface, but anyway it is impossible to 
approach the probe coil to the examined surface so that 
the distance between the probe and the surface would be 
always constant during the calibration process. Variations 
of the distance between the coil and the examined surface 
considerably affect instability of the coil impedance, even 
more than variation of the conductance to be determined. 



NAuKA I TEChNIKA

36 Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

The problem is usually resolved by introduction of the com-
pensation mechanism that counterbalances variations of the 
distance between the coil and the surface. The conventio-
nal mechanism was initially proposed by F. Förster and is 
described in details in the paper of Dziczkowski [5]. The 
compensation method is based on a bridge circuit, where 
one branch of the bridge incorporates the measuring coil 
connected in series with a capacitor. The second branch re-
presents also a serial resonance circuit that is made up of 
a reference coil and an adjustable capacitor. The measure-
ment consists in unidimensional balancing of the bridge by 
appropriate variations of the capacitor value. Characteristic 
parameters of the resonance circuit vary in pace with altera-
tions of coil resistance and inductance, whilst these parame-
ters, in turn, depend simultaneously on conductance of the 
material under test and distance between the probe and the 
examined surface. By crafty tuning of the resonance circuits 
it is possible to achieve growth of indications for the me-
asured conductance when the coil is moved away to a small 
distance. Farther retreating of coil lead to a rapid drop of 
indications coupled with the measurement result. Finally 
a range of certain distances between the coil probe and the 
surface is obtained where the result of measurements fits 
into limits of the assumed deviation. Consequently, measu-
rement accuracy is sacrificed in favour of the possibility 
to take measurements for uneven workpieces. The authors 
strongly believe that it was the most important achievement 
in techniques of measurements carried out with use of eddy 
currents in the area of non-destructive tests. The amount of 
data processing is not a problem as modern measuring in-
struments are provided with microcontrollers with massive 
computation performance and capable to carry out calcu-
lations in the real time mode when the measurements are 
still in progress. Therefore it is necessary to seek for such 
computation algorithms, where variations in the distance 
between the measuring coil and the examined surface can 
be compensated without noticeable increase of errors in de-
termination of conductance. 
The magnetic field induced by eddy currents is directed op-2. 
posite to the exciting field. Therefore a specific barrier is 
formed that prevents from penetration of the primary field 
deeply inwards the examined workpieces. Consequently, 
eddy currents are induced exclusively within the surface-ad-
jacent layer of examined workpieces and properties of only 
that layer affect results of measurements. Penetration depth 
of eddy currents substantially depends on their frequency. 
Research studies are described, for instance, in the collec-
tive study that deals with modeling and detection of surface 
flaws [8]. This study, similarly to other literature references, 
uses the simplified definition for penetration depth of eddy 
currents that has been sourced from the eddy current heat-
ing technology. Somewhat more detailed description of that 
phenomenon can be found in the paper of Dziczkowski [2]. 
Since eddy currents flow only on the surface of examined 
workpiece, any surface roughness makes flow of these cur-
rents more difficult. If so, measurements of conductance 
with use of an eddy current instrument make it possible to 
identify surface roughness with apparent growth of conduct-
ance and apparent increase of distance between the coil and 
the workpiece surface. The measuring instrument was ini-
tially calibrated against polished specimen, thus one should 

expect considerable deviations of measurement results. The 
widespreadly accepted approach, described in technical 
guidelines and literature references, assumes application of 
low frequencies as in such a case eddy currents are capa-
ble to penetrate much deeper and possible roughness only 
slightly disturb measurements. More detailed analysis leads 
also to the conclusion that frequency of eddy currents af-
fects not only penetration depth but also sensitivity of the 
measuring instrument [4, 6]. 
For a specific test it is frequently more convenient to adjust 

the most suitable frequency that is best for the desired sensitivi-
ty. But such processes as selection of the best frequency, elimi-
nation of the impact from surface roughness and compensation 
of deviations are always inseparably interconnected. 

Impedance of a measuring coil is always a complex para-
meter, therefore measuring of its two components enables in-
dependent determination of two parameters for the workpiece 
under test or makes it possible to find out one parameter and 
compensate effect of another one. The manner, how results of 
two measurements are used to determine a singe, discretely se-
lected parameter depend on type of the measuring instrument. 
The instruments that can be possible used for measurements, 
i.e. flaw detectors and conductometers substantially differ from 
one another. The measurement process carried out with use 
of a conductometer is carried out as a sequence of operations 
aimed at determination of the absolute conductance value for 
the material the workpiece is made of. The final result should 
be independent on other factors that unfortunately also influ-
ence variations of components for the coil impedance. These 
factors include position the measuring coil against a workpiece 
under tests and condition of the workpiece surface. For investi-
gations with use of flaw detectors the information about abso-
lute value of the conductance for the material the workpieces is 
made of is irrelevant as the tests are focused on detection of any 
possible discontinuities within the structure under test [9] as for 
flaw detection it is necessary to find out all possible cracks or 
excessive surface roughness. Therefore it is the instrument that 
should be used to measure apparent variations of conductance 
as opposed to a conductometer that, by its nature, is insensitive 
to such apparent variations. 

2. Properties of the desired mathematical model 

The calibration process with use of standard patterns results 
in establishing the interrelationship between the parameters that 
can be measured in a direct way and the value to be detected. 
Each pattern that has been used for calibration is meant to find 
out a single point for the calibration scale, but between the ca-
libration points the function relationship must be approxima-
ted. The more accurate the approximation function is, the less 
number of calibration patterns is necessary to find out the ca-
libration scale that guarantees acceptable deviations within the 
assumed measurement range. 

When an eddy current device is used to perform measure-
ments for various frequencies of the exciting field or even this 
frequency is automatically adjusted in course of the test with 
mandatory compensation for variations in the distance betwe-
en the probe (coil) and the examined surface, the calibration 
process is equivalent to setting up a function of four variables. 
Such a calibrating functions has the following arguments: fre-
quency of eddy currents, distance between the probe and the 
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examined surface, measured differential resistance of the coil 
(real component of impedance) and the measured differential 
inductance of the coil (the parameter that depends on the ima-
ginary component of impedance). The determined conductance 
value was unambiguously assigned to each set of four forego-
ing arguments. 

The calibration process with use of standard patterns should 
be carried out for a set that is made up of a measuring instru-
ment and a coil probe. After a probe is replaced with another 
one the calibration process must be repeated. 

To set up the calibration function one must have a general 
but sufficiently accurate mathematical model that must enable 
to take account for all the foregoing provisions. 

3. The mathematic description of the effect how 
a conductive workpiece affects variations of 
a measuring coil 

The available literature offers a number of mathematical 
models that can be suitable to carry out the foregoing opera-
tions. These models have been obtained after resolving the Ma-
xwell equations. They differ between each other in terms of the 
resolving method and other approximations applied. 

The most popular one is the Finite-Element Method (FEM). 
Quite a lot of computations is carried out with use of the Bo-
undary Element Method (BEM) and the Finite Difference Time 
Domain (FDTD) methods. The foregoing methods are suitable 
for flaw detection technology to establish models of flaws and 
can be used to find out how a structure of any shape affects the 
parameters that can be measured directly. 

Under assumption that the structure to be investigated is 
homogenous, sufficiently large and its shape can be naturally 
described within a cylindrical coordinate system, the availa-
ble analytical methods seem to be more convenient. Complete 
systems of equations capable to describe the these phenomena 
were published by Dodd C. D., Deeds W. E and Luquire J. W. 
in early 70’s [1]. For the Dodd and Deed’s model the functions 
that are the result for the differential equations provided adopt 
the form of an integral of the Bessel function within unlimited 
boundaries. It is convenient to present the vector of magnetic 
potential as a sum of a series. It enables to relatively easily to 
take account for finite, but cylindrical dimensions of examined 
workpieces and avoid the burdensome process associated with 
computation of the integral. That method, commonly known as 
TREE (Truncated Region Eigenfunction Expansion) was sub-
jected to numerous modifications and has become a convenient 
and fast solution suitable for practical applications [12]. The 
reference study provides the mathematical expressions in the 

form that is suitable for practical applications. The left-had side 
of figure 1 presents the model air-filled coil [12] with n turns en-
capsulated within a ring with the following dimensions: r1 – in-
ternal radius of the winding, r2 – external radius of the winding, 
z1 – distance between the outermost part of the coil and the sur-
face of the examined workpiece, z2 – distance between the inner 
part of the coil and the surface of the examined workpiece.

It is assumed that a thick cylinder with the radius of b and 
made of a conductive material with the conductance of σ is po-
sitioned below the coil provided that the cylinder material is not 
a ferromagnetic stuff. The impedance variation of an air-filled 
coil with already known dimensions and approached to a con-
ductive workpiece is expresses by means of the formula [12]:
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The xi stand for roots of the equation: 

 J1(xi) = 0  (3)

and qi coefficients are expressed as:

 i
i

xq
b

=  (4)

It turn, pi can be calculated from the relationship:

 p q ji i= +2
0ωµ σ  (5)

The formula (1) makes it possible to calculate variations 
(differentials) of the resistance and inductance parameters for 
an air-filled coil with consideration to its geometrical parame-
ters: 

 r = Re(ΔZT)  (6)

 l
ZT= −

( )Im ∆
ω

 (7)

A substantial inconvenience of the foregoing model that 
prevents from application of the same for design of calibration 
equipment is the infeasibility to take account for all dimensions 
of the coil. When additional factors are introduced into com-
putation the foregoing equations become much more sophi-

Fig. 1. Dimensions of contact coils to be used for modelling
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sticated, the computation time is inadmissibly prolonged and 
calculation of the calibration factors in the real time mode turns 
out to be infeasible hen the test is still in progress. Regardless 
to the fact that two coils with the same dimensions and the same 
number of turns were prepared, the spooling process for them 
during manufacturing i=s not controlled, therefore the probes 
designed with use of these coils demonstrate slightly different 
sensitivities. Consequently, a separate calibration procedure 
must be carried out for each of the coils. 

The calibration method that is proposed by authors of this 
paper uses a simplified model that considers a coil as a 2D 
structure. It is assumed that all n turns are encapsulated by 
a circle with the radius of r0 and positioned in parallel to the 
workpiece surface within the distance of h. It is also assumed 
that the conductive workpiece is a half-space. The right-hand 
side of Fig. 1 presents a schematic diagram of a model 2D coil. 
A similar solution was applied in [11] with further modification 
in [3]. The primary reason for such simplification was the wish 
to develop a mathematical model that would be sufficiently fast 
for computations and would enable to find out the optimum 
eddy current frequency with the criterion of minimum errors 
(deviations). It is why application of the following generalized 
parameters proves to be convenient:

 α =
2

0

h
r  (8)

 β ωµ σ= r0 0  (9)

If so, variations (differential) of coil impedance is described 
by means of the equation below: 
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Upon extraction of the real and imaginary parts it was pos-
sible to find out variation (differential) of the coil resistance: 
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and also the coil inductance:
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Expressions (12) and (14) serve as formulas for generalized 
description of variations (differentials) exercised by the coil im-
pedance due to presence of a conductive half-space. 

4. Determination of the calibration function for 
conductometers 

Implementation of the proposed methods needs to use 
standard patterns with already known conductance values, 
with polished surfaces and thickness values much exceeding 

the expected penetration depth of eddy currents. The contact 
coil is approached to a standard pattern and variations of the 
coil resistance (r) and inductance (l) are measured at a specific 
frequency o eddy currents. The system of equations, obtained 
after substitution of (8) and (9) to (11) and (13), enables to cal-
culate values of r0 and h=h0 when the measured variations of 
r and l are already known. The calculated values of r0 and h0 
are equivalent parameters of the coil, thus they are stored for 
further use – each time when the conductance parameter is to be 
found out. During each working cycle variations (differentials) 
of the coil resistance and inductance are measured and then, 
with use of an embedded controller, necessary numerical com-
putations are performed. The computation consist in resolving 
of the equation system (11) and (13) with determination of the α 
and β values. Then the equation (9) together with the modified 
equation (8): 

 α =
+( )2 0

0

h h
r

  (15)

are used to calculate the parameters of σ and h. Calculation of 
two parameters at a time is a natural solution used to compen-
sates effect of the distance between a probe and a workpiece 
surface onto the result for conductance measurement. When 
surface of the examined workpiece is smooth and flat, the h 
value should be zeroed, as the probe was approached to the 
examined surface without a spacing ring. When the measured 
distance increases and amounts to h=hp, it serves as the infor-
mation about the surface roughness. The experience acquired 
during operational examinations suggests that two types of sur-
face unevenness should be taken into account. The first type 
represents convex or concave surfaces that form the workpiece 
shape and can be observed down the distances comparable with 
horizontal dimensions of the coil. Such unevenness shall not 
be measured as apparent growth of the coil conductance. Ap-
plication of the proposed method of measurements and compu-
tations makes it possible to compensate effects of such convex 
and concave unevenness due to compensation of the distance 
between the probe and the surface of the examined workpiece. 
In such a case the result of conductance measurements is bur-
dened with merely an additional error that is caused by drop of 
the instrument sensitivity [6]. 

The second type of surface unevenness is rather associated 
with surface flaws than large-sized buckles. Such flaws include 
cracks, scratches, delamination, remnants after machining pro-
cesses. In the theory of machinery design such faults are refer-
red to as surface roughness [10]. Occurrence of surface rough-
ness is pronounced by apparent growth of the coil conductance, 
whilst the proposed method for measurements, calculations and 
calibration is not sufficiently effective for that application. 

The r0 and h0 parameters can be considered as establishing 
a correlation between each real coil and a certain dimensionless 
model coil. If so, the simplified mathematical model applied to 
that dimensionless coil can be used to determine the calibration 
factor for the specific instrument. If the measurements condi-
tions only slightly differ from the actual circumstances for cali-
bration with standard patterns, the error (deviations) for deter-
mination of conductance shall be insignificant and acceptable. 
However, the ensuing problem must be resolved, i.e. how to de-
termine the number of calibration points and, consequently, the 
number of standard patterns that is necessary for calibration. 
One has to keep on mind that the overall objective is to assure 



SCIENCE ANd TEChNOLOgY

39Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

the maximum permissible calibration error is never exceeded 
over the entire measurement range. 

5. Compensation of the roughness effect onto 
results of conductance measurements 

The measurements with use of the proposed calibration me-
thod lead to determination of two parameters: the conductance 
(σ) and distance (h=hp). The hp value serves as the measure for 
apparent growth of the distance between the probe and surface 
of the examined workpiece. Such an apparent growth provides 
information that the roughness really occurs. 

After completion of the first calibration cycle with use of 
polished standard samples the instruments should be recalibra-
ted, but with use of standard samples with defined roughness. 
It was assumed that the average roughness profile of the exami-
ned workpieces is similar to the roughness profiles demonstra-
ted by available standard patterns. Now it is enough to measure 
the apparent distance between the probe (coil) and the sample 
surface and repeat the measurements for several standard pat-
terns with already known conductance values. One has to keep 
in mind that apparent variation (differential) of the mentioned 
distance is caused by the surface roughness. Upon taking the 
measurements it is necessary to store the associated pairs of 
figures: the apparent distance hp and the apparent variation of 
conductance expresses by the differential of the β parameter. 
Such a differential can be expressed by means of the following 
formula: 

 ∆β β β π µ σ σzo s z s zr f= − = −( )0 02  (16)

where: σs - actual conductance of the applied standard pat-
tern with defined roughness or actual conductance determined 
from measurements, σz - measured conductance, i.e. apparently 
reduced due to roughness of the workpiece surface, βz - gen-
eralized parameters specified by the equation (9) for σ = σz,  
βs -generalized parameters specified by the equation (9) for  
σ = σs.

Next, the following function can be developed by interpola-
tion and stored as a calibration curve:

 ∆βzo pf h= ( )  (17)

The measurements comprise determination of the distance 
value hp and the value for the generalized parameter β=βz that 
is burdened by errors due to the surface roughness. The βz value 
correspond to the incorrectly measured value of conductance 
σz. Therefore the equation (17) is used to find out the correction 
factor Δβzo for the generalized parameter. Finaly, the desired va-
lue of σs can be calculated by means of the equation (16). 

6. Roughness measure 

Application of the double calibration process makes it po-
ssible to find out the correction factor for measurements of con-
ductance. Effectiveness of the proposed method has proved to 
be really good when roughness profile of standard patterns is 
identical with reciprocal profiles of examined workpieces. It 
was, for instance, the case, where the roughness standard pat-
terns were sampled from the same manufacturing line where 
conductance measurements were carried out. The examination 
enabled to find out that the apparent variation of the distance hp 
between the probe and the examined workpiece, initially me-

asured for compensation purposes, can serve as an eddy current 
measure of roughness. Although that measure is not equivalent 
with the parameter commonly used for technological evalu-
ation, but a correlation between these two parameters can be 
found [7]. The examples of results for measurements with use 
of Ra and Rz methods as a comparison against the eddy current 
technique are summarized in table 1. 

