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ÏÅÐÅËIÊ ÓÌÎÂÍÈÕ ÏÎÇÍÀ×ÅÍÜ ÒÀ ÑÊÎÐÎ×ÅÍÜ

N � ìíîæèíà âñiõ íàòóðàëüíèõ ÷èñåë;
R � ìíîæèíà âñiõ äiéñíèõ ÷èñåë;
(Ω,F , P ) � éìîâiðíiñíèé ïðîñòið;
(Ω,Ft,F , P ) � ôiëüòðîâàíèé éìîâiðíiñíèé ïðîñòið;
(X,X ) � ôàçîâèé âèìiðíèé ïðîñòið;
B(X) � áàíàõîâèé ïðîñòið äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié

ç ñóïðåìóì íîðìîþ;
τn � ìîìåíòè âiäíîâëåííÿ;
ν̃(dt, du) � öåíòðîâàíà ïóàññîíîâà ìiðà;
xn, n ≥ 0, � âêëàäåíèé ëàíöþã Ìàðêîâà;
x(t), t ≥ 0 � ìàðêîâñüêèé ïðîöåñ;
P (x,B), B ∈ X , � ïåðåõiäíi éìîâiðíîñòi ëàíöþãà Ìàðêîâà;
Gx(t) � ôóíêöiÿ ðîçïîäiëó ÷àñó θx ïåðåáóâàííÿ â ñòàíi x;
ρ(B) � ñòàöiîíàðíèé ðîçïîäië ëàíöþãà Ìàðêîâà xn, n ≥ 0;
π(B) � ñòàöiîíàðíèé ðîçïîäië ìàðêîâñüêîãî ïðîöåñó x(t);
P � îïåðàòîð, ïîðîäæåíèé ñòîõàñòè÷íèì ÿäðîì P (x,B);
Q � ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0;
R0 � ïîòåíöiàë ãåíåðàòîðà Q;
NQ � íóëü-ïðîñòið îïåðàòîðà Q;
RQ � îáëàñòü çíà÷åíü îïåðàòîðà Q;
B(X) = NQ ⊕RQ;
µ(t) � äiéñíîçíà÷íèé ìàðòèíãàë;
< µ(t) > � õàðàêòåðèñòèêà µ(t);
Ck(X) � ïðîñòið k ðàçiâ íåïåðåðâíî äèôåðåíöiéîâàíèõ îáìåæåíèõ

íà X ôóíêöié;
≡ � ðiâíiñòü çà îçíà÷åííÿì;
a ∧B � ìåíøå ç ÷èñåë a òà b;
E[·] � ìàòåìàòè÷íå ñïîäiâàííÿ [·];
o(ε) � ÷èñëîâà ôóíêöiÿ: o(ε)/ε→ 0, ε→ 0
O(ε) � ÷èñëîâà ôóíêöiÿ: O(ε)→ 0, ε→ 0
ÑÄÐ � ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâíÿííÿ;
ÑÄÐÐ � ñòîõàñòè÷íå äèôåðåíöiàëüíî-ðiçíèöåâå ðiâíÿííÿ;
ÂËÌ � âêëàäåíèé ëàíöþã Ìàðêîâà;
ÌÏ � ìàðêîâñüêèé ïðîöåñ;
IÏÇ � iìïóëüñíèé ïðîöåñ çáóðåíü;
ÏÑÀ � ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨;
ÑÌÏ � ñòðèáêîâèé ìàðêîâñüêèé ïðîöåñ;
ËÌ � ëàíöþã Ìàðêîâà;
ÔÏÑ � ôàçîâèé ïðîñòið ñòàíiâ.
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ÂÑÒÓÏ

Cèñòåìíèé àíàëiç ñïðÿìîâàíèé íà ðîçâ'ÿçàííÿ ñêëàäíèõ ïðîáëåì, ÿêi ïðåä-
ñòàâëÿþòüñÿ ó âèãëÿäi öiëåñïðÿìîâàíèõ ñèñòåì. Cêëàäíó ñèñòåìó ñëiä ðîçãëÿ-
äàòè i ÿê ¹äèíå öiëå i ÿê òàêó, ùî ñêëàäà¹òüñÿ ç ÷àñòèí. Ïðè öüîìó áàãàòî
ÿêiñíèõ âëàñòèâîñòåé ñèñòåìè, ÿêi íå ñïîñòåðiãàþòüñÿ â ¨¨ îêðåìèõ êîìïîíåí-
òàõ, âèíèêàþòü ñàìå âíàñëiäîê âçà¹ìîäi¨ öèõ ñêëàäîâèõ. Òåîðiÿ ñêëàäíèõ ñè-
ñòåì ñïèðà¹òüñÿ íà ìåòîäè ñèñòåìíîãî àíàëiçó ÿê íà ïðèêëàäíó íàóêîâó ìå-
òîäîëîãiþ, ùî ñêëàäà¹òüñÿ, çîêðåìà, ç ìàòåìàòè÷íèõ ìåòîäiâ, àëãîðèòìi÷íèõ
ïðîãðàìíèõ òà îá÷èñëþâàëüíèõ çàñîáiâ, ùî çàáåçïå÷óþòü ôîðìóâàííÿ öiëiñ-
íèõ çíàíü ïðî äîñëiäæóâàíèé îá'¹êò ÿê ïðî ñóêóïíiñòü âçà¹ìîïîâ'ÿçàíèõ ïðî-
öåñiâ ðiçíî¨ ïðèðîäè äëÿ ïîäàëüøîãî ïðèéíÿòòÿ ðiøåíü ùîäî éîãî ðîçâèòêó
òà ïîâåäiíêè ç óðàõóâàííÿì êîíôëiêòóþ÷èõ êðèòåði¨â, íàÿâíîñòi ôàêòîðiâ ðè-
çèêó òà íåäîñòîâiðíî¨ iíôîðìàöi¨ [14]. Ìåòîþ çàñòîñóâàííÿ ñèñòåìíîãî àíàëiçó
¹ ïiäâèùåííÿ ñòóïåíþ îáãðóíòîâàíîñòi ðiøåííÿ, ùî ïðèéìà¹òüñÿ. Çàâäÿêè çà-
ñòîñóâàííþ ìåòîäiâ ñèñòåìíîãî àíàëiçó, òåîðiÿ ñêëàäíèõ ñèñòåì ïîñòiéíî ðîç-
âèâà¹òüñÿ i ñïðèÿ¹ ðîçðîáöi ìåòîäiâ ñòðóêòóðóâàííÿ, ìîäåëþâàííÿ, ñòiéêîñòi,
àíàëiçó òà ñèíòåçó äåòåðìiíîâàíèõ i ñòîõàñòè÷íèõ ñèñòåì â çàäà÷àõ ôóíêöiî-
íàëüíîãî àíàëiçó, òåîði¨ éìîâiðíîñòåé òà âèïàäêîâèõ ïðîöåñiâ, ìàòåìàòè÷íèõ
ïðîáëåì iíøèõ äèñöèïëií, çîêðåìà, áiîëîãi¨, ñîöiîëîãi¨, åêîëîãi¨, åêîíîìiêè òà
ìåäèöèíè. Îñíîâíîþ ïðè÷èíîþ, ùî îá'¹äíó¹ öi íàéðiçíîìàíiòíiøi ìàòåìàòè÷íi
òà ïðèðîäíè÷i íàóêè â ¹äèíó äèñöèïëiíó ¹ áëèçüêiñòü òà ñïîðiäíåíiñòü çàêîíiâ
òà ìåòîäiâ äîñëiäæåííÿ êîëåêòèâíî¨ ïîâåäiíêè òàêèõ ñêëàäíèõ ñèñòåì.

Ìàòåìàòè÷íi çàäà÷i äëÿ òåîði¨ ñêëàäíèõ ñèñòåì, ñòîñóþòüñÿ ðîçðîáêè ìàòå-
ìàòè÷íî îá ðóíòîâàíèõ ìåòîäiâ ñïðîùåííÿ ñèñòåì (äèâ., íàïðèêëàä [23]), ÿêi
ìîæóòü áóòè çàíàäòî ñêëàäíèìè íàâiòü äëÿ êîìï'þòåðíîãî àíàëiçó. Ïðè öüîìó
ñïðîùåíà ñèñòåìà ìà¹ áóòè òàêîþ, ùîá ïî-ïåðøå ¨¨ ëîêàëüíi õàðàêòåðèñòèêè
âèçíà÷àëèñü äîñòàòíüî ïðîñòèìè ôóíêöiîíàëàìè âiä ëîêàëüíèõ õàðàêòåðèñòèê
âèõiäíî¨ ñèñòåìè, à ïî-äðóãå ùîá ñïðîùåíó ìîäåëü ìîæíà áóëî á ÿêiñíî àíàëi-
çóâàòè ìàòåìàòè÷íèìè ìåòîäàìè i ïðè öüîìó ¨¨ ãëîáàëüíi õàðàêòåðèñòèêè áóëè
åôåêòèâíèì íàáëèæåííÿì âiäïîâiäíèõ õàðàêòåðèñòèê îðèãiíàëüíî¨ ñèñòåìè.

Òèïîâèìè ïðèêëàäàìè ñêëàäíèõ ñèñòåì ¹ ñòîõàñòè÷íi äèôåðåíöiàëüíi ðiâ-
íÿííÿ, ÿêi çîêðåìà ìîäåëþþòüñÿ iç çàñòîñóâàííÿì âèïàäêîâèõ åâîëþöié òà
âèïàäêîâèõ ïðîöåñiâ. Ðîçãëÿíóòi ó ìîíîãðàôi¨ ñòîõàñòè÷íi åâîëþöiéíi ñèñòåìè
ç íåïåðåðâíèì òà iìïóëüñíèì âïëèâîì îïèñóþòü ðiçíîìàíiòíi ìîäåëi â òåîði¨
ñèñòåì îáñëóãîâóâàííÿ, à ñàìå ìåðåæåâi ñòðóêòóðè, âèðîáíè÷i ñèñòåìè, çàñòî-
ñîâóþòüñÿ ïðè ìîäåëþâàííi ñèñòåì ïîøèðåííÿ iíôîðìàöi¨ òà ïðîòèäi¨ iíôîð-
ìàöiéíèì âïëèâàì, ïðîöåñiâ íàðîäæåííÿ-çàãèáåëi â åêîëîãi÷íèõ òà áiîëîãi÷íèõ
ñèñòåìàõ, à òàêîæ â ìîäåëÿõ ñòàòèñòè÷íî¨ ôiçèêè òà êâàíòîâî¨ ìåõàíiêè. Ñòî-
õàñòè÷íi åâîëþöiéíi ñèñòåìè ìîäåëþþòü çàäà÷i, ùî âèíèêàþòü â òåîði¨ íàäié-
íîñòi, òåîði¨ êåðóâàííÿ, ôiíàíñîâié ìàòåìàòèöi òîùî.

Ó ìîíîãðàôi¨ ïðîâåäåíî ñèñòåìíèé àíàëiç àñèìïòîòè÷íèõ âëàñòèâîñòåé åâî-
ëþöiéíèõ ìîäåëåé, ÿêi îïèñàíi ñòîõàñòè÷íèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè,
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âîíè ðîçãëÿíóòi òà äîñëiäæåíi ç ðiçíèõ òî÷îê çîðó, iç çàñòîñóâàííÿì êiëüêîõ
àïðîêñèìàöiéíèõ ñõåì. À ñàìå, ïðîàíàëiçîâàíî ïèòàííÿ ïîáóäîâè ãðàíè÷íî-
ãî ãåíåðàòîðà òà àñèìïòîòè÷íî¨ äèñèïàòèâíîñòi åâîëþöiéíèõ ñèñòåì â ñõåìàõ
ïóàññîíîâî¨ àïðîêñèìàöi¨ òà àïðîêñèìàöi¨ Ëåâi; ïðîàíàëiçîâàíî óìîâè ñëàáêî¨
çáiæíîñòi äèôóçiéíîãî ïðîöåñó ïåðåíîñó ç ìàðêîâñüêèìè ïåðåêëþ÷åííÿìè òà
êåðóâàííÿì ç òî÷êîþ ðiâíîâàãè ôóíêöi¨ êðèòåðiþ ÿêîñòi, äëÿ ÿêî¨ ïîáóäîâàíà
ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ â ñõåìi ñåðié.

Ðîçâèòîê òåîði¨ âèïàäêîâèõ åâîëþöié ïî÷èíà¹òüñÿ â êiíöi 60-õ ðîêiâ XX
ñòîði÷÷ÿ, iìîâiðíî, ç ðîáîòè Ð. Ãði¹ãî òà Ð. Õåðøà. Âîíè ââåëè ïîíÿòòÿ âè-
ïàäêîâî¨ åâîëþöi¨ â ñòàòòi [90]. Ïðèêëàäíi çàñòîñóâàííÿ ïîäiáíî¨ ìîäåëi âèï-
ëèâàþòü ç ðîáiò Ð.Ç. Õàñüìiíñüêîãî [35, 36], ÿêi ñòèìóëþâàëèñÿ ïðîáëåìàìè
ñòiéêîñòi ñòîõàñòè÷íèõ ñèñòåì.

Â 60-70-õ ðîêàõ çàäà÷i, ïîâ'ÿçàíi ç òåîði¹þ âèïàäêîâèõ åâîëþöié àêòèâíî
äîñëiäæóþòüñÿ àìåðèêàíñüêèìè ìàòåìàòèêàìè Ð. Õåðøåì, Ì. Ïiíñüêèì, Ã.
Ïàïàíiêîëàó, Ò. Êóðòöåì , Ð. Ãði¹ãî, Ë. Ãîðîñòiçåþ [70, 71, 90�95, 106, 107,
120-129], òà ií. Çîêðåìà, Ä. Ñòðóê, Ñ. Âàðàäàí çàïðîïîíóâàëè ìàðòèíãàëüíèé
ïiäõiä äëÿ äîâåäåííÿ ãðàíè÷íèõ òåîðåì [138] iç âèêîðèñòàííÿì ìåòîäiâ, ïîäiá-
íèõ äî ðîçâ'ÿçàííÿ ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ.

Åôåêòèâíèì çàñîáîì äîâåäåííÿ ãðàíè÷íèõ òåîðåì â òåîði¨ âèïàäêîâèõ åâî-
ëþöié ¹ ðîçðîáëåíà Â.Ñ. Êîðîëþêîì i À.Ô. Òóðáiíèì òåîðiÿ ôàçîâîãî óêðóï-
íåííÿ ñêëàäíèõ ñèñòåì [23]. Îñíîâíà iäåÿ ôàçîâîãî óêðóïíåííÿ ñèñòåì ïîëÿãà¹
ó ïîáóäîâi óêðóïíåíî¨ ñèñòåìè, ÿêà ñïðîùåíî îïèñó¹ âèõiäíó, ïðè öüîìó ç äî-
ñòàòíîþ òî÷íiñòþ õàðàêòåðèçó¹ ïîâåäiíêó òàêî¨ ðåàëüíî¨ ñèñòåìè. Ïðîöåñ ïîáó-
äîâè óêðóïíåíî¨ ñèñòåìè çäiéíþ¹òüñÿ òàê: ôàçîâèé ïðîñòið ðåàëüíî¨ ñèñòåìè
ðîçùåïëþ¹òüñÿ íà íåïåðåòèííi êëàñè. Ïîòiì ñòàíè êîæíîãî êëàñó óêðóïíþ-
þòüñÿ (ñêëåþþòüñÿ, îá'¹äíóþòüñÿ) â îäèí ñòàí. I íàðåøòi, â íîâîìó óêðóïíå-
íîìó ôàçîâîìó ïðîñòîði áóäó¹òüñÿ óêðóïíåíà ñèñòåìà, ôóíêöiîíóâàííÿ ÿêî¨
ñïðîùåíî, àëå â ïåâíîìó ñåíñi äîñèòü òî÷íî îïèñó¹ ôóíêöiîíóâàííÿ âèõiäíî¨
ðåàëüíî¨ ñèñòåìè.

É.I. Ãiõìàí òà À.Â. Ñêîðîõîä [10, 11, 33, 136, 137] ðîçðîáèëè òåîðiþ ñòîõà-
ñòè÷íèõ äèôåðåíöiàëüíèõ ðiâíÿíü òà ¨õ àñèìïòîòè÷íîãî àíàëiçó, Â.�. Øàïiðî
i Â.Ì. Ëîãiíîâ [41] äîñëiäèëè êiëüêà âàæëèâèõ çàäà÷ òåîði¨ äèíàìi÷íèõ ñèñòåì,
îïèñóâàíèõ ñòîõàñòè÷íèìè äèôåðåíöiàëüíèìè ðiâíÿííÿìè. Ïðîáëåìó ñòiéêî-
ñòi äèíàìi÷íèõ ñèñòåì ïðè âèïàäêîâîìó çáóðåííi ¨õ ïàðàìåòðiâ äîñëiäæóâàëè
Ð.Ç. Õàñüìiíñüêèé [35], �.Ô. Öàðüêîâ [37], Â.Ñ. Êîðîëþê [30]. Â.Ñ. Êîðîëþê
i À.Â. Ñâiùóê òàêîæ ðîçâèâàëè òåîðiþ íàïiâìàðêîâñüêèõ âèïàäêîâèõ åâîëþ-
öié, ñïèðàþ÷èñü íà òåîðiþ ìàðòèíãàëiâ. Áàãàòî çàñòîñóâàíü ïðîöåñiâ ç ïåðåìè-
êàííÿìè äî àíàëiçó ìåðåæåâèõ ñèñòåì ìîæíà çíàéòè â ðîáîòàõ Â.Â. Àíiñiìîâà
[47].

Ìåòîäè äîñëiäæåííÿ àñèìïòîòè÷íèõ âëàñòèâîñòåé, ÿêi âèêîðèñòîâóþòüñÿ ó
ìîíîãðàôi¨, îïèñàíî â ðîáîòi Â.Ñ. Êîðîëþêà òà Í. Ëiìíiîñà [7]. Â ìîíîãðà-
ôi¨ öi ìåòîäè çàñòîñîâóþòüñÿ, â îñíîâíîìó, äî ìîäåëåé â ñõåìàõ óñåðåäíåííÿ
òà äèôóçiéíî¨ àïðîêñèìàöi¨. Ïðè öüîìó íà çðîñòàþ÷èõ iíòåðâàëàõ ÷àñó ñõåìà
óñåðåäíåííÿ äåìîíñòðó¹ äåòåðìiíîâàíó óñåðåäíåíó ïîâåäiíêó ñèñòåìè, à ñõå-
ìà äèôóçiéíî¨ àïðîêñèìàöi¨ � ñòîõàñòè÷íi ôëóêòóàöi¨ íàâêîëî äåòåðìiíîâàíî¨
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óñåðåäíåíî¨ òðàåêòîði¨. Öi äâi ñõåìè âiäðiçíÿþòüñÿ íîðìóâàííÿì ïåðåìèêàþ-
÷îãî ïðîöåñó, à ñàìå, ó âèïàäêó ñõåìè óñåðåäíåííÿ ðîçãëÿäà¹òüñÿ ïðèñêîðåííÿ
÷àñó ïàðàìåòðîì ε−1, íàòîìiñòü ó âèïàäêó äèôóçiéíî¨ àïðîêñèìàöi¨ � ïàðà-
ìåòðîì ε−2. Âàæëèâèì åëåìåíòîì àëãîðèòìó ¹ ïðèïóùåííÿ ïðî åðãîäè÷íiñòü
ïåðåìèêàþ÷îãî ïðîöåñó.

Â ìîíîãðàôi¨ Â.Ñ. Êîðîëþêà òà Í. Ëiìíiîñà [7] ðîçãëÿíóòî òàêîæ êiëüêà ìî-
äåëåé äëÿ ñòîõàñòè÷íèõ åâîëþöié ç óðàõóâàííÿì iìïóëüñíèõ âïëèâiâ â ñõåìàõ
ïóàññîíîâî¨ àïðîêñèìàöi¨ i àïðîêñèìàöi¨ Ëåâi.

Ó íàøié ìîíîãðàôi¨ òàêîæ ïðåäñòàâëåíî iíøèé âàæëèâèé íàïðÿìîê äî-
ñëiäæåíü, à ñàìå,äîñëiäæåííÿ äèñèïàòèâíîñòi âèïàäêîâèõ åâîëþöié â óìîâàõ
àïðîêñèìàöi¨ Ëåâi òà Ïóàññîíà.

Äèñèïàòèâíiñòü ÿê âëàñòèâiñòü äåòåðìiíîâàíèõ ñèñòåì òà ñèñòåì ç âèïàä-
êîâèìè çáóðåííÿìè øèðîêî ðîçãëÿäàëàñÿ â ëiòåðàòóði. Ïîíÿòòÿ äèñèïàòèâíî¨
ñèñòåìè çàïîçè÷åíå ç ôiçèêè � öå ñèñòåìà, ÿêà âòðà÷à¹ ÷àñòèíó åíåðãi¨, îòðè-
ìàíî¨ iççîâíi. Â ðîáîòi [36] ïîäà¹òüñÿ îçíà÷åííÿ äèñèïàòèâíîñòi äåòåðìiíîâàíî¨
ñèñòåìè âèäó

dX

dt
= F (X, t),

äå X � n−âèìiðíèé âåêòîð, à âåêòîð-ôóíêöiÿ F âèçíà÷åíà, íåïåðåðâíà, ïåðiî-
äè÷íà ç ïåðiîäîì ω i çàäîâîëüíÿ¹ óìîâi ¹äèíîñòi ðîçâ'ÿçêiâ âèõiäíî¨ ñèñòåìè
ïðè âñiõ X, t.

Ð.Ç. Õàñìiíñüêèì áóëî âñòàíîâëåíî óìîâè äèñèïàòèâíîñòi äåòåðìiíîâàíî¨
ñèñòåìè, ÿêà çàäà¹òüñÿ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ âèäó

dx

dt
= F (x, t),

äå F (x, t) � âèìiðíà çà Áîðåëåì ôóíêöiÿ çìiííèõ (x, t) ïðè (x, t) ∈ E, äëÿ ÿêî¨
ìàþòü ìiñöå óìîâè ïðè áóäü-ÿêîìó R > 0
| F (x, t) |≤MR(t),
| F (x2, t)− F (x1, t) |≤ BR(t) | x2 − x1 |,

ïðè x2, x1 ∈ UR, äå MR(t) ∈ J òà BR(t) ∈ J.
À ñàìå, ñèñòåìà äèñèïàòèâíà, ÿêùî iñíó¹ íåâiä'¹ìíà ôóíêöiÿ Ëÿïóíîâà

V (x, t) ∈ C íà E, ÿêà çàäîâîëüíÿ¹ óìîâàì

VR = inf
(x,t)∈UR×I

V (x, t)→∞, R→∞,

d0V

dt
< −cV, (c = const > 0).

Çãîäîì âëàñòèâiñòü äèñèïàòèâíîñòi ïî÷àëà âèâ÷àòèñÿ äëÿ ïðîöåñiâ ç âèïàä-
êîâèìè åëåìåíòàìè. Â ðîáîòàõ Õàñüìiíñüêîãî Ð.Ç. [35], [36] ðîçãëÿíóòî ëiíiéíi
ñèñòåìè ç âèïàäêîâîþ ñêëàäîâîþ. Óìîâè äèñèïàòèâíîñòi òàêèõ ñèñòåì âñòà-
íîâëþþòüñÿ ç âèêîðèñòàííÿì âëàñòèâîñòåé íåâiä'¹ìíî¨ ôóíêöi¨ Ëÿïóíîâà çði-
çàíî¨ ñèñòåìè.

Ó áiëüø çàãàëüíîìó âèïàäêó, ñèñòåìà
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dx

dt
= G(x, t, ξ(t, ω))

íàçèâà¹òüñÿ äèñèïàòèâíîþ, ÿêùî âèïàäêîâi âåëè÷èíè |X(t, ω)| îáìåæåíi çà
éìîâiðíiñòþ ðiâíîìiðíî ïî t ≥ t0 òà ðiâíîìiðíî ïî x0(ω) ç âèêîíàííÿì óìîâè
P{|x0(ω)| < k} = 1 ïðè äåÿêîìó k < ∞. Òóò X(t, ω) � âèïàäêîâèé ïðîöåñ,
âèçíà÷åíèé i íåïåðåðâíèé ç iìîâiðíiñòþ îäèíèöÿ ïðè âñiõ t ≥ t0, ÿêèé çàäî-
âîëüíÿ¹ ðiâíÿííþ

X(t, ω)− x0(ω) =

t∫
t0

G(X(s, ω), s, ξ(s, ω))ds.

Ó ìîíîãðàôi¨ ïðîâåäåíî àíàëiç àñèìïòîòè÷íî¨ äèñèïàòèâíîñòi ñòîõàñòè÷íèõ
äèôåðåíöiàëüíèõ ðiâíÿíü ç iìïóëüñíèìè âïëèâàìè â óìîâàõ íåêëàñè÷íèõ ñõåì
àïðîêñèìàöié � Ëåâi òà Ïóàññîíà.

Ùå îäíèì âàæëèì íàïðÿìêîì äàíîãî äîñëiäæåííÿ ¹ âñòàíîâëåííÿ óìîâ
ñëàáêî¨ çáiæíîñòi äèôóçiéíîãî ïðîöåñó ïåðåíîñó ç ìàðêîâñüêèìè ïåðåêëþ÷åí-
íÿìè òà êåðóâàííÿì ç òî÷êîþ ðiâíîâàãè ôóíêöi¨ êðèòåðiþ ÿêîñòi, äëÿ ÿêî¨
ïîáóäîâàíà ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ â ñõåìi ñåðié. Òàêîæ çà äà-
íèõ óìîâ áóäó¹òüñÿ íîðìîâàíèé ïðîöåñ òà âñòàíîâëþ¹òüñÿ éîãî àñèìïòîòè÷íó
íîðìàëüíiñòü ó âèãëÿäi ïðîöåñó Îðíøòåéíà-Óëåíáåêà ó âèïàäêó, êîëè ïðîöåñ
ïåðåíîñó çìiíþ¹òüñÿ ïiä âïëèâîì ìàðêîâñüêîãî ïåðåêëþ÷åííÿ ïî òðà¹êòîði¨
íîâî¨ åâîëþöi¨ çi ñòàíó, â ÿêîìó âîíà áóëà ó ìîìåíò ïåðåêëþ÷åííÿ.

Ðîçâ'ÿçàííÿ ïðîáëåìè àñèìïòîòè÷íèõ âëàñòèâîñòåé íîðìîâàíîãî êåðóâàííÿ
ç ìàðêîâñüêèìè ïåðåêëþ÷åííÿìè â óìîâàõ ïðîöåäóðè ñòîõàñòè÷íî¨ àïðîêñè-
ìàöi¨ ý ùå îäíèì âàæëèâèì íàïðÿìêîì äîñëiäæåíü ìîíîãðàôi¨. Ïðîöåäóðà
ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ áóëà ââåäåíà â ðîáîòi Ðîáiíñà-Ìîíðî i äîñëiäæåíà
ó ìîíîãðàôi¨ Íåâåëüñîíà òà Õàñüìiíñüêîãî [1]. Ó 1952 ðîöi Êiôåð i Âîëüôî-
âiö, âçÿâøè çà îñíîâó iäåþ ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ Ðîáiíñà-Ìîíðî, ðîçãëÿ-
íóëè çàäà÷ó ïðî çíàõîäæåííÿ ìàêñèìóìó íåâiäîìî¨ ôóíêöi¨. Çàäà÷à ïîëÿãà¹
ó çíàõîäæåííi òî÷êè ìàêñèìóìó x0 ôóíêöi¨ f(x), òîáòî, ó ðîçâ'ÿçàííi ðiâíÿííÿ
f ′(x) = 0. Ó öüîìó âèïàäêó çàñòîñóâàòè ïðîöåäóðó Ðîáiíñà-Ìîíðî íåìîæëèâî,
áî, îñêiëüêè ïîõèáêè âèìiðþâàííÿ ôóíêöi¨ f(x) ó ðiçíèõ òî÷êàõ íåçàëåæíi,
òî ïðè ñïðîái îá÷èñëåííÿ ïîõiäíî¨ f ′(x) çà ðåçóëüòàòàìè âèìiðþâàííÿ ïîõèá-
êà ñòà¹ íåñêií÷åííî âåëèêîþ. Iäåÿ ìåòîäó Êiôåðà-Âîëüôîâiöà ïîëÿãà¹ â òîìó,
ùîá îá÷èñëþâàòè íàáëèæåíi çíà÷åííÿ ïîõiäíî¨, ïîêëàäàþ÷è äëÿ ïðèðîñòó àð-
ãóìåíòó ∆x = 2c(t) → 0 ïðè t → ∞ òà îäíî÷àñíî "âïîâiëüíþâàòè"ðóõ X(t)
äî x0, ðîáëÿ÷è ïàðàìåòð a çàëåæíèì âiä ÷àñó. Ïðè öüîìó ôóíêöiÿ a = a(t)
ïîâèííà áóòè âèáðàíà òàêèì ÷èíîì, ùîá, ïî-ïåðøå, ïîñëiäîâíiñòü X(t) íå çó-
ïèíèëàñü íàäòî ðàíî, à, ïî-äðóãå, ùîá ïîãàñèòè âïëèâ âèïàäêîâèõ ïåðåøêîä.
Ó ìîíîãðàôi¨ ïðîäîâæåíî öåé íàïðÿìîê äîñëiäæåíü i âèâ÷åíî ïèòàííÿ ïîáó-
äîâè íîðìîâàíîãî êåðóâàííÿ ç ¹äèíîþ òî÷êîþ ðiâíîâàãè êðèòåðiþ ÿêîñòi äè-
ôóçiéíîãî ïðîöåñó ïåðåíîñó â óìîâàõ ïðîöåäóðè ñòîõàñòè÷íî¨ àïðîêñèìàöi¨.
Ïîäiáíà ïîñòàíîâêà çàäà÷i ¹ àáñîëþòíî íîâîþ i äîçâîëÿ¹ îòðèìóâàòè äåÿêi
ñóòò¹âi óçàãàëüíåííÿ.
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Âêëàä ñïiâàâòîðiâ ìîíîãðàôi¨ ðîçïîäiëåíî òàê:
- Ðîçäië 1: ïiäðîçäiëè 1.1 òà 1.2 íàïèñàíi ×àáàíþêîì ß.Ì., ïiäðîçäië 1.3 �

Íiêiòiíèì À.Â., ïiäðîçäië 1.4 � Íiêiòiíèì À.Â. òà Õiìêîþ Ó.Ò;
- Ðîçäië 2: ïiäðîçäiëè 2.1, 2.3, 2.4 òà 2.6 íàïèñàíi Íiêiòiíèì À.Â., ïiäðîçäiëè

2.2 òà 2.5 � Íiêiòiíèì À.Â. òà ×àáàíþêîì ß.Ì.;
- Ðîçäiëè 3 òà 4 íàïèñàíi ×àáàíþêîì ß.Ì.;
- Ðîçäië 5 íàïèñàíèé Õiìêîþ Ó.Ò.
Àâòîðè âäÿ÷íi äîêòîðîâi ôiçèêî-ìàòåìàòè÷íèõ íàóê Ñàìîéëåíêó I.Â. çà

êîíñóëüòàöi¨ òà öiííi ïîðàäè ïðè íàïèñàííi ðîçäiëó 2.
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ÐÎÇÄIË I
ÑÒIÉÊIÑÒÜ ÒÀ ÊÅÐÓÂÀÍÍß Ó ÑÒÎÕÀÑÒÈ×ÍÈÕ ÑÈÑÒÅÌÀÕ Ç
ÂÈÊÎÐÈÑÒÀÍÍßÌ ÑÕÅÌ ÓÑÅÐÅÄÍÅÍÍß ÒÀ ÄÈÔÓÇIÉÍÎ�

ÀÏÐÎÊÑÈÌÀÖI�

1.1. Ñòiéêiñòü ñòîõàñòè÷íèõ ñèñòåì â ñõåìi óñåðåäíåííÿ
Â öüîìó ïiäðîçäiëi àíàëiç ñòiéêîñòi äèíàìi÷íî¨ ñèñòåìè ç íàïiâìàðêîâñüêè-

ìè ïåðåêëþ÷åííÿìè ðåàëiçó¹òüñÿ ç âèêîðèñòàííÿì êîìïåíñóþ÷îãî îïåðàòîðà
íàïiâìàðêîâñüêîãî ïðîöåñó. Ïðîáëåìà ñòiéêîñòi íàïiâìàðêîâñüêî¨ ñòîõàñòè÷íî¨
ñèñòåìè ôàêòè÷íî çâîäèòüñÿ äî àíàëîãi÷íî¨ ïðîáëåìè ç ìàðêîâñüêèìè ïåðå-
êëþ÷åííÿìè.

