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1. Multilevel and near-field optical data storage
— prospect from theoretical point of view

A. Lapchuk, V. Petrov, A. Kryuchyn
Institute for Information Recording
2, Shpak str., Kyiev, Ukraine
Tel. 380-44 -454-8389, e-mail: petrov@ipri.kiev.ua

The principles of development of multilevel and near-field optical data storage are
discussed. The synthesis of the optimal structure of multilevel optical data storage is reduced
to a solution of a simple differential equation. The analysis of solutions of a differential
equation enabled to obtain simple formulae for optical data storage capacity and to obtain
simple criteria for applicability of a recording medium for multilevel data storage. The
microstip near-field probe and microstrip near-field probe with a metal tip are proposed for
near field optical data storage. It is found that microstrip near field probe has strong near-field
interaction with recording layer in the case of medium with large dissipative losses. It is
shown that recording layers with great dissipative losses and using illumination-collection
mode of scanning near-field optical microscope (the most convenient mode for optical data
storage) provide the highest optical efficiency and data storage capacity for near-field optical
data storage.

1.1 Introduction

Optical data storage has led to revolution in information technology and storage.
Consequently compact disk (CD)[1-3], digital video-disk (DVD)[4-5] and Blu —Ray disk
(BD) [6-7] have appeared as compact, portable devices that have high storage density and
high resistance to intense electromagnetic radiation. Given its high tolerance to vibration and
high reliability the optical disk with bit-by-bit principle of information recording and retrieval



has an advantage over holographic memory. However in recent year the flash memory [8]
and magnetic storage devices [9] have a significant increase of data density in comparison
with optical data storage. Therefore the main challenge for optical data storage is to meet the
rapid growth in demand for storage capacity.

There are two main ways for large increase in optical data storage density: volume
storage and near field optical data storage. The near field optical storage uses small hole in
opaque screen or sharp metal edge near recording surface to create a tiny bright spot with
a size significantly smaller than a half of wavelength. The size of a light spot determines the
resolution of optical system and therefore the near field method gives a large increase in
optical data storage capacity. However near field method has very poor optical efficiency.
Due to small optical efficiency data exchange rate is very slow and method needs a large
improvement to be useful for technological application. Current optical disks have only one or
two recording layers and therefore it uses inefficiently the volume of the disk. The large
increase in storage capacity can be obtained by using all volume for data storage — 3D optical
data storage. There are two types of 3D optical data storages: holographic data storage [10-11]
and multilevel data storage [12-16].

Holographic data storage is based on page principle when information is read and
recorded simultaneously from a two dimensional array of pits (page) [11]. Information on
pages is not localized; it is distributed in entire 3D recording medium. The holographic data
storage requires special medium and special optical system and electronics and is not under
consideration in this paper. The multilevel optical data storage has many semitransparent
recording layers and information from an inner layer is recorded and read through upper
recording layers. There are two types of multilevel disks. The first type uses reflection from
recording layer to get recording information. The recording process for this disk is the same
as in conventional optical disk. During information recording the reflectivity or relief of
recording layers is changed. The second type uses a fluorescent medium of recording layers
for information recording [17-18].

Since multilevel optical storage uses the same principles of data recording and reading
as in a conventional optical disk it is compatible with modern optical storage devices. This
method also provides good data protection by a protective layer and it allows easy disk
ejection from computer since reading devices has no mechanical contact with a disk (it
preserves far-field method for information reading). In spite of great importance of multilevel
optical data storage till now there is no mathematical model which can accurately evaluates
required recording layer properties and a data storage capacity.

1.2. Multilevel optical data storage

Below we will present a simple method for calculation of focused laser beam

propagation in thin multi-layered medium. By calculating of beam intensity inside
a multilevel disk we will obtain the dependence of data capacity and signal level on recording
layers properties. To derive a simple formula for a data capacity of a multilevel disk we will
assume that every recording layer is monolayer (has no sublayers structure).
In the multilevel optical data storage a laser beam is focused inside a recording medium on
a layer with desired information, as show in Fig. 1. Recording layers are inside transparent
medium which has no dissipative losses. During the propagation through recording layers the
intensity of a beam decreases due to dissipative losses in recording layers and reflection from
recording layers. It is clear that every recording layer should have the same signal amplitude.
To receive the same signal from all recording layers the reflection coefficient from recording
layers should satisfy a condition:



p=T/°r (1)
where p is relative power of light reflected from the n-th recording layer after it returned back
from an optical disk to a photodetector, Ty, is the intensity transmission coefficient of a beam
from the disk surface to the n-th recording layer, r, —is the intensity reflection coefficient of
this layer.

The value of p determines the maximum possible signal amplitude, therefore we denote
it as signal level. Here we assumed that recording layers are thin and therefore the reflection
coefficient is low r,<< 1. Due to small reflection coefficient it is possible to neglect the re-
reflection part of light with small loss in accuracy of calculation. However the bottom
recording layers should have a relatively large reflection coefficient since a signal from these
layers is strongly attenuated by upper recording layers. Therefore the last several layers need
a special consideration. Since the last recording layers have a large reflection coefficient
a medium of recording layer should have a relatively large refractive index. A large refractive
index of recording layers results in thinner recording layer and in decrease of difference in
transmission coefficients for rays propagating at different angles.

Fig. 1. Principal scheme of a multilevel data storage.

The reflection and transmission coefficients have strong dependence on recording layers
parameters [19] and we want to estimate multilevel optical storage capacity depending on
medium properties of recording layer. Our analysis will be based on the analysis of plane
wave propagated normally to the disk surface. The modern optical systems have an objective
with large numerical aperture and therefore the large part of laser beam will propagate at large
angle to the disk surface. Therefore this part of the beam will have different reflection and
transmission coefficients relatively to an axial ray. Since recording layers are placed inside
a plastic medium with a refractive index approximately equal to 1.5, the convergence angle of
a beam will be significantly decreased in disk medium. However it will be not small enough
do not have any influence on beam parameters. Since we will not take into account difference



in reflection and transmission for rays propagating at different angles our estimation would
give only approximate value of multilevel optical data storage capacity.

1.3. Recording layers with large dissipative losses and fluorescent disk

Medium of recording layers used in the modern optical data storage have large
dissipative losses. The large imaginary part of refractive index of recording layers medium
provides a large reflection from a recording layer and hence relatively large signal level. In
read only memory (ROM) optical disk, used for mass production of video and audio
information, an aluminum layer is used as recording layers to obtain high reflection from
a recording layer. In rewritable (RW) optical disk GeSbTe layer is used as a medium with
very fast transformation from glass to crystal and vice versa to write and erase information. Is
it possible to use these mediums for multilevel optical data storage?
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Fig. 2. Optical beam reflection from a thin layer with high dissipative losses.

To get an answer we should calculate the reflection and transmission coefficients of thin
layers with high dissipative losses (see Fig. 2). In our calculation it is assumed that |n2| >>n,
which is true for recoding layers used in optical data storage.

By using Fresnel coefficient and summation of re-reflected light it is easy to obtain
a simple formula for the reflection and transmission coefficients of thin recording layer:

=

2 4
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rf =|r[*| 2 4k*s® ~
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where: 1 is reflection coefficient from interface of optical disk /recording layer mediums, ko
is wavenumber, g =2k,n,'n,"/n n,"and 'n," are real and imaginary part of refractive index
of thin layer, consequently.



From Eq. (1) and Eq. (2) follows that reflection increases square and transmission
decreases linearly with layer thickness. Hence for thin layers almost all energy losses of
a beam propagating inside a disk will be due to dissipation in recording layers and with good
accuracy we can neglect the reflection losses. In this approximation the beam intensity
decrease can be written as follows:

Ty |2N =42, % = (1= 85) (1= B8, ) %o (L- B5,) = exp(=B*(s, +5, +.5, )) =exp(-*S,) , (4)
where [T, |2- is the transmission coefficient of a beam through N recording layers and s; is
a thickness of i-th recording layer.

In the case of many recording layers and of slow changing thickness of recording layers
with high accuracy we could make the next approximation:

s = 5(i)-si-1)~ B0 _(_p)- 8O ©

di di
where S(i) is total thickness of i-th recording layers.

With the help of Eqg. (2), Eq. (4) and Eq. (5) we could rewrite Eq. (1) as:

I ||n || (j—ij exp(-BS)" =p. (6)

Nonlinear differential Eq. (6) can be easily transformed to linear integral equation:
ds n,|
d—exp( BS( )):ﬁ/[|ro|n—lkoj. @)
The solution of Eq. (7) can be written as follows:
exp(—,BS):—,B*\/E*(n—no)/(|ro|%koj, (8)
where ng is a constant of integration. From Eq. (8) follows that:

S(n :—InL *Jr*(n —n)/[|r0||rr:—2|k0D/ﬂ. (9)

From Eqg. (4) and Eq. (9) the thickness of the i-th recording layer can be found:
o _ds()_ 1
" dn ,B(no - n) .

The total thickness of all recording layers can be calculated by a simple formula:

Stotal =~ In[ﬁ \/_ Ny — 0)/[|r0||:_2|koJ]/ﬂ1 (11)

(10)



where Ny is a total number of recording layers on one optical disk. Since the layer thickness
should be positive we could write inequality:

ﬁ*ﬁ*(no—l)/[|ro||rr‘]—2|koj<1, (12)
]
and hence
n0<|ro|%k0/(ﬂ*\/6)+l. (13)
Since n, > N, we can write:
N, <] || 2|k 1(p*p). (14)

Iny

On the assumption of high reflection coefficient |r,| ~1 (large |n,|/n,>>1 ratio) Eq. (14)
could be written as follows:

s Il oo
nlﬂ*\/a_ , nkn N \/7~ 1 n,'n," p.
0 p

1

N, < (15)

From Eq. (15) follows that maximum number of recording layers which could be
written on one disk for a given signal level is inverse to dissipative losses of recording layer
and to square root of a signal level. Hence when someone decreases signal level 100 times he
can obtain only tenfold increase in number of recording layers. However decrease in losses 10
times gives increase in number of recording layers in 10 times. From mentioned above
follows that the best way to get large information capacity in one disk is to use recording

layers with small dissipative losses. The value of 0,5|n,|/(n,'n,") of recording medium we

have a notation as a quality factor for multilayer recording medium.

From data in Table 1 one can see that GeSbTe medium used for RW disk has low
quality factor. Therefore for multilevel disk with GeSbTe recording layers it is possible to
obtain only 3 recording layers even for the case of rather low signal level p=0.01. From data
presented in Table 1 follows that silver is the best medium for multilelel data storage. Direct
calculation of multilevel disk properties has shown that Eq. (15) gives the only qualitative
estimation for the number of recording layers. The recording layer thickness fast increase with
increase layer number (depth of layer) and the reflection from recording layer rapidly increase
and soon reflection becomes too large to be neglected. Therefore Eq. (15) overestimates the
number of recording layers and can be applied only for qualitative analysis of multilevel
optical disk.

Table 1. Quality factor for conventional recording layer medium (A=400nm).

Medium Al Ag Au GeShTe
n’ 0.49 0.179 1.24 3.5
n’’ 4.86 1.95 1.79 1.7
quality factor 2 5.6 1 0.65
No(p=0.01) 10 28 5 3




The method worked out above can be applied to the fluorescence multilevel optical data
storage. In this case the radiation from a recording layer is proportional to layer thickness and
the field intensity decrease can be approximated accurately by the exponential law. Therefore
the condition for constant signal can be written as follows:

a(%%}exp(—ﬂS)z=cx(%§)exp(—2ﬂ8)::p, (16)

where o is the optical efficiency, £ is attenuation coefficient (due to absorption by

fluorescent medium), n — recording layer number, S - is total length of n upper recording
layers.

The optical efficiency is the product of fluorescence efficiency and optical system
efficiency (efficiency to catch fluorescent light, radiated homogeneously in all directions
(0<0,1). Applying the same method as above we obtain the next formula for a number of
recording layers:

N, =al2p. (17)

The Eq. (17) provides accurate estimation for fluorescent disk layer number since
recording layers in this disk have very low reflectance. From Eqg. (17) that the number of total
recording layers for fluorescent disk depends only on optical efficiency and signal level.

For example for signal level p=0.01 and optical efficiency a=0,10 the disk can have
only five recording layers. However since in a fluorescent disk it is possible to separate
fluorescent light from background radiation by using filter, this method cans use very low
signal levels to detect a useful signal and therefore it can have a large number of recording
layers.

1.4. Recording layer with low dissipative losses

From the previous part follows that the irecording layers of a disk should have low
dissipative losses to obtain the large number of recording layers in one optical disk. However
for R and RW optical disk information recording is carried out by heating of recoding layers
and therefore the recording layer should have the dissipative losses sufficiently large to reach
a temperature sufficient for information recording. Since the dissipative losses should be
small the recording layers should have low working temperature.

In optical band almost all media with a high refractive index have high losses. Therefore
it is very difficult to create a multi-level optical disk with a high signal level. Table 2 gives
complex refractive indices for mediums which could be used as recording layers for
a multilevel optical disk (have large refractive index and low dissipative losses).



Table 2. Complex refractive indice of medium for multilevel data storage (4 =400 nm).

Mediuma Complex refractive index n
Ren Imn
GaP 4.19600 0.275000
Si 5.57000 0.387000
TiO, 3.40000 0.00000
AlSb 4.57000 2.12000
ZnTe 3.40000 0.950000
SigGe2 5.79000 1.34000
PbSe 4.98000 0.173000
InP 4.41500 1.73500
InAs 3.10800 1.95700
ZnS 2.56000 0.00000
GaAs 4.37300 2.14600
AlSb 4.57000 2.12000

For ROM disk the best case for data storage capacity is to have a recording layer
without any dissipative losses. However in this case a real part of complex refractive index of
recording medium should be sufficiently high to enable an increase of reflection from bottom
recording layers to obtain a required signal level. From data on Table 2 it is clear that TiO,
has the highest refractive index for blue light for optical media and has not dissipative losses.
Therefore, TiO; is very attractive for a multi-level ROM disk as medium for recording layers.

Since TiO; is mechanically and chemically stable, a multi-level TiO, based disk can be
used for long-term information storage. TiO, has two possible crystal structures of anatase
and rutile with different refractive indices. The structure of anatase after heating to 400°C
irreversibly transformed into rutile and therefore this medium could be used for R-disk.
However since TiO, has not dissipative losses it needs an additional sublayer that has a low
dissipative losses to heat TiO, layer to temperature of 400°C. There are two ways of using an
additional medium for recording layers (see Fig. 3): a) a layer of TiO, matrix with embedded
inside nanoparticles (b); recording layer with two sublayers. A homogeneous layer is more
easy for manufacturing and homogeneous structure will have significantly smaller scattering
therefore it looks more promising.

Fig. 3. Structures of recording level with two mediums.

It is impossible to apply the mathematical model worked out in previous paragraph for
the case of ROM disk with recording layers without dissipative losses (the best case for ROM
disk). A new approach is needed to determine relation between recording layer parameters
and information capacity of a muli-level disk for this case. Here it will be assumed, exactly as
above, that the layer parameters (reflection and transmission coefficients) are changing
smoothly from a layer to a layer and therefore it is possible to change summation to
integration for calculating beam energy during light propagation inside a disk. It will be also
assumed that all recording layers should have the same signal level and therefore the
reflection and transmission coefficient should satisfy Eq. (1). Differences of transmission
coefficients through n and n-1 recording layers can be written as follows:



P, P P, |P(n-1)

T(n)—T(n—1)=P(n)—P(n_l)zp(n_l)[ P(n) —1]=T0(n—1)(t(n)—1), (18)

where t(n) and T(n) are transmission coefficients (intensity) of the n-th and n reco-

rding layers, consequently, P(n) - beam power after transmission through n recording layer,
Po - initial power of the beam. Since a layer has no lossless we can write:

r(n)+t(n)=1, (19)
or:

r(n)-1=-r(n), (20)
where r(n) is the reflection coefficient (intensity) of the n-th recording layer. Now we can
rewrite Eq. (18) as follows:

dT (n)
dn

=—T(n—1)R(n)=—T(n)%- (21)

After taking the logarithm of the left and right parts of Eq. (1) it transforms to:

T(n)-T(n-1)~

2In(T(n))+In(r(n))=Inp, (22)
and after taking the derivative:
ZMIT(nHm/r(n):O. (23)
dn dn
After substitution Eq. (21) into Eqg. (23) it transforms to:
o M) drn), oo (24)
@-r(n)) dn

It is easy to find solution of Eq. (24):
1/r(n)+Inr(n)=2(n,—n), (25)

where ng is the constant of integration. The transcendental Eq. (24) can only be solved by
a numerical method. However for thin recording layers reflection coefficient is small (r<<1)

and hence its value satisfies the next inequality |In r| <<1/r and therefore in a first
approximation we can neglect a term with a logarithm in Eq. (25):

-1/R~2(n-n,), (26)
or:

r(n)=-0,5/(n-ny). (27)



A constant of integration can be found from condition that every recording layer should
provide a proper signal level. The condition is most simply to write for the first recording
layer:

r(1)=y=-0,5/(1-n,), (28)
or:

n,=1+0,5/p. (29)
After substitution Eq. (29) into Eq. (27) it could be rewritten as follows:

r(n)=0,5/(n,—n)=0,5(1+0,5/ p—n)=0,5p/((1-n) p+0,5). (30)

Now we can obtain a maximum possible number of recording layers from a condition
that bottom layer should reflects all incident light:

R(N)=0,5/(n, —N,)=1, (31)
and finally:
N, =n,-0,5=1+0,5/ p—0.5=0,5(1+1/ p). (32)

We do not use the parameters of medium of recording layer to derive the equation of
Eq. (32). The only condition imposed on the lossless recording layer medium is sufficiently
high refractive index to satisfy the Eq. (3). From Eq. (32) follows that a maximum number of
recording layers is smaller by a factor of two compared with the ideal case when energy of the
propagating beam distributed homogeneously between all layers without reflection losses
from other layers:

N,'=1/p ; (33)

Fig. 4. Dependence of maximum number of recording layers on margin signal level.



Fig. 4 shows the dependence of the recording layers number (maximum possible) on a
signal level calculated by using Eg. (31). Fig. 5 and Fig. 6 show dependence of the reflection
coefficient on layer number for the case of 15 and 30 layers and with a signal level of 3.3%
and 1.5%, respectively. From data presented in Fig. 5 and 6 one can see that the reflection
coefficient has smooth dependence on a layer number and is small (r<<1) almost for all
layers, as it was assumed in our mathematical model. Therefore the proposed mathematical
model should provide sufficiently accurate calculation of multilevel optical disk parameters.
However the assumption of small value and smooth dependence of a reflection coefficient is
not true for the last recording layers and therefore a more rigorous approach is needed for
simulation of the parameters of these recording layers.

From the curves in Fig. 5 and Fig. 6 it is clear that due to a fast change in reflectivity of
the last recording layers, only the last layer has a reflection coefficient over 0.4. But such a
low reflection coefficient (<0.4) can be easily obtained by a layer of recording medium that
has a relatively low refractive index such as titanium oxide TiO,.

Fig. 5. Reflection coefficient of different recording layer (n is layer number) for the case of
margin signal level of 3,3%.

Fig. 6. Reflection coefficient of different recording layer (n is layer number) for the case of
margin signal level of 1,5%.



1.5. Simulation of focused-beam propagation in a multilevel medium near the
focal plane

Fig. 7 shows the optical scheme of a beam focused by objective lens. It is assumed that
the impinging light beam at the entrance pupil of the objective lens is Gaussian beam with a
plane waterfront. In our algorithm, the objective lens is expected to be an object which
transfers a plane waterfront to a spherical waterfront with appropriate polarization rotation
and with specified aberration. In such a situation, the focused-beam field can be calculated by
the Straton-Chu integral [4]:
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Fig. 7. Schematic diagram of a beam focused by an objective lens.
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where the integration is taken over areal of exit pupil plane, k is wavenumber, Epeyit and Hpexit
are electric and magnetic fields at the exit-pupil plane, and:
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where n is unit vector orthogonal to surface of integration, square brackets means vector

product.
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The Eg. (35) can be simplified, by wusing the approximate equality
r-Rr
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For integral (36) calculation we need to have the field at the exit pupil plane. This field
can be calculated from the incident field at entrance pupil by the formula:

=— ﬁ/ ﬁ = —H the error of which is smaller than r/R~A/R<0,001 to:

§ et T (R—T)ds. (36)
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where E?and ES are the electric field components located in entrance pupil,

{Psx aﬂffz W

n
is the polarization transformation matrix of the lens, W(p,¢)= Zan( J cos(k(p -9, ))
0

is the wave-front error due to lens aberrations, expanded in the set of Zernike’s circle

polynomials, & = pcos(¢)/R , B=psin(g)/R, y=+1"-a’-p* (Fig.7).



The simplest method for field calculation in a multilevel medium near focal plane is to
represent it as a set of plane waves (application of Fourier transform) since it is easy to
calculate plane wave propagation in multilayer medium. It is possible to obtain the
electromagnetic field in Fourier space without calculation the field distribution at the focal
plane by the use of stationary-phase integration method:

~ ~ kx Kky )27k ik ~ 271K ik
Epexit = Espot(_x!_yjm = Espot (a’ﬂ)m (38)

r'r r2 r?

where Espm(a,ﬂ) is the Fourier image of the field at the focal plane, o =kx/r,

p=kylr are x- and y- component of vector wavenumber. Eq. (38) after simple
transformation can be used for the calculation of the field in Fourier space at focal plane:

Espot(a, f) = (2232 E (k—x | k—yj exp(i kf ). (39)

The factor exp(zﬂiW (p,¢)) can be added to Eq. (39) to take into account lens

aberrations. Thus, knowledge of the electric field distribution in the exit-pupil allows easy to
calculate the electric field in Fourier space. We verified by numerical calculation that for
a lens with high numerical aperture NA < 0.9 the direct field calculations in the focal plane by
using the Sratton-Chu method and calculation by using the approximate Fourier spectrum
obtained from (39) with consequent inverse Fourier transform give for the main light spot the
same electric field intensity distribution (with an error less than 0.1 %)
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Fig. 8. Electric field intensity in two orthogonal cross sections (along X and Y axes) for
the case of x - polarized homogeneous field of incident beam at entrance-pupil plane for
a lens with coma aberration. __ = 0.2 _ rms; - - - scalar theory; — vector theory; NA = 0.85.
(a) Field intensity along X axis. (b) Field intensity along Y axis.

Comparison of field intensity distribution obtained from numerical simulation by using
the algorithm elaborated above with the data from [1] has shown that they agree with an error
slightly above 1%. From a comparison of field intensities at the focal plane obtained from
scalar and vector theories for a lens with large numerical aperture, which are shown in Fig. 8
and 9, it is clear that vector theory gives a wider main spot with decreased field intensity at
the spot center and smaller side-lobe intensity around it. For example, from the curves in



Fig. 8 one can see that scalar theory gives a more intense and narrower main spot and side
lobes with larger intensity than vector theory for the case of a lens with coma aberration.
Fig. 9 demonstrates field intensity calculated by scalar and vector theory for a lens with
spherical aberration. As one can see, the tendency of smaller intensity for the main spot is also
valid for the lens with the above-mentioned aberration. The spot shape for the lens with
spherical aberration has a different distribution along a different cross section, depending on
polarization of the incident beam, as is clear from a comparison of the intensity plots in
Fig.s 9(a, b) obtained by vector theory.
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Fig. 9. Electric field intensity in two orthogonal cross sections (along X and Y axes) for
the case of x - polarized homogeneous field of incident beam at entrance-pupil plane for a
lens with spherical aberration __ = 0.1 _ rms; - - - scalar theory; — vector theory; NA = 0.85.
(@) Field intensity along X axis. (b) Field intensity along Y axis a lens with numerical aperture
NA < 0.9 and possessing Zernike’s coefficients |Ci| < 1 (for a lens with small aberration).

The algorithm for simulation of focused beam propagation in multilayer medium is
based on expansion of electromagnetic fields of this beam in a set of plane waves. The
focused beam is represented as a sum (integral) over plane waves by the use of Fourier
transform. Every plane wave is represented as sum of s— and p—polarized beams (see Fig. 10).
For every s—and p—polarized beam, the problem of its propagation through a parallel
multilevel structure is solved by calculation of Fresnel coefficients at every interface followed
by application of scattering-matrix theory for calculation to calculate the general scattering
matrix for all multilayer structure. From general scattering matrix we can calculate plane
wave amplitude at top and bottom surfaces of the structure. Then, the field in any layer can be
calculated by the using the theory of transmission lines:

Ei(z; - L;)=Edlz; Joosly Ly )+ ip;H(z Jsinly L ).

H(z; - L) =i Et(z_j)Si”(ﬁ'-j)Jf H,(z;) cosly;L;).

J

(40)

where E; and H, are tangential components of electric and magnetic field, respectively; p; is
the wave resistance of the j-th layer, L, is length of j-th layer.




The fields of all plane waves should be summed to calculate the field distribution of
propagating beam inside volume of multilayer structure. The field calculations utilizing the
Fourier transform for a focused beam has good convergence only near the focal plane (the
distance from the focal plane does not exceed several wavelengths). Other methods should be
applied to field calculations far from the focal plane.
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Fig. 10. Optical scheme of plane-wave propagation in a multi-layer medium.

1.6. Features of the optical system of multi-level data storage

Multilevel method has several features, which specifies special requirements to the
optical system of optical head and on an optical disk layer structure. The each layer is located
at various depths from the surface of a disk. It is well known that a beam waterfront passed
through a layer of the thickness h with a refraction index n obtained a spherical aberration of

nNA*h/ A . The optical system for multilevel optical data storage should have an opportunity
to move a focal plane up to 1 mm in the depth of an optical disk and therefore the value of
spherical aberration of the beam will be changed with a change of the depth. However the
problem of compensation of spherical aberration is already solved by using a liquid crystal
plate with a circular phase adjuster [20, 21], and therefore it will be not analyzed here.

Fig. 11 shows the principal optical scheme of information reading from a multilevel
optical disk. It is clear that the beam reflects from all recording layers and therefore the
reflected beam in addition to a useful signal has strong background radiation. Since the
optical disk structure should provide approximately the same signal level from all recording
layers, the power of background radiation will NO-1 times exceed the power of the useful
beam at the surface of the disk. However the only useful beam will be exactly focused at
a photodetector and all its power will be detected. Only a small part of power of the beam,
reflected from the i-th recording layer will be received by a detector:

P=PRS, /S, (42)
where Py is power of the beam reflected from i-th layer on the surface of the disk, S; —

the area of light spot of the beam reflected from the i-th recording layer (image plane) in
detector plane, Sy is the detector area. Now we could write a signal to background ratio as:



(N0-1)/2
77fon:2 z IOSd / IOS_d ' (42)
i=1 S SO

where Sy is the light spot area in a detector plane of the beam reflected from a current
recording layer. Provided that So = Sg and since:

AN e (A) 1
S, /S, :(Mj /HZ(iNA) ‘(ﬁj A (43)

The Eq. (42) could be rewritten as follows:

Fig. 11. Principal optical scheme of light intensity distribution in a detector plane for the
beams reflected from different recording layers.

Fig. 12. Optical scheme of beam reflection. It is shown only re-reflected beams which
have image plane close to image plane of beam reflected from recording layer.
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From equation above it is clear that in the case of sufficiently small detector area and

2
relatively large distance between recording layers (H A j << 1, the background signal

NAZ
can be reduced to low level do obtain sufficiently low signal to noise ratio. However the
partial coherency of useful and background beam could significantly decrease signal quality
due to interference effect:

| ~ Re[(Esig + Enoise{ésig + Enoisej] _

(45)
= Isig + Inoise +2 Isig Inoise C68(g0)= Isig (1+ 2 C6S(¢) Inoise / Isig + Inoise / Isigj

where ¢ is phase angle shift between the fields of beam with signal and background

field, cos(p) average value of cos(¢).

For incoherent light the averaging results in close to zero value and therefore in this
case the noise increase due to interference effect will be small. Therefore in multilevel data
storage it is better to use a wideband laser diode or several laser diodes with slightly different
wavelengths to decrease beam coherence and hence to suppress signal noise due to
interference effect.

The numerical aperture of objective increase allows to decrease the distance between

layers as:

H,.. =1/ NA?, (46)

due to decrease of depth of focus. Therefore, the using of objective with large numerical
aperture allows significantly decrease the distance between recording layers and increase the
data storage capacity.

There is also a background light from re-reflected beams. The signal from re-reflected
beams can be estimated as follows. The reflection coefficient of recording layer increases
with its depth and should be close to 1 for the last layer. Therefore, the amount of energy that
penetrates through all layers will be close to zero. On the other hand, it was found above that
about half of beam energy will be used to create a signal (energy reflected from all recording
layers). Thus, for the lossless layers, the beam energy will be equally divides between the
energy used to create a signal and energy of re-reflected light. Since the energy that goes to
a signal is split equally between Ny recording layers, the energy of signal will be less than the
energy of re-reflected light by a factor 1/Ny . The above implies that re-reflected beams will
create approximately the same background signal as the beams reflected from inactive
recording layers. Since the light spots from re-reflected beams also will be blurred only
a small part of their energy hits the photodetector. However, for some re-reflected beams will
have image plane close to photodetector. These are recording layers symmetrically situated
relatively working recording layer (every second of them). For these recording layers the
shift of their image plane is not determined by the distance between the layers but by the
difference in distance between layers (Fig. 12). The most numbers of such re-reflected beam
exist for the case of reading information from the lowest layer (N-1) / 2. Fig. 12 shows this
case for the multilevel disk with seven recording layers. The total energy of this type of re-
reflected beams will not be larger than:



P/PO:R3(N0—1)/2~%(N0—1)/N03z%/Noz, (47)

where R is reflection coefficient of one recording layer, Py — initial energy of the beam,
No — total number of recording layers .

Thus, this part of re-reflection energy is smaller by a factor 2N than the energy of the
signal (1/2No). However, since these re-reflected beams will create signal with the same
frequency as the information signal, they can significantly affect the signal quality. Therefore,
the special attention should be paid to achieve unequal distances between the recording layers
to minimize cross signal from the neighboring recording layers. The crosstalk signals from the
lower layers are much greater than from the upper layers since they have sufficinlly larger
reflection coefficients. Therefore the special attention should be paid to situated the lower
recording layers with large distances difference between them.

Re-reflection, due to interference effect, can lead to the degradation of the main
maximum of a focused beam and to appearance of wide side maximum. The wide side
maximum results in increase of a cross-talk signal from adjacent pits. Different rays of
a focused beam have different directions of propagation and hence have different phase shift
when propagating from one recording layer to another (Fig. 13). In the case of equal distances
between recordings layers a ray with a phase shift:

= kd cos(¢):(n+o.5)§, (48)

reflected back rays from two adjacent layers interfere negatively and propagated
forward ray has no power losses. For rays which have a direction of propagation satisfying
Bragg's law:

7 =kd cos(p)= n%, (49)

the reflected rays increase each other, and on the contrary, the amplitude of propagated
forward ray decreases strongly. Hence the spatial frequencies corresponding to a Bragg's law
will disappear in propagating forward beam. The rays with close directions to these angles,
due to many re-reflections, will move in the lateral direction and create wide side maximum
in a propagating forward beam.

Fig. 13. Optical scheme of ray re-reflection in multilayer medium.
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Fig. 14. Reflection coefficient (intensity) through 14 4,5 nm thick TiO, layers in a
plastic of medium (n=1.4) with interlayer distance d=7100 nm; A=400 nm: a) p- polarization;
b) s-polarization.

Fig. 14 shows the dependence of the transmission coefficient of the plane wave through
14 identical equidistance thin TiO, layers on the angle of plane wave propagation. As it was
expected, the multilayer structure is a comb filter of spatial frequencies, which erases the
narrow spatial frequencies band in propagating forward beam. The numerical simulation has
shown that in the case of different distances between recording layers the result is similar to
the constant distance case.
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Fig. 15. Light spot intensity of p-polarized beam in the focal plane (2D case, NAO,8
with compensation of spherical aberration), which is located inside optical disk: dash line —
homogenous medium; solid line— a medium with 14 thin (4.5 nm) TiO, layers with separation
distances between them of d=7100 nm.

Fig. 15 shows the field intensity distribution of Gaussian focused beam (at the edges of
the lens field intensity decreases to lo/e?) with numerical aperture 0.8 in the focal plane for 2D
case (the homogeneous field along the second transverse coordinates). All layers have the
same thickness and the same distances between them. Fig. 15 also shows the focal plane beam
shape for the case of an optical disk without recording layers to show clear the influence of
light reflection and interference.
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Fig. 16. Light spot intensity of p-polarized beam in the focal plane (2D case, NA=0.8
with compensation of spherical aberration), which is located inside optical disk: dash line —a
homogenous medium; solid line- medium with 14 thin (4.5 nm) TiO, layers with initial
separation distance between them of d=7100 nm which increases by 5 nm with every shift by
one layer.



Fig. 16 shows the distribution of the field intensity in the focal plane for the case when
the distance between layers constantly increases by 5 nm (the distance between the first and
second layers is d = 7100 nm). One can see from curves on Fig. 16 that a small change of
distance between adjacent layers results in a substantial decrease in the intensity of side
background radiation. Further increase in the distance difference between adjacent layers does
not substantially change the intensity of field distribution in the focal plane.
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Fig. 17. Light spot intensity of p-polarized beam in the focal plane (2D case, NA=0.8
with compensation of spherical aberration), which is located inside optical disk: dash line —a
homogenous medium; solid line — a medium with 14 thin (4.5 nm) TiO, layers with initial

separation distance between them of d=7100 nm which increases by 20 nm with every shift
by one layer.
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Fig. 18. Light spot intensity of p-polarized beam in the focal plane (2D case, NA=0.8
with compensation of spherical aberration), which is located inside optical disk with 14 thin
(4.5 nm) TiO; layers with initial separation distance between them of d =7100 nm which

increases by 20 nm with every shift by one layer: dash line — s-polarization; solid line — p-
polarization.



This can be seen in Fig. 17, which shows the intensity distribution in the focus for p-
polarized wave when the distance between adjacent layers increases immediately to 20nm
(while maintaining all other parameters of the structure of the disc and the beam). The
intensity distribution of s-polarized beam has the same width of the main maximum and
approximately the same intensity of side lobes (Fig. 18), except amplitude of the first side
lobe which is substantially less than intensity of p-polarized beam and the field intensity in the
side spot for s-polarization, contrary to p-polarization, has not significant oscillations. An
increase of intensity of a side light spot is inevitable price for a multi-level optical storage,
because in multilayer medium the ray re-reflection is unavoidable, which leads to a lateral
displacement of the part of beam energy. Expanding the size and increasing intensity of light
of side lobes leads inevitably to an increase of crosstalk between pits. The pits in the area of
side light spot reflect light back. According to the reciprocity principle the part of reflected
light from nearby pits would fall on the detector independently of its size in the same way as
the part of light of a focused beam creates a lateral maximum in the focal plane. Lower levels
of a signal and stronger background light, strong crosstalk signal call for a powerful method
of error protection.

1.7. Conclusion

We analyzed a multi-level optical disk with two different disk structures:

1) a multi-level optical disk having thin recording layers made from conventional media used
in an optical disk for recording layers: metal layers (ROM media type) and ultrathin layers
GeShTe (R and RW media types);

2) a multi-level optical disk with recording layers made from a transparent thin dielectric with
a large refraction index.

A differential equation for the optimal reflection coefficient of recording layers was
derived for the case when recording layers had large dissipative losses (recording layers on
the basis of thin metal and GeSbTe films). The solution of this equation gave a simple
formula for the maximum number of recording layers depending on the permissible level of
a useful signal and recording layers parameters. It is shown that this method can not get more
than 5-15-layers on one side of an optical disk.

A differential equation for the optimal reflection coefficient of recording layers for the
case of recording layers without dissipative losses is derived. By solving this equation we
obtained a simple formula for dependence of a maximum number of the recording layers on
the permissible level of a useful signal. It is shown that in the case of recording layers without
dissipation it is possible to obtain the ROM optical disk having up to 100 recording layers
with total information capacity of 200-2000 Gbytse.

It is shown that a low crosstalk signal from adjacent layers can be received by changing
separation distance between recording layers, especially between the lower recording layers
and choosing proper transverse size of a detector.

1.8. Near-field optical data storage

1.8.1. Scanning near-field microscope

Near-field optical data storage uses scanning near field microscope [22, 23] for
read/write data on an optical disk. The main part of the scanning near-field optical microscope
(SNOM) is a probe that consists of a cone-type optical transparent dielectric with the side
surface covered by an opaque metal film. On the apex of the cone, there is a small hole in the
metal coating. The light beam, excited either by an incident focused beam, or by a dielectric



waveguide situated at the wide side of the cone, is propagating along the cone and strikes
a hole at the apex of the probe. The beam size outside the probe, close to the hole, is
approximately equal to the diameter of the hole, and therefore, can be smaller than a half of
the wavelength. The beam size determines the lateral resolution of microscope and therefore it
can be as small as hole diameter. Unfortunately, high spatial resolution of SNOM implies too
low optical efficiency coefficient, since it drastically reduces with decrease of the hole size.
There are two parameters used for calculation of the optical efficiency in SNOM: 1) far-field
transmission coefficient, or simply transmission coefficient; 2) field enhancement.

For usual probe with a large convergence angle and a small aperture, the transmission
coefficient, ki, decreases rapidly with increasing the wavelength, A, as [24- 26]:

ke ~(d/2), (50)
where d is the hole diameter.

Usually, the transmission coefficient is much lower than 10 even for a relatively large
hole size of 100 nm [27]. Low optical efficiency is due to a low transmission coefficient of
the light propagating through a small hole in an opaque screen, as well as due to an
evanescent region near the apex of the probe.

The field intensity enhancement, ks, is used to characterize the near-field interaction of

SNOM with the scanned sample, which is the ratio of the field intensity at the SNOM
2 2

, to the field intensity of an incident beam, [22, 27]:
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k. =|E,| /|E, (51)
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Here, we also use a near-field transmission coefficient, k,, defined as follows (for the
case of SNOM scanning an object with losses) [28]:

k =P, /P

inc 1 (52)

where P, is the total energy flow through the aperture (due to the near-field interaction,
almost all energy is absorbed by a scanned object), and Pjyc is the energy of an incident beam
(this definition is similar to that for the far-field transmission case).

The near-field transmission coefficient is dependent upon the value of losses in the
medium of the scanned sample; it is very low (<<0.001) for a conventional SNOM scanning
of any medium. Fig. 19 shows an optical scheme which can be used for an optical data storage
[29]. An optical scheme in Fig. 19a), c) illuminates an optical disk by near-field and detects
a signal in far-field and on the optical scheme in Fig. 19b), to the contrary, an optical disk is
illuminated by far-field and a signal is detected in near-field. Only an optical scheme shown
in Fig. 19 uses near-field for illumination and signal detection. Using far-field for illumination
or for signal detection causes a strong noise due to an interaction of far-field with a large area
of an optical disk. A scheme using near-field for illumination and signal detection (Fig. 19c)
has a significantly weaker noise but a very high background signal from a beam reflected
back from probe apex. Weak probe beam interaction with a disk and results in a very weak
useful signal and a strong background signal. That fact makes practically impossible to



separate a useful from background signals in this mode of operation. Therefore all
experimental data in near-field data recording were obtained in modes which use both near-
field and far-field for data recording: reflection mode, reflection — collection mode,
illumination mode. For this case signal amplitude is determined by the far-field transmission
coefficient. The first experimental results in near-field optical data storage were obtained by
Betzig [30]. Betzig recorded magnetic marks in Co/Pt multi-layers magnetic medium (normal
polarization of magnetic medium) with ten repetitions of 4A° Co i 10A° Pt sputter coated onto
a glass substrate. A recording mark was obtained by heating a magnetic medium over Curie
temperature ( 300° C) of a magnetic medium. There was obtained a magnetic mark structure
with periodicity of 120 nm in both directions corresponding to a storage density of 45
Gbits/in?, what is 100 times more dense than on CD disc and is several times more dense than
on BD. Several other laboratories demonstrated near-field optical recording on a polymer film
[31-33]. However due to low optical throughput the data transfer rate is extremely low, it is
about 10 kHz/s. This rate is lower by a factor of 10° than in modern optical data storage.

Fig. 19. Principal optical schemes of a near-field optical data storage using scanning
near-field optical microscope operating in different modes: a) reflection; b) reflection -
collection; ¢) illumination; d) illumination - collection.

Practical application of near-field microscope for optical data storage requires a great
increase in the data transfer rate and hence a new type of near-field probe with a significantly
higher optical efficiency. Several new probe structures which show a huge increase in optical
efficiency were proposed in last decade [34-38].

However till now there are no experimental results with appropriate for technological
application data exchange rate and theoretical foundation for viable near-field optical data
storage.



1.9. Pyramidal shape near-field microstrip probe

We proposed a SNOM with a microstrip probe for significant improvement of optical
efficiency [39-50]. One of possible types of a microstrip probe is the pyramid-type microstrip
probe (PTMP) (see schematic drawing in Fig. 20). The PTMP has a transparent pyramid-like
core with a truncated corner. Metal strips coat two opposite sidewalls of the pyramid. The
transparent body and two metal strips form a tapering microstrip line, similar to an ordinary
microstrip line where two opposite sides of a dielectric rectangular slab are coated with metal
films, as shown in Fig. 21. The incident beam (either a focused beam or a dielectric
waveguide mode) couples to the probe through its wide end, and propagates along the probe,
reaching the narrow end that forms the aperture. The light passing through the narrow end
interacts with the scanned sample. In far-infrared band metal strips can be represented with
high accuracy as perfect conductors which can support quasi-TEM wave which has no cut-off
size. The incident light should have electric field polarization orthogonal to the metal strips in
order to excite the quasi-TEM mode that has no cut-off size.

Numerical simulations based on a simplified near-field probe model, which represents
a probe as tapered microstrip line with low reflection and dissipative losses has shown that the
microstrip probe has a high far-field transmission coefficient [28, 39-40] which can be
calculated by using simple formula:

k=P /P, =(ka) Ik, (53)

where k is wavenumber, a is linear aperture size, and k; is the power attenuation
coefficient of the incident beam in metal strips, F,, P.are energies of initial and radiated

beams, respectively.