Table 1

Ra [μm] Rz [μm] hp [μm] Ra [μm] Rz [μm] hp [μm]

347 1579 690 26 80 130
156 747 850 15 48 60
96 347 250 6.2 22 30
35 198 250 1.4 7.4 10

7. Verification of the calibration process 

Implementation of the foregoing calibration method that 
consists in calculation of equivalent parameters r0 and h0 makes 
it possible to find out the calibration function within the vicinity 
of the point defined by parameters of the standard patterns and 
the applied frequency. The experiments revealed that bias of the 
calibration point, i.e. alteration of frequency or conductance, 
failed to entail any changes determined by means of the me-
thod involving r0 and h0 parameters. The recorded alterations 
of these parameters were not higher than the estimated errors 
(deviations) that could have resulted from properties of the 
electronic measurement path. Therefore it is enough to calibrate 
the instrument only in one point, with use of a single standard 
pattern. To verify this hypothesis some additional computations 
were carried out. 

Application of the aforementioned TREE method enabled 
to calculate variations (differentials) of resistance and inductan-
ce for specific, already assumed dimensions. Then the system 
of equations (11) and (13) was resolved with consideration to 
(8) and (9). Upon the variations of resistance and inductance 
were known, it was possible to calculate generalized parame-
ters r0 and h. It turned out that the value of the r0 parameter is in-
dependent on eddy current frequency, coil conductance and the 
distance between the coil and surface of the examined work-

Fig. 2. Effect of the distance between a 3D coil and the surface of the 
examined workpiece onto the corresponding distance of the 
equivalent model coil
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piece. Also the value of h proved to be unbounded with frequ-
ency and conductance values. To check relationship between h 
and the distance between the coil and surface of the examined 
workpiece some further computations were performed. It was 
assumed that dimensions r1 and r2 are constant alike to the value 
of the differential z2 - z1. The value of z1 was made variable and 
the equivalent parameter of h was computed. Obtained results 
are presented on figure 2. It was observed that the relationship 
between the values h and z1 represents a linear function with 
deviations from linearity even smaller that the expected errors 
resulting from inaccuracy of numerical calculations. 

8. Conclusions 

When the calibration method proposed in this study is 
applied to calibration of conductometers it is possible to ef-
fectively determine conductance in the real time mode and to 

simultaneously compensate effects of variations in the probe 
(coil) distance from surface of the examined workpiece. Im-
plementation of the double calibration method enables efficient 
compensation of the effect exercised by surface roughness of 
the examined workpieces provided that the roughness profile of 
standard patterns already used for calibration is similar to the 
corresponding roughness profile of examined workpieces.

The determined compensating factor intended to eliminate 
effect of surface unevenness is actually the measure of rough-
ness. Owing to equivalent parameters of the coil determined 
during the calibration process it is possible to substitute each 
real coil with a model one, not only for the calibration proce-
dure but also for further numerical calculations. It particular, it 
is possible to use a simple mathematical model to find out the 
optimum frequency of eddy current, the best suitable for any 
specific application. 
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modelowanie niezawodnoŚci i wydajnoŚci synchronicznej  
elastycznej linii produkcyjnej*

The paper introduces a mathematical model of operation of a flexible synchronous production line (FSPL) of multifunctio-
nal CNC machines that includes one redundant multifunctional CNC machine which can take over the functions of every 
FSPL machine. The graph of FSPL state, relations and equations used to calculate reliability and productivity are shown. 
Maple, the software used for reliability and productivity calculations and modelling, as well as the mathematical results 
are presented. 

Keywords:  model, reliability, efficiency, synchronous flexible production line, redundant technological cell.

Przedstawiono model matematyczny funkcjonowania synchronicznej elastycznej linii produkcyjnej (SELP) z obrabiarek 
wielozadaniowych CNC, w skład której wchodzi maszyna technologiczna rezerwowa. Maszyna technologiczna rezerwowa 
może przejmować funkcje każdej z obrabiarek SELP. Przedstawiono graf stanu SELP, zależności, równania do obliczania 
niezawodności i wydajności SELP. Opracowano program obliczeń niezawodności i wydajności (Maple) oraz zaprezento-
wano wyniki modelowania i optymalizacji ilości obrabiarek.

Słowa kluczowe:  model, niezawodność, wydajność, synchroniczna elastyczna linia produkcyjna, 
maszyna technologiczna rezerwowa.

ŚWIĆ A, MAZuREK L. Modeling the reliability and efficiency of flexible synchronous production line. Eksploatacja  
i Niezawodnosc - Maintenance and Reliability 2011; 4: 41-48.

1. Introduction

Multi-role CNC machines are mainly designed for proces-
sing frame type parts which have many holes with different dia-
meters and precision (class 5 to 11), on which resistance points 
are based, and additional tools are connected to the frame and to 
mounting connections (to attach the part using screws or pegs 
and to facilitate processing, establishing datums, and assem-
bly). The dimensions of the main hole diameters vary within 
a wide range (from 16 to 50 mm) and depend on the type of part 
[1, 2, 5, 7]. The work [8] introduces specification of processing 
and classification of holes for the system of automated design 
of technological processes. Modern market conditions require 
production characterised by quick start and quick change of the 
assortment of produced parts. CNC machine tools and Flexi-
ble Production Systems (FPS), combing the high flexibility of 
traditional equipment and the high efficiency of machine tools, 
are the most effective equipment for multi-nomenclature pro-
duction [1, 2, 3, 10, 11].

2. Methodology of modeling FSPL reliability and 
efficiency

Every multi-role CNC machine tool can be considered as 
a complex system. If the system contains “n” number of serial 
connected elements, damage of any of them leads to the failure 
of the whole system and can be described by graph − fig. 1. 

States on the graph:
S0 – all n elements of the system are operating,
S1 – the first element failed and the system is non-operational,
S2 – the second element failed and the system is out of order;

. . ,
Sn – nth element failed and the system is not working.
Indications on the graph:

Fig.1. The conditions graph of the multirole CNC machine tool: a) sys-
tem elements from 1 to n; b) elements conditions; c) machine as 
the sum of all elements
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λi i n,( , )
__

=1  – the intensity of failure stream of 1 to n ele-
ments.
µi i n,( , )

__
=1  – the intensity of restoration stream of working 

ability of 1 to n elements.
Because of the fact that after failure of any element the rest 

of the elements cannot function properly until the time of resto-
ration of its work ability, it is considered that only one element 
can fail at a time. All failure and restoration streams are consi-
dered as simple.

The system of equations for the qualification of final proba-
bilities is presented below:
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After change of the first equation of system (1) to the stan-
dardization condition (2) and solutions, every probability 

,( 1, )iP i n=  is expressed by P0:
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The set of numbers i is marked as I (i∈I). Let us introduce 
the j, belonging to this set: j∈I. With regard of new letters, after 
the substitution of 3 to the standardization condition 2 the follo-
wing formula is received:
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After substitution of (4) to (3):
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The output system (fig.1) is replaced with the simple two-
state element: working and non-work (in the damage condition; 
non-operational). The diagram of such an element or new sys-
tem is introduced in fig. 2.

Fig. 2. Diagram of the system element

where λΣ is definied as:

 λ λΣ Σ=
=i

n

i1
 (6)

The value μΣ is defined from dependence:

  µ λΣ Σ=
−
P

P
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01
 (7)

After substitution of (4) to (7) the following formula is re-
ceived:
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Σ

Σ
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n
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 (8)

Obtained dependencies allow defining the total intensity 
of failure stream and total intensity of stream of restoring it 
to work for the system presented in figure 2, therefore allow 
modeling of efficiency of system work.

3. The mathematical model of functioning of FSPL 
with redundant technological cell

At present we use the structure of the flexible synchronous 
production line (FSPL) from the multi-role CNC machine tools 
with a redundant technological cell (RTC) which can replace 
any multi-role machine – technological cell (TC) [4, 6]. Figu-
re 3 introduces the structure of such a flexible system (FSPL). 
The redundant technological cell (RTC) can replace only one 
damaged machine (TC), so whole system (FSPL) stops wor-
king after failure of two machines (TC). 

Fig.3. The FSPL structure

The graph of states (FSPL), including RTC, is introduced 
on fig. 4. States on the graph:
S0- all multirole machines (TC) are operating; S1- 1

st TC1 does 
not operate; S2- 2

nd TC2 does not operate; … , Sn- n - е TCn does 
not operate; S1,1 - second TC2 failure while TC1 does not oper-
ate; . . S1,2 - third TC3 failure while TC1 does not operate; …; 
S1,n-1 - the n – e TCn failure while TC1 does not operate; S2,1 - first 
TC1 failure while TC2 does not operate; S2,2 - third TC3 failure 
while TC2 does not operate; …; S2,n-1 the n - e TCn failure while 
TC2 does not operate; S3,1 - first TC1 failure while TC3 does not 
operate; S3,2 - second TC2 failure while TC3 does not operate; 
S3,3 - (not shown on graph) the TC4 failure while TC3 does not 
operate; ... ; S3,n-1 - the n–e TCn failure while TC3 does not oper-
ate; Si ,1 - first TC1 failure while TCi does not operate; Si,2 - second 
TC2 failure while TCi does not operate; … ; Si,n-1 - failure n-e TCn 
while TCi does not operate; Sn,1 - first TC1 failure while TCn does 
not operate; Sn,2 - second TC2 failure while TCn does not operate; 
… ; Sn,n-1 - n–1 - e TCn failure while TCn does not operate; States 
S0, S1, S2, S3, S4,..., Sn - able to work and remaining for an emer-
gency. Graph clarification: λ µi ii n i n( , ); ( , )= =1 1  - intensity of 
the failure stream and restoring the working ability of technolo-
gical devices TCi i n=1, ) .

The number of states is considerable (eg. for n = 10 the 
number of states is N = n2 +1=101, which makes model con-
struction and analysis difficult). That is the approach based on 
the increase of states is proposed.
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We isolate the following subsets in E set (power N):
{ }1 1 1,1 1,2 1, 1, , ,..., nE S S S S −=

; { }2 2 2,1 2,2 2, 1, , ,..., nE S S S S −=
;

{ }3 3 3,1 3,2 3, 1, , ,..., nE S S S S −=
; …; { },1 ,2 , 1, , ,..., ;i i i i i nE S S S S −=

…; { },1 ,2 , 1, , ,...,n n n n n nE S S S S −=

We will qualify the probability of system existence in these 
subsets. In this case we will consider a diagram of equivalent 
enlarged system shown in figure 5.

Fig. 5. Diagram of conditions equivalent of enlarged system

States on the diagram (fig. 5):
S0 - all multirole CNC machine tools are operating; S1Σ- the sys-
tem is in one of states of the E1 subset; S2Σ- the system is in one 
of the states of E2 subset; … ; SnΣ - the system is in one of states 
of the En subset. On the graph: λi i n,( , )=1  - is the intensity of 
the failure streams ,( 1, );iUT i n= µi i n0 1,( , )=  - the intensity of 
the stream restoring the system working ability from subsets 

,( 1, ).iE i n=
The task consists in defining µi i n0 1,( , )= . If all diagram 

(Fig. 4) conditions probabilities are known, then µi i n0 1,( , )=  
can be determined from the dependence:
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where Piy - the conditional probability of system being in the 
Si state.

We will qualify the conditional probability of the elements 
of Ei subsets:

{ } { }/ ; /iy k i k i ijy k i k iP P S S S E P P S S S E= = ∈ = = ∈

They are equal:
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To determine the probabilities Piy and ,( 1, ; 1 1)ijyP i n j n= = −  
we should consider subsets ,( 1, )iE i n=  as independent subsets. 
For comfort, the set of numbers j is marked as J, (j ∈ J). Let us 
introduce numbers m, also belonging to this subset (m ∈ J). 

With regard of the new numbers of dependence to deter-
mine Piy and Pijy we get:
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where ρ
λ

µ
ρ

λ
µj
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m

m
= =,  - the imported intensities of stre-

ams.
Substituting (13) in (10) we will receive:
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All intensities in the diagram (Fig.5) are known, and the 
probability of states P0,P1Σ,... PiΣ,..., PnΣ, is defined according to 
well-known dependences [9]:
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Fig. 4. Graph of FSPL conditions, including one reserved RTC place



NAuKA I TEChNIKA

44 Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

After calculations according to relations (16) and (17), the 
graph probability conditions, introduced in Fig. 5, can determine 
the probability of states ( 1, )iS i n=  and ( 1, ; 1, 1)ijS i n j n= = −  
of the diagram, introduced in figure 3. According to (11), (12) 
and (13), (14):
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After substituting (17) in (18) and (19) :
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The whole initial structure of the flexible synchronous line 
(FSPL) pf multi-role CNC machine tools, including reserve 
working place (RTC), is replaced through one simplest equiva-
lent element for which the intensities of the failures streams 
λΣ and the restoration of efficiency μΣ are known. An element 
with two states is considered as the simplest: the standby and 
the working state. A diagram of conditions of such an element 
is shown in Fig.6.

Fig. 6. Graph of FSPL conditions, referred to the simplest element

States in the diagram (fig. 6): S0Σ - able to the work; SΣ - broken 
(unable to work). We will introduce two new subsets of states 
for the diagram in figure 4: U - able to work , encircled with 
dashed line, and V- incapable of working:

{ }0 1, ,..., ,...,i nU S S S S=

{ }1,1 1, 1, 1 ,1 , 1 ,1 , , 1,..., ,..., ,..., ,..., ,..., ,..., ,..., ,...,j n i ij i n n n j n nV S S S S S S S S S− − −=

The subset U answers state S0Σ introduced in figure 6, and 
the subset V - state SΣ.

The probability of the system being in states S0Σ and SΣ is 
equal to:
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Intensities λΣ and μΣ for graph introduced on fig. 6 are equal to:
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The developed model for determining the reliability and 
efficiency of FSPL allows replacing any technological machine 
in line with redundant technological machine.

4. The software for defining efficiency of FSPL

The program for defining the parameters of functioning of 
synchronous FSPL was written in the mathematical software 
for analytic calculations – Maple. This environment is a power-
ful computer tool, able the solve complex mathematical tasks. 
It contains tools related to many mathematical fields (algebra, 
discreet mathematics, differential and integral mathematics, 
numerical and different methods) and also allows graphical re-
presentation, and connection to external modules and program-
ming tools. 

The components of the program:
block pattern of input data, -
block of calculation of required parameters functions of  -
the synchronous line with (without) the reserve place,
block of formatting results of the experiment and output  -
for these results,

Input data to the execution of research:
maximum number of cells in the line -  - N,
intensity of the stream of damage  - λi and restoring the wor-
king ability μi of every unit ( 1,i N= ),
average time of service for every production individual  -
cell ti 1,i N= ,
step of calculations  - ∆n (total number equal to the diffe-
rence between the values of two of the current number of 
cells in line n of neighbouring cycles).

The block of calculations comprised the following opera-
tions:

defining intensities of streams  - ρ
λ
µi

i

i
= , 1,i N= ,

qualification of the intensity  - μi0 according to dependence 
(15),
calculation of the probability  - P0 according to dependence 
(16),
calculation of the probability  - Pi Σ, Pi, Pij according to de-
pendences (17), (18), (21), respectively,
qualification of the rate of readiness of the line  - Kg = P0Σ 
according to dependence (22),

calculation of the efficiency of the line:  -
max

gK
Q

t
= , where 

tmax − maximal time among average times of service for 
every production cell ti ( 1,i N= ,
defining the parameters of functioning of the synchronous  -
line not including the reserve place:

rate of readiness of the line  - Kg
i

' =
+

1
1 Σρ

,

efficiency of the line  - ' '

max

1
gQ K

t
= .

calculation of current values -
increase of the coefficient of readiness of the line  -

as absolute value Δ•	 Kg=Kg-K
’
g

in percentages•	  δK
K

K Kg
g

g g
=

∆

max max
',

%100



SCIENCE ANd TEChNOLOgY

45Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

 increase of the efficiency of the line -
as absolute value •	 ∆Q = Q - Q’

in percentages •	 δQ Q
Q Q

=
∆

max max
',

%100

These calculation are taken cyclically until the condition  
n = N is not met. After that the programme works out the results 
of the experiment (increase of efficiency) and presents the re-
sults on the screen as a matrix and a chart.

5. Results of calculations of reliability and efficien-
cy parameters of FSPL

Above presented software for mathematical calculations 
(Maple) was used to determine the increase of efficiency of 
FSPL. Calculations were conducted for sets of different input 
data of FSPL containing 10 machine tools.

The algorithm of calculating parameters of FSPL that con-
tains multipurpose CNC machine tools was worked out. The 
following parameters were defined as input parameters for mo-
deling in all considered cases:

intensity of failure stream  - λ,
intensity of restoring to work stream  - µ,
average service time of machine tool -  t.

Calculations of increase of line efficiency were conducted 
for maximum number of TC equal to 10:

Case 1:
Calculations were conducted for constant parameters of re-

liability and service: 

	 λ = 0,2 [h-1], µ = 5 [h-1], t = 0,1 [h]

Results of the increase of efficiency calculations conducted 
in Maple are presented as matrixes and graph in figure 7.