Âèõiäíà äèíàìi÷íà àâòîíîìíà ñèñòåìà ç íàïiâìàðêîâñüêèìè ïåðåêëþ÷åí-
íÿìè ó ñõåìi ñåðié ç ìàëèì ïàðàìåòðîì ñåði¨ ε > 0 çàäà¹òüñÿ åâîëþöiéíèì
äèôåðåíöiàëüíèì ðiâíÿííÿì

duε(t)/dt = C(uε(t), x(t/ε)), uε(0) = u0, (1.1)

â åâêëiäîâîìó ïðîñòîði Rd : uε(t) = (uεk(t); k = 1, d). Øâèäêîñòi äèíàìi÷íî¨ ñè-
ñòåìè çàäàíi âåêòîðîì-ôóíêöi¹þ C(u, x) = (Ck(u, x), k = 1, d), i çàäîâîëüíÿþòü
óìîâàì iñíóâàííÿ ãëîáàëüíèõ ðîçâ'ÿçêiâ äåòåðìiíîâàíèõ ñèñòåì

duεx(t)

dt
= C(uεx(t), x), x ∈ X, (1.2)

çàëåæèòü âiä ôàçîâîãî ñòàíó x ∈ X, äå x - íàïiâìàðêîâñüêèé ïðîöåñ ó ñòàíäàðò-
íîìó ôàçîâîìó ïðîñòîði (X,X ). Óñåðåäíåíà äèíàìi÷íà ñèñòåìà âèçíà÷à¹òüñÿ
ðîçâ'ÿçêîì åâîëþöiéíîãî äåòåðìiíîâàíîãî ðiâíÿííÿ

dû(t)/dt = C(û(t)), û(t) = u0. (1.3)

Óñåðåäíåíà øâèäêiñòü çàäà¹òüñÿ ðiâíiñòþ

C(u) =

∫
X

π(dx)C(u, x). (1.4)

Çàäà÷à ïîëÿãà¹ â òîìó, ùîá â óìîâàõ ñòiéêîñòi óñåðåäíåíî¨ ñèñòåìè (1.3)
âñòàíîâèòè äîäàòêîâi óìîâè, ùî çàáåçïå÷óþòü ñòiéêiñòü âèõiäíî¨ ñòîõàñòè÷íî¨
ñèñòåìè (1.1) ïðè äîñòàòíüî ìàëèõ çíà÷åííÿõ ïàðàìåòðà ñåði¨ ε > 0.
Òåîðåìà 1.1.1. Ïðèïóñòèìî, ùî äëÿ óñåðåäíåíî¨ äèíàìi÷íî¨ ñèñòåìè

(1.3)-(1.4) iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u), u ∈ Rd, äëÿ ÿêî¨ âèêîíóþòüñÿ òà-
êi óìîâè:
C1 : óìîâà åêñïîíåíöiéíî¨ ñòiéêîñòi

C(u)V ′(u) ≤ −c0V (u), c0 > 0;

äîäàòêîâi óìîâè
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C2 : |C(u, x)V ′(u)| ≤ c1V (u);

C3 : |C(u, x)[C(u, x)V ′(u)]′| ≤ c2V (u);

C4 : ôóíêöi¨ ðîçïîäiëó Gx(t), t ≥ 0, x ∈ X, ÷àñiâ ïåðåáóâàííÿ â ñòàíàõ íà-
ïiâìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, çàäîâîëüíÿþòü óìîâi Êðàìåðà, ðiâíîìiðíî
ïî x ∈ X,

sup
x∈X

∞∫
0

ehtGx(t)dt ≤ H < +∞, h > 0,

C5 : à òàêîæ ìàþòü ìiñöå îöiíêè:

0 < m ≤ g(x) ≤ m < +∞.

Òîäi äëÿ âñiõ ε ≤ ε0, ε0 � äîñòàòíüî ìàëå, ðîçâ'ÿçîê åâîëþöiéíîãî ðiâíÿí-
íÿ (1.1) ïðè âñiõ ïî÷àòêîâèõ óìîâàõ |uε(0)| ≤ u∗, u∗ � äîñòàòíüî ìàëîìó,
¹ àñèìïòîòè÷íî ñòiéêèì iç éìîâiðíiñòþ îäèíèöÿ:

P{ lim
t→∞

‖uε(t)‖ = 0} = 1. (1.5)

Ïðè âèïàäêîâèõ ïî÷àòêîâèõ äàíèõ âèêîíó¹òüñÿ óìîâà |Euε(0)| ≤ u∗, u∗ �
äîñòàòíüî ìàëå.

Ðîçøèðåíèé ïðîöåñ ìàðêîâñüêîãî âiäíîâëåííÿ (ÏÌÂ) çàäà¹òüñÿ ïîñëiäîâ-
íiñòþ

uεn = uε(τεn), xεn = x(τεn), τεn = ετn, n ≥ 0. (1.6)

Îçíà÷åííÿ 1.1.1. Êîìïåíñóþ÷èé îïåðàòîð ðîçøèðåíîãî ÏÌÂ (1.6) âèçíà-
÷à¹òüñÿ ñïiââiäíîøåííÿì

Lεϕ(u, x) := ε−1q(x)E[ϕ(uεn+1, x
ε
n+1, )− ϕ(u, x)|

uεn = u, xεn = x, τεn = t] (1.7)

Íåõàé ñóêóïíiñòü íàïiâãðóï C t(x), t ≥ 0, x ∈ X, ïîðîäæó¹òüñÿ ñóïðîâîäæó-
þ÷îþ ñèñòåìîþ (1.2), òîáòî âèçíà÷à¹òüñÿ ãåíåðàòîðîì

C (x)ϕ(u) = C(u, x)ϕ′(u). (1.8)

Ëåìà 1.1.1. Êîìïåíñóþ÷èé îïåðàòîð ðîçøèðåíîãî ÏÌÂ (1.6) ìà¹ àíàëiòè-
÷íå ïðåäñòàâëåííÿ

Lεϕ(u, x) = ε−1q(x)[

∞∫
0

Gx(ds)Cεs(x)

∫
X

P (x, dy)ϕ(u, y)− ϕ(u, x)].
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Äîâåäåííÿ. Îá÷èñëèìî ñïî÷àòêó óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ, âèêî-
ðèñòîâóþ÷è íàïiâãðóïè Ct(x). Îñêiëüêè íàïiâãðóïè Ct(x) íà áàíàõîâîìó ïðî-
ñòîði C(Rd) íåïåðåðâíèõ äiéñíîçíà÷íèõ ôóíêöié ϕ(u), u ∈ Rd, ç ñóïðåìóì íîð-
ìîþ âèçíà÷àþòüñÿ ñïiââiäíîøåííÿì

Ct′(x) := ϕ(u(t+ t′)),

òî ïðè t′ = θεx = εθx, ìà¹ìî

Cθεx(x)ϕ(u) = ϕ(uεn+1),

òîáòî
Cεθx(x)ϕ(u) = ϕ(uεn+1).

Âðàõîâóþ÷è îñòàíí¹, äëÿ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ ìà¹ìî

E[ϕ(uεn+1)|uεn = u, xεn = x, τεn = t] = Eu,x,tCεθx(x)ϕ(u).

Âðàõîâóþ÷è ïðåäñòàâëåííÿ íàïiâìàðêîâñüêîãî ÿäðà

Q(x, dy, dt) = Gx(dt)P (x, dy),

îñòàòî÷íî îòðèìó¹ìî

E[ϕ(uεn+1, x
ε
n+1)|uεn = u, xεn = x, τεn = t] =

= Eu,x,tϕ(uεn+1, x
ε
n+1) =

=

∞∫
0

Gx(ds)C εs(x)

∫
X

P (x, dy)ϕ(u, y).

Ïiäñòàâëÿþ÷è îñòàíí¹ ïðåäñòàâëåííÿ â (1.7), îòðèìó¹ìî òâåðäæåííÿ ëåìè.
Ëåìà 1.1.2. Êîìïåíñóþ÷èé îïåðàòîð íà òåñò-ôóíêöiÿõ

ϕ(u, x) ∈ C2(Rd ×X) ìà¹ àñèìïòîòè÷íi ïðåäñòàâëåííÿ

Lεϕ(u, x) = ε−1Qϕ(u, x) + θε1(x)ϕ(u, x), (1.8)

à òàêîæ

Lεϕ(u, x) = ε−1Qϕ(u, x) +C(x)Pϕ(u, x) + εθ(x)ϕ(u, x), (1.9)

äå

Qϕ(·, x) = q(x)[P− I]ϕ(·, x), x ∈ X,Pϕ(·, x) =

∫
X

P (x, dy)ϕ(·, y).

Çàëèøêîâi îïåðàòîðè θε(x) i θε1 ìàþòü ïðåäñòàâëåííÿ
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θ(x)ϕ(u, x) = q(x)C2(x)Cε2(x)Pϕ(u, ·),

θε1(x)ϕ(u, x) = q(x)C(x)Cε1(x)Pϕ(u, ·), (1.10)

äå

Cε2(x)ϕ(u) :=

∞∫
0

G
(2)

x (s)Cεs(x)ϕ(u)ds,

Cε1(x) =

∞∫
0

Gx(s)Cεs(x)ds,

G
(2)

x (s) :=

∞∫
s

Gx(t)dt.

Äîâåäåííÿ áàçó¹òüñÿ íà íàñòóïíîìó ïðåäñòàâëåííi íàïiâãðóï

C εs(x) = I + εsC (x) + ε2C 2(x)T ε
s(x) = I +C (x)

ε2s∫
0

Cv(x)dv,

äå

T ε
s(x) =

s∫
0

(s− v)C εv(x)dv.

Çàóâàæèìî, ùî äëÿ îá÷èñëåííÿ çàëèøêîâèõ îïåðàòîðiâ âèêîðèñòîâó¹ìî
ñïiââiäíîøåííÿ:

C ε
2(x) =

∞∫
0

Gx(ds)C ε
s(x) =

∞∫
0

G
(2)

x (s)Cεs(x)ds,

C ε
1(x) =

∞∫
0

Gx(s)C εs(x)ds.

Çàóâàæèìî òàêîæ, ùî

∞∫
0

G
(2)

x (s)ds = g2(x)/2, g2(x) := Eθ2x =

∞∫
0

t2Gx(dt).

Ðîçãëÿíåìî çáóðåíó ôóíêöiþ Ëÿïóíîâà

V ε(u, x) = V (u) + εV1(u, x), (1.11)
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äå V (u), u ∈ Rd, ¹ ôóíêöiÿ Ëÿïóíîâà äëÿ óñåðåäíåíî¨ ñèñòåìè (1.3), ùî çàäî-
âîëüíÿ¹ óìîâè C1− C3 òåîðåìè.

Çáóðåííÿ V1(u, x), u ∈ Rd, x ∈ X, âèçíà÷à¹òüñÿ ðîçâ'ÿçêîì ïðîáëåìè ñèíãó-
ëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà

Lε0ϕ(u, x) = ε−1Qϕ(u, x) +C (x)ϕ(u, x). (1.12)

Çãiäíî ç ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà (1.12)
âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè

Lε0V
ε(u, x) = CV (u) + εC (x)V1(u, x),

CV (u) = C(u)V ′(u),

V1(u, x) = R0C̃(x)V (u),

äå C̃(x) := C (x)−C, à îïåðàòîð R0 = Π−(Q+Π)−1, ¹ ïîòåíöiàëîì îïåðàòîðà
Q. Âiäîìî, ùî çà óìîâè C4 òåîðåìè, îïåðàòîð R0 ¹ îáìåæåíèì.
Ëåìà 1.1.3. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ êîìïåíñóþ÷îãî

îïåðàòîðà (1.9) íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà (1.11) âèçíà÷à¹òüñÿ ñïiââiäíî-
øåííÿìè:

LεV ε(u, x) = CV (u) + εθε0(x)V (u). (1.13)

Çàëèøêîâèé îïåðàòîð ìà¹ âèãëÿä:

θε0(x)V (u) = q(x)[C2(x)Cε2(x) +C(x)Cε1(x)PR0C̃(x)]V (u). (1.14)

Äîâåäåííÿ. Âèêîðèñòà¹ìî äâà ïðåäñòàâëåííÿ ãåíåðàòîðà Lε ç ëåìè 1.1.2,
ââiâøè ïîçíà÷åííÿ äëÿ (1.9)

Lε(0) := ε−1Q+ θε1(x),

à òàêîæ äëÿ (1.10)
Lε(1) := ε−1Q+C (x)P + εθε(x).

Íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà (1.11) ãåíåðàòîðà Lε ïðåäñòàâèìî â âèãëÿäi

LεV ε(u, x) = εLε(0)V1(u, x) + Lε(1)V (u).

Îñêiëüêè
εLε(0)V1(u, x) = QV1(u, x) + εθε1(x)V1(u, x),

à
Lε(1)V (u) = ε−1QV (u) +C (x)V (u) + εθε(x)V (u),

òî

LεV ε(u, x) = ε−1QV (u) +QV1(u, x) +C (x)V (u) + ε[θε(x)V (u) + θε1(x)V1(u, x)].
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Âðàõîâóþ÷è ïðåäñòàâëåííÿ çàëèøêîâèõ îïåðàòîðiâ θε(x) i θε1, à òàêîæ
çáóðåííÿ V1(u, x) â ôîðìi (1.12), îòðèìó¹ìî çîáðàæåííÿ çàëèøêîâîãî ÷ëåíà
â âèãëÿäi (1.14).

Çàóâàæèìî, ùî â óìîâàõ C1 � C5 òåîðåìè, ñïðàâäæó¹òüñÿ íåðiâíiñòü

LεV ε(u, x) ≤ −cV (u), (1.15)

Äëÿ äîâåäåííÿ íåðiâíîñòi (1.15) ñïî÷àòêó îöiíþ¹ìî çàëèøêîâèé îïåðàòîð
(1.14), âèêîðèñòîâóþ÷è óìîâè C2 � C3 òåîðåìè

|θε0(x)V (u)| ≤ c0V (u), (1.16)

à òàêîæ îöiíþ¹ìî çáóðåííÿ V1(u, x) :

|V1(u, x)| ≤ c1V (u). (1.17)

Çãiäíî ç óìîâîþ åêñïîíåíöiéíî¨ ñòiéêîñòi C1, ïåðøèé ÷ëåí â (1.13) çàäî-
âîëüíÿ¹ íåðiâíiñòü

CV (u) = C(u)V ′(u) ≤ −c0V (u), c0 > 0. (1.18)

Ïî¹äíó÷è îöiíêè (1.16), (1.17) òà (1.18), îòðèìà¹ìî (1.15) ïðè âñiõ ε ≤ ε0, ε0
- äîñòàòíüî ìàëîìó, ïðè äåÿêîìó çíà÷åííi c > 0.

Óìîâà C2 òåîðåìè çàáåçïå÷ó¹ îöiíêó ïiâãðóï C t(x), ùî ïîðîäæó¹òüñÿ îïå-
ðàòîðîì (1.8)

|C t(x)V (u)| ≤ ebtV (u). (1.19)

À òàêîæ ìàþòü ìiñöå íåðiâíîñòi (äèâ. (1.11), (1.16), (1.17))

0 ≤ b1V ε(u, x) ≤ V (u) ≤ b2V ε(u, x), 0 < b1 < b2.

Ëåìà 1.1.4. Ðîçøèðåíèé ÏÌÂ (1.6) õàðàêòåðèçó¹òüñÿ ìàðòèíãàëîì

µεn+1 = ϕ(uεn+1, x
ε
n+1, τ

ε
n+1)−

n∑
k=0

θk+1L
εϕ(uεk, x

ε
k, τ

ε
k), n ≥ 0. (1.20)

Äîâåäåííÿ. Ìàðòèíãàëüíà âëàñòèâiñòü ïîñëiäîâíîñòi (µεn+1, n ≥ 0) ñëiäó¹
ç îäíîðiäíîñòi êîìïåíñóþ÷îãî îïåðàòîðà:

E[ϕ(uεn+1, x
ε
n+1, τ

ε
n+1)− ϕ(uεn, x

ε
n, τ

ε
n)|F εn] =

= E[ϕ(uε1, x
ε
1, τ

ε
1 )− ϕ(uε0, x

ε
0, τ

ε
0 )|F ε0 ].

Òóò σ-àëãåáð F εn := σ{uεk, xεk, τεk ; 0 ≤ k ≤ n}, n ≥ 0, ïîðîäæó¹òüñÿ ðîçøèðå-
íèì ÏÌÂ.

Äëÿ ñêîðî÷åííÿ çàïèñó, ïîçíà÷èìî

Φε(t) := ϕ(uε(τε(t)), xε(τε(t)), τε(t)),
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Φε+(t) := ϕ(uε(τε+(t)), xε(τε+(t)), τε+(t)),

äå τε(t) := τενε(t), τ
ε
+(t) := τενε

+(t), ν
ε
+(t) := νε(t) + 1, νε(t) := ν(εt).

Çàóâàæèìî, ùî νε+(t) ¹ ìàðêîâñüêèì ìîìåíòîì äëÿ ïîòîêó F εn.
Íàäàëi âèêîðèñòîâó¹ìî ìàðòèíãàëüíó âëàñòèâiñòü ïðîöåñó ç íåïåðåðâíèì

÷àñîì

ζε(t) = Φε+(t)−

τε
+(t)∫
0

LεΦε(s)ds. (1.21)

Çàóâàæèìî, ùî
ζε(τεn) = µεn+1, n ≥ 0,

à òàêîæ
ζε(t) = ζε(τε+(t)), τε(t) < t < τ ε+(t).

Íàñòóïíà ëåìà ìà¹ êëþ÷îâå çíà÷åííÿ ïðè äîâåäåííi ñòiéêîñòi äèíàìi÷íî¨
ñèñòåìè.
Ëåìà 1.1.5. Ïðè áóäü-ÿêîìó ôiêñîâàíîìó äiéñíîìó çíà÷åííi ïàðàìåòðà

c ∈ R, ïðîöåñ

ζεc (t) = ecτ
ε
+(t)Φε+(t)−

τε
+(t)∫
0

[cecsΦε+(s) + ecτ
ε(s)LεΦε(s)]ds (1.22)

ìà¹ ìàðòèíãàëüíó âëàñòèâiñòü:

E[ζεc (t)− ζεc (s)|F εs ] = 0, 0 ≤ s < t,

âiäíîñíî ïîòîêó σ - àëãåáð

F εs := {σ(uε(l)), xε(l), τε(l); 0 ≤ l ≤ s}.

Äîâåäåííÿ. Ïðîöåñ (1.22) ìîæíà ïîäàòè â òàêié åêâiâàëåíòíié ôîðìi:

ζεc (t) = ecτ
ε
+(t)ζε(t)−

τε
+(t)∫
0

cecsζε(s)ds, (1.23)

äå ïðîöåñ ζε(t), t ≥ 0, çàäà¹òüñÿ ôîðìóëîþ (1.21).
Çàóâàæèìî, ùî ìàðòèíãàëüíà âëàñòèâiñòü ïðîöåñó (1.23) ñëiäó¹ ç òîãî, ùî

ïðîöåñ ñòðèáêîâèé i ïðèéìà¹ çíà÷åííÿ

ζεc (τεn) = ecτ
ε
n+1µεn+1 −

n∑
k=0

[ecτ
ε
k+1 − ecτ

ε
k ]µεk+1, (1.24)

àáî, iíàêøå
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ζεc (τεn) = µ0 +

n∑
k=0

ecτ
ε
k [µεk+1 − µεk], n ≥ 0. (1.25)

Äëÿ äîâåäåííÿ åêâiâàëåíòíîñòi ïðåäñòàâëåíü (1.22) òà (1.23), îá÷èñëèìî
ïîäâiéíèé iíòåãðàë

Iε(t) =

τε
+(t)∫
0

cecsds

τε
+(s)∫
0

LεΦε(v)dv =

=

νε(t)∑
k=0

τε
k+1∫
τε
k

cecsds

τε
k+1∫
0

LεΦε(v)dv =

=

νε(t)∑
k=0

(ecτ
ε
k+1 − ecτ

ε
k )

k∑
r=0

εθr+1L
εΦε(τεr ) =

=

νε(t)∑
r=0

θr+1L
εΦε(τεr )(ecτ

ε
r+1 − ecτ

ε
r ).

Îñòàòî÷íî ìà¹ìî

Iε(t) = ecτ
ε
+(t)

τε
+(t)∫
0

LεΦε(s)ds−

τε
k+1∫
0

ecτ
ε(s)LεΦε(s)ds.

Îòæå ïðåäñòàâëåííÿ (1.22) îòðèìà¹ìî ç (1.21) òà (1.23).
Ðîçãëÿíåìî òåïåð ïðîöåñ

ηε(t) =

τε
+(t)∫
0

[ecscV ε+(s) + ecτ
ε(t)LεV ε(s)]ds. (1.26)

Ëåìà 1.1.6. Ïðè äîñòàòíüî ìàëèõ çíà÷åííÿõ ïàðàìåòðà c, äëÿ âñiõ ε ≤ ε0
- äîñòàòíüî ìàëå, â óìîâàõ òåîðåìè, ïðîöåñ ηε(t), t ≥ 0, çàäîâîëüíÿ¹ óìîâó

E[ηε(t)− ηε(s)|F εs ] ≤ 0, 0 ≤ s < t. (1.27)

Äîâåäåííÿ.Îñêiëüêè ïðîöåñ (1.26) ñòðèáêîâèé, äîñòàíüî ðîçãëÿíóòè óìîâíå
ñïîäiâàííÿ â ìîìåíòè ìàðêîâñüêîãî âiäíîâëåííÿ:

ηεn+1 := ηε(τεn) =

τε
n+1∫
0

[ecscV ε+(s) + ecτ
ε(s)LεV ε(s)]ds, (1.28)
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àáî, iíàêøå

ηεn+1 =

n∑
k=0

ecτ
ε
kαεk+1, (1.29)

äå
αεk+1 = βεk+1 + εγεk+1, (1.30)

βεk+1 = (eεcθk+1 − 1)V εk+1,

γεk+1 = εθk+1L
εV εk ,

à V εn := V ε(uεn, x
ε
n, τ

ε
n).

Äëÿ îöiíêè óìîâíîãî ñïîäiâàííÿ ïåðøîãî äîäàíêó â (1.30) âèêîðèñòà¹ìî
îöiíêó íàïiâãðóïè (äèâ. (1.19))C t(x), ùî ïîðîäæó¹òüñÿ ãåíåðàòîðîì (1.8),

|C t(x)V (u)| ≤ ebtV (u), b > 0.

Îòæå, ìà¹ìî

E[βεk+1|F εk ] = E[(eεcθk+1 − 1)V εk+1|F εk ] =

= E[(eεcθk+1 − 1)C εθk+1(xk)V εk |F εk ] ≤

≤ E[(eεcθk+1 − 1)eεcθk+1 |F εk ]V εk =

= E[(eε(c+b)θk+1 − eεbθk+1)|F εk ]V εk =

= ε[b(gεk(b+ c)− gεk(b)) + cgεk(b+ c)]V εk .

Âðàõîâóþ÷è, ùî

gεk(c) =

∞∫
0

Gk(t)eεctdt,

òà óìîâó C4 òåîðåìè, ìà¹ìî îöiíêó

mk ≤ gεk(c) ≤ mk(1 + δε)

äå δε ≤ δ0, δ0 - äîñòàòíüî ìàëå ïðè ε ≤ ε0, ε0 - äîñòàòíüî ìàëîìó.
Îòæå, îñòàòî÷íî ìà¹ìî îöiíêó

E[βεk+1|F εk ] ≤ ε[bδε + cmk(1 + δε)]V
ε
k < εδ0V

ε
k ,

ïðè ε ≤ ε0 - äîñòàòíüî ìàëîìó òà δ0 - äîñòàòíüî ìàëîìó.
Óìîâíå ñïîäiâàííÿ äðóãîãî ÷ëåíà â (1.30) îöiíþ¹òüñÿ çãiäíî ç íåðiâíiñòþ

(1.18) òà óìîâè

E[γεk+1|F εk ] = mkL
εV εk ≤ −c0mkV

ε
k ≤ −c0mV εk .

Îñòàòî÷íî ìà¹ìî îöiíêó
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E[αεk+1|F εk ] ≤ −ε[c0m− δ0]V εk ≤ −εc0V εk , c0 > 0,

ÿêùî δ0 < c0m.
Äîâåäåííÿ òåîðåìè 1.1.1. Ïåðø çà âñå ç ëåìè 1.1.6 âèïëèâà¹, ùî ïîñëi-

äîâíiñòü
wεn+1 = ecτ

ε
n+1V εn+1, V

ε
n+1 := V ε(uεn+1, x

ε
n+1, τ

ε
n+1),

¹ ñóïåðìàðòèíãàëîì:
E[wεn+1|F εn] ≤ wεn, n ≥ 0. (1.31)

Äiéñíî, çãiäíî ç ëåìîþ 1.1.5, ìà¹ìî (äèâ. (1.22) òà (1.28)-(1.29))

wεn+1 = ζεc (τεn) + ζεn+1.

Ìàðòèíãàëüíà âëàñòèâiñòü ïîñëiäîâíîñòi (1.25) òà óìîâà (1.27) çàáåçïå÷óþòü
óìîâó (1.31):

E[wεn+1|F εn] = E[ζεc (τεn) + ζεn+1|F εn] =

= wεn + E[ζεc (τεn)− ζεc (τεn+1)|F εn] + E[ζεn+1 − ζεn|F εn] ≤ wεn.

Ðåãóëÿðíiñòü ÏÌÂ îçíà÷à¹, ùî

τεn ⇒∞, n→∞,

ç éìîâiðíiñòþ 1. Îòæå, äëÿ ïîäi¨ AεT,n = {τεn > T} ìà¹ ìiñöå îöiíêà éìîâiðíîñòi

P{AεT,n} ≥ 1−∆,n ≥ NT ,

äëÿ áóäü-ÿêîãî ∆ > 0.
Ââåäåìî ïîçíà÷åííÿ

aεn := ec(τ
ε
n−T ), n ≥ 0.

Íà ïîäi¨ AεT,n, ìà¹ìî a
ε
n ≥ 1, n ≥ 0.

Òåïåð îöiíþ¹ìî éìîâiðíiñòü

P{ecT sup
n≥NT

V (uεn) > δ
⋂
AεT,n} ≤ P{ecT sup

n≥NT

aεnV (uεn) > δ
⋂
AεT,n} ≤

≤ P{ sup
n≥NT

ecτ
ε
nV (uεn) > δ

⋂
AεT,n}.

Âðàõîâóþ÷è (1.4), ìà¹ìî

P{ecT sup
n≥NT

V (uεn) > δ
⋂
AεT,n} ≤ P{ sup

n≥NT

wεn > δ
⋂
AεT,n}.

Ñóïåðìàðòèíãàëüíà âëàñòèâiñòü (1.31) äà¹ íàñòóïíó îöiíêó äëÿ éìîâiðíîñòi

P{ecT sup
n≥NT

V (uεn) > δ
⋂
AεT,n} ≤ V (u)/δ2,
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òóò δ2 = δb2/b1.
Äàëi ìà¹ìî

P{ecT sup
n≥NT

V (uεn) > δ} = P{ecT sup
n≥NT

V (uεn) > δ
⋂
AεT,n}+

+P{ecT sup
n≥NT

V (uεn) > δ
⋂
A
ε

T,n} ≤ V (u)/δ2 +∆ ≤ 2∆ (1.32)

ïðè |u| ≤ u0 -äîñòàòíüî ìàëå.
Ñïiââiäíîøåííÿ

{ecT sup
n≥NT

V (uεn) > δ} ⊂ { lim
n→∞

V (uεn) = 0} = { lim
n→∞

‖uεn‖ = 0}

çàâåðøóþòü äîâåäåííÿ çáiæíîñòi

P{ lim
n→∞

‖uεn‖ = 0} = 1. (1.33)

Òâåðäæåííÿ òåîðåìè 1.1.5 ¹ íàñëiäêîì (1.32) òà îöiíêè (1.18) äëÿ íàïiâ-
ãðóïè, ùî ïîðîäæó¹ ñòîõàñòè÷íó ñèñòåìó uε(t). Äiéñíî, ç óìîâè C5 òåîðåìè
âèïëèâà¹ òàêà îöiíêà

P{ max
1≤n≤νε(T/ε)

θn > δ} ≤ C∆(ε), (1.34)

äå ∆(ε)→ 0 êîëè ε→ 0.
Ðîçãëÿíåìî ïðåäñòàâëåííÿ

V εT := sup
0≤t≤T

V (uε(t)) =

= sup
1≤n≤νε(T/ε)

[ sup
0≤s≤θn

|Cεs(xεn−1)V εn−1|].

Âðàõîâóþ÷è îöiíêó (1.19) äëÿ íàïiâãðóïè, ìà¹ìî íåðiâíiñòü

V εT ≤ sup
1≤n≤νε(T/ε)

eεc1θnV εn−1 =: V
ε

T (1.35)

Îòæå ñïðàâåäëèâà îöiíêà

P{ sup
0≤t≤T

V (uε(t)) > δ} ≤ P{V εT > δ}. (1.36)

Äëÿ îöiíêè ïðàâî¨ ÷àñòèíè (1.36), âèêîðèñòîâó¹ìî ñïiââiäíîøåííÿ

P{V εT > δ} = P{V εT > δ
⋂

max
1≤n≤νε(T/ε)

θn > T/ε}+

+P{V εT > δ
⋂

max
1≤n≤νε(T/ε)

θn ≤ T/ε}. (1.37)
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Ïåðøèé äîäàíîê ç (1.37) ìà¹ îöiíêó, ç âðàõóâàííÿì (1.35) òà (1.32),

P{V εT > δ
⋂

max
1≤n≤νε(T/ε)

θn ≤ T/ε} ≤

≤ P{ec1T sup
1≤n≤νε(T/ε)

V εn−1 > δ} ≤ 2∆.

Äðóãèé äîäàíîê îöiíþ¹ìî ç óðàõóâàííÿì (1.34)

P{V εT > δ
⋂

max
1≤n≤νε(T/ε)

θn > T/ε} ≤ C∆(ε),

Ç îñòàííiõ äâîõ îöiíîê ìà¹ìî (äèâ. (1.36) òà (1.37))

P{ sup
1≤t≤T

V (uε(t)) > δ} ≤ 2∆+ C∆(ε)

- äîñòàòíüî ìàëå.
Äàëi ìîäåëüíà Êîðîëþêà ïðèçâîäèòü äî ðåçóëüòàòó òåîðåìè 1.1.1.

1.2. Ñòiéêiñòü ñòîõàñòè÷íèõ ñèñòåì â ñõåìi äèôóçiéíî¨
àïðîêñèìàöi¨

Àíàëiç ñòiéêîñòi äèíàìi÷íî¨ ñèñòåìè â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ ç íà-
ïiâìàðêîâñüêèìè ïåðåêëþ÷åííÿìè ðîçãëÿäà¹òüñÿ ó áiëüø çàãàëüíié ôîðìi i ðå-
àëiçó¹òüñÿ ç âèêîðèñòàííÿì êîìïåíñóþ÷îãî îïåðàòîðà íàïiâìàðêîâñüêîãî ïðî-
öåñó. Àñèìïòîòè÷íå ïðåäñòàâëåííÿ êîìïåíñóþ÷îãî îïåðàòîðà, ùî ïîáóäîâàíå
â äàíîìó ïàðàãðàôi, ôàêòè÷íî çâîäèòü ïðîáëåìó ñòiéêîñòi ñèñòåìè ç íàïiâ-
ìàðêîâñüêèìè ïåðåêëþ÷åííÿìè äî àíàëîãi÷íî¨ ïðîáëåìè ç ìàðêîâñüêèìè ïå-
ðåêëþ÷åííÿìè.

Äèíàìi÷íà ñèñòåìà â íàïiâìàðêîâñüêîìó ñåðåäîâèùi â óìîâàõ äèôóçiéíî¨
àïðîêñèìàöi¨ çàäà¹òüñÿ åâîëþöiéíèì äèôåðåíöiàëüíèì ðiâíÿííÿì

duε(t)

dt
= ε−1C1(uε(t), x(

t

ε2
)) + C0(uε(t), x(

t

ε2
)), (1.38)

uε(0) = u0,

äå ε > 0 - ìàëèé ïàðàìåòð, à uε(t) = (uεk(t), k = 1, d).
Øâèäêîñòi Ck(u, x) =( Cki(u, x) ;i = 1, d ), k = 1, 0, u ∈ Rd, x ∈ X, çàäîâîëü-

íÿþòü óìîâàì , ùî çàáåçïå÷óþòü iñíóâàííÿ ãëîáàëüíèõ ðîçâ'ÿçêiâ äåòåðìiíî-
âàíèõ ñèñòåì ïðè êîæíîìó ε > 0:

duεx(t)

dt
= ε−1C1(uεx(t), x) + C0(uεx(t), x), x ∈ X. (1.39)

Òóò x(t), t > 0, - íàïiâìàðêîâñüêèé ïðîöåñ (ÍÌÏ) ó ñòàíäàðòíîìó ôàçîâîìó
ïðîñòîði ñòàíiâ (X,X), ùî ïîðîäæó¹òüñÿ ïðîöåñîì ìàðêîâñüêîãî âiäíîâëåííÿ
xn, τn, n ≥ 0,

24



Ñòiéêiñòü ñòîõàñòè÷íî¨ ñèñòåìè (1.38) ðîçãëÿäà¹òüñÿ â óìîâàõ ñòiéêîñòi óñå-
ðåäíåíî¨ ñèñòåìè, ÿêà ïðè óìîâi áàëàíñó∫

X

π(dx)C1(u, x) ≡ 0, u ∈ Rd,

âèçíà÷à¹òüñÿ ðîçâ'ÿçêîì ñòîõàñòè÷íî¨ ñèñòåìè{
du(t) = C0(u(t))dt+ dζ(t)

dζ(t) = a(u(t))dt+ σ(u(t))dw(t).
(1.40)

Óñåðåäíåííÿ çäiéñíþ¹òüñÿ çà ñòàöiîíàðíèì ðîçïîäiëîì π(dx):

C0(u) :=

∫
X

π(dx)C0(u, x).

Äèôóçiéíèé ïðîöåñ ζ(t) , t ≥ 0, âèçíà÷à¹òüñÿ âåêòîð-ôóíêöi¹þ çñóâó

a(u) = a1(u) + a2(u),

äå

a1(u) =

∫
X

π(dx)C1(u, x)R0C
′
1(u, x),

a2(u) =
1

2
q

∫
X

ρ(dx)µ(x)C1(u, x)C ′1(u, x), (1.41)

òà ìàòðèöåþ äèñïåðñi¨ σ(u) , ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿìè:

B(u) = σ(u)σ∗(u),

ïðè óìîâi ïîçèòèâíî¨ âèçíà÷åíîñòi ìàòðèöi

B(u) = B0(u) +B1(u), (1.42)

äå

B0(u) = 2

∫
X

π(dx)C1(u, x)R0C1(u, x),

B1(u) = q

∫
X

ρ(dx)µ(x)C2
1 (u, x). (1.43)

Â (1.41) òà (1.42)

µ(x) = g2(x)− 2g2(x), g2(x) =

∞∫
0

G
(2)

x (s)ds,
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à Ḡ(2)
x (t) :=

∞∫
t

Ḡx(s)ds.