For the case of scanning surface with dissipative losses the near field interaction of
a microstrip probe with the scanning surface results in energy transfer from probe to surface
through induction current. The near-field transmission coefficient (calculated by using
simplified model) [28, 39-40] can be written as follows:

k, =P /P, ~ Askalk (54)

where B is energy losses in scanning sample due to current induced by near-field

interaction (due to near-field interaction), A is the dimensionless coefficient which depends
on permittivity of probe dielectric core.

From Eq. (53) follows that a microstrip probe has a significant advantage over
a conventional near field probe in far field transmission coefficient, especially for the small
aperture size (a<100 nm) since it decreases with decrease of the aperture size a as a square of
the aperture diameter. Comparison of far-ield (Eqg. 53) and near-field (Eq. 54) transmission
coefficients shows that for the small aperture size the latter will decrease slower with
decreasing the aperture size a and for small aperture size.

Therefore, the near-field interaction will dominate in probe interaction with scanning
surface in the case of scanning area with large dissipative losses. Since the near-field
interaction results in dissipative losses (no radiation) it can not be detected in far-field.
Therefore for detection of strong near-field interaction of a microstrip probe with the sample
with large dissipative losses the illumination—collection mode of operation of SNOM should



be used. The illumination—collection mode of operation of SNOM does not require a lens and
uses only a near-field probe to illuminate and detect a signal and therefore is simpler and
more easy for fabrication.

It follows from analysis above that for optical data recording with a microstrip probe the
strongest signal can be obtained for using a recording medium with large dissipative losses
and in operation in illumination — collection mode. Since conventional recording layers used
in optical data storage such as GeSbTe and metal films have great losses they can be well
applied for near-field data storage based on microstrip probe.

Fig. 20. (a) Schematic representation of a cone-type SNOM probe; (b) Diagram showing light
propagation in the probe.

However, it is unlikely that a simplified model, based on the properties of quasi-TEM
wave of a microstrip line with ideal metal strips (Fig. 21), used in Refs. [28, 39-40], is
sufficient for accurate calculation of characteristics of PTMP in optical band due to surface
plasmon resonance phenomena. Therefore, a numerical simulation on the bases of a rigorous
theory is required to obtain reliable theoretical results.



1.10. Quasi TMg, modes of microstrip line in optical band

The near-field probe can be represented as a tapered waveguide, and in our case as
a tapered microstrip line. Therefore for clear understanding of beam propagation in a near-
field probe and its interaction with a scanning object through aperture it is very important to
know dispersion characteristics and the field structure of waveguide modes. The microstrip
line structure is shown in Fig. 21 [51].
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Fig. 21. Cross-sectional view of an optical microstrip line.

We are interested mainly in a several first quasi-TM,, modes (surface plasmon waves),
which can propagate in the region near the probe apex of the NSOM, where the first subscript
n denotes the field dependence on the x axis (along the layer in the microstrip’s cross section)
and the second subscript m on the y axis (coordinate across the layer). It should be noted that
for the complex structure such as a microstrip line this notation is somewhat ambiguous
because of the complexity of the field structure of microstrip modes. For small microstrip
sizes, however, only a several waves can propagates in the line.

The properties of these modes are assumed to be derived from the properties of the TM,
waves propagating in the infinite two-dimensional dielectric-metal-layer structures analyzed
above, and thus our notation for the microstrip mode is based on this fact. Since the structure
has two symmetry planes at x=0 and y=0 and it is assumed that the excitation field has the
same symmetry it is possible to place magnetic wall at x=0 and electric wall at y=0. We used
finite difference time domain method for accurate simulation of waveguide modes in
microstrip line.

The excitation of a microstrip nanowaveguide by the field of a mode of a microstrip line
with perfectly conducting strips was used to excite waveguide modes. It was found that for
this symmetry and for small microstip sizes (a<A/2; b<A/2) only one quasi-TMgo microstrip
mode can propagate in a microstrip line. The rigorous simulation has shown that properties of
fundamental quasi quasi-TMgo can be derived from TMy modes of the plane metal dielectric
structure by replacing the side walls of microstrip line by impedance plane (mode matching
method).
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Fig. 22. Slow-wave factor (solid curve) and attenuation coefficient (dashed curve) of the
quasi-TMgo mode as a function of microstrip width. The microstrip has a core layer g;= 2.25
and 20 nm thick silver strips with a height of b= 40 nm operating at A=790 nm.

Fig. 22 shows the characteristics of a fundamental quasi-TMg, microstrip mode
calculated by the rigorous FIT algorithm and by the simplified MMM in which the waveguide
side walls are replaced by magnetic walls (¢= 0, n= 0).

The simplified MMM with magnetic sidewalls measures any dependence of the slow-
wave factor and the attenuation coefficient on microstrip width (TEM mode approximation),
whereas a rigorous FIT model gives a sharp increase in the slow-wave factor for a narrow (a
>> b) microstrip line.

The difference between mode characteristics calculated by two methods decreases
quickly with increasing microstrip width and approaches zero. For a wide microstrip line (a/
b>>1) the characteristics of quasi-TMgy, modes (the slow-wave factor and the attenuation
coefficient) obtained by both methods agree well. Note that the slow-wave factor and the
attenuation coefficient calculated by the FIT are always larger than those obtained by the
MMM.



Fig. 23. (a) Electric field amplitude of the quasi-TMg, mode along a microstrip line
(atx= 0) and (b) electric field energy density at the cross section (at z = 30 nm) in
a microstrip line with a length of s =160 nm covered with silver metal strips: a = b= 10 nm,
t=4.5nm, g =4, A= 650 nm , y/k = 14.0 calculated by the FIT and k/y = 12.4 by a MMM).

Fig. 23 shows the electric field amplitude and the energy density distribution of the
quasi-TMg, mode of the microstrip line. One can see that the cross-sectional size of the quasi-
TMy field is approximately equal to the size of a microstrip’s cross section. From the electric
field distribution in Fig. 23 one can see that it has large peaks at the metal strip ends, with
large field penetration into the metal. It is these field intensity peaks in the areas of the metal
edges that make the slow-wave factor and the attenuation coefficient of the TMy, mode of the
microstrip line larger than those of the TMy mode of the planar structure.

Therefore the simplified MMM to microstrip lines can be applied only for qualitative
analysis of the characteristics of a TMo, mode of an optical microstrip, and a more rigorous
model is needed for accurate calculation. It should also be noted that the electric field of the
fundamental mode of an optical microstrip has a loop of the electric field near the microstrip
end, similar to that for the conventional microstrip line (Fig. 23(a)).

As a width of the fundamental mode of an optical microstrip is approximately equal to
the microstrip line transverse structure size, one can expect that it will be possible to obtain
a beam diameter of several nanometers for a tiny microstrip. A field pattern with a beam size
smaller than 10 nm propagating in a dielectric rod covered with two golden strips is shown in
Fig. 24. This tiny-sized wave has a slow-wave factor as large as 31.1 and great power loss that
is due to strong field penetration in the metal.



Fig. 24. (a) Magnetic field amplitude of the quasi-TMy, mode along a microstrip
(aty =0) (b) Power flow (z components) at the microstrip cross section (at z = 20 nm) in an
optical microstrip line with a length of s = 60 nm covered with gold metal strips: a = b=5 nm,
t=15nm, g =4, A=1520 nm.

1.11. Pyramid-type microstrip probe properties

As mentioned above the near-field probe may be represented as a tapering waveguide,
or, in the case of the pyramid-type microstrip probe (PTMP), as a tapering microstrip line.
Therefore, knowledge of the waveguide modes is of great importance for understanding
features of beam propagation in the SNOM probe and for design a probe with optimized
characteristics. It was found [51] that the quasi-TMgo has no cut-off frequency, and therefore,
can propagate along the whole probe (from its wide end to the apex), which should result in a
high field enhancement and high optical throughput.

Numerical simulation has shown [51] that the quasi-TMg, mode is confined mostly to
the region of the dielectric slab (see Fig. 23, 24); as a result, the characteristic size of the
space occupied by the mode in the direction across the layered structure is approximately
equal to the height b (see Fig. 21) of a microstrip line. The quasi-TMg, mode is the best one
for using as a working mode in the PTMP in order to obtain high spatial resolution (owing to
a small effective diameter of the beam).



This mode can be easily excited by a focused light spot in the center of the wide end of
the PTMP, or by a fundamental mode of an optical waveguide coupled to the wide end of the
PTMP. The Microwave Studio Package cannot simulate a focused beam spot, and therefore,
to simulate excitation of the beam in a probe, we studied the quasi-TMg, fundamental mode
propagating in an ideal microstrip line with perfect conducting strips. In all calculations
described below, we shall use a symmetrical PTMP (with x=0 and y=0 being the two planes
of symmetry of a probe), and the probe excitation by the quasi-TMgo wave of a microstrip line
with ideally conductive metal strips.

In order to have high optical efficiency, a near-field probe should satisfy the following
conditions: (1) High coupling efficiency of an incident laser beam to the quasi-TMg, working
mode; (2) The ability for the working mode to propagate along the whole length of a probe;
(3) Low energy losses and good interaction of the working mode with the aperture.

In view of the fact that, practically, only common-optics devices can be used for the
probe excitation, the transverse dimension of the wide side of a probe has to be at least A/2.
On the other hand, the quasi-TMg, mode has a beam width approximately equal to or smaller
than one wavelength; furthermore, the beam width decreases rapidly with increasing the
dielectric constant and with decreasing the thickness of metal strips [51].

However, to obtain good coupling efficiency between an incident beam and the quasi-
TMgo mode at the wide end of a probe, the size of an incident beam should be approximately
equal to the characteristic size of the beam associated with the quasi-TMg, mode. Hence, the
dielectric core of a probe should have a small permittivity, and the thickness of the dielectric
slab in the plane of interaction, as well as the characteristic size of the excited beam, should
not exceed one wavelength.

While propagating through a probe, the quasi-TMgy, mode experiences a backward
reflection, because of the probe tapering. The backward reflection can significantly deteriorate
the optical efficiency. In order to reduce this parasitic reflection, the relative change of the
microstrip transverse size along the probe must be small on a distance equal to a half of the
wavelength of the quasi-TMgy mode (i.e., the distance of positive interference with the waves
reflected back). This condition may be written as follows:

A_daz)_ 2 t9(6)
2a(z) dz  2a(z) k

<<1, (55a)
A db(z)_ 2 19(6,)
2b(z) dz  2b(z) k

<<1, (55b)

SwW

where A is the wavelength of the quasi-TMg, mode and Ay is the wavelength in the free
space; 6, and @, are the tapering angles of the probe within different planes; kg, is the slow-

wave factor [51]; and a and b are the cross-sectional dimensions of the dielectric slab (cf.
Figs. 21).

It follows from Eq. (55) that for the same tapering angle, the reflection is larger for
small a and b, and hence, the losses of the quasi-TMgy, mode due to the back-reflection will

increase in the vicinity of the probe apex. However, the fast increase of k,, with decreasing

the microstrip line height a [51] should significantly decrease the reflection from the region
near the probe apex, and therefore, reduce the energy losses.
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Fig. 25. Parameters of the PTMP simulated by MWS: (a) Electric field intensity along
the probe axes (x=y=0); (b) Power flow P, at the probe aperture; (c) Power flow P, along the
probe in the YZ plane). The calculation is for the following parameters: a;=b,=600, s=100,
a=b=20nm, t=20, t;=-40, A=780 nm, and &=2.25.

Fig. 25 shows the field distribution in the PTMP with an aperture of, a=b=20nm, t=20nm. As
one can see from Fig. 25 (a), the field distribution along the probe has a structure
characteristic of a static wave with a high, sharp peak near the probe apex, where intensity of
the field is enhanced by a factor of approximately 2500.

This result is in good agreement with a simple formula 4k.(a/a;)? derived from a simplified
model of the PTMT [28, 39-40]; here k; is the energy loss coefficient (i.e., the ratio of the
beam power that reached the apex to the power of an incident wave), and definition of a and
aj is clear from Fig. 20(a). It should be noted that due to energy losses, the field distribution



does not exactly correspond to that for the static wave (i.e., the field amplitude is not equal to
zero at the wave nodes).

The spatial resolution of the SNOM can be calculated as a size of the light spot at the probe
aperture. The probe of a conventional SNOM, as is pointed out above, has a spot size
approximately equal to the diameter of the hole. Since the PTMT is an open structure, there is
no easy way to calculate a spatial resolution for this case.

From the fact that the tapered microstrip line has only one propagating mode (quasi-TMgg
mode) in a small region near the probe apex (in the case of symmetrical excitation), one may
suggest that the size of the light spot formed close to the probe apex can be estimated from the
transverse dimensions characterizing spatial localization of the quasi-TMg, mode; these
dimensions, as is estimated above, are equal to the transverse sizes (thickness and width) of
the dielectric slab of the microstrip line [51].

However, an incident wave may excite strong local surface plasmon waves at the edges of the
metal strips at the probe apex, and therefore, the spot size can increase at least by a factor of
2t; (see Fig. 20) in the transverse plane (i.e., along the y-axis) due to a large field intensity of
the local plasmon waves.

Fig. 26 shows spatial distribution of the main component of the electric field (Ey) and the
electric field energy distribution at the probe aperture simulated by the MWS. One can see in
Fig. 26(a) that the electric field amplitude is strongly inhomogeneous in the horizontal plane
(i.e., in a transverse plane perpendicular to the structure symmetry axis), displaying sharp
peaks at the dielectric-metal and the metal-air interfaces.

The amplitude of the Ey, component of the field is small above the ends of the metal strips and
is rapidly decreasing in the air with distance from the metal strips. In addition, E, decreases
monotonically along the x-axis with distance from the center of the dielectric slab. However,
the spatial distribution of E, does not give a true picture of the electric field intensity at the
aperture, because it does not display a peak of the electric field intensity at the end of the
metal strips, which is mainly due to the E; component of the electric field.

Fig. 26(c) shows the electric field energy distribution (in a horizontal plane located 6 nm off
the probe end), which displays two high peaks just below the metal strip edges. Therefore, the
area of the light spot at the aperture may be calculated by an approximate formula:

Sspot = (al + 2t1) ’ bl (56)

where a; and b; are cross-sectional dimensions of the dielectric slab, and t; is the hickness of
the metal strips at the apex (see Fig. 26).

It follows from Eq. (58) that in order to obtain high horizontal spatial resolution, both
the dielectric and metal layers must be thin at the probe apex. Additional numerical simulation
has shown that the Eq. (58) is not accurate for thick metal strips and the light spot size along
the y-axis being less than a, + 2t, .
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Fig. 26. Amplitude of the E, at the microstrip probe apex: (a) along the y-axis (x=0);
(b) along the x-axis (y=0). (c) Spatial distribution of the electric field energy in a horizontal
plane located 6 nm off the microstrip probe apex. The following parameters were used in
the calculation: a = b = 400 nm; a;=b;=40 nm; t=70 nm; t;=25 nm; dielectric constant of the
glass core £=2.25; gold strips; s=1000 nm; and 2=780 nm.

It follows from Eq. (56) that in order to obtain high horizontal spatial resolution, both the
dielectric and metal layers must be thin at the probe apex. Additional numerical simulation
has shown that the Eq. (56) is not accurate for thick metal strips and the light spot size along
the y-axis being less thana, + 2t; .

The working quasi-TMg, mode of an optical microstrip line has high coupling efficiency
to the aperture of the PTMP and has no cut-off frequency. Hence, a high optical efficiency of
the PTMP may be achieved assuming a high coupling efficiency of an incident (exciting)
wave to the quasi-TMg, mode of the probe. A simple formula for the far-field transmission
coefficient for the PTMP was obtained in Refs. [28, 39- 40] by using a simplified model:

2
Po [ &
k. ~0.4 — 1, 57

f k,\/E(s;J 7)



where a; is the height of the tapering microstrip line at the apex of the PTMP (see
Fig. 20), p, and & are the free-space impedance and effective dielectric constant of the micro

strip line, respectively, and Kk, is the attenuation coefficient of an incident wave.
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Fig. 27. Near-field transmission coefficient for the case of the PTMP with constant
cross-sectional dimensions (PTMP as a portion of a regular microstrip line). The probe
parameters used in the calculation are as follows: a=b=a;=b;; t=t;; £&=2.25; silver strips; and
A=780 nm.

Fig. 27 demonstrates the far-field transmission coefficient calculated by the MWS for
the case of the PTMP being a piece of a regular microstrip line (i. e., the PTMP with the
constant cross-sectional dimensions). The far-field transmission coefficient was calculated as
a power radiated to the free space from the end of an optical microstrip line excited by the
quasi-TEM mode (with unit power) of an ideal microstrip line. The numerical results for the
case of a small aperture size are close to those yielded by the simplified Eqg. (57). However,
with an increase of the transverse microstrip line sizes a and b (see Fig. 20), the transmission
coefficient is not increasing as fast as predicted by Eq. (57). We suggest that the deviation
from the results obtained by the simplified theory is due to transformation of the quasi-TMqo
mode into a surface plasmon wave as the microstrip-line height a increases, as is mentioned
above. With increasing the aperture size, the far-transmission coefficient should become close
to the transmission coefficient of a single metal-strip plasmon wave at the edge of the strip
end (which should be smaller than 1).

For the FIT (FDTD) method, the tapered metal film to some extent is similar to
a corrugated metal layer with the surface roughness equal to the linear size of Yee cell.
Therefore, the field near the tapered metal layer calculated by the FIT method is modulated
due to this virtual corrugated metal surface. Power flow calculation requires knowledge of the
electrical and magnetic fields, which in the FIT method are located in different vertices of
Yee cell (some of them may be in the dielectric, while others in the metal environment).
Therefore, one could expect that the FIT calculation algorithm may give not accurate result
for the power flow in some points near to a metal surface. Fig. 28 shows the distribution of
the power flow P, along the PTMP to demonstrate inaccuracy in calculation of the power flow
at a tapered metal surface by the MWS package. It can be seen from Fig. 28 that there are
some points near the metal surface, where the power flow displays abnormal behavior (i. e.,



propagation of the power flow in reverse direction). Because of limited computational
capabilities, in the numerical simulation presented in this paper, only several Yee cells are
located between the two metal surfaces in the probe apex region. Therefore, due to somewhat
inaccurate (in consequence of a small number of Yee cells used) power flow calculation for
points close to metal surfaces, our direct calculation of the far-field transmission coefficient of
the PTMP by the MWS package yields unstable results. Nevertheless, in the numerical
simulations that do not display “reverse” points for the power flow in the aperture region, the
derived far-transmission coefficients were close to those obtained for the case of radiation
from the end of a regular microstrip line. We suggest therefore that the far-field transmission
coefficient of the PTMP should be close to that numerically calculated for the case of
a regular microstrip line.

Fig. 28. Spatial distribution of P, component of the power flow along z-axis in the
PTMP. Sample parameters are as follows: a;=b;=50 nm; s=600 nm; a=b=400 nm; t=70 nm;
t;=25 nm; dielectric core is glass with £=2.25; silver electrodes; 1=780 nm.

As is shown above, the PTMP has a high field enhancement, which should lead to
a strong near-field interaction between the probe and a scanned sample. Hence, the probe
should have a large near-field energy transmission coefficient for the case of scanning the
sample with high losses. The lossy medium near the apex of the probe “forces” the MWS
package to form fine Yee cells in the PTMP apex region, and therefore, the transmission
coefficient is calculated for this case with acceptable accuracy.

Fig. 29 shows the total energy flow and power distribution for the case when the probe
interacts with a thin GeSbTe plate, which is used for rewritable optical data storage. One can
infer from Fig. 29 that a high near-field optical transmission can be obtained (24% for the
crystalline and 20% for the amorphous states) for the probe with a very small aperture size of
40 nm. Also, it should be noted that the difference in energy transmission for different phase
states of GeShTe plate, obtained in the numerical simulations, is sufficiently large for reading
applications (due to a high signal contrast), and, at the same time, is small enough to be used
for re-recording the data (because of a small difference in amount of energy transmitted to the
recording film in the crystalline and amorphous states).
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Fig. 29. (a) Dependence of the near-field transmission coefficient on the distance
between the probe and a recording medium; (b) power distribution in the aperture plane for
the case where the probe is interacting with 100 nm x 100 nm x 15 nm GeSbTe plate
(n=4.68+4.161 for the crystalline state and n=4.34+1.75i for the amorphous state). Probe
characteristics are as follows: a=b=400 nm; a;=b;=40 nm; t=70 nm; t;=15 nm; h=1000 nm;
£=2.25; silver strips; and 4=780 nm.

The numerical simulation of the near-field interaction of the PTMT with a thin iron
plate has shown that it has the near-field transmission coefficient as large as in the case of
a thin GeSbTe film. Therefore, such a probe can be applied for heat-assisted magnetic data
recording in a new generation of super-dense magnetic data storage devices.

1.12. Microstrip probe with metal tip

The PTMP produces a light spot size of which in the horizontal plane approximately
equals to the total thickness of the metal-dielectric layered structure, and therefore, for
obtaining a high spatial resolution, the probe should have a very thin and narrow all the three
medium layers (one dielectric and two metals). However, using this approach only, it would
be extremely difficult to obtain a spatial resolution higher than 40 nm for the PTMP.
Moreover, the light spot intensity in the area under the probe apex, as is shown above, is
strongly inhomogeneous with the two peaks at the dielectric-metal and metal-air interfaces.
One may ask a question as whether or not is it possible to improve the spatial resolution by
modifying the probe design so that only one peak appears in the light spot. One way to realize
such a possibility is described below.

It is well known that a characteristic diameter of the spatial localization of the TMy
mode for a circular metallic cylinder waveguide tends to zero when the cylinder diameter
tends to zero [52-54]. At the same time, the cylinder HE; mode (that also has no cut-off
frequency) is twice degenerated, and the characteristic diameter of the light spot associated
with this mode increases with decreasing the cylinder diameter [52-54]. On the other hand, it
was shown by a numerical simulation [55] that four modes can propagate in a finite-width
metal film waveguide, denoted as ss’, say’, as,’, and aa,” in accordance with the symmetry of
their electric field structure. Unfortunately, the waveguide spectrum was not investigated in
[55] for the case when both the thickness and width of the metal film tend to zero
simultaneously. However, in the case of small cross-sectional sizes of the rectangular
waveguide (t<</; a<<A, see Fig. 30 c), it follows from the quasistatic approach that the
asymptotic behavior of the first mode of the waveguide should be similar to that for a circular



metal waveguide. Hence, the rectangular metal waveguide should also have two propagating
modes with characteristics close to those of TM (quasi-TM,) and HE; (quasi-HE;) modes of
the circular metallic cylinder. Fig. 30 shows the electric field structure of the quasi-TM, (aa,’)
and HE; (sa,”) modes, obtained in a numerical simulation using the MWS for the case of
a metal strip situated between two dielectric slabs. Our numerical simulation has confirmed
that: (i) the quasi-TMy mode of a very small rectangular waveguide is similar to the TMy
mode of a circular metallic rod; and (ii) the quasi-HE; mode spreads over a large area in the
cross-sectional plane and has a low (close to 1) slow-wave factor (see Fig. 30(b).

Fig. 30. The electric field amplitude distribution along a rectangular silver strip line:
(@) asymmetric quasi-TMy mode, and (b) symmetric quasi-HE; mode. (c) Cross-sectional
view of the structure. The following parameters were used in calculations: b= 100nm;
t=70nm, s (structure length) = 1000 nm, &= 2.25, and A = 780 nm. Ideal metal strips are used
only for mode excitataion.

In a first approximation, as is shown above, the quasi-TMg, microstripe-line mode can
be represented as a symmetric sum of two plasmon waves propagating along the two metal-
dielectric interfaces. Therefore, one may expect that trimming a portion of one of the metal
strips of the PTMP at some distance from the aperture should transform the microstrip TMgg
mode into the quasi-TMgo (aay’) surface plasmon mode propagating along the other metal
strip with optical efficiency approximately equal to 50%. As a result, in the case of very small
cross-sectional dimensions of the metal strip edge, one may obtain very small spot size, strong
field enhancement due to edge singularity [56] and a high spatial resolution. The structure of
this new probe with only one metal tip is schematically shown in Fig. 31.



Fig. 31. Pyramid-type microstrip Fig. 32. Power flow (P, component) in the pyramid-
probe with only one metal tip. type microstrip probe with only one metal tip. The
probe consists of a dielectric core with n = 1.5,
covered with gold strips with the cross-sectional
dimension of the tip edge equal to 5 nm; A=780 nm.

Fig. 32 shows the power flow distribution along the probe (P, component) and demonstrates
the transformation of the quasi-TMo mode of the microstrip line to the aa,’-mode of a metal
rectangular strip. In addition, Fig. 33 illustrates the beam size and electric-field energy
distribution for the case of tip edge size of 5 nm, obtained using the MWS simulation. The
resultant spot size, as one can infer from Fig. 33, is approximately equal to 15 nm (at the field
intensity of the order of 1/e%), and the probe has field intensity enhancement well above 2000.
The field intensity presented in Fig. 33 (b) is calculated for a direction along the symmetry
axis of the dielectric pyramid.
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Fig. 33. (a) Distribution of the amplitude of the electric field in the plane that coincides with
the surface of the edge of the metal tip; (b) Density of the electric field energy along the
centerline of the dielectric core. The data are for a probe with gold strips, n=1.5 for the
dielectric core, and the cross-sectional dimension of the tip edge equal to 5 nm; A=780 nm.



The PTMP with a single metal tip has a strong field enhancement, and therefore, it may
promote a strong near-field interaction with the scanned sample, yielding a high near-field
transmission coefficient if the sample is characterized by great losses. Fig. 34 shows the
dependence of the near-field energy transmission on a distance between the tip edge and
a thin Ge,Sbh,Tes monocrystalline film. It follows from Fig. 34 that the modified probe has
approximately a near-field transmission coefficient smaller by a factor of 2 than that for an
ordinary PTMP (which is expected due to 50% losses in a junction connecting the microstrip
line with the metal-strip waveguide), but higher spatial resolution (approximately 40 nm).
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Fig. 34. Dependence of the near-field transmission coefficient on the distance to a recording
media for the case of crystalline GeSbTe layer (n=4.68+4.16i). The probe has a gold tip with
the edge size 15 x 15 nm; the beam size equals to 40nm.

1.13. Conclusion

The numerical simulation has demonstrated that the modified PTMP exhibits a high
spatial resolution down to 40 nm. Our simulation based on rigorous 3D FIT method, yields
a high far-field transmission coefficient and field enhancement for the PTMP. A high near-
field energy transmission is obtained for the case of scanning the samples with great losses.
The field in the probe is excited by a fundamental mode of a microstrip line with perfect metal
strips, which cannot be realized in the experiment. In order to obtain better comparison
between the numerical results and the experimental data, the excitation by focused beam or
fiber beam should be simulated. More accurate numerical method should to be used for
obtaining reliable data on the far-field transmission coefficient. The spatial resolution can be
increased down to several nanometers by modifying the PTMP to have a single metal tip. Our
numerical simulation using the MWS studio has shown that the PTMP with a single metal tip
has high optical efficiency and high field enhancement.

Owing to improved characteristics mentioned above, both the ordinary PTMP and the
PTMP with a single metal tip may be practically used in applications such as optical and
magnetic data storage, nanolithography, and other types of nanotechnology where light is
utilized for modification of a thin surface layer.
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2. Stabilnos$é¢ i stabilizacja dodatnich ukladow
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Streszczenie: Wprowadzono nowe pojecie stabilnosci praktycznej i stabilnosci
asymptotycznej uktadow dodatnich, stozkowych  jednowymiarowych (1D)
i dwuwymiarowych (2D) niecatkowitego rzedu. Podano warunki konieczne i wystarczajace
stabilnos$ci praktycznej 1 stabilnosci asymptotycznej tych uktadow dodatnich i1 stozkowych
niecalkowitego rzedu. Wykazano, ze badanie stabilno$ci praktycznej 1 stabilnosci
asymptotycznej ukladow dodatnich 2D mozna sprowadzi¢ do badania stabilnos$ci
odpowiednich uktadow dodatnich 1D. Podano trzy metody liniowych nieréwnosci
macierzowych (LMI) badania stabilnosci dodatnich uktadéw liniowych. Zastosowano
réwniez metod¢ LMI do wyznaczania macierzy sprzgzen zwrotnych dla wektora stanu tak,
aby uktad zamknigty byl dodatni 1 asymptotycznie stabilny. Efektywno$¢ tych metod zostata
pokazana na przyktadach numerycznych.

Stowa kluczowe: uktad dodatni, 1D, 2D, stozkowy, stabilno$¢ praktyczna, stabilnos¢
asymptotyczna, stabilizacja, sprzgzenie zwrotne, LMI.

2.1. Wprowadzenie
W uktadach dodatnich zmienne stanu, wymuszenia i odpowiedzi przyjmuja tylko

wartos$ci nieujemne. Przyktadami uktadow dodatnich sa procesy w reaktorach chemicznych,
wymiennikach ciepta, kolumnach destylacyjnych oraz modele zanieczyszczenia wody
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i atmosfery, uktady kompartmentalne itp. Uktady dodatnie wystepuja w technice, ekonomi,
biologii medycynie i naukach spotecznych.

Uktady dodatnie sa okreslone na stozkach. Dlatego teoria tych ukladow jest bardziej
ztozona 1 mniej rozwinigta. Aktualny stan rozwoju teorii uktadow dodatnich jest
przedstawiony w monografii [3, 6]. Pojecie uktadow stozkowych zostalo wprowadzone w
pracach [8, 19]

Podstawowymi modelami liniowych uktadow dwuwymiarowych (2D) sa modele
wprowadzone przez Roessera [34], Fornasiniego i Marchesiniego [4] oraz Kurka [26].
Modele te zostaly uogdlnione na uklady dodatnie w pracach [6, 14, 20, 37]. Osiagalno$¢
1 sterowanie z minimalng energia uktadéw liniowych standardowych i dodatnich 2D byty
rozpatrywane w pracach [14, 18, 24, 25]. Pojecie uktadow wewngtrznie dodatnich 2D
z opOznieniami w wektorze stanu i wymuszeniach zostato wprowadzone w pracach [14, 20,
25]. Podano w nich warunki konieczne 1 wystarczajace wewngtrznej dodatniosci,
osiagalnos$ci, sterowalnos$ci, obserwowalnos$ci 1 sterowania z minimalna energia. Stabilno$¢
dodatnich uktadéw liniowych 1D i 2D byla badana w pracach [2, 5, 10, 15, 17, 37],
a stabilno$¢ odporna w pracy [1].

Podstawy matematyczne uktadow niecatkowitego rz¢du sa podane w monografiach [27-
30, 32, 33]. Dodatnie uktady liniowe niecatkowitego rzedu byty rozpatrywane w pracach [7,
11], a ich stabilno$¢ byta badana w pracach [9, 10, 21, 22]. Metody liniowych nieréwnosci
macierzowych (LMI) do badania stabilno$ci dodatnich liniowych ukitadow 2D zostaly
zaproponowane w pracach [15, 36]. Dodatnie uktady liniowe 2D niecatkowitego rzedu
zostaly wprowadzone w pracach [12, 13, 16]. Pojecie praktycznej stabilnosci dodatnich
dyskretnych uktadéw liniowych 1D zostalo wprowadzone w pracy [21]. Zastosowania
uktadow niecatkowitego rzedu sa podane w pracach [31, 32, 35, 38].

Praca ta jest po$wigcona stabilnoSci i stabilizacji dodatnich uktadéw liniowych
niecatkowitego rzgdu ze sprzezeniem zwrotnym od wektora stanu. Uktad tej pracy jest
nastgpujacy.

W punkcie 2 podano podstawowe definicje 1 twierdzenia dotyczace stabilnosci
dodatnich uktadéw liniowych 1D niecalkowitego rzgdu oraz wprowadzono pojgcie
praktycznej 1 asymptotycznej stabilnosci ukladow niecatkowitego rzedu 1 ukladow
stozkowych. Praktyczna i asymptotyczna stabilno§¢ dodatnich uktadéw 2D niecatkowitego
rzedu jest rozpatrywana w punkcie 3. Podano tu warunki konieczne i wystarczajace
stabilno$ci oraz pokazano, ze badanie stabilnosci dodatnich uktadéw 2D mozna sprowadzi¢
do badania stabilno$ci odpowiednich uktadéw dodatnich 1D.

W punkcie 4 zaproponowano zastosowanie metod LMI do badania stabilnosci
dodatnich uktadow niecatkowitego rzedu oraz do wyznaczania macierzy wzmocnien
sprzezenia zwrotnego od wektora stanu tak, aby uktad zamknigty byl dodatni i stabilny
asymptotycznie. W punkcie 5 podano uwagi koncowe i mozliwo$ci uogoélnienia tej pracy.

W pracy beda stosowane nastgpujace oznaczenia. Zbidr macierzy rzeczywistych
0 wymiarach nxm i elementach nieujemnych bedziemy oznacza¢ przez R™ oraz

R} =RNT*. Macierz A=[a;]eR]™ (wektor x) o wszystkich elementach dodatnich a; >0
dla i=1...,n,j=1...,m (0 wszystkich sktadowych dodatnich) bgdziemy oznacza¢ przez
A>0 (x>0). Zbior liczb catkowitych nieujemnych bgdziemy oznacza¢ przez Z, a macierz
jednostkowa wymiaru nxn przez I ,.



2.2. Stabilnos$¢ dodatnich ukladow liniowych 1D niecalkowitego rzedu

2.2.1. Dodatnie uktady 1D

Wezmy pod uwage dyskretny uktad liniowy:

X.., = AX, + Bu, (1a)
y, =Cx, + Du, (1b)

gdzie, x, e R", u, e R", y, e RP, ieZ, saodpowiednio wektorem stanu, wymuszenia

i odpowiedzi natomiast Ae R™", Be R™™, CeR”", D e R”" sa macierzami stanu.

Definicja 1. Uktad (1) jest nazywany (wewngtrznie) dodatnim wtedy, gdy x, € R,
y, e R", iezZ, dla dowolnych warunkow poczatkowych x,eR] oraz wszystkich

wymuszen u, e R", ie”Z,.
Twierdzenie 1. [3, 6] Uktad (1) jest dodatni wtedy i tylko wtedy gdy

AeR?™, BeRI™, CeRP, DeRP" (2)

+

Uktad dodatni (1) jest nazywany stabilnym asymptotycznie jezeli rozwiazanie

x, = A'X, 3)
rownania
X, =AX, AeR"™, ieZ, (4)
spelnia nastepujacy warunek
limx; =0 dlawszystkich x, e R" (5)

i—o0

Twierdzenie 2. [3, 10] Dla uktadu dodatniego (4) nast¢pujace stwierdzenia sa
rOwnowazne:
1) Uklad jest stabilny asymptotycznie,
2) Wartosci wilasne Z,Z,,...,Z, macierzy A maja moduly mniejsze od jednosci, {j.
|z| <1 dlak=1...,n,
3) det[l,z—A]=0 dla |z]>1,
4) p(A)<1, gdzie p(A) jest promieniem spektralnym macierzy A definiowanym przez

A —

p(R) = max {z,},

5) Wszystkie wspolczynniki &, i=0,1,...,n—1 wielomianu charakterystycznego
pA(z):det[Inz—A]:z”+é1n_lz”‘1+...+z§12+<€1O (6)

macierzy A=A- I, sa dodatnie,



6) Wszystkie minory gldbwne macierzy

A &, - @,
A Gy ap v &
A=l-A=ln 0 (7a)
_anl 5n2 ann
sa dodatnie, tj.,
a, & _
lay|>0, | ?|>0,..,detA>0 (7b)
a1 ap
7) Istnieje $cisle dodatni wektor X >0 taki, ze
[A-1,]x<0 ®)

Twierdzenie 3. [6] Uktad dodatni (4) jest niestabilny jezeli przynajmniej jeden element
na glownej przekatnej macierzy A jest wigkszy niz 1.

2.2.2. Dodatnie uktady niecalkowitego rzedu

W pracy tej korzysta¢ bedziemy z nastepujacej definicji réznicy niecatkowitego rzedu

k
(o
AanZZ(_l)J(j]Xk_j , O<axl 9)
j=0
gdzie o € R jest rzgdem roéznicy niecatkowitej, oraz
1 for j=0
a .
[J]_ Dot i1 (10)
a(a- )":I(O!—J+ ) for j=12,..
J:

Wezmy pod uwagg uktad dyskretny niecatkowitego rzedu opisany w przestrzeni stanu
rownaniami

A*X, ., = AX, + Bu, (11a)
Y, =Cx, + Du, (11b)

gdzie, x, eR", u, eR", vy, eR?, keZ, sa odpowiednio wektorem stanu,

wymuszenia i odpowiedzi, Ae R™", BeR"™™, Ce R, DeR””.
Korzystajac z (9) mozemy réwnania (11) napisaé w postaci
k+1

(a
Xepr + z (-1 ( jjxk—jﬂ = Ax +Bu, kez, (12a)
=

yk = ka + Duk (12b)



Definicja 2. Uktad (12) jest nazywany (wewngtrznie) dodatnim uktadem niecatkowitego
rzedu wtedy i tylko wtedy, gdy x, e R} oraz y, e R’ keZ, dla dowolnych warunkow

brzegowych x, € R} oraz dla wszystkich ciagéw wymuszen u, e RT, ke Z, .

Twierdzenie 4. [7] Rozwiazanie rownania (12a) dane jest zalezno$cia
k-1

X = DX +Zq)k—i—1Bui (13)
i=0
gdzie @, jest okreSlone rOwnaniem
kK+1 afa
ch+l = (A+ Ina)ch +Z(_l)l+ [ i ]q)k—iﬂ (14)
i=2
przy czym @, =1,.
Lemat 1. [7] Jezeli
O<a<l (15)
to
i+1| & .
(9 §]0 da 112, (19)

Twierdzenie 5. [7] Niech 0< «a <1. Uktad niecatkowitego rzedu (12) jest dodatni wtedy
i tylko wtedy, gdy

A+l,aeRT", BeRT™M, CeRP", DeRP™ (17)

2.2.3. Praktyczna stabilno$¢ uktadéw niecatkowitego rzedu

Z zaleznosci (10) i (16) wynika, ze wspotczynniki
. o .
C] :Cj(a)I(—l)J(j+1j, J:l,z,... (18)

szybko maleja ze wzrostem j oraz sa one dodatnie dla 0<a <1. W praktyce zaktada
sig, ze ] jest ograniczone przez liczbe naturalna h.
W takim przypadku réwnanie (12a) przyjmuje postaé

h
Xk+1:Aan+ZCij_j+Buk, k€Z+ (19)
j=L
gdzie
A, = A+la (20)
Zauwazy¢ nalezy, ze rownanie (19) opisuje dyskretny uktad liniowy z h opdznieniami
w wektorze stanu.

Definicja 3. Dodatni uktad niecatkowitego rzedu (12) jest nazywany stabilnym
praktycznie wtedy i tylko wtedy, gdy uktad (19) jest stabilny asymptotycznie.



Definiujac nowy wektor stanu

A (21)

mozemy rownania (19) i (12b) napisa¢ w postaci

%, =A% +Bu,, kez, (22a)
gdzie
/\2 Clln C2|n o Ch—lln Chln B
I, O 0 .. 0 0
A AxA 5 0 fixm
A=|0 I, 0 .. 0 0 eR,, B= : eNR.
0
0o 0 0 , 0 |
(22¢c)

C=[C 0 .. 0]eRP", D=DeRP™, A=(+h)n

Do sprawdzenia stabilnos$ci praktycznej dodatniego uktadu niecatkowitego rzedu (12)
mozna wigc Wykorzystaé twierdzenie 2.

Twierdzenie 6. Dodatni uktad niecatkowitego rzedu (12) jest stabilny praktycznie wtedy
i tylko wtedy, gdy spelniony jest jeden z rownowaznych warunkow:

1) Wartosci wlasne z,, k=1,..,i macierzy A maja moduly mniejsze od jednosci, tj.
|Z, <1 dla k=1,..,A (23)
2) det[lzz—A]=0 dla|z|>1,
3) p(;&) <1, gdzie p(/&) jest promieniem spektralnym macierzy A definiowanym przez
p(A) = max{| Z [},
1<k<A

4) Wszystkie wspotczynniki &, i=0,1,..,01-1 wielomianu charakterystycznego

pi(z)=det[l,(z+1) - Al=2"+&, ;2" +..+8z2+3, (24)

macierzy [A—1;] sa dodatnie,
5) Wszystkie minory gtdéwne macierzy

a; ap .. ag
a a V- e
a7 am, Che

sq dodatnie, tj.



< ap A ~
| &, >0, _[>0,..,det[l; -A]>0 (25h)
a1 Ay
6) Istnicja Scisle dodatnie wektory ¥ € R}, i=0,1...h spehiajace zaleznosci
Ro <X, %o <Ko Ko g <% (26a)
takie, ze
Ay Xo + X+t CiXy <X (26b)

Dowdd. Pierwsze pie¢ warunkéw 1) - 5) wynika natychmiast z twierdzenia 2.
Wykorzystujac zaleznos¢ (8) do macierzy A otrzymamy

_ 1 %o o
Aa Clln C2|n Chflln Chln X Xo
I, 0 0 0 0 ; %
0 I, 0 0 0 |7 |<|% @)
. 2
0 0 O I, o || X
i % |

Z zaleznos$ci (27) wynika warunek (26).

Twierdzenie 7. Jezeli dodatni uktad niecatkowitego rzedu (12) jest stabilny
asymptotycznie, to wtedy suma elementdbw w kazdym wierszu macierzy dotaczonej
Adj[1; — A] jest $cisle dodatnia, tj.

Adj[l- - Al 1 >0 (28)
gdzie 1, =[1 1 .. 1 eR" Toznacza transpozycje.

Dowod. Jak wiadomo [9, 14], jezeli uktad (22) jest stabilny asymptotycznie to wtedy
wektor

Y . (29)
jest $cisle dodatnim (X > 0) punktem réwnowagi dla Bu =1,. Zauwazmy, ze

det[1; —A]>0 (30)
Poniewaz wszystkie wartosci wlasne macierzy [l;—A] sa dodatnie. Warunki (29)

i (30) implikuja wigc (28). O

Przykiad 1. Sprawdzi¢ stabilno$¢ praktyczng dodatniego uktadu niecatkowitego rz¢du

Aaxk+1 = Ole y k (S Z+ (31)

dla «=0.5 oraz h=2.
Korzystajac z (18), (20) i (22c) otrzymamy



C —, C=—, A, =06
! 2 8" % 16
oraz
1 1
06 — —
A G G 8 16
A=l1 0 0l|=[1 0 0
0 1 0 0 1 0

W tym przypadku wielomian charakterystyczny (24) przyjmuje postaé

z+0.4 BE.