The increase of efficiency ΔQ is almost linear in whole ran-
ge of numers of machines tools (1 to 10) in FSPL.

Case 2:
Calculations were conducted for constant parameters of re-

liability and service: 

	 λ = 0,25 [h-1], µ = 4 [h-1], t = 0,1 [h].

Results of the increase of efficiency calculations conducted 
in Maple are presented as matrixes and graph in figure 8.

Significant and almost linear increase of efficiency of FSPL 
ΔQ was  observed when  increasing  number  of machine  tools 
(up to 8), after further increasing number of machine tools the 
efficiency decreases.

Case 3:
Calculations were conducted for constant parameters of re-

liability and service: 

	 λ = 0,3 [h-1], µ = 3 [h-1], t = 0,1 [h].

Fig. 7. Dependence of quantity of machine tools on efficiency of line

Fig. 8. Dependence of quantity of machine tools on efficiency of line
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Results of the increase of efficiency calculations conducted 
in Maple are presented as matrixes and graph in figure 9.

Significant and almost linear increase of efficiency of FSPL 
ΔQ was observed when increasing number of machine tools 
(up to 5), after further increasing number of machine tools the 
efficiency considerably decreases.

6. Defining the optimal number number of machi-
nes in FSPL containing redundant machine tool

The process of running the flexible synchronous production 
line which consists of consecutively connected technological 
machines with one redundant technological machine was exa-
mined (Fig. 3).

The line consists of technological machines of one type in 
number of n (TM1, …, TMn) and one redundant technological 
machine which is able to replace every single machine of TM 
system.

The model of functioning the FSPL is presented in [4] but 
the whole line’s structure is changed, according to reliability 
parameters, into the simple equivalent element with two states 
(working and emergency), defining its functioning indexes:

the intensity of streams of failure and restoration of wor-1) 
king ability; 
expected value of the production unit service time;2) 
availability factor;3) 
efficiency ratio taking into consideration reliability pa-4) 
rameters.

By creating the model it was assumed that all streams 
which carry the system from one state to another are simple and 
service times are disposed exponentially. However the intensity 
of failure stream λI, restoration stream of working ability μi and 
service times ti are different for every TMi. 

The given model differs from the one in references [6] 
where those factors were equal.

The aim of the model was to define the productivity 
gain that is the difference of productivity of FSPL with redun-
dant machine tool and productivity without it:
	 ∆Q = Q - Q’

The analysis of the results obtained by applying the model 
shows, that by increasing the number of machine tools in the line 
the diagram of the productivity gain is similar to figure  10.

The efficiency increases steeply right up to the maximum, 
then decreases together with increasing the number of TM in 

the line and the diagram can practically reach zero. It is obvious 
because by significant increasing the number of TM in FSPL, 
one redundant machine tool can not manage to replace the fixed 
number of TM, well the productivity of FSPL with redundant 
machine tool is equal the productivity of FSPL without redun-
dant machine tool. 

That optimization of the task where it is necessary to de- -
fine the number of TM in FSPL with redundant machi-
ne tool will allow obtaining the maximum productivity 
gain. This is the task of integer programming without 
reservation (taking into consideration that number of 
TM is even). The solution doesn’t require any special-
ly developed algorithm, it is better to choose the quick 
choice process which consists of repeatable procedure in 
cycles, in each step  j of the mathematical model [6] for 
the current number of technological machines TMj it de-
fines the availability factor of FSPL with redundant ma-
chine tool and without it and also its productivity (Qj and  
Q’

j accordingly). The productivity gain Qj is defined. If 
∆Qj > ∆Qj-1, then the current number of TM in the line 
- nj is assumed as the optimum point îïòn . Otherwise the 
cycle can be stopped.

The conditioning of unimodular target function (there is the 
only extreme that is the global extreme) is confirmed by fin-
dings of research with different parameters. In that procedure 

Fig. 9. Dependence of quantity of machine tools on efficiency of line

Fig. 10. The theoretical graph of dependence of quantity of the TM’s in 
line on the efficiency
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the quantity j is changed from 1 to îïòn  and at the beginning of 
the cycle îïòn =1. The program of searching for optimal number 
of technological machines is realized in the mathematical so-
ftware Maple 9. The intensity of failure and restoration stream 
of working ability and also the service times for every single 
machine tool are assumed to be equal. The presented below re-
search is connected with defining the influence of reliability 
parameters on optimal number of machine tools in the line by 
fixed service times [7]. 

1. Reliability parameters were analyzed depending on the inten-
sity of failure of every single machine tool λi = 0,25…0,35 h-1 
with constants μi = 3 h-1 and ti = 0,05 h (Fig. 11).

Maximum productivity gain and optimal number of machi-
ne tools are:

case 1:  Δ - Qmax = 27,90 pcs /h, nopt = 9 machine tools,
case 2:  Δ - Qmax = 27,50 pcs /h, nopt = 10 machine tools,
case 3:   Δ - Qmax = 27,08 pcs /h, nopt = 12 machine tools.

2. Reliability parameters were analyzed depending on the inten-
sity restoration stream of working ability of every single ma-
chine tool μi = 3, 4, 5 h- 1, with constant λi = 3 h-1 and ti = 0,1 h 
(Fig. 12).

Maximum productivity gain and optimal number of machi-
ne tools are:

case 1:  Δ - Qmax = 27,10 pcs /h, nopt = 10 machine tools,
case 2:  Δ - Qmax = 26,50 pcs /h, nopt = 12 machine tools,
case 3:   Δ - Qmax = 26,10 pcs /h, nopt = 14 machine tools.

The analysis of obtained results proved that all graphs do 
have one extremum. The efficiency gain in all cases initially 
increases when increasing number of TMs in FSPL, reaches 
maximum and decreases after that.

7. Conclusions

A methodology for modelling CNC machine tools and 
FSPL is presented. A mathematical model of machine tools and 
FSPL as a structure of elementary technological cells has been 
developed. The obtained results relate to machining in flexible 
systems for Markov chains. All calculations were conducted 
for universal CNC machining centre KORRADI VH 1000, in-
cluded in the production line for machining engine blocks. Si-
mulations were performed for FSPL that incorporates a vertical 
machining centre CINCINNATI SABRE 1000 and a vertical 
machining centre CINCINNATI ARROW 1000.

After simulation following results were obtained:
maximal  efficiency  gain  Δ - Qmax = 27,90 pcs./h optimal 
number nopt = 9 machine tools, for following parametes 
of intensity of failure stream of λi = 0,25 … 0,35 h-1 and 
constant μi = 3 h-1 and ti = 0,05 h. 
maximal  efficiency  gain  Δ - Qmax = 27,50 pcs./h optimal 
number nopt = 10 machine tools, for following parametes 
of intensity of restoring to work stream of λi = 3 … 5 h-1 
and constant μi = 3 h-1 and ti = 0,1 h.

The presented values of intensity of streams of each machi-
ne tool damage λi , restoration to work µi and ti were obtained 
in industry conditions. The obtained results of simulations of 
gain in productivity and the optimum numbers of machine tools 
indicate that with deterioration in reliability parameters there 
is a decrease in the optimum number of machine tools, but for 
a specific number of machine tools the gain in productivity is 
higher than for a line with analogous parameters of maintenan-
ce and better indices of reliability. 

Fig.11. The graph of efficiency vs. number of TM’s by following para-
meters: 1) λi = 0,35 h-1, µi = 3 h-1, ti = 0,05 h, 2) λi = 0,30 h-1, µi 
= 3 h-1, ti = 0,05 h,3) λi = 0,25 h-1, µi = 3 h-1, ti = 0,05 h.

Fig.12. The graph of efficiency vs. number of TM’s by following para-
meters:1) µi = 5 h-1, λi = 3 h-1, ti = 0,1 h, 2) µi = 4 h-1, λi = 3 h-1, 
ti = 0,1 h,3) µi = 3 h-1, λi = 3 h-1, ti = 0,1 h



NAuKA I TEChNIKA

48 Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

8. References

Bai Y, Jia X, Cheng Z. Group optimization models for multi-component system compound maintenance tasks. Eksploatacja 1. 
i Niezawodnosc – Maintenance and Reliability 2011; 1(49): 42–47.
Burduk A.  Próba  adaptacji  szeregowych  struktur  niezawodnościowych  do  analizy  i  oceny  ryzyka  systemów produkcyjnych. 2. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2010; 3(47): 85–96.
Farooq S, O’Birien C. Risk calculations in the manufacturing technology selection process. Journal of Manufacturing Technology 3. 
Management 2010; vol. 21, 1: 28–49.
Filipowicz O, Mazurek L, Taranenko V, Świć A. Model matematyczny funkcjonowania elastycznej linii produkcyjnej. Pomiary. 4. 
Automatyka. Robotyka 2007; 2: 1–11.
Halas W, Taranenko V,5.  Swic A, Taranenko G. Investigation of influence of grinding regimes on surface tension state. Lecture 
Notes In Artificial Intelligence, Vol. 5027. Berlin, Heidelberg: Springer – Verlag 2008: 749–756.
Mazurek L, Filipowicz O, Taranenko W, Świć A. Model procesu przezbrajania wielozadaniowych obrabiarek NC w elastycznym 6. 
systemie produkcyjnym. Przegląd Mechaniczny 2007; 5/S: 104–106.
Mazurek L, Świć A, Filipowicz O, Taranenko W. Zwiększenie efektywności pracy obrabiarek wielozadaniowych w elastycznych 7. 
systemach produkcyjnych. Lublin: Politechnika Lubelska, 2010.
Mazurek L, Swic A, Taranenko V. Holes processing and classification in automated technological process projecting system. Acta 8. 
Mechanica Slovaca, Journal published by Faculty of Mechanical Engineering, the Technical University in Kosice, Kosice 2006; 
2-A, 325 – 330.
Świć A, Taranenko V. Projektowanie technologicznych systemów produkcyjnych. Lublin: Wydawnictwo Politechniki Lubelskiej, 9. 
2003.
Taranenko G, Taranenko W, Świć A, Szabelski  J. Modelowanie układów dynamicznych obróbki  skrawaniem wałów o małej 10. 
sztywności. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2010; 4 (48), s. 4–15.
Wang Z, Kang R, Xie L. Dynamic reliability modeling of systems with common cause failure under random load. Eksploatacja 11. 
i Niezawodnosc – Maintenance and Reliability 2009; 3(43): 47–54.

prof. antoni swić, d.sc., ph.d., eng. 
Institute of Technological Systems of Information
Lublin university of Technology 
Nadbystrzycka Str. 36, 20-618 Lublin, Poland
e-mail: a.swic@pollub.pl 
lech mazurek, ph.d., eng. 
The State School of higher Education in Chelm
Pocztowa Str.54, 22-100 Chelm, Poland
e-mail: lmazurek@pwsz.chelm.pl



49Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

Article citation info:

Zhong hua ChENg
Yong Sheng BAI
Li Ying CAI
Lu Chao Wang
Peng Ju LI
Ling ChEN
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badania okresu gwarancyjnego dla systemu wieloskładnikowego,  
w którym zachodzą interakcje uszkodzeniowe

Based on the analysis of failure interaction, imperfect preventive warranty policy is adopted for the multi-component sys-
tem. Average failure rate of each warranty interval is studied and warranty cost model and availability model are built as 
viewed from interactive failure rate. Then Warranty period project is brought forward as an example, which can validate 
the feasibility of model and show the advantage of the project. The research can provide technique and methods for deter-
mining Warranty Period of multi-component system, which further enriches and perfects the warranty theory.

Keywords: warranty period, cost, availability, failure interaction, multi-component.

W oparciu o analizę interakcji uszkodzeniowych, przyjęto dla systemu wieloskładnikowego politykę gwarancyjną obejmu-
jącą niepełną odnowę profilaktyczną.Zbadano średnią intensywność uszkodzeń dla każdego okresu gwarancyjnego oraz 
skonstruowano modele kosztów obsługi gwarancyjnej oraz dostępności biorąc pod uwagę intensywność uszkodzeń inte-
rakcyjnych. Jako przykład podano projekt okresu gwarancyjnego, który może potwierdzić poprawność przyjętego modelu 
oraz przedstawiono zalety takiego projektu. W badaniach opracowano technikę i metody ustalania okresu gwarancyjnego 
dla systemów wieloskładnikowych, które stanowią istotny wkład do teorii gwarancji..

Słowa kluczowe: okres gwarancyjny, koszty, dostępność, interakcje uszkodzeniowe, wieloelementowy.

ChENg Z h, BAI Y S, CAI L Y, WANg L C, LI P Y, ChEN L. Research on warranty interval of multi-component system with 
failure interaction. Eksploatacja i Niezawodnosc - Maintenance and Reliability 2011; 4: 49-55.

1. Introduction

In order to prevent product failure or its serious results and 
keep it in a prescribed state, a series of activities performed by 
the manufacture alone or jointly with the user are called pre-
ventive warranty. It primarily includes trouble shooting, peridic 
perfect maintenance and peridic imperfect maintenance etc. The 
paper researches on preventive warranty which mainly contains 
peridic perfect maintenance policy and peridic replacement po-
licy. Chun [2] introduced peridic preventive warranty in prior 
time when he studied product warranty. Jack [4] further studies 
the model and the product can be made to “repair as good as 
new” after preventive warranty, which permit preventive war-
ranty interval variable. In order to achieve the lowest warranty 
cost, Yeh [13] improves the model as to make the degree of the 
preventive warranty reach some required level. On the base of 
the updated warranty policy, many scholars set up preventive 
warranty cost model in warranty interval and study the optimal 
peridic preventive warranty interval, which aim at getting the 
lowest warranty cost [1, 4, 9]. The document [5] balances the 
saved and added cost by warranty products’ preventive warran-
ty, and studies optimal preventive warranty strategy regarding 

product’s long term average scale of charges in minimum as 
goal, and determines the best preventive interval and provides 
the efficient algorithm. The above mentioned studies which re-
search on warranty interval aimed at independent components 
and multi-component with separate failure, which affects the 
practice of the applications to some extent.

Along with technology development, the product with 
more complex and its various components with more interac-
tion between certain parts of system, each of the failure of its 
own abrasion or aging, or some other units’ is the failure of 
the product, which make is not enough for warranty research 
to only pay attention to single component or multi-component 
system with separate failure. Therefore, based on the analysis 
of multi-component with failure interaction, this paper will es-
tablish warranty cost model and availability model under the 
imperfect preventive warranty policy, analyze cost effective-
ness at unit interval, decide warranty decision-making project 
of multi-component system with failure interaction and validate 
this project.
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2. Failure interaction analysis

Thomas [12] thinks that system of the maintenance inte-
raction among the internal components can be divided into 
three categories: economy interaction, failure interaction, and 
structure interaction. The so-called economy interaction is that 
maintenance costs of a few parts by repairing together were 
lower than separately. The structure interaction is a body con-
sisted by a number of components, which repairing some one 
means to repair other parts. Failure interaction is that failure of 
some component of the system will cause failure distribution of 
other parts of the system changing, so failure interaction was 
believed to be existed between the two parts. In early relevant 
documents, two conditions of failure interaction [8]: (a) a com-
ponent (affecting components) failure resulted in malfunction 
of other components (affected components) at the rate of p (≤ 
p ≤ 1). (b) The failure of the affected components will increase 
the aging degree, but will not cause the immediate problems. 
The results of the two cases are that the failure rate of the af-
fected components is accelerated. The components interaction 
will increase the failure rate, therefore the system failure rate 
is called relevant failure rate. Failure interaction may be sta-
ble or not[11]. When the failure interaction is stable, the affected 
components failure rate is higher than the independent rate, but 
remaining on some certain level. When it is unstable, the af-
fected components failure rate will increase rapidly in a very 
short time.

According to the analysis model of the failure interaction in 
literature [10], for the system consisting of q components, the 
components’ failure interaction rate includes initial failure rate 
and new addition failure rate, and expressed as follows:

   {λ(t)}=[I]{λ0(t)}+[θ(t)]{λ(t)}B   (1)

In which, {λ(t)}is the vector of q×1,which shows the failure 
interaction rate, and{λ(t)}B is the failure vector of the failure 
interaction q×1. {λ0(t)}is the independent failure vector of q×1. 
[I] is the unit matrix of q×q, and [θ(t)] is the relevant coefficient 
matrix. the elements of θab(t)(a, b=1,2,…,q) is the relevant co-
efficient, which shows the affected degree of component b to-
wards component a. when θab is equal to zero, there is no influ-
ence among the components; when θab is equals to one, which 
shows that component a will cause failure of component b. The 
relevant coefficient can be decided by the following methods:

Get it by probability theory.a) 
According to the experience estimation of designer, the b) 
manufacturer and maintenance personnel.
Based on the estimation of mechanical and kinetics.c) 
Based on laboratory testing.d) 

3. Warranty interval decision-making model

3.1. Model description and hypothesis

This paper mainly studies the two components system 
composed by one key component and subsystems, the system 
will be carried with the imperfect preventive warranty, without 
consideration of failure interaction in subsystems. In each im-
perfect preventive warranty interval, the key components will 
have its least warranty when it occurs failures. The failure rate 
remained after warranty, but will increase the subsystem failure 
rate λsb; on the contrary, subsystem failure will cause the fail-

ure of key components, and the whole system needs warranty 
after which the failure rate will remain.