Äëÿ ïîêàçíèêîâèõ ôóíêöié ðîçïîäiëó ç iíòåíñèâíiñòþ q(x) = g−1(x) ìà¹ìî
µ(x) =0. Îòæå ÷ëåíè a2(u) çñóâó òà B1(u) äèñïåðñi¨ õàðàêòåðèçóþòü íåìàðêî-
âiñòü ïåðåêëþ÷àþ÷îãî ïðîöåñó.

Ãåíåðàòîð ñòîõàñòè÷íî¨ ñèñòåìè (1.40) âèçíà÷à¹òüñÿ íà òåñò-ôóíêöiÿõ ϕ(u) ∈
C2(Rd) ñïiââiäíîøåííÿì:

Lϕ(u) = C(u)ϕ′(u) +
1

2
Sp[B(u)ϕ′′(u)], (1.44)

äå
C(u) = C0(u) + a(u). (1.45)

Çàäà÷à ïîëÿãà¹ â òîìó, ùîá ïðè óìîâàõ çáiæíîñòi ñòîõàñòè÷íî¨ ñèñòåìè
(1.38) äî óñåðåäíåíî¨ ñèñòåìè (1.40) ïðè ε → 0 âñòàíîâèòè äîäàòêîâi óìîâè,
ùî çàáåçïå÷óþòü ñòiéêiñòü âèõiäíî¨ ñèñòåìè (1.38) ïðè âñiõ ε ≤ ε0 , ε0 - äîñòàò-
íüî ìàëå.

Ñòiéêiñòü ñèñòåìè (1.38) ðîçãëÿäà¹òüñÿ â óìîâàõ åêñïîíåíöiéíî¨ ñòiéêîñòi
óñåðåäíåíî¨ ñèñòåìè (1.40)

dũ(t)

dt
= C0(ũ(t)).

Òåîðåìà 1.2.1. Íåõàé äëÿ óñåðåäíåíî¨ ñòîõàñòè÷íî¨ ñèñòåìè (1.40), ùî
âèçíà÷à¹òüñÿ ãåíåðàòîðîì (1.44), iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u), u ∈ Rd , äëÿ
ÿêî¨ âèêîíó¹òüñÿ óìîâà åêñïîíåíöiéíî¨ ñòiéêîñòi:

C1 : C0(u)V ′(u) ≤ −c0V (u), c0 > 0,

à òàêîæ âèêîíóþòüñÿ íàñòóïíi äîäàòêîâi óìîâè ïðè k, r, l = 0, 1 :

C2 :| Ck(u, x)V ′(u) |≤ c1V (u), c1 > 0,

| Ck(u, x)R0[Cr(u, x)V ′(u)]′ |≤ c2V (u), c2 > 0,

| Ck(u, x)R0[Cr(u, x)R0[Cl(u, x)V ′(u)]′]′ |≤ c3V (u), c3 > 0,

C3 : Ôóíêöi¨ ðîçïîäiëó Gx(t), t ≥ 0, x ∈ X, çàäîâîëüíÿþòü óìîâi Êðàìåðà,

ðiâíîìiðíî ïî x ∈ X : sup
x∈X

∞∫
0

ehtGx(t)dt ≤ H < +∞, h > 0, à òàêîæ ìàþòü

ìiñöå îöiíêè:
0 < m ≤ g(x) ≤ m ≤ +∞.

Òîäi äëÿ âñiõ ε ≤ ε0 � äîñòàòíüî ìàëîìó, ðîçâ'ÿçîê åâîëþöiéíîãî ðiâíÿííÿ
(1.38), ïðè âñiõ ïî÷àòêîâèõ óìîâàõ | uε(0) |≤ u∗, u∗ � äîñòàòíüî ìàëîìó,
¹ àñèìïòîòè÷íî ñòiéêèì ç éìîâiðíiñòþ 1:
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P{ lim
t→∞

‖ uε(t) ‖= 0} = 1.

Ðîçøèðåíèé ïðîöåñ ìàðêîâñüêîãî âiäíîâëåííÿ (ÐÏÌÂ) çàäà¹òüñÿ ïîñëiäîâ-
íiñòþ

uεn = uε(τεn), xεn = x(τεn), τεn = ε2τn, n ≥ 0. (1.46)

Êîìïåíñóþ÷èé îïåðàòîð ÐÏÌÂ (1.46) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

Lεϕ(u, x, t) = ε−2q(x)[E{ϕ(uεn+1, x
ε
n+1, τ

ε
n+1)uεn = u, xεn = x, τεn = t}−

−ϕ(u, x, t)]. (1.47)

Ðîçãëÿíåìî ñóêóïíiñòü íàïiâãðóï Cεt (x), t ≥ 0, x ∈ X, ùî ïîðîäæó¹òüñÿ
ñóïðîâîäæóþ÷îþ ñèñòåìîþ (1.39) òà âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Cε(x)ϕ(u) = Cε(u, x)ϕ′(u), (1.48)

äå
Cε(u, x) = ε−1C1(u, x) + C0(u, x),

à òàêîæ ðîçãëÿíåìî îïåðàòîð Cε(x) , ùî ìà¹ âèãëÿä

Cε(x) := εCε(x) = C1(x) + εC0(x), (1.49)

ñêëàäîâi, ÿêîãî âèçíà÷àþòüñÿ çà ôîðìóëàìè:

C1(x)ϕ(u) := C1(u, x)ϕ′(u),C0(x)ϕ(u) = C0(u, x)ϕ′(u).

Ëåìà 1.2.1.Êîìïåíñóþ÷èé îïåðàòîð (1.47) ÐÏÌÂ (1.46) íà òåñò-ôóíêöiÿõ
ϕ(u, x) ìà¹ âèãëÿä:

Lεϕ(u, x) = ε−2q(x)[

∞∫
0

Gx(ds)Cεε2s(x)

∫
X

P (x, dy)ϕ(u, y)− ϕ(u, x)]. (1.50)

Äîâåäåííÿ. Îñêiëüêè

Eϕ(uε1, x
ε
1) = ECεθx(x)ϕ(u, xε1) =

∞∫
0

Gx(ds)Cεε2s(x)

∫
X

P (x, dy)ϕ(u, y),

òî ç (1.47) ìà¹ìî (1.50)
Ëåìà 1.2.2. Êîìïåíñóþ÷èé îïåðàòîð (1.50) íà òåñò-ôóíêöiÿõ

ϕ(u, ·) ∈ C3(Rd) , äîïóñêà¹ àñèìïòîòè÷íi ïðåäñòàâëåííÿ:

Lεϕ(u, x) = ε−2Qϕ(u, x) + ε−1θε0(x)ϕ(u, x) =
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= ε−2Qϕ(u, x) + ε−1Q1(x)ϕ(u, x) + θε1(x)ϕ(u, x) =

= ε−2Qϕ(u, x) + ε−1Q1(x)ϕ(u, x) +Q2(x)ϕ(u, x) + εθε2(x)ϕ(u, x), (1.51)

äå îïåðàòîðè Q1(x) i Q2(x) âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè:

Q1(x)ϕ(u, x) = C1(x)Pϕ(u, x),

Q2(x)ϕ(u, x) = [ C0(x) + µ2(x)C2
1(x)]Pϕ(u, x),

µ2(x) =
g2(x)

2g(x)
,

à çàëèøêîâi ÷ëåíè â ïðåäñòàâëåííi (1.51) ìàþòü âèãëÿä

θε0(x)ϕ(u, x) = q(x)Cε(x)Gε
1(x) Pϕ(u, x), (1.52)

θε1(x)ϕ(u, x) = q(x)[C2
ε(x)Gε

2(x) +C0(x)] Pϕ(u, x), (1.53)

θε2(x)ϕ(u, x) = q(x)[C3
ε(x) Gε

3(x) +
m2(x)

2
Cε2(x)]Pϕ(u, x). (1.54)

Òóò îïåðàòîðè Gε
k(x) , k = 1, 3 , âèçíà÷àþòüñÿ ðåêóðñi¹þ

Gε
k(x) =

∞∫
0

G
(k)

x (s)dsCεε2s(x),

äå G
(1)

x (s) = Gx(s) , à Cε2(x) = C0(x)[2C1(x) + εC0(x)].
Äîâåäåííÿ. Ñïî÷àòêó âèêîðèñòà¹ìî î÷åâèäíå ïðåäñòàâëåííÿ

Lε = ε−2Q+ ε−2Lε1(x), (1.55)

äå
Lε1(x) := q(x)[Gε(x)− I]P, (1.56)

òà â ïðàâié ÷àñòèíi (1.56)

Gε(x) :=

∞∫
0

Gx(ds)Cεε2s(x). (1.57)

Äàëi iíòåãðóâàííÿ ÷àñòèíàìè òà ðiâíÿííÿ äëÿ íàïiâãðóïè

dCεε2s(x) = ε2Cε(x)Cεε2s(x)ds,

ç óðàõóâàííÿì óìîâè C3 òåîðåìè äàþòü äëÿ (1.57) òàêå ïðåäñòàâëåííÿ:

Gε(x)− I = ε2 Cε(x)Gε
1(x), (1.58)

äå
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Gε
1(x) =

∞∫
0

Gx(s)dsCεε2s(x). (1.59)

Àíàëîãi÷íî ç (1.59) ìà¹ìî

Gε
1(x) = g(x)I + ε2Cε(x)Gε

2(x), (1.60)

äå

Gε
2(x) :=

∞∫
0

G
(2)

x (s)dsCεε2s(x), (1.60)

à òàêîæ ç (1.61)

Gε
2(x) =

g2(x)

2
I + ε2Cε(x)Gε

3(x), (1.62)

äå

Gε
3(x) :=

∞∫
0

G
(3)

x (s)dsCεε2s(x),

i

G
(3)

x (s) :=

∞∫
s

G
(2)

x (s)ds.

Îá'¹äíóþ÷è (1.59), (1.61) òà (1.62), ìà¹ìî

Gε(x)− I = ε2g(x)Cε(x) + ε4g2(x)[Cε(x)]2 + ε6[Cε(x)]3Gε
3(x). (1.63)

Òåïåð, âðàõîâóþ÷è (1.48) òà (1.49), îñòàòî÷íî ç (1.63) ìà¹ìî

Gε(x)− I = εg(x)C1(x) + ε2[g(x)C0(x) + g2(x)C2
1(x)] + ε3θε3(x), (1.64)

äå çàëèøêîâèé ÷ëåí ìà¹ ïðåäñòàâëåííÿ

θε3(x) = g2(x)(2C1(x)C0(x) + εC2
0(x)) +C3

ε(x)Gε
3(x). (1.65)

Îá'¹äíóþ÷è (1.56), (1.57), (1.64) i (1.65) îòðèìà¹ìî âñi òðè àñèìïòîòè÷íi
ïðåäñòàâëåííÿ (1.51).

Äîâåäåííÿ òåîðåìè 1.2.2 áàçó¹òüñÿ íà âèêîðèñòàííi ðîçâ'ÿçêó ïðîáëåìè ñèí-
ãóëÿðíîãî çáóðåííÿ (ÐÏÑÇ) äëÿ êîìïåíñóþ÷îãî îïåðàòîðà, ïîäàííîãî â îñòàí-
íüîìó àñèìïòîòè÷íîìó ïðåäñòàâëåíi (1.51).

Ââåäåìî çáóðåíó ôóíêöiþ Ëÿïóíîâà

V ε(u, x) = V (u) + εV1(u, x) + ε2V2(u, x), (1.66)

äå V (u) ¹ ôóíêöi¹þ Ëÿïóíîâà äëÿ ãðàíè÷íî¨ äèôóçi¨ (1.40).
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Ëåìà 1.2.3. Íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà (1.66) êîìïåíñóþ÷èé îïåðàòîð
(1.50) äîïóñêà¹ ïðåäñòàâëåííÿ

LεV ε(u, x) = LV (u) + εθεL(x)V (u).

Òóò L ¹ ãåíåðàòîðîì ãðàíè÷íî¨ äèôóçi¨ (1.40), à çàëèøêîâèé îïåðàòîð
θεL(x) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

θεL(x)V (u) = θε2(x)V (u) + θε1(x)PV1(u, x) + θε0(x)PV2(u, x). (1.67)

Çáóðåííÿ ôóíêöi¨ Ëÿïóíîâà ìàþòü ïðåäñòàâëåííÿ

V1(u, x) = R0Q1(x)V (u), (1.68)

V2(u, x) = R0L̃(x )V (u), (1.69)

äå
L̃(x) := L(x)− L, (1.70)

L(x) := Q2(x) +Q1(x)PR0Q1(x).

Äîâåäåííÿ. Ðîçãëÿíåìî çðiçàíèé îïåðàòîð äî ÊÎ (1.51), à ñàìå

Lε0 = ε−2Q+ ε−1Q1(x) +Q2(x).

Äëÿ îïåðàòîðà Lε0 íà ôóíêöiÿõ (1.66) îòðèìó¹ìî ïðåäñòàâëåííÿ

Lε0V
ε(u, x) =

= ε−2QV (u) + ε−1[QV1(u, x) +Q1(x)V (u)]+

+[QV2(u, x) +Q1(x)V1(u, x) +Q2(x)V (u)] + εθεL0(x)V (u).

ÐÏÑÇ äëÿ òàêîãî ðîçêëàäó äà¹ ïðåäñòàâëåííÿ (1.68), (1.69) çáóðåíü ôóíêöi¨
Ëÿïóíîâà (1.66), à òàêîæ ãðàíè÷íèé îïåðàòîð L , ùî îá÷èñëþ¹òüñÿ çà ôîðìó-
ëîþ

LΠ = ΠQ2(x)Π +ΠQ1(x)R0Q1(x)Π.

Ïîçíà÷èìî êîæíå ç ïðåäñòàâëåíü ÊÎ (1.51) ÷åðåç

Lε(0) = ε−2Q+ ε−1θε0(x),

Lε(1) = ε−2Q+ ε−1Q1(x) + θε1(x),

Lε(2) = ε−2Q+ ε−1Q1(x) +Q2(x) + εθε2(x).

Òîäi ÊÎ Lε íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà V ε(u, x) ìà¹ ðîçêëàä

LεV ε(u, x) = ε2Lε(0)V2(u, x) + εLε(1)V1(u, x) + Lε(2)V (u).
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Îñêiëüêè
ε2Lε(0)V2(u, x) = QV2(u, x) + εθε0(x)V2(u, x),

εLε(1)V1(u, x) = ε−1QV1(u, x) +Q1(x)V1(u, x) + εθε1(x)V1(u, x),

Lε(2)V (u) = ε−2QV (u) + ε−1Q1(x)V (u) +Q2(x)V (u) + εθε2(x)V (u),

òî
LεV ε(u, x) =

= ε−2QV (u) + ε−1[QV1(u, x) +Q1(x)V (u)]+

+[QV2(u, x) +Q1(x)V1(u, x) +Q2(x)V (u)] + εθεL(x)V (u),

äå çàëèøêîâèé îïåðàòîð θεL(x) ìà¹ ïðåäñòàâëåííÿ (1.67). Ëåìó äîâåäåíî.
Òàêèì ÷èíîì, ãðàíè÷íèé îïåðàòîð, ùî âèçíà÷à¹ óñåðåäíåíó äèôóçiþ (1.40),

çàäà¹òüñÿ ðiâíiñòþ (1.44)

Lϕ(u) = C(u)ϕ′(u) +
1

2
Sp[B(u)ϕ′′(u)],

äå C(u) i B(u) îá÷èñëþþòüñÿ çà ôîðìóëàìè âiäïîâiäíî (1.45) i (1.42).
Âðàõîâóþ÷è ïðåäñòàâëåííÿ (1.68), (1.69) çáóðþþ÷èõ ôóíêöié

Vk(u, x), k = 1, 2,

òà âèðàç (1.67) äëÿ çàëèøêîâîãî îïåðàòîðà θεL(x) , ìà¹ìî íàñòóïíå ïðåäñòàâ-
ëåííÿ çàëèøêîâîãî îïåðàòîðà íà ôóíêöiÿõ Ëÿïóíîâà V (u) :

θεL(x)V (u) = [θε2(x) + θε1(x)PR0Q1(x) + θε0(x)PR0L̃(x )]V (u).

Âðàõîâóþ÷è âèðàçè (1.52)�(1.54) äëÿ çàëèøêîâèõ îïåðàòîðiâ

θεk(x), k = 0, 1, 2

, ...,
(1.70)

L̃(x) çàêëþ÷à¹ìî, ùî ó çàëèøêîâîìó îïåðàòîði θεL(x) äiþòü îïåðàòîðè äèôå-
ðåíöiþâàííÿ ïî çìiííié u ∈ Rd íå âèùå òðåòüîãî ïîðÿäêó. Êðiì òîãî ç óìîâ
òåîðåìè âèïëèâà¹, ùî îïåðàòîðè Gε

k(x), k = 1, 2, 3, òà ïîòåíöiàë R0 ¹ îáìåæå-
íèìè â ïðîñòîði ôóíêöié V (u) ∈ C3(Rd) . Îòæå ìà¹ ìiñöå

Çàóâàæèìî, ùî â óìîâàõ òåîðåìè 1.2.2 ìà¹ ìiñöå îöiíêà

|θεL(x)V (u)| ≤ cLV (u).

Â óìîâàõ Òåîðåìè 1.2.2 C1�C3 ïðè âñiõ ε ≤ ε0 , ε0 � äîñòàòíüî ìàëå (ε0 ≤
c/cL) ìà¹ ìiñöå êëþ÷îâà íåðiâíiñòü

LεV ε(u, x) ≤ −cV (u), c > 0. (1.71)
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Äîâåäåííÿ Òåîðåìè 1.2.2.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè 1.2.2 ðåàëiçó¹òüñÿ çà ñõåìîþ äîâåäåííÿ òåî-

ðåìè 1.2.1. Ïðåäñòàâëåííÿ (1.68),(1.69) ôóíêöié çáóðåííÿ Vk(u, x), k = 1, 2 ,
òà óìîâè C2 òåîðåìè äàþòü òàêó äâîñòîðîííþ îöiíêó äëÿ çáóðåíî¨ ôóíêöi¨
Ëÿïóíîâà V ε(u, x)

0 < (1− εc)V (u) ≤ V ε(u, x) ≤ (1 + εc)V (u). (1.72)

Ìàðòèíãàëüíà õàðàêòåðèçàöiÿ ïðîöåñó ηε(t) := V ε(uε(τε(t)), x(t/ε2)), äå
τε(t) = τεν(t), òà êëþ÷îâà íåðiâíiñòü (1.71) õàðàêòåðèçóþòü ïðîöåñ ηε(t) , ÿê
íåâiä'¹ìíèé ñóïåðìàðòèíãàë. Îòæå iñíó¹ ç éìîâiðíiñòþ îäèíèöÿ íåâiä'¹ìíà
ãðàíèöÿ vε :

P{ lim
t→∞

V ε(uε(τε(t)), x(t/ε2)) = vε} = 1.

Ïðè öüîìó âèïàäêîâà âåëè÷èíà vε ìà¹ ñêií÷åíå ìàòåìàòè÷íå ñïîäiâàííÿ,
îñêiëüêè

EV ε(uε(τε(t)), x(t/ε2)) ≤ V ε(u, x) ≤ (1 + εc)V (u).

Âðàõîâóþ÷è äîäàòêîâó âëàñòèâiñòü ôóíêöi¨ Ëÿïóíîâà

V (u)→∞, u→∞, (1.73)

çàêëþ÷à¹ìî, ùî P{vε < ∞} = 1. Çíîâó æ òàêè êëþ÷îâà íåðiâíiñòü (2.71) òà
îöiíêà (2.72) äàþòü

P{ lim
t→∞

V (uε(τε(t)) = 0} = 1,

òîáòî
P{ lim

n→∞
uε(τn) = 0} = 1.

Íàðåøòi ïîçèòèâíiñòü ôóíêöi¨ Ëÿïóíîâà V (u) >0, ïðè u 6= 0 , âëàñòèâiñòü
(1.73) òà ðåãóëÿðíiñòü íàïiâìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, ïðèâîäÿòü äî
òâåðäæåííÿ òåîðåìè.

1.3. Àñèìïòîòèêà ñòîõàñòè÷íîãî äèôóçiéíîãî ïðîöåñó ïåðåíîñó
ç òî÷êîþ ðiâíîâàãè êðèòåðiþ ÿêîñòi

Íåõàé ïðîöåñ ïåðåíîñó y(t) ∈ Rd âèçíà÷à¹òüñÿ ñòîõàñòè÷íèì äèôåðåíöiàëü-
íèì ðiâíÿííÿì

dy(t) = a(y(t), x(t))dt+ σ(y(t), x(t), u(t))dW (t), (1.74)

äå x(t), t > 0 � ðiâíîìiðíî åðãîäè÷íèé ìàðêîâñüêèé ïðîöåñ ó âèìiðíîìó ôàçî-
âîìó ïðîñòîði (X,X), âèçíà÷åíèé ãåíåðàòîðîì

Qϕ(x) = q(x)

∫
X

P (x, dy)[ϕ(y)− ϕ(x)] (1.75)

íà áàíàõîâîìó ïðîñòîði B(X) äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié ϕ(x) ç ñóïðå-
ìóì-íîðìîþ
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‖ϕ‖ = sup
x∈X
|ϕ(x)|.

Ãåíåðàòîð Q ¹ çâåäåíî-îáîðîòíèì íà B(X) ç ïðîåêòîðîì

Πϕ(x) :=

∫
X

π(dx)ϕ(x),

äå π(B), (B ∈ X) � ñòàöiîíàðíèé ðîçïîäië ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0,
ÿêèé âèçíà÷à¹òüñÿ çi ñïiââiäíîøåíü

π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x),

äå p(dx) � ñòàöiîíàðíèé ðîçïîäië âêëàäåíîãî ëàíöþãà Ìàðêîâà xn, n ≥ 0
i ïîòåíöiàëîì R0 ìàðêîâñüêî¨ íàïiâãðóïè

R0 = Π − (Π + Q)−1.

Ôóíêöi¨ a(y, x) = (ak(y, x), k = 1, d), σ(y, x, u) = (σk(y, x, u), k = 1, d), y ∈ Rd,
x ∈ X, çàäîâîëüíÿþòü óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó åâîëþöiéíèõ
ðiâíÿíü

dyx(t) = a(yx(t), x(t))dt+ σ(yx(t), x(t), ux(t))dW (t), x ∈ X (1.76)

äëÿ êîæíîãî ôiêñîâàíîãî çíà÷åííÿ x ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, íà
iíòåðâàëi [τi, τi+1] ïåðåáóâàííÿ ïðîöåñó x(t), t ≥ 0, ó ñòàíi x ∈ X.

Íåõàé êðèòåðié ÿêîñòi ïðîöåñó ïåðåíîñó (1.74) âèçíà÷à¹òüñÿ ôóíêöi¹þ
G(y, x, u), y ∈ Rd, ÿêà ìà¹ ¹äèíó òî÷êó ðiâíîâàãè u∗x íà iíòåðâàëi [τi, τi+1],
ùî âèïëèâà¹ ç óìîâè G(yx, x, ux) = 0, ÷è ó çàãàëüíîìó ïðåäñòàâëåííi (1.74)
êåðóâàííÿ u(t) âèçíà÷à¹òüñÿ óìîâîþ

G(y(t), x(t), u(t)) = 0. (1.77)

Çàóâàæèìî, ùî ðîçâ'ÿçîê ñòîõàñòè÷íîãî ðiâíÿííÿ (1.74) íà iíòåðâàëi [τi, τi+1]
ïðè íåâèïàäêîâîìó êåðóâàííi u(t) óòâîðþ¹ ìàðêîâñüêèé ïðîöåñ.

Äëÿ âèçíà÷åííÿ àñèìïòîòè÷íèõ âëàñòèâîñòåé ðîçâ'ÿçêó çàäà÷i (1.74), (1.77)
ó ñõåìi ñåðié ç ìàëèì ïàðàìåòðîì ε > 0, ðîçãëÿíåìî ñòîõàñòè÷íå ðiâíÿííÿ

dyε(t) = a(yε(t), x(t/ε))dt+ σ(yε(t), x(t/ε), uε(t))dW (t), (1.78)

òà ïðîöåäóðó ñòîõàñòè÷íî¨ àïðîêñèìàöi¨

duε(t) = α(t)G(yε(t), x(t/ε), uε(t))dt (1.79)

çi ñïiëüíèìè ïî÷àòêîâèìè óìîâàìè

x(0) = x0, y(0) = y0, u(0) = u0. (1.80)
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Òåîðåìà 1.3.1. Íåõàé a(y, x) ∈ C(Rd,Rd), σ(y, x, u) ∈ C(Rd, X,Rd),
G(y, x, u) ∈ C(Rd, X,Rd)

Òîäi äëÿ äîâiëüíîãî ε ñïðàâäæó¹òüñÿ ñëàáêà çáiæíiñòü

(yε(t), uε(t))⇒ (ŷε(t), ûε(t)), (1.81)

äå ε < ε0 äîñòàòíüî ìàëå òà ãðàíè÷íèé ïðîöåñ (ŷε(t), ûε(t)) âèçíà÷åíèé ãåíå-
ðàòîðîì

Lϕ(y, u) = A(y, u)ϕ(y, u) +
1

2
B(y, u)ϕ(y, x) (1.82)

ç ïðåäñòàâëåííÿì íà òåñò-ôóíêöiÿõ ϕ(y, u) ∈ C3,2(Rd,Rd)

A(y, u) = a(y)ϕ′y(y, u) + α(t)G(y, u)ϕ′u(y, u), (1.83)

äå a(y) =
∫
X

a(y, x)π(dx), G(y, u) =
∫
X

G(y, x, u)π(dx), B(u, y) = σ̂2(y, u)ϕ′′yy(y, u),

σ̂2(y, u) =
∫
X

σ2(y, x, u)π(dx).

Íàñëiäîê 1.3.1. Ãðàíè÷íèé ïðîöåñ êåðóâàííÿ (ŷε(t), ûε(t)) îïèøåìî ðiâ-
íÿííÿìè

dŷ(t) = a(ŷ(t))dt+ σ(ŷ(t), û(t))dW (t), (1.84)

dû(t) = α(t)G(ŷ(t), û(t))dt. (1.85)

Íàñëiäîê 1.3.2. Íåõàé ðîçãëÿäà¹òüñÿ ïðîöåñ ïåðåíîñó, ÿêèé îïèñàíèé ó
ñõåìi ñåðié ñòîõàñòè÷íãèì äèôåðåíöiàëüíèì ðiâíÿííÿì

dyε(t) = a(yε(t), x(t/ε), uε(t))dt+ σ(yε(t), x(t/ε), uε(t))dW (t) (1.86)

ç êåðóâàííÿì uε(t), ÿêå âèçíà÷åíå ðiâíÿííÿì

duε(t) = α(t)G(yε(t), x(t/ε), uε(t))dt

òà ñêëàäîâèìè a(y, x, u), G(y, x, u), σ(y, x, u) ∈ C(Rd, X,Rd).
Òîäi ñïðàâåäëèâîþ ¹ ñëàáêà çáiæíiñòü

(yε(t), uε(t))⇒ (ŷε(t), ûε(t)),

äå ãðàíè÷íèé ïðîöåñ âèçíà÷åíèé íà òåñò-ôóíêöiÿõ ϕ(y, x, u) ∈ C3,0,3(Rd, X,Rd)
ãåíåðàòîðîì (1.82), äå

A(y, u)ϕ(y, u) = a(y, u)ϕ′y(y, x) +G(y, u)ϕ′u(y, u),

a(y, u) =

∫
X

a(y, x, u)π(dx).
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Äëÿ ïî÷àòêó âñòàíîâèìî äåêiëüêà âëàñòèâîñòåé ãåíåðàòîðà òðüîõêîìïî-
íåíòíîãî ìàðêîâñüêîãî ïðîöåñó yεt = yεt (t), x

ε
t = xεt (t), u

ε
t = uεt (t), ÿêèé âèçíà-

÷à¹òüñÿ ñïiââiäíîøåííÿì
Lε(y, x)ϕ(y, x, u) =

= lim
∆→∞

1

∆
E[ϕ(yεt+∆t, x

ε
t+∆t, u

ε
t+∆t)− ϕ(y, x, u)|yεt = y;xεt = x, uεt = u].

Ââåäåìî ïîçíà÷åííÿ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ ç âiäïîâiäíèìè
ðîçêëàäàìè ïðèðîñòiâ:

Ey,x,uϕ(y +∆y, xεt+∆t, u+∆u) =

= E[ϕ(y +∆y, xεt+∆t, u+∆u)|yεt = y, xεt = x, uεt = u].

Îñêiëüêè
Ey,x,uϕ(y +∆y, xεt+∆t, u+∆u) =

= Ey,x,uϕ

y +

t+∆t∫
t

a(yε(s), x)ds+

t+∆t∫
t

σ(yε(s), x, uε(s))dW (s), x, u+∆u

×
×I(θ > ε−1∆) + Ey,x,uϕ(u+

t+∆t∫
t

a(yε(s), xεt+∆t)ds+

+

t+∆t∫
t

σ(yε(s), xεt+∆, u
ε(s))dW (s), xεt+∆t, u+∆u)I(θ < ε−1∆) + o(∆), (1.86)

äå θ � ÷àñ ïåðåáóâàííÿ ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, ó ñòàíi x, òî

I(θ > ε−1∆) = 1− ε−1q(x)∆+ o(∆),

I(θ <= ε−1∆) = ε−1q(x)∆+ o(∆).

Äëÿ ïåðøîãî äîäàíêó â (1.86) ìà¹ìî

ϕ(y +

t+∆t∫
t

a(yε(s), x)ds+

t+∆t∫
t

σ(yε(s), x, uε(s))dW (s), x, u+∆u) =

= ϕ(v +

t+∆∫
t

σ(yε(s), x, uε(s))dW (s), x, u+∆u),

äå v = y +
t+∆t∫
t

a(yε(s), x)ds.

Äëÿ îñòàííüîãî ïðåäñòàâëåííÿ òåñò-ôóíêöi¨ ç óðàõóâàííÿì ±ϕ(v, x, u+∆u)
ìà¹ìî

35



ϕ(v +

t+∆t∫
t

σ(yε(s), x, uε(s))dW (s), x, u+∆u) =

= ϕ′y(v, x, u+∆u)

t+∆t∫
t

σ(yε(s), x, uε(s))dW (s)+

+
1

2
ϕ′′yy(v, x, u+∆u)[

t+∆t∫
t

σ(yε(s), x, uε(s))dW (s)]2+ϕ(v, x, u+∆u)+o(∆). (1.87)

Îñêiëüêè

ϕ′y(v, x, u+∆u) = ϕ′y(v, x, u) + ϕ′′uy(v, x, u)∆u+ o(∆) =

= ϕ′y(v, x, u) + ϕ′′uy(v, x, u)α(t)G(y, x, u)∆u+ o(∆),

ϕ′′yy(v, x, u+∆u) = ϕ′′yy(v, x, u) + ϕ′′′yyu(v, x, u)α(t)G(y, x, u)∆u+ o(∆),

òî äëÿ (1.87) îòðèìà¹ìî

ϕ(v +

t+∆t∫
t

σ(yε(s), x, uε(s))dW (s), x, u+∆u) =

= ϕ(v, x, u) + ϕ′u(v, x, u)α(t)G(y, x, u)∆u+ o(∆)+

+ϕ′y(v, x, u)

t+∆t∫
t

σ(yε(s), x, uε(s))dW (s)+

+α(t)ϕ′′yu(v, x, u)G(y, x, u)

t+∆∫
t

σ(yε(s), x, uε(s))dW (s)∆+ o(∆)+

+
1

2
ϕ′′yy(v, x, u)[

t+∆∫
t

σ(yε(s), x, uε(s))dW (s)]2+

+
1

2
α(t)ϕ′′′yyu(v, x, u)[

t+∆∫
t

σ(yε(s), x, uε(s))dW (s)]2G(y, x, u)∆+ o(∆). (1.88)

Âðàõîâóþ÷è ïðåäñòàâëåííÿ çìiííî¨ v i íåïåðåðâíó äèôåðåíöiéîâíiñòü òåñò-
ôóíêöié ϕ, ìà¹ìî

ϕ(v, x, u) = ϕ(y +

t+∆∫
t

a(yε(s), x)ds, x) = ϕ(y, x, u) + ϕ′y(y, x, u)a(y, x)∆+ o(∆).
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Àíàëîãi÷íi ïðåäñòàâëåííÿ ìàþòü óñi ñêëàäîâi çi çìiííîþ v ó (1.88). Òîìó
çãiäíî (1.88) îòðèìà¹ìî

ϕ(v +

t+∆∫
t

σ(yε(s), x, uε(s))dW (s), x, u+∆u) =

= ϕ(y, x, u) + ϕ′y(y, x, u)a(y, x)∆+ o(∆) + α(t)ϕ′u(y, x, u)G(y, x, u)∆+

+o(∆) + ϕ′y(y, x, u)a(y, x)

t+∆∫
t

σ(yε(s), x, uε(s))dW (s)∆+ o(∆)+

+α(t)ϕ′′yu(y, x, u)G(y, x, u)

t+∆∫
t

σ(yε(s), x, uε(s))dW (s)∆+ o(∆)+

+
1

2
ϕ′′yy(v, x, u)[

t+∆∫
t

σ(yε(s), x, uε(s))dW (s)]2 + o(∆)+

+
1

2
α(t)ϕ′′′yyu(v, x, u)[

t+∆∫
t

σ(yε(s), x, uε(s))dW (s)]2G(y, x, u)∆+ o(∆).