- 8 16
p;(z)=det[l5(z+1)-Al=| -1 z+1 0 |=2°+242%+1.6752+0.2125

0 -1 z+1

(32)

Wszystkie wspotczynniki wielomianu (32) sa dodatnie, z twierdzenia 6 wynika wigc, ze
uktad (31) jest stabilny praktycznie.
Korzystajac z (28) otrzymamy
1 1
04 -=- —-—
) s 16 1| [1.2500
Adj[l; — All; =| Adj| -1 1 0 1|=11.4625

o -1 1 1 1.6750

Warunek (28) jest wigc spetniony.

Twierdzenie 8. Dodatni uktad niecatkowitego rzedu (12) jest stabilny praktycznie tylko
wtedy, gdy uktad dodatni

X1 = AgXe, keZ, (33)
jest stabilny asymptotycznie.

Dowdd. Z zaleznosci (26b) mamy

(A, —1,)% +¢% +...+C X, <0 (34)

Zauwazmy, ze nierownos$¢ (34) moze by¢ speiniona tylko, wtedy gdy istnieje $cisle
dodatni wektor X, € R} taki, ze
(A, = 17)% <0 (35)

poniewaz C/X; +...+C,X, >0.
Z twierdzenia 2 wynika, ze warunek (35) implikuje stabilno$¢ asymptotyczna uktadu
dodatniego (33). [



Z twierdzenia 8 wynika nastgpujacy wazny wniosek.

Whniosek 1. Dodatni uktad niecatkowitego rzedu (12) jest niestabilny praktycznie dla
dowolnej skonczonej liczby h, jezeli uktad dodatni (33) jest niestabilny.

Twierdzenie 9. Dodatni uktad niecatkowitego rzedu (12) jest niestabilny praktycznie
jezeli przynajmniej jeden element na gtownej przekatnej macierzy A, jest wiekszy od
jednosci.

Dowod. Dowdd wynika natychmiast z twierdzen 8 i 3. o

Przyktad 2. Wezmy pod uwage autonomiczny dodatni uktad niecatkowitego rzedu
opisany réwnaniem

INSORES [_0.5 ' }‘kv keZ, (36)
2 05
dla « =0.8 i dowolnej liczby h.
W tym przypadku n=2 oraz
03 1
Aa=A+lna={ 5 1_3} (37)

Z twierdzenia 9 wynika, ze dodatni uktad niecatkowitego rzedu jest niestabilny
praktycznie dla dowolnej liczby h poniewaz element (2,2) macierzy (37) jest wigkszy od 1.
Ten sam wynik otrzymamy z warunku 5) twierdzenia 2, poniewaz wielomian

charakterystyczny macierzy A, —1,

z+0.7 -1

p/&(z)zdet[lﬁ(2+1)_Aa]:|: -2 7-03

}: z2°+0.4z-221

ma jeden ujemny wspotczynnik (8, = —2.21).

2.2.4. Asymptotyczna stabilno$¢ ukladow niecatkowitego rzedu

W tym podrozdziale bedziemy rozpatrywac stabilno$¢ praktyczna uktadow dodatnich
dla h— .

Definicja 4. Dodatni uktad niecatkowitego rzedu (12) jest nazywany stabilnym
asymptotycznie jezeli uktad jest stabilny praktycznie dla h — .

Lemat 2. Jezeli O<a<lto > ¢, =l-a (38)



gdzie wspotezynniki c; zdefiniowane sa zaleznoScia (18).

Dowod. Korzystajac z rozwinigcia w szereg Maclaurina, tatwo wykazaé, ze
0 ) a . A o0 . a

1-2)* = Z(—l)‘( _jz’ . Nastepnie podstawiajac z = 1 otrzymujemy Z(—l)J[ j =0.
-0 J j=0 J

Z tego rownania oraz z (38) otrzymujemy
0 (o 0 . a 0
1—a+2(—1)’( _le—a—Z(—l)‘( _ jzl—a—ch =0.0
=2 J i J+1 i1
Twierdzenie 10. Dodatni uktad niecatkowitego rzedu (12) jest stabilny asymptotycznie
wtedy i tylko wtedy, gdy uktad dodatni
Xi+1 = (A+ In)Xi (39)
jest stabilny asymptotycznie.

Dowdd. Jak wiadomo [2], uktad dodatni (19) dla h — o jest stabilny asymptotycznie
wtedy 1 tylko wtedy, gdy uktad dodatni

Xi+1 :(Aa +ch|n)xi (40)
j=1

jest stabilny asymptotycznie. Uktady dodatnie (39) i (40) sa rownowazne poniewaz
z (38) i (20) mamy

A +d ¢l =A+la+l (l-a)=A+1, .0
j=1

Stosujac twierdzenie 6 do uktadu dodatniego (39) otrzymamy nastgpujace twierdzenie.

Twierdzenie 11. Dodatni uktad niecatkowitego rzedu (12) jest stabilny asymptotycznie
wtedy 1 tylko wtedy, gdy spetniony jest jeden z rGwnowaznych warunkéw:
1) Wartosci wlasne z,,7,,..,z, macierzy A+, maja modul mniejszy od jednosci, tj.

lz,|<1dlak=1..,n,

2) Wszystkie wspolczynniki wielomianu charakterystycznego macierzy A sa dodatnie,
3) Wszystkie minory gtéwne macierzy — A sa dodatnie.

Twierdzenie 12. Dodatni uktad niecatkowitego rzedu (12) jest niestabilny jezeli,
przynajmniej jeden element na gtdéwnej przekatnej macierzy A jest dodatni.



Dowod. Jezeli przynajmniej jeden element na glownej przekatnej macierzy A jest
dodatni, wtedy przynajmniej jeden element na gléwnej przekatnej macierzy A+ 1, jest
wigkszy od jednosci, a jak wiadomo [6, 10], taki uktad jest niestabilny. o

Przyktad 3. Korzystajac z twierdzenia 11 znalez¢ wartosci wspotczynnika c, dla ktorych
dodatni uktad niecatkowitego rzedu (12) dla

~05 1] .
A= i =08 (41)
02 ¢

jest stabilny asymptotycznie.
Uktad niecatkowitego rzedu jest dodatni jezeli wszystkie elementy macierzy

0.3 1
A=A+l a= (42)
0.2 c+a

Sa nieujemne, tj. C+a >0 oraz ¢ >—-a =-0.8.
Korzystajac z warunku 2) twierdzenia 11 dla macierzy (41) otrzymamy

z+05 -1

det[l z— Al = 0.2 c

‘: z°+(0.5-c)z-(0.5c +0.2)

oraz ¢<-0.4. Uktad niecatkowitego rzedu (12) z (41) jest wigc dodatni i stabilny
asymptotycznie dla —0.8<c<-0.4. Ten sam wynik otrzymamy stosujac warunek 3)

twierdzenia 11.

2.2.5. Uklady stozkowe niecatkowitego rzedu

Py
Definicja 5. [8, 19] Niech P=| : |e R™ bedzie nieosobliwa oraz p, bedzie k-tym

Pn
(k=1,...,n) wierszem macierzy P. Zbior

G’::{Xeﬂ%”:ﬂpkxzo} (43)
k=1

jest nazywany liniowym stozkiem generowanym przez macierz P.
W podobny sposdb mozna zdefiniowac liniowy stozek dla wymuszen u

QZ={UE§RmZﬁquZO} (44)



0
generowany przez nieosobliwa macierz Q=| : |€ R™" oraz dla wyj$¢ y, liniowy
an
stozek
p
‘V::{yei}%p:ﬂvkyzo} (45)
k=1
Vl
generowany przez nieosobliwa macierz V =| : |e R™P,

Definicja 6. Uklad niecatkowitego rzedu (12) nazywamy (®,Q,¥’) stozkowym
uktadem niecatkowitego rzedu, jezeli x, e ® oraz y, €V, ieZ, dla wszystkich x, e ®,
ueQ,ieZ,.

Stozkowy (®,Q ,¥) uktad niecatkowitego rzedu (12) bedziemy w skrocie nazywac
stozkowym uktadem niecatkowitego rzedu.

Zauwazy¢ nalezy, ze jezeli @ =R}, Q =R, ¥ =R wtedy (R, R, R?) uklad
stozkowy jest rownowazy klasycznemu uktadowi dodatniemu [8, 19].

Twierdzenie 13. Ukfad niecatkowitego rzedu (12) jest (®@,Q, %) stozkowym uktadem
niecatkowitego rzedu wtedy i tylko wtedy, gdy

A=PAP ' eR™

+ ]

B=PBQ'eR"™, C=VCP'eR”, D=VDQ*'eR>"
(46)

Dowdd. Niech

X, =Px, U, =Qu, 1 y,=Vy,,ieZ

(47)

+

Z definicji 5 wynika, ze jezeli x; e @ wtedy X, € R, jezeli u; e Q wtedy U, € RT
jezeli y, e ¥V wtedy Y, e RP. Z (12) i (47) mamy

_ k+1 (fa) k+1 (a
X,y +Z(—1)‘( j]xk—jﬂ =Px,, +Z(—1)’( j]ka_m = PAX, + PBu,
=1 j=1

(48a)
=PAP'X +PBQ™'lU, = AX, +BU,, keZ

+

oraz

¥, =Vy, =VCx, +VDu, =VCP'x, +VDQ "0, =CX, +Du,, keZ (48D)

+



Jak wiadomo [6], uktad (48) jest dodatni wtedy i tylko wtedy, gdy warunki (46) sa
spetnione. O

Twierdzenie 14. Stozkowy uktad niecatkowitego rzedu (12) jest stabilny asymptotycznie
wtedy i1 tylko wtedy, gdy dodatni uklad niecatkowitego rzedu (48) jest stabilny
asymptotycznie.

Dowod. Z zaleznosci (46) mamy

det[Iz — A] =det[1z— PAP Y] =det[P(I1z— A)P ] =

(49)
=det[1z— Aldet Pdet P = det[1z — A]

poniewaz det PdetP™ =1.

Z twierdzenia 14 wynika nast¢pujacy wazny wniosek.

Whniosek 2. Stozkowy uktad niecatkowitego rzedu (12) jest stabilny praktycznie
(stabilny asymptotycznie) wtedy i tylko wtedy, gdy dodatni uktad niecatkowitego rzgdu jest
stabilny praktycznie (stabilny asymptotycznie).

W celu sprawdzenia stabilnosci praktycznej i stabilnosci asymptotycznej stozkowych
uktadow niecatkowitego rzgdu mozemy korzystac z twierdzenia 2 oraz 6.

2.3. Stabilnos$¢ dodatnich ukladow liniowych 2D niecalkowitego rzedu

2.3.1. Dodatnie uktady liniowe 2D niecatkowitego rzedu

Definicja 7. [13] Roznica niecatkowitego rzedu («,f) dwuwymiarowej funkcji
dyskretnej x; nazywamy funkcjg okreslona zalezno$cia

i
AP X = Cop (K DXy oy —1<a<n, n,—1<f<n,; n,n,eN={2.} (50a)
k=0 1=0

gdzie A“/x; = ATAx; oraz

1 dla k=01il=0

C, 5 (k1) =
P (1) ala=1)..(a-k+D)B(B-1)..(F-1+1) dla k.10 oraz k+150

K!!

(50b)

WezZzmy pod uwage dwuwymiarowy uklad niecatkowitego rzedu («,f) opisany
rownaniami

AP,

g = AoXy T A+ AX g+ By + Bl + By (51a)



y; = Cx; + Du; (51b)

gdzie x; eR",u; eR",y; eR® sa odpowiednio wektorem stanu, wymuszenia
i odpowiedzi oraz A, e R™", B, e R™", k=012, CeR"™, DeR"™.
Korzystajac z definicji 7 rownanie (51a) mozna napisa¢ w postaci
Xi+1,j+l = AOXij + A1Xi+1,j + AZXi,j+1 - cha,ﬂ (k! I)Xi—k+l,j—l+l + BOuij + Blui+l,j + BZUi,j+1

k.leDiy j\Dpy

(52)

gdzie D, ={(i,j):0<i<p0<j<qijez} i A=A-laB A=A+17p
A=A+1a.

Warunki brzegowe dla (52) maja postaé

+

X leZ, 1 X, ]eZ, (53)

Definicja 8. Uktad (51) (oraz (52)) jest nazywany (wewngtrznie) dodatnim
dwuwymiarowym uktadem niecatkowitego rzedu jezeli x; e R} oraz y; e R, i,jeZ, dla

dowolnych warunkow brzegowych x,, e R],ieZ, X,; e R}, jeZ, i wszystkich ciagow

wymuszen U; € RY, i,jeZ,.

W [13] zostalo wykazane, ze:
a) Jezeli O<a<loraz 1< f <2 wtedy

¢, pk)<0dlak=12,..; 1=23,..0raz c,,(k1)>0, k=12,..; c,,(01)>0,
I =2.3,... (54a)

b) Jezelil<a <2 oraz 0< S <1 wtedy

c,s(k)<0dlak=23,.. 1=12..0razc,,(k0)>0,k=23..;,c,,LI)>0,
1=12,.. (54b)

Twierdzenie 15. [13] Dwuwymiarowy uktad niecatkowitego rzedu (51) dla O<a <1
oraz 1< <2 (lubl<a <2 oraz 0< 8 <1) jest dodatni wtedy i tylko wtedy, gdy*

A eRT, B, eRT, k=012, CeRP", DeR™™ (55)
i+1 j+l

Zakladamy, ze ch,lxi—kﬂ,j =0 oraz ZCO,I Xigji1n =0 gdyz C > 0, k=12,... oraz
k=2 1=2

Coy >0, 1=23,.



2.3.2. Stabilnos¢ praktyczna

Zauwazmy, ze uklad (52) jest dwuwymiarowym uktadem liniowym z liczba op6znien
w wektorze stanu zwigkszajaca si¢ do nieskonczonoscidla i, ] —> oo
Z (50b) wynika, ze wspotczynniki

s (@ =1 (@ —k+ DB -D)..(F-1+]) dla k,1 >0 oraz
kIl

Coy =—C, (k1) =(-2)
k+1>0(56)

szybko maleja dla rosnacych k oraz I. W przypadkach praktycznych zaktada sig, ze
liczby k oraz | sa ograniczone przez liczby naturalne L, oraz L,. W takim przypadku

rownanie (52) dla B, = B, = B, =0 przyjmuje posta¢

Xiigjor = AoXij + AXigj + AX g + chk,l Xi i, o141 (57)

k.l€Dyy 11 \Dyy

gdzie D, :={(i,j):0<i<p0<j<q,i,jeZ}.

Réwnanie (57) opisuje dwuwymiarowy uktad liniowy ze skonczona liczba opdznien
w wektorze stanu. Uktad (57) otrzymano poprzez opuszczenie wszystkich opdznien dla
i>L, oraz j> L, uktadu (52).

Definiujac nowy wektor stanu
X T T T T T N

= 711 o Xigyg Xijor o X Xijz o Xicjoz - Xijo, ] € R (58)
= (L1 +D(L,+n; i,jeZ,

X1

Réwnanie (57) mozna napisa¢ w postaci

I+lj+1 AOXIj+AlXI+1] A2Xi,j+l I’J€Z+ (59)
gdzie
Ao TGy o InCua TCisan TnC2 o Tl TnCsa2 TnCis o TnCu e TnCusa,
0 0o .. 0 0 0 .. 0 0 0o .. 0 0

3>I
1l




A 0 1,Co 0 0 I,Co 0 0]
0 0 0 ..0O0 O© 0
0
A=| " (60)
I, 0
0 I,
0 0 00 O 00 0 0 0
Ay Gy oo il MaCLsp 0 o O |
l, 0 . 0 0 0
o
~ |o .0
A2:
0 0 . 0 0 0 ..000 .. I, 0

Tym samym dwuwymiarowy uktad niecatkowitego rzgdu (52) zostat sprowadzony do
standardowego uktadu dwuwymiarowego bez opoznien ale o wigkszych wymiarach.

Twierdzenie 16. Dwuwymiarowy uktad (59) jest dodatni wtedy i tylko wtedy, gdy

A eR™ k=012 (61)

Dowod. Dowod wynika z (59), (60) oraz faktu, ze uktad jest uktadem dodatnim wtedy
I tylko wtedy, gdy wszystkie jego macierze maja nieujemne elementy. O

Definicja 9. Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) nazywamy
praktycznie stabilnym jezeli, uktad opisany rownaniem (57) jest stabilny asymptotycznie.

Twierdzenie 17. [10, 17] Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) jest
praktycznie stabilnym wtedy i tylko wtedy, gdy jest spetniony jeden z ponizszych warunkow:

1) det(ly - Azz,— Az, - Az) %0 V(2,2,) e B={(z,,2,):| 2, K1, | 7, |< 1} (62)

2) Istnieje $cisle dodatni wektor A in taki, ze



[A+A+A—1.12<0 (63)

3) Jednowymiarowy uktad dodatni

xi+1=(,&0+,&1+z\2)xi, ieZ, (64)
jest stabilny asymptotycznie,
4) Jednowymiarowy uktad dodatni

Xi+1 = I:Al |+ AZ A00:|Xi ie Z+ (65)

jest stabilny asymptotycznie.

Twierdzenie 18. [10, 17] Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) jest
praktycznie stabilny jezeli, dwuwymiarowy uktad dodatni

ii+1,j+1 = Aoiij + Alim,j + Az)?i,j+1 (66)
jest stabilny asymptotycznie.

Z twierdzenia 18 wynika nastepujacy wazny wniosek.

Whniosek 3. Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) jest praktycznie
niestabilny dla dowolnych skonczonych L, oraz L,, jezeli dwuwymiarowy uktad dodatni
(66) jest niestabilny.

Twierdzenie 19. Dodatni dwuwymiarowy uklad niecatkowitego rzedu (51) jest
praktycznie niestabilny jezeli, przynajmniej jeden element na gléwnej przekatnej macierzy

A, + A, jest wiekszy od jednosci.

Dowod. Jak wiadomo [6], jednowymiarowy uktad dodatni (65) jest niestabilny
asymptotycznie jezeli przynajmniej jeden element na gtéwnej przekatnej macierzy ;&1 + Z‘z
jest wigkszy od jedno$ci. Ze struktury macierzy Kl i KZ zdefiniowanych przez (60) wynika,
ze przynajmniej jeden element na gldwnej przekatnej macierzy ,&1 + ,&2 jest wigkszy od
jednosci wtedy i tylko wtedy, gdy przynajmniej jeden element na gltoéwnej przekatnej
macierzy A +A, jest wiekszy od jednosci. Z twierdzenia 17 wynika, ze dodatni

dwuwymiarowy uktad niecatkowitego rzedu (51) jest stabilny praktycznie wtedy i tylko
wtedy, gdy jednowymiarowy uktad dodatni (65) jest stabilny asymptotycznie. o

Twierdzenie 20. Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) jest
niestabilny praktycznie, jezeli

A eR™ dla k =12 (67)



Dowod. Z twierdzenia 15 dwuwymiarowy uktad niecatkowitego rzedu (51) dla
O<a<lorazl<f<2 (lubl<a<?2 oraz 0< f<1) jest dodatni wtedy i tylko wtedy, gdy
warunek (55) jest spetniony. Z (52) wynika, Ze macierz

A+ A=A+ A (et P, (68)
ma wszystkie elementy na gléwnej przekatnej wigksze od jednosci, jezeli jest spelniony
warunek (67). W takim przypadku z twierdzenia 19 wynika, ze dodatni dwuwymiarowy uktad

niecatkowitego rzedu (51) jest praktycznie niestabilny. o

2.3.3. Stabilnos$¢ asymptotyczna

W tym podrozdziale zostanie rozpatrzona praktyczna stabilnos¢ dodatnich
dwuwymiarowych uktadow niecatkowitego rzedu dla L, — o oraz L, - .

Definicja 10. Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) jest nazywany
stabilnym asymptotycznie, jezeli uktad ten jest praktycznie stabilny dla L, — o oraz

L, > .

W dowodzie gtownego wyniku tego podrozdziatu, zostanie wykorzystany nastepujacy
lemat.

Lemat 3. Jezeli O<a <loraz 1< f<2 (lub 1<a <2 oraz 0 < S <1) wtedy

S, ,k1)=0 (69)

k=0 1=0

Dowdd. W sposéb analogiczny do dowodu z lematu 2 moze by¢ wykazane, ze

i(—l)i(?] = i(—l)‘ ala _1)“i'!(“ 14D g dlaaso0 (70)

Korzystajac z zaleznosci (50b) oraz (70) otrzymamy

S, (k=33 (et A Dela ke DB (fo14D)

k=01=0 k=01=0 k! 1)
(i(—l)k ala —1)..l.<('a —k +1)j(i(_1)l ﬁ(ﬂ—l)..l.l(ﬂ—l +1)j 0
k=0 . 1=0 .
Twierdzenie 21. [10, 20] Dodatni dwuwymiarowy model 0ogolny z op6znieniami
P9
X ju = ZZ(AQ Xig,ja t A Xi s jr T A1<2lxi—k,j—|+1) dlai,jeZ, (72)

k=0 1=0

gdzie x; € R} jest wektorem stanu oraz A, e R}",k=0,1,...,p;1=01,....;t=0,12
jest stabilny asymptotycznie wtedy i tylko wtedy, gdy jednowymiarowy uktad dodatni



X.., =(i§q:(A§| + AL+ Af,)in dla x eR", ieZ, (73)

k=0 1=0
jest stabilny asymptotycznie.

Twierdzenie 22. Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) jest stabilny
asymptotycznie wtedy i tylko wtedy, gdy jednowymiarowy uktad dodatni

X = (A1 )0, A=A+ A+A, X eR", icZ, (74)
jest stabilny asymptotycznie.
Dowdd. Z zaleznosci (51) dla B, = B, = B, =0 oraz (50) otrzymamy

i+l j+1

Xigjor = AoXij + AXiyj + AX g + zzck,l Xi ke, o141 (75)
k=0 =0
k+1>0

gdzie ¢, =—¢, 4(k,I) dla k,1 >0 orazk +1>0.

Z twierdzenia 21 dwuwymiarowy uktad dodatni z opdznieniami jest stabilny
asymptotycznie wtedy i tylko wtedy, gdy jednowymiarowy uktad dodatni

(76)

+

Xi+1: A—'_Z
k=0

P

Dcal, X X eR], ieZ
1=0
1>0

jest stabilny asymptotycznie. Z zaleznos$ci (50b) mamy c,, = -1 oraz z (69) otrzymamy
zzck,llnzln (77)

Podstawiajac (77) do (76) otrzymamy (74). o

Twierdzenie 23. Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) jest stabilny
asymptotycznie wtedy i tylko wtedy, gdy jest spetniony jeden z ponizszych rownowaznych
warunkow:

1) Warto$ci wtasne z,,...,Z, macierzy A+ |, maja moduty mniejsze od jednosci,
2) Wszystkie wspolczynniki wielomianu charakterystycznego macierzy A sa dodatnie,
3) Wszystkie minory gléwne macierzy — A sa dodatnie.

Twierdzenie 24. Dodatni dwuwymiarowy uktad niecatkowitego rzedu (51) jest
niestabilny, jezeli przynajmniej jeden element na gldwnej przekatnej macierzy A jest dodatni.



Dowod. Jezeli przynajmniej jeden element na gléwnej przekatnej macierzy A jest
dodatni wtedy przynajmniej jeden element na gléwnej przekatnej macierzy A+ 1, jest
wigkszy od jednosci, jak wiadomo [4, 8, 20] taki uktad (74) jest niestabilny. o

Przyktad 4. Korzystajac z twierdzenia 23 sprawdzi¢ stabilno$¢ asymptotyczna
dodatniego dwuwymiarowego uktadu niecatkowitego rzedu (51) dla ¢ =0.3 i f=1.2 oraz

_|04 0 [-1 0 [-02 0 .
AO{0.1 05} Al{0.2 —LJ’/¥‘{02 QJ (78)

Zauwazmy, ze uktad niecatkowitego rzedu jest dodatni, poniewaz macierze

— 004 O — 02 0| — 01 O
AO=A0—Inaﬁ={O_1 0_14} A1=A1+|nﬂ={. } A2=Az+lna={_ }(79)

Maja nieujemne elementy.

W tym przypadku
A—%+A+%—_08 0 (80)
- | 05 -05
Pierwszy warunek twierdzenia 23 jest spelniony, gdyz macierz
A 02 0
A+l = (81)
05 05

ma wartosci wlasne z, =0.2, z, =0.5, ktérych moduty sa mniejsze od jednosci.

Drugi warunek twierdzenia 23 jest rowniez spelniony, poniewaz wiclomian
charakterystyczny macierzy (80)

~ 2+0.8 0
det[l z— A] = =7°+1.32+0.4 (82)
-05 z+05
ma dodatnie wspotczynniki.
Wszystkie minory gtéwne macierzy
~ 08 O
_ A= (83)
-05 0.5

sa dodatnie, tj. A, =0.8, A, =04.
Wszystkie trzy warunki twierdzenia 23 sa spelnione, wigc dodatni dwuwymiarowy
uktad niecatkowitego rzedu 0 macierzach (78) jest stabilny asymptotycznie.

Przyktad 5. Korzystajac z twierdzenia 24 wykazemy, ze dodatni dwuwymiarowy uktad
niecatkowitego rzedu (51) dla « =0.5 i f=1.2 oraz o macierzach



106 01 ~|-01 03 _|-04 02 (84)
Mlo1 07 AT 0 —o2] 7| 0 —os
jest niestabilny.
W tym przypadku macierz

0.1 0.6} (85)

A:%+A+%:&1 0

ma jeden dodatni element na glownej przekatnej. Zgodnie z twierdzeniem 24 dodatni
dwuwymiarowy uktad niecatkowitego rzedu jest wigc niestabilny. Ten sam wynik otrzymamy
stosujac jeden z warunkOw twierdzenia 23.

2.4. Wykorzystanie liniowych nierownosci macierzowych (LMI)

2.4.1. Uklady 1D niecalkowitego rzedu

Definicja 11. [36] Nierownos$¢ w postaci
F(x)+F >0 (86)

gdzie x przyjmuje wartosci w rzeczywistej przestrzeni wektorowej V, odwzorowanie
F:V—S" jest liniowe, oraz F €S" (zbiér macierzy symetrycznych), nazywamy liniowa
nierowno$cig macierzowa (LMI).

LMI jest wykonalne (spetnione), jezeli istnieje taki X eV, ze nierdwnos¢ (86) jest
spelniona; w przeciwnym wypadku LMI jest nazywane niewykonalnym.

Macierz A=[a;]€R™ nazywamy macierza Metzlera, jezeli jej elementy poza gtowna
diagonala sa nieujemne, tj. a; >0 dla i= j, i, j=1..,n. Macierz A=[a;] e R™" nazywamy
macierza Hurwitza, jezeli jej wartoSci wlasne maja ujemne czesci rzeczywiste (uktad x = Ax
jest stabilny asymptotycznie). Macierz A=[a;] € R™ nazywamy macierza Schura, jezeli jej
wartoSci wlasne maja moduly mniejsze od jednosci (uktad x,, = Ax. jest stabilny
asymptotycznie).

Lemat 4. [15, 36] Macierz A=R"" jest macierza Schura wtedy i tylko wtedy, gdy LMI
blockdiag [P - A"PA, P]>0 (87)
jest spetnione dla diagonalnej macierzy P.

Lemat 5. [15, 36] Macierz Metzlera A=R"" jest macierza Hurwitza wtedy i tylko
wtedy, gdy LMI

blockdiag [-(ATP + PA), P]=0 (88)

jest spetnione dla diagonalnej macierzy P.



Jak wiadomo, macierz A=R"" jest macierza Schura wtedy i tylko wtedy, gdy
(A—1,) jest macierza Hurwitza.

Lemat 6. [15, 36] Macierz nieujemna A=9R"" jest macierza Schura wtedy i tylko
wtedy, gdy LMI

blockdiag [-((A—1,)"P+P(A—1,)) P]-0 (89)
jest spetnione dla diagonalnej macierzy P.

Lemat 7. Macierz nieujemna A=R"" jest macierza Schura wtedy i tylko wtedy, gdy
LMI

_ T
blockdiag P A P, PL-0 (90)
“PA P

jest spetnione dla diagonalnej macierzy P.

Dowdd. Wezmy pod uwage przeksztatcenie przez kongruencije

LT

Jak wiadomo, dodatnia okre§lonos¢ macierzy jest niezmiennicza wzgledem
przeksztatcenia przez kongruencje. Warunek (90) jest wigc rownowazny warunkowi (87). O

Twierdzenie 25. Dodatni uktad niecatkowitego rzedu (12) jest stabilny praktycznie
wtedy i tylko wtedy, gdy jest spetniony jeden z ponizszych rownowaznych warunkow:

1) LMI
P-P-APA,  -cAR .. - AR -qAR] [P ]
_ClplAa Pz - P3 _Clzpl - Clch—lpl -GG, Pl 0 Pz
blockdiag : : K : : A =0
—CsPA, —CCyyP -~ R-Ruy _Cﬁ—lpl ~CriCiPy 00 . R O
-G, PlAa —CCy, Pl —ChaCy P1 Ph+1 - C|$P1_ L Ph+1_
(91)

jest spetnione dla diagonalnych macierzy P,,...,P, ;.



2) LMI
(AP +RA, 2P, P +cP,
P, +c,P, - 2P,
blockdiag < — : :
ChaPy 0
i c,P, 0

CoaPy
0

-2P,,
I:)thl

C,P
0
Ph+l

- 2P, |

jest spetnione dla diagonalnych macierzy PB,,..., B, ;.

3) LMI
] 0 0
0 P, 0
. 0 0 P -

blockdiag L
-PA, —cPR —-C.h

B, 0 . O
B 0 0 - I:)h-v-l

P

h+1

I:)h+l B

jest spetnione dla diagonalnych macierzy P,,...,P, ;.

o U

h+1_]

=0

(92)

=0

(93)

Dow0d. Dodatni uktad niecatkowitego rzedu (12) jest praktycznie stabilny wtedy i tylko
wtedy, gdy macierz A jest macierza Schura. Stosujac lemat 4 do uktadu (22a) otrzymamy

LMI (91), poniewaz



P 0 0 0
0 P 0 0
blockdiag|[P - ATPA, P|=blokdiag : S
0 0 P, 0
0 0 0 P,
Al 0 0fR O 0 0 ]A, ol, Chaly Cul,
¢l, 0 ..0 0|0 P, 0 01, o0 0 0
Coyl, O .. 0 1|0 .~ P 0]0 o 0o o0
¢, 0 ..0 0[0 O .. 0 PyuJO o I, 0
PP = A; PA, - ClAl P - Ch—lAl P —Ch Al P
- P A, P,-P;— C12 P —C1Ch 1Py —CiCh P,
= blockdiag : : : :
-ch P A, —C1Ch 1Py RW_PMl_CﬁJH —ChaChPy
-c,PA, —Cich P —ChaChPy Poa — Cﬁ P

o U

o o -

P

0

0 R

0
0

0
0

Podobnie, stosujac lemat 6 do uktadu (22a) otrzymamy LMI (92), poniewaz

blockdiag [- (A -1,)"P+P(A-1,)) P|=

= blockdiag

o
o

= blockdiag

[ AT
Aa_ln In
il

0 Ph-¢—1 i 0

'ATP, +PA, —2P,
P, +¢,P

ChaP

ch Py

0 0
0 0
—1, 1,
0 -1

P, +c,P,

o

P 0 0 0
0 P 0 0
0 0 P, 0
0 0 0 Pl
Cha I n Ch I n | i 1 0
0 0 0 P,
-1, 0 0 0
I, —1,] [0 o
chaPr  ChP 1 [P
0 0 0
- 2Ph—1 I:’h+l 0
I:)thl - 2|:)h i L 0

Stosujac lemat 7 do uktadu (22a) otrzymamy LMI (93), poniewaz

0 O
0 O
PR, O
0 I:’h +1
0 0
0 0
0 I:>h +1
0 _
0
0
I:)h +1 ]
0 0
0 0
0 I:)h +1

=0

=0

(94)



PR O 0
. P, 0
blockdiag<W, : >0
0 0 P
_ - i} ;
A P 0
1 0 Clln 0 .. 0 0 P
0 P, S S |
oL Cogly, 0 o I, o o Y
W = 0 0 .. Py L cly 0 .. 0]
R0 .. 0 A, cl, .. ¢l cl, R 0 .. 0
0 PR ofl, 0 .. 0 0 0 P .. O
L0 0 . R0 0 . 0 0 0 .. By |

Przyktad 6. Korzystajac z LMI sprawdzi¢ stabilno$¢ praktyczna dodatniego uktadu
niecatkowitego rze¢du

A"X.,, =01x,, keZ (95)

+

dla « =0.5 oraz h=2.
Korzystajac z (18) oraz (22c) otrzymamy

c :a(l—a)zl c :a(a—l)(a—Z):i A —06
' 2 8"’ 3 16" "

11
06 = —

A e G 8 16
A=|1 0 0l=/1 0 0
0 1 0/l0 1 0

Korzystajac z twierdzenia 25 oraz z obliczen w $srodowisku MATLAB® otrzymamy dla
LMI (91)

P-P,-ARA, -cAR -CGAR| [R 0 0
blockdiag —c,PA, P,-P,—c’P, —ccP |, |0 P, 0[t>0
-G PlAa _Clczpl Ps _C22P1 0 0 Ps



gdzie
blockdiag [P, P,, P,]=blockdiag [7.8921 3.5026 2.1132]
dla LMI (92)
AP +PA, 2P P +cR  CP R0 0
blockdiag | — P, +¢cR, -2P, P |, |0 P 0|;>0
c,R, P, - 2P, 0 0 PR
gdzie
blockdiag [P, P,, P,] = blockdiag [6.9266 3.1155 2.6096]
oraz dla LMI (93)
P 0 0 -AP -P, 0|
A SRR
blockdiag 3 T%n o P oftso0
_PlAa _ClPl _CZP]. P1 0 0
0 0 P
~P, 0 0 0 P, 0
0 -R O 0 0 P
gdzie

blockdiag [P, P,, P,] =blockdiag [7.7203 3.6738 2.2765]

Wszystkie LMI sa spelnione dla macierzy P,P,,P, co oznacza, ze dodatni uktad
niecatkowitego rzedu (95) jest stabilny asymptotycznie.

Przyktad 7. Korzystajac z LMI sprawdzi¢ stabilno$¢ praktyczna dodatniego uktadu
niecalkowitego rze¢du

-02 1

, keZz 96
01 b:|Xk € + ( )

Aa Xk+l = |:

dla @ =0.8 i h=2, oraz dwoch nastgpujacych wartosci wspotczynnika b:
Przypadek 1: b =-0.5, przypadek 2: b=0.5.

Korzystajac z zaleznosci (18) oraz (22¢) otrzymamy

=0.032

c = a(l-a) _008. ¢ — a(a-1)(a-2)
2 L 3

oraz



06 1
Przypadek 1. A, = A+1,a :{ }

0.1 0.3
i
06 1 008 0 0032 O
01 03 0 008 0 0.032
Aa C1|2 CZIZ
i |1 A 1 0 0 0 0 0
Tl 1o 1 o0 0 0 0
0 1, 0
0 0 1 0 0 0
0 0 0 1 0 0 |
06 1
Przypadek 2. A, =A+1,a=
2 0.1 1.3
i
06 1 008 0 0032 O
01 13 0 008 0 0.032
Aa C1|2 CZIZ
- |2 A 1 0 0 0 0 0
T 1o 1 o0 0 0 0
0o I, O
0 0 1 0 0 0
0 0 0 1 0 0 |

Dla przypadku 1 korzystajac z twierdzenia 25 oraz z obliczen w $rodowisku
MATLAB® otrzymamy dla LMI (91)

16.0915 0 4.2540 0 2.5726 0
blockdiag [R,, P,, P,] = blockdiag : :
0 84.3680 0  16.3556 0 8.6007

dla LMI (92)

0 35.597 0 7.2962 0 5.2364

8.8848 0 2.5601 0 2.2771 0 7]
blockdiag [P, P,, P,] = blockdiag H J, { } { }

oraz dla LMI (93)

13.3199 0 3.537 0 22117 0 ]
blockdiag [P,, P,, P,] = blockdiag , ,
0 70.8279 0 13.1042 0 7.2682

W przypadku 2 dodatni uktad niecatkowitego rzedu (96) jest niestabilny dla kazdego h
(nie tylko dla h = 2) poniewaz macierz A, posiada jeden element na glownej przekatnej
wigkszy od jednosci.

Wielomian charakterystyczny macierzy A, — 1,



z-0.4 -1

p(z) =detll,(z+1) - A, 1= 01 z-03

‘ =2°-0.72-0.22

ma dwa ujemne wspotczynniki. Uktad (96) jest wigc rowniez niestabilny dla dowolnego h.

2.4.2. Uklady 2D niecatkowitego rzedu

2.4.2.1. Dwuwymiarowy model Roessera ukladu niecatkowitego rzedu

W dalszych rozwazaniach bgdziemy korzysta¢ z nastgpujacej definicji horyzontalnej
i wertykalnej roznicy niecatkowitego rzedu funkcji dwuwymiarowej [23].

Definicja 12. Horyzontalna réznica niecatkowitego rzedu a funkcji dwuwymiarowej x;,
I, ] € Z, nazywamy funkcj¢ okreslona zaleznoscia

AL X = kZ;,Ca (K)Xik (97a)

gdzie aeR, n—-l<a<n eN={2,..} oraz

1 dla k=0
c, (k)= (_Dk(ij:(_l)k al@-D..(a=k+) L\ o (97h)

k!

Definicja 13. Wertykalna réznica niecatkowitego rzedu g funkcji dwuwymiarowej x;,

i, ] € Z, nazywamy funkcj¢ okreslong zaleznoscia
i
A = c,(0% 5 (98a)
1=0
gdzie feR, n,-1<p<n, e N={,2,...} oraz
1 dla 1=0

Cﬁ(l) = (_1)I[fJ — (_1)I ﬂ(ﬂ_l)ll(ﬂ_l +1) dla 1>0 (98b)

Lemat 8. [7] Jezeli 0<a <1 (0< f<1),t0
c,(k)<0 (c,(k)<0)dlak=1.2,... (99)

WezZzmy pod uwage dwuwymiarowy liniowy uktad niecatkowitego rzedu opisany

réwnaniami
A" X! x" B
ha Iv+l,] — |:Al1 A12:| I\j/ + |: 1 :|qu (100a)
Aﬁxi,j+1 A21 Azz Xij Bz



h
yi =[Cy Cz]{xi}j}r Du; i,jez, (100b)
ij

gdzie xi*j‘ eR™, xjeN™ sa odpowiednio horyzontalnym i wertykalnym wektorem
stanu w punkcie (i, j), u; eR™ jest wektorem wymuszenia, y; e R® jest wektorem
odpowiedzi w punkcie (i, j) oraz A, eR™™, A,eR™™, A, eR™"™ A,eR™",

B, e R™™, B, e R™™, C, e R"™, C, e R”™, D e RP",
Korzystajac z definicji 12 i 13 mozemy réwnanie (100a) napisa¢ w postaci

i+1

_ KX oo
l:xirlrl’j:lz{Aﬂ A12}|:Xi?:l_ éca( )X|—k+1,J N Bl:|uij (101)
2

% N % j+l
Xi, j+1 Ao Aoy || Xi Zcﬁ(l)xih,j_m
-2

gdzie A, = A, +al, oraz A, = A, +fl .

Z zaleznosci (101) wynika, ze dwuwymiarowy uktad niecatkowitego rzedu jest uktadem
dwuwymiarowym z opdznieniami rosnagcymi Wraz z i oraz j. Z (97b) oraz (98b) wynika, ze
wspotczynniki ¢, (k) oraz c,(I) w (101) silnie maleja wraz ze wzrostem k oraz |. W

przypadku praktycznym przyjmuje sig, ze k oraz | sa ograniczone przez liczby naturalne L;
oraz L,. W tym przypadku réwnanie (101) przyjmuje postac

L+l
' - . Co (K)Xi e,
Xis1, ] ={A11 Alz} Xij | gﬁ e n Bl}u-- (102)
v x v Ly+1 B, |
X|,1+1 A21 A22 XIJ

é Cﬂ(l)xirjj—lﬁ—l

Warunki brzegowe dla rownan (100a), (101) i (102) maja postac

xg. dla jez,, xi da ieZ (103)

j +1 +

Twierdzenie 26. [23] Rozwiazanie rownania (101) z warunkami brzegowymi (103) ma
postac

Xih' i 0 j xh i
{X."J} - ZTip,{XV }Jr ZTH{ Sq} + ZZ(Tifpfl,ij BY +Ti7p,iqulBOl)upq (104a)

BY = By B™ = 0 104b
B o} B, (104b)

oraz macierz tranzycji T, € R™" jest zdefiniowana przez



) Iy dlap=0,g=0

q
Tog =TT pag + ToaTpga = Z[ca(k)lnl OIT ) kg = I;[0 Cs(Ny ITpqa dlap+q>0(p,qeZ,)

k=2 .
0 (zmacierz zerowa) dla p<0ilubg<0
(105a)

gdzie

T {K“ A”},Tm{ 0 _0 } (105b)
0 0 Ay Ay

WezZmy pod uwage uktad (102) ograniczony przez dwie liczby naturalne L; oraz L,

L
Inl_zl_lKll—l_zca(k)zl_klnl _Zl_lAIZ
6(21’ z,) = k2 - L, (106)
-2, A, L, =2, A, + > c,(NZ'1,
1=2
Niech
_ N, N
detG(z,2,) = DD Ay _pn,q4 25" (107)
p=0 q=0

gdzie N,,N, € Z, sa okreslone przez liczby L, ora L, w (102).