To facilitate the research, as to multi-components we have 
the following hypothesis: 

Imperfect preventive warranty is adopted in warran-a) 
ty interval. When failure of each component occurred, 
warranty must be adopted. Failure rate after warranty is 
between as good as new and as bad as old. Failure rate 
of subsystem will changed when warranty of key compo-
nent is carried.
The system has the characteristics of aging, and the failu-b) 
re rate will increase with time increases.
The improvement in imperfect preventive warranty of c) 
the system is a constant.
The devoted preventive warranty to the system is a con-d) 
stant, which is stable in despite of the variation of war-
ranty frequency and time. The time for machine halt is 
also a constant. 
The failure type belongs to single failure model, which e) 
has the characteristics of failure interaction without the 
consideration of multiple failures.
The study object is Multi-component series System with f) 
Failure Interaction composed by key components and 
subsystems.

3.2. Cost model

There are assumptions that imperfect preventive warranty 
is adopted in warranty interval, T is warranty interval, each 
whole preventive warranty cost Cp is the function of preventive 
warranty expected cost Cpr; loss of unit time for shutdown Cd; 
and the time of each preventive warranty Tp(Cp=Cpr+CdTp). So, 
warranty cost of system in interval is expressed as followed:

 C T W nC EC T EC W n T Tp j
j

n

p( , ) ( ) ( ( ))= + + − +
=
∑

1
 (2)

In which, n is the number of imperfect preventive warranty 
in warranty interval W, n=int[W/(T+Tp)]. ECj(T) is the expected 
cost of jth(0≤j≤1) imperfect preventive warranty interval of the 
system. EC(W-n(T+Tp)) is the expected cost of the time betwe-
en n(T+Tp) to W of the system.

The failure rate of key component of the jth imperfect pre-
ventive warranty interval is as followed:

 λ λ αjk kt t j T( ) ( ( ) )= − −1  (3)

If failure happens in key component, failure rate of sub-
system λsb(t) will increase. Based on the failure interaction, the 
average failure rate interaction of subsystem in jth imperfect 
preventive warranty interval is as followed:
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 (4)

Failure quantities of key component in jth imperfect preven-
tive warranty interval can be expressed by failure rate. It is as 
followed:

 n t dtjk jk
j T T

jT j T

p

p

=
− +

+ −

∫ λ ( )
( )( )

( )

1

1

 (5)
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Failure quantities of subsystem in jth imperfect preventive 
warranty interval can be expressed by average failure rate. It 
is as followed:

 n t dtjsb jsb

j T T

jT j T

p

p

=
− +

+ −

∫ λ ( )
( )( )

( )

1

1

 (6)

Each failure warranty cost Cf is the function of failure war-
ranty expected cost Cfr; loss of unit time for shutdown Cd; and 
the time of each failure warranty Tf(Cf=Cfr+CdTf). According 
to the failure number of key component and subsystem in jth 
imperfect preventive warranty interval, the expected warranty 
cost of the system in jth imperfect preventive warranty interval 
is following:

 EC T n n Cj jk jsb f( ) ( )= +  (7)

In the same way, the failure number of key component of 
the time between n(T+Tp) to W as follows:

 n t dtn k n k
n T T

W

P

( ) ( )
( )

( )+ +
+

= ∫1 1λ  (8)

The failure number of subsystem of the time between 
n(T+Tp)to W as follows:

 n t dtn sb n sb

n T T

W

P

( ) ( )

( )

( )+ +

+

= ∫1 1λ  (9)

So, the expected failure warranty cost of system of the time 
between n(T+Tp) to W as follows:

 EC W n T T n n Cp n k n sb f( ( ) ( )( ) ( )− + = ++ +1 1  (10)

The function of warranty cost in warranty interval can be 
gotten by taking formula (7) and (10) into(2):
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3.3. Availability model

Expected availability in warranty interval can be expressed 
as follow:

 
W

WTDWWTA ),(),( −
=  (12)

D(T, W) and C(T, W) has the same expression, Cp and Cf is 
replaced by Tp and Tf . So expected shutdown time in warran-
ty interval with imperfect preventive warranty interval T is as 
follows:

ET T n n T t t dtTj jk jsb f jk jsb f
j T T

jT j

p

( ) ( ) ( ) ( )
( )( )

(

= + = + 
− +

+
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1
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∫
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 (13)

In which, ETj(T) is the expected shutdown time of jth(0≤j≤1) 
imperfect preventive warranty interval T of the system. ET(W-
n(T+Tp)) is the expected shutdown time of the time between 
n(T+Tp) to W of the system.

According to the analysis method of warranty cost of sys-
tem, the expected failure warranty shutdown time of the system 
in jth imperfect preventive warranty interval is following:
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The expected failure warranty shutdown time of system of 
the time between n(T+Tp) to W as follow:
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The function of warranty shutdown time in warranty inte-
rval can be gotten by taking formula (14) and (15) into (13):
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The function of availability in warranty interval can be gi-
ven taking formula (16) to (12).
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3.4. Model resolution

Unit cost-effective of system is derived from cost and ava-
ilability quantificationally. And scientific warranty needs to 
control warranty cost, at the same time to guarantee availability. 
So, models are analyzed by unit cost-effective, as follows:

 ),(
1),(

WTAW
WTCV =  (18)

The function of Unit cost-effective can be given taking for-
mula (5) and (11) to (18).
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4. Case analysis

Diesel, as a complex equipment, is core and the key part, 
and the the advantages and the disadvantages of whose perfor-
mance take effect on the output of energy and the traction of 
power. Diesel mainly includes: pressure booster, oil pump, and 
movement components etc. The pressure booster failure caused 
by other components’ malfunction and failure; the movement 
components’ failure is fatigue-type failure, the proportion of 
the relevant failure is relatively small[3]; the oil pump failure is 
mainly of fatigue-type failure almost without relevant failure, 
which will also lead relevant failure to the pressure booster.

According to research and analysis, the diesel engines may 
be considered as multi-component system with failure interac-
tion, which composed by the pressure booster and subsystems 
(all the rest of the components). And the discipline of the bo-
oster’ failure obeys weibull distribution:

 λ
η η

( )t m t
m

=










−1

  (20)

In which, m is 2, η=1000. Failure rate λsb of subsystem is 
4.98×10-4. Average time Tf of failure warranty is 3. Average 
warranty cost Cfr of each failure is 300. Average warranty loss 
Cd of unit time is 900.

Assumptions of diesel:
Imperfect preventive warranty policy is adopted in warranty 

interval. Improve factor α is 0.8. In each imperfect preventive 
warranty interval, failure rate λk of supercharger will not chan-
ge warrantied, but failure rate λsb of subsystem will increase. 
Relevant coefficient θ is 0.5. Whereas, failure of supercharger 
happens immediately if failure of subsystem happen. The time 
of each preventive warranty Tp is 1. preventive warranty expec-
ted cost Cpr is 300.

4.1. Calculate process

The number of imperfect preventive warranty in warranty 
interval W is as follows:
 n=int[W/T+1] (21)

The whole failure warranty cost of this system 
Cf=300+900×3=3000.  The  whole  preventive  warranty  cost 
Cp=100+900×1=1000.

The failure rate of booster in the jth imperfect preventive 
warranty interval is as follows:
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Then, failure number of booster in jth imperfect preventive 
warranty interval is as follows:
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The average failure rate interaction of subsystem in jth im-
perfect preventive warranty interval is as follows:
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Consequently, failure number of subsystem in jth imperfect 
preventive warranty interval is as follows:
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So, the expected warranty cost of the system in jth imperfect 
preventive warranty interval is following:
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The failure number of booster of the time between n(T+Tp)
to W as follows:
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The failure number of subsystem of the time between 
n(T+Tp) to W as follows:
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The expected failure warranty cost of system of the time 
between n(T+Tp)to W as follows:
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Above all, warranty cost function C(T, W) can be given.
In the same way, the expected failure warranty shutdown 

time of the system in jth imperfect preventive warranty interval 
is following:
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The expected failure warranty shutdown time of system of 
the time between n(T+Tp) to W as follows:
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Then, availability function A(T, W) in warranty interval can 
be given too. Unit cost-effective function can be given as fol-
lows:

Fig.1. Cost model
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Warranty cost, availability and unit cost-effective is simula-
ted as figure 1, figure 2 and figure 3.

According to figure 1, figure 2 and figure 3, optimal war-
ranty interval and imperfect warranty interval are not existed. 
However, warranty interval of general system is defined to 3 
year. So, 3 projects of the diesel are as following:

(1) When imperfect preventive warranty interval is the 
same to warranty interval, which is 3 year, failure rate relevant 
coefficient is zero, and the initialized warranty cost, availability 
and unit cost-effective are as follows:

 T=W=1080 (3 years), Cmin=46683, A=0.8657, V=49.94.

(2) When warranty interval is 3 year, imperfect preventive 
warranty policy and failure rate relevant coefficient are consi-
dered. Choosing best unit cost-effective T, the initialized war-
ranty cost, availability and unit cost-effective are as follows:

 T=120, W=1080 (3 years), Cmin=39236, A=0.9699, V=37.46.

(3) When warranty interval has different years, imperfect 
preventive warranty policy and failure rate relevant coefficient 
are considered, the best warranty data are as follows:

4.2. Result analysis

(1) The proposal one and two are the operation outcome 
when using general corrective maintenance warranty policy 
and imperfect preventive warranty policy respectively. After 
a comparative analysis of the two proposals, when the warranty 
interval is three years, the warranty cost is relatively high and 
the availability low based on the general corrective maintenan-
ce warranty policy. Compared with not adopting the imperfect 
warranty policy not considering failure interaction, the warran-
ty cost of the diesel will have a decrease of sixteen percent, and 
availability an increase of twelve percent, when adopting the 
imperfect warranty considering failure interaction.

(2) Table 1 includes various corresponding data for the war-
ranty cost and availability and unit cost efficient in different 
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warranty intervals, through which we can easily find that, in the 
premise of the guarantee for pump for initial unit efficient cost 
(that is the unit efficient cost without preventive warranty),the 
warranty interval can be extended to nine years if using imper-
fect preventive warranty.

(3) Table 1 includes the balance of the needs and interests 
between the manufacture and the users of different warranty in-

tervals, the corresponding information data as guarantee cost , 
the availability and unit efficient cost, which can provide a ava-
ilable scientific information for equipments using department 
about warranty cost and the availability in addition, the procure-
ment department can also select the standard warranty interval 
based on the reference information data and actual needs.

Serial number W/day T/day C/yuan A V

1 1080(3 years) 120 39236 0.9699 37.46

2 1440(43years) 126 52859 0.9501 38.64

3 1800(53 years) 132 65954 0.9302 39.39

4 2160(63 years) 136 83223 0.9098 42.35

5 2520(73 years) 140 99822 0.8978 44.12

6 2880(83 years) 146 118337 0.8777 46.81

7 3240(93 years) 146 136738 0.8614 48.99

8 3600(103 years) 150 152833 0.8485 50.03

Tab.1. Corresponding project of different warranty intervals

Fig.3. Cost-efficient function of unit time

Fig.2. Availability model
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5. Conclusion

This article mainly aimed at the study of multi-compo-
nent with failure interaction, and analysis on the failure inte-
raction in multi-component system with the point of relevant 
coefficient on failure rate, based on the improving imperfect 

preventive warranty policy. A model for cost and availability 
is established and make analysis on the model. At last combi-
ned with cases, proposal on the multi-component system with 
failure interaction is put forward, for which the article provide 
analytical validation.
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1. Introduction

Development of piston combustion engines is curren-
tly determined to a large extent by actions aimed at limiting 
environmental impacts of their usage. This direction of rese-
arch makes fulfilment of future requirements on emission of 
harmful compounds in exhaust gases as well as fuel consump-
tion a necessity. Introduction of electronically controlled high 
pressure injection systems enabled fulfilment of existing legal 
requirements and improvement of algorithms controlling these 
systems will enable further decrease of negative impact on the 
natural environment. It is therefore an important research pro-
blem to develop suitable (optimal) algorithms for controlling 
engine operation under variable conditions of usage taking into 
account basic engine control parameters, such as [12, 15, 19]:

rotational speed, -
fuel amount, divided and injection pressure, -
injection timing, -
exhaust gas recirculation factor. -

In the case of compressor supercharged engines the control 
algorithms may also take additional parameters on input, such 
as [12, 21]:

pressure of load in the intake manifold, -
temperature of load in the intake manifold. -

The standard procedure in order to define the engine con-
trol algorithm includes experimental studies upon which so cal-
led discrete control maps are determined. Having been input 
to the controller, for given ranges of rotational speed and load 
these maps define the values of other control parameters and 
correction coefficients for transient states [17]. Such approach 
though leaves a possibility to apply more precise control based 
on continuous dependencies, i.e. without averaging experimen-
tal results for ranges of rotational speed value and range of load 
value given a priori. Such task had already been accomplished 
by the authors in papers [6, 13] among others. In the context of 
implementing control accounting for emission of harmful com-
pounds identification of engine exhaust gases toxicity under 
conditions of variable load for arbitrary technically admissible 
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values of control parameters is a basic element in designing 
suitable algorithms.

Similar problems related to searching for continuous ap-
proximations of emission were treated among others in pa-
pers [7, 8, 9, 10, 11, 16, 20]. In [9] the authors used a neural 
network of a simple architecture for modeling emissions of 
particulate matter, presenting the results as an approximating 
surface for selected ranges of values   of rotational speed and 
torque. Smoke level modeling using neural networks was also 
dealt with by the authors of [10], mapping the smoke levels 
in particular modes of the ECE-R49 test. Neural networks for 
prediction of emission of exhaust gases from diesel-powered 
engine, biodiesel and blends of both fuels was proposed in [7]. 
However, experimental studies were carried out only for one 
selected point corresponding to engine operation at full load at 
a speed of 1400 rpm, which were then used both in the learn-
ing process and verification of the neural network. The authors 
used the neural network to determine the emission for blends 
of diesel and biodiesel varying in percentage. Similar problem 
was considered in [8], doing research for maximum load at dif-
ferent rotational speeds. In turn, in the paper [16] emission from 
the engine using neural networks depending on the compres-
sion ratio, the percentage of biodiesel and injection timing was 
modeled. Presented results were limited only to the conditions 
corresponding to full load. In [20], the last one of the previously 
mentioned works, the neural network was applied to modeling 
torque, fuel consumption and emission of exhaust gases of 
compression ignition engine fueled doubly by diesel and CNG. 
Data for network training were obtained only under conditions 
of maximum load at a given rotational speed. The problem of 
modeling emission using artificial neural networks was also the 
subject of paper [11], again only under conditions of maximum 
load at a given rotational speed. A common feature indicated 
by the authors of cited works is the conclusion that neural net-
works reproduce with sufficient accuracy the emission of harm-
ful compounds in exhaust gases thus providing an alternative to 
full, time-consuming experimental studies.

 The paper presents an own method of identifying the de-
pendency between emission and values of particular control pa-
rameters as well as a way of generalizing them using artificial 
neural networks. In this extent the present work comes as a sup-
plement and expansion upon concepts described in [18].

2. Summary of identification experiments

Identification experiments searching for dependency betwe-
en emission of nitrogen oxides, carbohydrates and carbon oxi-
de and the values of control parameters were carried out for an 
compression ignition engine, dedicated and used for propelling 
automobiles, whose technical details are laid out in Table 1.

Research was conducted on a dynamic engine test stand 
consisting of the following devices: 

dynamometric brake of AVL Dynoexact APA 202 type, -
control system AVL PUMA OPEN 1.3, -
stand control panel AVL EMCON 400. -

Emission of harmful components of the exhaust gases was 
registered using an AVL CEB 200 set of analyzers equipped 
with CLD, HFID and NDIR analyzer modules and to measure 
smoke level of exhaust gases a filtration opacimeter of AVL 
415S was used.

Realization of set forth identification experiments required 
varying standard engine operation parameters. Within the pre-
sent work identification of emission of nitrogen oxides, carbo-
hydrates, carbon oxide and exhaust gases smoke level was per-
formed depending on: rotational speed, fuel amount, exhaust 
gas recirculation factor and ignition timing, whereas varying 
the three latter parameters required alteration of engine con-
troller software which was done using the INCA V6.2 software 
and a reprogramming device ECU - ETAS ES590. The range of 
identification experiments carried out is shown in fig. 1.