Îñêiëüêè äëÿ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ ñïðàâåäëèâèìè ¹ ñïiââiä-
íîøåííÿ

Eu,x,y

t+∆∫
t

σ(yε(s), x, uε(s))dW (s) = 0,

Eu,x,y[

t+∆∫
t

σ(yε(s), x, uε(s))dW (s)] = σ2(y, x, u)∆+ o(∆),

îòðèìà¹ìî
Eu,x,y[ϕ(y +∆y, xεt+∆, u+∆u)] =

= ϕ(y, x, u) + [ϕ′y(y, x, u)a(y, x) + α(t)ϕ′u(y, x, u)G(y, x, u)]∆+

+
1

2
ϕ′′yy(y, x, u)σ2(y, x, u)∆− ε−1q(x)Ey,x,uϕ(y, x, u)∆+

+ε−1q(x)Ey,x,uϕ(y, xεt+∆, u)∆+ o(∆).

Òàêèì ÷èíîì, äëÿ ãåíåðàòîðà Lε(y, x) ìà¹ìî

Lε(y, x)ϕ(y, x, u) = lim
∆→0

1

∆
ε−1q(x)Ey,x,u[ϕ(y, xεt+∆, u)− ϕ(y, x, u)]+
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+ϕ′y(y, x, u)a(y, x) + α(t)ϕ′(u)(y, x, u)G(y, x, u) +
1

2
ϕ′′yy(y, x, u)σ2(y, x, u) =

= ε−1Qϕ(y, x, u) + +ϕ′y(y, x, u)a(y, x) + α(t)ϕ′(u)(y, x, u)G(y, x, u)+

+
1

2
ϕ′′yy(y, x, u)σ2(y, x, u).

Ìiðêóâàííÿ, íàâåäåíi âèùå, ñôîðìóëþ¹ìî ó âèãëÿäi òâåðäæåííÿ.
Ëåìà 1.3.1. Ãåíåðàòîð òðüîõêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

yεt := yε(t), xεt := x(t/ε), uεt := uε(t), t ≥ 0,

íà òåñò-ôóíêöiÿõ ϕ(y, x, u) ∈ C3,0,2(Rd, X,Rd) ìà¹ ïðåäñòàâëåííÿ

Lε(y, x)ϕ(y, x, u) = ε−1Qϕ(y, x, u) + L(x)ϕ(y, x, u), (1.89)

äå
L(x)ϕ(y, x, u) = ϕ′y(y, x, u)a(y, x) + α(t)ϕ′u(y, x, u)G(y, x, u)+

+
1

2
ϕ′′yy(y, x, u).

Ëåìà 1.3.2. Ðîçâ'ÿçàííÿ ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ ãåíåðàòîðà
(1.89) íà òåñò-ôóíêöiÿõ ϕε(y, x, u) = ϕ(y, x) +εϕ1(y, x, u) âèçíà÷à¹ ãðàíè÷íèé
ãåíåðàòîð

Lϕ(y, u) = Lyϕ(y, u) + Luϕ(y, u),

äå

Lyϕ(y, u) = a(y)ϕ′y(y, u) +
1

2
σ2(y, u)ϕ′′yy,

Luϕ(y, u) = α(t)G(y, u)ϕ′u(y, u),

a(y) =

∫
X

a(y, x)π(dx),

G(y, u) =

∫
X

G(y, x, u)π(dx),

σ2(y, u) =

∫
X

σ2(y, x, u)π(dx)

Äîâåäåííÿ. Ðîçãëÿíåìî ïðåäñòàâëåííÿ

Lε(y, x)ϕ(y, x, u) = ε−1Qϕ(y, u) + Qϕ1(y, x, u) + L(x)ϕ(y, u) + εL(x)ϕ1(y, x, u),

äå

L(x) = ϕ′y(y, u)a(y, x) + α(t)G(y, x, u)ϕ′u(y, u) +
1

2
σ2(y, x, u)ϕ′′yy(y, u),
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iç çàëèøêîâèì ÷ëåíîì ó âèãëÿäi θ(x) = L(x)ϕ1(y, x, u) = θy(x) + θu(x).
Âèðàç ϕ1(y, x, u) çàïèøåìî

ϕ1(y, x, u) = R[L− L(x)]ϕ(y, u) = R0L̃(x)ϕ(y, u),

äå

L̃(x) = ã(y, x)ϕ′y(y, u) + α(t)G̃(y, x, u)ϕ′u(y, u) +
1

2
σ̃2(y, x, u)ϕ′′yy(y, u),

ã(y, x) = a(y)− a(y, x),

G̃(y, x, u) = G(y, u)−G(y, x, u),

σ̃2(y, x, u) = σ2(y, u)− σ2(y, x, u).

Òàêèì ÷èíîì, äëÿ çàëèøêîâèõ ÷ëåíiâ θy(x) i θu(x) ìà¹ìî

θy(x) = a(y, x)R0[ã(y, x)ϕ′y(y, u)]′y +
1

2
a(y, x)R0[σ̃2(y, x, u)ϕ′′yy]′y+

+
1

2
σ2(y, x, u)R0[ã(y, x)ϕ′y(y, u)]′′yu+

+
1

4
σ2(y, x, u)R0[σ̃2(y, x, u)ϕ′′yy(y, u)]′′yu,

θu(x) = α(t)a(y, x)R0[G̃(y, x, u)ϕ′u(y, u)]′u+

+α(t)G(y, x, u)R0[ã(y, x)ϕ′y(y, u)]′u+

+
1

2
α(t)G(y, x, u)R0[σ̃2(y, x, u)ϕ′′yu(y, u)]′u+

+
1

2
α(t)σ2(y, x, u)R0[G̃(y, x, u)ϕ′u(y, u)]′′yy+

+α2(t)G(y, x, u)R0[G̃(y, x, u)ϕ′u(y, u)]′u.

Çãiäíî ìîäåëüíî¨ òåîðåìè Êîðîëþêà [3] Lyϕ(y, u) âèçíà÷à¹ ãðàíè÷íèé äè-
ôóçiéíèé ïðîöåñ, ÿêèé çàäîâîëüíÿ¹ ðiâíÿííþ

dŷ(t) = a(ŷ)dt+ σ(ŷ, û)dW (t)

ç êåðóâàííÿì
dû = α(t)G(ŷ, û(t))dt.

Äîâåäåííÿ òåîðåìè 1.3.1. Òâåðäæåííÿ òåîðåìè âèïëèâà¹ ç ìîäåëüíî¨ òåî-
ðåìè Êîðîëþêà [3] òà ðåçóëüòàòó ëåìè 1.3.2.
Òåîðåìà 1.3.2 Íåõàé ôóíêöiÿ Ëÿïóíîâà V (y, u) óñåðåäíåíî¨ ñèñòåìè

∂u

∂t
= G(y, u)
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òàêà, ùî çàäîâîëüíÿ¹ íàñòóïíèì óìîâàì:

Y 1 : G(y, u)V ′(y, u)− cV (y, u),

Y 2 : |a(y, x)R0[G̃(y, x, u)V ′u(y, u)]′y| ≤ c1V (y, u),

|G(y, x, u)R0[ã(y, x)V ′y(y, u)]′u| ≤ c2V (y, u),

|G(y, x, u)R0[σ̃2(y, x, u)V ′′yu(y, u)]′u| ≤ c3V (y, u),

|σ2(y, x, u)R0[G̃(y, x, u)V ′u(y, u)]′′yy| ≤ c4V (y, u),

|G(y, x, u)R0[G̃(y, x, u)V ′u(y, u)]′u| ≤ c5(1 + V (y, u)).

Íåõàé äàëi, ôóíêöiÿ α(t) òàêà, ùî

∞∫
0

α(t)dt =∞,
∞∫
0

α2(t)dt <∞.

Òîäi äëÿ ∀ε > 0, ε ≤ ε0, ε0 � äîñèòü ìàëå, ñïðàâåäëèâîþ ¹ çáiæíiñòü

P lim
t→∞

u(t) = u∗ = 1.

Äîâåäåííÿ. Ðîçãëÿíåìî ãåíåðàòîð ãðàíè÷íîãî êåðóâàííÿ

LεuV (y, u) = LuV (y, u) + εθu(x),

äëÿ ÿêîãî ç óìîâ Y 1, Y 2 îòðèìà¹ìî îöiíêó

LεuV (y, u) ≤ cα(t)V (y, u) + c∗α2(t)(1 + V (y, u)),

ç ÿêî¨ i âèïëèâà¹ òâåðäæåííÿ òåîðåìè 1.3.2.
Àñèìïòîòè÷íå çíà÷åííÿ êåðóâàííÿ u∗ äà¹ ìîæëèâiñòü ðîçãëÿíóòè ôëóêòó-

àöi¨ âiäõèëåíü êåðóâàííÿ u(t)âiä u∗, à òàêîæ âñòàíîâèòè éîãî ãîëîâíi õàðàêòå-
ðèñòèêè.

1.4. Àñèìïòîòèêà íîðìîâàíîãî êåðóâàííÿ ç ìàðêîâñüêèìè
ïåðåêëþ÷åííÿìè

Ó öüîìó ïiäðîçäiëi ðîçãëÿíåìî âèïàäîê, êîëè ïðîöåñ ïåðåíîñó ÿê âèïàäêî-
âà åâîëþöiÿ çìiíþ¹òüñÿ ïiä âïëèâîì ìàðêîâñüêîãî ïåðåêëþ÷åííÿ ïî òðà¹êòîði¨
íîâî¨ åâîëþöi¨ çi ñòàíó, â ÿêîìó âîíà áóëà â ìîìåíò ïåðåêëþ÷åííÿ, ÿê ïî÷àò-
êîâîãî.

Íåõàé ïðîöåñ ïåðåíîñó y(t)2 ∈ Rd âèçíà÷à¹òüñÿ ñòîõàñòè÷íèì äèôåðåí-
öiàëüíèì ðiâíÿííÿì

dyε(t) = a(yε(t), x(t/ε2))dt+ σ(yε(t), x(t/ε2), uε(t))dW (t), (1.90)
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äå x(t), t > 0 � ðiâíîìiðíî åðãîäè÷íèé ìàðêîâñüêèé ïðîöåñ ó âèìiðíîìó ôàçî-
âîìó ïðîñòîði (X,X), âèçíà÷åíèé ãåíåðàòîðîì (1.75) íà áàíàõîâîìó ïðîñòîði
B(X) äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié ϕ(x) ç ñóïðåìóì-íîðìîþ

‖ϕ‖ = sup
x∈X
|ϕ(x)|.

Ãåíåðàòîð Q ¹ çâåäåíî-îáîðîòíèì íà B(X) ç ïðîåêòîðîì

Πϕ(x) :=

∫
X

π(dx)ϕ(x),

äå π(B), (B ∈ X) � ñòàöiîíàðíèé ðîçïîäië ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0,
ÿêèé âèçíà÷à¹òüñÿ çi ñïiââiäíîøåíü

π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x),

äå p(dx) � ñòàöiîíàðíèé ðîçïîäië âêëàäåíîãî ëàíöþãà Ìàðêîâà xn, n ≥ 0
i ïîòåíöiàëîì R0 ìàðêîâñüêî¨ íàïiâãðóïè

R0 = Π − (Π + Q)−1.

ßê i â ï.1.3., ôóíêöi¨ a(y, x) = (ak(y, x), k = 1, d), σ(y, x, u) = (σk(y, x, u), k =
1, d), y ∈ Rd, x ∈ X, çàäîâîëüíÿþòü óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó
åâîëþöiéíèõ ðiâíÿíü

dyx(t) = a(yx(t), x(t))dt+ σ(yx(t), x(t), ux(t))dW (t), x ∈ X

äëÿ êîæíîãî ôiêñîâàíîãî çíà÷åííÿ x ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, íà
iíòåðâàëi [τi, τi+1] ïåðåáóâàííÿ ïðîöåñó x(t), t ≥ 0, ó ñòàíi x ∈ X.

Íåõàé â çàãàëüíîìó ïðåäñòàâëåííi (1.90) êåðóâàííÿ u(t) âèçíà÷à¹òüñÿ óìî-
âîþ

duε(t) = α(t)G(yε(t), x(t/ε2), uε(t)) = 0, (1.91)

äå óìîâè íà ôóíêöiþ α(t) ìàþòü âèãëÿä

∞∫
0

α(t)dt =∞,
∞∫
0

α2(t)dt <∞. (1.92)

Çîêðåìà, óìîâè (1.92) âèêîíóþòüñÿ ïðè α(t) = α
t , ùî i áóäå âèêîðèñòîâóâà-

òèñü äàëi.
Çàóâàæèìî, ùî óìîâè (1.92) çàáåçïå÷óþòü çáiæíiñòü êåðóâàííÿ uε(t) äî òî÷-

êè ðiâíîâàãè êðèòåðiþ ÿêîñòi êåðóâàííÿ, òîáòî äî òî÷êè u∗, ùî âèçíà÷à¹òüñÿ
ç óìîâè
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G(y, u∗) = 0, G(y, u) =

∫
X

π(dx)G(y, x, u).

Íîðìîâàíå êåðóâàííÿ ìà¹ âèãëÿä

vε(t) =

√
t

ε
uε(t), (1.93)

à óìîâà áàëàíñó çàïèñó¹òüñÿ òàê

ΠG(y, x, 0) =

∫
X

π(dx)G(y, x, 0) = 0.

Òåîðåìà 1.4.1. Ïðè óìîâàõ çáiæíîñòi (1.92) çàäà÷i (1.90), (1.91) òà äî-
äàòêîâèõ óìîâàõ

D1 : σ2
v(y) = 2

∫
X

π(dx)G(y, x, 0)R0G(y, x, 0) > 0

D2 : αg < −1

2
, g(y) =

∫
X

π(dx)G′v(y, x, 0)

ìà¹ ìiñöå ñëàáêà çáiæíiñòü

vε(t)⇒ ζ(t), ε→ 0

ó êîæíîìó ñêií÷åííîìó iíòåðâàëi (0 < t0 < t < T ).
Ãðàíè÷íèé ïðîöåñ ζ(t), t > 0 ¹ ïðîöåñîì Îðíøòåéíà-Óëåíáåêà, ùî âèçíà-

÷à¹òüñÿ ãåíåðàòîðîì

Lvϕ(y, v) = v(αg(y) +
1

2
)ϕ′v(y, v) +

1

2
α2σ̂2

ν(y)ϕ′′vv(y, v).

Âñòàíîâèìî äåêiëüêà äîïîìiæíèõ âëàñòèâîñòåé ïðîöåñó ïåðåíîñó yε(t) òà
íîðìîâàíîãî êåðóâàííÿ vε(t).
Ëåìà 1.4.1. Ïðîöåñè yε(t) òà vε(t) ¹ ðîçâ'ÿçêàìè ñòîõàñòè÷íèõ äèôåðåí-

öiàëüíèõ ðiâíÿíü

dyε(t) = a(yε(t), xεt )dt+ σ(yε(t), xεt ,
ε√
t
vε(t))dW (t), (1.94)

dvε(t) = ε−1
α√
t
G(yε(t), xεt ,

ε√
t
vε(t))dt+

vε(t)

2t
dt, (1.95)

xεt = x(t/ε2).
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Äîâåäåííÿ. Ç (1.93) ìà¹ìî

uε(t) =
ε√
t
vε(t).

Òîìó, âðàõîâóþ÷è (1.91), îòðèìà¹ìî (1.94) òà (1.95).
Ëåìà 1.4.2. Ãåíåðàòîð òðèêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

yεt := yε(t), xεt := x(t/ε2), uεt := uε(t), t ≥ 0, (1.96)

ìà¹ âèãëÿä

Lεt (x)ϕ(y, x, v) = ε−2Qε
t (x)ϕ(y, x, v) + Vε

t (x)ϕ(y, x, v), (1.97)

äå
Vε
t (x)ϕ(y, x, v) = [ε−1

α√
t
G(y, x,

ε√
tv

) +
v

2t
]ϕ′v(y, x, v)+

+ϕ′y(y, x, v)a(y, x) +
1

2
ϕ′′yy(y, x, v)σ2(y, x,

ε√
t
v).

Äîâåäåííÿ. Äëÿ ïîáóäîâè ãåíåðàòîðà ïðîöåñó (1.96), îá÷èñëèìî óìîâíå
ìàòåìàòè÷íå ñïîäiâàííÿ

E[ϕ(yεt+∆, x
ε
t+∆, v

ε
t+∆)− ϕ(y, x, v)|yε(t)=y,xε(t)=x,vε(t)=v] =

= E[ϕ(y +∆yε, x, v +∆vε)− ϕ(y, x, v)]I(θ > ε−2∆)+

+E[ϕ(y +∆yε, xεt+∆, v +∆vε)− ϕ(y, x, v)]I(θ < ε−2∆), (1.98)

äå θ � ÷àñ ïåðåáóâàííÿ ìàðêîâñüêîãî ïðîöåñó x(t), t > 0, ó ñòàíi x.
Âðàõó¹ìî íàäàëi ïðåäñòàâëåííÿ

I(θ ≥ ε−2∆) = 1− ε−2q(x)∆+ o(∆),

I(θ < ε−2∆) = ε−2q(x)∆+ o(∆)

Ç (1.94) ìà¹ìî

yεt+∆ = y +∆yε = y +

t+∆∫
t

a(yε(s), xεs)ds+

+

t+∆∫
t

σ(yε(s), xεs,
ε√
t
vε(s))dW (s) = ȳ +

t+∆∫
t

σ(yε(s), xεs,
ε√
t
vε(s))dW (s),

äå
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ȳ = y +

t+∆∫
t

a(yε(s), xεs)ds.

Ðîçãëÿíåìî

ϕ(y +∆yε, x, v +∆vε) = ϕ(ȳ +

t+∆∫
t

σ(yε(s), xεs,
ε√
s

)vε(s))dW (s), x, v +∆vε) =

= ϕ(ȳ, x, v +∆vε) + ϕ′y(ȳ, x, v +∆vε)

t+∆∫
t

σ(yε(s), xεs,
ε√
s

)vε(s))dW (s)+

+
1

2
ϕ′′yy(ȳ, x, v +∆vε)[

t+∆∫
t

σ(yε(s), xεs,
ε√
s

)vε(s))dW (s)]2 + o(∆).

Âðàõîâóþ÷è (1.95), ìà¹ìî ïðåäñòàâëåííÿ

ϕ′y(ȳ, x, v +∆vε) = ϕ′y(ȳ, x, v)+

+ϕ′′yy(ȳ, x, v)[ε−1
α√
t
G(y, x, v) +

v

t
]∆+ o(∆),

à òàêîæ
ϕ(ȳ, x, v +∆vε) = ϕ(y, x, v +∆vε)+

+ϕ′y(y, x, v +∆vε)a(y, x)∆+ o(∆) =

= ϕ(y, x, v) + ϕ′v(y, x, v)[ε−1
α√
t
G(y, x, v) +

v

t
]∆+

+ϕ′y(y, x, v)a(y, x)∆+ o(∆).

Òàê ñàìî îòðèìó¹ìî

ϕ′y(ȳ, x, v +∆vε) = ϕ′y(y, x, v)+

+ϕ′′yv(y, x, v)[ε−1
α√
t
G(y, x, v) +

v

t
]∆+

+ϕ′′yy(y, x, v)a(y, x)∆+ o(∆).

À òàêîæ
ϕ′′yv(ȳ, x, v +∆vε) = ϕ′′yy(y, x, v)+

+ϕ′′′yyv(y, x, v)[ε−1
α√
t
G(y, x,

ε√
t
u) +

v

t
]∆+

+ϕIVyyyy(y, x, v)a(y, x)∆+ o(∆).

Âðàõîâóþ÷è îñòàííþ ðiâíiñòü, ìà¹ìî
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ϕ(y +∆yε, x, v +∆vε) = ϕ(y, x, v) + ϕ′v(y, x, v)[ε−1
α√
t
G(y, x,

ε√
t
v) +

v

2t
]∆+

+ϕ′y(y, x, v)a(y, x)∆+

+[ϕ′y(y, x, v + ϕ′′yv(y, x, v)[ε−1
α√
t
G(y, x,

ε√
t
v) +

v

2t
]∆+

+ϕ′′yv(y, x, v)a(y, x)∆]

t+∆∫
t

σ(yε(s), xεs,
ε√
s

))dW (s)+

+
1

2
[ϕ′′yy(y, x, v) + ϕ′′′yyv(y, x, v)[ε−1

α√
t
G(y, x,

ε√
t
v) +

v

2t
]∆+

+ϕIVyyyy(y, x, v)a(y, x)∆]

t+∆∫
t

σ(yε(s), xεs,
ε√
s

))dW (s)]2 + o(∆).

Öå äà¹ ìîæëèâiñòü äëÿ ïåðøîãî äîäàíêó ç (1.98) îòðèìàòè

Ey,x,v[ϕ(y +∆yε, x, v +∆vε)− ϕ(y, x, v)](1− ε−2q(x)∆+ o(∆)) =

= ϕ′v(y, x, v)[ε−1
α√
t
G(y, x,

ε√
t
v) +

v

2t
]∆+

+ϕ′y(y, x, v)a(y, x)∆+
1

2
ϕ′′yy(y, x, v)σ2(yε(s), x,

ε√
t
v)∆+ o(∆).

Òàê ñàìî äëÿ äðóãîãî äîäàíêó ç (1.98) ìà¹ìî

Ey,x,v[ϕ(y +∆yε, xεt+∆, v +∆vε)− ϕ(y, x, v)][ε−2q(x)∆+ o(∆)] =

= ε−2q(x)Ey,x,v[ϕ(y, xεt+∆, v)− ϕ(y, x, v)] + o(∆).

Òàêèì ÷èíîì, äëÿ ãåíåðàòîðà ïðîöåñó (1.96), çãiäíî îçíà÷åííÿ, ìà¹ìî

Lεt (x)ϕ(y, x, v) := lim
∆→0

1

∆
Ey,x,v[ϕ(y +∆yε, xεt+∆, v +∆vε)− ϕ(y, x, v)] =

= ε−2Qϕ(y, x, v) + Vε
t (x)ϕ(y, x, v),

äå
Vε
t (x)ϕ(y, x, v) = ϕ′v(y, x, v)[ε−1

α√
t
G(y, x,

ε√
t
v) +

v

2t
]+

+ϕ′v(y, x, v)a(x, y) +
1

2
ϕ′′yy(y, x, v)σ2(y, x,

ε√
t
v).

Ëåìà 1.4.3. Ãåíåðàòîð Lεt (x) íà òåñò-ôóíêöiÿõ ϕ(y, x, v) ∈ C3,0,3(R,X,R)
ìà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ
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Lεt (x)ϕ(y, x, v) = ε−2Qϕ(y, x, v) + ε−1
1√
t
G0(y, x)ϕ(y, x, v)+

+
1

t
V(y, x)ϕ(y, x, v) + A(y, x)ϕ(y, x, v) + o(ε), (1.99)

äå
G0(y, x)ϕ(y, x, v) = αG(y, x, 0)ϕ′v(y, x, v),

V(y, x)ϕ(y, x, v) = v(αG′v(y, x, 0) +
1

2
)ϕ′v(y, x, v),

A(y, x)ϕ(y, x, v) = +a(y, x)ϕ′v(y, x, v) +
1

2
σ2(y, x, 0)ϕ′′yy(y, x, v).

Äîâåäåííÿ. Âðàõîâóþ÷è ðîçêëàäè

G(y, x,
ε√
t
v) = G(y, x, 0) +G′v(y, x, 0)

ε√
t
v + o(ε),

σ2(y, x,
ε√
t
v) = σ2(y, x, 0) + o(ε),

i ç (1.97) îòðèìó¹ìî (1.99).
Ðîçãëÿíåìî çáóðåíó òåñò-ôóíêöiþ

ϕεt (y, x, v) = ϕ(y, v) + ε
1√
t
ϕ1(y, x, v) + ε2

1

t
ϕ(y, x, v).

Ëåìà 1.4.4. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî ãåíå-
ðàòîðà

Lεt (x)ϕ(y, x, v) = ε−2Qϕ(y, x, v) + ε−1
1√
t
G0(y, x)ϕ(y, x, v)+

+
1

t
V(y, x)ϕ(y, x, v) + A(y, x)ϕ(y, x, v) (1.100)

íà òåñò-ôóíêöiÿõ ϕεt (y, x, v) ç ϕ(x, y) ∈ C3,3(R×R) ìà¹ âèãëÿä

Lεt (x)ϕεt (y, x, v) =
1

t
Lϕ(y, v) + εθεt (x)ϕ(y, v), (1.101)

äå ãðàíè÷íèé ãåíåðàòîð L âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Lϕ(y, v) = v(αg(y) +
1

2
)ϕ′v(y, v) +

1

2
α2σ2

v(y)ϕ′′vv(y, v)+

+tâ(y)ϕ′y(y, v) +
t

2
σ̂2
y(y)ϕ′′yy(y, v) (1.102)

äå
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â(y) =

∫
X

π(dx)a(y, x), σ̂2
y(y) =

∫
X

π(dx)σ2(y, x, 0).

Äîâåäåííÿ. Çãiäíî çi ñõåìîþ ðîçâ'ÿçàííÿ ïðîáëåìè ñèíãóëÿðíîãî çáóðåí-
íÿ, îá÷èñëþ¹ìî çíà÷åííÿ ãåíåðàòîðà (1.100) íà çáóðåíié ôóíêöi¨ ϕεt (y, x, v):

Lεt0(x)ϕεt (y, x, v) = ε−2Qϕ(y, v) + ε−1
1√
t
[Qϕ1(y, x, v)+

+G0(y, x)ϕ(y, v)] +
1

t
Qϕ2(y, x, v) +

1

t
G0(y, x)ϕ1(y, x, v)+

+
1

t
(V(y, x) + tA(y, x))ϕ(y, v) + εθε(x)ϕ,

äå

θεt (x)ϕ(y, v) = A(y, x)ϕ1(y, x, v)+
1

t3/2
G0(y, x)ϕ2(y, x, v)+ε

1

t2
V(y, x)ϕ2(y, x, v)+

+εA(y, x)ϕ2(y, x, v).

Îñêiëüêè Qϕ(y, v) = 0, òî äëÿ ôóíêöi¨ ϕ1(y, x, v) ìà¹ìî ðiâíÿííÿ

Qϕ1(y, x, v) + G0(y, x)ϕ1(y, v) = 0,

ÿêå ìà¹ ðîçâ'ÿçîê
ϕ1(y, x, v) = R0G0(y, x)ϕ(y, v) =

= αR0G(y, x, 0)ϕ′v(y, v),

âðàõîâóþ÷è âèêîíàííÿ óìîâè áàëàíñó.
Ïåðåõîäèìî äî ðiâíÿííÿ äëÿ ôóíêöi¨ ϕ2(y, x, v)á à ñàìå

Qϕ2(y, v, x) + G0(y, x)ϕ1(y, v, x) + (V(y, v) + tA(y, v)ϕ = Lϕ(y, v), (1.103)

äå ãðàíè÷íèé îïåðàòîð L âèçíà÷à¹òüñÿ ç óìîâè ðîçâ'ÿçíîñòi ðiâíÿííÿ (1.102)

L = ΠG0(y, x)R0G0(y, x) +ΠV(y, x) + tΠA(y, x). (1.104)

Îá÷èñëåííÿ ïðàâî¨ ÷àñòèíè (1.104) äà¹ (1.102).
Ðiâíÿííÿ (1.103) ìà¹ ïðåäñòàâëåííÿ

Qϕ2 + L(y, x)ϕ(y, x) = Lϕ(y, x),

äå
L(y, x) = G0(y, x) + R0G0(y, x) + (V(y, x) + tA(y, x)).

Ç îñòàííüîãî ïðåäñòàâëåííÿ òà ç óðàõóâàííÿì (1.102) ìà¹ìî

ϕ2(y, x, v) = R0L̃(y, x)ϕ(y, v),
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äå L̃(y, x) = L(y, x)− L.
Äîâåäåííÿ òåîðåìè 1.4.1. Âðàõîâóþ÷è ãëàäêiñòü ñêëàäîâèõ ñèñòåìè

(1.90), ïðåäñòàâëåíü ôóíêöié ϕ1 òà ϕ2, îòðèìà¹ìî îáìåæåíiñòü çàëèøêîâîãî
÷ëåíà

|θεt (x)ϕ(y, v)| < M, M > 0. (1.105)

Çáiæíiñòü ïðîöåñiâ yε(t) òà vε(t) äî ïðîöåñiâ ξ(t) òà ζ(t) ñëiäó¹ ç (1.101) òà
(1.105) çãiäíî ìîäåëüíî¨ òåîðåìè Êîðîëþêà [3]. Òóò ãåíåðàòîð ïðîöåñó ξ(t) ìà¹
âèãëÿä

Lyϕ(y, v) = tâ(y)ϕ′y(y, v) +
t

2
σ̂2
y(y)ϕ′′yy(y, v).

Ãåíåðàòîð ãðàíè÷íîãî ïðîöåñó ζ(t) ìà¹ âèãëÿä (1.102) òà ¹ ãåíåðàòîðoì ïðî-
öåñó Îðíøòåéíà-Óëåíáåêà
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ÐÎÇÄIË 2
ÀÑÈÌÏÒÎÒÈ×ÍI ÂËÀÑÒÈÂÎÑÒI ÑÒÎÕÀÑÒÈ×ÍÈÕ

ÄÈÔÅÐÅÍÖIÀËÜÍÈÕ ÐIÂÍßÍÜ Ç ÌÏÓËÜÑÍÈÌ ÂÏËÈÂÎÌ
ÒÀ ÌÀÐÊÎÂÑÜÊÈÌÈ ÏÅÐÅÊËÞ×ÅÍÍßÌÈ Â ÓÌÎÂÀÕ

ÀÏÐÎÊÑÈÌÀÖI� ËÅÂI ÒÀ ÏÓÀÑÑÎÍÀ

2.1. Äèôåðåíöiàëüíi ðiâíÿííÿ çi ñòîõàñòè÷íî ìàëèìè äîáàâêàìè
â óìîâàõ àïðîêñèìàöi¨ Ëåâi

Ðîçãëÿíåìî ñòîõàñòè÷íó åâîëþöiéíó ñèñòåìó â åðãîäè÷íîìó ìàðêîâñüêîìó
ñåðåäîâèùi, çàäàíó ñòîõàñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì

duε(t) = C(uε, x(t/ε2))dt+ dηε(t), uε(t) ∈ R. (2.1)

Òóò x(t) � ðiâíîìiðíî åðãîäè÷íèé ìàðêîâñüêèé ïðîöåñ ó ñòàíäàðòíîìó ôàçî-
âîìó ïðîñòîði (X,X), âèçíà÷åíèé ç äîïîìîãîþ ãåíåðàòîðà

Qϕ(x) = q(x)

∫
X

P (x, dy)[ϕ(y)− ϕ(x)]

íà áàíàõîâîìó ïðîñòîði B(X) äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié ϕ(x) ç ñóï-
ðåìóì-íîðìîþ ‖ϕ‖ = max

x∈X
|ϕ(x)|.

Ñòîõàñòè÷íå ÿäðî P (x,B), x ∈ X, B ∈ X âèçíà÷à¹ ðiâíîìiðíî åðãîäè÷íèé
âêëàäåíèé ëàíöþã Ìàðêîâà xn = x(τn), n ≥ 0, çi ñòàöiîíàðíèì ðîçïîäiëîì
ρ(B), B ∈ X. Còàöiîíàðíèé ðîçïîäië π(B), B ∈ X ìàðêîâñüêîãî ïðîöåñó x(t),
t ≥ 0 ìîæíà âèçíà÷èòè çi ñïiââiäíîøåííÿ

π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x).