Twierdzenie 27. [23] Niech (107) bedzie wiclomianem charakterystycznym uktadu
(102). Wtedy macierze Tpq spetniaja zaleznos¢

Ny Np

D> a,T,,=0 (108)

p=0 gq=0

Twierdzenie 27 jest uogolnieniem klasycznego twierdzenia Cayleya-Hamiltona na
dwuwymiarowe uktady niecatkowitego rzedu opisane modelem Roessera (101).

2.4.2.2. Dwuwymiarowy model Roessera dodatniego uktadu niecatkowitego rzedu

Definicja 13. Uktad (100) nazywamy (wewngtrznie) dodatnim dwuwymiarowym
uktadem niecatkowitego rzedu wtedy i tylko wtedy, gdy xi'} ey, xjeRE oraz y, e R’

ny

i, jeZ, dla dowolnych warunkow brzegowych xgj eRY, jeZ, i x,eR?, ieZ, oraz

wszystkich wymuszen i, je Z, .

Twierdzenie 28. [23] Dwuwymiarowy uktad niecatkowitego rzedu (101) dla «, S e R,
0<a <1, 0< <1 jest dodatni wtedy i tylko wtedy gdy



A, B
A1 A e R, Le®R™™  [C; C,]eRP", DeRP™ (109)
A21 A22 BZ

WezZmy pod uwage dodatni uktad niecatkowitego rzedu ztozony z modelu Roessera
(101) ze sprzg¢zeniem zwrotnym od wektora stanu

uy = 1K, Kz]{i‘f} (110)

1]

gdzie K =[K, K,]eR™, K; e R™™ | j = 1,2 jest macierza wzmocnien,
Poszukiwa¢ bedziemy takiej macierzy wzmocnien K, dla ktorej uktad zamknigty

i+1

h x h Z c, (k) Xih—k+1,j
l:xmj} _ { An + BlKl A12 + Ble }I:Xij } _ | k=2 (111)

o +B,K, A,+BK, | x! & h
i jr Ay Ky Ay 2o || i zcﬂ(l)xi,j—Hl
=

jest dodatni i stabilny asymptotycznie.

Twierdzenie 29. Dodatni zamknicty uktad niecatkowitego rzedu (111) jest dodatni
I stabilny asymptotycznie wtedy i tylko wtedy, gdy istnieje macierz blokowo diagonalna

A =blockdiag [A, A,], A, =diag [Ay,. A ] A4 >0, k=12, j=1..n, (112)

oraz macierz rzeczywista

D=[D, D,], D ,eR™, k=12 (113)
spetniajace warunki
|:E1Al + BlDl él.ZAZ + BlD2:| c m:l—xn (114)
AZlAl + BZ Dl A22A2 + BZ D2
|:A'11A1 +BD; ApA, + BlD2j| 1, < {O} (115)
ApAL+B,Dy AyuA, +8B,D, || 1, 0
gdzie1, =[1 .. 1]' eR} k=12
Macierz wzmocnien dana jest zalezno$cia
K=[K, K,]=[D, D,JA"=[DA;" D,A,"] (116)

Dowod oraz procedura wyznaczania macierzy wzmocnien K dane sa w [23].
Jak wiadomo [10, 23], dodatni uktad zamknigty (111) jest stabilny asymptotycznie
wtedy i tylko wtedy, gdy jednowymiarowy uktad dodatni o macierzy



Kn +BK, A, +BK, '~ Irhca (k) 0 (117)
Ay +B,K, Kzz +B,K, | & 0 Inzcﬁ(k)

jest stabilny asymptotycznie.
Biorac pod uwagg, ze [23]

ica(k) - icﬁ(k) —p-1

oraz A, = A, +al o 1 A,=A,+pl ., Mozemy macierz (117) napisa¢ w postaci

{AMJ“BlKl '512+81K2}=A+ BK (118)
A21+BZK1 A22+BZK2

gdzie A11:A11+|n1 [ A22=A22+In2 oraz

SHHEH

Twierdzenie 30. Zamknigty uktad niecatkowitego rzedu (111) jest dodatni i stabilny
asymptotycznie wtedy i tylko wtedy, gdy istnieje dodatnio okre$lona macierz blokowa (112)
oraz macierz rzeczywista (113) takie, ze warunek (114) jest spetniony i LMI

{ -A AA + BD}
<0 (120)

(AA +BD)’ —A
jest wykonalne wzglgdem dodatnio okreslonej diagonalnej macierzy A.

Dowdd. Uktad zamkniety (111) jest dodatni wtedy i tylko wtedy, gdy warunek (114)
jest spetniony, poniewaz warunek

Ay +BKy  Ap+BiK; | | Ay +BDIATT Ay +BiDA, |
Ap +BoKy Ay +BoK, | | Ay +ByDiA; Y Ay +ByDyA, T

_| AuA;+BiDy ApAy+BD, [ AT 0 cRjM
Ap A +B,yD; ApA,+B,D, | 0 A, *

jest rownowazny do warunku (114).
Dodatni uktad zamknigty (111) jest stabilny asymptotycznie wtedy i tylko wtedy, gdy
LMI [15]

P—(A+BK) P(A+BK)>0 (121)



jest spetnione dla dodatnio okreslonej diagonalnej macierzy P.
Korzystajac z uzupetienia Schur mozemy warunek (121) zapisa¢ w postaci

P P(A+ BK)
) <0 (122)
(A+BK)'P  —P
Podstawiajac (116) i P =A™ do (122) otrzymamy
-At A (A+BDA™Y) |
(A+BDA™)TA? ~ A
(123)
-A AA + BD
= blockdiag [A™, A™] . " blockdiag [A™, A™]< 0
(AA + BD) “A

Stosujac  przeksztalcenie  przez  kongruencj¢ z macierza  przeksztalcenia
blockdiag [A, A] otrzymamy warunek (120).

Przyktad 8. Dany jest dwuwymiarowy model Roessera niecatkowitego rzedu dla
a=04, =05 oraz

[-05 -0.1] [-01 -01
Ai__oa 0.01 | A2=) 02 01|
_[-03 -0.1] [-1 -o01 (124)
%1__02 01 ] f2704 01
[-0.2 -0.3
0.1 0.2

Nalezy wyznaczy¢ macierz wzmocnieh K =[K, K,], K; e R*?, i = 1,2 tak, aby uktad
zamknigty byt dodatni i stabilny asymptotycznie.

Dwuwymiarowy modelu Roessera niecatkowitego rzedu z macierzami (124) nie jest
dodatni, poniewaz macierze stanu posiadaja elementy ujemne. Uktad jest rOwniez niestabilny
poniewaz macierz

~05 -01 -01 -0.1
A, A,] |01 001 02 o01
{%1 &;}:—03 01 -1 -01

02 01 04 O01

(125)

ma dodatnie elementy na gtoéwnej przekatne;.



Wybieramy
D=[D, D,], D =[-04 -02], D,=[-04 -0.2] (126)

Korzystajac z twierdzenia 30 oraz z obliczen w $rodowisku MATLAB® otrzymamy dla
LMI (120)

: 04 0 0.2258 0
A =Dblockdiag [A,, A,], A4 { 0 0 4}, A, :{ 0 0 2413} (127)

co oznacza, ze LMI jest spetnione dla diagonalnej macierzy A.
Korzystajac z zaleznosci (116) otrzymamy macierz wzmocnien w postaci

K=[K, K,]=[D,A," D,A,']=[-1 -05 -1.7715 -0.8288] (128)

Uktad zamknigty jest dodatni, poniewaz macierze

E LBK. o 01 0 LBK. - 0.2543 0.0658
At Bl = 0 036/ A By, = 0.0229 0.0171]

LBK - 0 0.05 L BK. - 0.0314 0.1487
Ao+ Bk, = 0 0 [ Aoz + Bk, = 0.0457 0.4342

maja tylko nieujemne elementy.

Uktad zamknigty jest tez stabilny asymptotycznie, poniewaz wielomian
charakterystyczny

z+03 0 ~0.2543 —0.0658
for 2T (Pt BK)  —(Ap+BiKy) ] | 0 24004 -0.0229 —0.0171|_

— (A +B,Ky) 12— (A, +ByKy) 0 -005 z+0.4686 -0.1487

0 0 ~0.0457 z+0.0658

= 7% +0.87432° +0.21662° + 0.0141z + 0.0003

ma dodatnie wspotczynniki.

Przyktad 9. Dany jest dodatni dwuwymiarowy model Roessera niecatkowitego rzedu,
w ktorym « =0.4, f=0.9 oraz



_[-04 o001 _[0.01 001
A = 1 0.03 0.001] Az = 001 02 ]
_f001 02 [-09 o001 (129)
Pau | 0 o001 Pz 001 -o08]
0 0
0.001 0.002

Nalezy wyznaczy¢ macierz wzmocnien K =[K; K,], K; e R*?, i =1,2 tak, aby uktad
zamknigty byt dodatni i stabilny asymptotycznie.

Dwuwymiarowy uktad niecatkowitego rzgdu 0 modelu Roessera z macierzami (129)
jest niestabilny, poniewaz macierz

-04 001 0.01 0.01

A, A,| |003 0001 001 02 (130)
A, A,| |001 02 -09 001
0 0.01 001 -038
ma dodatnie elementy na gtownej przekatne;.
Wybieramy
D=[D, D,], D,=[013 -0.37], D,=[-319 -0.11] (131)

Korzysta¢ z twierdzenia 30 oraz z obliczen w srodowisku MATLAB® otrzymamy dla
LMI (120) otrzymamy

0.0554 0 0.8659 0
A =Dblockdiag [A;, A,], Alz[ } Azz{

(132)
0  0.0755 0  0.0032

co oznacza, ze LMI jest spetniony dla diagonalnej macierzy A.
Korzystajac z zaleznosci (116) otrzymamy macierz wzmocnien w postaci

K=[K, K,]=[D,A," D,A,"']=[2.3466 —4.9007 -3.6840 -—34.3750] (133)

Uktad zamknigty jest dodatni, poniewaz macierze

% .ak .| O oo LBk, | 001 001
At B =0 ha0s ga0er) M2 T BI ~10.0063 0.1659 |

LBk | 001 02 5 o.BK | O 001]
Pt 8K =10 0047 00002 P2 TP ?10.0026 0.7513]

Maja tylko nieujemne elementy.



Uktad zamknigty jest tez stabilny asymptotycznie poniewaz, wielomian
charakterystyczny

z+04 -0.01 —-0.01 -0.01
qof M2 (AutBIK)  —(Ap+BiK;) ] |-00323 2+00039 -00063 -01659
— (A +B,K;) 1,2 (Ay +B,K)y) -0.01 -0.2 z+0.9 -0.01

—~0.0047 -0.0002 -0.0026 z+0.1487
= 7% +1.45277% + 0.55722% + 0.0544z + 0.0001

ma dodatnie wspotczynniki.
2.5. Uwagi koncowe

Wprowadzono pojgcie stabilnosci praktycznej i stabilno$ci asymptotycznej dyskretnych
dodatnich uktadéw i uktadow stozkowych niecatkowitego rzedu. Podano warunki konieczne i
wystarczajace stabilnosci dla tych ukltadow niecatkowitego rzedu. Wykazano, ze badanie
stabilnos$ci dodatnich uktadéw 2D mozna sprowadzi¢ do badania stabilnosci odpowiadajacych
dodatnich uktadow 1D. Podano trzy metody LMI badania stabilno$ci ukladéw dodatnich
niecatkowitego rzedu.

Pokazano mozliwos¢ zastosowania metody LMI do wyznaczania macierzy wzmocnien
sprzezen zwrotnych od wektora stanu dla modelu Roessera, tak aby uktad zamknigty byt
dodatni i stabilny asymptotycznie. Podano warunki konieczne i wystarczajace istnienie
rozwigzania tego problemu. Efektywno$¢ proponowanych metod LMI pokazano na
przyktadach numerycznych modelu Roessera niecatkowitego rzedu. Podane rozwazania
mozna tatwo uog6lni¢ na uklady dodatnie 1D i 2D z opodznieniami niecatkowitego rze¢du.
Uogolnienie tych rozwazan na uktady ciagte 1D i 2D niecatkowitego rzedu jest problemem
otwartym.

Praca wykonana w ramach pracy statutowej S/WE/1/106. Wydziatu Elektrycznego
Politechniki Biatostockiej
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3. MoHHO-1y4YeBbIe TEXHOJOIMH B MUKPO-, HAHO-
U ONTOYIEKTPOHUKE, B SAEePHO-PUZHYECKHX
METOaX AHAJIU3a MATEPHAJIOB M NMPUOOPHBIX

CTPYKTYP

@.P. Komapos, O.B. Muiabuanud, A.M. Muponos, A.C. Kamblman

HUWMU npuknagaeix puzudeckux mpodiaem nmeHn A.H. CeBuenko bemopycckoro
rocyIapCTBEHHOr0 yHUBepcuTeTa, yi. KypuaToBa 7, Munck, 220108, benapych
ten. +375(17)2124833, KomarovF@bsu.by

[IpencraBnen psa pa3paboOTOK, MOBEACHHBIX [0 TEXHOJIOTMYECKOTO HWCIOJIHEHUS,
MO3BOJIIIONIAX MOJTYYaTh YHUKAIBHBIE CTPYKTYphl MHKpO-, HaHO- M ONTO3JIEKTPOHHKH
C WCHOJb30BAHMEM HMOHHBIX IyYKOB. PaccMOTpeHa yHHMKallbHasi CUCTeMa Hepa3pyIIaIoIIero
3JIEMEHTHOTO M CTPYKTYpHOTO aHajJHM3a MaTepHajOB C HAHOMETPOBHIM pa3peIICHHEM IO
riyouHe.

A few important implementations of ion beams to produce unique structures of
microelectronics and optoelectronics are presented. A novel system for non-destructive
elemental and structural analysis with the nanometer depth resolution is also treated.

3.1. Beeaenue

B mnocnennee Bpems, B coBpeMeHHBIX TexHosorusx cosganuss CBUC u omnros-
JIEKTPOHHBIX TMOJYMPOBOJHUKOBBIX MPUOOPOB, MOKHO YBEPEHHO BBIJICIUTh TEHACHIIUIO
WCIOJIb30BaHUS HWOHHON WMIUIAHTAIlMK TpPUMecel, HEe OTHOCAIIMXCS K JICTUPYIOIIUM.
B nmanHoM ciyuyae ucnonb3yroTcs 3 (PEeKThl HaKOIUICHUS M TpaHcpopManuu 1eHEKTOB s
CO3JIaHMs  JIOKAIBHBIX OOJacTe MONYyNpOBOJAHMKA, OONaJalonMX crenupuyecKkumu
(TpebyembiMu) cBoiicTBaMH. MOXHO TOBOPUTh M O TOSBJICHHU IEJIOT0 Kacca TEXHOJOTHIA,
IIc  UCHONB3YIOTCS TPOTOHHBIE MydYKH. VICmonb30BaHWE TPOTOHHOW HMILIAHTAIUN
O0OyCJIOBIICHO yYHHKaJbHBIMH CBOMCTBAMH aTOMOB BoJOpoja. braromapss 0oJbioi
XUMHYECKON aKTUBHOCTH, BOAOPOJ MOKET 00pa30BBIBATh CHEeU(UUIHBIA THUI 1e()EKTOB Kak
C aTOMaM{ MAaTpHIlbl, TaK MU C aTOMaMH JIETUPYIOLIEH MPUMECH, a TaKKe COOCTBEHHBIE
BOJIOPOJIO-UHAYIIUPOBAHHBIE NE(PEKTHl, KOTOPbIE MPH ONPEICICHHBIX YCIOBHUAX OCTAIOTCS
CTaOWJIBHBIMU JaXK€ MPH BBICOKUX TemrepaTypax omTxkura. C Apyroil cropousl, Omaronmaps



MaJIO Macce HMOHOB BOJOPOJa, HMIUIAHTAIIMOHHBIE CJIOM 3a HUCKIIOUYEHHEM OO0JIaCTH
OCTQHOBKM HOHOB (BOJM3M NPOEKTHBHOTO IIpoOera HMOHOB Rp) OCTAIOTCS MPaKTHYECKH
Oe3nedextHpiMU. Bce 3TM  yHUKaJdbHBIE CBOIMCTBa TPOTOHHBIX MYYKOB IO3BOJIMIN
pa3paboTarh Ppsii HOBBIX TEXHOJOTHUM, HCMOIB3YIOMUX ASP(PEKTh TpUMECHO-AehEeKTHOM
umwkeHepuu [1,2]. B nanHO# paboTe aBTOpaMu MPEACTaBIICH Psill pa3padOTOK, JTOBEJCHHBIX 10
TEXHOJIOTUYECKOTO  HCIIOJIHEHHS], IO3BOJISIONIMX —TIOJY4aTh YHUKAJIbHBIE CTPYKTYPHI
C WUCHOJb30BAHHUEM IMPOTOHHBIX IYyYKOB. PacCMOTpeHBI Takke pealu30BaHHbIC B Halleh
nabopaTOpu METOIBI AJIEMEHTHOTO W CTPYKTYPHOTO aHajn3a MaTepHajioB NPHUOOPHBIX
CTPYKTYP C HAHOMETPOBBIM Pa3pelICHNEM I10 TITyOHHE.

3.2. Co3nanue CTPYKTYpP KpeMHUIi-HA-U30/1ATOpE

CTpyKTypbl KpEMHHI Ha U30JSITOPE 00JAAAI0T CIACAYIONINME MPEUMYIIECTBAMH TEpPE]
npyrumu  u3BecTHbIMM TunamMu KHU-cTpykTyp #u  OOBIYHBIMH  MOJTYIPOBOAHHKOBBIMU
MTO/ITTOKKAMH .

— MOBBIICHHUE PATUAIIMOHHON U TEPMUUYECKON CTOMKOCTH;

— YBEJIHMYCHHE BBIXOAA TOMHBIX (MEHbBINAS IUIOIMIAAb 3JCMEHTOB M YWIIOB CHUXAET
BEPOSITHOCTh MOMAAaHMsI POCTOBOTO JeeKTa B aKTUBHYIO 00J1aCTh);

— YBEIMYEHHE TUIOTHOCTH KOMIIOHOBKM D3JIEMEHTOB U3-3a (OpPMHUpOBaHHS Ha
MMOBEPXHOCTH TMOJYITPOBOTHUKOBBIX JJIEMEHTOB CyOMHKPONPO(UIBHBIX “KaHABOK' ITUPHHON
0,1-0,2 MxM;

— YIOpOILEHUE: TOJHOE OTCYTCTBHE 3(QeKTa 3allelIKMBaHUA 3a CYET OTCYTCTBHS
M30JIAIMe  P-N mepexofamu, CO3[aBaeMbIMH HMMILIAHTAIIUEH; YIPOIIEHUE W3OJISIIHUN
U yMEHBIIIEHUE €€ pa3MepoB B 3-5 pa3 (M Bcero umma); coYeTaHHE MHOTHUX (QYHKIUH Ha
OJHOM uute (Hampumep, JOTMYSCKHUX, TEICKOMMYHHKAIIMOHHBIX U CUJIOBBIX TSI MOOMIIbHOU
CBSI3U WJTH YIIPABJICHHUSA);

— JIy4IIUMH CBOMCTBaMH: JBYX-TPEXKPAaTHOE YBEJIWYEHUE OBICTpoOIeHCTBUE H/MiK
CHIDKEHHME DHEpromorpebienne mpu HU3KOM HampsokeHuu (mMenee 1,5 B); pabora mpu
yIBTPAHU3KOM HamnpsbkeHun nutanus (mopsaka 5 B); pabota mpu BhICOKMX TeMIiepaTypax,
BI10TH A0 500 °C 3a cyeT yMEHBIIICHHS TOKOB yTEUEK MEPEX0/I0B MEHBIIINX Pa3MEPOB.

[Ipennnaraemas Texnonorust KHU-cTpykTyp MoXkeT OBITh peann3oBaHa Ha TUIIOBOM
00Opy/lOBaHUY, HMEIOIIEMCS MPAKTUYECKH Ha JIOO00M NPEeINpHUsITHH — H3TOTOBUTENE
NEeKTpOoHHBIX u3aenuil. McnonszoBanue msroraBiauBaecMblx KHM cTpykTyp B yka3zaHHBIX
npubopax 00eCleYUT CYIIECTBEHHYIO 3KOHOMHIO 3HEPropecypcoB, AacT JAOMOJHUTEIbHYIO
SKOHOMHIO 32 CUeT OOJbIlel HAJC)KHOCTH, MO3BOJIUT PEIIUTh HEKOTOPHIE MPHUHIIUIHATHHO
HOBBIE 33J]a41 [IPH CO3/IaHUU 00BHEKTOB, paOOTAIOMIMX B IKCTPEMAIbHBIX YCIOBUSX.

Cpenu necsTka pa3lIWYHBIX METOA0B Ipou3BojcTBa KHU-macTHH MOXHO BBIICTUTH
JIBa TOMUHUPYIOMIMX W JOCTUTIIMX MpombinieHHoro ocBoeHus: SIMOX u Smart-Cut. [Ipu
olleHKe cTtouMocTH KoHeuHblXx KHM-mutacTuH, BO3MOXXHOCTH BapbUpOBaHUS HMX CBOMCTB,
MCIOJIb30BaHUS CTaHJAPTHOTO TEXHOJIOTMYECKOT0 000pyA0BaHUs U TEXIIPOLECCOB, Hanboee
MPOCTBIM M TEPCHEKTUBHBIM BHITISLAUT MeToa Smart-Cut, coderaromuii mpoecchl mpsMoro
COCIMHEHUS] OKHCIEHHBIX IUIACTUH M MPEIU3UOHHOTO HOHHOTO OTCJIOEHUs. ABTOpamu
BHITIOTHEHBI PabOThl MO OTpPabOTKe, PAa3BUTHIO M aJanTalii K CYIIECTBYIOIIEMY
TexHosoruaeckomy odopynoBannio Ha HITO «MuTerpan» texnonorun npousBoacrea KHU-
mwiactuH («mo MoTuBam» Meroaa Smart-Cut) [3-10].

B kadecTBe MCXOAHBIX HCIOJB30BAIM CTaHAAPTHBIE IJIACTUHBI KPEMHUS TUAMETPOM
100 u 150 mm (100)-opuenTanuu, nerupoBannbie 6opoM (K/1b-12). McxomHble MIacTUHBI
OTOMpAINCh C YY4ETOM MHHHMAIbHBIX mporubda (< 5 Mkm) u HerockoctHOCTH (< 10 MKM)
iactuH. VMmnaHTtanms HMOHOB BojaOpoja mHpoBoawiack Ha yckoputene Skanibal 128S,
HMMEIOIIEeM Ta30BbIi UCTOYHUK. Pexxumbl nmrmutantanuu: sHeprus 80—-100 k3B, moza 4-5x10'°



H,"/em?, Temmeparypa mumenn < 50 °C. MIMIUIaHTaIys POBOMIACE B CTPYKTYphI SiO»(20—
300 um)/Si. HaGop 1036l OCYIIECTBIISJICS IMOJTAHO, B HECKOJBKO IIAroB, C BBIACPIKKOM
IUIACTUH MEXIy PpEeKUMaMU HMIUIAHTAlMd B BaKyyMe IPU KOMHATHOW TeMIepaType
B T€UeHHE 6—8 yacos.

Jis  ouncTkM TIAacTUH W (GOPMHUPOBAaHUSA  THAPOPHIBHBIX  MOBEPXHOCTEH
MCIOJIb30BAJIMCh B PA3IMYHBIX BapHAlUAX MPOLEAYPHI MIIA3MEHHON 00pabOTKH, XUMUYECKON
U TUIPOMEXAHUYECKON OYMCTKU. BBITH OTpaboTaHbl OpUTHHAIIBHBIE METOJIUKH TOJITOTOBKU
XUMHUYECKH YHUCTBIX OKCHUIUPOBAHHBIX TIOBEPXHOCTEH TIJIACTUH C BBICOKOW CTEMEHbIO
rugpodunbHoctd  [8].  [lponenypa cCBsi3bIBaHMS  MMIUITAHTHPOBAHHBIX — IUIACTHH — CO
crpykrypamu SiO2(20-200 um)/Si mpoBoanaach BPYyYHYIO C HCIIOJb30BAaHHEM CICIHATLHO
pa3paboTaHHON ocHAacTkH. KOHTpOJb KadecTBa CBS3BIBAHUS OCYLIECTBISUICS HA-TIPOCBET
B OimmkHeM MK-nuamnasone saekTpoMarautHoro usnydenus [10].

JUis yculieHUs CBS3M MEXIy IUIACTUHAMH, a TakKe Ui HCCICNIOBAaHWUN BIUSHUS
JOMOJHUTEIBHBIX HU3KOTEMIIepaTypHbix 00paborok (HTO) Ha kauectBo moryuaembix KHU-
IUTACTHH, OTXKUTU TpoBouiu npu Temieparypax 80—200 °C ¢ pa3auuHbIMU ATUTETHHOCTIMH
(Brutoth 10 24 wdacoB). s TePMHUYECKH-BBI3BIBAEMOTO IOJIHOTO CKOJa IO BOAOPOJIO-
MHAYIIMPOBAHHOMY A€(EKTHOMY CJIOI0 MPOBOAWIM OTXUTI Ipu Temmeparypax 450-550 °C
B TeueHue 20-60 wmunyr. Jlms dyacth 0Opas3oB HCMOJB30BAJICS HEMOJIHBIA OTKHUT
(mmTenbHOCTh 1-15 MUHYT) C MTOCIEAYIONIMM MEXaHUIECKUM CKOJIOM MO JIe(hEKTHOMY CIIOKO.
dunumnHas TepMoodbpadoTka moaydaeMeix KHU-cTpykTyp (mst moiaHOro omkura aedekToB
CTPYKTYpPhI B BEPXHEM KPHCTALTHYECKOM CJIO€ KPEMHHMsI) MPOBOIAMIACH MPU TEMIIEpaTypax
1050-1100 °C B cpene kuciopoa WM a3oTa.

Ha puc.l npencrasnenst [I9M mukpodororpaduu monepedyHbIx cedeHHid 00pasloB
ocjie MMIUTAHTAIlMM WOHOB BOJOPOAa M Tocieayomeii Tepmoodopadborku [8]. JedekTHbrit
CIIOH, (OpPMHpYEMBIi HMMIUIAHTAIMEH MOHOB Bojgopoma ¢ mosamu 4-5x10™ Hy'/em?,
JIOCTaTOYHO MPOTSHKEHHBIN U COCTOUT U3 KJIacTepoB TouedHBIX AedexToB. OTxur npu 450 °C
y)K€ B T€UEHHE S MUHYT IPUBOJAUT K CYLIECTBEHHOMY YMEHBIICHHUIO TOJIIUHBI Je(PEKTHOTO
crost. Ilpu 3TOM MO BCe#l ToMIIHHE 3TOr0 ¢iiosi (GOpMHUPYIOTCS MHUKpoTpenuubl (puc. 1B).
VBe/InYeHne UIUTENBHOCTH TEPMOOOPAOOTKH MPUBOAUT K (POPMUPOBAHHIO MAKPOTPEIIMHEI
napajuielibHO moBepxHOcTH 1iacTuH (puc. 1B). OTKHAT HMMIUIAHTHPOBAHHBIX IJIACTHH
KpeMHHsT HoHaMH Bogopoxa (¢ mosamu 4-5x10'° Hy'/em®) mpu Temmeparypax 400 °C me
BCET/1a PUBOJMI K (POPMUPOBAHUIO MAaKPOTPEIIUH JaKe MpH OOoNbmnX JmuTeiabHocTsX (60
muHyT). [Ipr HCMONB30BaHHM TEpMOOOPabOTOK mpu Oosiee BhICOKHX Temmeparypax (500—
600 °C) wmakpoTpemutbl (GOPMHUPYIOTCS OBICTPEE, OJHAKO B 3TOM Cilydae HaOJIIOacTCs
OonpIIUil pa3dpOC WX MECTOIOJIOKEHUsSI B JeheKTHOM cioe. OTXKHUT TaKeTa CBI3aHHBIX
IIACTUH  (MMIUIAHTUPOBAHHOW BOJOPOJOM U OKHCJICHHOHM) mpu Temmeparype 450 °C
U JUIMTENBHOCTH 710 15 MHHYT He NPUBOAWUI K DPa3bEeIWHEHHUIO MO BOAOPOIO-UHIYLHPO-
BaHHOMY cJi0t0. Ho miiacTHHBI yaBajioch pa3/ienuTh MeXaHU4Yecku. VcciaenoBanus METOI0M
POM cpa3y nocnie oxura He BBISSBIIIM OTJIMYMNA B IIEPOXOBATOCTH MOBEPXHOCTEH 00pa3IioB
KHU-cTpykTyp, NOIyYEHHBIX KaK MOJHBIM TEPMUYECKUM, TaK U MEXaHMYECKUM ckosioM. Ho
IIPU 5TOM B 00pasmax CKOJIOTHIX MEXaHHUYECKH ObUIM OOHAPY>KEHBI MPOTSKEHHBIC ACPEKTHI
(TpemmHBI) B IEPEHOCUMOM CJIO€, TIO-BHIMMOMY, 32 CUET HANPSHKEHHH MPH MEXaHHYECKOM
BO3JICUCTBUH.

@uHumHasg TepMooOpadoTKa CKOJOTHIX OT miuactuH aoHopoB KHU-ctpykTyp mpu
temmneparypax 1050-1100 °C npuBOAWUT K TMOJTHOMY OTKHTY CTPYKTYPHBIX Je(EKTOB
B mnoBepxHocTHOM cioe (puc. 2A). Ha puc.2b mnpencraBieH THNWYHBIA —Tpoduib
aneMeHTHOoro cocraa B KHUM crpykrype, momydenubsii metonoB OXKE-cnekTpockonun
B COYETAaHMU C MOCIOWHBIM TpaBieHUEM oOpasua [7]. MOXKHO BBIIEIUTH PE3KUE CTYNCHBKH
aTOMHOW KOHULEHTpanuu Ha rpanunax pazgena B KHU crpykrype. CuMmeTpuyHOCTH
npoduis TNPUMECH OTHOCHTEIBHO 33aXOPOHEHHOTO OKCHJHOTO CJIOS CBUJCTEIbCTBYET



0 cpaBHHMBIX rpaHunax pasgena Si/SiO; u SiOy/Si. Pesynprater [IOM wuccnenoBanuit
xopomio cornacytorcs ¢ OXE-npodunsmu. M0OXXHO OTMETUTh BBICOKOE KauyeCTBO M TOMO-
TEHHOCTBH ci10eB U rpanul pasaena B KHU-ctpykrype. Ilo cTpykTypHBIM CBOMCTBaM BEpXHUM
kpuctaumdeckuit cinoit KHU nnacTuH cpaBHUM ¢ MCXOAHBIMU IJIACTUHAMU KPEMHHUSI — HE
BBHISIBJICHO 00Pa30BaHMsI JOTIOTHUTEIBHBIX 1e(hEKTOB CTPYKTYPHI B CJIO€ MPU (HOPMUPOBAHUU
KHU crpykryp. MHWccnenoBanuss KHU-o6pasmoB metomom ACM  mokas3bpIBaloT, 4TO
[IEPOXOBATOCTh BEPXHETO KPHUCTAJUIMYECKOTO CIIOSI KPEMHHS B 00pa3iiaX, W3roTaBIMBaEMbIX
0e3 JIOMOJHUTEIBHOTO HU3KOTEMIIEPAaTypHOTO OTXKHWTa, HE TpeBblmaer /—7,5 HM. 3ITo
3HAYEHHE HIDKE, YeM M3BecTHbIC U3 muteparypsl (10-20 um).

JlanHbIil QakT, BEPOSATHO, CBSA3aH C OOJBIIUM OT)KHTOM pPaTWAlMOHHBIX JAE(HEKTOB BO
BpeMsI UMIUTAHTALIMU 32 CUET CTYMEHYATOro Habopa J03bl U UTUTEIHHOU BBIACPKKUA MEXKIY
JTanaMy UMIUTaHTanuu. Y, kak pe3ynabrar, GUHAIBHBIN TeQEKTHBIN CIOW CTAaHOBUTCS OoJiee
y3KkuM ([0 CPaBHEHUIO C OJHOCTAJAUWHBIM HAOOPOM J103bl). MUHMMAJIbHAS IIEPOXOBATOCTh
noBepxHocTH (Ha ypoBHE 2 HM) 3aperdCTpHpOBaHa it 00pasIoB, TIE HCIOJIb30BATUCH
taxke U pexumsl HTO.

Puc. 1. Csemmonompueie [IOM  MuKpO- Puc. 2. TIBDM dororpadus ceuenus KHU-
¢ororpadun nedeKTHOro Cios B KPEMHHEBBIX wiactuibl (A) u OXE-mpoduns snemeHTHOrO
IUIaCTUHAX  TO0CJi€  HMIUIAHTallUM  MOHOB cocrasa (b)

Bojoposa (A) m orxura mpu 450 °C: 5 MuHyT
(b) u 10 munyt (B)

Takum 00pa3zom, MPOJEMOHCTPUPOBAHA BO3ZMOXKHOCTH co3/1aHusi kadecTBeHHbIXx KHU-
IUTACTUH C HCIOJIb30BAHUEM CTAHJAPTHOIO TEXHOJIOrHyeckoro obopyanoBaHus. C HcHOb-
30BaHMEM MHOTOCTYIIEHYAaToro Habopa 03bl HMMIUIAHTAIMM BOJOPOAA, a TaKxke
JONOJTHUTEIbHBIX HM3KOTEMIIEPAaTYpPHbIX OT)KUIOB, B paboTe IOKa3aHa BO3MOXHOCTb
CYLIECTBEHHOI'O CHMXKEHMsI 1epoxoBaTrocT nosepxHoct KHM-nmnacTuH (M3roraBamMBaeMbIX
B COYECTAaHMM METONOB IPSMOTO CBS3bIBAHMS OKHCJICHHBIX IIACTHH M IPELU3UOHHOIO
MOHHOI'O CKOJIa) BIUIOTH 10 2 HM. K HacrosmieMy BpeMEHM IOJydyeHO JBa MaTeHTa
Pecniy6nnku benapych Ha ykazaHHYIO TEXHOJIOTHIO.

3.3. Co3naHue BHYTPEHHHX reTTePUPYIOLIUX CJI0€B B KPEMHHUHU

[Ipoektupyemas crnenudukanus OyaymMX KPEeMHHEBBIX MPUOOPOB MPEAINOaraet
MaKCHMAJIbHOE COZepKaHHe mpuMeceii MeramioB He Gomee 2,5x10° ar./em®. TTostomy, mpu



co3laHu# Si-mpuOOpOB, MPOU3BOAUTENN BCE Yallle JOMOJHAIOT CTPOTUN PEryIaMeHT YHCTBIX
KOMHAT IpolieccaM TeTTepUpOBaHus. TpaJulMOHHO, ISl OYUCTKH aKTHUBHBIX 00JacTeil oT
npUMecel MeTaJuioB U J1e()EeKTOB NMPUMEHSIOTCS TEeTTEPUPYIOIINE CIIOH, CO3/1aBacMble Ha
HEIUTAaHAPHOW CTOpOHE MacThHbl. Ho, 11 yMeHbIeHus TiTyOuHBI 3ajeranus p-N-nepexoioB
TpeOyroTcst 0osiee HU3KHE TeMITEpaTypbl TEpMOOOPaOOTKH U KOPOTKHE BPEMEHA OT)KUTa, 4TO
MPUBOAUT K CHUXKEHUIO 3(P(EKTUBHOCTH TETTEPUPYIONINX CJIOEB, CHOPMHPOBAHHBIX Ha
HEIUTAHAPHOW CTOPOHE TUTACTUHBI.

[ToaTomy, co3aHue reTTepUpyroluX CIOEB, JIOKAIM30BaHHBIX B HEMOCPEICTBEHHOMN
OMM30CTH K aKTUBHBIM JJIEMEHTaM, CTaJI0 B TOCIEIHEE BpeMs OOBEKTOM WHTECHCHUBHBIX
uccienoBaHuii. VHTepecHbIMU [UIsi MPOMBINUIEHHOTO MPUMEHEHHUS SIBISIOTCS METObI
CO3JIaHMsI BHYTPEHHETO T'€TTEPUPYIOIIETO CJIOS OCHOBAaHHBIE Ha BHEAPEHUHM CPEIHUX 103
noHoB H' u He'. HemaBuue mccnenoBanus 1o (OPMHUPOBAHHIO MHKPONYCTOT (TIOp) TpH
MMIUTAHTALMA MOHOB BOJOPOJA WJIM TEIUs B KPEMHUU NPOAESMOHCTPUPOBAIU BBICOKYIO
3¢ PEeKTUBHOCTD TeTTEPUPOBAaHUS TaKWX NMpuMecHBIX MeTauioB kak Cu, Ni, Co, Fe, Ag, Au,
Pd. Ho, cnexyet oTmMeTuTh, 4T0 3(h(peKTUBHOCTD reTTEPUPOBAHUS, KAK IIPABUIIO, OMPEACISIOT
Ha MOJICTBHBIX OJKCIEepUMeHTax. ABTopamu pador [4,6,7] ObUIO HCCIEAOBAHO BIIUSHUC
CO3/1aBa€MOT0 TETTEPUPYIOMIErO CIIOsl, C HCIOJb30BAaHHMEM NPOTOHHON HWMIUIAHTAlMU, Ha
paboTy  TECTOBBIX  CTPYKTYp,  MAaKCHUMallbHO  NPUONMKEHHBIX K  peaJbHbIM
MOJIYIIPOBOTHUKOBBIM MPUOOPaM.

B kauectBe mcxomHbIX wucmonb3oBanuch miactuabl Cz-Si (001)-opueHTaiuu n-tuma
npoBogumocti (KO®-4,5) u cTpykTyphl, coaepskaliue SMUTaKCHalbHbIE CI0M Si (2 MKM,
1 Om-em) Ha (111)-Si (KDD-0,01). Pexumbl ¢opMupoBaHUsT BHYTPEHHUX TETTEPUPYIOIINX
CIIOEB TpeACTaBieHbl B Ta0m. 1. JIis KOHKpETHOW OSHEPruM HMIUIAHTAIMA BOAOPOJA
BbIOMpanu J03bl, TpPU KOTOPBIX KOHLEHTpalMs BOAOpPOJa B 0O0JAaCTH MaKCcUMyMa
pacmpeseNieHus JOCTaTOYHO BBICOKA JJII CO3JaHUS CTPYKTYPHBIX J€(PEKTOB, HO HUXKE
KPUTHYECKOU (~1,5—2X10210M_3), KOrJa TPOMCXOAMT BBIJCIICHHE OOJBIIOTO KOJWYECTBA
ra30BBIX MY3BIPHKOB YK€ MOCIIE MMIUIAHTAIIMHN, YTO MPUBOJIUT K MOSBICHHIO MUKPOTPEIIUH
U APYTUX HEXKeNaTeIbHbIX 1e(EKTOB CTPYKTYPHI.

Jlis ompeneneHusT ONTUMAIBHBIX YCIOBHA (HOPMHUPOBAHHS TETTEPUPYIOLIUX CIIOEB,
MOCTIEAYIOIUN TEPMUUECKUH OTHKHUT 00pa3loB MPOBOIWICS MPU PA3IUYHBIX TemIiepaTypax.
Jlnis viccneioBaHuid 00pasloB ¢ TETTEPUPYIONIUMU CIOSIMH OBUTA M3TOTOBIICHBI CIICIIHATBLHBIC
TECTOBBIE CTPYKTYpbl, coaepxamue auonasl LloTTku. Pexumbl momydyeHuss TECTOBBIX
CTPYKTYp HPEJCTABICHHI B Ta0M. 2.

Tabymma 1 — Pexumbl GOpMHUPOBAHUS TETTEPUPYIONTUX CIOEB

No Tun moanoxKu Oueprus u 1[03a+ PexxuMBbl TEPMUYECKOTO OTKHUTA
nMIiantanuu H
Si (2 wxm, 1 Omeem)/(111)Cz-Si | 215 (H,") 0B, 1) 800°°C, 5 mun. 2) 800 °C, 30 mun.
1 (KD0-0,01) 2 5510 on2 3) 900 °C, 5 mun. 4) 1000 °C, 5 muH.
’ XD M 5) 900 °C, 15 mun.
Si (2 wm, 1 Omeem)/(1L1)C2-Si | 215 (H,") 1B, 1) 800°°C, 5 mun. 2) 800 °C, 30 mun.
2 (K20-0,01) 351016 car? 3) 900 °C, 5 mumu. 4) 1000 °C, 5 muH.
: XM 5) 900 °C, 15 muH.
. 75 (H") k3B, o
3 (001)Cz-Si (KD®-4,5) 25x1016 cv2 900 °C, 30 muH.
. 75 (H") k3B, o
4 (001)Cz-Si (KD®-4,5) 3.5%10% o2 900 °C, 30 muH.




Tabmuna 2 — Pexxumbl GOpMHUPOBAHUS TECTOBBIX CTPYKTYP

Temmneparypa
No | TlpoBoaumas omepanus Ornrcanue peXUMOB OTIEPAIAN o6paGoTkH
1 ®opmupoBanue anomoB | 1. Hamsuienue mienku metamta (Ni) ucmapeHus <50°C
IMoTTKN 2. ®opmupoBanue cuumnuaa aukes (NiSi) 450 °C
2 ®dopmupOoBaHUEe 1. Hanbutenue rutenku Metasuia (Al) <50°C
KOHTAKTHBIX o0acrei 2. Bokuranve amoMuHUS 11 GOPMHUPOBAHHS KOHTAKTa 450 °C

bouin  mpoBeneHBl CTPYKTYpHBIE HCCIIEIOBaHUS CJIOEB KPEMHHUS, COZIEpKaIIux
BOJOPOJO-MHAYIIUPOBAHHbIE CJIOM M JAePEeKThl Kak Iocje HMIUIAHTAalWW, TaKk U IOclie
TepmoobpadboTok. Ha puc. 3a npencrasneHo ceeromnonsHoe [I9M n3o0paxkeHne CTpyKTyphbI
BHYTpEHHEro JaedekTHoro ciosi, cHOopMHpPOBAHHOTO HWMIUIAHTALMEd HMOHOB BOJOpOJIA
C BEIOpaHHBIMH pexxuMamu (Tadi. 1).