It should be underlined here that in the entire range of reali-
zed experiments shown in fig. 1 the fuel amount was supplied 
divided into a constant initial amount independent of the point of 
engine operation and a variable main amount. For the standard 
algorithm of controlling injection amounts in the tested engine 
contains different strategies of injection sequence depending on 
the point of engine operation. This renders unambiguous iden-
tification of emission of nitrogen oxides, carbohydrates, carbon 

Tab. 1. Technical details of the engine

Engine CI engine supercharged by a turbo compressor with direct injection 
equipped with an electronically controlled Common Rail system 

Layout of cylinders 4 in line
Number of valves per cylinder 4

Bore 69.6 mm
Stroke 82 mm

Total displacement 1248 cm3

Compression ratio 16.8
Maximum power 55.2 kW / 4000 rpm
Maximum torque 190 N·m / 1500 rpm

Fig. 1. Plot of the range of identification experiments
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oxide and smoke level of the exhaust gases depending on the 
engine control parameters impossible.

The next stage of identification work encompassed gene-
ralization of results of engine tests for arbitrary technically ad-
missible values of control parameters. Realization of this sta-
ge required formulating an appropriate approximation task of 
a multivariate function. Two approaches are possible here:

approximation for a form of approximation function gi- -
ven a priori whose coefficients are determined by means 
of the least squares method,
approximation by means of feedforward artificial neural  -
networks with radial or sigmoidal neuron activation func-
tions. 

The first of the mentioned approximation methods was 
used among others in the paper [1] assuming a polynomial of 
the form:
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j rn n na a  - polynomial coefficients, 
n1,...,nr - integer and non-negative maximum powers of corre-
sponding elements of the vector x of control parameters.

The polynomial (1) on applying larger exponents enables 
obtaining a very good fit to test results. Its disadvantage how-
ever lies in the strongly local character of the fit and conse-
quently weak generalization properties outside of the closest 
neighbourhood of the approximation nodes. Therefore in the 
papers [12, 13] approximations of the results of toxicity tests 
were realized using power functions, 

 F x x x xj r
j r∗ ( ) = ⋅ ⋅ ⋅ ⋅α α α α

0 1
1 ... ...  (2)

where α0÷αr are coefficients with real values.
These functions, although worse fitting at approximation 

nodes than polynomials, ensure acceptable generalization pro-
perties. Modifications of power functions of the form (2) were 
also used, e.g. in [2] introduction of a constant term was pro-
posed in order to ensure non-negativity of the function on the 
entire domain of arguments: 
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The second of the abovementioned methods using the me-
ans of artificial intelligence does not require giving a priori the 
form of the approximation function. This is the path chosen for 
the present work.

3. Approximation using feedforward artificial 
neural networks

For generalizing of the results of identification experiments 
feedforward artificial neural networks may be used with an ar-
chitecture featuring so called hidden layer or layers. Authors 
have already in their earlier papers [3, 4, 5, 6] employed arti-
ficial neural networks in the approximation task of experimen-
tal results of emissions with an activation function on one or 
multiple neurons in the output layer. In emission approximation 
tasks it means that on the output of the network there appeared 
a single signal (when the network served to approximate the 
emission of one component of the exhaust gases) or multiple 
signals in leveraging a single neural network to approximate 
the emission of all components analyzed. Summary of appro-

ximation errors presented e.g. in [4], including their compari-
son to approximation errors when using power functions [2, 3], 
confirms their usefulness in approximation tasks of emission of 
harmful compounds in exhaust gases. Therefore in the present 
paper artificial neural networks with a sigmoidal neuron activa-
tion function in unipolar form has been used to generalize the 
results of identification:
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where: w - vector of weights on neuron’s input connections, 
z - vector of input signals to the neuron.

Assuming a single neuron in the output layer the value of 
the output signal for a last hidden layer of  k elements is cal-
culated as:
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Network learning, which consists in modifying the weights 
of individual connections between the neurons forming the ne-
twork, was performed until the mean relative error for the entire 
training set has reached at least the expected value. For genera-
lization of the results of identification experiments using four 
networks with general architecture as in fig. 2 was proposed.

The networks proposed in the current paper have four varia-

ble signals on input corresponding to elements of the vector x 
of control parameters and one constant input and on output just 
one signal corresponding to the emission of a given compound. 
The networks were trained till the mean relative approximation 
error for each component of the exhaust gases reached a value 
below 10% both in the training and verifying set for the ability 
to generalize the responses of each of the four networks.

For training the networks the momentum method was used 
with incremental updating of weights, i.e. in step n + 1 of ne-
twork learning the weights were modified according to the for-
mula [14]:

 w w w w wn n n n n nE+( ) ( ) ( ) ( ) −( )= − ∇ ( ) + −( )1 1β δ( )  (6)

where: β - learning coefficient, E - goal function in the form of 
mean square error of network’s response relative to the values 
expected for a given training vector, ∇E(w) - gradient vector of 
the goal function, δ - moment coefficient from the interval [0,1].

In the learning process a random choice of weights was 
used after every iteration of network training and random deter-
mination of training patterns. If for a given network architectu-
re after applying many iterations the assumed value of the mean 
relative error wasn’t reached, the architecture was modified.

Fig. 2. General architecture of the neural networks used in the appro-
ximation task
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As the result of the described scheme of action for each 
compound the minimal network architecture was found ena-
bling approximation of emission, in each case requiring two 
hidden layers, albeit with different numbers of neurons in par-
ticular layers. Summary of information about the resultant ar-
chitectures of the neural networks and values of coefficients 
used for evaluation of approximation and prediction errors are 
presented in table 2.

Figure 3 shows a comparison of smoke levels and emis-
sions of the compounds concerned obtained as the responses of 

artificial neural networks (F*) for control parameters constitu-
ting input signals from the training and verifying sets related to 
the values observed experimentally (F).

The values of resulting approximation and prediction errors 
presented in Table 2 confirm effectiveness of the proposed me-
thod of generalizing identification experiments in the domain 
of mapping toxicity and smoke level of exhaust gases. Mean 
relative errors of both the approximation of data from the tra-
ining set and the prediction in the case of the verifying set do 
not exceed 10%.

Tab. 2. Architecture of neural networks and values of coefficients used for evaluation of approximation error in the training set and prediction of error in 
the set used for the verification process

CO hC NOx d
Architecture

The number of neurons in the first hidden layer 7 5 4 9
The number of neurons in the second hidden 
layer

5 4 3 9

Evaluation of approximation error (training set)
Average relative percentage error 8.48 8.98 8 9.85
Median of average relative percentage error 5.82 6.71 6.50 6.56
Coefficient of determination 0.979 0.976 0.986 0.991

Evaluation of approximation error (verifying set)
Average relative percentage error 9.82 9.55 6.79 7.92
Median of average relative percentage error 7.24 7.33 6.86 6.00
Coefficient of determination 0.983 0.983 0.972 0.97

Fig. 3. A comparison of emissions of the compounds concerned and smoke levels obtained as the responses of artificial neural networks (F*) related 
to the values observed experimentally (F)
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4. Conclusion

The identification procedure presented in the current work 
is one of the stages in designing algorithms for controlling the 
control parameters in order to limit smoke level and emission 
of harmful compounds in exhaust gases. The obtained surfaces 

Fig. 4. Surfaces approximating smoke level and emission of harmful 
compounds in exhaust gases determined by using artificial neu-
ral networks for rotational speed 2500 rpm and load 0.25 Mmax

presenting the approximated values of the results of experimen-
tal research of smoke levels and emission of harmful compo-
unds for two selected rotational speeds and two values of load 
are shown in fig. 4 and 5. Markers visible on the surfaces pre-
sent the discrete values obtained in the course of identification 
experiments.

Fig. 5. Surfaces approximating smoke level and emission of harmful 
compounds in exhaust gases determined by using artificial neu-
ral networks for rotational speed 3500 rpm and load 0.5 Mmax
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Fig. 6. Scheme of methodology of action aimed at formulating and solving the task of emission control

5. References

Brzozowski K, Romaniszyn K. An effective method of creating dynamic characteristics using drive tests. The Archive of 1. 
Mechanical Engineering 2003; 50(4): 403-420.
Brzozowski  K.  Mikroskalowe  modele  emisji  i  dyspersji  zanieczyszczeń  samochodowych.  Zeszyty  Naukowe ATH  -  Seria 2. 
Rozprawy Naukowe; 18, 2006.
Brzozowski  K,  Nowakowski  J.  Zastosowanie  sztucznych  sieci  neuronowych  do  modelowania  emisji  z  silnika  o  zapłonie 3. 
samoczynnym. Journal of KONES: Internal Combustion Engines 2005; 12(1-2): 51-59.
Brzozowska L, Brzozowski K, Warwas K. Zastosowanie sztucznych sieci neuronowych do modelowania ekologicznych 4. 
właściwości pojazdów. The Archives of Automotive Engineering 2005; 3: 229-247.
Brzozowska L, Brzozowski K, Nowakowski J. An application of artificial neural network to diesel engine modelling. Proceedings 5. 
of the Third IEEE Workshop Inteligent Data Acquisition and Advanced Computing Systems - Technology and Appllication 2005: 
142-146.
Brzozowski K, Nowakowski J. The model of compression ignition engine with artificial neural networks. Combustion Engines 6. 
2008; 1: 44-49.
Canakci M, Erdil A, Arcaklioğlu E. Performance and exhaust emissions of a biodiesel engine. Applied Energy 2006; 83: 594-7. 
605.
Canakci M, Ozsezen A.N, Arcaklioğlu E, Erdil A. Prediction of performance and exhaust emissions of a diesel engine fueled with 8. 
biodiesel produced from waste frying palm oil. Expert Systems with Applications 2009; 36: 9268-9280.
de Lucas A, Durán A, Carmona M, Lapuerta M. Modeling diesel particulate emissions with neural networks. Fuel 2001; 80: 539-9. 
548.
Ghazikhani M, Mirzaii I. Soot emission prediction of a waste-gated turbo-charged DI diesel engine using artificial neural network. 10. 
Neural Comput. & Applic. 2011; 20: 303-308.

The target realization of the task of emission control simul-
taneously ensuring sustainment of traction parameters requires 
additionally formulating a model of the working cycle and 
solving an optimization task by means of appropriate choice 
of values of control parameters. Methodology of the action is 
schemed in fig. 6.

It is worth noting that in the presented scheme of action the 
approximation task would be formulated also in relation to the 
parameters of a theoretical-empirical model of a working cycle 
of a CI engine. Authors plan to employ artificial intelligence 
methods in this case to realize it as well. 



NAuKA I TEChNIKA

62 Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

Ghobadian B, Rahimi H, Nikbakht A.M, Najafi G, Yusaf T.F. Diesel engine performance and exhaust emission analysis using 11. 
waste cooking biodiesel fuel with an artificial neural network. Renewable Energy 2009; 34: 976-982.
Nowakowski J. Model cyklu roboczego silnika o zapłonie samoczynnym i jego zastosowanie do doboru parametrów regulacyjnych. 12. 
Zeszyty Naukowe ATH - Seria Rozprawy Naukowe; 15, 2005.
Nowakowski J, Brzozowski K. Numerical model and programme for simulating working process in the compression-ignition 13. 
engine with EGR. Proceedings of the 12th European Automotive Congress EAEC 2009: 1-18.
Osowski S. Sieci neuronowe w ujęciu algorytmicznym. Warszawa: WNT, 1996.14. 
Ponti15.  F, Corti E, Serra G, De Cesare M. Common Rail Multi-Jet Diesel Engine Combustion Model Development for Control 
Purposes. SAE Paper 2007-01-0383.
Shivakumar,  Srinivasa  Pai  P,  Shrinivasa Rao B.R. Artificial Neural Network  based  prediction  of  performance  and  emission 16. 
characteristics of a variable compression ratio CI engine using WCO as a biodiesel at different injection timings. Applied Energy 
2011; 88: 2344-2354.
Sobieszczański  M,  Pietras  D,  Knefel  T.  Dobór  algorytmów  sterowania  rozruchem,  nagrzewaniem,  wolnymi  obrotami  oraz 17. 
recyrkulacją spalin silnika o zapłonie iskrowym zasilanego w systemie wtrysku MPI. The Archive of Automotive Engineering 
2002; 2-3: 53-67. 
Sobieszczański M, Brzozowski K, Nowakowski J, Tekielak K. The impact of SI engine controlling parameters on the content of 18. 
toxic components and smokiness of exhaust gases. Eksploatacja i Niezawodnosc - Maintenance and Reliability 2008; 3: 53-61.
Tomishima H, Matsumoto T, Oki M, Nagata K. The Advanced Diesel Common Rail System for Achieving a Good Balance 19. 
Between Ecology and Economy. SAE Paper 2008-28-0017.
Yusaf T.F, Buttsworth D.R, Saleh K.H, Yousif B.F. CNG-diesel engine performance and exhaust emission analysis with the aid of 20. 
artificial neural network. Applied Energy 2010; 87: 1661-1669.
Wang E. Control System Design for Variable Nozzle Turbocharger. SAE Paper 2009-01-1668.21. 

dr hab. inż. krzysztof brzozowski, prof. ath
department of Transport and Applied Computer Science
university of Bielsko-Biała
ul. Willowa 2, 43-309 Bielsko-Biała, Poland
e-mail: kbrzozowski@ath.eu
dr hab. inż. jacek nowakowski, prof. ath
department of Combustion Engines and Vehicles
university of Bielsko-Biała
ul. Willowa 2, 43-309 Bielsko-Biała, Poland
E-mail: jnowakow@ath.bielsko.pl



63Eksploatacja i NiEzawodNosc - MaiNtENaNcE aNd REliability NR 4/2011

Article citation info:

S. ShAKuNTLA
A. K. LAL
S. S. BhATIA

comparative study oF the subsystems subjected  
to independent and simultaneous Failure 

badania porównawcze podsystemów ulegających  
uszkodzeniom niezależnym i jednoczesnym

The paper discusses the comparison between availability of a pipe manufacturing industry when the sub systems are 
subjected to simultaneously and independent failure. The failure rates of the sub-systems are constant and the repair rates 
are variable. The governing differential equations of the system are solved using Lagrange’s Method. The performance 
evaluation of system is done by means of long run availability making use of software package Matlab 7.0.4. The tables for 
various parameters are given which can be useful to the plant management for improving and planning the maintenance 
schedule. 

Keywords: Supplementary Variable Technique, Chapman- Kolmogorov, MAT-LAB, Lagrange’s 
Method, Steady State Availability.

W artykule porównano dostępność zakładu przemysłowego produkującego rury w przypadkach występowania jednocze-
snych i niezależnych uszkodzeń podsystemów. Badania prowadzono przy stałych intensywnościach uszkodzeń podsyste-
mów i zmiennych intensywnościach napraw . Konstytutywne równania różniczkowe systemu rozwiązano przy użyciu me-
tody Lagrange'a. Oceny wydajności systemu dokonano na podstawie długotrwałej dostępności z wykorzystaniem pakietu 
oprogramowania Matlab 7.0.4. Przedstawiono tabele dla różnych parametrów, które mogą być wykorzystywane przez 
osoby zarządzające produkcją przy poprawianiu i planowaniu harmonogramów przeglądów.

Słowa kluczowe: technika dodatkowej zmiennej, Chapman–Kołmogorow, MAT-LAB, metoda  
Lagrange'a, gotowość stacjonarna.

1. Introduction 

Availability analysis of a system can benefit the industry in 
terms of higher productivity and low maintenance cost. It is po-
ssible to improve the availability of the plant with proper main-
tenance planning and monitoring. Reliability analysis helps us 
to obtain the necessary information about the control of various 
parameters. The polytube industry involves many processes i.e. 
Mixture, Extruder, Die and Cutter. The Die and Cutter machi-
ne can also work in reduced state. The process starts from the 
Mixture section in which pipe mixture is prepared with the help 
of PVC rising, CaCo3, citric acid and wax which is heated up 
to 1300 C. The heated material is then cooled up to 1000 C and 
transported to the Extruder by conveyors. With the help of Die 
and Extruder, pipe is prepared. After smoothing the pipe, sor-
ting process take place. In this process, the pipe carried to Cut-
ter is cut into different sizes as per the need and requirement.

The mechanical systems have attracted the attention of se-
veral researchers in the area of reliability theory. Singh [7] first 
time applied reliability technology to analyze the working of 
process industries( sugar, fertilizer and paper industries). Zhang 
[8] studied the stochastic behavior of an (N+1) standby system 
under preemptive priority repair and obtain the expression of 

transient and steady state of the system using supplementary 
variable and Laplace Transform. Dyal and Singh [1] studied 
reliability analysis of a system in a fluctuating environment. 
Singh and Mahajan [6] examined the reliability and long run 
availability of a Utensils Manufacturing Plant using Laplace 
transforms. Gupta et. al. [2] studied the behavior of Cement ma-
nufacturing plant. Kiureghian and Ditlevson [3] analyzed the 
availability, reliability and downtime of system with repairable 
components. Kumar et.al. [4] discussed the behavior analysis 
of Urea decomposition in the Fertilizer industry under general 
repair policy. Kumar et.al. [5] analyzed the designed and cost 
of a refining system in the sugar industry using supplementary 
variable technique. 