Âèçíà÷èìî R0 ÿê ïîòåíöiàëüíèé îïåðàòîð äëÿ ãåíåðàòîðà Q, ÿêèé âèçíà-
÷à¹òüñÿ ðiâíiñòþ

R0 = Π − (Π + Q)−1,

äå Πϕ(x) =
∫
X

π(dy)ϕ(y)1(x) � ïðîåêòîð íà ïiäïðîñòið NQ = {ϕ : Qϕ = 0}

íóëiâ îïåðàòîðà Q.
Iìïóëüñíèé ïðîöåñ çáóðåíü ηε(t), t ≥ 0, ó ñõåìi àïðîêñèìàöi¨ Ëåâi çàäà¹òüñÿ

ñïiââiäíîøåííÿì

ηε(t) =

t∫
0

ηε(ds, x(s/ε2)), (2.2)

äå ñóêóïíiñòü ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥ 0, x ∈ X, âèçíà-
÷à¹òüñÿ ãåíåðàòîðàìè

Γ ε(x)ϕ(w) = ε−2
∫
R

(ϕ(w + v)− ϕ(w))Γ ε(dv, x), x ∈ X (2.3)
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òà çàäîâîëüíÿ¹ óìîâàì àïðîêñèìàöi¨ Ëåâi
L1. Àïðîêñèìàöiÿ ñåðåäíiõ∫

R

vΓ ε(dv, x) = εa1(x) + ε2(a2(x) + θa(x)), θa(x)→ 0, ε→ 0,

òà ∫
R

v2Γ ε(dv, x) = ε(b(x) + θb(x)), θb(x)→ 0, ε→ 0,

L2. Óìîâà íà ôóíêöiþ ðîçïîäiëó∫
R

g(v)Γ ε(dv, x) = ε2(Γg(x) + θg(x)), θg(x)→ 0, ε→ 0,

äëÿ âñiõ g(v) ∈ C3(R) (ïðîñòið äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié òàêèõ, ùî
g(v)/|v|2 → 0, |v| → 0). Òóò ìiðà Γg(x) îáìåæåíà äëÿ âñiõ g(v) ∈ C3(R)
i âèçíà÷àþòüñÿ ñïiââiäíîøåííÿì

Γg(x) =

∫
R

g(v)Γ0(dv, x), g(v) ∈ C3(R);

L3. Ðiâíîìiðíà êâàäðàòè÷íà iíòåãðîâíiñòü

lim
c→∞

∫
|v|>c

v2Γ0(dv, x) = 0;

Íåõàé âèêîíó¹òüñÿ óìîâà áàëàíñó

â1 :=

∫
X

π(dx)a1(x) = 0. (2.4)

Ðîçãëÿíåìî àñèìïòîòè÷íi âëàñòèâîñòi ïðîöåñó çáóðåííÿ.
Òåîðåìà 2.1.1. Ïðè âèêîíàííi óìîâè áàëàíñó (2.4) òà óìîâ L1 � L3 ìà¹

ìiñöå ñëàáêà çáiæíiñòü
ηε(t)→ η0(t), ε→ 0

Ãðàíè÷íèé ïðîöåñ η0(t) âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Γϕ(w) = â2ϕ
′(w) +

1

2
σ2ϕ′′(w) +

∫
R

[ϕ(w + v)− ϕ(w)]Γ̂0(dv),

äå

â =

∫
X

π(dx)(a2(x)− a0(x)),
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σ2 =

∫
X

π(dx)(b(x)− b0(x)) + 2

∫
X

π(dx)a1(x)R0a1(x),

a0(x) =

∫
R

vΓ0(dv, x),

b0(x) =

∫
R

v2Γ0(dv, x),

Γ̂0(v) =

∫
X

π(dx)Γ0(v, x)

i ¹ ïðîöåñîì Ëåâi, ÿêè ìà¹ òðè ñêëàäîâi: äåòåðìiíîâàíèé çñóâ, äèôóçiéíó
ñêëàäîâó òà ïóàññîíiâñüêó ñòðèáêîâó ÷àñòèíó.
Äîâåäåííÿ. Äëÿ áåçïîñåðåäíüîãî äîâåäåííÿ òåîðåìè 2.1.1, âñòàíîâèìî äå-

ÿêi äîïîìiæíi òâåðäæåííÿ.
Ëåìà 2.1.1. Ãåíåðàòîðè ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥

0, x ∈ X, íà òåñò-ôóíêöiÿõ ϕ(w) ∈ C3(R) ïðè âèêîíàííi óìîâ àïðîêñèìàöi¨
Ëåâi L1 � L3 äîïóñêàþòü àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Γε(x)ϕ(w) = ε−1Γ1(x)ϕ(w) + Γ2(x)ϕ(w), (2.5)

äå
Γ1(x)ϕ(w) = a1(x)ϕ′(w),

Γ2(x)ϕ(w) = (a2(x)− a0(x))ϕ′(x) +
1

2
(b(x)− b0(x))ϕ′′(x)+

+

∫
R

[ϕ(w + v)− ϕ(v)]Γ0(dv, x).

Äîâåäåííÿ ëåìè 2.1.1. Âèêîðèñòîâóþ÷è ðîçêëàä ôóíêöi¨ ϕ(w) ó ðÿä Òåé-
ëîðà, çäiéñíèìî ïåðåòâîðåííÿ ãåíåðàòîðà (2.3):

Γε(x)ϕ(w) = ε−2
∫
R

(ϕ(w + v)− ϕ(v))Γ ε(dv, x) =

= ε−2
∫
R

(ϕ(w + v)− ϕ(v)− vϕ′(v)− 1

2
v2ϕ′′(w))Γ ε(dv, x)+

+ε−2
∫
R

(vϕ′(w)Γ ε(dv, x) +
1

2
v2ε−2

∫
R

v2ϕ′′(w)Γ ε(dv, x) =

=

∫
R

(ϕ(u+ v)− ϕ(v)− vϕ′(w)− 1

2
v2ϕ′′(w))Γ0(dv, x)+
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+ε−1a1(x)ϕ′(w) + a2(x)ϕ′(w)+

+
1

2
(b(x)− b0(x))ϕ′′(w)+

+

∫
R

(ϕ(u+ v)− ϕ(v))Γ0(dv, x) + γε(w)ϕ(w),

äå ïåðåäîñòàííÿ ðiâíiñòü âèïëèâà¹ ç óìîâ L1�L3 (çàóâàæèìî òàêîæ, ùî ôóíê-
öiÿ ϕ(w + v)− ϕ(w)− vϕ′(w)− 1

2v
2ϕ′′(w) ∈ C3(R), îñêiëüêè âîíà îáìåæåíà íà

ïiäñòàâi îáìåæåíîñòi ϕ(w) ðàçîì ç ¨¨ ïîõiäíèìè, òà âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

[ϕ(w + v)− ϕ(w)− vϕ′(w)− 1

2
v2ϕ′′(w)]/|v2| → 0

ïðè v → 0.
Ïàì'ÿòàþ÷è, ùî γε(w)ϕ(w) = o(ε2), ϕ(w) ∈ C3(R), îòðèìà¹ìî ïðåäñòàâëåí-

íÿ (2.5).
Äîâåäåííÿ ëåìè 2.1.1 çàâåðøåíå.
Ëåìà 2.1.2. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó (ηε, x(t/ε2)),

t ≥ 0 ìà¹ âèãëÿä

Γ̂ ε(x)ϕ(w, x) = ε−2Qϕ(w, x) + ε−1Γ1(x)ϕ(w, x)

+Γ2(x)ϕ(w, x) + γε(x)ϕ(w, x), (2.6)

äå îïåðàòîð Γ1(x), Γ2(x) âèçíà÷åíi ó ëåìi 2.1.1, à çàëèøêîâèé ÷ëåí
‖γε(x)ϕ(w, x)‖ → 0 ïðè ε→ 0, ϕ(w, ·) ∈ C3(R).
Äîâåäåííÿ. Òâåðäæåííÿ ëåìè ñòà¹ î÷åâèäíèì, ÿêùî âèêîðèñòàòè âèçíà-

÷åííÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó òà âèãëÿä âiäïîâiäíèõ ãåíåðàòîðiâ
ïðîöåñiâ ηε(t, x) i x(t/ε2).

Çðiçàíèé îïåðàòîð ìà¹ ñòðóêòóðó

Γ ε0 (x)ϕ(w) = ε−2Qϕ(w, x) + ε−1Γ1(x)ϕ(w, x)+

+Γ2(x)ϕ(w, x). (2.7)

Ëåìà 2.1.3. Ïðè âèêîíàííi óìîâè áàëàíñó (2.4), ðîçâ'ÿçîê çàäà÷i ñèíãóëÿð-
íîãî çáóðåííÿ äëÿ çðiçàíîãî îïåðàòîðà (2.7) íà òåñò-ôóíêöiÿõ

ϕε(w, x) = ϕ(w) + εϕ1(w, x) + ε2ϕ2(w, x)

ðåàëiçó¹òüñÿ ñïiââiäíîøåííÿì

Γ ε0 (x)ϕε(w, x) = Γϕ(w) + εθεη(x)ϕ(w), (2.8)

äå çàëèøêîâèé ÷ëåí θεη(x)ϕ(w) ðiâíîìiðíî îáìåæåíèé ïî x.
Ãðàíè÷íèé îïåðàòîð âèçíà÷à¹òüñÿ ñïiââiäíîøåíÿì
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Γ = ΠΓ1(X)R0Γ1(x)Π +ΠΓ2(x)Π. (2.9)

Äîâåäåííÿ. Äëÿ âèêîíàííÿ ðiâíîñòi (2.8) íåîáõiäíî, ùîá êîåôiöi¹íòè ïðè
îäíàêîâèõ ñòåïåíÿõ ε çëiâà i ñïðàâà áóëè îäíàêîâèìè. Îá÷èñëèìî

Γ ε0 (x)ϕε(w, x) = ε−2Qϕ(w)+

+ε−1[Qϕ1(w, x) + Γ1(x)ϕ(w)]+

+[Qϕ2(w, x) + Γ1(x)ϕ1(w, x) + Γ2(x)ϕ2(w, x)]+

+ε[Γ1(x)ϕ2(w, x) + Γ2(x)ϕ1(w, x)]+

+ε2Γ2(x)ϕ2(w, x).

Ïåðøèé äîäàíîê äà¹
Qϕ(w) = 0⇔ ϕ(w) ∈ NQ.

Çâiäñè áà÷èìî, ùî ϕ(w) íå çàëåæèòü âiä x.
Óìîâà áàëàíñó (2.4) ¹ óìîâîþ ðîçâ'ÿçíîñòi ðiâíÿííÿ

Qϕ1(w, x) + Γ1(x)ϕ(w) = 0.

Òîìó
ϕ1(w, x) = R0Γ1(x)ϕ(w). (2.10)

Ðiâíÿííÿ
Qϕ2(w, x) + Γ1(x)ϕ1(w, x) + Γ2(x)ϕ(w) = Γϕ(w)

ç óðàõóâàííÿì (2.10), ìîæíà çâåñòè äî âèãëÿäó

Qϕ2(w, x) + Γ1(x)R0Γ1(x)ϕ(w, x) + Γ2(x)ϕ(w) = Γϕ(w).

Óìîâà ðîçâ'ÿçíîñòi îñòàííüîãî ðiâíÿííÿ äàñòü ãðàíè÷íèé îïåðàòîð ó âèãëÿäi
(2.9). Òîäi

ϕ2(w, x) = R0[Γ1(x)R0Γ1(x) + Γ2(x)− Γ]ϕ(w). (2.11)

Âèêîðèñòàâøè (2.10) òà (2.11), ðåøòó ÷ëåíiâ ðîçêëàäó ìîæíà çàïèñàòè òàê

ε[Γ1(x)ϕ2(w, x) + Γ2(x)ϕ1(w, x)] + ε2Γ2(x)ϕ(w, x) =

= ε[[Γ1(x)R0[Γ1(x)R0Γ1(x) + Γ2(x)− Γ ] + Γ2(x)R0Γ1(x)]+

+εΓ2(x)R0[Γ1(x)R0Γ1(x) + Γ2(x)−

−Γ]]ϕ(w) = εθεη(x)ϕ(w).

Îáìåæåíiñòü θεη(x)ϕ(w) âèïëèâà¹ ç âèãëÿäó îïåðàòîðiâ Γ1, Γ2 i R0.
Ëåìó 2.1.3 äîâåäåíî.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè 2.1.1 ðåàëiçó¹òüñÿ ç äîïîìîãîþ ëåìè 2.1.3

òà òåîðåìè 6.3 ç [7].
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Äàëi ðîçãëÿíåìî àñèìïòîòè÷íi âëàñòèâîñòi âèõiäíî¨ åâîëþöiéíî¨ ñèñòåìè
(2.1).
Òåîðåìà 2.1.2. Ïðè âèêîíàííi óìîâè áàëàíñó òà óìîâ àïðîêñèìàöi¨ Ëåâi

L1 � L3 ñïðàâåäëèâîþ ¹ ñëàáêà çáiæíiñòü

uε(t)→ û(t), ε→ 0.

Ãðàíè÷íèé ïðîöåñ û(t) âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lϕ(w) = Ĉ(u)ϕ′(w) + Γϕ(w), (2.12)

äå Ĉ(u) =
∫
X

π(dx)C(u, x).

Çàóâàæåííÿ 2.1.1. Ñëàáêà çáiæíiñòü ïðîöåñiâ uε(t) → û(t), ε → 0, áóäå
âèïëèâàòè çi çáiæíîñòi âiäïîâiäíèõ ãåíåðàòîðiâ çà óìîâè êîìïàêòíîñòi äîãðà-
íè÷íî¨ ñóêóïíîñòi ïðîöåñiâ uε(t). Âiäïîâiäíi òåîðåìè ïðî êîìïàêòíiñòü ïðî-
öåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ó ñõåìi àïðîêñèìàöi¨ Ëåâi áóëè äîâåäåíi, çî-
êðåìà, ó [7].
Çàóâàæåííÿ 2.1.2. Ãðàíè÷íèé ïðîöåñ û(t) çàäà¹òüñÿ ñòîõàñòè÷íèì äèôå-

ðåíöiàëüíèì ðiâíÿííÿì

dûd(t) = [Ĉ(û(t)) + â2]dt+ σdW (t) +

∫
R

vṽ(dt, dv),

äå Eν̃(dt, dv) = dtΓ̃0(dv).
Çàóâàæåííÿ 2.1.3. Ãðàíè÷íèé ïðîöåñ û(t) ìà¹ òðè ñêëàäîâi. Äåòåðìiíîâà-

íèé çñóâ âèçíà÷à¹òüñÿ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ

dûd(t) = [Ĉ(ûd(t)) + â2]dt, (2.13)

äå äîäàòêîâèé äîäàíîê â2 âèíèêà¹ çà ðàõóíîê íàêîïè÷åííÿ çi çðîñòàííÿì íîð-
ìîâàíîãî ÷àñó t/ε2, ε → 0 äóæå ìàëèõ ñòðèáêiâ ïîðÿäêó ε2, ÿêi âiäáóâàþòüñÿ
ç iìîâiðíiñòþ, áëèçüêîþ äî îäèíèöi.

Äðóãà, äèôóçiéíà ñêëàäîâà, âèçíà÷à¹òüñÿ ïàðàìåòðîì σ òà âèíèêà¹ çà ðàõó-
íîê íàêîïè÷åííÿ çi çðîñòàííÿì íîðìîâàíîãî ÷àñó t/ε2, ε → 0 ìàëèõ ñòðèáêiâ
ïîðÿäêó ε, ÿêi òàêîæ âiäáóâàþòüñÿ ç iìîâiðíiñòþ, áëèçüêîþ äî îäèíèöi.

Òðåòÿ ñêëàäîâà âiäîáðàæà¹ ðiäêiñíi âåëèêi ñòðèáêè, ùî âiäáóâàþòüñÿ ç iìî-
âiðíiñòþ, áëèçüêîþ äî íóëÿ, i âèçíà÷àþòüñÿ ÷åðåç óñåðåäíåíó ìiðó ñòðèáêiâ
Γ̃0(dv) ãåíåðàòîðîì

Γjϕ(w) =

∫
R

[ϕ(w + v)− ϕ(w)]Γ̃0(dv).

Äîâåäåííÿ òåîðåìè 2.1.2.
Âñòàíîâèìî ñïî÷àòêó äåÿêi äîïîìiæíi òâåðäæåííÿ.
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Ëåìà 2.1.4. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó
(uε(t), x(t/ε2)), t ≥ 0, ìà¹ ïðåäñòàâëåííÿ

Lε(x)ϕ(w, x) = ε−2Qϕ(w, x) + Γ ε(x)ϕ(w, x)+

+C(x)ϕ(w, x) + θεwϕ(w, x), (2.14)

äå Γ ε(x) � ãåíåðàòîð ñóêóïíîñòi IÏÇ (2.3),

C(x)ϕ(w, x) = C(u, x)ϕ′w(w, x).

Çàëèøêîâèé ÷ëåí ‖θεwϕ(w, x)‖ → 0 ïðè ε→ 0.
Äîâåäåííÿ çäiéñíþ¹òüñÿ çà ñõåìîþ, çàïðîïîíîâàíîþ â [7].
Ëåìà 2.1.5. Ãåíåðàòîð Lε(x), ó âèïàäêó iìïóëüñíîãî ïðîöåñó çáóðåíü äî-

ïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lε(x)ϕ(w, x) = ε−2Qϕ(w, x) + ε−1Γ1(x)ϕ(w, x)+

+Γ2(x)ϕ(w, x) + C(x)ϕ(w, x) + θ̂εwϕ(w, x), (2.15)

äå
θ̂εw(x) = γε + θεw(x),

Γ1(x) òà Γ2(x) âèçíà÷åíi ó ëåìi 1.
Çàëèøêîâèé ÷ëåí

‖θ̂εwϕ(w, x)‖ → 0

ïðè ε→ 0.
Äîâåäåííÿ çäiéñíþ¹òüñÿ ç äîïîìîãîþ ïðåäñòàâëåííÿ îïåðàòîðà (2.5) òà ðå-

çóëüòàòiâ ëåìè 2.1.4.
Çðiçàíèé îïåðàòîð ìà¹ âèãëÿä

Lε0(x)ϕ = ε2Qϕ+ ε−1Γ1(x)ϕ+ Γ2(x)ϕ+ C(x)ϕ. (2.16)

Ëåìà 2.1.6. Ïðè âèêîíàííi óìîâè áàëàíñó (2.4) ðîçâ'ÿçàííÿ ïðîáëåìè ñèí-
ãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî îïåðàòîðà (2.16) íà òåñò-ôóíêöiÿõ

ϕε(w, x) = ϕ(w) + εϕ1(w, x) + ε2ϕ(w, x)

çäiéñíþ¹òüñÿ çi ñïiââiäíîøåííÿ

Lε0(x)ϕε(w, x) = Lϕ(w) + ε2θεw(x)ϕ(w), (2.17)

äå çàëèøêîâèé ÷ëåí θεw(x) ðiâíîìiðíî îáìåæåíèé ïî x
Ãðàíè÷íèé îïåðàòîð L çàäà¹òüñÿ ôîðìóëîþ

L = Π[C(x) + Γ1(x)R0Γ1(x) + Γ2(x)]Π. (2.18)
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Äîâåäåííÿ. Äëÿ âèêîíàííÿ ðiâíîñòi (2.17) íåîáõiäíî, ùîá êîåôiöi¹íòè ïðè
îäíàêîâèõ ñòåïåíÿõ ε çëiâà òà ñïðàâà áóëè ðiâíèìè. Ç öi¹þ ìåòîþ îá÷èñëèìî:

Lε0(x)ϕε(w, x) = ε−2Q(x)ϕ(w)+

+ε−1[Qϕ1(w, x) + Γ1(x)ϕ(w)]+

+[Qϕ2(w, x) + Γ1(x)ϕ1(w, x)]+

+ε[Γ1(x)ϕ2(w, x) + Γ2(x)ϕ1(w, x)) + C(x)ϕ1(w, x)]+

+ε2[Γ2(x)ϕ2(w, x) + C(x)ϕ2(w, x)].

Îñêiëüêè
Qϕ(w)⇔ ϕ(w) ∈ NQ,

òî î÷åâèäíî, ùî ϕ(w) íå çàëåæèòü âiä x.
Óìîâà áàëàíñó (2.4) ¹ óìîâîþ ðîçâ'ÿçíîñòi ðiâíÿííÿ

Qϕ1(w, x) + Γ1(x)ϕ(w) = 0.

Òîìó,
ϕ1(w, x) = R0Γ1(x)ϕ(w).

Îñòàíí¹ ðiâíÿííÿ
Qϕ2(w, x) + Γ1(x)ϕ(w, x)+

+Γ2(x)ϕ(w) + C(x)ϕ(w) = Lϕ(w).

Ïåðåïèøåìî éîãî ó âèãëÿäi

Qϕ2(w, x) = [L− Γ1(x)R0Γ1(x)− Γ2(x)−C(x)]ϕ(w).

Óìîâà ðîçâ'ÿçíîñòi îñòàííüîãî ðiâíÿííÿ i äà¹ ãðàíè÷íèé îïåðàòîð L ó âèãëÿäi
(2.18).

Çàâåðøåííÿ äîâåäåííÿ òåîðåìè çäiéñíþ¹òüñÿ çà òi¹þ æ ñõåìîþ, ùî i äîâå-
äåííÿ òåîðåìè 6.3 â [7].

2.2. Àñèìïòîòè÷íà äèñèïàòèâíiñòü âèïàäêîâèõ ïðîöåñiâ ç
iìïóëüñíèì çáóðåííÿì ó ñõåìi àïðîêñèìàöi¨ Ëåâi

Ìè ðîçãëÿíåìî ïèòàííÿ, ÿê ïîâåäiíêà ãðàíè÷íîãî ïðîöåñó çàëåæèòü âiä äî-
ãðàíè÷íîãî íîðìóâàííÿ ñòîõàñòè÷íî¨ åâîëþöiéíî¨ ñèñòåìè â åðãîäè÷íîìó ìàð-
êîâñüêîìó ñåðåäîâèùi. Äîñëiäèìî óìîâè àñèìïòîòè÷íî¨ äèñèïàòèâíîñòi äîãðà-
íè÷íî¨ ñèñòåìè â óìîâàõ àïðîêñèìàöi¨ Ëåâi

Ðîçãëÿíåìî ñèñòåìó (2.1) i ââàæàòèìåìî âèêîíàíèìè ïðèïóùåííÿ ïiäðîçäi-
ëó 2.1.
Òåîðåìà 2.2.1. Íåõàé iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u) ∈ C3(Rd) ñèñòåìè
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du

dt
= α(u), (2.19)

äå α(u) = Ĉ(u) + â, ÿêà çàäîâîëüíÿ¹ óìîâàì
Ñ1: |Γ 1

u(x)R0L̂V (u)| < M1V (u), M1 > 0;
Ñ2: |Γ 1

u(x)R0Γ
1
u(x)V (u)| < M2V (u), M2 > 0;

Ñ3: |Γ 1
u(x)R0(C)(x)V (u)| < M3V (u), M3 > 0;

Ñ4: |C(x)R0L̂V (u)| < M4V (u), M4 > 0;
Ñ5: |C(x)R0Γ

1
u(x)V (u)| < M5V (u), M5 > 0;

Ñ6: |C(x)R0C(x)V (u)| < M6V (u), M6 > 0.

Íåõàé òàêîæ âèêîíóþòüñÿ íåðiâíîñòi

α(u)V ′(u) < −c1V (u), (2.20)

sup
u∈Rd

‖σ(u)‖ < c2(x), (2.21)

|
∫
X

v2Γ0(dv, x)| < c3(x), (2.22)

äå c1 > 0, c2 > 0,

ĉ3 =

∫
X

π(dx)c3(x) > 0.

Òîäi ñèñòåìà (2.1) àñèìïòîòè÷íî äèñèïàòèâíà.
Ïåðåä áåçïîñåðåäíiì äîâåäåííÿì òåîðåìè íàâåäåìî íèçêó äîïîìiæíèõ òâåð-

äæåíü.
Ëåìà 2.2.1. Ãåíåðàòîð òðèêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

uε(t), x(t/ε : 2, ηε(t, x)), t ≥ 0, ìîæíà ïðåäñòàâèòè ó âèãëÿäi

Lε(x)ϕ(u,w, x) = ε−1Qϕ(u,w, x) + Γ εw(x)ϕ(u,w, x)+

+C(x)ϕ(u,w, x) + Γ εu(x)ϕ(u,w, x), (2.23)

äå Γ εw(x) � ãåíåðàòîð ñóêóïíîñòi ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè (2.3),
ùî äi¹ ïî çìiííié w, à Γ εu(x) � åêâiâàëåíòíèé ïîïåðåäíüîìó ãåíåðàòîð ñóêóï-
íîñòi ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè (2.3), ùî äi¹ ïî çìiííié u.
Äîâåäåííÿ. Ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó íà çáóðåíié òåñò-ôóíêöi¨

âèçíà÷à¹òüñÿ çi ñïiââiäíîøåííÿ

Lε(x)ϕ(u,w, x) = lim
∆→0

1

∆
E[ϕ(uεt+∆, w

ε
t+∆, x

ε
t+∆)−

−ϕ(u,w, x)|uε(t) = u, ηε(t) = w, x(t/ε2) = x].

Äîäàìî òà âiäíiìåìî â óìîâíîìó ìàòåìàòè÷íîìó ñïîäiâàííi ϕ(u,wεt+∆, x
ε
t+∆)

E[ϕ(uεt+∆, w
ε
t+∆, x

ε
t+∆)−
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−ϕ(u,w, x)|uε(t) = u, ηε(t) = w, x(t/ε2) = x] =

= E[ϕ(uεt+∆, w
ε
t+∆, x

ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)]−

= E[ϕ(u,w
ε
t+∆, x

ε
t+∆)− ϕ(u,w, x)].

Ðîçêëàä uεt+∆ ìà¹ âèãëÿä

uεt+∆ = u+ C(u, x)∆+∆w + o(∆).

Îòðèìàíèé âèðàç ïiäñòàâèìî ó ïåðøèé äîäàíîê óìîâíîãî ìàòåìàòè÷íîãî
ñïîäiâàííÿ

E[ϕ(uεt+∆, w
ε
t+∆, x

ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)] =

= E[ϕ(u+ C(u, x)∆+∆w + o(∆), wεt+∆, x
ε
t+∆)−

−ϕ(u,wεt+∆, x
ε
t+∆)] =

= E[ϕ(z +∆z,wεt+∆, x
ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)],

äå
z = u+ C(u, x)∆+ o(∆).

Äîäàìî i âiäíiìåìî ϕ(z, wεt+∆, x
ε
t+∆) â îòðèìàíîìó âèðàçi

E[ϕ(uεt+∆, w
ε
t+∆, x

ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)] =

= E[ϕ(z +∆w,wεt+∆, x
ε
t+∆)− ϕ(z, wεt+∆, x

ε
t+∆)]+

+E[ϕ(z, wεt+∆, x
ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)].

Îñêiëüêè ãåíåðàòîð Γ εu(x) ìà¹ âèãëÿä

Γ εu(x)ϕ(u,w, x) = lim
∆→0

1

∆
(E[ϕ(u+∆u,w, x)− ϕ(u,w, x)]),

òî äëÿ ãðàíèöi ïåðøîãî äîäàíêó îòðèìà¹ìî

lim
∆→0

1

∆
E[ϕ(z +∆w,wεt+∆, x

ε
t+∆)− ϕ(z, wεt+∆, x

ε
t+∆)] =

= Γ εu(x)ϕ(u,w, x)

Ðîçêëàäåìî ϕ(z, wεt+∆, x
ε
t+∆) çà ôîðìóëîþ Òåéëîðà

ϕ(u+ C(u, x)∆+ o(∆), wεt+∆, x
ε
t+∆) =

= ϕ(u,wεt+∆, x
ε
t+∆) + ϕ′, wεt+∆, x

ε
t+∆)(C(u, x)∆+ o(∆)) + o(∆).

Ïiäñòàâèâøè ó âèðàç E[ϕ(z, wεt+∆, x
ε
t+∆)−ϕ(u,wεt+∆, x

ε
t+∆)], îòðèìàíèé ðîç-

êëàä, îòðèìà¹ìî

lim
∆→0

1

∆
E[ϕ(z, wεt+∆, x

ε
t+∆)−
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−ϕ(u,wεt+∆, x
ε
t+∆)] =

= lim
∆→0

1

∆
E[ϕ(u+ C(u, x)∆+ o(∆), wεt+∆, x

ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)] =

= lim
∆→0

1

∆
E[ϕ(u,wεt+∆, x

ε
t+∆) + ϕ′(u,wεt+∆, x

ε
t+∆)(C(u, x)∆+ o(∆))+

+o(∆)− ϕ(u,wεt+∆, x
ε
t+∆)] =

= lim
∆→0

1

∆
E[ϕ′(u,wεt+∆, x

ε
t+∆)(C(u, x)∆+ o(∆)) + o(∆)] =

= C(u, x)ϕ′(u,w, x).

Òàê ñàìî, çi ñïiââiäíîøåííÿ äëÿ ãåíåðàòîðà Γ εw(x) òà î÷åâèäíîãî ñïiââiäíî-
øåííÿ äëÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó

= lim
∆→0

1

∆
E[ϕ(w, xεt+∆)− ϕ(w, x)] = ε−1Qϕ(w, x),

îòðèìó¹ìî

lim
∆→0

1

∆
E[ϕ(u,wεt+∆), xεt+∆)− ϕ(u,w, x)] =

= lim
∆→0

1

∆
E[ϕ(u,wεt+∆), xεt+∆)−

−ϕ(u,w, xεt+∆))] + ϕ(u,w, xεt+∆))− ϕ(u,w, x)] =

= lim
∆→0

1

∆
E[ϕ(u,wεt+∆), xεt+∆)− ϕ(u,w, xεt+∆)]+

+ lim
∆→0

1

∆
E[ϕ(u,w, xεt+∆)− ϕ(u,w, x)] =

= Γ εw(x)ϕ(u,w, x) + ε−1Qϕ(u,w, x),

çâiäêè i áà÷èìî, ùî Lε(x) ìà¹ âèãëÿä (2.23).
Ëåìà 2.2.2. Ãåíåðàòîð (2.23) äîïóñêà¹ àñèìïòîòè÷íèé ðîçêëàä

Lε(x)ϕ(u,w, x) = ε−1Qϕ(u,w, x)+

+Γ 1
u(x)ϕ(u,w, x) + C(u)ϕ(u,w, x)+

+Γ 1
w(x)ϕ(u,w, x) + γε(x)ϕ(w, x)

äå
C(x)ϕ(u) = C(u, x)ϕ′(u),

à çàëèøêîâèé ÷ëåí
‖γε(x)ϕ(u,w, x)‖ → 0, ε→ 0,

ϕ(u,w, ·) ∈ C3((R)).
Çðiçàíèé ãåíåðàòîð
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Lε0(x)ϕ(u,w, x) = ε−1Qϕ(u,w, x)+

+Γ 1
u(x)ϕ(u,w, x) + C(x)ϕ(u,w, x)+

+Γ 1
w(x)ϕ(u,w, x). (2.24)

Ëåìà 2.2.3. Ðîçâ'ÿçàííÿ ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî ãå-
íåðàòîðà (2.24) íà çáóðåíié òåñò-ôóíêöi¨

ϕε(u,w, x) = ϕ(u,w) + εϕ1(u,w, x) (2.25)

âèçíà÷à¹òüñÿ ðiâíiñòþ

Lε0(x)ϕε(u,w, x) = L̂ϕ(u,w) + εθε(x)ϕ(u,w),

äå
θε(x) = Γ 1

u(x)R0L̂− Γ 1
u(x)R0Γ

1
u(x)−

−Γ 1
u(x)R0C(x)− Γ 1

u(x)R0Γ
1
w(x)+

+C(x)R0L̂−C(x)R0Γ
1
u(x)−

−C(x)R0C(x)−C(x)R0Γ
1
w(x)+

+Γ 1
w(x)R0L̂− Γ 1

w(x)R0Γ
1
u(x)−

−Γ 1
w(x)R0C(x)− Γ 1

w(x)R0Γ
1
w(x).

Äîâåäåííÿ. Ïiäñòàâèìî (2.25) â (2.24).

Lε0(x)ϕ(u,w, x) = ε−1Q[ϕ(u,w) + εϕ1(u,w, x)]+

+Γ 1
u(x)[ϕ(u,w) + εϕ1(u,w, x)]+

+C(x)[ϕ(u,w) + εϕ1(u,w, x)]+

+Γ 1
w[ϕ(u,w) + εϕ1(u,w, x)] =

= ε−1Qϕ(u,w) + [Qϕ1(u,w, x) + Γ 1
u(x)ϕ(u,w)+

+C(x)ϕ(u, v) + Γ 1
w(x)ϕ(u,w)]+

+ε[Γ 1
u(x)ϕ1(u,w, x) + C(x)ϕ1(u,w, x)+

+Γ 1
w(x)ϕ1(u,w, x)].

Äëÿ iñíóâàííÿ ãðàíè÷íîãî ãåíåðàòîðà L̂ϕ(u,w) íåîáõiäíî, ùîá ïðè ε → 0
âèêîíóâàëàñü óìîâà

Qϕ(u,w) = 0,

òîáòî ôóíêöiÿ íàëåæàëà íóëü-ïðîñòîðó îïåðàòîðà Q.
Òîäi

L̂ϕ(u,w) = Qϕ1(u,w, x) + Γ 1
u(x)ϕ(u,w)+
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+C(x)ϕ(u,w) + Γ 1
w(x)ϕ(u,w),

çâiäêè
Qϕ1(u,w, x) = [L̂− Γ 1

u(x)−C(x)− Γ 1
w(x)]ϕ(u,w).

Ç óìîâè ðîçâ'ÿçíîñòi äëÿ îñòàííüîãî ðiâíÿííÿ ìà¹ìî

ΠQΠϕ1(u,w, x) = 0 = Π[L̂− Γ 1
u(x)−C(x)−

−Γ 1
w(x)]Πϕ(u,w).

Òàêèì ÷èíîì,

L̂ϕ(u,w) = ΠΓ 1
u(x)ϕ(u,w) +ΠC(x)ϕ(u,w)+

+ΠΓ 1
w(x)ϕ(u,w),

à
ϕ1(u,w, x) = R0[L̂− Γ 1

u(x)−C(x)− Γ 1
w(x)]ϕ(u,w).

Çâiäñè îòðèìà¹ìî ðîçêëàä äëÿ îñòàííüîãî äîäàíêó

ε[Γ 1
u(x)ϕ1(u,w, x) + C(x)ϕ1(u,w, x) + Γ 1

w(x)ϕ1(u,w, x)] =

= ε[Γ 1
u(x)R0[L̂− Γ 1

u(x)−C(x)− Γ 1
w(x)]+

+C[L̂− Γ 1
u(x)−C(x)− Γ 1

w(x)]+

+Γ 1
w(x)R0[L̂− Γ 1

u(x)−C(x)− Γ 1
w(x)]]ϕ(u,w).