JleTanbHBINA aHATU3 CTPYKTYPHI MTOKA3BIBACT, YTO JAHHBIN OaphepHBIA CIOW COCTOUT U3
MEJIKUX BOJOPOJ0-BAKAHCHOHHBIX KOMIUIEKCOB M KIIACTEPOB TOYECUHBIX JE€(EKTOB.
[Tocnenyromas repmudeckas 00padoTka npu temmeparypax Hke 600 °C (B Teuenue 15-120
MUHYT) HE MPHUBOJUT K CYIIECTBEHHBIM H3MEHEHHUSIM CTPYKTYpPhl H TepepacrpeaeIeHUI0
MpUMeCH B HMMIUIAHTUPOBAHHBIX BOJOPOAOM CIOSIX KpeMmHHs. JIMiib mpu Temieparypax
omxkura Beime 650 °C HaOmIOmaeTCs OTKHUT PaIUAlMOHHO-UHAYIIUPOBAHHBIX JePEKTOB
BOIM3M Rp.

[InotHOCTs nmedexkrToB B obnactd R, 3HAYMTENbHO yMEHbHIAETCs M HaOMIOJaeTcs
dbopMupoBaHHE  TOJBKO  JIBYX  THIOB  BOJAOPOJO-UHAYHUPOBAHHBIX  JE(PEKTOB:
«IJTACTHHYATBIX» U «IIETJICTIOA00HBIX» AE(PEKTOB CTPYKTYPHI, pa3Mep KOTOPHIX COCTaBISET
10-60 um u 150-250 HM cooTBeTCTBEHHO. JlaybHEHIIIEE YBEIUUEHNE TEMIIEPATyphl OTKHUTA
no 800°C (B TeyeHHWE S5 MHUHYT) MNPHUBOAUT K CHUIBHOMY CHIDKEHHIO KOHILIEHTpAIMH
«mracTiHYAThIX» JedekToB (puc.36). C npyroil CTOPOHBI, 3apErUCTPUPOBAHO YBEITHMYCHHE
CIIOEBOM IIOTHOCTH M Pa3MEpoB MeTIenofoOHbIX aedekroB. IIpum 3ToM, B IeHTpaibHOU
YacTH OTJAEJBHBIX OOJBIINX TETICNOJ00HBIX aeeKToB Habmomaercs (GpopMUpOBaHUE
MHUKPOITYCTOT.

[Tpu Gonee BBICOKUX TemriepaTypax 00pabOTKU WM YBEIMYEHUH JTUTEIIbHOCTH OT)KUTa
HPOUCXOAUT NMPAKTHYECKHU TOJHBIA OTXKUT BOJOPOJO-MHAYHUPOBAaHHBIX AedekToB BONU3M Rp.
Ha puc.3B mpencraBieHo n3o0pakeHHne CTPYKTYpPhl KPEMHHS WUMIIAHTUPOBAHHOTO MOHAMU
BosIopoia mocie oTxkura npu temneparype 900 °C B teuenue 15 munyr. Habmomaercs y3kuii
nedexTHbIl croi BOmM3M Rp, comepxammii 60NbIIOE KOIMYECTBO MHUKPOIYCTOT, KOTOpBIE
coequHEHBbl JaedeKTaMu AWCIOKAIMOHHOTO Tuma. [Ipum 3TOM, CTPYKTYpHOE KadyecTBO
KPEMHHUEBOM MaTpuIbl OT MOBEPXHOCTU 10 Je(EeKTHOro CJI0s CPaBHUMO C UUCTBIMU
UCXOMHBIMU TIOJUIOXKKaMHU, 4To TmonarBepxkaaetcs POP wucciemoBaHusiMu B COYETaHUU
C KaHAJIUPOBAHHUEM.
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Puc. 4. 3aBucMMOCTh BpeMEHU KM3HU HEOCHOBHBIX

Puc. 3. Csernononsusie [I9M n3obpaxeHus B HOocUTeNel  3apsga  OT  IUIOTHOCTH  TOKa

MOTEPEYHOM CEYEHHH CTPYKTYPhl BHYTPEHHETO
JE(PEKTHOTO  CIOsS B  KPEMHHU  TOCIE
umruiantauuu (140 k3B, 10% CM_Z) HMOHOB
BOJIOpo/ia (A) M MOCIEAYIOMEr0 TEPMHYECKOTO

obOpatHocMemenHoro nuoxa llorTku B oOpasmax
6e3 (1) m c BHyTpeHHHM TreTTepoM (2-4),
MIOJIYYEHHBIM HMILIAHTAaIMe HoHOB Bojopoaa (215
1B, 2,5%10" cM™) 1 mocIeayIOMIM TEPMIYECKHM

omkura: 800 °C, 5 wmunyr (B); 900 °C, 15
MuHyT (B)

omkurom: 2 — 1000 °C, 5 munyt; 3 — 800 °C, 30
muHyT; 4 — 900 °C, 15 MuHyT.

UccnenoBanus tectoBblx auonoB llloTTku, chopMUpoBaHHBIX B ANUTAKCHAIBHOM
KPEMHHH, COJIepKAIIeM BHYTPEHHUE Te€TTEPHUPYIOILIKE CJIOU, MPOBOJWIN C MCIOJIb30BAHUEM
CV-u3mepenuii. Pe3ynbTaThl Hccie0BaHUN MOKHO 000OIIUTH CIICTYIOITIM 00pa3oM:

— HaOmonaercs cuibHOE YMEHBIIEHHWE BBICOKOYACTOTHOW TMPOBOJUMOCTH IPH
U3MEpeHusiX B oOpaTHOCMenIeHHbIX anoaax IoTTku B 00pa3iax ¢ reTTepupyonuMu CI0SIMU
[0 CPAaBHEHHMIO C HUCXOJHBIMH, YTO CBSI3aHO C YMCHBIICHHEM LIEHTPOB 3axBaTa Jisi
HEOCHOBHBIX HOCUTENEH 3apsia.

— Tertepupyromas 3 PeKTUBHOCTh YBEIMUMUBACTCS KaK C MOBBIIICHUEM TeMIIEPaTyphl,
TaK W JUIATEIBHOCTH OTkwura (puc. 4). Bpems >XM3HM HEOCHOBHBIX HOCUTENEH 3apsja
CyIIEeCTBEHHO yBenuuuBaetcs (B 160 pa3, yto Oojee yem Ha 2 MOpsiiKa BETUYMHBI OOJIbIIE
4YeM JJIS UCXOJHBIX CTPYKTYp) B ciiydae (pOPMUpPOBAHUS reTTepa B PEKMMax: UMIUIAHTALUS
HOHOB Bojopojna — 215 k3B, 2,5><1O16 CM_Z, MOCJEeNYIOIUNA OTKUT B cpene Ny Mpu
temnepatype 900 °C B Teuenue 15 MUHYT.

HNanubsie DLTS wuccrnenoBanuii HaXoJsTCs B XOpOIIEM corjacuu ¢ pesyiabraramu CV-
n3mMepeHuil. B TecToBeIX cTpykTypax anoaoB IIIoTTkM, CO3aHHBIX Ha SMHUTAKCHUAIBHBIX
CIIOSIX KPEMHHs, OOHapYXUBAIOTCA TIyOOKHE YpPOBHHU, CBSI3aHHBIE C JIOBYIICYHBIMHU
COCTOSTHUSIMU JIJI1 HOCUTENEH 3apsija, 4TO MPUBOJMT K MosiBIieHUI0 TUKOB DLTS cnekTpos.
[Tpu Hanuuuu rerTepa HAOMIOASTCs MPAKTUYSCKU TOTHAS aHHUTHIISALUS TTyOOKUX YpOBHEH
B TecTOBbIX nauoaax IlorTku.

Takum obOpa3om, ObuIM pa3pabOTaHBI OCHOBHBIE PEXHUMBI (DOPMUPOBAHHS B KPEMHH-
€BbIX IUIACTUHAX BHYTPEHHETO TeTTepa, COCTOSIIEro U3 Y3KOro OapbepHOro cios,
COJIEpIKaIIero OOJNBIOe KOJIUYECTBO MHUKPOIYCTOT. Pe3ynmbTaThl MCCIEOBaHHMA METOJAMU



DLTS u C-V usmepeHuil CBUAECTEILCTBYET O IOBBILIEHUH CTPYKTYPHOTO COBEPILEHCTBA
SMUTAKCUAIBHBIX CJIOEB KPEMHHMA (3a CUET IeTTepUpOoBaHusl) B TecTOBbIX auonax IllorTku.
VY CTaHOBIIEHO, YTO UCIOIb30BAaHUE FETTEPUPYIOLINX CJIOEB MO3BOJIAET HA 2 MOPsAKA CHU3UTh
KOHIIEHTPALMIO T[IIYOOKHX YPOBHEH B JSMNUTAaKCHAIBHBIX CJIOSIX KPEMHUS, CBSI3aHHBIX
C HaJTMYUeM Je(eKTOB U HeXeNaTeIbHbIX METAIUTMYECKUX IPUMECEH.

3.4. llpumeHeHWe WMIJIAHTAIIMA TIPOTOHOB [IJisi HW30JAIMM NPUOOPOB Ha
MOJIYIIPOBOTHUKAX A’B®

HNonnast monudpukanus MOIYNPOBOAHUKOBBIX KPUCTAIIIOB OWHApPHBIX M TPOHHBIX
MOJIYIIPOBOTHUKOBEIX coeAMHEeHMM, Takux kKak GaN, GaAs, InP, AlGaAs nemaet BO3MOXHBIM
dbopMupoBaHHE B HUX H30JUpYIOIUX oOjacteil. BHenpsiemble MOHBI, mepeaaBas YHEPrHIO
aToMaM Marepualna, CO3Jal0T JCPEKThl CTPYKTYpPhl KPHUCTAIUIA, KOTOPHIM COOTBETCTBYIOT
riy0OKHe YpOBHHU-JIOBYIIKM B 3alpelIieHHON 30HE MOJYNPOBOJHUKA, 3aXBaThIBAIOIINE
CBOOO/IHBIE HOCHUTENH 3apsjia, B Pe3ylbTaTe Yero Marepuall CTAaHOBUTCS H3OJUPYIOIIUM.
[IpermyIriecTBO HOHHOW MMIUIAHTAMK Tepel TPAAUIMOHHBIM METOJOM H3OJSLUUUd —
Me3aTpaBJICHUEM, COCTOUT B COXPAHEHHWH IUIAHAPHOCTH, JaXXEe NMPHU HHTErpaliud MprOOpOB
BepTuKabHOU CTPYKTYphI (PIN-muoner) ¢ mnanapasivu mpudopamu (FET). B nacrosmee
BpEMSI TEXHOJIOTHS W3OJIALHUMA C TOMOIIBI0 HMMIUIAHTAIIMH TPOTOHOB HCIONB3YeTCS s
CO3/IaHUS Te€TEePOINUTAKCUATIBHBIX TPAH3UCTOPOB, (HOTONETEKTOPOB, J1A3€POB, BOJHOBOJIOB,
a TaKKe IS AIEKTPUUECKON M30JISIIUU MPUOOPOB B MOHOJIUTHBIX HHTETPATBHBIX CXEMaX.

Jlig co3maHus M30JALMU HEOOXOJMMOTO KadecTBa TpeOYIOTCS paBHOMEpHBIE I10
TOJIIIUHE  JMHUTAKCHAIBLHOTO  CIIOS  pachpenencHus AePeKTOB C  KOHIICHTpAIUeH,
crierupuIecKon Al TUIA MOJYIPOBOJHUKA M YPOBHS €ro jerupoanus. Jl03bl BHEAPSEMBIX
MOHOB MPH 3TOM JIOJDKHBI COOTBETCTBOBATH OINTHUMAIBHON KOHIICHTPAIIMU CO3/1aBAEMBIX
nedextoB. Ilpu Oonee HU3KMX J03aX MOHHOTO OOJYYEHHUsS CKOPOCTh yHAJICHUs] HOCHTENEH
OKa3bIBaCTCSl HEIOCTATOYHOW [UIsl TOJABICHHUS MPOBOAMMOCTH; IPH TOBBIIICHHBIX 033X
IUIOTHOCTh J1€(DEKTOB CTAaHOBUTCS HACTOJBKO BBICOKOM, YTO CONPOTHBIICHHE YMEHBIIAETCS
M3-32 BKJIFOYCHHSI MEXaHN3Ma MPBIKKOBOM MPOBOJUMOCTH. UeM BHIIIE YPOBEHB JIETUPOBAHUS,
TeM OoJIbIIIast KOHIIEHTpalus 1ePEeKTOB TPeOyeTCs IS CO3IaHMs N30JIUPYIOIEH 00IacTH.
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Puc. 5. Pacnpenenenus
BaKaHCH, C(HOPMHUPOBAHHBIX
B GaAs noausHepreTudeckoit
AMIUTaHTaneli wonos H' B
apCceHH]l TAJUTU C YHEPTUAMHI
50 (1), 130 (2), 220 (3), 300
(4) n 400 (5) x»B u mozamu
COOTBETCTBEHHO 4,2><1013,
5,3x10%, 6,2x10", 8,0x10" u
1,0x10™ cm

1019 i

KoHLIeHTpaLms BakaHcui (Cv°)

1017

mybuHa (Mkm)



Takum oOpa3om, MIMPOKOE MPAKTUUYECKOE HCIOIb30BaHUE MOHHOW MUMIUIAHTAIUHU IS
dbopMUpOBaHUS H3OJSAIUU B OWHAPHBIX U TPOWUHBIX MOJYIPOBOIHUKOBBIX COCTUHEHUSIX
BO3MO>XHO TOJIBKO MPH YCJIOBHH, YTO JIJISl 3aJJaHHBIX THUIIOB MOJYIPOBOJHUKOB OIpENEICHbBI
ONTUMAJIBFHBIC TTAPAMETPHI HOHHOTO JICTUPOBAHUS U TEPMOOOPaOOTOK. B cBs3M ¢ 3TUM, HAMU
pa3paboTtana (u3mKO-MaTeMaTHdecKass MOJeNb, IO3BOJIAIONIAs PACCUUTATh ONTHUMAaJIbHbIE
SHEPTUU U JI03BI JJISl UMIUIAHTAIIUY 33JaHHOTO TUIIA NOHOB B 33/IaHHBIA MaTepuat UCXOMIs U3
dhopmbl ipodrIs paguamoHHBIX 1ePeKToB (0OpaTHAs 3a7ada MOJMIHEPTETHISCKON HOHHOMN
uMmIutantauun) [11,12].

[IpumenutensHOo K 3afade (GOPMUPOBAHUA H3OJIUPYIOIIMX oOOJacTeil B MOIYIpoO-
BOJHHMKAX OWHApHBIX M TPONHBIX TOIYMPOBOJHUKOBBIX COCIUHEHUN, UCKOMBIA MPOQHUIIH
SBIIIETCS PAaBHOMEPHBIM pacHpelesieHueM JAe(PEeKTOB KPUCTALTMYECKOW CTPYKTYpHl 0
3aJJaHHOW TTYOMHBI JMUTAKCUATBLHOTO CIIOS.

[Ipumep pacyera pacrpeneneHUs BakaHCUN NMPU HMMIUIAHTAlMM IPOTOHOB C OMNTH-
MaJbHBIMU DJHEPTHSMH W JI03aMU TIpUBENEH Ha puc. 5. BuaHo, 4TOo ANId TOMydeHUs
PaBHOMEPHOTO pachpenesieHns BakaHcuil o rimyoune ot 0 10 3,5 MKM JJOCTaTOYHO TIPOBECTH
TOJTMPHEPreTHIEeCKyI0 MMILIanTanuio noHos H' ¢ sueprusmu ot 50 10 400 k3B.

N3roToBieHsl 3KCIIEpUMEHTAIbHBIE 00pa3Ibl Ha SMUTAKUCATBHBIX CTPYKTypax GaAs
n-tuna (puc. 6) W U3MEPEHBl BJEKTpOoPU3MUECKUE TapameTpsl Cc(HOPMHUPOBAHHBIX
m3onupyrommx obmacreir [13-17]. ITlpoBemeHbl wHCHBITAHUS CTaOWUIBHOCTH CO3JaHHOW
M30JSMH. B IOMyCTUMBIX Tpenenax He OOHapyXKeHO H3MEHEHHUs DSIEKTPO(PH3UIeCKIX
CBOMCTB CO3JaHHOUN M30JAIMH. Pe3yabTaThl HCIIBITAHUA: TEPMOCTAOMIBHOCTh U3OJISIUNA —
He MeHee 300 °C; mpoOHMBHOE HampsHKEHUE MPH IIUPHUHE HM30JIMPYIOUIETO CIIOS HE MEHee
4 mxm — He menee 200 B; Tok yreuku npu HanpstkeHun SB — He O6omee 10 HA.
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Puc. 6. TecToBas cTpyKTypa I OLIEHKH Ka4eCTBA M30JISIIIHN

Hamu Taxxke HCCICA0BAJIaACh 3aBUCUMOCTL CJIOCBOTO COIMPOTHUBIICHUSA H30JIUPYIOIIHUX
CJIO€B, TOJIYYEHHBIX HMIUIAHTanuMe npoToHOB B (GaAs N-Tuma, OT TeMIepaTypbl IOCT-
HUMIIUIAHTAIITUOHHOT'O OTXXHWUIA, a TAKKC YaCTOTHAA 3aBUCUMOCTb MPOBOJUMOCTH OO U IIOCIIC
OTXKHUra.



Puc. 7. Yckopurens nonoB AN-2500 cuctemsr Van de Graaf

[TonusHepreTYeckasi UMIUIAHTALIAS TPOTOHOB B 00pa3Ilsl Kpuctauimueckoro GaAs n-
tuma (tommuHa 400+20 mxM, compotuieHue 0,55+0,05 Om-cM, KOHIIEHTpAIIUS HOCUTENICH
2,7i0,4><1015 CM_3, MOJBIDKHOCTL Hocuteneir 4180 CMZB_lc_l) MPOBOJIMJIACH HA YCKOpHUTEJE
Van de Graaf (puc. 7), ¢ mnoaaepxaHHeM IUIOTHOCTH HOHHOTO TOokKa 0,15 uA/CMz.
[IpeaBaputennbHO Ha TMOBEPXHOCTh IIAaCTUH (GaAs ObUTM HaHECEHBI CIIOM OMHYECKHX
KOHTAKTOB (CJI0¥M 3BTeKTHUECKOro criaBa 88 aT.% Au + 12 ar.% Ge Tommunoi 0,15 mMkm,
cinori Ni tommuuon 0,5 MkMm u cioid Au TonuuHoi 0,1 MKM) ¥ JONOTHHUTEIBHO CIOM Au
TONMMIMHOM 1 MKM Ha oOpaTHyI0 cTopoHy muactud. Jueprun (400, 300, 220, 130 u 60 k3B)
A O3Bl (2><1014, l,5><1014, l,2><1014, 1,1><1014 u 1,O><1014 e COOTBETCTBEHHO)
UMIUTAHTUPYEMBIX TPOTOHOB OBUTM PACCYUTAHBI C TIOMOINBIO pa3pabOTaHHOW HaMu
nporpammbl PROFCON wucxons w3 ycioBus MOJYYEHUS PABHOMEPHOIO pacHpeaesieHUs
panuaoHHbIX MOBPEXICHUH Ha rTyOouHe 10 3,7 MKM OT noBepxHocTH GaAs.

OTxuUT MPOU3BOIUIICS B TeUeHHUE 15 MUHYT npu Temrepatypax B auanazone 50-500 °C.
[IpoBOAMMOCTH TpPU MOCTOSHHOM W MEPEMEHHOM TOKE HM3MEpSUIach C MOMOIIBIO CHUCTEMBbI
HIOKI 3532, ¢ ommoOkoii He Oonee 0,1%. UYacroTa mnepeMeHHOr0 TOKa HW3MEHSIACH
B npenenax ot 50 ['m qo 1 MI'w.

Ha puc. 8 npuBeneHbl 3aBUCUMOCTH CJIOEBOTO COMNPOTUBICHUS OT TeMIEPaTyphl
oTkura, u3mepeHusie mpu yactorax 1, 10, 100 kI'n u 1 MI'tt mepemennoro toka (AC) u ipu
nocrossHHoM Toke (DC). Buano, 4to cpa3y mociae HMMIUIAHTAIMd TPOTOHAMU CIIOEBOE
COMPOTHUBJICHWE 00paA3IOB COCTABISET MPUMEPHO 10 Om-cm. [Ipu oTxure conmpoTUBIICHUE
YBEIIMYUBACTCA U JOCTUIaeT MAKCUMYyMa 5x10° Omem npu 320 °C 11 TOCTOSIHHOTO TOKA.
W3 yacTOTHON 3aBUCHMOCTH CONPOTUBJIEHHMS MOXHO CHelaTh BBIBOA O TOM, 4YTO
MPOBOAMMOCTh OOYCJIOBIIEHA MPBDKKOBBIM MEXaHM3MOM. lIpu yBelnWUYEHUU TeMIlepaTyphl
OT)KHUTA TPBDKKOBAsI MPOBOJIUMOCTh MOAABISIETCs, npu Temmneparype 6onee 380 °C 30HHBII
MEXaHU3M TMPOBOJUMOCTH CTAHOBHUTCSI OCHOBHBIM, a pOJb MPBDKKOBOIO MEXaHHU3Ma
CHIDKAETCS, UYTO COOTBETCTBYET OTKUT'Y PaAHAIlMOHHBIX 1€(PEKTOB.

Jlnst rpymin 00pasioB, OTOXKEHHBIX MIPU pa3IMYHBIX TeMIepaTypax, Ha yactote 1 MI'1
ObUTa U3MEpEeHa 3aBUCHUMOCTh MPOBOJAMMOCTH OT TEMIEPATYphl, YTO MO3BOJIMIO ONPEAETUTh
SHEPIui0 aKTUBAUUU AE TNPBDKKOBON NpoBOAUMOCTH. [jii 00pas3loB, OTOXOKEHHBIX IPH



Hu3kux temmneparypax (160°C), nonyuena Benuuuna AE = 0,4 3B. Temmneparype 240 °C
COOTBETCTBYET JBE BEJIMYMHBI dHepruu aktupaimu, 0,2 3B u 0,5 3B. s 340 °C sueprus
aktuBanuu cocrapiser 0,65 3B. Takue 3HadeHHWs OSHEPTUM AKTHBAIMH  MPHDKKOBON
MPOBOAMMOCTH XapaKTEpHbI ISl TEPEeXOJ0B SJIEKTPOHOB uepe3 MOTEHIHAbHBIN Oapbep
MEXIy YpoBHsAMH aedekrtoB. OHeprus aktuBauuu 0,65 3B coorBercTtByer ypoBHIO E4
(0,67 3B), cBszaHHOMY C JePEKTHBIM KOMILIEKCOM AsSgy + Vas. YPOBCHb C DJHEpruei
aktuBanuu 0,39-0,40 5B, HabmonaBimmiicss B o0ydeHHOM nipoToHamMu GaAs N-THIA, Takke
CBSI3aH C KOMIUIEKCHBIM J€(PEKTOM.
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Puc. 8. 3aBHCHMOCTE CIIOEBOTO COMPOTHUBIICHUS OT TEMIIEPATYpPhl OT)KUTA, H3MEPEHHAS TIPU Pa3THIHBIX
4acTOTax IMEPEeMEHHOT0 TOKa ¥ P MOCTOSHHOM TOKE

Takum oOpazoM, MPOBEACHHBIC MCCIICIOBAHUS UMIUIAHTUPOBAHHOTO MpoToHaMu GaAs
Nn-tuma, a Takke Ha jmHelke GoTtoaeTekTopoB WK-mmanmazoHa Ha STOM MaTepuarne,
MO3BOJIMITM TOJIYYUTh M3OJSALMIO JOCTaTOUHOTO KAaueCTBA U CHENaTh BHIBOJBI O MEXaHHU3Max
nepeHoca 3apsiia B 00Ty4eHHBIX CIOSIX.

3.5. Kommiekc 1151 3J1IeMEHTHOT0 aHAJIN3a TBEPAOTeIbHbIX MaTePHAJIOB

B ocHOBY QyHKIIMOHMPOBaHUS pa3pabOTaHHOTO KOMILJIEKCA JJIsi 3JIEMEHTHOI'O aHajIn3a
MPUMECHOTO COCTaBa TBEPIOTENbHBIX MATE€PUAIOB IMOJIOKEH MPUHIUI PETrUCTpaluu
¥ MaTeMaTU4YeCKON 00pabOTKH SHEPTreTHYECKUX CIEKTPOB 0OpaTHOTO paccesHUs MOHOB[18].
[Ipu u3MepeHnn dHEPreTHYECKUX CIIEKTPOB 3apsKEHHBIX YaCTHIL C UCTIOIb30BAaHUEM Ta30BbIX
WIM TBEPAOTENIBHBIX JETEKTOPOB OJHUM M3 OCHOBHBIX H3MEPHUTEIBHBIX Y3JIOB SIBISETCS
aHaJIM3aToOp MMITYJICOB. DTO CBSI3aHO C TEM, YTO AaMIUIUTyJa HMMIYJIbCa Ha BBIXOJE
BBIIICYKA3aHHBIX THUIIOB JETEKTOPOB IPSIMO MPONOPLHUOHAIBHA BBIACIEHHOW B HUX 3HEPIuu
U 3a/7adel M3MEepeHHUs SIBISETCA IMOCTPOCHHE 3aBUCHMOCTH CKOpPOCTH cyeTa (KOJMYecTBa
3apErMCTPUPOBAHHBIX MMIIYJIbCOB B €IUHUILy BPEMEHHM) OT MX aAMIUIUTYIbI, T.€. dHEPIuu
YaCTHULL.

B cnyuae ncnonb30BaHMS 3IEKTPOCTATHUYECKOTO aHalu3aTopa sHeprud MoHOB (DCA)
U3MEpAETCS CKOPOCTh CYE€Ta B 3aBUCUMOCTH OT HamnpspkeHus nutanus OCA. Ilpu
¢ukcupoBanHoM nutanud DCA BbIpe3aeT M3 CIEKTPa MOJOCY, IIUPUHA KOTOPOW (LIMpUHA
KaHajia) OIpeaesseTcsl KOHCTPYKLIMEW aHamu3aropa. AMIUIUTYJa HMITyJIbCa Ha BBIXOJE
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MOJIYIIPOBOJTHUKOBOTO ~ JIETEKTOpa,  padoOTalolmero B  PEXHUME CYeTa  HMMITYJIbCOB,
MPOTIOPIIMOHANIPHA DHEPTUU  PETUCTPUPYEMBIX YACTHIl, TIOITOMY IS PacCIIUpPEHUs
BHGPFGTI/I‘IGCKOI‘O auaria3oHa B CTOpOHy MCHBIINX 3H6pFHI>’I H€O6XO,Z[I/IMO MaKCHUMAJIbBHO
YMEHBIIUTh YPOBEHH MIYMOB CIIEKTPOMETPHIECKOTO TPAKTa.

I/IBBGCTHO, YyTO IABUKCHUEC 3ap}I)KeHHI:IX qacTun B OI[HOpO,Z[HbIX BHGKTpOCTaTI/I‘-IGCKI/IX
MOJISIX HEU30€KHO COMPOBOXKIACTCS M3MEHEHHEM dHepruu moHa. Iloatomy, st momydeHus
HpeJIOMII}IIOH_IGI\/'I CHUCTEMBI, HC MGH}IIOH_IGI\/'I 3H€pI‘I/II/I MOHHOT'O quKa, I/ICHO.HBBYGTC}I
HEOJTHOPOJHOE TOJIe IUIMHIPUYECKOro KoHIeHcaTopa. Ha puc. 9 npuBeneH cxeMaTudeckuii
geprex DCA.

v, v
KopILyc T L MIACTHHEI

%

‘ ’,
. naTpyOok @,

HCTOYHHK HOHOB

AETEKTHPOBAHHUSA

Puc. 9. Cxema DCA

I/IBBQCTHO, qTo IIOTCHIIHNAJI, HOHaBaeMBIﬁ Ha OGKJI&,Z[KI/I ]_II/IJ'II/IH,Z[pI/I‘IeCKOI‘O
KOHJIEHCATOPa, JIMHEWHO CBSI3aH C YHEPIUEH YaCTHUIbI, IBUTAIOILIECHUCS TT0 OKPYKHOCTH C pajv-
ycoMm Iy KoadduimeHT npomnopuroHaIBHOCTH OMPEIENIeTCs TOJIbKO T€OMETPHYECKUMHU
pasMepaMu KOHIEHCATOpa, TO €CTh:

UBCA= 2UyCK_ In (rz /rl),

rie Uye — yCKOPSAIOIUI MOTEHINAN YCKOPHUTEINS HOHOB.

CeKTOpHOE D3JEeKTPHUUECKOe IO0Je MOKET (OKYyCHpPOBAaTh IO HAIMpPABICHUIO HOHHBIN
MyYOK OIPEJCIIEHHONW SHEPTHH C MajbIM YIJIOM pacTBOpa MpH JIOObIX 3HaueHHAX yria .
st mocTpoeHust XoJa JIyded HeoOXOAWMMO TMPHUHATH, YTO Yroj cekrtopa paBeH O, /2%
a paauyc KpPUBU3HBI TPACKTOPUHU CEKTOpAa pPaBeH ro/2°° . JlaHHas cHCTeMa JKBHBAICHTHA
ONTHUYECKOW JIMH3E€ B COYETAHWU C MPU3MOM, MPETIOMIISIONIUNA Yrojl KOTOpor paBeH D, 12°% .
Takum oOpa3om, 3amaBas 3HaUCHUS I, Iz, 1 U D, TOTyYUM pacCTOSTHUE OT TPAHUI] CEKTOpa
(I,.=1; ), Ha KOTOPpOM HEOOXOAMMO YyCTaHABIMBATH BXOIHYIO M BBIXOAHYIO Auadparmsi,
a TaKke KOd((UIMEHT NPONMOPIHOHAIBHOCTH MEXIYy KHHETHYECKOH HSHEeprueil 4acTUIlbI
Y TIOTEHIMAJIOM, TI0JJaBa€MbIM Ha TUIACTUHBI aHAIU3aTOpa.

Ouepreruueckoe paszpeuieHne JCA onpenensercs BhIpaKeHUEM:

AE s +5, (1)
E h

rze Si, S — IUPUHBI BXOJHOW M BBIXOAHOH AuadparM, COOTBETCTBEHHO; lg — paanyc
LEHTPAJILHOU TPACKTOPHH IBUXKEHUS HOHOB B DCA.
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KonctpyktuBHo OCA cocToMT M3 Tpex Y3JIOB. BXOJHOIO IEPEXOJHHUKA, KOpIyca
C 3JIEKTPOJaMH U OJI0Ka JEeTEKTUPOBAHUSI.

Takum 00pa3oM, OCHOBHBIE OTIMYUS TPU H3MEPEHHH HSHEPreTUYECKOro CIEKTpa
3apsDKEHHBIX 4YacTHUI[ TNpu  ucnodb3oBaHud OCA 10O CpPaBHEHUIO C TBEPAOTEIbHBIMU
Y Ta30BBIMHU CIIEKTPOMETPUYECKUMHU JETEKTOPAMH 3aKJII0YAETCS B CICIYIOIIEM:

— DIIEKTPOCTATUYECKUN  aHalu3aTop HSHEPrUM HOHOB  CEJIEKTHUPYET  YacCTHI[bI
OIpeJIeIEHHON YHEPTUU MHTEHCHUMETPOM, a He aHAJIM3aTOPOM HUMITYJIbCOB;

— JUIsl peaju3aluu HU3MEpEeHHUsl CIeKTpa TpeOyeTcs NpPeUU3HOHHBIN, peryiupyeMblit
C MaJIbIM IIIarOM, BEICOKOBOJIbTHBIN UCTOYHHK NMUTAHHUS;

— HOPMHUPOBKa HATEKAIOLIEro Ha MUIIEHb 3apsaa B ciiydae DCA J0KHA TPOBOAUTHCA
U KQKJIOTO KaHalla, YTO OOYCIIOBIIEHO CIIa00H CBETOCWIION M MOKAaHAIbHBIM H3MEpEHUEM
CIIEKTpa, Ha 4TO TpeOyroTcs OOJbIIME 3aTpaThl BPEMEHU H3MEPEHHH, B TEUEHUE KOTOPBIX
KOJIeOaHHsI TOKa HOHHOTO ITy4Ka MOT'YT OBITh JJOCTaTOYHO OosbmmmMu (Oonee 1 %).

B cocraB komIiekca BXOIST. MOHONPOBOJ C CHUCTEMOW KOJUTUMAIMU ITy4YKa;
AJIEKTPOCTATUYECKUI aHAM3aTOp PHEPrUM MOHOB; BaKyyMHas Kamepa ¢ TOHHOMETPOM, Ha
KOTOPOM YCTaHOBJIEH JeprKaTeib o0pasiia; cucreMa peructpaiuu u ynpasienus[18]. Ha puc.
10 mpuBeseHa CTpyKTypHast OJIOK-CXeMa aHAIUTHIECKOTO MOJTYJIS.

Puc. 10. CrpykrypHas 0J0K-cXeMa aHAJTUTHIECKOTO MOJLYJIS:

OCA - snextpocratnueckuil anamuzarop; IIIIJ[ — mosynpoBOIHUKOBBIM AETEKTOD;
bY(C2-96 — npeaBaputenbHblii 0JIOK ycuiieHHs criekTpomeTpuueckuii; bYC2-97 — ocHoBHOM
ONOK yCWJIEHHS CHeKTpoMmeTpuyeckuii;, MW — Moaynb MporpaMMHO-YIIPaBIsSEMOTro
unteHcumetpa; MBUII — moayins mporpaMMHO-YIIPaBIsieMOTO BEICOKOBOJBTHOTO HCTOYHHKA
nutanus; UT — usmepurens Toka; MCK — Mmonysne cucteMHOro KoHTposuiepa; | — BakyymHas
Kamepa; 2 — oopaszelr; 3 — HOHOTIPOBOJT

OYHKIMOHAIBHO AJIEKTpUYECKass 4acTh KOMILJIEKCA AEJIUTCS Ha JABE MOJCHUCTEMBI —
peructpauuu U ynpasieHus. llepBas W3 HHX COCTaBIsieT OCHOBY HMH(OPMAIMOHHO-
U3MEpUTENBHOT0 KoMiulekca. OHa BKIIO4aeT B ce0s OObEIMHEHHBIC JIOKAIBbHOM
WH(pOpPMaMOHHON MMHOW (cUCTeMHON Maructpanbio): bBYC2-97 — cnekrpomerpudeckuii
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yewintenb, MO/ — Moaynbs mporpaMMUpyeMOro OJHOKaHAJIbHOTO AUCKpuMuHaTopa; MU —
MOAYJIb IporpaMmmMupyeMoro nHreHcumeTpa; MII — nctouHrk nutanus moacCuCTEMBI.

[Moxcucrema ympaBieHUss BKJIIOYaeT B ce0s JBa TPOrPaMMHUPYEMBIX MOy
BBICOKOBOJIbTHBIX UCTOUHUKOB muTanust MBUII (o 7,5 kB) u nucrounnk nutanus UII.

CBsi3b TTOJICKUCTEM C YIIPABIISIONICH MepcoHanbHOl DBM peanusyercs depes uHTEepdeiic
USB npu nmomonu koHueHtparopa. [IpenycMoTpena BO3MOXKHOCTh MOAKIIOUEHUST MOAYJIEH
BBICOKOBOJIbTHBIX HMCTOYHHUKOB W CHCTEMHOTO KOHTpOJUIEpa MOACUCTEMBI pPETUCTpaluu
HenocpencrseHHo k USB nmopram [I9BM.

Jlnst  ompeneneHUss COOTBETCTBUSL 3HaueHUst mnogaBaeMoro Ha OCA  BBICOKOTO
HaMpsDKEHUS SHEPTUH PETUCTPUPYEMBIX MOHOB MPOBOIMIACH €ro KannbpoBka. Mmerorcs nBa
BapUaHTa MPOBEACHUS ITOU MPOIIEAYPHI.

[TepBbrit 3akmiouaercs B ciuenyromeM. Ha MecTo MuleHu craBUTCsA oOpasell,
MPEICTABIISIONINI CO00M TIIEHKY JOCTATOYHO TSDKETIOTO0 METalula, HAlBUICHHYI0 Ha Oolee
JIETKYI0 TOJJIOXKKY. 3aTEM HU3MEPSIOTCS SHEPreTUYECKHE CHEKTPbl PACCESHHBIX IUICHKOU
WOHOB TIPU YETBHIPEX-TISATH 3HAYCHHUSIX DHEPTHM MAJAI0NIero Ha o0pa3ell MOHHOTO IydyKa
U TPOBOJUTCS OLEHKA COOTBETCTBUS MEXAY IOJOKEHUEM TOYKM Ha ITOJIOBHHE BBICOTHI
BBICOKORHEPIreTUYECKOM TpaHULBI HM3MEPEHHOTO0 CIEKTpa W 3HAYEHUEM IOTEHIIMAJIA,
[IOJAaBAaEMOT0 Ha aHanu3atop. Pa3sHOCTh MEXIy MOJIOKEHUSMH STHUX TOUYEK IPU Pa3HBIX
3HAQUEHMSIX SHEPrUM aHAJU3UPYIOUIEro IydKa Ha WIKaje SHEprui JelIeHHbIe Ha Pa3HOCTU
MOTEHIINAJIOB, COOTBETCTBYIOIIUX ATHUM ToukaMm, AU/7.5 nagyT MCKOMyIO MIMPUHY KaHala
aHaIM3aTopa.

Bo BTOpOM crioco0e npu pUKCUPOBAHHOM SHEPTUU U3MEPSIIOTCS CIIEKTPHI C HECKOJIBKUX
0o0pa3loB, Ha KOTOpHIE HambUIeHA IUIEHKa MeTalyia ¢ pasHbM Z, Hampumep, Au u Cr,
U OINpPENEISIIOTCA PACCTOSHUEM MEXAYy TPAaHWLAMHM CIEKTPOB B €IMHMIIAX 3HEPTrUM HOHOB
Y HaNpsDKEHUsI, T10/1aBaeMOro Ha aHajau3arop. Pas3ienuB 3Ty pa3HOCTb B LIKaJle SHEPIrUil Ha
AU/7,5, ompenensieM DSHEPreTHUECKYH IIUPUHY KaHajga aHanu3aropa, T.K. 7,5 B -
MHHUMAJIBHBIA IIar, ¢ KOTOPHIM MOKET M3MEHSAThCA BBICOKOE HampspkeHue Ha DCA. Drta
omepanusi MPOJETbIBACTCS Jisi Tpex-deTbipex 3HaueHui sHepruu. I[locie sToro mmupuHa
KaHaJIa OIpesiesieTCs KaK CPeAHEe 3TUX U3MEPEHUM.
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Puc. 11. DOneprermueckuil cnekrp npoToHOB ¢ Puc. 12. DHepreTuueckuil COEKTP NPOTOHOB C
sHeprueit 240 k3B, paccessHHBIX MIIEHKON Au sneprueit 240 k3B, paccesHHBIX eHKOH Cr

Bropoii cioco6 mpennoyrurenbHee, T.K. ABa U3MEPEHUS BEAyTCs MPH (PUKCUPOBAHHOMN
(C TOUHOCTBIO YCTAHOBKHM) PHEPTUU, U B cllaraeéMble OMIMOOK BOIJET TOJBKO OJHO 3HAUEHUE
MOTPEIIHOCTH yCTAaHOBKM JHEPrWH, a HE JIBa, KaKk B MepBoM ciydae. [Ipu kamuOpoBke
aHaJIM3aTopa MBI HCIOJIL30BAIM BTOPOM croco0. B kadecTBe MHMINIEHEH WCIIONB30BATH
KPCMHHUECBLIC TUIACTUHBI C HAIIBIJICHHBIMU HAa HUX IJICHKAMH 30J10Ta U XpoMa TOHH_II/IHOI\/'I 200
1 300 aHrcTpeM COOTBETCTBEHHO.
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H3MmeHeHne SHEpruu Mydyka JaeT BO3MOXKHOCTH OMPENEIHTh 3aBUCUMOCTH IITUPHHBI
KaHana oT sHepruu. Ha puc. 11 u 12 npuBeneHbl 3KCHEPUMEHTAIBHBIE CIIEKTPBI OT TIEHOK
30J10Ta M XpoMa Ha KPEMHMM U1 PHEPruil myuka MoHOB Bojxopoaa 240 k3B. Takue xe
CHEKTphl OBLIM TONY4YeHBI 1 sHepruii mpotoHoB 190, 220, 260 u 280 x3B. Bo Bcem
W3MEpPEHHOM JHMAala30He JHEPIHi PETUCTPUPYEMBIX PACCESHHBIX HOHOB IIMpUHA KaHalla
MOCTOsIHHA U cocTaBisieT 28115 3B.

Jliis ompeneneHust S3HEPreTUIECKOro Pa3pelieHus] BCEr0 CIIEKTPOMETPHUYECKOTO TPAKTa,
BKJItOYas ananuzatop DCA, Bocnons3yemcs puc. 11. Paspemienue onpeaensieTcs KpyTU3HOU
Crajia BBHICOKODHEPTEeTHYECKONH TPAaHUIBI CIEKTPa, KOTOpas COOTBETCTBYET OJIHOKPATHOMY
paccesiHUIO MaJaloUuMX Ha MUIIEHb MOHOB aTOMaMH IOBEPXHOCTH U TNPUIOBEPXHOCTHOTO
CJIOSl TOJIIIMHOW B HECKOJIBKO JIECSATKOB aHICTPEM. 3a €ro BEIMYMHY MPUHUMACTCS IIUpPUHA
nuka npousBoanoi AN/JE na momyseicote. Ha puc. 11, 12 npuBeAeHBI 3TH MPOU3BOHBIC.
Takum 00pa3oM, W3MEPEHHBIE HIUPUHBI CIEKTPOB Uil MIEHOK Au U Cr COOTBETCTBEHHO
paBHbl: AEA,=3,1 3B (1,3 %) u AEc,=3,9 k3B (1,6 %). Orimune B HIMPUHE CICKTPOB
00yCIIOBJIEHO Pa3IMYHBIM Ka4eCTBOM MOBEPXHOCTHU IJIEHOK 30J10Ta U XpoMa.