2. System descriptions

The Polytube industry consists of four subsystems, name-
ly:

Sub-system A (Mixture): It mixes raw material such as PVC 
rising, calcium carbonate, wax and other chemicals in appro-
priate proportion for manufacturing pipe. It consists of a heater 
by which the raw material is heated up to 1300 C and transported 

S. Shakuntla, A. K. Lal, S. S. Bhatia: The comparative study of the subsystems subjected to independent and simulta-
neous failure. Eksploatacja i Niezawodnosc - Maintenance and Reliability 2011; 4: 63-71.
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to the extruder by conveyors. It consists of blades and a motor 
whose failure cause complete failure of the system.

Sub-system B (Extruder): Raw material obtained from mi-
xer is heated in this section. It consists of a heater to heat the 
raw material at different temperatures. The quality of the pro-
duct depends upon heating process. Its failure causes the com-
plete failure of the system.

Sub-system C (Die): It is used to make different sizes of 
pipe. Minor failure of the sub-system reduced the capacity of 
the system and hence loss in production. Major failure results 
in complete failure of the system.

Sub-system D (Cutter): This sub-system has two units ar-
ranged in series. First unit is blade which cut the pipe and the 
second unit is motor which cut the pipe in different size. Failure 
of blade reduces the capacity of the system while the failure of 
motor causes the complete failure of the system.

3. Sub-systems subjected to independent failures

3.1. Notations

A, B, C, D  : Indicates that the sub-system is working in full 
capacity.

            : Indicate the reduced state of the sub-system C  
and D. 

a, b, c, d : Indicate the failed state of the sub-system.
λ1 , λ2 : Transition rate of subsystem C and D.
αi : Failure rate of the sub-system A, B, C, D.
ϕ(x)ψ(y) : General repair rates of A, B, C, D respectively.
μ(z)σ(s)
Po(t) : The system is working in full capacity. 
Pi(x,t) : Probability that there is failure in subsystem 

A at time‘t’ and has an elapsed repair time x. 
i = 5,7,10,1317

Pj(y,t) : Probability that there is failure in subsystem 
B at time‘t’ and has an elapsed repair time y. 
j = 6,8,11,14,18.

P2(s,t) : Probability that there is failure in subsystem D at 
time‘t’ and system remains in reduced state and 
has an elapsed repair time s. 

P1(z,t) : Probability that there is failure in subsystem C at 
time ‘t’ and system remains in reduced state and 
has an elapsed repair time z.

P4(z,t) : Probability when the sub system D is in reduced 
state and has an elapsed repair time s then the sub 
system C comes in reduced state and has an elap-
sed repair time z.

P3(1)(s,t) : Probability when the sub system C comes firstly 
in reduced state and has an elapsed repair time z 
then the sub system D comes in failed state and 
has an elapsed repair time s.

3.2. Assumptions

The assumptions used in developing the performance mo-
del are as follows [5, 6]:

Failure rates are constant over time and statistically in-1. 
dependent.
A repaired unit as good as new, performance wise, for 2. 
a specified duration.
Sufficient repair facilities are provided. 3. 
Service includes repair and/or replacement.4. 

4. Mathematical formulations

The differential-difference equations obtained from the sta-
te transition is as follows (Fig. 1):

Where,
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4.1. Initial conditions:

   (0)=1 otherwise 0 
                               
                              
                            
                             
                 
                
 

4.2. Boundary conditions:

                                   
                                     
                                                  

                                              
                                                
                                              
                                                     
                                                     

                                                   

                                                    
 

Equation (1) is linear differential equation of first order and 
other equations (2-21) are partial differential equations of first 
order. Using the boundary and initial conditions, the equations 
(1-21) are solved to give the following solution:
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Fig. 1. Transition diagram of Poly Tube Industry when Sub-System simultaneously
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It is evident that all probabilities are obtained in terms of 
P0(t) which is given by (1). The time dependent availability  
A(t) is:

                                                                
                                                               

 (22)

4.3. Steady State Availability 

In the process industry, we require long run availability of 

the system, which is obtained by putting 
  
   =0, 

 
    0 and ta-

king probabilities independent of "t" then limiting probabilities 
from (1-21) are:

 

                                      
                                               
                                                  
                                                   
                                                   
                      
                    
                      
                      
                            
                            

                              
                            
 

With initial conditions             
     

  

On solving these equations recursively, we have the steady 
state probabilities:

                
                       
                       

Now using normalizing conditions 
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 5. Sub- system subjected to simultaneously failure

5.1. Notations

A, B, C, D : Indicates that the sub-system is working in full 
capacity.

            : Indicate the reduced state of the sub-system C  
and D. 

a,b,c,d, : Indicate the failed state of the sub-system.
αi : Failure rate of the sub-system A,B,C,D.
ϕ(x)ψ(y) : General repair rates of A,B,C,D respectively.
μ(z)σ(s)
Po(t)  : The system is working in full capacity. 
Pi(x,t) : Probability that there is failure in subsystem A at 

time‘t’ and it is repaired within time interval 
(x,x+Δ). For i = 1,5,12,13.

Pj(y,t)  : Probability that there is failure in subsystem B 
at time‘t’ and it is repaired within time interval 
(yyx+Δ). For j = 2,6,11,14. 3(s,t) : Probability 
that there is failure in subsystem D at time‘t’ and 
system remains in reduced state till it is repaired 
within time interval (s,s+Δ).

P4(z,t) : Probability that there is failure in subsystem C at 
time ‘t’ and system remains in reduced state till it 
is repaired within time interval (z,z+Δ). 

P7(s,z,t) : Probability that there is failure in subsystem C 
and D at time ‘t’ and system remains in reduced 
state till it is repaired within time interval (z,z+Δ) 
and (s,s+Δ) respectively.

Pk(z,t) : Probability that there is failure in subsystem C 
at time‘t’ and it is repaired within time interval 
(z,z+Δ). For k = 8,10.

Pl(z,t): : Probability that there is failure in subsystem D 
at time ‘t’ and it is repaired within time interval 
(s,s+Δ). For l = 9,15.

5.2. Assumptions 

Failure rates are constant over time and statistically in-1. 
dependent.
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A repaired unit as good as new, performance wise, for 2. 
a specified duration.
Sufficient repair facilities are provided.3. 
Service includes repair and/or replacement.4. 
System may work at reduced capacity.5. 
There are simultaneous failures6. 

6. Mathematical formulations

The differential-difference equations obtained from the sta-
te transition is as follows (figure 2):

              
 

   
                                                                                    

              
 

   
                                                                                    

              
 

   
                                                                                    

                
 

   
               

                                                                                           

                
 

   
               

                                                                                                           
 

   
               

                                                                                                           
 

   
               

                                                                                           

6.1. Initial conditions:

   (0) = 1  otherwise 0   
             For i=1,5,12,13 
            For j=2,6,11,14 
            For k =4,7,8,10 
            For l=3,7,9,15 
P0(0) = 1  otherwise 0 
Pi (x,0) = 0    For i=1,5,12,13  
Pj (y,0) = 0    For j=2,6,11,14 
Pk (z,0) = 0    For k =4,7,8,10 
Pl (s,0) = 0     For l=3,7,9,15 
 
6.2. Boundary Conditions:
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Equation (23) is linear differential equation of first order 
and other equations (24-38) are partial differential equations of 
first order. Using the boundary and initial conditions, the equ-
ations (23-38) are solved to give the following solution:

It is evident that all probabilities are obtained in terms of 
P0(t) which is given by (23).

The time dependent availability A(t) is:

                                                 
                                                 

 (39)

6.3. Steady state availability 

In the process industry, we require long run availability of 

the system, which is obtained by putting 
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Fig. 2. Transition diagram of Poly Tube Industry when Sub-System failed independently
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king probabilities independent of “t” then limiting probabilities 
from (23-38) are :

                                         
                                                
                                             
                                                     
 

                                         
                                                
                                             
                                                     
                       
                     
                    
                       
                      
                       
 On solving these equations recursively, we get:
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Where:

        
    

       
    

    
          

    
    

 
         

    
    

     
 

    
  

 

        
    

       
    

    
          

    
    

 
         

    
    

     
 

    
  

 

       

             
 

            
  
             

 

        
      

      
  

       
        

   

       
   

  
  
   

 

       

             
 

            
  
             

 

        
      

      
  

       
        

   

       
   

  
  
   

 Under the available facilities the concern management mi-
nimize the failure time of each sub-system adopting the follo-
wing measures

Getting the information of failure of each equipment I. 
at the earliest moment.
Starting the repair work at the earliest moment.II. 
Providing trained workers.III. 
Providing the special tools required.IV. 
Making available the spare parts and special partsV. 

7. Performance analysis

Table 1 shows that with the increase in failure rate of mi-
xture α1 from 0.0057 to 0.0063, by keeping other parameters 
constant (λ1=0.001, λ2=0.002, α2=0.007, α3=0.0133, α4=0.015, 
ψ=2, µ=0.33, σ=0.02), the availability of system decreases ap-
proximately 1.13% . Whereas, the availability increases appro-
ximately 0.63% with the increase repair rate of mixture from 
0.5 to 1.1. Similarly, table 5 shows that availability decreases 
approximately by 1.12% with the increase of failure rate of mi-
xture α1 from 0.0057 to 0.0063 keeping other parameters con-
stant (λ1=0.001, λ2=0.002, α2=0.007, α3=0.01, α4=0.015, ψ =2, 
µ =0.33, σ =0.02) whereas, the availability increases approxi-
mately 0.63% with the increase repair rate of mixture ϕ from 
0.5 to 1.1. Tables 2, 3, 4, 6, 7 and 8 shows that there is a almost 
negligible change in the availability of the Polytube extrusion 
system with the increase the repair rate of Extruder, Die and 
Cutter Subsystems.

8. Conclusions

The comparative study of the table 1 and table 5 shows that 
when the Sub-Systems Die and Cutter failed simultaneously or 
independently, then in both cases, the Sub- System A i.e. Mi-
xture affects the Availability appreciably. We, thus make an 
inference that management should take paramount care of sub 
system A in order to improve overall reliability.

α1
ϕ 0.0057 0.0059 0.0061 0.0063 Constant values

0.5 0.9769 0.9732 0.9694 0.9656 α2=0.007, ψ=2, 
λ1=0.001, λ2=0.002
α3=0.01,  µ =0.33
α4=0.015, σ =0.02

0.7 0.9802 0.9775 0.9748 0.9721
0.9 0..9821 0.9796 0.9770 0.9757
1.1 0.9832 0.9815 0.9797 0.9780

Tab. 1. Effect of failure and repair rate of the Sub-System Mixture (A) on Availability when both Sub-Systems failed independently.
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Industry, Kurukshetra for providing possible data of the industry. 
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α2
ψ 0.007 0.009 0.011 0.013 Constant values

2  0.9769 0.9760 0.9751 0.9741 α1=0.0057, ϕ =0.5
λ1=0.001, λ2=0.002

α3=0.01, µ =0.33
α4=0.015,σ =2

4 0.9786 0.9781 0.9777 0.9772
6 0..9792 0.9789 0.9785 0.9782
8 0.9795 0.9792 0.9790 0.9786

Tab. 2. Effect of failure and repair rate of the Sub-System Extruder (B) on Availability when both sub-systems failed independently.

  α3
µ 0.01 0.02 0.03 0.04 Constant values

0.33 0.9769 0.9621 0.9382 0.9067 α1=0.0057, ϕ=0.5
α2=0.007,  ψ =2
α4=0.015, σ =2

λ1=0.002, λ2=0.002

0.53 0.9788 0.9673 0.99486 0.9236
0.73 0..99799 0.9705 0.9552 0.9344
0.93 0.9807 0.9728 0.9597 0.9420

Tab. 3. Effect of failure and repair rate of the Sub-System Die (C) on Availability when both sub-systems failed independently.

  α4
σ 0.015 0.030 0.045 0.060 Constant values

2 0.9769 0.9763 0.9756 0.9749 α1=0.0057,  ϕ=0.5
α2=0.007, ψ =0.04
α3=0.33, µ =0.02

λ1=0.001, λ2=0.002

4 0.9812 0.9809 0.9809 0.9802
6 0..9825 0.9823 0.9821 0.9818
8 0.9831 0.9829 0.9827 0.9826

Tab. 4. Effect of failure and repair rate of the sub-system Cutter (D) on Availability when both sub-systems failed independently.

  α1
ϕ 0.0057 0.0059 0.0061 0.0063 Constant values

0.5 0.9853 0.9849 0.9845 0.9841 α2=0.007,  ψ =2
α3=0.01, µ =0.33

α4=0.015, σ =0.02
λ1=0.001, λ2=0.002

0.7 0.9884 0.9882 0.9879 0.9876
0.9 0..9902 0.9900 0.9898 0.9896
1.1 0.9913 0.9912 0.9910 0.9908

Tab. 5. Effect of failure and repair rate of the Sub-System Mixture (A) on Availability when both Sub-Systems failed simultaneously.

  α2
ψ 0.007 0.009 0.011 0.013 Constant values

2  0.9853 0.9843 0.9832 0.9823 α1=0.0057,  ϕ=0.5
α3=0.01, µ =0.33
α4=0.015, σ =2

λ1=0.001, λ2=0.002

4 0.9869 0.9865 0.9860 0.9855
6 0..9875 0.9872 0.9869 0.9865
8 0.9878 0.9876 0.9873 0.9871

Tab. 6. Effect of failure and repair rate of the sub-system Extruder (B) on Availability when both sub-systems failed simultaneously.

α3
 µ 0.01 0.02 0.03 0.04 Constant values

0.33 0.9853 0.9853 0.9853 0.9853 α1=0.0057,  ϕ=0.5
α2=0.007, ψ =2
α4=0.015, σ =2

λ1=0.001, λ2=0.002

0.53 0.9853 0.9853 0.9853 0.9853
0.73 0..9854 0.9854 0.9854 0.9855
0.93 0.9854 0.9854 0.9854 0.9855

Tab. 7. Effect of failure and repair rate of the Sub-System Die (C) on Availability when both Sub-Systems failed simultaneously.

Tab. 8. Effect of failure and repair rate of the Sub-System Cutter (D) on Availability when both Sub-Systems failed simultaneously.

α4
σ 0.015 0.030 0.045 0.060 Constant values

2 0.9853 0.9853 0.9852 0.9852 α1=0.0057, ϕ=0.5
α2=0.007, ψ =0.04
α3=0.33,µ =0.02

λ1=0.001, λ2=0.002

4 0.9853 0.9853 0.9853 0.9852s
6 0..9853 0.9852 0.9852 0.9852
8 0.9854 0.9853 0.9853 0.9852
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modelling oF macro Fiber composite piezoelectric  
active elements in abaqus system

modelowanie w systemie abaqus piezoelektrycznych  
elementów aktywnych typu mFc*

The paper presents an approach to effective modelling of piezoelectric transducers in finite element method based softwa-
re. A macroscopic model of an active element made of macro fiber composite (MFC type) exhibiting d33 effect is developed 
in ABAQUS system. Next, a multilayer composite beam with the discussed piezoelectric actuator is analysed. Both a direct 
and a converse piezo effects are analyzed numerically, calculating respectively charge on transducer’s poles subject to 
forced displacements and beam static deflections with respect to assumed supply voltage. The outcomes of the numerical 
simulations are compared to the laboratory test results. Next, the worked-out FEM model of MFC actuator/sensor is used 
to detect the simulated defect in composite material.

Keywords: piezoelectric transducer, active elements, FEM, ABAQUS.

W pracy przedstawiono sposób efektywnego modelowania kompozytowych elementów piezoelektrycznych metodą ele-
mentów  skończonych. W  systemie ABAQUS przygotowano makroskopowy model  elementu aktywnego  typu MFC wy-
korzystującego efekt piezoelektryczny d33. W dalszej  kolejności przeanalizowano wielowarstwową belkę kompozytową 
z naklejonym badanym elementem aktywnym. Numerycznie zbadano prosty i odwrotny efekt piezoelektryczny, wyznacza-
jąc odpowiednio wartości napięć na zaciskach elementu aktywnego przy wymuszonym odkształceniu układu oraz ugięcia 
statyczne przy różnych wartościach napięcia zasilającego. Rezultaty tych analiz porównano z wynikami rzeczywistych 
pomiarów przeprowadzonych na stanowisku  laboratoryjnym. Opracowany model numeryczny wykorzystano do próby 
wykrycia symulowanego uszkodzenia materiału kompozytowego.

Słowa kuczowe:  przetwornik piezoelektryczny, elementy aktywne, metoda elementów skończonych, 
ABAQUS.

LATALSKI J: Modelling of macro fiber composite piezoelectric active elements in ABAQuS system. Eksploatacja i Nie-
zawodnosc - Maintenance and Reliability 2011; 4: 72-78.

1. Introduction

Since 80s one observes a significant increase of interest in 
a class of systems that started to be called ‘intelligent’. This 
group contains shape memory alloys (SMA), magneto- and 
electrorheological fluids (MRF, ERF) and piezoelectrics. Com-
mon examples of the last ones are lead zirconate titanate – PZT, 
barium titanate – BaTiO3 and polyvinylidene fluoride polymer 
– PVDF. As the piezoelectrics gradually started to become wi-
despread, in mid-90s the research activities were aimed at using 
PZTs for structural health monitoring and structural reliability 
assessment. One of the most promising directions is related to 
an application of piezoceramics [3], [4] and micro fiber compo-
sites. The results of already carried out projects confirm a high 
suitability of MFC type elements not only for structural health 
monitoring but for vibration suppression, energy harvesting etc. 
as well [9], [11].