Äîâåäåííÿ òåîðåìè 2.2.1. Íà ïiäñòàâi âèêîíàííÿ óìîâ òåîðåìè Ñ1�Ñ6,
ìà¹ ìiñöå îáìåæåíiñòü çàëèøêîâîãî ÷ëåíà (2.26)

‖θε(x)V (u)‖ =

= |Γ 1
u(x)R0L̂V (u)− Γ 1

u(x)R0Γ
1
u(x)V (u)−

−Γ 1
u(x)R0C(x)V (u)− Γ 1

u(x)R0Γ
1
w(x)V (u)+

+C(x)R0L̂V (u)−C(x)R0Γ
1
u(x)V (u)−

−C(x)R0C(x)V (u)−C(x)R0Γ
1
w(x)V (u)+

+Γ 1
w(x)R0L̂V (u)− Γ 1

w(x)R0Γ
1
u(x)V (u)−

−Γ 1
w(x)R0C(x)V (u)− Γ 1

w(x)R0Γ
1
w(x)V (u)| ≤

≤M1V (u) +M2V (u) +M3V (u) +M4V (u) +M5V (u) +M6V (u),

çâiäêè,
‖θε(x)V (u)‖ ≤MV (u), (2.27)

äå M = M1 +M2 +M3 +M4 +M5 +M6.
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Ç òâåðäæåííÿ ëåìè 2.2.3, âèðàçó (2.27) òà âèêîíàííÿ óìîâ ìîäåëüíî¨ òåîðåìè
Êîðîëþêà, ìà¹ìî ñëàáêó çáiæíiñòü

(uε(t), ηε(t))⇒ (u(t), η(t)), ε→ 0.

Íåõàé òåïåð d(2.1)V (u)
du � ïîõiäíà ôóíêöi¨ Ëÿïóíîâà, îá÷èñëåíà óçäîâæ òðàåê-

òîði¨ ñèñòåìè (2.1). Îñêiëüêè ôóíêöiÿ Ëÿïóíîâà ïîâèííà çàäîâîëüíÿòè óìîâó
Ëiïøèöÿ

|V (u2)− V (u1)| < K|u2 − u1|,

äå K ¹ ñòàëîþ âåëè÷èíîþ, òî âèêîíó¹òüñÿ òàêå ñïiââiäíîøåííÿ

d(2.1)V (u)

du
≤ dV (u)

du
+K[‖σ(u)‖ · |dW (t)|+

+

∫
R

v2Γ̃0(dv)|dt|],

äå dV (u)
du � ïîõiäíà ôóíêöi¨ Ëÿïóíîâà, îá÷èñëåíà âçäîâæ òðà¹êòîði¨ äåòåðìiíî-

âàíî¨ ñèñòåìè (2.19),

Γ̃0(dv) =

∫
X

π(dx)Γ0(dv, x).

Çãiäíî óìîâ (2.20)�(2.22) òåîðåìè, îòðèìà¹ìî

d(2.1)V (u)

du
≤ −c1V (u) +K[c2|dW (t)|+ C|dt|].

Îòæå, ç âèêîðèñòàííÿì ëåìè 1.7 [35]

V (u) ≤ V (u0) exp−c1t+Kc2

t∫
0

exp−c1(t− s)d|w(s)|ds+Kĉ3|dt|.

Çâiäñè òà ëåìè 1.9 [35] âèïëèâà¹ îöiíêà

P |u(t)| > R ≤ V (u)

inf
u∈Rd

V (u)
, R→∞,

Îòæå, ñèñòåìà (2.1) ¹ äèñèïàòèâíîþ,áiëüø òîãî, ç âèêîíàííÿ óìîâ ìîäåëüíî¨
ãðàíè÷íî¨ òåîðåìè Êîðîëþêà [3] òà äèñèïàòèâíîñòi ãðàíè÷íîãî ïðîöåñó ñëiäó¹,
ùî ñèñòåìà (2.1) ¹ àñèìïòîòè÷íî äèñèïàòèâíîþ.
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2.3. Ïîäâiéíå óêðóïíåííÿ ôàçîâîãî ïðîñòîðó äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòîõàñòè÷íî ìàëèìè äîáàâêàìè
â óìîâàõ àïðîêñèìàöi¨ Ëåâi

Ïðè àíàëiçi ñêëàäíèõ ñèñòåì ÷àñòî âèíèêàþòü òðóäíîùi, ÿêi ïîëÿãàþòü ó
çíà÷íîìó óñêëàäíåííi ôàçîâîãî ïðîñòîðó ñèñòåìè. Öå ìîæå ïðèçâåñòè äî ïðàê-
òè÷íî¨ íåìîæëèâîñòi íàãëÿäíîãî ïðåäñòàâëåííÿ ìîäåëi. Àêòóàëüíà ïðîáëåìà
ñó÷àñíî¨ òåîði¨ ñèñòåì - öå ðîçâèòîê ìàòåìàòè÷íî îá ðóíòîâàíèõ ìåòîäiâ ïîáó-
äîâè ñïðîùåíèõ ìîäåëåé, àíàëiç ÿêèõ íå âèêëèêà¹ çíà÷íèõ òðóäíîùiâ, â ÿêèõ
õàðàêòåðèñòèêè ìîæóòü áóòè ïðèéíÿòi çà âiäïîâiäíi õàðàêòåðèñòèêè ðåàëüíèõ
ìîäåëåé. Iäå¨ âèâ÷åííÿ âëàñòèâîñòåé ñêëàäíèõ ñèñòåì íà îñíîâi äîñëiäæåííÿ
âëàñòèâîñòåé ¨õ ÷àñòèí ç ïîäàëüøèì ïåðåõîäîì äî çàãàëüíî¨ ñèñòåìè, ¹ îñíîâîþ
áàãàòüîõ ìåòîäiâ ñèñòåìíîãî àíàëiçó. Âïåðøå àëãîðèòì ôàçîâîãî óêðóïíåííÿ
ñòàíiâ ñèñòåìè çàïðîïîíóâàëè i i îïèñàëè ó ðîáîòi [23] Êîðîëþê Â.Ñ. òà Òóðáií
À.Ô. Àíàëiç óêðóïíåíî¨ ñèñòåìè çíà÷íî ñïðîùó¹òüñÿ, àëå, ðàçîì ç òèì, ïðè
âäàëîìó ðîçùåïëåííi ôàçîâîãî ïðîñòîðó, îñíîâíi õàðàêòåðèñòèêè ñïðîùåíî¨
ñèñòåìè ìîæóòü äîñèòü òî÷íî âiäîáðàæàòè âiäïîâiäíi õàðàêòåðèñòèêè âèõiä-
íî¨. Ó ñâîþ ÷åðãó, áëèçüêiñòü ðåàëüíî¨ i óêðóïíåíî¨ ñèñòåì îçíà÷à¹ i áëèçüêiñòü
ãëîáàëüíèõ õàðàêòåðèñòèê, ùî âèçíà÷àþòüñÿ íà çðîñòàþ÷èõ iíòåðâàëàõ ÷àñó.
Âàæëèâîþ âëàñòèâiñòþ àëãîðèòìiâ ôàçîâîãî óêðóïíåííÿ ¹ ìîæëèâiñòü ïîáó-
äîâè i¹ðàðõi¨ óêðóïíåíèõ ñèñòåì. Ó öüîìó ïiäðîçäiëi ìè ðîùãëÿíåìî âèïàäîê,
êîëè çáóðåííÿ ñèñòåìè âèçíà÷àþòüñÿ ïðîöåñîì Ëåâi ó ñõåìi àïðîêñèìàöi¨. Íàñ
öiêàâèòèìå íàñàìïåðåä, ïîäâiéíå ôàçîâå óêðóïíåííÿ ïðîñòîðó ñòàíiâ òàêèõ
åâîëþöiéíèõ ìîäåëåé.

Ðîçãëÿíåìî ñòîõàñòè÷íó åâîëþöiéíó ñèñòåìó â åðãîäè÷íîìó ìàðêîâñüêîìó
ñåðåäîâèùi, çàäàíó ñòîõàñòè÷íèì äèôôåðåíöiàëüíèì ðiâíÿííÿì

duε(t) = C(uε(t), xt/ε
3

)dt+ dηε(t), uε(t) ∈ R, (2.28)

äå ìàðêîâñüêèé ïðîöåñ xε(t), t ≥ 0 âèçíà÷à¹òüñÿ íà ñòàíäàðòíîìó ôàçîâîìó
ïðîñòîði (E,E ) ç ðîçùåïëåííÿì

E =

N⋃
k=1

Ek, Ek ∩ Ek′ = ∅, k 6= k′

ó ñõåìi ñåðié ç ìàëèì ïàðàìåòðîì ñåði¨ ε→ 0, ε > 0.
Ìàðêîâñüêå ÿäðî ìà¹ âèãëÿä

Qε(x,B, t) = P ε(x,B)[1− exp{−q(x)t}], x ∈ E, B ∈ E , t ≥ 0.

Íåõàé òàêîæ âèêîíóþòüñÿ óìîâè:
ÌÅ1: ßäðî, ùî îïèñó¹ ïåðåõiäíi iìîâiðíîñòi âêëàäåíîãî ëàíöþãà Ìàðêîâà

xεn, n ≥ 0 ìà¹ íàñòóïíå ïðåäñòàâëåííÿ

P ε(x,B) = P (x,B) + εP1(x,B).
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Ñòîõàñòè÷íå ÿäðî P (x,B) íà ðîçùåïëåíîìó ôàçîâîìó ïðîñòîði âèçíà÷à¹òü-
ñÿ òàê

P (x,Ek) = 1k(x) =

{
1, x ∈ Ek,
0, x 6∈ Ek.

Ñòîõàñòè÷íå ÿäðî P (x,B) âèçíà÷à¹ ñóïðîâîäæóþ÷èé ëàíöþã Ìàðêîâà xn,
n ≥ 0 íà êëàñàõ Ek, 1 ≤ k ≤ N . Êðiì òîãî, çáóðþþ÷å ÿäðî P1(x,B) çàäîâîëüíÿ¹
óìîâi

P1(x,E) = 0,

ùî ¹ ïðÿìèì íàñëiäêîì ðiâíîñòi

P ε(x,E) = P (x,E) = 1.

ÌÅ2: Àñîöiéîâàíèé ìàðêîâñüêèé ïðîöåñ x0(t), t ≥ 0, çàäàíèé ãåíåðàòîðîì

Qϕ(x)

∫
E

P (x, dy)[ϕ(y)− ϕ(x)]

¹ ðiâíîìiðíî åðãîäè÷íèì íà êîæíîìó ç êëàñiâ Ek, 1 ≤ k ≤ N , çi ñòàöiîíàðíèìè
ðîçïîäiëàìè πk(dx), 1 ≤ k ≤ N , ÿêi çàäîâîëüíÿþòü ñïiââiäíîøåííþ:

πk(dx)q(x) = qkρk(dx), qk :=

∫
Ek

πk(dx)q(x).

ÌÅ3: Óñåðåäíåíi iìîâiðíîñòi âèõîäó

p̂k := q(x)

∫
Ek

ρk(dx)P1(x,E/Ek) > 0, 1 ≤ k ≤ N.

Òàêèì ÷èíîì, çáóðþþ÷å ÿäðî P1(x,B) âèçíà÷à¹ ïåðåõiäíi iìîâiðíîñòi ìiæ
êëàñàìè Ek, 1 ≤ k ≤ N . Îòæå, ðiâíiñòü

P ε(x,B) = P (x,B) + εP1(x,B)

îçíà÷à¹, ùî âêëàäåíèé ëàíöþã Ìàðêîâà xεn, n ≥ 0 ïðîâîäèòü âåëèêèé ïðî-
ìiæîê ÷àñó â êîæíîìó ç êëàñiâ Ek òà ïåðåñòðèáó¹ ìiæ êëàñàìè ç ìàëèìè
éìîâiðíîñòÿìè εP1(x,E/Ek).

Çà óìîâ ÌÅ1 � ÌÅ3 ìà¹ ìiñöå ñëàáêà çáiæíiñòü [3]

ν(xε(t))⇒ x̂(t), ε→ 0, ν(x) = k ∈ Ê = {1, ..., N}, x ∈ Ek, 1 ≤ k ≤ N.

Ãðàíè÷íèé ìàðêîâñüêèé ïðîöåñ x̂(t), t ≥ 0 íà óêðóïíåíîìó ôàçîâîìó ïðîñòîði
Ê = {1, ..., N} âèçíà÷à¹òüñÿ ãåíåðóþ÷îþ ìàòðèöåþ

Q̂1 = (q̂kr, 1 ≤ k, r ≤ N),
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äå
q̂kr = q̂kp̂kr, k 6= r, q̂k = qkp̂k, 1 ≤ k ≤ N,

p̂kr = pkr/p̂k, pkr =

∫
Ek

ρk(dx)P1(x,Er), 1 ≤ k, r ≤ N, k 6= r,

p̂k = −
∫
Ek

ρk(dx)P1(x,Ek).

ÌÅ4: Óêðóïíåíèé ìàðêîâñüêèé ïðîöåñ x̂(t), t ≥ 0 ¹ åðãîäè÷íèì, çi ñòàöiî-
íàðíèì ðîçïîäiëîì π̂ = (πk, k ∈ Ê).

Òàêèì ÷èíîì, îïåðàòîð Qε ìîæíà ïîäàòè ó âèãëÿäi

Qε = Q+ εQ1, Q1(x) = q(x)

∫
E

P1(x, dy)ϕ(y).

Óçàãàëüíåííÿ òàêîãî ïiäõîäó ìîæíà çíàéòè ó [8], äå îïåðàòîð Qε = Q+ εQ1

Q(x) = q(x)

∫
E

P (x, dy)[ϕ(y)− ϕ(x)], Q1(x) = q1(x)

∫
E

P1(x, dy)ϕ(y).

Íåõàé Π � ïðîåêòîð íà íóëü-ïiäïðîñòið çâåäåíî-îáîðîòíîãî îïåðàòîðà Q. Éîãî
äiÿ íà òåñò-ôóíêöi¨ âèçíà÷à¹òüñÿ òàê:

Πϕ(x) =

N∑
k=1

ϕ̂k1k(x), ϕ̂k :=

∫
Ek

πk(dx)ϕ(dx).

Çâåäåíèé îïåðàòîð Q̂1 âèçíà÷èìî çà äîïîìîãîþ ñïiââiäíîøåííÿ

Q̂1Π = ΠQ1Π.

Íåõàé Π̂ � ïðîåêòîð íà íóëü-ïiäïðîñòið çâåäåíî-îáîðîòíîãî îïåðàòîðà Q̂1:

Π̂ϕ̂ := q(x)
∑
k∈E

π̂kϕ̂k.

Ïîòåíöiàëüíà ìàòðèöÿ R̂0 = [R̂0
kj ; 1 ≤ k, l ≤ N ] âèçíà÷à¹òüñÿ ñïiââiäíîøåí-

íÿìè
Q̂1R̂0 = R̂0Q̂1 = Π̂ − E.

Iìïóëüñíèé ïðîöåñ çáóðåíü ηε(t), t ≥ 0, ó ñõåìi àïðîêñèìàöi¨ Ëåâi çàäà¹òüñÿ
ñïiââiäíîøåííÿì

ηε(t) =

t∫
0

ηε(ds, x(s/ε2)), (2.29)
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äå ñóêóïíiñòü ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥ 0, x ∈ X, âèçíà-
÷à¹òüñÿ ãåíåðàòîðàìè

Γ ε(x)ϕ(w) = ε−2
∫
R

(ϕ(w + v)− ϕ(w))Γ ε(dv, x), x ∈ X (2.30)

òà çàäîâîëüíÿ¹ óìîâàì àïðîêñèìàöi¨ Ëåâi
L1. Àïðîêñèìàöiÿ ñåðåäíiõ∫

R

vΓ ε(dv, x) = εa1(x) + ε2(a2(x) + θa(x)), θa(x)→ 0, ε→ 0,

òà ∫
R

v2Γ ε(dv, x) = ε(b(x) + θb(x)), θb(x)→ 0, ε→ 0,

L2. Óìîâà íà ôóíêöiþ ðîçïîäiëó∫
R

g(v)Γ ε(dv, x) = ε2(Γg(x) + θg(x)), θg(x)→ 0, ε→ 0,

äëÿ âñiõ g(v) ∈ C3(R) (ïðîñòið äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié òàêèõ, ùî
g(v)/|v|2 → 0, |v| → 0). Òóò ìiðà Γg(x) îáìåæåíà äëÿ âñiõ g(v) ∈ C3(R) i
âèçíà÷àþòüñÿ ñïiââiäíîøåííÿì

Γg(x) =

∫
R

g(v)Γ0(dv, x), g(v) ∈ C3(R);

L3. Ðiâíîìiðíà êâàäðàòè÷íà iíòåãðîâíiñòü

lim
c→∞

∫
|v|>c

v2Γ0(dv, x) = 0;

Íåõàé âèêîíó¹òüñÿ óìîâà áàëàíñó

â1 :=

∫
X

π(dx)a1(x) = 0. (2.31)

Ðîçãëÿíåìî àñèìïòîòè÷íi âëàñòèâîñòi ïðîöåñó çáóðåííÿ.
Òåîðåìà 2.3.1. Ïðè âèêîíàííi óìîâè áàëàíñó (2.31) òà óìîâ àïðîêñèìàöi¨

Ëåâi L1 � L3 ìà¹ ìiñöå ñëàáêà çáiæíiñòü

ηε(t)→ η0(t), ε→ 0

Ãðàíè÷íèé ïðîöåñ η0(t) âèçíà÷à¹òüñÿ ãåíåðàòîðîì
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ˆ̂
Γϕ(w) = ˆ̂a2ϕ

′(w) +
1

2
σ2ϕ′′(w) +

∫
R

[ϕ(w + v)− ϕ(w)]
ˆ̂
Γ 0(dv),

äå
ˆ̂a =

∫
X

π(dx)(a2(x)− a0(x)),

σ2 =

∫
X

π(dx)(b(x)− b0(x)) + 2

∫
X

π(dx)a1(x)R0a1(x),

a0(x) =

∫
R

vΓ0(dv, x),

b0(x) =

∫
R

v2Γ0(dv, x),

Γ̂0(v) =

∫
X

π(dx)Γ0(v, x)

i ¹ ïðîöåñîì Ëåâi, ÿêè ìà¹ òðè ñêëàäîâi: äåòåðìiíîâàíèé çñóâ, äèôóçiéíó
ñêëàäîâó òà ïóàññîíiâñüêó ñòðèáêîâó ÷àñòèíó.
Äîâåäåííÿ. Äëÿ áåçïîñåðåäíüîãî äîâåäåííÿ òåîðåìè 2.3.1, âñòàíîâèìî äå-

ÿêi äîïîìiæíi òâåðäæåííÿ.
Ëåìà 2.3.1. Ãåíåðàòîðè ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥

0, x ∈ X, íà òåñò-ôóíêöiÿõ ϕ(w) ∈ C3(R) ïðè âèêîíàííi óìîâ àïðîêñèìàöi¨
Ëåâi L1�L3 äîïóñêàþòü àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Γε(x)ϕ(w) = ε−1Γ1(x)ϕ(w) + Γ2(x)ϕ(w), (2.32)

äå
Γ1(x)ϕ(w) = a1(x)ϕ′(w),

Γ2(x)ϕ(w) = (a2(x)− a0(x))ϕ′(x) +
1

2
(b(x)− b0(x))ϕ′′(x)+

+

∫
R

[ϕ(w + v)− ϕ(v)]Γ0(dv, x).

Äîâåäåííÿ ëåìè 2.3.1. Âèêîðèñòîâóþ÷è ðîçêëàä ôóíêöi¨ ϕ(w) ó ðÿä Òåé-
ëîðà, çäiéñíèìî ïåðåòâîðåííÿ ãåíåðàòîðà (2.30):

Γε(x)ϕ(w) = ε−2
∫
R

(ϕ(w + v)− ϕ(v))Γ ε(dv, x) =

= ε−2
∫
R

(ϕ(w + v)− ϕ(v)− vϕ′(v)− 1

2
v2ϕ′′(w))Γ ε(dv, x)+
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+ε−2
∫
R

(vϕ′(w)Γ ε(dv, x) +
1

2
v2ε−2

∫
R

v2ϕ′′(w)Γ ε(dv, x) =

=

∫
R

(ϕ(u+ v)− ϕ(v)− vϕ′(w)− 1

2
v2ϕ′′(w))Γ0(dv, x)+

+ε−1a1(x)ϕ′(w) + a2(x)ϕ′(w)+

+
1

2
(b(x)− b0(x))ϕ′′(w)+

+

∫
R

(ϕ(u+ v)− ϕ(v))Γ0(dv, x) + γε(w)ϕ(w),

äå ïåðåäîñòàííÿ ðiâíiñòü âèïëèâà¹ ç óìîâ L1�L3 (çàóâàæèìî òàêîæ, ùî ôóíê-
öiÿ ϕ(w + v)− ϕ(w)− vϕ′(w)− 1

2v
2ϕ′′(w) ∈ C3(R), îñêiëüêè âîíà îáìåæåíà íà

ïiäñòàâi îáìåæåíîñòi ϕ(w) ðàçîì ç ¨¨ ïîõiäíèìè, òà âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

[ϕ(w + v)− ϕ(w)− vϕ′(w)− 1

2
v2ϕ′′(w)]/|v2| → 0

ïðè v → 0.
Ïàì'ÿòàþ÷è, ùî γε(w)ϕ(w) = o(ε2), ϕ(w) ∈ C3(R), îòðèìà¹ìî ïðåäñòàâëåí-

íÿ (2.32).
Äîâåäåííÿ ëåìè 2.3.1 çàâåðøåíå.
Ëåìà 2.3.2. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó (ηε, x(t/ε2)),

t ≥ 0 ìà¹ âèãëÿä

Γ̂ ε(x)ϕ(w, x) = ε−2Qϕ(w, x) + ε−1Γ1(x)ϕ(w, x)

+Γ2(x)ϕ(w, x) + γε(x)ϕ(w, x), (2.33)

äå îïåðàòîð Γ1(x), Γ2(x) âèçíà÷åíi ó ëåìi 1, à çàëèøêîâèé ÷ëåí

‖γε(x)ϕ(w, x)‖ → 0

ïðè ε→ 0, ϕ(w, ·) ∈ C3(R).
Äîâåäåííÿ. Òâåðäæåííÿ ëåìè ñòà¹ î÷åâèäíèì, ÿêùî âèêîðèñòàòè âèçíà-

÷åííÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó òà âèãëÿä âiäïîâiäíèõ ãåíåðàòîðiâ
ïðîöåñiâ ηε(t, x) i x(t/ε2).

Çðiçàíèé îïåðàòîð ìà¹ ñòðóêòóðó

Γ ε0 (x)ϕ(w) = ε−2Qϕ(w, x) + ε−1Γ1(x)ϕ(w, x)+

+Γ2(x)ϕ(w, x). (2.34)

Ëåìà 2.3.3. Ïðè âèêîíàííi óìîâ áàëàíñó (2.31) ðîçâ'ÿçîê çàäà÷i ñèíãóëÿð-
íîãî çáóðåííÿ äëÿ çðiçàíîãî îïåðàòîðà (2.34) íà òåñò-ôóíêöiÿõ
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ϕ(u, x) = ϕ(u) + εϕ1(u, x) + ε2ϕ2(u, x) + εϕ3(u, x)

ðåàëiçó¹òüñÿ ñïiââiäíîøåííÿì

Γ ε0 (x)ϕε(u, x) =
ˆ̂
Γϕ(u) + εθεη(x)ϕ(u), (2.35)

äå çàëèøêîâèé ÷ëåí ðiâíîìiðíî îáìåæåíèé ïî x.
Ãðàíè÷íèé îïåðàòîð âèçíà÷à¹òüñÿ ôîðìóëîþ

ˆ̂
L = Π̂Γ̂1R̂0Γ̂1Π̂ + Π̂Γ̂2Π̂. (2.36)

Äîâåäåííÿ. Îá÷èñëèìî

(ε−3Q + ε−2Q1 + ε−1Γ1 + Γ2)(ϕ(u) + εϕ1 + ε2ϕ2 + εϕ3) =

= ε−3Qϕ+ ε−2(Qϕ1 + Q1ϕ) + ε−1(Qϕ2 + Q1ϕ1 + Γ1ϕ)+

+(Qϕ3 + Q1ϕ2 + Γ1ϕ1 + Γ2ϕ) + o(ε).

Çâiäñè îòðèìó¹ìî ÷îòèðè ñïiââiäíîøåííÿ:
I. Qϕ = 0 ;
II. Qϕ1 + Q1ϕ = 0 ;
III. Qϕ2 + Q1ϕ1 + Γ1ϕ = 0;

IV. Qϕ3 + Q1ϕ2 + Γ1ϕ1 + Γ2ϕ =
ˆ̂
Lϕ.

Âñòàíîâèìî òåïåð âèãëÿä ˆ̂
L.

Ç I âèïëèâà¹, ùî ϕ ∈ NQ;
Ç II, îñêiëüêè ϕ ∈ NQ, ç óìîâè ðîçâ'ÿçíîñòi ìàòèìåìî

ΠQ1Πϕ = 0.

Ââåäåìî ïîçíà÷åííÿ
ΠQ1 = Q̂1, Πϕ = ϕ̂.

Òîäi
Q̂1ϕ̂ = 0,

çâiäêè
ϕ̂ ∈ NQ̂1

.

Ðîçãëÿíåìî III: ç óìîâè ðîçâ'ÿçíîñòi äëÿ Q ìàòèìåìî

ΠQ1Πϕ1 +ΠΓ1Πϕ = 0, (2.37)

Q̂1ϕ̂1 + Γ̂1ϕ̂ = 0.

Ç óìîâè áàëàíñó (2.31) áà÷èìî, ùî Γ̂1ϕ̂ ∈ RQ, îòæå, ðîçâ'ÿçîê

ϕ̂1 = R̂0Γ̂1ϕ̂,
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äå R̂0 � çâåäåíî-îáîðîòíèé äî Q̂1.
Ïåðåéäåìî äî IV: ç óìîâè ðîçâ'ÿçíîñòi äëÿ Q îòðèìà¹ìî

ΠQ2Πϕ2 +ΠΓ1Πϕ1 +ΠΓ2Πϕ = Π
ˆ̂
LΠϕ, (2.38)

Q̂1ϕ̂2 + Γ̂1ϕ̂1 + Γ̂2ϕ̂ =
ˆ̂
Lϕ̂.

Ïàìÿòàþ÷è, ùî ϕ̂1 = R̂0Γ̂1ϕ̂, ìàòèìåìî

Q̂1ϕ̂2 + Γ̂1R̂0Γ̂1ϕ̂+ Γ̂2ϕ̂ =
ˆ̂
Lϕ̂.

Ó ñâîþ ÷åðãó, ç óìîâè ðîçâ'ÿçíîñòi äëÿ ϕ̂2

Π̂Γ̂1R̂0Γ̂1Π̂ϕ+ Π̂Γ̂2Π̂ϕ̂ =
ˆ̂
L ˆ̂ϕ,

çâiäêè
ˆ̂
L = Π̂Γ̂1R̂0Γ̂1Π̂ + Π̂Γ̂2Π̂,

ϕ̂2 = R̂0[Γ̂1R̂0Γ̂1 + Γ̂2 − ˆ̂
L]ϕ̂,

ϕ̂3 = R0[Q1ϕ2 + Γ1ϕ1 + Γ2ϕ− ˆ̂
Lϕ].

Îáìåæåíiñòü θεη(x)ϕ(w) âèïëèâà¹ ç âèãëÿäó îïåðàòîðiâ Γ1, Γ2 òà R0.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè çäiéñíþ¹òüñÿ ç âèêîðèñòàííÿì òåîðåìè 6.3

ç [7].
Ðîçãëÿíåìî àñèìïòîòè÷íi âëàñòèâîñòi âèõiäíî¨ åâîëþöiéíî¨ ñèñòåìè (2.28)
Òåîðåìà 2.3.2. Ïðè âèêîíàííi óìîâè áàëàíñó (2.31) ñïðàâåäëèâà ñëàáêà

çáiæíiñòü
(uε(t), ηε(t))⇒ (ˆ̂u(t), η0(t)), ε→ 0.

Ãðàíè÷íèé ïðîöåñ (ˆ̂u(t), η0(t)) âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lϕ(u,w) =
ˆ̂
C(u)ϕ′u(u,w) +

ˆ̂
Γ
u

ϕ(u, ·) +
ˆ̂
Γ
w

ϕ(·, w) (2.39)

äå
ˆ̂
C(u) = ΠC(x) =

∫
X

π(dx)C(u, x);

à ãåíåðàòîðè
ˆ̂
Γ
u

òà
ˆ̂
Γ
w

âèçíà÷åíi â òåîðåìi 2.3.1 òà ìàþòü îäíàêîâó ñòðóê-
òóðó, àëå äiþòü ïî ðiçíèì çìiííèì.
Çàóâàæåííÿ 2.3.1. Ñëàáêà çáiæíiñòü ïðîöåñiâ uε(t) ⇒ ˆ̂u(t), ε → 0, áóäå

âèïëèâàòè çi çáiæíîñòi âiäïîâiäíèõ ãåíåðàòîðiâ çà óìîâè êîìïàêòíîñòi äîãðà-
íè÷íî¨ ñóêóïíîñòi ïðîöåñiâ uε(t). Âiäïîâiäíi òåîðåìè ïðî êîìïàêòíiñòü ïðî-
öåñiâ ç íåçàëåæíèìè ïðèðîñòàìè â ñõåìi àïðîêñèìàöi¨ Ëåâi áóëî äîâåäåíî, çî-
êðåìà â [7].
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Çàóâàæåííÿ 2.3.2. Ãðàíè÷íèé ïðîöåñ áóäå çàäàâàòèñÿ ñòîõàñòè÷íèì äè-
ôåðåíöiàëüíèì ðiâíÿííÿì

dû(t) = [Ĉ(û(t)) + â2]dt+ σdW (t) +

∫
R

vν̃(dt, dv),

äå Eν̃(dt, dv) = dtΓ̃0(dv).
Çàóâàæåííÿ 2.3.3. Ãðàíè÷íèé ïðîöåñ ˆ̂u(t) ìà¹ òðè ñêëàäîâi. Äåòåðìiíîâà-

íèé çñóâ âèçíà÷à¹òüñÿ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿííÿ

dûd(t) = [Ĉ(ûd(t)) + â2]dt, (2.40)

äå äîäàòêîâèé äîäàíîê â2 âèíèêà¹ çà ðàõóíîê íàêîïè÷åííÿ çi çðîñòàííÿì íîð-
ìîâàíîãî ÷àñó t/ε3, ε → 0 äóæå ìàëèõ ñòðèáêiâ ïîðÿäêó ε3, ÿêi âiäáóâàþòüñÿ
ç iìîâiðíiñòþ, áëèçüêîþ äî 1.

Äðóãà, äèôóçiéíà ñêëàäîâà, âèçíà÷à¹òüñÿ ïàðàìåòðîì σ òà âèíèêà¹ çà ðàõó-
íîê íàêîïè÷åííÿ çi çðîñòàííÿì íîðìîâàíèãî ÷àñó t/ε3, ε → 0 ìàëèõ ñòðèáêiâ
ïîðÿäêó ε , ÿêi òàêîæ âiäáóâàþòüñÿ ç iìîâiðíiñòþ, áëèçüêîþ äî 1.

Òðåòÿ ñêëàäîâà âiäîáðàæà¹ ðiäêiñíi âåëèêi ñòðèáêè, ùî âiäáóâàþòüñÿ ç iìî-
âiðíiñòþ, áëèçüêîþ äî 0, i âèçíà÷àþòüñÿ ÷åðåç óñåðåäíåíó ìiðó ñòðèáêiâ Γ̃0(dv)
ãåíåðàòîðîì

Γjϕ(w) =

∫
R

[ϕ(w + v)− ϕ(w)]Γ̃0(dv).

Äîâåäåííÿ òåîðåìè 2.3.2.
Ëåìà 2.3.4. Ãåíåðàòîð òðèêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

(uε(t), ηε(t), xε(t/ε3)), t ≥ 0, ìà¹ ïðåäñòàâëåííÿ

Lε(x)ϕ(u,w, x) = ε−3Qεϕ(u,w, x) + Γ εu(x)ϕ(u, ·, x) + Γ εw(x)ϕ(·, w, x)+

+C(x)ϕ(u,w, x) + θεw(x)ϕ(u,w, x), (2.41)

äå Γ ε· (x) � ãåíåðàòîð ñóêóïíîñòi IÏÇ (2.30),

C(x)ϕ(u,w, x) = C(u, x)ϕ′u(u,w, x).

Çàëèøêîâèé ÷ëåí ‖θεw(x)ϕ(u,w, x)‖ → 0 ïðè ε→ 0.
Äîâåäåííÿ ëåìè ìîæíà çíàéòè â [7].
Ëåìà 2.3.5. Ãåíåðàòîð Lε(x) ó âèïàäêó iìïóëüñíîãî ïðîöåñó çáóðåíü äî-

ïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lε(x)ϕ(u,w, x) = ε−3Qεϕ(u,w, x) + ε−1Γu1 (x)ϕ(u,w, x) + Γu2 (x)ϕ(u,w, x)+

+ε−1Γw1 (x)ϕ(u,w, x) + Γw2 (x)ϕ(u,w, x) + C(x)ϕ(u,w, x) + θ̂εwϕ(u,w, x), (2.42)

äå
θ̂εw(x) = γε + θεw(x),
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Γ ·1(x) òà Γ ·2(x) âèçíà÷åíi ó ëåìi 2.3.1.