Puc. 13. W3mepurenbHbIit
KOMIUIEKC ~ JUII  3JIEMEHTHOrO
aHAIN3a TBEPIOTEIIBHBIX
MaTepHaloB METOJIOM
pe3ephopaoBCKOTO obpartHOTO
paccesHus HOHOB c
HAaHOMETPOBBIM pa3pelIeHHEM 110
riryouHe

Takum oOpa3oM, pa3paboTaH ¥ H3TOTOBJIEH HM3MEPUTENBHBIA KOMIUJIEKC JUIS
AJIEMEHTHOTO  aHalM3a TBEPIOTEIbHBIX  MarepuaigoB (puc. 13), mo3BodSIOMUN
PETUCTPUPOBATH CIEKTPHI Pe3epPOPAOBCKOTO OOPATHOTO paCCESHUS C IHEPreTHUYESCKUM
pazpemienueM 1,3%, 4TO COOTBETCTBYET MHUHHMMAJIBHOW TOJIIIHMHE PETMCTPUPYEMOTO CIIOS
1,5HM. B nenoMm. oH NO3BOJIIET BECTH DJIEMEHTHBIM aHAJIU3 CTPYKTYPHOTO COCTOSIHMS
MaTepuajioB W NPHUOOPHBIX CTPYKTYp (BKJIIOUas HaHOMATEpHalbl) C paspemeHueM 1-2
um[18].
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4, IlnasmenHass MoauUKALUA CTPYKTYPbl H
CBOMCTB MAaTepPHAaJIOB

B.M. AHMIIIUK

Bbenopycckuii rocynapcrBennsiii yausepeutet, 220050, Munck, benapych
e-mail: Anishchik@bsu.by

B mocnennee Bpems Uit MOAM(HKAIMK CBOMCTB MaTepHAOB M M3ICIUI IIHPOKO
UCIOJIb3YIOTCS MyYKU PA3IMYHBIX U3Jy4YEHUH — MOHHBIE, IUIa3MEHHBIE, SJICKTPOHHbBIE U T.[.
3TO BO MHOrOM OOYCIIOBJIEHO TEM, 4YTO YacTO TEXHOJIOTMYECKHE CBOMCTBA W3NS
ONpENENSIOTCS.  CBOMCTBAMHU (M, €CTECTBEHHO, COCTaBOM) IIOBEPXHOCTH. A IOCKOJBKY
o0ilyueHHMEe — OTO TIOBEPXHOCTHas 0O0pabOTKa, TO HW3Y4YEHUE BIMAHUSA OOJTydeHHS Ha
MIOBEPXHOCTHBIE CJIOW MAaTEpUAJIOB NPEACTABISIET HE TOJIBKO HAy4HbIH, HO U MPAKTHUYECKHM
UHTEpeEC.

Hwxke Oyner mpencraBieH 0630p padoT Mo MiIa3MEHHOW MOJIU(UKAIIUN TTOBEPXHOCTH,
POBOJIUMBIX Ha Kadenpe ¢usuku TBepaoro tena ¢usznyeckoro Qaxymnbrera beropycckoro
rOCyJapCTBEHHOI'O YHUBEPCUTETA.

[Ipu 00paboTKe MOBEPXHOCTH MATEPUANOB IMOTOKAMH 3apsDKEHHBIX YaCTHI[ MOXHO
BBIJICJIUT TPU 00JIACTH BO3ACUCTBUS, IPUBOASIIUX K PA3INYHBIM dQ(PeKTam:

1. pexum cnaboro BO3AEUCTBHS, NMPH KOTOPOM IPOUCXOAMT HArpeBaHHE BEPXHETO
MIOBEPXHOCTHOI'O CJIOSI [0 TEMIepaTypbl HUXE TOUYKHM IUIaBJIEHHs MaTepuana. B cioyuae
00pabOTKM BBICOKOIPHEPT€TUUYECKUMHU HMOHHBIMH IYYKaMH MOJU(PHUKAIMI MHKPOCTYKTYPHI
IIPOUCXOJUT 3a CYET UMILIAHTALIUU HOHOB;

2. PeXUM CpEeIHEro BO3JACHCTBHS, MpPHU KOTOPOM TPOMUCXOJHUT IUIABJICHHE CIIOS
Marepraia M IOCIeAyromee ObICTpoe MOBTOPHOE 3aTBepAeBaHUE (B OCHOBHOM 3a CYET
TETUIONPOBOAHOCTH TO/IOKKH). [lomydeHHas MUKPOCTYKTypa OOYCIOBJECHA IPOLECCAMH
OBICTpOH 3aKaJKHU U3 pacljaBa;
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3. peXHUM CUIBHOTO BO3JACUCTBUSA, IPU KOTOPOM TeMIlepaTypa HarpeBa MOXeT JOCTUTaTh
TOYKM KHIIEHHUS PACIUIABICHHOIO MaTepHala, BCJIEACTBUE YEro NMPOUCXOAMUT alsALus 4acTH
BEIIECTBA C MOBEPXHOCTHU MHUIICHH. MexXaHMYecKHe yJapHble BOJHBI MPOHUKAIOT TITYOOKO
B 00beM 00pasia u co37aroT Ae(PEeKTHYIO CTPYKTYPY.

Bce ot sddexktsi Moryr ObITh TOJMYyYEeHBI TpH  00pabOTKE MaTepHalioB
KOMIIPECCHOHHBIMH IIJIa3MEHHBIMH TOTOKaMH. OCOOEHHOCTBIO JaHHBIX IMOTOKOB SIBIISICTCS
OTHOCHTEIIbHO OOJIBIIIOE BpEMS CYIIECTBOBaHMS uMIyidbca Imasmbl (=~ 100 MKc),
JOCTaTOYHOE JUIsl MPOTEKaHUs (PU3MKO-XMMHUYECKHUX MporeccoB. Takue MOTOKU MOTy4aroT
C MOMOIIbIO KBA3UCTAIMOHAPHBIX TJIA3MEHHBIX YCKOPHUTENEH ¢ COOCTBEHHBIM a3UMYTaIbHBIM
MarHUTHBIM TOJIEM, B KOTOPBIX YCKOPEHHE IUIa3Mbl COMPOBOXAAETCs (OPMHPOBAHUEM Ha
BBIXOZIE Pa3psAAHOrO YCTPOMCTBA KOMIIPECCHOHHOTO MOTOKA, MapaMeTphl IIa3Mbl B KOTOPOM
CYLIECTBEHHO BBIILIE, YEM B MEXAJIEKTPOJHOM ITPOMEKYTKE.

KoMmmpeccuoHHble  MOTOKM ~ CPEAHMX  DSHEPrUid  MOJAy4aroT € TOMOIIbIO
KBa3UCTAl[MOHAPHBIX IUIA3MEHHBIX YCKOPHUTENEH THMa “MarHMTOILIa3MEHHBIM Kommpeccop”
(MIIK) [1]. IIpeumymectsom MIIK 1m0 cpaBHEHHIO C JIPYTUMH THIIAMH YCKOPHTENIEH
SBJIAETCS BBICOKAsl YCTOWYMBOCTh T'€HEPUPYEMOI'O KOMIIPECCUOHHOIO MOTOKA, BO3MOKHOCTb
yIOpaBlIEHUSI €ro COCTaBOM, pa3MepaMH U IapaMeTpaMu IUIa3Mbl MPU JOCTATOYHOM ISt
MIPAKTUYECKOTO IPUMEHEHUS ITUTEIBHOCTH pa3psa.

BricokosHepreTuueckie KOMIPECCHOHHBIE TOTOKM IMOJy4aloT B MPUHIUIHAIBHO
HOBBIX JBYXCTYNEHYATHIX KBA3HUCTAI[MOHAPHBIX CHIBLHOTOYHBIX IUIA3MEHHBIX YCKOPHUTEISX
(KCITY), B KOTOpBIX peayn3yeTcsi HOHHO-IPEei(OBOE YCKOPEHHE 3aMarHUYEHHOM IIJIa3MBbl.
OcnoBHo#i npunimn padotsl KCIIY 3akmouaercs B MPOCTPaHCTBEHHOM pa3/eiCHUU 30H
MOHM3AIMM M YCKOPEHHMs, TIepexofe Ha MOHHBIA TOKOMEpPEHOC, CO3JaHUM AaHOAHOIO
U KaTOJHOTO TpaHc(OpMEpoB (SIEKTPOIOB), OOECICUUBAIOUIMX MArHUTHYIO 3KPaHHUPOBKY
TBEPAOTENbHBIX DJIEMEHTOB HUX KOHCTPYKIMU W WHBEPCHIO HOCHUTEJEH TOKa (3JIEKTPOHOB
B TIOJIBOJISIIIIEH 1IETIH M MIOHOB — B YCKOPUTEJIBHOM KaHaJe).

Buemnuii Buag m cxema paspsaHoro ycrporcrBa MIIK mpencraBinen Ha puc. 1.
DKCIepUMEHTBI POBOJWINCH B PEKUME “OCTATOYHOTIO ra3a’, IpU KOTOPOM IIPEIBAPUTEIILHO
otkadaHHyro kamepy MIIK 3amonasim pabounm razom (azorom) mo mamieHust 400 Ila.
AMnnuTtynHoe 3HadeHue paspsiaHoro Toka MIIK mocturano 70 kKA mnpu AIUTENBHOCTH
pazpsaa ~ 80 MKc.

Ha Bpixome yckoputens (GOpMHPOBAJICS KOMIIPECCHOHHBIN IUIa3MEHHBIH MOTOK
nuametpom 0,7 cM 1 gyrHO#M 10 cM, yros moinypacKkpbITHS MIa3MEHHOUM cTpyH cocTaBiisul 10-
15°. CkopocTh TUIa3MEHHBIX 00pa30BaHUI KOMIIPECCHOHHOTO IMOTOKA COCTABIISLIA (5-6)-10°
cM/c, KOHIEHTpAIMs SeKTporHoB mrasMbl (4-7) -10% em, a ee Temmeparypa — 2-3 5B.

[Io naHHBIM KaJOPUMETPUUECKUX HU3MEPEHUW IUIOTHOCTh SHEPTrUM, MOTJIOIMIAeMOM
MIOBEPXHOCTHIO MUIIEHW B 3aBUCHMOCTH OT €€ yAAJIEHHUS OT Cpe3a pa3psaHOro yCTpOHCTBa
MIIK cocransier 5-25 I{}K/CM2 3a UMITYJIbC, YTO B YCJIIOBHUSIX IKCIIEPUMEHTOB COOTBETCTBYET
IUIOTHOCTH MOIIHOCTH MOTOKa B auanasone (0,6-3)-10° Br/cm?.
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a) 0)

Puc. 1. Cxema paspsaHoro yctpoiictsa MIIK:
a) 1-kartom, 2-aHOJ, 3-KOXKYX,
0) dororpadust mIa3MEeHHOro My4YKa (BpeMs IKCIO3HULHU 2 MKC).

HccnenoBanue B pexuUMe CHUIIBHOIO BO3AEUCTBUS IpoBoauiauch Ha yctaHoBke KCITY
tuna [I-50M ¢ cymmapHo# 3Heprueit eMKOCTHbIX HakonuTenei 215 k/[xx. CxeMa pa3psaHoro
ycrpoiictBa KCIIY npencrasiena Ha puc. 2. KCITY I1-50M renepupyer niaa3MeHHbIE IOTOKH
JUTMHOM 35 CM M TUaMeTpOM ~ 3 CM, yroJj MOJYyPACKPBITUA TJIa3MEHHON CTPYH MOCIIE BhIXO/1a
U3 paspsaHoro ycrpoiictsa cocrapisul ~20°. Ilapamerpsl mia3mbl B 3aBUCHMOCTH OT COpTa
pabouero raza ¥ HayaJIbHBIX IMAPAMETPOB YCKOPUTEIS U3MEHSUTUCH B CIEAYIOIIMUX IpeJenax:
KOHIICHTPAIIUS 3JIEKTPOHOB TJIa3MbI 10'°-10% M, TeMIiepaTypa mia3mel —5-15 3B, ckopocThb
masmsi (5-20)-107 em/c.

Puc. 2. Cxema paspsaanoro ycrpoiictsa KCITY I1-50M:
1-yckopuTenb nepBoi cTyINeHH, 2-aHOAHBIA TpaHchopMep, 3-KaTOAHBIH TpaHchopMmep,
4-“cTpyiHBIC KaTOIbI" .

MukpocTpykrypa u Tomorpadgus oOpabOTaHHBIX MOBEPXHOCTEH HCCIIEI0BATUCEH
C TMOMOIIIBIO JIEKTPOHHOTO cKaHupytomero Mukpockorna LEO 1455 VP, sanemeHTHBIN cocTaB
C TOMOIIBIO PEHTIEHOBCKOTO SHEProJUCIEPCHOHHOTO MHKpoaHanu3zatopa u  Oxe-
cnekrpometrpa PHI-660. CTpykTypHOE COCTOSIHHME M3YYaJIOCh C MOMOIIBID PEHTTEHOBCKOTO
mudpakromerpa. MHUKpOTBEPIOCTh M3Mepsiiach MO MeToJy Bukkepca ¢ MCHOIb30BaHUEM
Harpy3ku ot 0,2 mo 2,0 H. TpuOGomormueckue wucCCiIeTOBaHUS IMPOBOAUIUCH TIO METOMY
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“OCTpHe-TIOBEpXHOCTh” TPU CKOPOCTH HWHJIEHTOpa W Harpy3ku Ha Hero 4 mm/C m 1,0 H,
COOTBETCTBEHHO.

HccnenoBanuce [2, 3] MoHOKpUCTaIITHUECKUE TUIAaCTUHKU kpemHUs (10x10x0,28 mm)
c opuerrtanueit (111) u (100), koTOpbIe yCTaHABIMBAIMCH HOPMAIBHO K IJIA3MEHHOMY ITYUKY
Ha paccTosHUM 6-16 cm ot paspsgHoro ycrporictea MIIK. Kanopumerpuueckue
UCCIIEIOBaHMsl TOKA3alM, YTO IOIJIOIIEHHAs MOBEPXHOCThIO 00paslia PHEPrusi HaXOIUTCS
B obmacti 5-25 Jix/cM® (B 3aBHCHMOCTH OT TONOXEHHs 0Opasiia), 9TO COOTBETCTBYET
M3MEHEHUIO INIOTHOCTH MOITHOCTH IJIA3MEHHOTO MOTOKA B IUAITa30HE (0,5-3)-105 Br-em™.

B3aumMoneiicTBie KOMIIPECCHOHHOTO TOTOKAa Ha oOpaselr] MPUBOAUT K 0Opa30BaHUIO
BOJIN3M TIOBEPXHOCTH YAApPHO-CXKATOro IIa3sMEHHoro cios. Heo0XxoauMo OTMETHTh, 4TO
TOPMOXKEHHE TaKOT'O KOMITPECCHOHHOTO MOTOKA, B IJIa3My KOTOPOTO BMOPO’KEHO MarHUTHOE
10JIe, COMPOBOXKIAETCS 00pPa30BaHMEM 3aMKHYTHIX TOKOBBIX TeTeNb (BUXxpeit) [4].

OKcliepUMEHTabHbIE JIaHHBIE TIOKa3bIBAIOT, YTO B pPE3ylbTaTe BO3JEHCTBUA
IUTa3MEHHOI0 IMOTOKa IIyOMHAa MOAM(DUIMPOBAHHOIO CIIOSI MOXET jpocturate 6 MkM. Ha
MHUKpO(hOTOrpadusix MOBEPXHOCTH OOPA3LOB XOPOIIO BUAHBI MEPUOAWYECKHE CTPYKTYPBI,
(dbparMeHThl KOTOPBIX UMEIOT NUIUHIApHIEcKYyto hopmy (puc. 3, 4). JlnuHa 3TuX HpparmMeHTOB
cocrasister 50-100 MM, muamerp - 0,7-1,5 MKM, a HOBEPXHOCTHast TIOTHOCTS - (2-6)-10° cM®,

Puc. 3. Mopdonorust noBepxHOCTH Iu1acTHHBI KpemHus (111)
nocJie 00pabOTKH MIa3MEHHBIM ITyYKOM.

Puc. 4. Mopdomnorust noBepxHocTH 1acTuHbl kpemuus (100)
nmociie 00pabOTKH IIa3MEHHBIM ITYYKOM.
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HecMoTpst Ha CXO0XECTh CTPYKTYp, NPUBEACHHBIX Ha pUC. 3 U puc.4 MOKHO 3aMETUTh
W HEKOTOpBIC pa3auyus, CBS3aHHBICE C KpUcTauiorpaguveckoil opueHTtanuen. Tak, Ha
1acTuHax ¢ opueHtauueit (111) Mexxay HMIMHAPUYECKMMU 0Opa30BaHUSAMHU HAOIIOIATUCH
«mIops» (pUc. 3r), YTO MOXKET OBITh CBS3aHO C BIMSHUEM BHEITHUX CHJIOBBIX (DAKTOpOB Ha
MPOIeCChl KPUCTAIIM3AIMY PACIJIaBIEHHOTO MTOBEPXHOCTHOTO ciosl. [IpuBeneHHbIE Ha puUC.
3a npsMoJUHEWHblEe NWIMHAPUYECKUE (PparMeHThl MMEIT AuaMeTp | MKM M JIOCTUTAIOT
amuabl 100 MmxMm. HaOGmionatorcss u obpaszoBanus apyroit ¢gopmsl (puc. 3B u 4B), dopma
KOTOPBIX MOXET OBITh OOYyCIIOBJIEHA paszinyueM B AchopMamri MOBEPXHOCTH oOpasia
U TypOynu3anMen IUIa3MEHHOTO Mydka Ha MuIeHH. Puc.30 m 40 moka3plBalOT TPaHMIIBI
MEXJy CTPYKTYpHO YHOPSAOYEHHBIMU U pa3ylnopsA0YeHHbIMU O0JacTAMH, BIMSIOIUMH Ha
dopMHpoBaHHE NMIMHAPUYECKHX CTPYKTYp. [lpyrumMu cioBamMH, HaJIM4YHE TPaHMUIL
IPEAIoiaraeT CylecTBOBAaHNE 3HAUNTEIbHBIX IPAJUEHTOB TEPMOJMHAMUYECKHUX ITapaMeTPOB
M0 MOBEPXHOCTH 00pasiia mpy BO3ACUCTBUU IJIA3MEHHOTO Iydka. CienyeT TakkKe OTMETHTh
HaJINYME NEepeIuIeTaloInXCsl WINHAPUIECKUX (pparMeHToB, puc. 3B U 4B.

Ecnmu B mima3MeHHBI MY4YOK BBECTH BBICOKOMCIIEPTUPOBAHHBIE METAITIMUECKUE
YaCTHUIIBI, TO Ha TIOBEPXHOCTH MUILCHN (OPMHUPYETCSI HAHOCTPYKTYPHPOBAHHOE MOKPHITHE [5,
6]. Ha puc. 5 npuenens MEKpodOTOrpaduu sKeJIe30HUKEIEBOT0 MOKPBITHS Ha IOBEPXHOCTH
(100) mmacTUHBI KPEMHUS.

Puc. 5. Mukpogororpadun mOKpeITHS KEJIC30HUKEICBOTO MOKPHITHs Ha moBepxHOCTH (100) miacTuHbL
KpEMHHUS

[TokpeiTHE TIpencTaBiIsieT COO0OM OMHOPOIHBIA HAHOCTPYKTYPHUPOBAHHBIM CIION U3
CIITUIEHHBIX MEXIy co0oil chepuuecknx dactur, pasmepamu oT 20 go 300 HM, B CBOIO
ouepeab COCTOSIIMX U3 emie 0osee MeIKuX JacTuil pazmepamu mnopsaka 10-30 am. TommuHa
MOKPBITUS CpaBHUMA ¢ pazMepoM dacTull u coctaBiser 100-200 am. [TokpeiTue hopmupyercs
Ha BCEM NOBEPXHOCTM MHILIEHHW, B TOM YHCIE€ W HA MEPUOAUYECKUX LUIMHAPUYECKHUX
CTPYKTYpax.

B [7] Ob11a paccMoTpeHa mpocTast MOJIENb, CBA3BIBAIOIAS 00pa30BaHKE MEPUOTUNIECKIX
CTPYKTYp C Ppa3BUTHEM THUJpOJUHAMHUecKol HeycToiunBoct KenbBuna-I'enbmromnbia
(HKT") B cucreme muazma-paciuiaB. B paMkax 3TOW MOJIETH CACTaHBI OIEHKH XapaKTEPHBIX
MPOCTPAHCTBEHHBIX ~MacmTaboB GOpMUpPYIOMIEHCS CTPYKTYphl. JIBmKeHWe paciuiaBa
U IUIa3Mbl, a TAK)K€ UX B3aWMOJCHCTBHE ONMMUCHIBAETCS C IOMOIIbIO YPAaBHEHUN HACAIBHON
MarHUTHOM T'UJIPOJIMHAMUKHU.

[MTonyueHubie B [7] OIIGHKHM DPACCTOSIHUS MEXIY COCEIHHUMH IMIMHIPAMH B OTHOM
nakere (TO €CTb TPOCTPAHCTBEHHBIM TMEPUOJI HX  PACIONOXKEHHS B  IaKETe)
YIOBJICTBOPUTEIBHO COTJIACYETCS C IKCIEPUMEHTAIbHBIMU pe3ynbratamu [2, 3, 8]. Oanako
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Y3 WJIeabHON (HE Y4YWThIBAIOLIEH AMCCUNAIMI0) Mojaenu [7] ciienyeT, 4To Ha TpaHule
MJ1a3Ma-pacIjiaB Bcerja NpucyTCTBYET HeyCTOMUUBOCTh KenbBuHa-I enbMrombia.

Paccmorpum sty npoGnemy (HKI) ¢ yueTom BSI3KOCTH, 3JIEKTPOIPOBOJHOCTH M KOHE-
YHOW TIIyOWHBI Cllosl pactuiaBa [9].

CBoiicTBa XHMIKOTO KpEeMHHUSI OJNM3KM K CBOMCTBaM TUMUYHBIX MeTauioB [10]. Drto
Kacaercsi, B YaCTHOCTH, KHHETHYecKUX Kod(pduuuentoB. CrenoBaTelbHO, TEUYECHUE
KPEMHHEBOTO pacIljlaBa MOKHO, KaK M T€YEHUE METalljia, OMUCATh C MOMOIIbI0 YpaBHEHUN
MarHuTHOM ruapoauHamuku [11, 12]:

ploy+@-V)v]=a,[nlo,v+Vv,)]-9|p+ ééﬁ +(F-V)B L)
divv =0 )

0.8 =rot(y x B —v rot B) 3)

divB=0 (4)

rae Vo - CKOpPOCTb TEUEHMs CpeAbl; P - JaBlieHHE; p - IUIOTHOCTh, B=p,H -

HHAYKOWUA MAartuTHOI'O II0JIA; H - HalpspDKCHHOCTh MAarHUTHOT'O IIOJISA; W, - MarHdTHasd
1

IMPOHUIACMOCTh BaKyyMa, VvV = - MaruuTHas BA3KOCTb; O - yACJIbHAA NPOBOJAUMOCTD, M

HoO

0 -
- JUHAMHYeECKas BI3KOCTb, O, = i IIPOU3BOJHAs IO BPEMEHU; V - olepaTop I'PaueHTa;

Vj M 0; — KOMIIOHCHTbI BEKTOPOB V U V COOTBETCTBEHHO. 10 MOBTOPSIOIIEMYCS] HHACKCY

MOJIpa3yMeBaeTCs CyMMUPOBAHHE.

VYpasuenus (1)-(4) UCTIONB3YIOTCS W U1l ONMUCAHUS JUHAMHUKU TUIa3Mbl (IO TIa3MOM
B JIaHHOM CJIydae MOHUMAeTCs He BCS KOMIIPECCHOHHAs IIa3Ma, a Iula3Ma, HaXOJSIIascs
BONM3KM MOBEpXHOCTH paciiiaBa). Cnenys [7], mpenmosaraercs, 4to B (1) HE y4UTHIBaeTCS
CHJIa TSDKECTH, JII00asi cpesla CUMTAeTCs HEeC)KUMAEeMOi, a ee XapaKTEepPUCTHKHU (IJIOTHOCTD,
BSA3KOCTh M T.I.) U TIOBEPXHOCTHOE HATSIKEHHE Ha TpaHUIE paslielna He 3aBUCAT OT
Temnepatypbl. B atom ciydae cucrema (1)-(4) cTaHOBUTCS 3aMKHYTOW MpPHU YCJIOBHHU, YTO
XapaKTepUCTHKHU J1I000# cpenbl M3BecTHHI. HanoxeHne HayalbHBIX U TPAaHUYHBIX YCIOBUI
3aBepIIaeT OOy MaTeMaTHIeCcKyro (GOpMyIUPOBKY 3anaun. CuuTaeTcs, 4To TBEp/Aas 4acTh
MUIIEHH SBJISETCS HEMPOHUIIAeMOM JJIs pacIljiaBa.

B nexaproBoii cucteme koopauHat, mockocTh XOY KOTOpoW COBMagaeT ¢ IMIIOCKOM
rpaHulel pasjiena nia3Ma-paciuiaB, UCCIENYeTCs YCTOMUYUBOCTh CTAllMOHAPHOTO COCTOSIHUSA,

IpU KOTOPOM BEKTOp CKOpOCTH TeueHus oOeux cpex V mapamtenen mmiockoctu XOY,
a 3HaYECHUS MX IUIOTHOCTHU P, JABIEHHS [,, BA3KOCTH T, MArHUTHOH BSI3KOCTH V U HHIY

KOO MAarHuTHOI'O I10JIA B 3aBuCST TOIBKO OT KOOpAWHATHI Z.

MarautHoe mone Takxke mapamienbHo Tiockoctd XOY. VYcnoBue, 4to Bce ITH
nmapaMeTphl 3aBUCAT TOJIBKO OT OJHOM KOOPAWHATHI, HE NPUBOAUT K CYIIECTBEHHOMY
OrpaHUYCHUIO O6H_IHOCTI/I 3aaa4u, €CJIN UX U3MCHCHUA HA PACCTOAHUAX MOPAAKA HCCKOJIBbKUX
MEPUOJIOB TOBEPXHOCTHBIX CTPYKTYp BAOJIb TIIOCKOCTH XOY (TO €CTh HECKOJbKHX
MHUKPOMETPOB) JOCTaTOUHO MAJIBI.

JlaHHOE CTalMOHAPHOE COCTOSHHE JOJDKHO YIOBICTBOPATH ypaBHeHHsM (1)-(4),
MO3TOMY BCE pac- CMOTPEHHBIC MapaMeTphl B 00IIEM Cllydae CBA3aHbI MEXay coOoii. Jlamee
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Ha CTalMOHAPHOC COCTOAHUEC HAKIAAbIBAOTCA MaJIbIC BOSMYIICHUSA CKOPOCTH a , JaBJICHUA P

M MarHuTHOro mois b . I'paHuia pasigena B CTALMOHAPHOM COCTOSHHM OIHCHIBACTCS
ypaBHenueM z=0. Bo3myienHnast (MoaynupoBaHHast) rpanuiia umeer Bua Z=&(X,y,t), miasme
cooTBeTCTBYeT obmactb z> &, pacmiaBy — h(t)<z< & ®ynkums h(t)>0 3amaer riyOuny
pacmiaBa. Coxpansisi B (1)-(4) TONBKO WieHBI HE BBIIIE IMEPBOrO TMOPSIKA IO MAajbIM
BO3MYIICHUSAM U UX IIPOU3BOIHBIM, MOKHO 3aITUCATh:

p(at +\7-§)U:8j[n(ajﬁ+§uj)] —p(ﬁ-?)V—V(p+5-I:|)+(I:I-?)5+(5-?)I:| +S (5)

divi=0 (6)
(6,+V V)b =(b-V)B-(a-V)E+(B-¥)a-rot(vroth) )
divb =0 (8)

Jlo6aBodHsIif wien S = fi aS(Z)A& B (5) yuuThIBa€T MOBEPXHOCTHOE HATSHKEHUE 0 HA
rpanuie paszuena cpen; 6(z)- menpra-pyHkuums; A - omeparop Jlammaca, N - eIUHUYHBINA
BekTOp BHoiabp ocu 0Z. B Takom ciyuae Ha rpaHuile Iutasma-paciuiaB (z=0) momkHO
BBITIOJIHATHCS  YCIIOBUE (Gt +\7-§)§ =N-U, a Ha TpaHUIE pacIulaBa C TBEPIOW YACTHIO

mumenn z=-h(t) u 0=0. Hemocraromiee rpaHUuHOE YCIOBHE JIETKO MOJYYHTh, UHTECTPUPYS
(5) Bnonbp HOpMaiyM K rpaHulle pa3jenia miaazMa-paciuias [10].

JlanpHelne MareMaTndeckue mnpeodpaszoBanus aHanorudssl [7]. Cuauama B (5)-(8)
Y TPAaHUYHBIX YCJIOBUSAX MPOBOJUTCA (ypbe-TipeoOpa3oBaHUe BCEX BO3MYILEHHH 1O X U 110 Y.

IIpu 5TOM BBOAMTCS HOBBIM IIapameTp K - BONHOBOI BEKTOp, Jexanuii B iockoctu XOY.
Jlns mpocTOTHl BCe NMpPeoOpa3oBaHHBIE BEIMYMHBI OyAyT 0003HAuaTbCsl TEMH K€ CAMBIMH
cumBosiaM. [Ipoekiusi mpeoOpasoBanHoro ypaBHeHus (5) Ha ocb 0Z mpuBoguT K audde-
PEHLIMAIBHOMY YPABHEHUIO OTHOCUTENBHO U, .

Bo3moxubl gBa ciydasd. Ecimu k-B(Z);tO, U3 TOJy4EHHOI'O0 YPaBHEHUsS MOXKHO

- o\
HCKITIOUNTH Uy, Uy, Dy, Dy, a U, Bepasuts uepe3 b,. ObOo3nauas \yz[k-B(z)T b,, at0
ypaBHEHHE MOXKHO 3aIIUCaTh

(LyA, +Lg)w=ik*ad(z)e(t) 9)
B (9) BBenens! nuneitHble 1ud dhepeHnanbHbIe ONepaTophl
L,=0°-k? D, =0, —ik-V(z),
An = p(Z)Dz _n'(z)az _n(Z)Lz J

L, =0,A,0,-KA,, A, =|K-B@)]'[D, - v(2)L,][K - B(2)]

L, =L, -k 0" (@)-i0,02)|[K-V'(2)] ,
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Lo =0,[K-AE[K-B@)] o, -k2[K-AE[K-B)]

HItpuxu Hag GyHKIUSAMHA 0003HAYAIOT MPOU3BOJHBIC 110 Z. ['paHUYHBIM yCIOBHEM TIPH
z=0 ciyxuT Dzﬁ(t)+ Ay =0, mpu z=—h(t) B Hyns obpamaercs A y. Eme onno ycinosue
npu Z=0 MOoIy4uTCs, €ClIi NPOUHTErpupoBath (9) 1o z B okpectHocTH Z=0.

Ecmu K - I§(Z) =0, aHasoruyHBIM 00pa30M IOIY4aeTCs ypaBHEHUE AJis Uy

Lyu, +i8,[K-F'(2)] b, =« k* 8(2)(t) (10)

1€ MAarHuTHOC I10JIC bz ABJIAICTCA PCIICHHUCM

VYpasuaenus (9), (10) rpoMo3aKH U cofepkKaT YacTHBIE MPOU3BOAHbBIE. CleayeT, TakKe,
He 3a0bIBaTh, 4YTO PEIIAIOTCS OSTU YypaBHEHHWS [UI JBYX oOOJacTeld MPOCTpaHCTBA

C U3MCHSIONICHCS TeoMeTpuel, MpU O3TOM HEOOXOIUMO pa3iInyaTh cnyqank-B(z):O
u k-B(Z);tO. Bce 310 cymiecTBeHHO 3aTpymHSET pacdeThl, modToMy, ciemys [7], Oyaem
nonarath yto H, B, p, V, M # Vv MmOCTOSHHBI B Kaxmoil u3 oOmacred, rae z>0 umm —

h(t)<z<0. 3amerim, uto cayuaii K - I§(z): 0 paccmarpuBarh B TAKOM IMPUOJIMKCHUN HE HMEET
CMBICTIa, TaK KaK IpH 3ToM U3 ypaBHeHust (10) rcye3aeTr cBs3b CKOPOCTH U MATHUTHOTO TIOJS.

Ipu K- B(z)+ 0 MOXHO TIONy4HTh ypaBHEHHE, ONMUCHIBAIONIEE H3MEHEHHE BO BPEMEHHU
bypbe-aMIuIUTy 161 AepopMaluy MOBEPXHOCTH paciijiaBa:

[ak®+1, +1 Dcoth (kh)D_| &(t)= (1), (12)

rae Ii:(IZ-Hi)(lz-éi)Jr(piDi+k277i)(Di+k2vi), D+=%+HZ~\7+, a D' -

(132

O3HayaeT oreparop, obpaTHbIi omepatopy D . 3Hakamu “+” u OTMEYEHBI BEJIMYUHBI,
OTHOCSIIUECS K IUIa3Me M paciijiaBy cooTBeTCTBeHHO. HeomnopomHas dactb J(t) ClOXHBIM
oOpa3oM 3aBUCHUT OT BpeMeHH W OT Buaa (yHkuumu h(t) u (GyHKUIUHA, ONMpeeISFOIIIX
HavyaJlbHBIC YCIOBHS Ui 1, HO He 3aBUCHT OT & (). [loatomy (11) siBusieTcss nMHEHHBIM
HEOHOPOIHBIM A dHepeHIMaTbHBIM YpaBHECHUEM OTHOCUTEIBHO & (1).

Jng  uccnenoBaHus — YCTOWYMBOCTH — HEOOXOAMMO  MPOAHAIM3UPOBATH  CIEKTP
COOTBETCTBYIOLIECTO OJHOPOIHOTO ypaBHeHus. B ciyuae, koraa coth(kh) mensiercs mennenno,
€ro MOXXHO CYHTaTh IIOCTOSIHHOM BEJIMYMHOW, W oOJHOpomHas dYacTh (11) Oyzmer
Qg QepeHInaTbHBIM YPaBHEHHEM C IIOCTOSTHHBIME KO3 QUIIMEHTaMH,

pemerne & (t) xotoporo umeer Bun & oexp(iot). Takum oOpa3om, moiaydaercs
THMCTIEPCUOHHOE COOTHOIIEHUE

Po®” + = Co (1). (12)

Koaddunuentst B ypaBHeHuu (12) cj10KHBIM 00pa30oM 3aBUCAT OT BOJHOBOTO BeKTopa K
u ot h:
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Po = p, + p_coth (kh),
G = ZPO(E'VO)_i K270,

Co =[n,v, +n_v_coth (kh)]k* + a k® +(|Z H, (IZ I§+)+
+(K-HA_)(K-B)coth (kh)— p[K -V, =V ) ]2 = po(K -V f +i k2 (K V)

V, = potlp.V, + p V_coth(kh)] .
Mo =N, +tpv, + (77_ + p_v_)coth(kh),
Vi =752 |(7, + p,v, IV, + (7 + p_v_)V_coth(kh)] |

p = po p.p_coth(kh).

KBasucranmonapusiii criektp (12) maet Bcro nHGOpPMAIUIO, HEOOXOIUMYIO JIJIsl aHAIIN3a
YCTOWYMBOCTH CUCTEMBI T1a3ma-paciuiaB. Eciu h mensiercs, To B (12) MOXHO MOICTABIATD €€
MTHOBEHHBIE 3HaueHUs. Takod MOAXOJa OMpaBlaH O TeX MOp, MOKa Majbl MPOU3BOJIHBIC
coth(kh), uto xoporio BeimoHseTCs At Oonbimx h, Ha mpaktuke — s Kh>0,5.

Pemrass xBagpatHoe ypaBHeHue (12) OTHOCHUTENBHO ®, MOYKHO IMOJYYHTh IBE BETBU
KoMIUTeKCHBIX YacToT. Pemenme (11) uckamu B Bume Epexp(iot), mostomy Hammume
MOJIOKUTEITFHOW MHHMOW YacTH y YacTOThl MPUBOAHMT K JKCIOHEHIIMAIBHOMY 3aTyXaHUIO
BO3MYILIEHUA. Bo3MylleHus, 4acToThl KOTOpPBIX HMEIOT OTPHUIATeNbHbIE MHUMBIE YacTH,
SKCIIOHEHIIMAJIBHO PacTyT, U B 3TOM ciay4ae Bo3HukaeT HKI'.

Te BO3MylIeHUS, Y KOTOPBIX YacCTOTHI BEIIECTBEHHBI, HOCSIT YUCTO KOJeOaTeIbHbIN
XapaKkTep M Ha3bIBAOTCS HeWTpanbHbIMU. Kak u B kiaccuueckom ciyuae [10], oka3siBaetcs,
YTO BCErja MPUCYTCTBYIOT pacTyliue Bo3myiieHus, nodtomy HKI' Bcerna npossisierca u He
MOJKET OBITh TIOJIaBJICHA.

Ananu3 ypaBuenust (12) mokaspiBaeT, YTO Ha IUIOCKOCTH BOJHOBBIX BEKTOPOB
HEUTPaTbHBIM BO3MYILICHUSM OTBEUAeT 3aMKHYTas KpWBas, NPHUMBIKAIONAs K Hadaly
KOOpAMHAT. Y paBHEHHUE 3TOW KPUBOU MOYKHO MOAy4HTh U3 pemieaus (12) ¢ yciaosuem Imm=0.
Bee Toukm (kx,Ky), um3oOpakaromiue HapacTarolide BO3MYIICHHUsS, OXBATBHIBAIOTCS 3TOM
KpUBOH, a BCE 3aTyXarollMe BO3MYIICHUS pacnojiaraiorcs cHapyku. COOTBETCTBEHHO,
HeTpasibHas MOJa C MUHUMAJIbHON JJIMHOM BOJIHBI SIBJISIETCS XapaKTEPHCTUUECKOI: Oolee
KOPOTKHE BOJHBI 00s3aTENIPHO 3aTyXalwT, a cpeaud Ooyiee JIMHHBIX BOJIH 00s3aTEIBHO
HaWJyTCsl HEYCTONYUBBIE.

PacueTrHas 3aBHCHMOCTbH XapaKTEpUCTUUECKOW IJIMHBI BOJHBI OT TIyOMHBI paciijiaBa
KpeMHus npuBefeHa Ha puc. 6. [Ipu pacuerax MCHOIB30BATHCH 3HAYCHHUS MapaMETPOB IS
KpeMHusi u3 [9], BA3KOCTh M yIENbHOE CONMPOTHBICHUE IIa3Mbl CUMTAINCH MPEHEOPEKUMO
MaJbIMH, TaKXe MaJIOl MO CPaBHEHUIO CO CKOPOCTHIO TEUYCHHS IUIa3Mbl MPUHUMAIACh
HayalbHasi CKOPOCTh TEUEHUs paciylaBa, MarHUTHOE T1oje ObUI0  HampaBiIeHO
NEePICHIUKYIISIPHO CKOPOCTH TeueHHs T1a3mbl. [lapamerpsl mta3Mel B3sTH 13 [2, 3, 8].
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Puc. 6. 3aBUCHMOCTB XapaKTEPUCTUUCCKON JJTUHBI BOJTHBI OT TOJIIIUHBI PACIUIABICHHOTO
CJIOS] KpEMHUSI. 32 SAMHUIY U3MEPEHHUS IPUHATA JUIMHA BOJHEI
pu OECKOHEYHOU TOJIIMHE PACIUIABICHHOTO CJIOS A
a - uIeaNbHBIN cirydal, Ag=0,2 MKM; 0 - TUCCUIIATUBHBIN Ccay4ai, Ag=6,4 MKM.

VYyer quccunatuBHbIX 3()(PEKTOB MEHSAET CIEKTP MaJbIX BO3MYIIEHUHN oBepXHOCTH. M3
puc. 6 Jerko BUAETh, YTO B HJCATBHOM cCliydae (BS3KOCTb M OMHYECKOE CONPOTHBIICHUEC
KHUIKOTO KPEMHHUS MNpPEHEOPe)KMMO Mabl) XapaKTepHCTHUecKas JUIMHA  MEHSETCS
He3HaunTenbHo (Ha 10-20%), B TO BpeMs Kak B JUCCUITATUBHOM CIliy4ae MPH YMEHBIICHHH
rIIyOUHBI XapakTepUCcTUYecKas IJIMHa PE3KO BO3pacTaeT Ha HECKOJILKO MOPSAIKOB. ITO MOKHO
uHTepnperupoBarh kak “BeiTecHeHne” HKI B AnuHHOBONHOBYIO 007acTh, Tak Kak
HEUTpaJbHBIE U PACTYIIME BO3MYLICHHUS YK€ HE MPOSBISAIOTCA Ha pa3MEpHBIX MaciiTadbax
1-100 MxwMm.

[ToaTomMy B paMKax HMpUHATON MOAETN HEOOXOAUMBIM JUIsl HAOMIOAEHUS UCCIIEyEMOTo
SIBJICHUSI YCIIOBUEM SIBJSIETCSl MPOIUIABJICHHE MHIICHU Ha jaocratounyro riayouny (0,1 mxm
u 6ostee). [Ipu BBHIMOJIHEHHH 3TOTO YCIIOBHS HAMMEHbBINAS JJTMHA BOJHBI HEYCTOMYNBOW MOJIBI
ymenbIiaercs 10 6,4 mxm (puc. 60). Cornacuo [2, 3, 8], nepuo pacrionoxeHus [UIHHIPOB
B Makere cocraBiseT 1-2 MxMm. 3amMeTHas pa3HHIA MEXAY STHMH BEJIUYMHAMH MOXKET
OOBSICHATHCS CYIIECTBEHHON POJIbI0 HEMMHEHHBIX A3PPEKTOB NMPH (GOPMHUPOBAHUH IIHIIUHIPOB
U3 TapMOHHUYECKOro Mpoduis BOJHBI HAa MO3JHUX CTaAMSIX IIpolecca WM BIUSHHEM
IpaJiieHTOB (PU3UYECKHX ITapaMeTPOB IUIA3MbI U PACIUIaBa.