It should be emphasized, that most of the current research 
projects are focused not only on structural testing in laborato-
ries or in real operating conditions. An attention is given to the 
analysis and design of structural health monitoring systems by 
means of numerical simulations [5].

The crucial problem in analysis and design of structures 
with piezoelectric elements are interactions between mechani-
cal and electrical phenomena – see relations (1) and (2). The-
refore, the exact analytical solution of constitutive equations 
is possible only for the simplest models e.g. symmetric discs 
under static load or at resonance conditions. The analytical so-
lutions for more complex geometries and loadings require radi-
cal simplifications. This leads to serious discrepancies between 
predicted and observed systems’ responses [7].

The complexity of the discussed phenomena involves the 
usage of approximate approaches to the design. Numerical me-
thods, and especially a finite element method seems to be a na-
tural choice. The main advantage of this approach is a possibility 
of modelling complex phenomena by the division of a domain 
into simple elements, where the solution of equilibrium equ-
ations is possible. Although the first libraries of piezo-elements 
were implemented into finite element software in late eighties, 
these are still available only in selected FEM systems.

Following the above observations the aim of this paper is to 
develop an effective macroscopic finite element modelling of 
piezoelements made of macro fiber composites. It is expected, 
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that the proposed method will enable further simulation rese-
arch on using MFC transducers for structural health monito-
ring task – e.g. detecting delamination (as series of experiments 
presented in [8]), crack propagation etc. Moreover, numerical 
simulations of changing machines’ operating conditions, like 
vibration restraining, might be possible.

2. Mathematical models of piezoelectric materials

Implementation of piezoelectric transducers in engineering 
structures requires not only detailed information about their 
strength data but characteristics of their behaviour under me-
chanical and electrical loads as well. 

One of the first researches aiming at developing linear con-
stitutive equations of piezoelectric materials (LPCE) are mo-
dels elaborated by D.A. Berlincourt and D.R. Curran and later 
by H. Jaffe [12]. Several phenomena like coercion effect and 
changes in crystallographic structure are left out of account du-
ring the derivation, but because of linearity of piezoelectricity 
phenomena within the range of small and medium electrical 
fields, these models describe the behaviour of real systems qu-
ite accurately and are still in common usage today. 

The constitutive equations describing the piezoelectric pro-
perty are based on the assumption that the total strain in the 
transducer is the sum of mechanical strain induced by the me-
chanical stress and the strain caused by the applied electric vol-
tage. The model is formulated as a pair of two matrix relations 
(according to Mandel-Voigt notation), describing the interac-
tions of mechanical and electrical phenomena [6]:

  (1)

  (2)

where: ε — strain vector (−), SE — compliance matrix (m2/N) 
at constant electric field, σ — stress vector (N/m2), d — matrix 
of piezoelectric strain constants (m/V), E— electric field ma-
trix (V/m), D — vector of electric displacements (C/m2), ξσ— 
matrix of permittivity coefficients (F/m = C/m·V) at constant 
stress.

The first of the above relations represents the converse pie-
zoelectric effect i.e. the strain of the sample under the electric 
field load. This corresponds to the device being used as an ac-
tuator. The second equation (2) deals with the opposite case, 
when the transducer is being used as a sensor (direct piezoelec-
tric effect). The given above notation is named to be a displa-
cement-based formulation — the dependent variable is strain 
vector (tensor).

The system of equations (1)–(2) might be written also in 
another form — the so called force-based formulation: 

  (3)

  (4)

where: CE – elastic stiffness matrix (N/m2) calculated at con-
stant electric field, e – piezoelectric stress coefficients matrix 
(N/m∙V = C/m2) (T denotes matrix transposition), and ξε – ma-
trix of dielectric permittivity coefficients (F/m) calculated at 
constant strain.

The force based formulation is frequently used for e.g. 
problems  solved by finite  element method, where  the  displa-
cements (strain ε) are a primary variable and all the remaining 

quantities  are  ε  dependent.  In  other  problems — e.g.  in  case 
of analysis of thin plates in plane stress state the displacement 
based formulation might be more reasonable.

Therefore there are two matrices of piezoelectric coeff-
cients dij i eij defined as follows: 
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which are related to each other by material constants matrix:

 d eS= E  (6)

It should be underlined that the piezoelectric coefficients 
matrices d and e are determined not only at constant electric 
field and strain or stress respectively (E, ε and σ), but also at 
a constant temperature. Although detailed tests show that pie-
zoelectric coefficients are temperature dependent, in practical 
applications it is assumed that this influence on piezoelectric 
coefficients, as well as on other material data, is negligible.

For 3-D systems equations (1-2) after expansion are: 
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The terms (S11,S22,...ξ33) located at the main diagonal repre-
sent strictly mechanical and electrical effects. The reciprocal 
coupling of these two domains is given by dij parameters loca-
ted outside of the main diagonal. These values correspond to 
the effect of deformation caused by electric field and charge 
induction resulting from material’s stress. Therefore these co-
efficients are often used to compare the ‘power’ of different 
piezoelectric materials between each other.

The given above system of equations is significantly sim-
plified for materials exhibiting 4mm crystalline class (e.g. lead 
zirconate titanate – PZT, barium titanate – BaTiO3) or 6mm one 
[6]. This is related to the symmetry of elastic, electric and elec-
tro-mechanic properties. Assuming – according to ANSI IEEE 
176 standards – that the device is poled along the 3 axis and that 
the piezoelectric material is a transversely isotropic one (1-2 
beeing the plane of transverse isotropy) the constitutive equ-
ations (7) might be simplified to:
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Most of the commercially available active elements exhibit 
a d33 effect or d31 one. The d33 effect corresponds to the deforma-
tion of a specimen in the direction of driving electric field (also 
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poling direction); whereas in the second case the deformation 
occurs in the plane perpendicular to the electric field vector.

3. Numerical model of the piezoelectric element 
and its verification

For numerical and laboratory tests M-8503-P1 element 
made by Smart Material Corp., Sarasota (FL) USA is used – see 
figure 1. This is the transducer of d33 effect type. 

Despite of modular structure of the transducer under consi-
deration (170 sections of electrocouples distant by 0.5 mm from 
each other – see zooming area in figure 1) the piezoelement 
hasn’t been modelled in micro scale. The aim of the paper is to 
develop a simplified but effective method of modelling, assu-
ring results consistent with manufacturer’s data and laboratory 
experiments. 

Therefore, in the presented approach a supplementary body 
made of orthotropic, homogenous piezoelectric material is pro-
posed, where voltage is applied to opposite specimen faces. The 
transducer’s domain is modelled in ABAQUS software by the 
solid continuum elements C3D20E, i.e. 20-nodal second order, 
having four degrees of freedom in each node. Three DOF are 
translational and the fourth one is an electric charge directly 
related to the piezoelectric properties of the material.

According to the data provided by the manufacturer the va-
lue of d33 coefficient in M-8503-P1 element is not constant with 
respect to the electric field. For |E| < 1 kV/mm the parameter d33 
equals 400⋅10-12 m/V, for higher magnitude fields (|E| > 1 kV/
mm) the d33 increases to 460⋅10-12 m/V (all these data are given 
for a single couple of electrodes). Following this information 
the provided d33 values have to be multiplied by the number 
of sections in M-8503-P1 element (Figure 1) to get the effecti-

ve value to be put into the FEM model for preliminary calcu-
lations. This has been done to set trial values of piezoelectric 
coefficients. 

The remaining elastic and ferroelectric properties are taken 
from the manufacturer catalog: 

elastic orthotropic material given by Young’s moduli  - E1 
= E2 = 15857 MPa, E3 = 30336 MPa, Kirchhoff’s moduli 
G12 = G13 = G23 = 5515 MPa and Poisson’s ratios v12 = v13 
= v23 = 0,31,
isotropic ferroelectric material with constant permittivity  -
ξ = 8⋅10-9 F/m coefficients on the main diagonal. All the 
out-of-diagonal terms in ξ matrix are neglected (see equ-
ation (8)). 

Numerical model validation

Verification of the piezoelectric element model is done by 
means of two tests given in manufacturer’s documentation. In 
the first numerical experiment strains for a free element under 
specified driving voltage are calculated and compared to cata-
log data. In the second experiment – called blocking force test 
– the force exerted by the piezoelement with excluded deforma-
tions is calculated and compared to the reference value. 

Mechanical and electrical boundary conditions for the con-
ducted tests are set as follows: 

free strain test – nodes located at the bottom face of the  -
piezoelectric specimen are allowed to move only in xy 
plane, nodes located at one of the lateral longitudinal fa-
ces are restricted to move in yz plane only. Finally, one of 
lateral transversal faces gets the support along y direction 
and, additionally, constant electric potential 0 V is kept 
there. Charge potential of 1500 V is applied along the spe-
cimen length. These conditions are presented in figure 2.
blocking force test – same boundary conditions as in the  -
previous experiment with additional constraint uy = 0 for 
the nodes on the opposite, transverse (short) face.

Results of initial numerical tests shows a serious discrepan-
cy comparing to the catalogue data. In free strain test the error is 
16-31% – axial strains 1206-1363⋅10-6 with respect to reference 
value εy = 1050⋅10-6; in blocking force test the error is 17-33% – 
i.e. +32,7-+37,58 N with respect to 28.00 N. Therefore, in order 
to achieve a satisfactory accuracy the correction of the effective 
piezoelectric coefficient is necessary. Minimising the relative 
error in both tests as a function of d33 parameter its optimal va-
lue for the M-8503-P1 element is found to be 59⋅10-9 m/V. After 
this correction strains calculated in the first test are 1040⋅10-6 
(vs 1050⋅10-6 by manufacturer); force for blocked element is Ry 
= 28.46 with respect to 28.00 N in documentation. Therefore, 

Fig. 1.  Active element M-8503-P1 made by Smart Material Corp., Sa-
rasota (FL) USA

Fig. 2. Boundary conditions in computations validating the model of an examined transducer
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the results of the final simulations for the updated d33 parameter 
prove the piezoelectric patch model and modelling technique 
for MFC transducers to be correct. 

4. Analysis of a composite beam with piezoelectric 
patch

To present the potential of the proposed effective piezoele-
ment modelling technique two experiments are performed. In 
the first one a reference composite beam with bonded patch 
of M-8503-P1 active element is analysed. Experiments repre-
senting both direct and converse piezoelectric effects are run. 
Within the frame of these voltage at transducer’s poles is re-
corded for forced beam bending and next displacements of 
a specified point on specimen resulting from voltage applied 
to PZT patch. Results of laboratory experiments are compared 
to the outcomes of numerical calculations in ABAQUS system. 
In performed simulations the previously derived and verified 
finite element model of the transducer is used.

Second stage of research comprises the analysis of the 
composite beam with a simulated material defect. Damage cor-
responding to broken composite fibers (or their pull-out from 
matrix resulting from adhesive joint failure) is simulated as 
a local change in composite material stiffness. Specimen with 
this simulated defect is tested numerically. Within the tests pro-
gramme voltage induced on transducer poles with respect to 
forced specimen bending is recorded. Outcomes are related to 
the data for an undamaged (healthy) sample.

4.1. Model and sample specimen testing 

The verified model of the piezoelectric transducer is used 
to simulate the static response of composite cantilever beam 
with M-8503-P1 active element. The basic beam is made of 
unidirectional glass fibers tape and epoxy Prime 20 (Sicomin 
8100 + hardener 8824, fibers ratio 50±2% – according to manu-

facturer Macro Composites, UK data). The subsequent layers 
of the composite are set in the following order: 0°/90°/+45°/ 
-45°/+45°/90°/0° (with respect to Oy axis pointing along the 
beam length). Piezoelement M-8503-P1 is bonded on the upper 
face of a specimen, directly at the clamped end. Draft view of 
a structure under consideration is given in figure 3 (all dimen-
sions in mm).

Composite model of the beam is defined as a lamina type 
one. This approach enables modelling of a composite as a set 
of orthotropic layers in plane-stress state. In numerical simu-
lations the following data provided by the manufacturer of 
a composite is used: Young modulus along fibers E1 = 20 000 
MPa, transversal Young modulus E2 = 2 000 MPa, shear moduli 
G12 = G13 = G23 = 9 800.7 MPa and Poisson’s ratio ν12 = 0.26. 
The ABAQUS finite element model based on shell elements 
is made according to Layup-Ply technique [1]. In the analysis 
S8R elements are used – i.e. second order ones with reduced 
integration.

The piezoceramic material properties are defined as de-
scribed in previous section of the paper; the already verified 
piezoelectric coefficient d33 = 59.0⋅10-9 m/V is used in further 
simulations. All the remaining (i.e. out-of-diagonal) coeffi-
cients of d matrix are set to be 0. According to manufacturer 
data and actual measurements the active area of an element is 
set to 85×3 mm. Next, the model of a piezoelement is ‘glued’ 
to master structure by TIE constraints method, which results in 
joining appropriate DOF of both bodies. The mechanical boun-
dary conditions are set by encastring the nodes on shorter side 
face of a beam. The final FEM model consists of 317 elements 
(beam 300, piezoelectric element 17) and 1243 nodes; this re-
sults in 7034 degrees of freedom. The finite element model of 
the structure and composite stacking sequence is presented in 
figure 4.

During the static analysis of the piezo-composite system 
a series of simulations is run. Subsequent loadings within the 
range of 0-1500 V are applied to the positive terminal of the 

Fig. 3. Scheme of the composite beam under 
consideration
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Fig. 4. Discrete model of the composite beam 
and layout of individual layers (orienta-
tion of fibers in direction 1 corresponds 
to Oy axis
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transducer, keeping the constant value of 0 V at a negative one 
(see figure 2). The deflections of a beam are calculated by re-
porting the vertical displacement of a point located at the edge 
of the piezoelement (see point A in figure 3). A converse piezo-
electric effect is also tested – i.e. calculating electrical potential 
on transducer terminals with respect to forced beam bending. 

4.2. Laboratory tests

To verify the presented above approach to modelling sys-
tems of composite structures with piezoelements an experimen-
tal stand has been prepared in the Laboratory for Dynamics and 
Strength of Materials at the Lublin University of Technology. 
The setup, shown in figure 5, consists of a uniform composite 
cantilever beam with a single piezoelectric transducer laminated 
onto the upper face. The transducer is connected to D.C. power 
unit with a controllable resistance divider. The requested volta-
ges are provided by a high-voltage amplifier model PA05039 
made by Smart Materials company. At the second stage of tests 
a converse problem is examined. During these a micrometer 

screw is used to deflect the composite beam, meanwhile volta-
ges induced by the piezoelement are recorded.

4.3. Results statement

Results of numerical calculations are presented in the follo-
wing figures. Figure 6 presents a shape of the beam in bending 
calculated by ABAQUS for three different driving voltages: 
500 V, 1000 V and 1500 V. Horizontal axis is aimed along beam 
length (Oy – left end clamped) and vertical axis corresponds to 
beam transversal displacements; all data are given in mm. 

Figure 7 presents the statement of numerical and laboratory 
tests for the converse piezoelectric effect. The vertical transla-
tions of a point located at the external edge of the transducer 
(see point A in figure 3) are compared. The deflections are col-
lected for several driving voltages.

Figure 8 presents the results of direct piezoelectric effect te-
sting. The assumed a’priori beam deflection has been forced by 
micrometer screw, meanwhile the voltage at transducer’s poles 
is recorded. These experimental results are compared to simu-

Fig. 5. General view of the test stand

Fig. 6. Deflection of the tested specimen at different driving vol-
tages (numerical sumulation)
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lations in ABAQUS system run on models prepared according 
to proposed technique.

In all discussed cases a high accuracy of simulations and 
laboratory test is achieved. For the examined points the calcu-
lated differences do not exeed 6%.

4.4. Numerical test of a damaged composite beam

Results of the above tests induced an idea of using the pro-
posed macroscopic modelling technique of MFC type trandu-
cers for detecting composite material damage. The simulated 
material defect corresponds to composite fibers breaking (or 
their pull-out from matrix resulting from adhesive joint failu-
re).

Macroscopic, simplified representation of this type of mate-
rial damage consists in partial fiber ‘removal’ from constitutive 
equations, and next from the formula for effective longitudinal 
and shear stiffness laminae moduli [2]. Assumung the fibers to 
be oriented along Ox axis, the effective lamina stifnesses mo-
duli are calculated according to the rule of mixtures as follows 
[10]: 
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where subscripts x and y denote principal directions, V denotes 
volumetric ratio of a constitutent, index „f” denotes fiber, index 
„m” matrix. Coefficient α is given by:
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Following the above equations it’s possible to formulate 
the constitutive equations for the damaged composite material, 
where the altered longitudinal stiffenesses (9) need to be used. 