Çàëèøêîâèé ÷ëåí ‖θ̂εw(x)ϕ(u,w, x)‖ → 0 ïðè ε→ 0.
Äîâåäåííÿ çäiéñíþ¹òüñÿ ç äîïîìîãîþ ïðåäñòàâëåííÿ îïåðàòîðà (2.32) òà

ðåçóëüòàòiâ ëåìè 2.3.4.
Çðiçàíèé îïåðàòîð ìà¹ âèãëÿä:

Lε(x)ϕ(u,w, x) = ε−3Qεϕ(u,w, x) + ε−1Γu1 (x)ϕ(u,w, x) + Γu2 (x)ϕ(u,w, x)+

+ε−1Γw1 (x)ϕ(u,w, x) + Γw2 (x)ϕ(u,w, x) + C(x)ϕ(u,w, x) (2.43)

Ëåìà 2.3.6. Ïðè âèêîíàííi óìîâè áàëàíñó (2.31) ðîçâ'ÿçàííÿ ïðîáëåìè ñèí-
ãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî îïåðàòîðà (2.43) íà òåñò-ôóíêöiÿõ

ϕε(w, x) = ϕ(w) + εϕ1(w, x) + ε2ϕ2(w, x) + ε3ϕ3(w, x)

çäiéñíþ¹òüñÿ çi ñïiââiäíîøåííÿ

Lε0(x)ϕε(w, x) = Lϕ(w) + ε3θεw(x)ϕ(w), (2.44)

äå çàëèøêîâèé ÷ëåí θεw(x) ðiâíîìiðíî îáìåæåíèé ïî x.
Ãðàíè÷íèé îïåðàòîð L çàäà¹òüñÿ ôîðìóëîþ

L = Π[
ˆ̂
C +

ˆ̂
Γ
u

1 R̂0
ˆ̂
Γ
u

1 +
ˆ̂
Γ
u

2 +
ˆ̂
Γ
w

1 R̂0
ˆ̂
Γ
w

1 +
ˆ̂
Γ
w

2 ]Π. (2.45)

Äîâåäåííÿ. Äëÿ âèêîíàííÿ ðiâíîñòi (2.44) íåîáõiäíî, ùîá êîåôiöi¹íòè ïðè
îäíàêîâèõ ñòåïåíÿõ ε çëiâà òà ñïðàâà áóëè ðiâíèìè. Ç öi¹þ ìåòîþ îá÷èñëèìî:

(ε−3Q + ε−2Q2 + ε−1Γu1 + Γu2 + ε−1Γw1 + Γw2 + C)(ϕ+ εϕ1 + ε2ϕ2 + ε3ϕ3) =

= ε−3Qϕ+ ε−2(Qϕ1 + Q1ϕ) + ε−1(Qϕ2 + Q1ϕ1 + Γu1 ϕ+ Γw1 ϕ)+

+(Qϕ3 + Q1ϕ2 + Γu1 ϕ1 + Γw1 ϕ1 + Γu2 ϕ+ Γw2 ϕ+ Cϕ) + o(ε).

Çíîâó æ òàêè, îòðèìà¹ìî ÷îòèðè ñïiââiäíîøåííÿ:
I. Qϕ = 0 ;
II. Qϕ1 + Q1ϕ = 0 ;
III. Qϕ2 + Q1ϕ1 + Γu1 ϕ+ Γw1 ϕ = 0;

IV. Qϕ3 + Q1ϕ2 + Γu1 ϕ1 + Γw1 ϕ1 + Γu2 ϕ+ Γw2 ϕ+ Cϕ =
ˆ̂
Lϕ.

Âñòàíîâèìî âèãëÿä ˆ̂
L.

Ç I âèïëèâà¹, ùî ϕ ∈ NQ;
Ç II, îñêiëüêè ϕ ∈ NQ, ç óìîâè ðîçâ'ÿçíîñòi ìàòèìåìî

ΠQ1Πϕ = 0.

Ââåäåìî ïîçíà÷åííÿ
ΠQ1 = Q̂1, Πϕ = ϕ̂.
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Òîäi
Q̂1ϕ̂ = 0,

çâiäêè
ϕ̂ ∈ NQ̂1

.

Ðîçãëÿíåìî III: ç óìîâè ðîçâ'ÿçíîñòi äëÿ Q ìàòèìåìî

ΠQ1Πϕ1 +ΠΓ1Πϕ = 0,

Q̂1ϕ̂1 + Γ̂u1 ϕ+ Γ̂w1 ϕ̂ = 0.

Ç óìîâè áàëàíñó (2.31) áà÷èìî, ùî Γ̂u1 ϕ̂, Γ̂
u
1 ϕ̂ ∈ NQ, îòæå, ðîçâ'ÿçîê

ϕ̂1 = R̂0[Γ̂u1 + Γ̂w1 ]ϕ̂,

äå R̂0 � çâåäåíî-îáîðîòíèé äî Q̂1.
Ïåðåéäåìî äî IV: ç óìîâè ðîçâ'ÿçíîñòi äëÿ Q îòðèìà¹ìî

ΠQ2Πϕ2 +ΠΓu1 Πϕ1 +ΠΓu2 Πϕ+ΠΓw1 Πϕ1+

+ΠΓw2 Πϕ+ΠCΠϕ = Π
ˆ̂
LΠϕ,

Q̂1ϕ̂2 + Γ̂u1 ϕ̂1 + Γ̂w1 ϕ̂1 + Γ̂u2 ϕ̂+ Γ̂w2 ϕ̂+ Ĉϕ̂ =
ˆ̂
Lϕ̂.

Ïàìÿòàþ÷è, ùî ϕ̂1 = R̂0Γ̂
u
1 ϕ̂+ R̂0Γ̂

w
1 ϕ̂, ìàòèìåìî

Q̂1ϕ̂2 + Γ̂u1 R̂0Γ̂
u
1 ϕ̂+ Γ̂u1 R̂0Γ̂

w
1 ϕ̂+

+Γ̂w1 R̂0Γ̂
u
1 ϕ̂+ Γ̂w1 R̂0Γ̂

w
1 ϕ̂+ Γ̂u2 ϕ̂+ Γ̂w2 ϕ̂+ Ĉϕ̂ =

ˆ̂
Lϕ̂.

Ó ñâîþ ÷åðãó, ç óìîâè ðîçâ'ÿçíîñòi äëÿ ϕ̂2

Π̂Γ̂u1 R̂0Γ̂
u
1 Πϕ̂+ Π̂Γ̂u1 R̂0Γ̂

w
1 Πϕ̂+ Π̂Γ̂w1 R̂0Γ̂

u
1 Πϕ̂+

+Π̂Γ̂w1 R̂0Γ̂
w
1 Πϕ̂+ Π̂Γ̂u2 Πϕ̂+ Π̂Γ̂w2 Πϕ̂+ Π̂ĈΠ̂ϕ̂ =

ˆ̂
L ˆ̂ϕ.

çâiäêè
ˆ̂
L = Π̂Γ̂1R̂0Γ̂1Π̂ + Π̂Γ̂2Π̂ + Π̂ĈΠ̂,

ϕ̂2 = R̂0[
ˆ̂
L− Γ̂1R̂0Γ̂1 − Γ̂2 − Ĉ]ϕ̂,

ϕ̂3 = R̂0[
ˆ̂
L+Q1ϕ2 + Γ1ϕ1 + Γ̂2ϕ+ Cϕ].

Îáìåæåíiñòü θεη(x)ϕ(w) âèïëèâà¹ ç âèãëÿäó îïåðàòîðiâ Γ̂1, Γ̂2, òà R0.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè çäiéñíþ¹òüñÿ ç âèêîðèñòàííÿì ëåìè 2.3.3 i

òåîðåìè 6.3. ç [7].
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2.4. Äèôåðåíöiàëüíi ðiâíÿííÿ çi ñòîõàñòè÷íî ìàëèìè äîáàâêàìè
â óìîâàõ ïóàññîíîâî¨ àïðîêñèìàöi¨

Ñòîõàñòè÷íà åâîëþöiéíà ñèñòåìà â åðãîäè÷íîìó ìàðêîâñüêîìó ñåðåäîâèùi
çàäà¹òüñÿ ñòîõàñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì

duε(t) = C(uε(t), x(t/ε))dt+ dηε(t), uε(t) ∈ R, (2.46)

äå x(t) � ðiâíîìiðíî åðãîäè÷íèé ìàðêîâñüêèé ïðîöåñ ó ñòàíäàðòíîìó ôàçîâîìó
ïðîñòîði (X,X), ÿêèé âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Qϕ(x) = q(x)

∫
X

P (x, dy)[ϕ(y)− ϕ(x)]

íà áàíàõîâîìó ïðîñòîði B(X) äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié ϕ(x) ç ñóïðå-
ìóì-íîðìîþ ‖ϕ‖ = max

x∈X
|ϕ(x)|.

Ñòîõàñòè÷íå ÿäðî P (x,B), x ∈ X, B ∈ X âèçíà÷à¹ ðiâíîìiðíî åðãîäè÷íèé
âêëàäåíèé ëàíöþã Ìàðêîâà xn = x(τn), n ≥ 0, çi ñòàöiîíàðíèì ðîçïîäiëîì
ρ(B), B ∈ X. Còàöiîíàðíèé ðîçïîäië π(B), B ∈ X ìàðêîâñüêîãî ïðîöåñó x(t),
t ≥ 0, âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x).

Ïîçíà÷èìî R0 ïîòåíöiàëüíèé îïåðàòîð ãåíåðàòîðà Q, ÿêèé âèçíà÷à¹òüñÿ
ðiâíiñòþ

R0 = Π − (Π + Q)−1,

äå Πϕ(x) =
∫
X

π(dy)ϕ(y)1(x) � ïðîåêòîð íà ïiäïðîñòið NQ = {ϕ : Qϕ = 0}

íóëiâ îïåðàòîðà Q.
Iìïóëüñíèé ïðîöåñ çáóðåíü ηε(t), t ≥ 0, ó ñõåìi àïðîêñèìàöi¨ Ïóàññîíà çà-

äà¹òüñÿ ñïiââiäíîøåííÿì

ηε(t) =

t∫
0

ηε(ds, x(s/ε)), (2.47)

äå ñóêóïíiñòü ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥ 0, x ∈ X, âèçíà-
÷à¹òüñÿ ãåíåðàòîðàìè

Γ ε(x)ϕ(w) = ε−1
∫
R

(ϕ(w + v)− ϕ(w))Γ ε(dv, x), x ∈ X (2.48)

òà çàäîâîëüíÿ¹ óìîâàì ïóàññîíîâî¨ àïðîêñèìàöi¨
P1. Àïðîêñèìàöiÿ ñåðåäíiõ
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∫
R

vΓ ε(dv, x) = ε(a(x) + θa(x)), θa(x)→ 0, ε→ 0,

òà ∫
R

v2Γ ε(dv, x) = ε(b(x) + θb(x)), θb(x)→ 0, ε→ 0,

P2. Óìîâà íà ôóíêöiþ ðîçïîäiëó∫
R

g(v)Γ ε(dv, x) = ε(Γg(x) + θg(x)), θg(x)→ 0, ε→ 0,

äëÿ âñiõ g(v) ∈ C3(R) (ïðîñòið äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié òàêèõ, ùî
g(v)/|v|2 → 0, |v| → 0). Òóò ìiðà Γg(x) îáìåæåíà äëÿ âñiõ g(v) ∈ C3(R)
i âèçíà÷àþòüñÿ ñïiââiäíîøåííÿì

Γg(x) =

∫
R

g(v)Γ0(dv, x), g(v) ∈ C3(R);

P3. Ðiâíîìiðíà êâàäðàòè÷íà iíòåãðîâíiñòü

lim
c→∞

∫
|v|>c

v2Γ0(dv, x) = 0;

P4. Âiäñóòíiñòü äèôóçiéíî¨ ñêëàäîâî¨

b(x) =

∫
R

v2Γ0(dv, x).

Ââåäåìî ïîçíà÷åííÿ

Γ1(x) = a(x)ϕ′(w) +

∫
R

[ϕ(w + v)− ϕ(v)− vϕ′(w)]Γ0(dv, x).

Âñòàíîâèìî àñèìïòîòè÷íi âëàñòèâîñòi çáóðåíîãî ïðîöåñó.
Òåîðåìà 2.4.1. Ïðè âèêîíàííi óìîâ ïóàññîíîâî¨ àïðîêñèìàöi¨ Ð1 � Ð4 ñïðà-

âåäëèâîþ ¹ ñëàáêà çáiæíiñòü ηε(t) → η0(t), ε → 0. Ãðàíè÷íèé ïðîöåñ η0(t)
âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Γϕ(w) = ΠΓ1(x)ϕ(w) =

= ãϕ′(w) +

∫
R

[ϕ(w + v)− vϕ′(w)]Γ̃0(dv),
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äå ã =
∫
X

π(dx)a(x), Γ̃0(v) =
∫
X

π(dx)Γ0(v, x) i ¹ ïðîöåñîì ç íåçàëåæíèìè ïðè-

ðîñòàìè, ÿêè ìà¹ ïóàññîíîâó ñòðèáêîâó ñêëàäîâó òà äåòåðìiíîâàíèé çñóâ.
Äîâåäåííÿ. Ïåðåä áåçïîñåðåäíiì äîâåäåííÿì òåîðåìè 2.4.1, âñòàíîâèìî äå-

ÿêi äîïîìiæíi òâåðäæåííÿ.
Ëåìà 2.4.1. Ãåíåðàòîðè ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥

0, x ∈ X, íà òåñò-ôóíêöiÿõ ϕ(w) ∈ C3(R) ïðè âèêîíàííi óìîâ ïóàññîíîâî¨
àïðîêñèìàöi¨ Ð1�Ð4 äîïóñêàþòü àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Γε(x)ϕ(w) = Γ1(x)ϕ(w) + γε(x)ϕ(w), (2.49)

äå
Γ1(x)ϕ(w) = a(x)ϕ′(w)+

+

∫
R

[ϕ(w + v)− ϕ(v)− vϕ′(w)]Γ0(dv, x),

à çàëèøêîâèé ÷ëåí ‖γε(x)ϕ(w)‖ → 0 ïðè ε→ 0, ϕ(w, ·) ∈ C3(R)
Äîâåäåííÿ ëåìè 2.4.1. Ñêîðèñòàâøèñü ðîçêëàäîì ôóíêöi¨ Γ1(x)ϕ(w) ó

ðÿä Òåéëîðà, çäiéñíèìî ïåðåòâîðåííÿ ãåíåðàòîðà (2.48):

Γ ε(x)ϕ(w) = ε−1
∫
R

(ϕ(w + v)− ϕ(v))Γ ε(dv, x) =

= ε−1
∫
R

(ϕ(w + v)− ϕ(v)− vϕ′(v)− 1

2
v2ϕ′′(w))Γ ε(dv, x)+

+ε−1
∫
R

(vϕ′(w)Γ ε(dv, x) +
1

2
v2ε−1

∫
R

v2ϕ′′(w)Γ ε(dv, x) =

=

∫
R

(ϕ(u+ v)− ϕ(v)− vϕ′(w)− 1

2
v2ϕ′′(w))Γ0(dv, x)+

+a(x)ϕ′(w) +
1

2
b(x)ϕ′′(w) + γε(x)ϕ(w) =

=

∫
R

(ϕ(u+ v)− ϕ(v)− vϕ′(w))Γ0(dv, x)+

+a(x)ϕ′(w) + γε(w)ϕ(w),

äå ïåðåäîñòàííÿ ðiâíiñòü âèïëèâà¹ ç óìîâ Ð1, Ð2. Çàóâàæèìî òàêîæ, ùî ôóíê-
öiÿ ϕ(w + v) − ϕ(w) − vϕ′(w) − 1

2v
2ϕ′′(w) ∈ C3(R), îñêiëüêè âîíà îáìåæåíà

íà ïiäñòàâi îáìåæåíîñòi ϕ(w) òà ¨¨ ïîõiäíèõ, òà [ϕ(w + v) − ϕ(w) − vϕ′(w) −
1
2v

2ϕ′′(w)]/|v2| → 0, v → 0), à îñòàííÿ ðiâíiñòü âèïëèâà¹ ç óìîâè Ð4.
Ç óðàõóâàííÿì òîãî, ùî γε(w)ϕ(w) = o(ε2), ϕ(w) ∈ C3(R), îòðèìà¹ìî ïðåä-

ñòàâëåííÿ (2.49).
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Äîâåäåííÿ ëåìè 2.4.1 çàâåðøåíå.
Ëåìà 2.4.2. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó (ηε, x(t/ε))

ìà¹ âèãëÿä

Γ̂ ε(x)ϕ(w, x) = ε−1Qϕ(w, x) + Γ1(x)ϕ(w, x) + γε(x)ϕ(w, x), (2.50)

äå îïåðàòîð Γ1(x) âèçíà÷åíèé ó ëåìi 2.4.1, à çàëèøêîâèé ÷ëåí ‖γε(x)ϕ(w, x)‖ →
0 ïðè ε→ 0 ϕ(w, ·) ∈ C3(R).
Äîâåäåííÿ. Òâåðäæåííÿ ëåìè ñòàíå î÷åâèäíèì, ÿêùî âèêîðèñòàòè âèçíà-

÷åííÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó òà âèãëÿä âiäïîâiäíèõ ãåíåðàòîðiâ
ηε(t) i x(t/ε).

Çðiçàíèé îïåðàòîð ìà¹ âèãëÿä

Γ ε0 (x)ϕ(w) = ε−1Qϕ(w, x) + Γ1(x)ϕ(w, x). (2.51)

Ëåìà 2.4.3. Ðîçâ'ÿçàííÿ ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî
îïåðàòîðà (2.51) íà òåñò-ôóíêöiÿõ ϕε(w, x) = ϕ(w) + εϕ1(w, x) ðåàëiçó¹òü-
ñÿ ñïiââiäíîøåííÿì

Γ ε0 (x)ϕε(w, x) = Γϕ(w) + εθεη(x)ϕ(w), (2.52)

äå çàëèøêîâèé ÷ëåí θεη(x)ϕ(w) ¹ ðiâíîìiðíî îáìåæåíèì ïî x.
Çàëèøêîâèé îïåðàòîð âèçíà÷à¹òüñÿ ôîðìóëîþ

Γ = ΠΓ1(X)Π (2.53)

Äîâåäåííÿ. Äëÿ âèêîíàííÿ ðiâíîñòi (2.52) íåîáõiäíî, ùîá êîåôiöi¹íòè ïðè
îäíàêîâèõ ñòåïåíÿõ ε çëiâà i ñïðàâà áóëè îäíàêîâèìè. Îá÷èñëèìî

Γ ε0 (x)ϕε(w, x) = ε−1Qϕ(w) + [Qϕ1(w, x) + Γ1(x)ϕ(w)]+

+εΓ1(x)ϕ1(w, x),

Qϕ(w) = 0⇔ ϕ(w) ∈ NQ.

Òóò áà÷èìî, ùî ϕ(w) íå çàëåæèòü âiä x.
Ðîçãëÿíåìî ðiâíÿííÿ, ÿêå âèçíà÷à¹ ãðàíè÷íèé îïåðàòîð Γ (x):

Qϕ1(w, x) + Γ1(x)ϕ(w) = Γ (x)ϕ(w).

Ïåðåïèøåìî éîãî ó âèãëÿäi

Qϕ1(w, x) = [Γ (x)− Γ1(x)ϕ(w)]ϕ(w).

Óìîâè ðîçâ'ÿçíîñòi äëÿ îñòàííüîãî ðiâíÿííÿ i äà¹ ãðàíè÷íèé îïåðàòîð ó
âèãëÿäi (2.53). Òîäi

ϕ1(w, x) = R0[Γ1(x)− Γ ]ϕ(w) (2.54)
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Âèêîðèñòàâøè (2.54), ðåøòó ÷ëåíiâ ðîçêëàäó ìîæíà çâåñòè äî âèãëÿäó

εΓ1(x)ϕ1(w, x) = ε[Γ1(x)R0[Γ1(x)− Γ ]]ϕ(w) = εθεη(x)ϕ(w).

Îáìåæåíiñòü θεη(x)ϕ(w) âèïëèâà¹ ç âèãëÿäó îïåðàòîðiâ Γ1(x) i R0.
Ëåìó 2.4.3 äîâåäåíî.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè 2.4.1 ðåàëiçó¹òüñÿ ç äîïîìîãîþ ëåìè 2.4.3

òà òåîðåìè 6.3 ç [7].
Ðîçãëÿíåìî òåïåð àñèìïòîòè÷íi âëàñòèâîñòi âèõiäíî¨ åâîëþöiéíî¨ ñèñòåìè

(2.46).
Òåîðåìà 2.4.2. Ïðè âèêîíàííi óìîâ ïóàññîíîâî¨ àïðîêñèìàöi¨ Ð1 � Ð4,

ñïðàâåäëèâîþ ¹ ñëàáêà çáiæíiñòü uε(t) → û(t), ε → 0. Ãðàíè÷íèé ïðîöåñ û(t)
âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lϕ(w) = Ĉ(u)ϕ′(w) + Γϕ(w), (2.55)

äå Ĉ(u) =
∫
X

π(dx)C(u, x).

Çàóâàæåííÿ 2.4.1. Ãðàíè÷íèé ïðîöåñ û(t) ìà¹ äâi ñêëàäîâi. Ïåðøà ç íèõ
� äåòåðìiíîâàíèé çñóâ âèçíà÷à¹òüñÿ ÿê ðîçâ'ÿçîê äèôåðåíöiàëüíîãî ðiâíÿííÿ

dûd(t) = [Ĉ(ûd(t)) + ã]dt, (2.56)

äå äîäàòêîâèé äîäàíîê ã âèíèêà¹ çà ðàõóíîê íàêîïè÷åííÿ ç ðîñòîì íîðìîâà-
íîãî ÷àñó t/ε, t → 0 ìàëèõ ñòðèáêiâ iìïóëüñíîãî ïðîöåñó, ÿêi âiäáóâàþòüñÿ
ç iìîâiðíiñòþ, áëèçüêîþ äî îäèíèöi. Äðóãà ñêëàäîâà ¹ âåëèêèìè ñòðèáêàìè,
ÿêi âèíèêàþòü ðiäêî, ç iìîâiðíiñòþ, áëèçüêîþ äî íóëÿ, ÿêi çàäàþòüñÿ ÷åðåç
óñåðåäíåíó ìiðó ñòðèáêiâ Γ̃0(dv) ãåíåðàòîðîì

Γjϕ(w) =

∫
R

[ϕ(w + v)− ϕ(v)− vϕ′(w)]Γ̃0(dv).

Çàóâàæåííÿ 2.4.2. Ãðàíè÷íèé ïðîöåñ û(t) áóäå ÷èñòî äåòåðìiíîâàíèì
i âèçíà÷à¹òüñÿ ç ðiâíÿííÿ (2.56) ó âèïàäêó, êîëè óñåðåäíåíà ìiðà ñòðèáêiâ
Γ̃0(dv) ðiâíà íóëþ. Íàïðèêëàä, êîëè âñi ìîìåíòè ïîðÿäêó òðè i âèùå ó ñó-
êóïíîñòi ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥ 0, x ∈ X, ðiâíi íóëþ,
÷è ïðè âèêîíàííi óìîâè áàëàíñó

Γ̃0(v) = ΠΓ0(v, x) =

∫
X

π(dx)Γ0(v, x) = 0.

Äîâåäåííÿ òåîðåìè 2.4.2.
Âñòàíîâèìî ñïî÷àòêó íèçêó äîïîìiæíèõ òâåðäæåíü.
Ëåìà 2.4.4. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó uε(t), x(t/ε),

t ≥ 0, ìà¹ ïðåäñòàâëåííÿ
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Lε(x)ϕ(w, x) = ε−1Qϕ(w, x) + Γ ε(x)ϕ(w, x)+

+C(x)ϕ(w, x) + θεwϕ(w, x), (2.57)

äå Γ ε(x) � ãåíåðàòîð ñóêóïíîñòi ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè (2.48),

C(x)ϕ(w, x) = C(u, x)ϕ′w(w, x)

Çàëèøêîâèé ÷ëåí ‖θεw(x)ϕ(w, x)‖ → 0 ïðè ε→ 0.
Äîâåäåííÿ ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ ëåìè 2.1.4.
Ëåìà 2.4.5. Ãåíåðàòîð Lε(x) äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lε(x)ϕ(w, x) = ε−1Qϕ(w, x)+

+Γ1ϕ(w, x) + C(x)ϕ(w, x) + θ̂εwϕ(w, x), (2.58)

äå θ̂εwϕ(w, x) = γε + θεwϕ(w, x), à Γ1(x) âèçíà÷åíèé ó ëåìi 2.4.4.

Çàëèøêîâèé ÷ëåí ‖θ̂εw(x)ϕ(w, x)‖ → 0 ïðè ε→ 0.
Äîâåäåííÿ çäiéñíþ¹òüñÿ ç âèêîðèñòàííÿì ïðåäñòàâëåííÿ îïåðàòîðà (2.50)

òà ðåçóëüòàòiâ ëåìè 2.4.4.
Çðiçàíèé îïåðàòîð ìà¹ âèãëÿä

Lε0(x)ϕ = ε−1Qϕ+ Γ1(x)ϕ+ C(x)ϕ. (2.59)

Ëåìà 2.4.6. Ðîçâ'ÿçàííÿ ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî
îïåðàòîðà (2.59) íà òåñò ôóíêöiÿõ ε(w, x) = ϕ(w) + εϕ1(w, x) çäiéñíþ¹òü-
ñÿ ñïiââiäíîøåííÿì

Lε0(x)ϕε(w, x) = Lϕ(w) + εθεw(x)ϕ(w), (2.60)

äå çàëèøêîâèé ÷ëåí θεw(x) ¹ ðiâíîìiðíî îáìåæåíèì ïî x.
Ãðàíè÷íèé îïåðàòîð L âèçíà÷à¹òüñÿ ôîðìóëîþ

L = Π[C(x) + Γ1(x)]Π. (2.61)

Äîâåäåííÿ. Äëÿ âèêîíàííÿ ðiâíîñòi (2.60) íåîáõiäíî, ùîá êîåôiöi¹íòè ïðè
îäíàêîâèõ ñòåïåíÿõ ε çëiâà i ñïðàâà áóëè îäíàêîâèìè. Äëÿ öüîãî îá÷èñëèìî

Lε0(x)ϕε(w, x) = ε−1Q(x)ϕ(u,w)+

+[Qϕ1(w, x) + Γ1(x)ϕ(w) + C(x)ϕ(w)] + εΓ1(x)ϕ1(w, x).

Îñêiëüêè
Qϕ(w) = 0⇔ ϕ(w) ∈ NQ,

òî, î÷åâèäíî, ϕ(w) íå çàëåæèòü âiä x.
Ðiâíÿííÿ

Qϕ1(w, x) + Γ1(x)ϕ(w) + C(x)ϕ(w) = Lϕ(w)
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ïåðåïèøåìî ó âèãëÿäi

Qϕ1(w, x) = [L− Γ1(x)−C(x)]ϕ(w).

Óìîâó ðîçâ'ÿçíîñòi îñòàííüîãî ðiâíÿííÿ i äà¹ ãðàíè÷íèé îïåðàòîð L ó
âèãëÿäi (2.61).

Çàâåðøåííÿ äîâåäåííÿ òåîðåìè çäiéñíþ¹òüñÿ çà ñõåìîþ òåîðåìè 6.3. ó [7].

2.5. Àñèìïòîòè÷íà äèñèïàòèâíiñòü âèïàäêîâèõ ïðîöåñiâ
ç iìïóëüñíèì çáóðåííÿì ó ñõåìi ïóàññîíîâî¨ àïðîêñèìàöi¨

Ó öüîìó ïiäðîçäiëi ìè âèâ÷èìî ïèòàííÿ, ÿê ïîâåäiíêà ãðàíè÷íîãî ïðîöå-
ñó çàëåæèòü âiä äîãðàíè÷íîãî íîðìóâàííÿ ñòîõàñòè÷íî¨ åâîëþöiéíî¨ ñèñòåìè
â åðãîäè÷íîìó ìàðêîâñüêîìó ñåðåäîâèùi. Äîñëiäèìî óìîâè àñèìïòîòè÷íî¨ äè-
ñèïàòèâíîñòi äîãðàíè÷íî¨ ñèñòåìè â óìîâàõ ïóàññîíîâî¨ àïðîêñèìàöi¨

Ðîçãëÿíåìî ñèñòåìó (2.46) i ââàæàòèìåìî âèêîíàíèìè ïðèïóùåííÿ ïiäðîçäi-
ëó 2.4.
Òåîðåìà 2.5.1. Íåõàé iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u) ∈ C3(Rd) ñèñòåìè

du

dt
= α(u), (2.62)

äå α(u) = Ĉ(u) + â, ÿêà çàäîâîëüíÿ¹ óìîâàì
Ñ1: |Γ 1

u(x)R0L̂V (u)| < M1V (u), M1 > 0;
Ñ2: |Γ 1

u(x)R0Γ
1
u(x)V (u)| < M2V (u), M2 > 0;

Ñ3: |Γ 1
u(x)R0(C)(x)V (u)| < M3V (u), M3 > 0;

Ñ4: |C(x)R0L̂V (u)| < M4V (u), M4 > 0;
Ñ5: |C(x)R0Γ

1
u(x)V (u)| < M5V (u), M5 > 0;

Ñ6: |C(x)R0C(x)V (u)| < M6V (u), M6 > 0.

Íåõàé òàêîæ âèêîíóþòüñÿ íåðiâíîñòi

α(u)V ′(u) < −c1V (u), (2.63)

|
∫
X

v2Γ0(dv, x)| < c3(x), (2.64)

äå c1 > 0, c2 > 0 i ĉ3 =
∫
X

π(dx)c3(x) > 0.

Òîäi ñèñòåìà (2.46) àñèìïòîòè÷íî äèñèïàòèâíà.
Ïåðåä áåçïîñåðåäíiì äîâåäåííÿì òåîðåìè âñòàíîâèìî äåêiëüêà äîïîìiæíèõ

òâåðäæåíü.
Ëåìà 2.5.1. Ãåíåðàòîð òðüîõêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

uε(t), x(t/ε, ηε(t, x)), t ≥ 0, ìà¹ ïðåäñòàâëåííÿ

Lε(x)ϕ(u,w, x) = ε−1Qϕ(u,w, x) + Γ εw(x)ϕ(u,w, x)+
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+C(x)ϕ(u,w, x) + Γ εu(x)ϕ(u,w, x), (2.65)

äå Γ εw(x) � ãåíåðàòîð ñóêóïíîñòi ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè (2.49),
ùî äi¹ ïî çìiííié w, à Γ εu(x) � åêâiâàëåíòíèé ïîïåðåäíüîìó ãåíåðàòîð ñóêóï-
íîñòi ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè (2.49), ùî äi¹ ïî çìiííié u.
Äîâåäåííÿ. Ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó íà çáóðåíié òåñò-ôóíêöi¨

âèçíà÷à¹òüñÿ çi ñïiââiäíîøåííÿ

Lε(x)ϕ(u,w, x) = lim
∆→0

1

∆
E[ϕ(uεt+∆, w

ε
t+∆, x

ε
t+∆)−

−ϕ(u,w, x)|uε(t) = u, ηε(t) = w, x(t/ε) = x].

Äîäàìî i âiäíiìåìî â óìîâíîìó ìàòåìàòè÷íîìó ñïîäiâàííi ϕ(u,wεt+∆, x
ε
t+∆):

E[ϕ(uεt+∆, w
ε
t+∆, x

ε
t+∆)− ϕ(u,w, x)|uε(t) = u, ηε(t) = w, x(t/ε) = x] =

= E[ϕ(uεt+∆, w
ε
t+∆, x

ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)]−

= E[ϕ(u,w
ε
t+∆, x

ε
t+∆)− ϕ(u,w, x)].

Ðîçêëàä uεt+∆ ìà¹ âèãëÿä

uεt+∆ = u+ C(u, x)∆+∆w + o(∆).

Îòðèìàíèé âèðàç ïiäñòàâèìî ó ïåðøèé äîäàíîê óìîâíîãî ìàòåìàòè÷íîãî
ñïîäiâàííÿ

E[ϕ(uεt+∆, w
ε
t+∆, x

ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)] =

= E[ϕ(u+ C(u, x)∆+∆w + o(∆), wεt+∆, x
ε
t+∆)−

−ϕ(u,wεt+∆, x
ε
t+∆)] =

= E[ϕ(z +∆z,wεt+∆, x
ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)],

äå
z = u+ C(u, x)∆+ o(∆).

Äîäàìî i âiäíiìåìî ϕ(z, wεt+∆, x
ε
t+∆) â îòðèìàíîìó âèðàçi

E[ϕ(uεt+∆, w
ε
t+∆, x

ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)] =

= E[ϕ(z +∆w,wεt+∆, x
ε
t+∆)− ϕ(z, wεt+∆, x

ε
t+∆)]+

+E[ϕ(z, wεt+∆, x
ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)].

Îñêiëüêè ãåíåðàòîð Γ εu(x) ìà¹ âèãëÿä

Γ εu(x)ϕ(u,w, x) = lim
∆→0

1

∆
(E[ϕ(u+∆u,w, x)− ϕ(u,w, x)]),

äëÿ ãðàíèöi ïåðøîãî äîäàíêó îòðèìà¹ìî
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lim
∆→0

1

∆
E[ϕ(z +∆w,wεt+∆, x

ε
t+∆)− ϕ(z, wεt+∆, x

ε
t+∆)] =

= Γ εu(x)ϕ(u,w, x)

Ðîçêëàäåìî ϕ(z, wεt+∆, x
ε
t+∆) çà ôîðìóëîþ Òåéëîðà

ϕ(u+ C(u, x)∆+ o(∆), wεt+∆, x
ε
t+∆) =

= ϕ(u,wεt+∆, x
ε
t+∆) + ϕ′, wεt+∆, x

ε
t+∆)(C(u, x)∆+ o(∆)) + o(∆).