Mexanusm GOpMHPOBaHUS PETYISPHBIX CTPYKTYP, CBSA3aHHBIN ¢ Bo3HUKHOBeHHEeM HKIT
SBIISICTCS IOCTaTOYHO YHHBEpCAIbHBIM. JleiCTBUTENBHO, BOZMOKHOCTh Bo3HUKHOBeHUsT HKIT
nmpu 3agaHHoM pexkume padotel MIIK ompenensercss TiryOMHOW TNPOIUIABICHUS MUIIECHU
M CBOWCTBaAMM pacriaBa. /[ns MHOTMX METaJUIOB 3TH IOKa3aTeld JOCTaTOYHO OJIM3KH
K TOKa3zaTelsiM Kujakoro KpemHus. Ha puc. 7 mpencraBieHbl pe3ynbTaThl HaIIUX
SKCIEepUMEHTOB 10 Bo3aekcTBUIO KII Ha MOHO- W TOJMMKPUCTALINYECKUNA aTFOMUHHM.
CpaBHuBasgs puc. 7 W puc. 3, JIerKO OOHapyXHUThb CXOJHYIO “NAKeTHYI’ CTPYKTYpY
MOANGUIIMPOBAHHON TOBEPXHOCTH C OJU3KUMHU XapaKTEPHBIMH pa3MepaMu OOpa30BaHUMH,
COCTaBJISIIOLIUX MAKET.

Cyl1iecTBeHHBIM SIBsieTCSl OTInYKe (GOpMbl 0Opa30BaHMI Ha TTOBEPXHOCTH ATIOMHUHHS
OT UMJIMHIPUYECKOHN, XapaKTepHOU JUIsl KpEMHHUS. DTO pa3uinue MOXKET BO3HUKATh Ha Oosee
MO3/IHEH, HENMMHEHHOW cTaguu uX (POpMUpOBAHUS M HE MOXET OBITh OMKMCAHO B pPaMKax
PacCMOTPEHHOM JIMHEWHOW MOJIETIH.
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Puc. 7. POM-u300paxkeHre MOBEPXHOCTH MOHO- 1 ToyukpucTaia Al, 06paboTaHHOM KOMIIPECCHOHHOMI
I1a3MOM:
a - MITHHIPHYECKUE CTPYKTYPHI Ha TOBEPXHOCTH MOHOKPHCTAILIA;
0 - xapakTepHbIe ()MIaMEHTAPHBIC CTPYKTYPHI Ha TOBEPXHOCTH MMOJIMKPHUCTAILIA,
00beJUHEHHBIE B “TIAKETHI”;
B - CTPYKTYpa OJIHOTO M3 MAKETOB, YBEJIUYEHHbIH (hparmMeHT noBepxHocTH (0).

Kak Obuto mokazaHo BbIlIE, JAEWCTBHE KOMIIPECCHMOHHOTO IUJIA3MEHHOTO ITydKa
BbI3BIBACT  TOSABJICHME HAa  IOBEPXHOCTH  KPEMHHEBOM  IUIACTHHBI  XapaKTEPHBIX
HWIMHIPUYECKUX 00pa3oBaHUil, a B cilydyae BBEICHUS B IJIa3MYy JUCIIEPCHBIX METAILTTHYECKIX
NOPOIIKOB — (opMHpOBaHHE Ha TOBEPXHOCTH (M HA LWIMHIPUYECKUX CTPYKTYpax)
HAaHOCTPYKTYPUPOBAHHBIX MOKPHITUN. [IpeAcTaBisno uMHTEpeC BBIACHUTH, YTO MPOU3OHIET
OpU BO3ACHUCTBMM IUIA3MEHHOIO IIydKa HA CHUCTeMY ~‘MeTaJUIMyecKas IUIeHKa —
MOJYIIPOBOIHUKOBas miactuHa” [13].

Hccnenyembie 00pasiipl MpeacTaBisuim coboii miactuny kpemuus (100) ¢ HaHeceHHOMH
Ha Hee IUICHKOW jkene3a (tommmua 1,2 mkMm). CKOpPOCTh IJIa3MEHHOTO IMMydYKa, €ro
Temmeparypa u snektponos 6bim 510% em™, 2 9B u 310 em™ coorsercTBenno. IlnoTHOCTD
SHEPTHH, TTOTJIONICHHOW MUIIICHBIO BapbupoBayiachk B mHTepBaie 0,6 — 1,4 I'Brwm®.

HccnenoBanusi, MpOBEICHHBIE C MOMOINBIO PAaCTPOBOTO 3JIEKTPOHHOTO MHKPOCKOIA
MOKa3ajii, 4TO B pe3yJbTaTe B3aUMOAECHCTBUS IIA3MEHHOIO MyYKa C MHILIEHbIO o0pasyercs
MOIUGUIMPOBAHHBIA CIOH TONMMHON OT 4 10 25 MKM, NIpUYeM XKele30 M KPEeMHH
pacmpezielieHbl 10 3TOMY cliolo paBHOMepHO. OOpa3oBaHHE Takoro ciosi 0O0YCJIOBJIEHO
IUTaBJICHUEM JKeJe3a M yriepojia, UX IMepeMellMBaHUeM U KpUCTaJUIM3aluel, Ipu 3TOM OH
UMeeT JAEHAPUTHYI0 CTpykTypy (puc. 8). OOHapykeHo, uro B ¢opMe IECHIPUTOB
KPUCTAJUTU3YETCS KPEMHHMI, a XKele30 NMPEUMYIIECTBEHHO HAXOAUTCS B MEXICHAPHUTHOM
MIPOCTPAHCTBE.

®opMupoBaHUE  OEHIPUTHOM  CTPYKTYPHl  OOYCIIOBIEHO  KOHIICHTPAIIMOHHBIM
nepeoxyaxaeHueM. [1ockonbKy pacTBOPUMOCTh Kelie3a B KPEMHHMHM B TBEPIOM COCTOSHUU
OYeHb
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Puc. 8. IToBepXHOCTb CHCTEMBI JKEJI€30-KPEMHHUI Imociie 00paboTKu
[UIA3MEHHBIM MTyYKOM C Pa3JIMYHON IIOTHOCTHIO SHEPTHH:
a-0,7 TBt/M?, 6 - 1,3 TB1/M>

MaJia, TO B HEPaBHOBECHBIX YCIIOBHSX aTOMBI XKeJle3a CKAIUTMBAIOTCS B KHUIIKOCTH TIEPe
(prHTOM Kpucrajumm3anuu, B PpE3YyJbTAaTC 4YCTrO0 BO3HUKACT TPAAUCHT KOHICHTpPAIUH,
MPUBOMSIIUI B JAaHHOM CIy4ae K BO3HUKHOBEHHUIO KOHIICHTPAIMOHHOTO MEPEOXITAXKICHUSI.
T[IOCKOJIBKY OXNXKACHHE M KPUCTAIUTM3ALMS [POTEKAIOT TIPU BHICOKHX ckopoctsix ~107 Kic
dbopmMHpoBaHHE IEHAPHUTOB MOKHO ommcaTh Mojaenbio Kypra-®Oumepa [14]. Mogaens
npeanojaract CICAYroImUue COOTHOMCHUA MCEKAY TCOMCTPUYCCKUMU pasMCpaMUu IACHAPHUTA
Y TIapaMeTpaMu TpoIiecca KpUCTAIUTH3AINH.

R=2z | 1D (13)
m(k —1)CV
Ay = 4,34\/m(k —DIDG, (14)
VG

rae R — pamuyc sakpyrmenust, =y [ AS, - kosdpduument I'n66ca-Tomcona (6,010
K/M), y4- xodbduuueHt mnoBepXxHOCTHOro HampsbkeHns paciuiasa (1,62 Him), AS; -

OHTPONHA KPUCTATTIM3AllUU HA CAUHUIY o0BemMa

(2,710° x/(KM3)), D - xosdduiment Ta6muua 1.
maddy3ur B KHAKOM  COCTOSIHUH (:|.0,8':|.0'9 PaccTosus Mexky AeHAPUTAMU U
2 TEMIIEpaTypHBIH IPaJINCHT B pacIliaBe
M“/C), M — HAKIOH JHMHUU JHWKBUAyca, K — N
JJI pas3IMYHbIX TJIOTHOCTCHU DHEPTrUn

kodpdunment pazgenenus, Co — cpemHss
KOHIICHTpAIlUsl aTOMOB >kene3a, V — CKOpOCTh W,TBr? | A, mkm | G, 10°K/m
ocTa JEHAPUTA, - PpacCTOSIHHE MEX]
p p A o-p ! y 0,6 0,6 173
nenaputamu, G — TeMIepaTypHbId T'paJUCHT
BOJH3M (PPOHTA KPHCTAIITH3AINH. 0,7 0.9 1,15

HpOBeI[eHHI:Ie pacucThl 1MOKa3ajin, 4YTO 1,1 1,3 0,37
CKOpoCTh pocTa aenaputa npumepro 0,04 m/c u
TEeMIEpaTypHblii TpagueHT BOJU3KM (PpOHTa 13 L7 011
KpUCTalJIM3allMd  YMCHBIIACTCI C  POCTOM 1,4 2,0 0,08

miotHocTH 3Hepruu ot 1,73:10° 1o 0,0810° K/m
(rabm.1).



117

Jlokanuzanusi aTOMOB JKeje3a B MEXKICHIPUTHOM MPOCTPAHCTBE OOYCIOBIICHA
o0beMHON nuddy3uert, yTo yBEIHMYUBACT BEPOSITHOCTH OOpa30BaHUS CUIUIIUIOB. JlaHHBIC
PCHTICHOCTPYKTYPHBIX — HcciaenoBanuii  (puc. 9) CBHIETENBCTBYET O (OPMHPOBAHUU
BBICOKOTEMIIEPATYPHOTO AMCHIMIIKAA Kene3a a-FeSiy. Tlpu mrotnoctr suepruun 0,6 I'Br/m?
HaOmonaTcs pedUieKchl Kak Kele3a, Tak M JUCWININAA, a TPHU OONBIINX IJIOTHOCTSIX
SHEPrUH Ha TUGPaAKTOrpaMMe MPUCYTCTBYIOT TOJIBKO pedieKChl JUCHIUIUAA.

Kak noxazanu mpoBeneHHblie uccnenoBanusi [15-21], Bo3nelcTBUE KOMMIPECCHUOHHBIX
IJIa3MEHHBIX MOTOKOB MPHUBOJIUT K CYIIECTBEHHON MoIuUKalMU CTPYKTYpPbl U CBOMCTB
MOBEPXHOCTH METAIIJIOB.

B nponiecce 06paboTkn TPOUCXOAUT BHEAPEHHE a30Ta B pemeTky o-Fe [15]. Tak kak
TeMIlepaTypa IUIa3MBl y 00pabaThiBaeMoii moBepxHocTH coctaBimser ~(3-5)-10° K, To
HACBILIEHUE JIETUPYIOIIUM D3JIEMEHTOM MPOUCXOIUT B €-obmactu. Ilo maHHBIM OXe-
AJIGKTPOHHOW CIIEKTPOCKONHMH, B TIPUIOBEPXHOCTHBIX CJOSAX 00pabOTaHHBIX 00pa3IoB
comepxurcs a0 20 ar.% a3ora, 4YTO COOTBETCTBYET 3BTEKTOMJHOMY COCTaBY.
HaGmonaromieecsi yMEHBIIICHHE MOBEPXHOCTHOW KOHIIEHTPALMKM a30Ta C YBEIHMYCHHUEM
SHEpruu  OOYCIIOBJIEHO  JOMOJHUTEIBHBIM  pacrhbUIeHHEM (OPMUPYIOLIUXCS — CIIOEB
HaOeralolumM TUIa3MEHHBIM TIOTOKOM. HepaBHOMepHOE pacmhpenesieHne JIeTUPYIOLIETO
JJIeMEeHTa 10 TIIyOMHE TPUBOAMUT K TMOSBJICHHIO Kak o'-Fe ¢a3pl (KOHIEHTpanus a3zoTa <8
at.%), Tak u g-Fe ¢a3bl (koHLeHTpanus a3ota >8 aT.%).

a-FeSi,
(001)

[

A W=1,3 GWt/m?

-~
-
- -
e
N
-
S
=]
@
=

Intenstity

'
I
'
1
I
'
'

W=0,6 GWt/m?

JL “ Initial state

15 25 35 45 55
20 (degree)
Puc. 9. YdacTku peHTTeHOTpaMM TONIEPEYHOTO CeYeHMsI 00pasia.

C nmnomompl0 pacTpoBOMl 3JIEKTPOHHOM MHMKPOCKOIIMM Ha IOBEPXHOCTH BCEX
00paboTaHHBIX 00pa3oB OOHApY)KEHA SYCHCTas CTPYKTypa, MPeACTaBisiomas co0oit
MOJUTOHAJIBHBIE SYeHKH co cpeaHuM pasmepoM 400 HM, KoTopas QopMHpyeTcs MpH
3aTBEpJICBAaHMM U3  KOHLEHTPAIMOHHO-TIEpeOXJaXJeHHOro  pacmiaBa.  CornacHo
o0mmenpuHATEIM MozesiM [21, 22], moBepXHOCTHAs HEOJHOPOJHOCTh PACIUIaBa BHI3BIBAET
OokoByro auddy3uro mpuMecel, BCIEICTBHE YEro WX KOHIEHTpalus BOJU3H
HEOJIHOPOJAHOCTH YMEHBIIAETCS, a PABHOBECHAsl TeMIlEpaTypa IUIABIEHUS, COOTBETCTBEHHO,
Bo3pactaer. Ilpm omnpeneneHHOM  cTeNeHM  KOHUEHTPALIMOHHOTO  IEPEOXJIAXICHHS
00pa30BaBIIASACS STYEUCTAsI CTPYKTYpa CTAHOBUTCS YCTONYNBOMA.

KoHneuHast MUKpOCTpYKTypa MOAM(DHUIHMPOBAHHOIO CIIOsl, (OPMUPYIOLIETOCS B peE3yil-
pTaTe OBICTPOrO OXJaXJeHMs, mpexactaBieHa Ha puc. 10, 11. MoaudunupoBaHHbIil cioii
COCTOUT M3 JBYX 30H, TOJIIIMHBI KOTOPBIX YBEJIWYMBAIOTCA C YBEIMYEHHUEM SHEPrUU
Haberaromero noroka (puc. 10). Ilpu Bo3neiicTBUN cepuell UMITYyJIbCOB TONIIMHA 3TUX 30H
OCTaeTcsl MOCTOSHHOM, OJHAKO IMCIEPCHOCTb COCTABISIOIIMX HUX KOMIIOHEHTOB MEHsSETcs
(puc. 11). C ymeHblIeHHEM pa3Mepa 3€peH BO3pacTaeT CONPOTHBICHHUE ILIACTHYECKON
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neopMaruy, YTO MPOSIBISETCS B YBEJIWYCHWHM MUKPOTBEPIOCTH U TOBBIIICHUH H3HO-
CTOMKOCTH.

Kaxnas 13 Monn(puIupoBaHHBIX 30H UMEET NMPUMEPHO OAMHAKOBBIA HA0Op (ha3oBBIX
COCTABJISIIOLIUX, HO UX COOTHOIIEHUE B Pa3HbIX 30HAX Pa3IMYHO. BplIO YCTAaHOBIIEHO, UTO 3TH
¢da3pl TpeACTaBIAIOT CO0OM A30THCTBIE AYCTEHUT M MApTEHCHUT, a TaKKe HHUTPHI
nepeMeHHoro coctana e-Fey+yN (0<x<1).

OOmast cxema MOIUGUIMPOBAHHOTO CJIOS MpeAcTaBileHa Ha puc. 12. OcCHOBHOM
(ha30BOI COCTABIISIONIEH TIEPBOM 30HBI TONIIUHON ~6-7 MKM SIBJISIETCS BBICOKOJIUCIICPCHBIN
MapTEeHCUT TBepAOCThIO ~7 [Tla C BKIIOUYEHUSMH OCTAaTOYHOTO Aa30TUCTOrO AyCTEHHUTA.
C pocTtoMm SHEpruu IMOTOKa TOJIIMHA JAHHOW 30HBI YBEIWYMBAETCS OoJjiee yeM B 2 pasa,
a OJTHOPOJHOCTh MAapTEHCHUTA IOBbIIIAeTC. BTopas 30Ha pazmepoM ~12-15 MKkM cocTouT u3
(a3, UMEIONTUX CTOJI0YATOE CTPOCHUE

Puc. 10. MukpocTpykTypa MoAu(GHUIIMPOBAHHOTO CJIOST 00pa3IoB XKee3a,
00paboTaHHBIX IJIA3MEHHBIMHU MIOTOKAMH MPH INIOTHOCTU SHEPTUU:
a— 7 Jik/em®; 6 — 12 Jix/em?; B — 17 JDx/em®.

Puc. 11. MukpocTpykTypa MoIu(GHUIIMPOBAHHOTO CJIOST 00Pa3IoB XKee3a,
00paboTaHHBIX CepUeH UMITYIIHCOB IIA3MEHHOTO ITOTOKA:
a - 5 uMmynbcoB; 0 - 10 UMIyIBCOB.

u tBepaoctb ~4 I'lTla, 4ro Xopomo corjacyercs C JUTEPATYPHBIMH JTaHHBIMHU
0 (OpMHUPOBAHMM TMOJI TOBEPXHOCTHBIM CIIOEM CTONOYATBIX HUTpUIHBIX (a3 [23]. C
YBEJIMUEHUEM KOJIMYECTBA UMITYJIbCOB BO3/ICHCTBUS MOBBIIIAETCS OPUEHTUPOBAHHOCTD 3€PEH
B HampaBlieHHH TeraooTBoaa. CoctaB 3THX (pa3 MAEHTH(PHUUHUPOBATH JOCTATOYHO CIIOKHO
(moxer BappupoBatbcs oT Z-FesN o g-FesN). Tommmua 3TOM 30HBI SIBHBIM 00pa3oM HeE
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3aBUCUT OT SHEPrHH IUIA3MEHHOTro MoToKa. B Gosee rmy0okux ciosix oOpasua HalIromaeTcs
nepexoaHas 30Ha TOJIIMHOW HECKOJBKO JECATKOB MHKPOH, OTJIMYAIOIIASICS OT CTPYKTYPHI
MCXO/IHOTO MaTepualia He3HAYUTEIbHBIM MPUCYTCTBHEM BCEX BBILIETIEPEUNCICHHBIX (a3.

Puc. 12. Cxema MUKPOCTPYKTYPBI MOJIM(HUIIMIPOBAHHOTO CJIOS XKENe3a,
00paboTaHHOTO IJIa3MEHHBIM TOTOKOM:
| — 30Ha paBHOOCHBIX KpUCTALIOB; Il — 30Ha cTONOUYaTHIX KpHcTamioB; II1 — mepexoaHas 30Ha.

MexaHu3sm 00pa30BaHUS MHUKPOCTPYKTYPBl TPH BO3ACUCTBHUH KOMIIPECCHOHHOTO
IJ1a3MEHHOT0 TOTOKA, MO-BUAUMOMY, MOJ00EH MEXaHU3MY 3aTBEpPACBAHUS U3 KUAKOU (a3bl.
B Teuenne nepBbix 100 Mkc 00paOOTKHM MPOUCXOMUT IJIaBICHHE MOBEPXHOCTHOTO CIJIOS 3a
CUeT TepMaJU3alll KUHETUYECKOW 3HEPTrUu IMJIa3MEHHOr0 MOTOKA IMPU €ro TOPMOXKEHHUU Ha
MUILIEHH, IOCIEe Yero HAaYMHAeTCS OBICTPOE OXJaXKACHUE paciiaBa 3a CYeT TeII00TBOJA
B 00beM oOpasua. [To mepe Bo3pacTaHus CTENEHH MEPEOXTKICHUS Ha TPAHUIIEC KUIKOCTh-
TBEPJIOE TEJIO HAYMHAIOT 00Pa30BBIBATHCS 3apOABIIIN KPUCTALTU3AINH, IPUYEM Ha MPOLIECC
3apo/ibliie-00pa3oBaHMsl OKa3bIBAET KaTaIH3UPYIOLIee IeHCTBUE BHEAPseMasl IPUMECh.

OOpa3oBaBiirecs KpHCTALIbI MPUOOPETAIOT cTojduaryro (GopMmy, Tak Kak 4acToTa
3apO’KJIEHUS HOBBIX 3€pEeH B paciljiaBe Mmepel ABMKYIIUMCS (GPOHTOM KPHUCTAJUIM3AIMH, KaK
MPaBUJIO, HEAOCTATOYHA IS TMPEMSTCTBOBAHUS POCTY MEPBOHAYAIBHBIX KpHCTALIOB. Yem
OOJIBIIIE YMCIIO YaCTHUII, BBI3BIBAIOIIMX 3apOJIbIIICO0pa3oBaHUE, TEM MEHBIIE OYyIeT pa3mep
cTon0uaTeix KpucTamioB. [lo Mepe MOBBIMIEHHST CKOPOCTH OOpa3oBaHUS M POCTa HOBBIX
LEHTPOB KPUCTAUIM3ALUN TPOUCXOIUT YBEIUYEHUE KOJIMYECTBA TEIUIOTHI KPHUCTAIU3AlHH,
BBIJICJIIEMOM 3TUMHU KPUCTAUTUTAMHU, YTO MIPUBOAUT K 3aMEIJICHUIO IBHKEHUS (POHTA pOCTa
CTOJIOYATHIX KPUCTAJUIOB U O0OPAa30BaHUIO Y TOBEPXHOCTH 30HBI PABHOOCHBIX KPHCTAJLIOB.

JlaHHBIE PEHTIeHOCTPYKTYypHOro aHanusza (puc. 13, a-B) CBHUAETEIbCTBYIOT, 4TO
MMITYJIbCHAsl TUTa3MeHHass o00paboTka o0eux crajed NpuBOAUT K  (HOPMHUPOBAHHIO
ayCTEeHUTHOW (pa3bl M YaCTUYHOMY WJIM MOJIHOMY PAaCTBOPEHHUIO YIIPOUYHSIOMUX KapOuaoB. Ha
peHTreHorpamme obOpaboTtanHoW ctaymm PO6MS (puc. 13a, ©) HaOmromaeTcs TMOSBICHHUE
mudpakuonnbix auauA g-Fe (111) u g-Fe(200). B cramn X12M npoucxoauT MpakKTHYECKU
TTOJTHBIN TIePEX0]T MapTEHCHUTA B aycTeHUT (puc. 13B).

[ToBeimIeHHOE copepkanue aycTeHUTa (10 85%) mpu 1uta3sMeHHON 00paboTke paHee
Ha0JII0JAI0Ch B XPOMHUCTBIX CTANSIX [24] 1 CBSI3aHO, BO3MOKHO, C pacnagoM KapOuI0B XpoMma.
3axBar a30Ta aTOMaMH Xpoma 3aTpyAHSIOT ero aud¢ys3uto Briryob oOpasna u odecreunBaeT
MOBBIIICHHYIO KOHIIGHTpAlMI0 a30Ta B TIOBEPXHOCTHOM CJIO€, YTO MOJIOKUTEIHHO
CKa3plBaeTCs Ha crabmim3anuu aycreHuta [25]. Kpome TOro, aromsl Xpoma MOTYT
JeTUPOBaTh AYCTEHUT, UTO, BO3MOXKHO, 3aTPyAHSET WJIM OCTAHABJIMBAET AayCTCHUT-
MapTEHCUTHOE MPEBPALLEHUE MPU OXJIAKICHHUHU.
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Puc. 13. Yuacrtku pentrenorpamm crainu P6MS5 (a, 6) u X12M (B)
B MICXO/IHOM COCTOSIHUHM U I10CJI€ UMITYJIbCHOTO BO3/ICHCTBHUS a30THOM IIJIa3MBl.
Q — IJIOTHOCTB SHEPTUH IUIA3MBI B UMITYJIBCE; 1 — YHCIIO UMITYJILCOB.
a-Q=13 Jx/em?; 6 - n=1; B - Q=17 qx/cMm2, n=1.

Jia cranu P6MS mpu IIOTHOCTH 3HEPIMM IUIA3MEHHOI'O MMITyJbCa BBILIE 5 Jhx/cm®
Habsromaercs pacrBopenue kapouansix da3z MgC=(Fe,Cr)z(W, Mo0)sC (puc. 13a, 6), oxHako
copmanienue pedrnekcoB VC(200) u g-Fe(111) He mo3BONSET OAHO3HAYHO TOBOPHUTH
0 pactBopeHnu kapoumoB VC, KOTOpble, Kak 3TO CIEAyeT M3 JIMTEPATyPHBIX TaHHBIX [25],
MPAaKTUYECKH HEPAaCTBOPHMBI B CTallsAX, coAepxkamux cioxHele kapouasl MeC. B To xe
BpeMs, B ctai X12M mpoucxomut pacnan kapounaoB MsC, M;Cs u M»3Cg (puc. 13B). Tax
KaK TeMmIleparypa pacmaja 3TUX kKapOounoB u3BecTHa u coctasiser 1000-1300°C [25], To
MOKHO TPEANONIOKUTh, YTO TEMIEPATypbl MOBEPXHOCTHOIO cjosi 0o0pa3loB cTaned mpu
IUTa3MEHHOM 00pabOTKe JOCTUraeT TaKUX 3HAYCHUH.

B cranu P6MS, B ommmume ot X12M, HaOmomaeTcs 3HAYUTEILHOE CMEICHHE
pediekcoB, COOTBETCTBYIOIUMX AYCTEHHUTY, OT TaOJIMYHOIO 3HAYEHHUS B CTOPOHY HU3IIMX
YIJIOB, YTO YKa3bIBa€T Ha PaCIIMPEHHE PEIIETKH BCIEICTBUE BBEACHUS B PELIETKY aTOMOB
azoTa u noxareepkaaercs AaHHbIMU OOC. C yBenuueHneM KOJIM4ecTBa UMITYJIbCOB MapameTp
pEIIETKN ayCTEeHUTAa YMEHBIAETCS 10 TabaudHOro 3Ha4YeHus (puc. 13a), mpu 3TOM mapameTp
PELIETKH MAapTeHCUTa TAaK)KE YMEHBINACTCA. YBEIWYCHHUE KOJINYECTBA UMITYJICOB MPUBOIUT
TaKKe K M3MEHEHHIO COOTHOIIEHUS MHTeHCHBHOCTeH nuHuid g-Fe(111) u a-Fe(110) 3a cuer
YBEJIMUEHUSI KOHIIEHTPAIMK ayCTEHUTAa B 30HANPYEMOM PEHTTEHOBCKUMU JIYYaMH CIIO€, YTO
paHee HaOJII0AAIOCh B YIIIEPOJAUCTHIX CTANSX [24].

[Tony4yeHHble AaHHBIE TOKA3bIBAIOT, YTO MpPHU IUIA3MEHHONH 00paboTKe MPOUCXOIUT
JETUPOBaHME AayCTEeHHUTa M MapTEHCHUTa aroMaMH a3oTa M, KpPOME€ TOro, BO3MOXKHO
dopmuposanue kapoouutpumoB Mg(C,N) u M(C,N). Tlpu pactBOopeHHr KapOHWIOB B CJiO€
Marepuaia, TJie MPOMCXOIUT Hanbojee CHIbHBIN pacraj BTOPHIX (a3, OyIeT MpOUCXOINUTh
3aMeHa aTOMOB JKeJle3a B pelIeTKe ayCTeHHTa aToMaMM JApYyruX MeETauioB. Bricokas
KOHIIEHTpallMs a30Ta B IOBEPXHOCTHOM CJIO€ CIIOCOOCTBYET (POPMHUPOBAHUIO HUTPHUIOB
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(kapoonuTpunoB) e-Fe,+«N (0<x<1) u y'-FeyN. Xors nanneie PCA ¥ He MOATBEPKAAIOT
o0Opa3oBaHHe HUTPUIOB, OJHAKO 3TO MOXET ObITh CBA3aHO HE C UX OTCYTCTBHEM, a C HEOJHO-
POJHOCTBIO MX paclpeleNieHus] Mo TIIyOuHe, BBICOKOM AMCIEPCHOCTBIO M TMEPEKPBITUEM
pedekcoB e-HUTpHIa TIEPEMEHHOTO COCTaBa M aycTeHHTa. J[yig oOHapyKeHHs JaHHBIX (a3
HE00XO0IMMO HCIOIH30BAHNE MPOCBEYNBAIOIIECH 3JIEKTPOHHON MUKPOCKOIIHH.

[TnasmenHass 06paboTka MPUBOAUT K CYIIECTBEHHON MOIU(DHKAIMKA TOBEPXHOCTHBIX
o0JacTeii, Ipy 3TOM M3-3a Pa3HOM TeMIlepaTyphl HarpeBa MaTepuaia Ha pa3Hoi IIIyOuHe 30Ha
BO3JIEHUCTBUSI UMEET CJIOMCTOE cTpoeHue. B cramu P6MS npu miaoTHOCTH 3HEPTUM BhIIIE S5
Jix/cM? TIepBBIil CIIOH TONIIMHON ~6 MKM CONEPXKHT aycTeHHT u Kapoux VC, a BTOpOif
MEePEXOJHON CJIOM TOJIIMHOW TakXe OKOJIO 6 MKM COJEPKUT BCE COCTaBIAIOLIUE,
COOTBETCTBYIOILIME MCXOJHOMY COCTOSIHUIO CTaJId, M, KPOME TOro, 0oOpa30BaBIIMWCS HpU
00paboTKe ayCTCHHUT.

[lpu mnoTHOCTH SHepruu 5 Jk/cm® 06mas TONIMHA MOAU(BHIEPOBAHHOTO CIIOS
CHIJKAETCS 0 ~8 MKM, MPHU 3TOM B BEPXHEH OIJIABJICHHOW 30HE 3TOrO CJIOSI COAECPKHUTCS
HEeOOoJIbIIIOE KOJMYECTBO AayCTEHUTA U OTCYTCTBYIOT Kapouisl MgC, KpymnHBIE BKIIOUCHHS
KOTOPBIX HAOIIOMAI0TCs B Oojiee TIyOOKHUX CIIOSX MOAMGUIMPOBAHHON oOsiactu. J[aHHBIE
POM cBunerenscTByloT, 4to kKapbobun VC He pacmagaercs gaxke BOJIM3M OOJIydEHHOM
noBepxHocTU. TonmuHa MOIUM(UIMPOBAHHON OO0JACTH YBEIWYMBAETCS C TOBBIIICHUEM
SHEPIUH MaJAI0UIET0 MOTOKA U YBETHMUYEHHEM KOJIMUYECTBA UMITYJIBCOB a30THOM IIa3MBbI 110 27
MkM ipu Q=13 I{}K/CM2 u n=5.

Pacnpenenenre MUKPOTBEPIOCTH 1O TITyOMHE MOAU(DUIIMPOBAHHOTO CIIOSI KOPPEIUPYET
C HaOIIOJAIONMIMMHUCS U3MEHEHUSIMA €T0 MUKPOCTPYKTYpbl. B cTtamum P6MS moBepXHOCTHBII
CJIOM a30THUCTOTO ayCTeHHUTa, OOCTHEHHBIN KapOuaaMu, UMeeT 0osiee HU3KYIO TBEPJIOCTh, YeM
CJIOH, coaep Kanuil ynpouHstomue kapouapl. COOTBETCTBEHHO, TBEPAOCTh MOBEPXHOCTHOTO
CII0SL GBICTPOPEXKYILEH CTAIM MOCTIe IMUIasMeHHOH obpaGotke ¢ Q=5 Jlx/cM® Goublie, H4eM
nocie obpaborku ¢ Q=10 Jlx/em?, uto 00ycioBIIEHO OOJbIIEe BBHICOKON KOHIIEHTpAIHEH
KapOuaoB B o0OpaboTraHHOM ciioe. M3MeHeHre MUKPOTBEPIOCTH C YBEIMYECHUEM KOJIUYECTBA
UMITYJIbCOB XOPOILIO COTJIACyeTcsl ¢ M3MEHEHHeM (a30BOro COcTaBa MOAU(PHUIIMPOBAHHOTO
cinos. s cramm X12M MUKpPOTBEPIOCTh TaKK€ YMEHBILIAETCS BCIEACTBHE PacTBOPEHUS
BTOPBIX (ha3.

Tpubonornyeckne HCHOBITAaHUS TOKA3aJdM 3aMETHOE YIYyYIIEHHE H3HOCOCTOUKOCTH
00paboTaHHBIX 00pa3IOB, MPH ITOM CIIEAYET OTMETHThH, YTO BU3YAIBHO TPEKH HM3HOCA Ha
00y4eHHBIX 00pa3iax He HaOII0JAr0TCs, YTO CBHUACTEIHCTBYET O HE3HAUUTEIHHOM YHOCE
Maccel Tipu TpeHnn. OOHApYKeHO, 4TO KO3(PIUIMEHT TPEHHUs ropas3fo ciadee 3aBHCHT OT
pexxuma 00paboTKH, Y4eM MUKPOTBEPIOCTb.

Takum 00pa3oM, MOJyYECHHBIE PE3YJIbTAaThl CBUIETEIBCTBYIOT, YTO '"TUIa3MEHHYIO
3aKaJKy" WHCTPYMEHTAJbHBIX CTallel CleayeT MPOBOAUTH B y3KOM HHTEpBaiC 3HAUYCHUU
IUIOTHOCTA YHEPrUM IUIa3MEHHOTO0 MOTOKA, MPU KOTOPOM pealu3yeTcs HadajlbHas CTaaus
pacTBopeHHs KapOoumoB. OmnNTHMalbHBIE XapaKTEPUCTUKUA CTalCd JIOCTUTAIOTCS TPH
1a3MeHHOM 00paboTKe, BRI3BIBAIOIIEH MUHUMAIIBHOE OIUIaBJIEHHE TIOBEPXHOCTH.

Kak u B ciiyuae moixynpoBOJHHKOB, UCCIIEAOBAIOCh U3MEHEHHE CTPYKTYPBI U CBOMCTB
CHUCTEM “‘IJIEHKa MeTajlia-ctaib’ [26-29]. PaccMoTpuM 3TO Ha mpUMEpE CUCTEMbI “‘THUTaH-
cranp” [27]. Tonmuua muenku Turada Ha cramu Ct3 (0,2 C; 0,2 Si; 0,5 Mn) cocrasnsiia 0,4-
1,0 mxMm. [lnoTHOCTH 3HEprum - 13 ,Z[)K/CMZ.

Bo3zeiicTBue KOMIIPECCHOHHOTO IUIa3MEHHOTO IMOTOKAa a30Ta NMPHUBOJUT K PacIUIaB-
JICHUIO BEPXHEro MOBEPXHOCTHOTO CJIosi 00pasmoB. B pe3ynbprare 00pabOTKH CyIIECTBEHHO
u3MeHsieTcs  penbed  MOBEpXHOCTH. [lOSBISIOTCS  XOpOLIO  3aMETHBIE, XAOTHYHO
pPACIOJIOKEHHBIC BOJIHBI, XapaKTEpHbIE TMPH JAaHHOM BHIE OOpabOTKH Il  OBICTPO
3arBepeBIIei kUKol (ga3sl. POM nccienoBanus npu 00JbIIeM YBEIUYSCHUH MTOKA3aJId, YTO
MMOBEPXHOCTh OOpa3IOB, MOJABEPTHYTHIX O0O0pabOTKE, COAEPKHUT OO0JaCTH C SYCUCTON
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CTPYKTYpoil (puc. 14), mpudyeM Ha MOBEPXHOCTH YIIIEPOIMCTON CTamu 0e3 MOKPHITUS (pHC.
14a) HaGmogarorcs sueiiku pazmepom ~0,5 MKM, a B ciTydae nmepeMeniaHHONH CUCTeMbl TUTaH-
cranb (puc. 146) oOpasyrorcsa sueiiku pazmepoMm 0,5-1,0 MKM, OTiHuaromuecss HE TOJIBKO
pasmepoM, HO U dopmoii. DOpMHUPOBAHUE SUECHUCTON CTPYKTYPHI, BEPOSTHEE BCETO, BHI3BAHO
MPOXOAIIEH HA CTaUU 3aTBEPACBAHUS SIYEUCTON KPUCTAILIA3ALIUEH.

Puc. 14. POM u3o0paxeHus TYEUCTON CTPYKTYPBI TOBEPXHOCTH 00pabOTaHHBIX 00pa3IoB:
a - YIJIepPOJMCTasl CTalb; O - CHCTEMa TUTAH-CTaJb (TOMIMHA MOKPHITUS Ti ~1 MKM).

Pa3zButue CTpyKTypHON HEYCTOMYMBOCTH Ha (POHTE KPUCTAIUIM3ALMUH (KaK M BCIydyae
MOJIYIIPOBOJTHUKOB) MOXKHO ONHCATh MOJENIbI0 KOHIICHTPAIMOHHOTO MEePeoXJIaxkIeHUs,
MPUBOSIICH K HEYCTOMYMBOCTH TNIOCKOTO (PPOHTA KPUCTAIITU3AINH, TaK KaK JI000 BBHICTYTI,
oOpa3yromuiics Ha MTOBEPXHOCTH, OKa3bIBACTCS B MEPEOXIIKIACHHON KUAKOCTH U MTOITOMY HE
ucye3aeT. OTH HEYCTOWYMBOCTH TP OINpPEAEICHHBIX YCIOBHUSX MOTYT pa3BUBAThCS
B CTallMOHApHBIE MEPUOJUYECKUE SUYEHUCThle CTPYKTYphl. DOpMUPOBAHHUE SYEUCTOU
CTPYKTYpbl OOBIYHO TPHUBOJUT K OOpa30BAHMIO TPUMECHBIX CErPETalMOHHBIX 30H,
SBIIAIOIIMXCSl TPaHMUIIAMU CTOJOYATHIX SYEeK-KpUcTauioB. I[Ipm 3TOM B IPHUMECHBIX
CerperalMoHHBIX 30HAaX BCIEACTBUE pa3jIMyUs MEpPHOAA PEIIeTKH MaTepuana B 00JIacTsIX
cerperaliiii M B 00beMe KpHUCTAJIa-SueHKU TMOSBISIIOTCS BHYTPEHHHE HaIpPsHKEHUS,
JNOCTATOYHBIE IS 3aPOXKACHUSA JUCIOKAui. [I10THOCTE MUCIoKauil B IPOMEXYTKAX MEXKIY
sTUeMKaMH MOJKET JOCTUTaTh ~10% cm2,

B 1CcX0IHOM COCTOSIHUM YTIIEpOJKCTast CTallb UMEET (PEPPUTHO-TIEPIUTHYIO CTPYKTYPY.
Ha pentrenorpamme (puc. 15a) naOmromaroTcss nudpakimoHHbIe JTUHUK (epputa U HE
BBISIBJISIETCSI LIEMEHTUTHAsl OCTAaBIAIOLIAS NEPAUTA BCIEICTBUE BBICOKOM JMCIIEPCHOCTU
kapouna 8-FesC. Pentrenorpamma oOpasma CTalii C TUTAaHOBBIM TOKpBITHEM (puc. 150)
NpPEJCTaBIseT COOOM Cymepno3uuuio MUpPaKIMOHHBIX NMUKOB (epputa M TUTaHA. BbuIO
OOHapyXE€HO, YTO Tocienyiomas o0padoTKa KOMIPECCHOHHBIM IUIa3MEHHBIM ITOTOKOM
MPUBOAUT K U3MEHEHHUIO (ha30BOT0 COCTABA.

NmnynbcHOE BO3JEHCTBUE BBICOKOTEMIIEPATYPHOW IUIa3Mbl Ha TOHKOIUIEHOYHYIO
CUCTEMY IPHUBOAUT K PACIJIABICHUIO IOKPBITHUS U CJOS TMOJUIOKKH U TOCIEIYIOIIEMY
KUAKOPA3HOMY MEepeMEeIINBaHUI0 00OUX KOMIIOHEHTOB IOJ JCHCTBHEM NaBJICHUS IJIa3MBI.
Kak TonbKO JEHCTBUME HMMITYJIbca IPEKPAIAeTCs, NMPOUCXOAUT OCThIBAHHE U IOBTOPHOE
3aTBepeBaHue ePEMEIIaHHON CUCTEMBI.

B pesynbrate 00pabOTKM cCHCTEMBI TUTaH-CTallb Ha peHTreHorpamme (puc. 15B)
MCYE3al0T IU(pPaKIIMOHHBIC OTpPaXEHUs THUTaHa, a JAUQPPAKIUOHHBIC JIHUHUU (eppuTa
CMEILAITCA B CTOPOHY MEHBIINX YIJI0B. MccnenoBaHus 3JEMEHTHOIO COCTaBa MOBEPXHOCTH
HeoOpabOTaHHOW CHUCTEMBl THUTAH-CTalb METOJAOM PEHTTEHOBCKOTO  CIEKTPAIbHOIO
MUKpOaHalu3a IOKa3blBalOT JUIIb Haiuuue 3-5 ar.% jkene3a BCIEICTBUE IPEBBIIICHUS
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pasmepa o0jacTu TeHepalMu HajJ TONIIMHOM IUIEHKM TuTaHa. B pesynbrate 00paboOTKH
conepxanue Fe na moBepxHoctn mocturaer 70-80 at.%. Takoe M3MeHEHWE KOHIICHTpAIUH
3JIEMEHTOB MOXXET OBITh BBI3BAHO JIMOO HMCIIAPEHHWEM YacTU THUTAHOBOTO MOKPHITHS, JHOO
AKHUJIKO(pa3HBIM IEpEeMEIINBaHUEM OOOMX KOMIIOHEHTOB IOJ JEHCTBHEM HMITYJIbCA IIA3MBI
U B3auMHOW nuddy3uell aTOMOB THTaHa M JKeye3a. ECTeCTBEHHO NPEANONI0XKUTh, YTO
OTCYTCTBHE Ha PEHTreHOTpaMMax AM(PaKIMOHHBIX JMHUN Ti CBS3aHO C OOpa3oOBaHHEM
TBEPAOrO pacTBOpa 3aMELIEHUS, B KOTOPBI THUTaH BXOAUT B KAueCTBE HaApPa3MEpPHOU
IIPUMECH.