Denoting the volume of broken fibers in the damaged mate-
rial by Vdf, value of stiffness moduli E are decreased according 
to the following formula [2]: 
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For finite element calculations the previously tested and 
verified numerical model of the composite beam with the PZT 
patch is used. Composite material damage is simulated by de-
creasing the lamina stiffness on the 20 mm long section, starting 
at 2 mm distance from the clamped edge. It has been assumed 
that the volumetric ratio Vdf of damaged fibers in composite ma-
terial equals to 0.25. In performed numerical tests the electric 
potential at transducer’s poles is calculated subject to forced 
vertical deflection of point A (see figure 3). The outcomes of 
the simulation are compared to the results of similar tests run 
on the undamaged system. The relevant results are presented 
graphically – see figure 9.

The obtained results indicate, that the calculated voltages, 
in the whole tested range, are approximately 8% lower while 
comparing to the reference (healthy) system. These differences 
exceed the error resulting from the comparison of a reference 
system and laboratory tests outcomes. 
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Fig. 8.  Comparison of numerical  simulations and  laboratory  te-
sts of a converse piezoelectic effect for the specimen under 
consideration
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6. Conclusions

The paper presents the possibilities of effective modelling 
of MFC type piezoelectric transducers exhibiting d33 effect. 
A high correlation of numerical results and the outcomes of la-
boratory tests is achieved. In none of the examined cases the 
error exeeded 6%. This observation confirms the validity of 
derived macroscopic approach to finite element modelling of 
MFC type transducers and also validity of suggested discretisa-
tion of the specimen domain. 

The outcomes of these initial investigations encourage for 
further numerical simulation research using the derived and al-
ready verified modelling technique. These might focus on finite 
element method structural health monitoring by means of dy-
namic methods – especially modal analysis and wave propa-
gation. The next stage might be modelling of plates and shells. 
Multiple piezoelements used as sensors and actuators seems to 
be of particular interest too. 
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Tomasz NOWAKOWSKI

problems oF reliability modelling oF multiple-phased systems

problemy modelowania niezawodnoŚci  
systemów wieloFazowych*

This article discusses the basic problems connected with modelling the reliability of multiple-phased systems. Operation 
and maintenance of such systems is associated with execution of various tasks which together lead to the achievement of 
the final goal. Such systems include logistic and transport systems. Two types of models are discussed: synthetic models, 
which cover a system’s entire operating life and models in which the particular phases are considered separately. As an 
example, a “k out of n” system is used with different k parameters for each phase. The advantages and disadvantages of 
three models are discussed: the “conservative” model which is based on an analysis of the block reliability model, a Mar-
kov model with fixed duration of each phase and a Markov model with random phase duration. 

Keywords: reliability, modeling, multiple-phased system.

W artykule omówiono podstawowe problemy związane z modelowaniem systemów wielofazowych. Eksploatacja takich 
systemów związana jest z realizacją różnych zadań, które składają się na osiągnięcie celu końcowego. Do takich systemów 
można zaliczyć systemy logistyczne i systemy transportowe. Omówiono dwa rodzaje modeli: modele syntetyczne ujmujące 
cały okres eksploatacji systemu i modele, w których poszczególne fazy są rozpatrywane oddzielnie. Wykorzystano przykła-
dowy system o strukturze progowej zmiennej w kolejnych trzech fazach eksploatacji. Przedstawiono zalety i wady korzy-
stania z modelu „konserwatywnego” bazującego na analizie modelu blokowego i modeli Markowa z ustaloną i losowo 
zmiennych czasem trwania poszczególnych faz.

Słowa kluczowe: niezawodność, modelowanie, system wielofazowy.

1. Introduction

There are many systems whose operating life consists of 
a series of separate time intervals. In each of those intervals, 
the system carries out different tasks, the results of which con-
tribute to the achievement of the final goal. Such systems are 
referred to in the literature (e.g., [4]) as phased mission systems 
(PMS). Examples of such systems, beside transportation and lo-
gistic systems, can be found in many areas of application such 
as the nuclear power industry, aviation, shipbuilding, the tele-
communications industry, the construction industry, electronics, 
and many others (e.g., [8, 9]). Research done currently [10] con-
cerns, among others, a combined rail/water transport system for 
the transportation of coal in the corridor of the Oder Waterway.

Because the concept of periodic execution of tasks by such 
complex systems as a transportation or a logistic system is related 
to a much wider set of systems than suggested by the concept of 
mission, the term multiple-phased systems was proposed in [4].

In multiple-phased systems, the individual phases may be 
characterized by many different properties [4]:

a task executed in a given phase may differ from the tasks  -
executed in the remaining phases,
the requirements regarding performance and reliability  -
may differ among phases,
during some of the phases, the system may be subjected to  -
a particularly strong influence of the environment, which 
may cause a considerable increase in failure rate,

the structure of a system may change over time depending  -
on the functional and reliability requirements formulated 
for the currently executed phase,
proper execution of tasks within a given phase may bring  -
other effects for the system than those obtained in other 
phases.

2. Reliability models of multiple-phased systems

In system reliability modelling, the use of the concept of 
a multi-phased system allows better approximation of reality on 
account of the following assumptions:

a system’s operational structure is not constant; it may  -
change between phases depending on the importance / 
criticality of a given phase,
the history of failures or repairs of a given component in  -
a given phase affects the behaviour of the system in the 
following phase. Hence, the state of a component at the 
beginning of a given phase depends on the state of the 
component at the end of the previous phase.
the criteria defining the level to which the requirements  -
related to performance and reliability are met may differ 
in a given phase from those for the next phase.

These assumptions are used in various ways in the models 
known from the literature. There are two types of models: syn-
thetic models, which cover a system’s entire operating life and 
models in which the particular phases are considered separately. 
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Synthetic models, in which all phases are represented toge-
ther (e.g., [1, 2, 5, 14]), have a number of advantages as they 
make it possible to use similarities among phases to obtain 
a compact model in which all phases are adequately embedded. 
The construction of a synthetic model like that may be neither 
easy nor convenient in the cases where differences outweigh 
the similarities among the individual phases.

Separate modelling of each phase (e.g., [7, 14]), in turn, 
enables immediate characterization of the differences among 
phases with respect to failure rate and structural requirements. 
Each phase can be solved separately, and the results obtained 
can be combined with those from other phases to give total re-
sults for the system. The main weakness of the separating ap-
proach to modelling (which does not occur in synthetic models) 
is how it deals with the relationships among phases, which have 
to be taken into account when distributing components among 
the phases. Such an approach requires clearly specified map-
ping of the states of a component at the end of a phase relative 
to the state of the same component at the beginning of a follo-
wing phase. A task of this sort is conceptually simple, but may 
be inconvenient and is a potential source of errors for complex 
systems.

The most difficult decision in the process of modelling re-
gards the way in which the individual phases are combined into 
a single model and the way in which the reliability characteri-
stics of the entire system are estimated.

An analysis [11] was conducted for an example system de-
scribed by the following assumptions:

a system made up of three components (A, B and C), -
during its operating life, the system goes through 3 suc- -
cessive phases (I, II and III),
the failure rates for the individual components are con- -
stant over the time of duration of a given operational pha-
se, but may differ among the individual phases (λi

j, i = A, 
B, C, j = I, II, III),
the components can be serviced or repaired; the failu- -
re rate in the particular phases is constant, but may also 
change in successive operational phases (μi

j, i = A, B, C, 
j = I, II, III), 
the system’s reliability structure is a “ - kj-out-of-n” thre-
shold structure; the parameter k is phase-dependent and is 
kI = 1, kII = 2, kIII = 3, at n = 3. 

A system has a “k-out-of-n” threshold structure if the sys-
tem functions if and only if at least k of the n elements function. 
A block diagram of such a system is shown in figure 1. In the 
diagram, k elements are connected in a series and may be re-
placed with any of the (k+1, n) elements (there are models with 
more formalized redundancy schemes, e.g., [3]). 

It is also easy to show that a threshold structure is a genera-
lization of a series and a parallel structure:

a “1-out-of- - n” structure is a parallel structure,
an “ - n-out-of-n” structure is a series structure.

The reliability function of a threshold structure system, 
assuming that the system is made up of identical components 
(R1(t) = R2(t) = … = Rn(t) = R(t)), is expressed by formula:

 ( ) ( ) ( ) ( )( )1
n n ii

s
i k

n!R t R t R t
i! n i !

−

=

= −
−∑  (1)

For modelling a system made up of renewable components, 
the Markov model is most frequently used – appropriate state 

graphs for the individual operational phases of an example sys-
tem are shown in figures 2, 3 and 4. The state of the system has 
been described using the following notation

 S = <SA, SB, SC>  (2)

where: Si = 0 – failed component, Si = 1 – working compo-
nent.

The failed states of the system in the individual phases have 
been shaded. Emphasis should be given to one of the adopted 
assumptions [11] saying that no further failures are possible du-
ring repair of system components. 

2.1. A “conservative” reliability model

The simplest approach to combining phase reliabilities into 
system reliability is to use a series model of system reliability 
in which the successive phases of system operation represent 
structure components. This is possible if the components of 
the system do not show dynamic changes in properties such as 
transition errors or incomplete repair [5]. Then, a “conserva-
tive” estimate of a system reliability function (a “bottom-up” 
estimate) is obtained. An example of this kind of structure is 
shown in figure 5. 

The results of calculations of the reliability of such a sys-
tem, if the components are irreparable, are precise but lead to 
“bottom-up” estimation of the reliability of the actual system. 

Fig. 1. A block diagram of a threshold structure

Fig. 2. A Markov model for phase I [11]
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A solution to this problem is to analyze a system using the suc-
cess path set or the failure cut set methods [6].

The properties of minimal path and minimal cut sets 
are, among others, as follows [3]:

the structure of a system can be represented by means of  -
a pseudostructure made up of minimal path sets connected 
in parallel,
the structure of a system can be represented by means of  -
a pseudostructure made up of minimal cut sets connected 
in a series,
the structure of a minimal path set  - Pj (j = 1, ..., p) is a se-
ries structure,
the structure of a minimal cut set  - Kj (j = 1, ..., k) is a pa-
rallel structure.

The structure of a system ϕ can thus be represented by the 
structures of its minimal paths:

 φ x x
j p i P i

j
( ) =

≤ ≤ ∈
max min

1  (3)

which corresponds to the pseudostructure ϕP made up of mini-
mal paths, or by the structures of minimal cuts:

 φ x x
j k i K i

j
( ) =

≤ ≤ ∈
min max

1  (4)

which corresponds to the pseudostructure ϕK made up of mi-
nimal cuts.

Then, the reliability of the system, which is not worse than 
the reliability of a system with the pseudostructure ϕK and not 
better than the reliability of a system with the pseudostructure 
ϕP, can be estimated top-down and bottom-up. The reliabilities 
of systems with pseudostructures ϕP and ϕK are relatively easy 
to determine.

 
1 1

1 1
j j

i s ij p i P j k i K
max P min  x R min P max  x
≤ ≤ ∈ ≤ ≤ ∈

         = ≤ ≤ =      
         

 (5)

2.2. A Markov model – fixed phase duration

The Markov model may turn out to be an effective tool for 
reliability analysis of complex systems which show variable 
behaviour during execution of a task, such as, for example, 

varying transition probabilities between phases or -
a limited number of maintenance kits. -

 In the proposed modelling strategy, each phase of operation 
of a multi-phased system is modelled with a separate Markov 
model. It is assumed that the final reliability state of a system 
in phase j is the initial state for phase j + 1. A process diagram 
is shown in figure 6. 

In phase I, executed over time T1, working states include, 
among others, states (111), (101), (110) and (011), and transi-
tion to phase II, to analogous working states is possible. States 
(100), (010) and (001), in turn, will be failed states in phase II, 
and the final probabilities of being in these states will add up to 
give the probability of system failure. Obviously, a system may 
also fail in phase I – state (000). For phase III, only the state in 
which all components are working (111) is a working state. 

Inconveniences of this method of modelling the reliability 
of multi-phased systems are connected with the difficulties in 
relating the corresponding states of the system among the indi-
vidual phases. Other complications arise (e.g., [5]) if a given 
component is subject to failure in one phase but does not fail in 
another or when failures in one phase are not diagnosable until 
the component is used in the subsequent phase.

Fig. 3. A Markov model for phase II [11]
Fig. 4. A Markov model for phase III [11]

Fig. 5. A structure of system reliability – a series structure of phases [11]
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A synthetic model of the approach formulated earlier was 
proposed in [5]. The phase index φj was introduced

 φj =  1     if (Tj-1 ≤ t < Tj)  (6)
0     if t < Tj-1, t > Tj

where: Tj – end-of-phase-j time point.
The φj index specifies which transition between states be-

longs to the given phase j. The use of this method does not 
change the state space of a system nor does it require deter-
mination of new probabilities for transitions between states. 
The obtained model is still a Markov model, but is no longer 
homogeneous – the values of transition probabilities depend on 
the operating time of a system. An example of such a model 
is shown in figure 7. To simplify the diagram, only the com-
ponents’ failure rates were taken into account; the notation for 
repair rates is analogous. For each state number, the number of 
phase in which this state is a failed state has been given. 

2.3. A Markov model – random phase duration

If deterministic duration of the individual phases of system 
operation cannot be defined and these time periods are random 
variables, then a non-homogeneous Markov process has to be 
used for modelling. The approach presented in [14] is based on 
solution of a single non-homogeneous Markov model in which 
the concept of state transitions has been generalized to include 
phase changes. 

One merit of this approach is that it can take into account 
the dependence of phase change on the state of the system and 
the dependence of failures and repairs on time in the individual 
phases. There is also no need to correlate the probabilities of 
being in a state between phases. 

The disadvantage of this method is the high level of com-
plexity of the model. The state space can be very large because 
it represents the sum of the states of all the submodels Because 
the size of the state space in Markov models is (in the worst 

Fig. 6. A diagram of a reliability model with fixed phase duration [11]
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case) an exponential function of the number of components, its 
growth may be critical for the possibility of modelling.

3. Conclusions

From the models obtained it was possible to estimate the 
basic measures of system reliability such as, for example, the 
probability of accurate performance of a logistics task, the pro-
bability of the occurrence of an error/failure as a function of 
task execution time, or the mean time between failures.

The presented approach was used to model the reliability 
of intermodal transport systems by means of Markov and se-
mi-Markov models (e.g., [12], [13] and [16]). It can be said 
that the intermodal transport system (from the point of view of 
reliability modelling) is a standard example of a system with 
periodic/phased tasks (missions). Transport of loads is divided 
into phases in which the transportation activities are performed 
different mean of transport.

Possibilities of reliability and safety modelling of combined 
transport of coal on Odra River Corridor [10] is shown in table 1.

For example, taking into consideration the whole system, 
for fixed phase duration of rail and water transport we have 
obtained the following estimations [10]: 

availability of rail system -

 
A t t t t( ) = +( )  + ( ) − − ( )( ) − +  +µ λ µ λ µ λ µ λ µ/ ( exp( ( ) ) / ( )P P0 01

A t t t t( ) = +( )  + ( ) − − ( )( ) − +  +µ λ µ λ µ λ µ λ µ/ ( exp( ( ) ) / ( )P P0 01
 (7)

 where: P(t0) – probability of up state for t = 0,

availability of combined system: -
A t t t ti i i i i i i i i i( ) = +( )  + ( ) − − ( )( ) − +µ λ µ λ µ λ µ/ ( exp( ( ) )P P0 01  +/ ( )λ µi i

A t t t ti i i i i i i i i i( ) = +( )  + ( ) − − ( )( ) − +µ λ µ λ µ λ µ/ ( exp( ( ) )P P0 01  +/ ( )λ µi i

 (8)

Fig. 7. A synthetic model of a sample multi-phased system [11]

 P t A ti i+ =1 0( ) ( )  (9)

where: i – number of phase
The estimated statistical data are divided into two groups 

of undesired events of rail transport and waterborne transport 
(on the first level of the system decomposition). In the case of 
rail transport these are the events connected with failures and 
hazards resulting from rail cars operation and maintenance and 
failures or faults of rail system infrastructure. Whereas for wa-
terborne transport system these are events caused by failures 
and faults of inland waterway infrastructure and restrictions 
come from improper water flow and events fixed with failures 
and maintenance actions of pushers and barges. The differen-
ce in failures and hazards structure results from conditions and 
shares of particular events – see figure 8.

For given results of data analysis, the combined system of 
coal transportation is more reliable than the rail one, while the 
total 50 hours mission time is divided on 6 hours rail phase and 
46 hours water transport phase – figure 9.

Transport system Reliability model 
Rail Block diagram Markov

Rail-water-rail Block diagram Markov – fixed phase duration Markov – random phase duration

Table 1. Schema of analysed models of combined transport systems

Fig. 8. Rate of undesired events [10]
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One can see that the model correctly shows the effect of 
change of mean of transport in the 6th hour of the mission and 
it also shows the increase of the system availability according 

to higher reliability of water transport. Certainly uncertainly of 
the assesment of the combined transport availability depends 
on mentioned uncertainly of input data.
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