Ha 5T0 yka3piBaeT M 3HAUUTENIBHOE CMELICHHE IU(PPAKUMOHHBIX JIMHUHA (epputa
B CTOPOHY MEHBIIINX YIJIOB, YTO OOYCIIOBJIEHO 3aMEIICHUEM aTOMOB JKeJIe3a aTOMaMH THTaHa,
UMEIOIIMMHU  OONBIINKA aTOMHBIM paaunyc. McciegoBaHUS OTHOCHUTENBHOTO H3MEHEHHS
rapaMerpa pemeTK ¢ pOCTOM TOJIIIUHBI TUTAHOBOTO MOKPBITHS IOKA3aJId, YTO YBEIUYEHUE
cojepkanuss Tl B IUIa3MEHHO-TIEPEME-IIIAHHOM CJIO€ MPUBOIUT K Je(OpMAIMH PEUICTKU
TBEPAOI0 PACTBOPA KEJIE30-TUTAH.

!

a=Ti ( B00) I a-Ti {101y «-Fe{l 10}
. TiM (101} :

MHTEHCHEHOCTh, OTH. £41.

20, rpag

Puc. 15. YuacTkn peHTreHOTpaMM HCCIleyeMbIX 00pa3IoB:
a - YIIepoancTas ctaib; O - cucTeMa TUTaH-CTalb (TouuHa NOKpbITH Ti ~1 MKM);
B - 00OpaboTaHHas cucTeMa TUTAaH-CTajb (TOJIMHA TOKPHITUS Ti ~1 MKM); T - 00paboTaHHas CTallb.

VYCTaHOBIEHO TaKkXe B3aMMOJICHCTBHE a30THOM IUIa3Mbl C JJIEMEHTAMH CHCTEMBI,
B YaCTHOCTH, (OopMHpOBaHHME HUTpuAa THTaHa (puc. 15B). Cnemyer OTMETHTH, UTO
dopmuposanre TIN mociie 00pabOTKH OBLIO OTMEUEHO Ha BCEX 00paslax ¢ MOKPBITHEM
nr000i#i TomuHbL. JlokazarenbcTBoM opmupoBanus TiN siBIsieTcs BU3yalbHO HAOII0IaeMOe
MOSIBJICHUE XapaKTEPHOrO 30J0TUCTOro ILBeTa MmoBepxHOocTH. OnHAaKO o0beMHasi T0Jisi ATOU
¢a3el HeBenuka, u MetogoM PCA 3adukcupoBaTh ee MOsSBICHHE MOKHO JIUIIb MPU TONIIAHE
MpeIBAPUTEIIbHO HAaHECEHHOT0 MOKPBITHSI TUTaHa OKojJo 1 MkxMm. Takum oOpazom, coriacHo
JAaHHBIM PEHTTEHOBCKOTO 30HIUPOBAaHUS, B MOJAU(PUIIMPOBAHHOM CIIO€ TepeMelIaHHOU
CHUCTEMBI "TUTAHOBOE MOKPBITUE-CTAJIbHAS MOMJIOKKA" COACPKUTCS BBICOKAS KOHIIEHTPALUS
a3oTa, JocTaToyHas Ui (QopMHpOBaHUS HHUTPUAA TUTaHa. Bo BpeMs OCThIBaHHS
U TIOBTOPHOTO 3aTBEP/ICBAHMS CMECH KOMIIOHCHTOB JKEJIe30-TUTaH 11 BXOTHUT B pelieTky Fe
B KaUeCTBE HAJIpa3MEPHON PUMECH.

JIureparypa

=

Mopo3oB A.W. ®uzuka miazmer. 1975, 1. 1, Ne 2, ¢. 179-191.

2. VYraoos B.B., Anunmuk B.M., Acramuuckuii B.B., Ananunn C.U., Ackepko B.B.,
Acrammackuit B.M. u ap. [Tucema B dKOT®, 2001, 1.74, N4, ¢.234-236.

3. Uglov V.V., Anishchik V.M., Astashynski V.V., Astashynski V.M. et al.

Surf.Coat.Technol., 2002, v.158-159, p.273-276.



124

4.

10.
11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22,
23.

24,

24,
25.

26.

217.

28.

Ananun C.U., Acrammnckuit B.M., KoctiokeBuu E.A. u np. ®usuka mnazmsl, 1998, T.
24, c. 1003.

Astashynski V.M., Ananin S.I., Kostyukevich E.A., Kuzmitski A.M. et al. High
Temperature Material Processes, 2007, v. 24, p. 537-548.

Vrnos B.B., Uepenna H.H., Aanmuk B.M., CpemnuxoB 0.B. ®usuka u Xumus
o0paboTku matepuanon, 2005, Ne 4, ¢. 31-35.

Ksacos H.T., llleaxo FO.I'., Yrnos B.B., Acrammuckuii B.M. Jokmaner BI'YUP, 2007,
Ne4, ¢. 101-107.

Astashynski V.M., Ananin S.I., Askerko V.V., Kostyukevich E.A. et al.
Surf.Coat.Technol., 2004, v.180-181, p.392-395.

Annmuk B.M., Acramunckuit B.M., Kpacos H.T., Yrnos B.B. u np. ®u3uka u Xumus
o0paboTku matepuanon, 2008, Ne 5, ¢. 27-33.

I'mazos B.M., UYwmxesckas C.H., I'maronesa H.H. Xugkue mnonynpoBOJHUKH.
M.: Hayka, 1967, 244 c.

11.Chandrasekhar S. Hydrodynamic and hydromagnetic stability. Oxford: University
Press, 1961, 655 p.

Jlanpay JLA., Jupummna E.M. Teopermueckas ¢usuka. T.8. DnexkrpoanHamuka
crutomHbIX cpen. M.: dusmatiut, 2003, 656 c.

Uglov V.V., Anishchik V.M., Kvasov N.T., Petukhou Yu. A. et al. Vacuum, 2009, v.83,
p. 1152-1154.

Kaya H., Cadirli E., Gunduz M. Journal of Material ngineering and Perfomance, 2006,
v. 16(1), p. 12-21.

VYrnos B.B., Auumuk B.M., Acrammnckuii B.B., CemnukoB 10.B. u np. ®usuka
1 Xumus 00paboTku matepuaiion, 2004, Ne 4, ¢. 37-42.

VYrnos B.B., Auumuk B.M., Acrammnckuii B.B., CemnukoB 10.B. u np. ®usuka
1 Xumus 00paboTku Matepuaiion, 2002, Ne 3, c. 23-28.

Anishchik V.M., Uglov V.V., Astashynski V.V., Astashynski V.M. et al. Vacuum,
2003, v.70, p.269-274.

Cherenda N.N., Uglov V.V., Anishchik V.M., Stalmoshenok E.K. et al. Vacuum, 2005,
V.78, p.483-487.

Anishchik V.M., Astashynski V.V., Uglov V.V., Fedotova J.A. et al. Vacuum, 2005,
V.78, p.589-592.

VYrnos B.B., Aunmuk B.M., Cransmomenok E.K., Yepenna H.H. ®usuka u Xumus
o0paboTku matepuanon, 2004, Ne 5, c. 44-49.

Cherenda N.N., Uglov V.V., Anishchik V.M., Stalmoshenok E.K. et al. Surf.
Coat.Technol., 2006, v.200, p.5534-5542.

Jiupmmn E.M., IMutaesckuii JI.IT. ®usndeckas kunetuka. M.: Hayka, 1979, 528 c.
Konroposuu .E., CoBanoBa A.A. KT, 1950, 1.20, Nel, ¢.53-65.

Axymnn B.JI., Kanun B.JI., Ckperrasiii B.M., bynanos M.A. Tp. X MexHau. cosel.
"Papnanmonnas ¢usuka TBepaoro tena'", 2000, ¢.273-279.

I'ennep FO.A. MuctpymenTanbHble ctanu. M.: Mertamnyprus, 1983, 527 c.

Uglov V.V., Anishchik V.M., Cherenda N.N., Stalmoshenok E.K. et al. Vacuum, 2005,
V.78, p.489-493.

VYriaos B.B., Aunmuk B.M., Uepenna H.H. Cranemomenok E.K. u ap. ®usznka u Xumus
o0paboTku Matepuanos, 2005, Ne 2, c. 36-41.

Uglov V.V., Cherenda N.N., Anishchik V.M., Stalmoshenok E.K. et al. Vacuum, 2007,
v.81, p.1341-1344.

VYraos B.B., UYepenma H.H., Cransmomenok E.K., IlomysnoBa M.I'. wu gp.
[TepcnexTuBHbIe MaTepuansl, 2009, Ne 3, ¢. 69-76.



125

5. BEMLAB - open source, objective Boundary
Element Method library
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Nomenclature

Abbreviations

BEM - Boundary Element Method
FEM — Finite Element Method

DOT - Diffuse Optical Tomography

EIT — Electrical Impedance Tomography
CT — Computer Tomography

NMRI - Nuclear Magnetic Resonance Imaging
NIR — Near Infra Red

PDE — Partial Differential Equation

BIE — Boundary Integral Equation

RTE — Radiative Transfer Equation
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Symbols

Q — Domain

r — Boundary

I — Boundary element j

d — Potential [V]; Photon density [1/m?]

n — Normal vector outward the domain Q

Kk — Wave number

G — Fundamental solution, Green function

o/on — Normal derivative

) — Frequency of source light intensity modulation

5.1. Introduction

Tomography imaging techniques require proper numerical models. Data gathered from
the hardware are used to create an image of the examined object internal structure. The
inverse problem using the adequate numerical model is solved and its results compose the
picture of the object internal.

The inverse problem allows to find object internal model parameters m using data d
gathered form the boundary of the model using the scan hardware. The relationship between d
and m can be written as:

d =N(m) 1)

where X is a non-linear operator which represents the numerical model of the physical
problem.

The base unit of the inverse problem is the forward problem which allows to calculate d
based on known m. It is very important to calculate forward problems as fast as possible to
process further image reconstruction effectively. It is particularly important in Diffuse Optical
Tomography (DOT) and Electrical Impedance Tomography (EIT) where calculations are very
time consuming [11].

The most common tomography techniques in medicine are the X-ray based Computer
Tomography and the Nuclear Magnetic Resonance Imaging (NMRI). Computer Tomography
uses X-rays which are the ionizating radiation. Long tissues exposure on X-ray based
radiation is very dangerous therefore CT cannot be used frequently. Whereas Nuclear
Magnetic Resonance Imaging uses magnetic field from 0.5 to 2 Tesla. Larger values of
magnetic field are prohibited in medicine because it is not neutral for living organisms. Both
mentioned techniques are volumetric, therefore precise image is obtained and exact object
interior structure is presented.

In contrast to DOT commonly used X-ray based Computer Tomography and NMRI use
fast algorithms. CT uses back-projection while NMRI uses Fourier Transform based
algorithms. Availability of fast algorithms to reconstruct the image made it possible to
popularize these methods in medicine testing.

However CT and NMRI are not ideal testing methods. X-ray based CT can only be used
rarely because of its dangerous influence on tissues. NMRI is also not neutral for living
organisms. Moreover both methods require devices of big dimensions. NMRI requires
extensive cooling, therefore special installations have to be applied. Diffuse Optical
Tomography does not have drawbacks of CT and NMRI. DOT uses near infrared (NIR) light
which is safe for tissues, which can be exposed to it permanently. The size of optical scanners
is relatively small — they are portable. However DOT cannot be used for precise volumetric
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imaging. It also requires much more efficient processing units. Nowadays used algorithms are
very slow therefore they make it impossible to introduce DOT to every day medical testing.
The main areas of DOT application in medicine are:
* neonatal head testing of brain haemorrhage,
* breast testing for detecting tumours.

Usage of DOT for testing infants brain haemorrhage is especially important. It is
required to test the brain with haemorrhage permanently, so doctors could know if it increases
or decreases and if applied treatment is appropriate. It is also beneficial to use DOT for
detecting tumours in breasts. Nowadays popularly used mammography uses X-ray based
ionizating radiation and as testing should be done regularly it is not neutral. Moreover while
the mammaography test is taken, breasts are deformed whereas while using DOT scanners they
are not. Despite of fact that the image is not as precise as that reconstructed using CT or
NMRI it is desired to introduce DOT imaging in the mentioned areas. However the main
drawback of DOT image reconstruction, which is the long time of image reconstruction has to
be solved.

Further sections describe universal, open source and objective software implementing
Boundary Element Method (BEM) for solving partial differential equations, which can be
used in tomography applications.

5.2. Radiative Transport Equation in Diffuse Optical Tomography

Firstly the numerical model for Diffuse Optical Tomography have to be introduced.
Near infrared light used in DOT is an electromagnetic wave. Therefore the light transport
phenomenon can be described using Radiative Transport Equation (RTE). Depending on the
type of scanner or its work mode the source of near infrared light can be described as defined
in:

* time domain — the signal is in the form of ultra fast impulses,

* frequency domain — the light intensity modulation.

RTE defined in the time domain has the following form:

n-1

(§-v+ya(r)+us(r)+%§j¢(r,§,t) — (1) [O(5,5 (15,008 +q(rs) @)
and in the frequency domain [13]:

(§-V+,ua(r)+,us(r)+i%)¢)(r,§,w):,us(r) [©(5,5)p(r,5,0)ds +q(r,5,0)  (3)

sn

where: § — directional vector; ©(5,5)— dispersing phase function describing

probability that photon with the beginning direction s’ will have direction s after the
dispersing event occurs; q — source inside the examined domain Q, ¢ — photon density; u, —
absorption coefficient; x, — disperse coefficient; r — geometrical coordinates of the examined
point; ¢ — the speed of light in the medium; t — time; w — frequency.

The above RTE equation is a precise numerical model for light transport phenomenon
including NIR. However the numerical model based on RTE is difficult to solve, because of a
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long time required to obtain results using nowadays hardware. Monte Carlo is one of the
methods which can be used to solve RTE.

However, the Diffusion Optical Tomography operates on testing objects consisting of
tissues, which characterize the following relation:

Hs >> 1ty “)

Tissues absorption coefficient is much smaller then the dispersing coefficient. Thanks to
this fact RTE can be reduced to the diffusion equation without loss of results quality. Then the
diffusion equation in the time domain can be formed as [1, p. 1535] [9, p. 1780] [10, p. 896]:

0
(v-0v- =S Jotrn = (r) ©
and in the frequency domain [11, p. 139] [10, p. 896]:
0]
(v-0v- =12 Jotr0) =0, (1.0 ©

where D — the diffusion coefficient:

p-_* @)

34ty + g

Further discussion will concentrate on a frequency domain because then the medical
testing is shorter. The diffusion equation in the frequency domain (6) can be presented as the
Helmholtz equation including the source g, :

Vzgo(r,a))—kzgo(r,a)):—w, where kzzﬂ—[;—ic% ®)

where: k e C —is the complex wavenumber.
The collimated source NIR light is supplied to the baby head or the surface of the breast
through the fibre-optic. In the numerical model it is modeled as the point source located under

the surface at the distance of i :
Hs
Forward problem definition requires also setting boundary conditions (BC). The third
kind BC, also known as Robin BC, are used in the DOT model and they represent the
following relationship:

o

= Mpgc® +Ngg 9)
on c c

where mgge, Ngge — Parameters.

The above Helmholtz Partial Differential Equation (PDE) can be solved using any
applicable method and also Boundary Element Method with title BEMLAB software.
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5.3. Governing equation in Electrical Impedance Tomography

Another considered type of tomography imaging technique is Electrical Impedance
Tomography (EIT). EIT uses electrical properties of examined materials like electrical
conductivity o. The examined object is stimulated using voltage or current source and the
layout of potential on the surface is collected using sensors. These data are used by the
reconstruction algorithm which gives a layout of objects internal. EIT numerical model
involves the Laplace equation [12, p. 112]:

div(c grade)=0. (10)

The Laplace PDE can also be solved using Boundary Element Method and the title
BEMLAB software.

5.4. Boundary Element Method

Diffusive Optical Tomography and Electrical Impedance Tomography problems are
popularly solved using Finite Element Method (FEM) [14]. FEM is the domain method which
means that the whole object domain Q has to be discretized. One of the FEM alternatives is
the Boundary Element Method. BEM requires only the surface I of the examined object to
be discretized, therefore its dimension is smaller by one than in domain methods. The good
quality boundary mesh creation task is much simpler than creating a domain mesh. BEM is
the method characterized by the square computational complexity O(N 2) [8].

Moreover calculation of ¢ in any point inside the examined domain Q is done without
remeshing the domain. The number of equations in BEM is usually much less than in FEM.
BEM has advantages comparing to FEM, but also there are some drawbacks. When the
problem is characterized with the unsuitable geometry, which means that the number of
boundary elements T'; is close to the number of domain elements Q; in FEM, then BEM

calculations are slower than in FEM. This is strengthened by the fact that the left hand side
matrix a in the set of linear equations (20) is dense in BEM in contrast to the sparse one in
FEM. Laplace equation (10) or Helmholtz equation (8) can be solved using BEM when they
are defined as Boundary Integral Equation (BIE). BIE has the following analytical form:

oG o
ci¢+f¢a—ndr:ja—fedr+jfedg (11)
r r Q

where: Q — the problem domain, I' — boundary of domain Q, ¢ — field function
potential or photon density in DOT, G — Green function, so-called fundamental solution,
n=[i| — length of the normal vector directed outwards to the boundary element,d /on —
normal derivative, f — domain (source) function, c; — coefficient removing or restricting the
singularity from the primitive function of PDE solution.
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Table 1. Green Functions

) i Green functions G(R) for:
Space dimension Laplace / Poisson PDE Helmholtz PDE
1D G(R)=—%R (12) G(R):—%sinh(kR) (13)
1,1 1
2D G(R)=—In~ (14) G(R)=——K,(kR)  (15)
27 R 27
1 1 i
G(R)=—— 16 G(R)=——¢ 17
3D (R) >R (16) (R) >R (17)

The Green function G mentioned above varies for each type of PDE and dimension of
the space in which the problem is defined. Selected Green functions for Laplace/Poisson and
Helmholtz equations were gathered in table 1. It is worth to see that when the value of R
decreases to zero (R — 0), the singularity occurs and special integration procedure has to be
taken.

If the problem is to be calculated using BEM, only the boundary I" of the examined
domain Q has to be discretized.

In figure 1 there is presented an example 2D object, which boundary I" was discretized
with linear boundary elements. The boundary I" around the domain Q was discretized with 12
boundary elements T';, where j € (1, 12). There are also 12 boundary nodes, where i € (1,

12). Boundary conditions were also marked in the model. Dirichlet Boundary Conditions
(DBC) were applied on the top and bottom border (known potential ¢), whereas Neumann
Boundary Conditions were applied on the left and right border of the model (known potential
normal derivative 0p /0n . As can be noticed the domain was not discretized. While creating
the boundary mesh it is required that the normal vector to the boundary element i is directed
outward the examined domain Q.

QP
1 10 y & 7
T, T T, T
dgp |, r| o
ERLETYA as O
'I-l.- F
r r, r, I,
i il il .
! 2 3 4 I' 5
QP

Figure 1: Example 2D boundary mesh with the marked boundary conditions

When the domain boundary I' is discretized the Boundary Integral Equation (11) has to
be written in the discretized form. The boundary was discretized into J boundary elements and
it has | nodes. Each element has K nodes which interpolate potential ¢ and L nodes which
interpolate its normal derivative d@/0n . When the source is defined in the domain €, it can be
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discretized into D domain elements. The discretized BIE for one domain problem has the
following form:

J K . .
curu )+ X uf [N @ 0 @ar ) -

j=1k=1 r;(&)

J L i
=>>a” [N®EG(rE)n)

j=11=1 T (&)

IO @©)dr; @)+ (18)

£ [P @R, @)

d Qq4(s)

where: N{") — base interpolation functions for potential ¢; N(® — base interpolation

functions for potential derivatived ¢/on ;

Jﬁ?‘)(g)‘— Jacobian of transformation of geometrical
J

boundary element from the global coordinate system to the local coordinate system; ‘J&Q) (g)‘

— Jacobian of transformation of geometrical domain element from the global coordinate
system to the local coordinate system; & — boundary point local coordinates of transformed

boundary element; ¢ — domain point local coordinates of transformed domain element; u&j) -

potential ¢ value in the node k of the element j; g? - potential normal derivative dg/én in the

node | of the element j.

Normally potential ¢ and its normal derivativé ¢/on are interpolated by boundary
elements of the same type, which results the following relation:

K = L — number of boundary element nodes is the same for both interpolation functions
@ and Oplon .

Matrices are good containers and matrix calculations are clear, therefore BIE (18) can
be presented in the matrix form:

Ap = Big0+F. (19)
on

When the Laplace PDE is calculated the vertical vector F responsible for domain source
potential is equal zero: F = 0. Introducing boundary conditions is the next step. BCs are
applied to the equation (19) which results in the following set of linear equations:

ax=>h, (20)

where: X — is the unknown vector composed from unknown boundary potentials u = ¢

and/or potential normal derivatives q = 0¢p/on : X =

®
8_(/)] It is worth to notice that the left
on
hand side matrix a is dense.

The set of equations (20) can be calculated using solvers based on LU decomposition
[6], faster GMRES [7, 18] or any other available. As the result of BEM calculations all
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potential u = ¢ and its normal derivative q = d¢/on are known in the boundary nodes. Internal
node values do not have to be calculated but if needed their values are calculated using
potential and its normal derivative values from all boundary nodes.

5.5. Multi domain problems

The above discretized form of BIE (18) is applicable for one domain problem. But BEM
can also solve multi domain problems. Then BIE should be modified so regions are included.

Two domain problem is presented in figure 2. There is a boundary I'*? named an
interface between domains (regions) Q® and Q® . There are also marked external
boundaries for particular domains: T® for Q® and r® for Q® . This particular notation of
boundaries and consequently BIE was created specially for the BEMLAB library. Normal

vectors i to the boundaries were also marked. When the domain Q® is considered the
vector A, is taken, when the domain Q® is considered the vector fi, is taken.

I"\ H ] E J .."I

F (1] _ r[-]--:j_f r (2)

Figure 2: Two domain (Q(l) and Q(Z)) problem with a marked interface %2 petween them

The Boundary Integral Equation for the multi domain problem made of 2 domains
created for BEMLAB numerical package has the following form:

R B

.2 Ci(r)u(r) +

r=1b=1

R B, Jbr K . GG(r(é); r')
(i) CONE P G VAR DA

r=1b=1| j=1k=1 T ()

IPEr; @ |-

(21)
R B, (I L

=>>1>>a [NPEG(rE).r)

r=1b=1| j=1I=1 I (&)

IPEr; @+

DI’
+> [T (r@)G (r(s).r;)

d ol ()

1V @)dl (5)
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where: B, — is the number of boundaries neighbouring the current region (domain) r; b,
— is the current boundary between the current region r and the neighbour (or external region
marked as Q', where Q' zQ).

The matrix BIE equation (19) and the set of equations (20) has the same form for multi
domain problems. However before applying boundary conditions, interface conditions have to
be additionally applied to the equation (21). There are two interface continuity conditions on
the interface:

Potential continuity — In the interface node the following relationship occurs:

(ﬂ1|r(1:2) :(02|r<12> (22)
Potential normal derivative continuity — In the interface node the following
relationship occurs:
m 20y 00 (23)
on r2) on r2)

where: m;, m, — are material parameters of particular domains. The — (minus) sign
exists because normal vectors has the same direction but opposite turns as is marked in Fig. 2.

After solving the set of equation (20) for multi domain problems, all potential u = ¢ and
its normal derivative q = d¢/on values in nodes of external boundaries T(" and interfaces

() are known.

This section includes some basic information about Boundary Element Method, which
were required to model and implement BEMLAB library. There were presented notation and
modelling procedure which make possible to create the universal BEM software applicable to
diverse problems.

5.6. BEMLAB software

The name Boundary Element Method was proposed by C. A. Brebbia in 1970s [2]. The
number of applications increased since then and further areas are being investigated. At the
same time development of FEM was much more rapid and nowadays its role is indisputable.
When the computers become more common and high level programming languages arise, lots
of applications implementing FEM were created. There is a broad choice of open source as
well as commercial FEM software. Everyone can choose the one which is the best for
particular applications. This is also one of the reasons why the FEM is much more popular
method for solving PDEs than BEM.

The BEM software availability is much smaller than the broad choice of FEM one [5,
15]. And unfortunately, only little BEM codes were created for all the time since the BEM
arose. One of the reasons may be the fact that BEM mathematical description is more
complicated. Another one probable cause is the existence of problematic singularities which
have to be taken into consideration and solved. Because of lack of BEM software applicable
to tomography applications the BEMLAB [17] project was initiated.
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5.6.1. Technology
Licensing

It was decided that the BEMLAB software will be developed using the open source
licence. Some of the reasons why the code is publicly available are: the intention of creating
the community around the project, Boundary Element Method popularization among
engineers and scientists, its further development and acceleration.

BEMLAB binary packages and the source code are distributed under GNU LGPL
(Lesser General Public License) license terms. The project provides universal library and the
reference application, which is the easiest way for solving problems using BEM. There are
also auxiliary programs provided to facilitate engineer’s tasks.

Technology main goals

The licensing and technology were chosen in the way so the BEMLAB project could be
named as a “good open source project”, which comply criteria described in e.g. [3]. The
following aims were set against the project:

» calculation correctness,

* usage easiness,

« further development easiness, by choosing well known technologies.

The numerical software is a special type of software which target group is relatively
small comparing to the system or application software. Therefore the chosen technology,
tools, modelling and development procedures should be already known to the potential users,
so they can be easily engaged to use the created software. It is particularly important in case
of BEM software, because the method by itself is not widely known.

Objectivity

BEMLAB software has an objective architecture because it simplifies the process of
modelling, development and further hosting. This also decreases the entrance level for new
developers so they can faster and easier get to know the project architecture. Moreover there
is a Unified Modelling Language (UML) [4] available, which allows creation of standardized
diagrams made of unified symbols. UML allows creation software requirements and
architecture during the whole process of modelling and development. UML diagrams are
unambiguous therefore all projects participants has a clear view of how the code will be
implemented or is already implemented. Furthermore “pictures” like diagrams are generally
easier assimilated than the code by itself. The objectivity allows modelling and creating the
code which is better adapted to the reality, than the functional one.

Programming language

Nowadays, many programming languages support object-oriented programming. C++
was chosen as the main programming language used in BEMLAB software. Other considered
were Java and C#, but both require virtual machines and their programmes are slower than
those written in C++. It is important that those three programming languages are popular and
are taught in all computer engineering studies of the undergraduate and graduate courses.
Nowadays computer companies use them to create software.
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Some available BEM codes [15] are written in Fortran which was a popular language of
numerical software. Nowadays it is not popular, commercial software does not use it and
finally it is taught in a scarce scope if not at all. Moreover functional C and Objective C++ are
popular in the open source community.

Compiler

C++ compilers are available on almost any platform and operating system. Almost all
C/C++ software in Linux/Unix like operating systems use GNU compilers. BEMLAB
reference implementation also uses GNU C++ Compiler which is the base compiler among
open source software. There are multithreaded algorithms specially designed and
implemented for BEMLAB, which fasten BEM calculations on multicore processors and on
multiprocessor computers. BEMLAB library uses threads introduced in C++0x specification.

Therefore it is recommended to use GNU Compiler version 4.4.0 or never, because
C++0x threads are available from that version only. However up to now it is possible to use
previous versions of GNU compilers (tested all major versions since GNU Comepiler 3.3), but
with the restriction that multithreaded algorithms are turned off. This is deprecated but makes
possible to use BEMLAB on older operating systems where newer versions of GNU Compiler
are not yet available. However the code without multithreading will be completely removed in
the future.

Code manager

The most important case for the end user is possibility of using the software. The user
wants to run the software in the known and the easiest way possible. Similarly the
programmer wants to compile and build the software efficiently. Code managers come with
help to fulfil these requirements. Code managers allow to automate such tasks like
environment configuration, code compilation, binaries building, installation or source package
creation. All tasks are very important but the environment configuration is worth noting,
because thanks to it the developer does not have to bother how the end user environment and
the operating system are configured. Differences between platforms and systems distributions
are transparent and the code manager manages with them automatically. Moreover it provides
the possibility to provide user’s special configuration options in the unified way e.g. install
the application in a non standard location. Two code managers were taken into account:

» the suite of tools: automake, autoconf and libtool, also known as autotools,

* cmake.

Finally the first one was used despite of its disadvantages like e.g. difficulty to
programme. However it is much more common, users are used to it and simply is fair enough.
The second one (cmake) is not so popular and maybe it will not become. The code manager
is required to develop the code effectively.

Version control system

Almost none programming project can obey without Version Control System (VCS).
And not only programming one e.g. this chapter creation (writing) was carried out with the
help of version control system. VCS is designed to store all versions of particular files. It
allows to compare changes, create branches, merge codes versions. It has the full history of
changes made in the code or document. It allows a group of people to develop the code
effectively.
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Without the VCS it would be impossible. When the BEMLAB project was started out
two version control systems engines were considered:

» CVS - popular and widely used,

* SVN - newer, somewhat less popular than CVS, but with substantial advantages and
much modern.

Nowadays GIT is obtaining consecutive applications because of its modern architecture.
However it was not mature enough that time and is not yet as popular as both mentioned
above together — support on various operating systems is still restricted. Finally the SVN was
chosen, which has been used for the whole processed development. Publicly the repository is
available under the address:

svn://svn.bemlab.org/bemlab

Until now SVN is sufficient but the repository migration to GIT cannot be excluded in
the future.

Website

Many open source projects have websites and every “good open source project” must
have one. The website is easily available and is the most popular place for distributing
software and documentation. The community is gathering around the projects website and
available services. This is a very important part of the project. BEMLAB project has its own
domain:

http://bemlab.org/

There are many web applications available but only actively developed and with a good
support (bug fixes deployment) were considered to be used with a BEMLAB project. Mainly
Content Management Systems (CMS) such as Joomla or Drupal were considered, and Wiki
applications such as MoinMoin and MediaWiki. Finally MediaWiki [20] was chosen — it is
broadly used (among others by Wikipedia) and bug fixes are systematically made available.
Moreover a lot of people know MediaWiki interpreter and it supports LaTeX equations.

The website and the software also require the logo so they can be easily recognized.
Figure 3 presents the logo specially designed for the BEMLAB project — it presents a
discretized surface of sphere, the boundary.

5.6.2. Data Input/Output format

While creating specification for the project it was decided that the calculated problems
will be defined fully using one file format. It was also decided that the problem can be split
among many files. Exchanging data with external files was a priority.

File format
Taking above into account the text file format compatible with Matlab M-files was
chosen. The example matrix definition named matrix consisting of 2 rows and 3 columns with

a marked comment is as follows:

matrix=[1 3 7; 4 6 8]; % comment (2,3)
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The choosen file format can easily be converted into Scilab sci-format, by changing the
comment string.

shell% sed -e 's/%/\/\//g' file_matlab.m >
file_scilab.sci

The converted file can then be read into scilab:
scilab-> exec('file_scilab.sci')

Furthermore a text file format is more user friendly. It simplifies tasks related with mesh
creation. Text files can easily be edited and manipulated using standard tools such as text
editors (e.g. vi) or line editors (e.g. sed, awk). It is also easer to write programmes which
process data files in script languages like perl, python, ruby or using the shell interpreter.

5.7. Data format

The BEMLAB data format is based on the file format presented above. The base unit is
the matrix. Mesh files are composed of many matrices with the strictly defined names. The
huge advantage of the file format is its universality. Any number of domains, elements,
sources, etc. can be defined for the calculated problem. The matrix definitions can be
specified in files in any order. A basic example is presented in figure 4.

Figure 3: BEMLAB logo Figure 4: 2D boundary mesh

This is a two dimensional problem discretized with J = 4 boundary elements. Potential
ul and its normal derivative g/ were marked in the | = 4 interpolation nodes. One node,

constant elements are used to interpolate potential and its normal derivative K =L = 1 — see
equation (18). Geometry is discretized with 2 node linear boundary elements.
The mesh from figure 4 can be defined in BEMLAB data format in the following form:

nodes=[0,0; 5,0; 10,0; 10,5; 10,10; 5,10; 0,10; 0,5]; %
elementsGeom=[1,3; 3,5; 5,7; 7,1]; % 4
elementsU=[2; 4, 6; 8]; % 4

elementsQ=elementsU;

elementTypeGeom=['LineLinear];
elementTypeU=['LineConstT;
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elementTypeQ=elementTypeU;
dirichletElements=[ 1, 3 ]; % 2
dirichletBC=[0; 10]; % 2
neumannElements=[2,4]; % 2
neumannBC=[0; 0]; % 2

angleCoefficients=[ 2,4,6,8]; % 4
angleCoefficientValues=[ 0.5, 0.5, 0.5,0.5]; % 4

methodType_1=['poisson’;

where:
* nodes - is the matrix which includes all nodes coordinates defined in the problem,

* elementsGeom - is the matrix which includes geometrical boundary elements
definitions — contains indexes to nodes defined in nodes matrix,

* elementsU - is the matrix which includes definitions of elements interpolating
potential u = ¢ — contains indexes to nodes defined in nodes matrix,

e elementsQ - is the matrix which includes definitions of elements interpolating
potential normal derivative q = d¢/on — contains indexes to nodes defined in nodes
matrix, and usually is equal to elementsU matrix,

» elementTypeGeom - is the matrix which defines geometrical element type — here
first order linear element is defined: ['LineLinear"],

* elementTypeU — is the matrix which defines type of element interpolating potential u
= ¢ — here first order linear element is defined: ['LineConst'],

* elementTypeQ - is the matrix which defines type of element interpolating potential
normal derivative q = dp/on — usually is equal to elementTypeU matrix,

e dirichletElements — is the matrix which defines elements which has Dirichlet
Boundary Condition defined — here two elements 1 and 3,

o dirichletBC - is the matrix which defines Dirichlet Boundary Condition values
(potential u) in consecutive elements defined in matrix named dirichletElements —

here element 1 has the potential u{) =0 defined in node 2 and element 3 has the
potential u{® =10 in node 6,

e neumannElements - is the matrix which defines elements which has Neumann
Boundary Condition defined — here two elements 2 and 4,



139

 neumannBC - is the matrix which defines Neumann Boundary Condition values
(potential normal derivative ) in consecutive elements defined in matrix named

neumannElements — here elements 2 has the value g{? =0 defined in node 4 and
element 4 has the value g{* =0 in node 8,

» angleCoefficients — is the matrix which contains indices of nodes which interpolate
potential u and its normal derivative g and will have c; coefficient value manually
defined — see equation (18) — this matrix is auxiliary for this model,

» angleCoefficientValues — is the matrix which contains values of c; coefficient for
nodes defined in matrix angleCoefficients — here all c; values are equal 0.5, where i
=1 2, 3,4 ¢ = 05 is the default value therefore angleCoefficients and
angleCoefficientValues matrices don’t have to be defined in this case,

* methodType_1 - is the matrix which contains the name of an integral kernel which is
used to set up BEM matrices: A,B,F.

The above problem defined in the presented file example_2d.m can be solved using
BEMLAB software by issuing the following command:

% obem_solve -i example_2d.m -m 1234 -o
solution_output.m

The results are written to the output file solution_output.m.
The BEMLAB package also provides programs which can be used for post-processing
tasks like drawing a plot.

5.8. BEMLAB architecture

This section presents only selected information about the BEMLAB software
architecture.

( " sefting ) Py
boundary BEM
discretization boundary .
_ ~ | conditions —‘ /1 library

. e

BEM matrix et of equations _ iset of equations _ | internal values
generation || generation solving calculation

g e )L J

pe - e

L visualization

.,

Figure 5: Activity diagram containing main activities taken while solving problems defined by Partial
Differential Equations, which include preprocessing (first row), chosen numerical method calculations (second
row), and finally postprocessing (third row)
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Before creating the BEMLAB library architecture the mathematical description of the
numerical method has been done (section 4). Among others use case models has been created.
One of the diagrams which show the whole process of any problem modelling is the activity
diagram presented in figure 5.

The diagram contains main activities taken during solving problems defined by Partial
Differential Equations. The whole process is divided into three stages from the numerical
software point of view. The following stages include basic BEM activities presented in the
one domain model case for the simplicity, but extendible in the multi domain one:

1. Preprocessing — Includes mainly:
* boundary discretization I' of the problem domain €,
* setting boundary conditions on the external boundary of the problem.

2. Numerical method calculations — Includes activities involving Boundary Element
Method tasks, which mainly include:

* BEM matrix generation A,B,F — equation (19),
* set of equations generation — the left hand side a and the right hand side b
matrices are generated using among others generated previously A,B,F
matrices and boundary conditions — equation (20),
 set of equations solving — this activity is the most time consuming and
includes running the solver — as a result all unknown boundary values of
potential u and its normal derivative g are known,
« internal values calculations — this activity is optional and run only when
needed, it uses the BEM engine and needs the data required for previous tasks
and calculated boundary values of potential u and its normal derivative g.

3. Postprocessing — Includes tasks involving usage of results obtained with numerical
method in the previous stage like:
* visualization.

The basic activities of the BEM core included in the BEMLAB library are marked with
a dashed line.

Another diagram which was created during modelling the BEMLAB software is the
component diagram presented in figure 6.

The software was divided into: lib — the library, application — reference application and
tests — testing module. The main logic is included in the library lib. As the BEMLAB software
implements BEM comprehensively providing the multi physics package, the lib was divided
into several components:

* base — Includes containers used accross the library, methods implementing
required algorithms like matrix calculations or iterators, implements methods
responsible for the data file format compatible with Matlab M-files,

* bem - Includes algorithms wich implement boundary element method. There
are main algorithms implementing activities from the diagram 5, the equation (21),
Greens functions, integration kernels calculations, boundary and interface conditions
application, internal point calculations, etc.,

* integration — Includes required integration algorithms e.g. Gauss Quadrature,

* solver — Includes algorithms used for solving sets of linear equations (20):

ax=b,

e auxiliary - Includes auxiliary algorithms not available in Standard Template

Library (STL) distributed with C++ but required by the
BEMLAB software.
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Figure 6: BEMLAB component diagram

The application component consists of several classes which use the library to provide
its functionality for the end-user. Using application is the easiest way to proceede calculations
by the end-user.

A very important is the test component. The development cannot be efficient without
broad range of tests. It is especially important in the numerical software where a small change
may have a big impact on the correctness of calculations. Tests allow to detect mistakes and
bugs on the very early stage.

There are several type of tests. Some of them test particular methods and classes, where
the others the library and the application as a whole — acceptance testing. The whole bunch of
tests is run before every commit to the version control system.

CSparskit2

The longest task which is proceeded during BEM calculations is solving the set of linear
equations as presented in diagram 5 and equation (20). Moreover the left hand side matrix a is
dense in opposite to FEM where it is sparse and symmetric. Therefore fast algorithms known
from FEM cannot be used.

However calculations can be fastened using GMRES algorithms. The Generalized
Minimal Residual Method (GMRES) was proposed by Yousef Saad [7] in 1980s.

One of the GMRES implementations is the SPARSKIT2 package [19] by Yousef Saad.
The source code is written in Fortran. It was essential to write a wrapper in C++ to make it
use the BEMLAB containers implementing matrix format compatible with Matlab M-files.
The C++ wraper was named CSparskit2 and is available at [18]. CSparskit2 uses BEMLAB
base component (Fig. 6) and depends on SPARSKIT2 package.
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5.9. The Diffuse Optical Tomography problem described by means of the baby
head model

Diagnosing and controling head haemorhages in newborn infants especially premature
babies, and woman breast tumour detection are the main areas of scientists intersest for
Diffuse Optical Tomography application (DOT). DOT uses near infrared light which
wavelength A is usually from 760 to 830mm.

A three dimensional baby head model is presented in this section. Figure 7 presents the
model of baby head.

The head is divided into three domains: Q' — scalp, Q@ — skull and Q® — brain.
Each domain Q" , where r € (1, 2, 3) differs in tissue optical parameters. Boundary Element
Method requires only boundaries to be discretized, therefore only meshes for r®, 1 and
r'® poundaries have to be generated. The boundaries were discretized using six node
quadratic triangle.

The NIR source characterized by the frequency modulation of source light intensity o =
100MHz is used in this example. The NIR light source is modelled as the collimated point

1
source placed —- under the model surface.
Hs

This is the most accurate mapping of light source [9] as the light dispersion starts only

when the light ray passes the i length. The point source is located inside Q¥ domain in the
Hs
presented model.

Figure 7: Schematic three layers model of baby head

All calculations were done using BEMLAB software. The visualization was done using
BEMLAB programmes. The following figures present direct results of the modelled forward
problem. Figure 8a) and b) presents the layout of photon density on the head surface T®, c)
and d) on the skull surface T*? and e) and f) on the brain surface for the amplitude and the
phase shift respectively.

All figures consist of two subfigures were the first one presents amplitude of photon
density and the second one its phase — logarithmic scale was used. The yellow marker shows
the placement of the source point. It is impossible to calculate such model analytically,
because of a non regular geometry.

However it can be stated that the obtained results are correct based on the correct results
obtained for the example geometries where analytical solution is known and calculated using
the same process. Moreover the obtained photon density changes on the boundaries in the
expected way — amplitude decreases when the distance from the source increases and the
phase value increases when the distance from the source increases.
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Figure 8: Photon density layout presented in logarithmic scale on: a) the head surface F(l), c) the skull surface
2 , ) the brain surface r3 ; the left column presents the amplitude and the right column the phase shift

5.10. Summary

The BEMLAB software is designed to solve Diffuse Optical Tomography and Electrical
Impedance Tomography problems. Among others it can also be used for solving
electromagnetic problems. BEMLAB is protected by the open source license, which means
that can be freely distributed (binaries as well as the source code). It has an objective
architecture which eases modelling and development. It uses multi-threaded BEM algorithms
which accelerate calculations on multicore or multiprocessor computers.
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The BEMLAB software was designed to be an universal BEM package which
implements various types of boundary elements, Partial Differential Equations. It can be used
to calculate multi domain problems of any geometry and with any number of domains. It
provides an easy to use data format compatible with Matlab m-files. There are also some
auxiliary programmes for preprocessing and postprocessing provided.

The BEMLAB project aspires to be the platform for Boundary Element Method
improvement. The projects created infrastructure allows to run the dispersed development.
Now, BEMALB is a ready to use software for solving problems described by PDEs including
tomography problems as it was presented.
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