Ïiäñòàâèâøè ó âèðàç E[ϕ(z, wεt+∆, x
ε
t+∆)−ϕ(u,wεt+∆, x

ε
t+∆)] îòðèìàíèé ðîç-

êëàä, áóäåìî ìàòè

lim
∆→0

1

∆
E[ϕ(z, wεt+∆, x

ε
t+∆)− ϕ(u,wεt+∆, x

ε
t+∆)] =

= lim
∆→0

1

∆
E[ϕ(u+ C(u, x)∆+ o(∆), wεt+∆, x

ε
t+∆)−

−ϕ(u,wεt+∆, x
ε
t+∆)] =

= lim
∆→0

1

∆
E[ϕ(u,wεt+∆, x

ε
t+∆)+

+ϕ′(u,wεt+∆, x
ε
t+∆)(C(u, x)∆+ o(∆))+

+o(∆)− ϕ(u,wεt+∆, x
ε
t+∆)] =

= lim
∆→0

1

∆
E[ϕ′(u,wεt+∆, x

ε
t+∆)(C(u, x)∆+ o(∆)) + o(∆)] =

= C(u, x)ϕ′(u,w, x).

Òàê ñàìî, çi ñïiââiäíîøåííÿ äëÿ ãåíåðàòîðà Γ εw(x) òà î÷åâèäíîãî ñïiââiäíî-
øåííÿ äëÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó

= lim
∆→0

1

∆
E[ϕ(w, xεt+∆)− ϕ(w, x)] = ε−1Qϕ(w, x),

ìà¹ìî

lim
∆→0

1

∆
E[ϕ(u,wεt+∆), xεt+∆)− ϕ(u,w, x)] =

= lim
∆→0

1

∆
E[ϕ(u,wεt+∆), xεt+∆)− ϕ(u,w, xεt+∆))+

+ϕ(u,w, xεt+∆))− ϕ(u,w, x)] =

= lim
∆→0

1

∆
E[ϕ(u,wεt+∆), xεt+∆)− ϕ(u,w, xεt+∆)]+

+ lim
∆→0

1

∆
E[ϕ(u,w, xεt+∆)− ϕ(u,w, x)] =

= Γ εw(x)ϕ(u,w, x) + ε−1Qϕ(u,w, x),
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çâiäêè i áà÷èìî, ùî Lε(x) ìà¹ âèãëÿä (4.20).
Ëåìà 2.5.2. Ãåíåðàòîð (2.65) äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lε(x)ϕ(u,w, x) = ε−1Qϕ(u,w, x)+

+Γ 1
u(x)ϕ(u,w, x) + C(u)ϕ(u,w, x) + Γ 1

w(x)ϕ(u,w, x) + γε(x)ϕ(w, x)

äå
C(u)ϕ(u) = C(u, x)ϕ′(u),

à çàëèøêîâèé ÷ëåí
‖γε(x)ϕ(u,w, x)‖ → 0, ε→ 0,

ϕ(u,w, ·) ∈ C3((R)).
Çðiçàíèé ãåíåðàòîð

Lε0(x)ϕ(u,w, x) = ε−1Qϕ(u,w, x)+

+Γ 1
u(x)ϕ(u,w, x) + C(u)ϕ(u,w, x) + Γ 1

w(x)ϕ(u,w, x). (2.66)

Ëåìà 2.5.3. Ðîçâ'ÿçàííÿ ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî ãå-
íåðàòîðà (2.66) íà çáóðåíié òåñò-ôóíêöi¨

ϕε(u,w, x) = ϕ(u,w) + εϕ1(u,w, x) (2.67)

âèçíà÷à¹òüñÿ ðiâíiñòþ

Lε0(x)ϕε(u,w, x) = L̂ϕ(u,w) + εθε(x)ϕ(u,w),

äå
θε(x) = Γ 1

u(x)R0L̂− Γ 1
u(x)R0Γ

1
u(x)−

−Γ 1
u(x)R0C(x)− Γ 1

u(x)R0Γ
1
w(x)+

+C(x)R0L̂−C(x)R0Γ
1
u(x)−

−C(x)R0C(x)−C(x)R0Γ
1
w(x)+

+Γ 1
w(x)R0L̂− Γ 1

w(x)R0Γ
1
u(x)−

−Γ 1
w(x)R0C(x)− Γ 1

w(x)R0Γ
1
w(x).

Äîâåäåííÿ. Ïiäñòàâèìî (2.67) â (2.66).

Lε0(x)ϕ(u,w, x) = ε−1Q[ϕ(u,w) + εϕ1(u,w, x)]+

+Γ 1
u(x)[ϕ(u,w) + εϕ1(u,w, x)]+

+C(x)[ϕ(u,w) + εϕ1(u,w, x)]+

+Γ 1
w[ϕ(u,w) + εϕ1(u,w, x)] =
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= ε−1Qϕ(u,w) + [Qϕ1(u,w, x) + Γ 1
u(x)ϕ(u,w)+

+C(x)ϕ(u, v) + Γ 1
w(x)ϕ(u,w)]+

+ε[Γ 1
u(x)ϕ1(u,w, x) + C(x)ϕ1(u,w, x) + Γ 1

w(x)ϕ1(u,w, x)].

Äëÿ iñíóâàííÿ ãðàíè÷íîãî ãåíåðàòîðà L̂ϕ(u,w) íåîáõiäíî, ùîá ïðè
ε→ 0 âèêîíóâàëàñü óìîâà

Qϕ(u,w) = 0,

òîáòî ôóíêöiÿ íàëåæàëà íóëü-ïðîñòîðó îïåðàòîðà Q.
Òîäi

L̂ϕ(u,w) = Qϕ1(u,w, x) + Γ 1
u(x)ϕ(u,w)+

+C(x)ϕ(u,w) + Γ 1
w(x)ϕ(u,w),

çâiäêè ìà¹ìî

Qϕ1(u,w, x) = [L̂− Γ 1
u(x)−C(x)− Γ 1

w(x)]ϕ(u,w).

Ç óìîâè ðîçâ'ÿçíîñòi äëÿ îñòàííüîãî ðiâíÿííÿ ìà¹ìî

ΠQΠϕ1(u,w, x) = 0 = Π[L̂− Γ 1
u(x)−C(x)− Γ 1

w(x)]Πϕ(u,w).

Òàêèì ÷èíîì,

L̂ϕ(u,w) = ΠΓ 1
u(x)ϕ(u,w) +ΠC(x)ϕ(u,w) +ΠΓ 1

w(x)ϕ(u,w),

à
ϕ1(u,w, x) = R0[L̂− Γ 1

u(x)−C(x)− Γ 1
w(x)]ϕ(u,w).

Çâiäñè îòðèìà¹ìî, ùî îñòàííié äîäàíîê

ε[Γ 1
u(x)ϕ1(u,w, x) + C(x)ϕ1(u,w, x) + Γ 1

w(x)ϕ1(u,w, x)] =

= ε[Γ 1
u(x)R0[L̂− Γ 1

u(x)−C(x)− Γ 1
w(x)]+

+C[L̂− Γ 1
u(x)−C(x)− Γ 1

w(x)]+

+Γ 1
w(x)R0[L̂− Γ 1

u(x)−C(x)− Γ 1
w(x)]]ϕ(u,w).

Äîâåäåííÿ òåîðåìè 2.5.1. Íà ïiäñòàâi âèêîíàííÿ óìîâ òåîðåìè Ñ1�Ñ6,
ìà¹ ìiñöå îáìåæåíiñòü çàëèøêîâîãî ÷ëåíà (2.68)

‖θε(x)V (u)‖ =

= |Γ 1
u(x)R0L̂V (u)− Γ 1

u(x)R0Γ
1
u(x)V (u)−

−Γ 1
u(x)R0C(x)V (u)− Γ 1

u(x)R0Γ
1
w(x)V (u)+

+C(x)R0L̂V (u)−C(x)R0Γ
1
u(x)V (u)−

−C(x)R0C(x)V (u)−C(x)R0Γ
1
w(x)V (u)+
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+Γ 1
w(x)R0L̂V (u)− Γ 1

w(x)R0Γ
1
u(x)V (u)−

−Γ 1
w(x)R0C(x)V (u)− Γ 1

w(x)R0Γ
1
w(x)V (u)| ≤

≤M1V (u) +M2V (u) +M3V (u) +M4V (u) +M5V (u) +M6V (u),

çâiäêè,
‖θε(x)V (u)‖ ≤MV (u), (2.69)

äå M = M1 +M2 +M3 +M4 +M5 +M6.
Ç òâåðäæåííÿ ëåìè 2.5.3, âèðàçó (2.69) òà âèêîíàííÿ óìîâ ìîäåëüíî¨ òåîðåìè

Êîðîëþêà [3], ìà¹ìî ñëàáêó çáiæíiñòü

(uε(t), ηε(t))⇒ (u(t), η(t)), ε→ 0.

Íåõàé òåïåð d(1)V (u)
du � ïîõiäíà ôóíêöi¨ Ëÿïóíîâà, îá÷èñëåíà óçäîâæ òðàåê-

òîði¨ ñèñòåìè (2.46). Îñêiëüêè ôóíêöiÿ Ëïóíîâà ïîâèííà çàäîâîëüíÿòè óìîâó
Ëiïøèöÿ

|V (u2)− V (u1)| < K|u2 − u1|,

äå K ¹ ñòàëîþ âåëè÷èíîþ, òî âèêîíó¹òüñÿ òàêå ñïiââiäíîøåííÿ

d(2.46)V (u)

du
≤ dV (u)

du
+K[â+

∫
R

v2Γ0(dv)]dt,

äå dV (u)
du � ïîõiäíà ôóíêöi¨ Ëÿïóíîâà, îá÷èñëåíà âçäîâæ òðà¹êòîði¨ äåòåðìiíî-

âàíî¨ ñèñòåìè (2.62),

Γ0(dv) =

∫
X

π(dx)Γ0(dv, x).

Çãiäíî óìîâ (2.63) i (2.64) òåîðåìè, îòðèìà¹ìî

d(2.46)V (u)

du
≤ −c1V (u) +K[c2 + ĉ3]|dt|.

Îòæå,

V (u) ≤ V (u0) exp−c1t+K[c2 + ĉ3]

t∫
0

exp−c1(t− s)ds.

Çâiäñè âèïëèâà¹ îöiíêà

P |u(t)| > R ≤ V (u)

inf
u∈Rd

V (u)
, R→∞,

à çíà÷èòü, ñèñòåìà (2.46) ¹ äèñèïàòèâíîþ.
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Íà çàâåðøåííÿ, çàóâàæèìî, ùî ç âèêîíàííÿ óìîâ ìîäåëüíî¨ ãðàíè÷íî¨ òåî-
ðåìè Êîðîëþêà [3] i äèñèïàòèâíîñòi ãðàíè÷íîãî ïðîöåñó âèïëèâà¹, ùî ñèñòåìà
(2.46) ¹ àñèìïòîòè÷íî äèñèïàòèâíîþ.

2.6. Ïîäâiéíå óêðóïíåííÿ ôàçîâîãî ïðîñòîðó äëÿ
äèôåðåíöiàëüíèõ ðiâíÿíü çi ñòîõàñòè÷íî ìàëèìè
äîáàâêàìè â óìîâàõ ïóàññîíîâî¨ àïðîêñèìàöi¨

Ó öüîìó ïiäðîçäiëi áóäå ðîçãëÿíóòî âèïàäîê, êîëè çáóðåííÿ ñèñòåìè âèçíà-
÷àþòüñÿ ñòðèáêîïîäiáíèì ïðîöåñîì ó ïóàññîíîâié ñõåìi àïðîêñèìàöi¨. Íàñ öi-
êàâèòèìå íàñàìïåðåä, ïîäâiéíå ôàçîâå óêðóïíåííÿ ïðîñòîðó ñòàíiâ òàêèõ åâî-
ëþöiéíèõ ìîäåëåé.

Ðîçãëÿíåìî ñòîõàñòè÷íó åâîëþöiéíó ñèñòåìó â åðãîäè÷íîìó ìàðêîâñüêîìó
ñåðåäîâèùi, çàäàíó ñòîõàñòè÷íèì äèôôåðåíöiàëüíèì ðiâíÿííÿì

duε(t) = C(uε(t), xt/ε
2

)dt+ dηε(t), uε(t) ∈ R, (2.70)

äå ìàðêîâñüêèé ïðîöåñ xε(t), t ≥ 0 âèçíà÷à¹òüñÿ íà ñòàíäàðòíîìó ôàçîâîìó
ïðîñòîði (E,E ) ç ðîçùåïëåííÿì

E =

N⋃
k=1

Ek, Ek ∩ Ek′ = ∅, k 6= k′

ó ñõåìi ñåðié ç ìàëèì ïàðàìåòðîì ñåði¨ ε→ 0, ε > 0.
Ìàðêîâñüêå ÿäðî ìà¹ âèãëÿä

Qε(x,B, t) = P ε(x,B)[1− exp{−q(x)t}], x ∈ E, B ∈ E , t ≥ 0.

Íåõàé òàêîæ âèêîíóþòüñÿ óìîâè:
ÌÅ1: ßäðî, ÿêå îïèñó¹ ïåðåõiäíi iìîâiðíîñòi âêëàäåíîãî ëàíöþãà Ìàðêîâà

xεn, n ≥ 0, ìà¹ íàñòóïíå ïðåäñòàâëåííÿ

P ε(x,B) = P (x,B) + εP1(x,B).

Ñòîõàñòè÷íå ÿäðî P (x,B) íà ðîçùåïëåíîìó ôàçîâîìó ïðîñòîði âèçíà÷à¹òü-
ñÿ çi ñïiââiäíîøåííÿ

P (x,Ek) = 1k(x) =

{
1, x ∈ Ek,
0, x 6∈ Ek.

Ñòîõàñòè÷íå ÿäðî P (x,B) âèçíà÷à¹ ñóïðîâîäæóþ÷èé ëàíöþã Ìàðêîâà xn,
n ≥ 0 íà êëàñàõ Ek, 1 ≤ k ≤ N . Êðiì òîãî, çáóðþþ÷å ÿäðî P1(x,B) çàäîâîëüíÿ¹
óìîâi

P1(x,E) = 0,

ùî âèïëèâà¹ ç ðiâíîñòi
P ε(x,E) = P (x,E) = 1.

ÌÅ2: Àñîöiéîâàíèé ìàðêîâñüêèé ïðîöåñ x0(t), t ≥ 0, çàäàíèé ãåíåðàòîðîì
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Qϕ(x) = q(x)

∫
E

P (x, dy)[ϕ(y)− ϕ(x)]

¹ ðiâíîìiðíî åðãîäè÷íèì íà êîæíîìó ç êëàñiâ Ek, 1 ≤ k ≤ N , çi ñòàöiîíàðíèìè
ðîçïîäiëàìè πk(dx), 1 ≤ k ≤ N , ÿêi âèçíà÷àþòüñÿ çi ñïiââiäíîøåííÿ:

πk(dx)q(x) = qkρk(dx), qk :=

∫
Ek

πk(dx)q(x),

äå ρ(dx) � ñòàöiîíàðíèé ðîçïîäië âêëàäåíîãî ëàíöþãà Ìàðêîâà.
ÌÅ3: Óñåðåäíåíi iìîâiðíîñòi âèõîäó

p̂k := q(x)

∫
Ek

ρk(dx)P1(x,E/Ek) > 0, 1 ≤ k ≤ N.

Îòæå, çáóðþþ÷å ÿäðî P1(x,B) âèçíà÷à¹ ïåðåõiäíi iìîâiðíîñòi ìiæ êëàñàìè
Ek, 1 ≤ k ≤ N . Òàêèì ÷èíîì, ðiâíiñòü

P ε(x,B) = P (x,B) + εP1(x,B)

îçíà÷à¹, ùî âêëàäåíèé ëàíöþã Ìàðêîâà xεn, n ≥ 0 ïðîâîäèòü âåëèêèé ïðî-
ìiæîê ÷àñó â êîæíîìó ç êëàñiâ Ek òà ïåðåñòðèáó¹ ìiæ êëàñàìè ç ìàëèìè
éìîâiðíîñòÿìè εP1(x,E/Ek).

Çà óìîâ ÌÅ1-ÌÅ3 ìà¹ ìiñöå ñëàáêà çáiæíiñòü [112]

ν(xε(t))⇒ x̂(t), ε→ 0, ν(x) = k ∈ Ê = {1, ..., N}, x ∈ Ek, 1 ≤ k ≤ N.

Ãðàíè÷íèé ìàðêîâñüêèé ïðîöåñ x̂(t), t ≥ 0 íà óêðóïíåíîìó ôàçîâîìó ïðî-
ñòîði Ê = {1, ..., N} âèçíà÷à¹òüñÿ ãåíåðóþ÷îþ ìàòðèöåþ

Q̂1 = (q̂kr, 1 ≤ k, r ≤ N),

äå
q̂kr = q̂kp̂kr, k 6= r, q̂k = qkp̂k, 1 ≤ k ≤ N,

p̂kr = pkr/p̂k, pkr =

∫
Ek

ρk(dx)P1(x,Er), 1 ≤ k, r ≤ N, k 6= r,

p̂k = −
∫
Ek

ρk(dx)P1(x,Ek).

ÌÅ4: Óêðóïíåíèé ìàðêîâñüêèé ïðîöåñ x̂(t), t ≥ 0 ¹ åðãîäè÷íèì, çi ñòàöiî-
íàðíèì ðîçïîäiëîì π̂ = (πk, k ∈ Ê).

Òàêèì ÷èíîì, îïåðàòîð Qε ìîæíà ïîäàòè ó âèãëÿäi
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Qε = Q + εQ1, Q1(x) = q(x)

∫
E

P1(x, dy)ϕ(y).

Óçàãàëüíåííÿ òàêîãî ïiäõîäó ìîæíà çíàéòè ó [165], äå îïåðàòîð Qε = Q +
εQ1

Q(x) = q(x)

∫
E

P (x, dy)[ϕ(y)− ϕ(x)], Q1(x) = q1(x)

∫
E

P1(x, dy)ϕ(y).

Íåõàé Π � ïðîåêòîð íà íóëü-ïiäïðîñòið çâåäåíî-îáîðîòíîãî îïåðàòîðà Q. Éîãî
äiÿ íà òåñò-ôóíêöi¨ âèçíà÷à¹òüñÿ òàê:

Πϕ(x) =

N∑
k=1

ϕ̂k1k(x), ϕ̂k :=

∫
Ek

πk(dx)ϕ(dx).

Çâåäåíèé îïåðàòîð Q̂1 âèçíà÷èìî çà äîïîìîãîþ ñïiââiäíîøåííÿ

Q̂1Π = ΠQ1Π.

Íåõàé Π̂ � ïðîåêòîð íà íóëü-ïiäïðîñòið çâåäåíî-îáîðîòíîãî îïåðàòîðà Q̂1:

Π̂ϕ̂ := q(x)
∑
k∈E

π̂kϕ̂k.

Ïîòåíöiàëüíà ìàòðèöÿ R̂0 = [R̂0
kj ; 1 ≤ k, l ≤ N ] âèçíà÷à¹òüñÿ ñïiââiäíîøåí-

íÿìè
Q̂1R̂0 = R̂0Q̂1 = Π̂ − E.

Iìïóëüñíèé ïðîöåñ çáóðåíü ηε(t), t ≥ 0, ó ïóàññîíîâié ñõåìi àïðîêñèìàöi¨
çàäà¹òüñÿ ñïiââiäíîøåííÿì

ηε(t) =

t∫
0

ηε(ds, x(s/ε3)), (2.71)

äå ñóêóïíiñòü ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥ 0, x ∈ X, âèçíà-
÷à¹òüñÿ ãåíåðàòîðàìè

Γ ε(x)ϕ(w) = ε−2
∫
R

(ϕ(w + v)− ϕ(w))Γ ε(dv, x), x ∈ X (2.72)

òà çàäîâîëüíÿ¹ óìîâàì ïóàññîíîâî¨ àïðîêñèìàöi¨ [112]

P1. Àïðîêñèìàöiÿ ñåðåäíiõ
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∫
R

vΓ ε(dv, x) = ε(a(x) + θa(x)), θa(x)→ 0, ε→ 0,

òà ∫
R

v2Γ ε(dv, x) = ε(b(x) + θb(x)), θb(x)→ 0, ε→ 0,

P2. Óìîâà íà ôóíêöiþ ðîçïîäiëó∫
R

g(v)Γ ε(dv, x) = ε(Γg(x) + θg(x)), θg(x)→ 0, ε→ 0,

äëÿ âñiõ g(v) ∈ C2(R) (ïðîñòið äiéñíîçíà÷íèõ îáìåæåíèõ ôóíêöié òàêèõ, ùî
g(v)/|v|2 → 0, |v| → 0). Òóò ìiðà Γg(x) îáìåæåíà äëÿ âñiõ g(v) ∈ C2(R) òà
âèçíà÷àþòüñÿ ñïiââiäíîøåííÿì

Γg(x) =

∫
R

g(v)Γ0(dv, x), g(v) ∈ C2(R);

P3. Ðiâíîìiðíà êâàäðàòè÷íà iíòåãðîâíiñòü

sup lim
c→∞

∫
|v|>c

v2Γ0(dv, x) = 0;

P4. Âiäñóòíiñòü äèôóçiéíî¨ ñêëàäîâî¨

b(x) =

∫
R

v2Γ0(dv, x).

Ââåäåìî ïîçíà÷åííÿ:

Γ1(x)ϕ(w) = a(x)ϕ′(w) +

∫
R

[ϕ(w + v)− ϕ(v)− vϕ′(w)]Γ0(dv, x).

Ðîçãëÿíåìî àñèìïòîòè÷íi âëàñòèâîñòi ïðîöåñó çáóðåííÿ.
Òåîðåìà 2.6.1. Ïðè âèêîíàííi óìîâ ïóàññîíîâî¨ àïðîêñèìàöi¨ P1 � P4 ìà¹

ìiñöå ñëàáêà çáiæíiñòü
ηε(t)→ η0(t), ε→ 0.

Ãðàíè÷íèé ïðîöåñ η0(t) âèçíà÷à¹òüñÿ ãåíåðàòîðîì

ˆ̂
Γϕ(w) = Π̂Γ̂1(x)ϕ(w) = ˆ̂aϕ′(w) +

∫
R

[ϕ(w + v)− ϕ(w)− vϕ′(w)]
ˆ̂
Γ 0(dv),

äå
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ˆ̂a =
∑
k∈Ê

π̂k

∫
Êk

π(dx)(a(x)),

ˆ̂
Γ 0(v) =

∑
k∈Ê

π̂k

∫
Êk

π(dx)Γ0(v, x)

i ¹ ïðîöåñîì ç íåçàëåæíèìè ïðèðîñòàìè, ÿêèé ìà¹ äåòåðìiíîâàíèé çñóâ òà
ïóàññîíîâó ñòðèáêîâó ÷àñòèíó.
Äîâåäåííÿ. Ïåðåä áåçïîñåðåäíiì äîâåäåííÿì òåîðåìè 2.6.1, âñòàíîâèìî äå-

ÿêi äîïîìiæíi òâåðäæåííÿ.
Ëåìà 2.6.1. Ãåíåðàòîðè ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥

0, x ∈ X, íà òåñò-ôóíêöiÿõ ϕ(w) ∈ C2(R) ïðè âèêîíàííi óìîâ ïóàññîíîâî¨
àïðîêñèìàöi¨ P1�P4 äîïóñêàþòü àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Γε(x)ϕ(w) = Γ1(x)ϕ(w) + γε(x)ϕ(w), (2.73)

äå

Γ1(x)ϕ(w) = a(x)ϕ′(w) +

∫
R

[ϕ(w + v)− ϕ(v)− vϕ′(w)]Γ0(dv, x),

à çàëèøêîâèé ÷ëåí ‖γε(x)ϕ(w)‖ → 0 ïðè ε→ 0, ϕ(w, ·) ∈ C2(R).
Äîâåäåííÿ ëåìè 2.6.1. Âèêîðèñòîâóþ÷è ðîçêëàä ôóíêöi¨ Γ1(x)ϕ(w) ó ðÿä

Òåéëîðà, çäiéñíèìî ïåðåòâîðåííÿ ãåíåðàòîðà (2.72):

Γε(x)ϕ(w) = ε−1
∫
R

(ϕ(w + v)− ϕ(v))Γ ε(dv, x) =

= ε−1
∫
R

(ϕ(w + v)− ϕ(v)− vϕ′(v)− 1

2
v2ϕ′′(w))Γ ε(dv, x)+

+ε−1
∫
R

(vϕ′(w)Γ ε(dv, x) +
1

2
v2ε−1

∫
R

v2ϕ′′(w)Γ ε(dv, x) =

=

∫
R

(ϕ(u+ v)− ϕ(v)− vϕ′(w)− 1

2
v2ϕ′′(w))Γ0(dv, x)+

+a(x)ϕ′(w) +
1

2
b(x)ϕ′′(w) + γε(x)ϕ(w) =

=

∫
R

(ϕ(u+ v)− ϕ(v)− ϕ′(w))Γ0(dv, x) + a(x)ϕ′(w) + γε(w)ϕ(w),

äå ïåðåäîñòàííÿ ðiâíiñòü âèïëèâà¹ ç óìîâ P1�P4 (çàóâàæèìî òàêîæ, ùî ôóíê-
öiÿ

ϕ(w + v)− ϕ(w)− vϕ′(w)− 1

2
v2ϕ′′(w) ∈ C2(R),
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îñêiëüêè âîíà îáìåæåíà íà ïiäñòàâi îáìåæåíîñòi ϕ(w) ðàçîì ç ¨¨ ïîõiäíèìè, òà
âèêîíó¹òüñÿ ñïiââiäíîøåííÿ

[ϕ(w + v)− ϕ(w)− vϕ′(w)− 1

2
v2ϕ′′(w)]/|v2| → 0

ïðè v → 0.
Ïàì'ÿòàþ÷è, ùî γε(w)ϕ(w) = o(ε2), ϕ(w) ∈ C2(R), îòðèìà¹ìî ïðåäñòàâëåí-

íÿ (2.73).
Äîâåäåííÿ ëåìè 2.6.1 çàâåðøåíå.
Ëåìà 2.6.2. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó (ηε, x(t/ε2)),

t ≥ 0 ìà¹ âèãëÿä

Γ̂ ε(x)ϕ(u,w, x) = ε−2Qεϕ(u,w, x) + γε(x)ϕ(u,w, x), (2.74)

äå îïåðàòîð Γ1(x) âèçíà÷åíèé ó ëåìi 2.6.1, à çàëèøêîâèé ÷ëåí

‖γε(x)ϕ(u,w, x)‖ → 0

ïðè ε→ 0, ϕ(u,w, ·) ∈ C2(R).
Äîâåäåííÿ. Òâåðäæåííÿ ëåìè ñòà¹ î÷åâèäíèì, ÿêùî âèêîðèñòàòè âèçíà-

÷åííÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó òà âèãëÿä âiäïîâiäíèõ ãåíåðàòîðiâ
ïðîöåñiâ ηε(t, x) i x(t/ε2).

Çðiçàíèé îïåðàòîð ìà¹ ñòðóêòóðó

Lεϕ(u,w, x) = ε−2Qϕ(u,w, x) + Γ1(x)ϕ(u,w, x). (2.75)

Ëåìà 2.6.3. Ðîçâ'ÿçîê çàäà÷i ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî îïåðà-
òîðà (2.75) íà òåñò-ôóíêöiÿõ

ϕε(u,w, x) = ϕ(u,w) + εϕ1(u,w, x) + ε2ϕ2(u,w, x)

ðåàëiçó¹òüñÿ ñïiââiäíîøåííÿì

Γ ε0 (x)ϕε(u, x) =
ˆ̂
Lϕ(u) + εθεη(x)ϕ(u), (2.76)

äå çàëèøêîâèé ÷ëåí ðiâíîìiðíî îáìåæåíèé ïî x.
Ãðàíè÷íèé îïåðàòîð âèçíà÷à¹òüñÿ ôîðìóëîþ

ˆ̂
L = Π̂Γ̂1Π̂ (2.77)

Äîâåäåííÿ. Îá÷èñëèìî

(ε−2Q + ε−1Q1 + Γ1)(ϕ(u) + εϕ1 + ε2ϕ2) =

= ε−2Qϕ+ ε−1(Qϕ1 + Q1ϕ) + (Qϕ2 + Q1ϕ1 + Γ1ϕ) + o(ε).
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Çâiäñè îòðèìó¹ìî òðè ñïiââiäíîøåííÿ:

Qϕ = 0; (2.78)

Qϕ1 + Q1ϕ = 0; (2.79)

Qϕ2 + Q1ϕ1 + Γ1ϕ =
ˆ̂
Lϕ. (2.80)

Âñòàíîâèìî âèãëÿä ˆ̂
L.

Ç (2.78) âèïëèâà¹, ùî ϕ ∈ NQ;
Ç (2.79), îñêiëüêè ϕ ∈ NQ, ç óìîâè ðîçâ'ÿçíîñòi ìàòèìåìî

ΠQ1Πϕ = 0.

Ââåäåìî ïîçíà÷åííÿ
ΠQ1 = Q̂1, Πϕ = ϕ̂.

Òîäi
Q̂1ϕ̂ = 0,

çâiäêè
ϕ̂ ∈ NQ̂1

.

Ðîçãëÿíåìî (2.80). Ç óìîâè ðîçâ'ÿçíîñòi äëÿ Q ìàòèìåìî

ΠQ1Πϕ1 +ΠΓ1Πϕ = Π
ˆ̂
LΠϕ,

çâiäêè

Q̂1ϕ̂1 + Γ̂1ϕ̂ =
ˆ̂
Lϕ̂.

Ó ñâîþ ÷åðãó, ç óìîâè ðîçâ'ÿçíîñòi äëÿ ϕ̂2

Π̂Γ̂1Π̂ϕ̂ =
ˆ̂
L ˆ̂ϕ,

çâiäêè
ˆ̂
L = Π̂Γ̂1Π̂,

ϕ̂1 = R̂0[Γ̂1 − ˆ̂
L]ϕ̂,

ϕ̂2 = R0[Q1ϕ1 + Γ1ϕ− ˆ̂
Lϕ].

Îáìåæåíiñòü θεη(x)ϕ(w) âèïëèâà¹ ç âèãëÿäó îïåðàòîðiâ Γ1 òà R0.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè çäiéñíþ¹òüñÿ ç âèêîðèñòàííÿì ëåìè 2.6.3

i òåîðåìè 6.3 ç [7].
Äàëi âèâ÷èìî àñèìïòîòè÷íi âëàñòèâîñòi âèõiäíî¨ åâîëþöiéíî¨ ñèñòåìè (2.70)
Òåîðåìà 2.6.2. Ïðè âèêîíàííi óìîâ Ð1�Ð4 ñïðàâåäëèâà ñëàáêà çáiæíiñòü

(uε(t), ηε(t))⇒ (ˆ̂u(t), η0(t)), ε→ 0.
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Ãðàíè÷íèé ïðîöåñ (ˆ̂u(t), η0(t)) âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lϕ(u,w) =
ˆ̂
C(u)ϕ′u(u,w) +

ˆ̂
Γwϕ(·, w), (2.81)

äå
ˆ̂
C(u) = ΠC(x) =

∑
k∈Ê

π̂k

∫
Êk

π(dx)C(u, x);

à ãåíåðàòîð
ˆ̂
Γw âèçíà÷åíèé â òåîðåìi 2.6.1, àëå äi¹ ïî çìiííié w.

Çàóâàæåííÿ 2.6.1. Ñëàáêà çáiæíiñòü ïðîöåñiâ uε(t) ⇒ ˆ̂u(t), ε → 0, áóäå
âèïëèâàòè çi çáiæíîñòi âiäïîâiäíèõ ãåíåðàòîðiâ çà óìîâè êîìïàêòíîñòi äîãðà-
íè÷íî¨ ñóêóïíîñòi ïðîöåñiâ uε(t). Âiäïîâiäíi òåîðåìè ïðî êîìïàêòíiñòü ïðî-
öåñiâ ç íåçàëåæíèìè ïðèðîñòàìè â ñõåìi àïðîêñèìàöi¨ Ëåâi áóëî äîâåäåíî, çî-
êðåìà â [119].
Äîâåäåííÿ òåîðåìè 2.6.2.
Ëåìà 2.6.4. Ãåíåðàòîð òðèêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

(uε(t), ηε(t), xε(t/ε3)), t ≥ 0, ìà¹ ïðåäñòàâëåííÿ

Lε(x)ϕ(u,w, x) = ε−2Qεϕ(u,w, x) + εΓ εu(x)ϕ(u, ·, x) + Γ εw(x)ϕ(·, w, x)+

+C(x)ϕ(u,w, x) + θεw(x)ϕ(u,w, x), (3.82)

äå Γ ε· (x) � ãåíåðàòîð ñóêóïíîñòi IÏÇ (3.82),

C(x)ϕ(u,w, x) = C(u, x)ϕ′u(u,w, x).

Çàëèøêîâèé ÷ëåí ‖θεw(x)ϕ(u,w, x)‖ → 0 ïðè ε→ 0.
Äîâåäåííÿ ëåìè ìîæíà çíàéòè â [7].
Ëåìà 2.6.5. Ãåíåðàòîð Lε(x) ó âèïàäêó iìïóëüñíîãî ïðîöåñó çáóðåíü äî-

ïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lε(x)ϕ(u,w, x) = ε−2Qεϕ(u,w, x) + εΓu1 (x)ϕ(u,w, x)+

+Γw1 (x)ϕ(u,w, x) + C(x)ϕ(u,w, x) + θ̂εwϕ(u,w, x), (2.83)

äå
θ̂εw(x) = γε + θεw(x),

Γ ·1(x) òà Γ ·2(x) âèçíà÷åíi ó ëåìi 1. Çàëèøêîâèé ÷ëåí ‖θ̂εw(x)ϕ(u,w, x)‖ → 0 ïðè
ε→ 0.
Äîâåäåííÿ çäiéñíþ¹òüñÿ ç äîïîìîãîþ ïðåäñòàâëåííÿ îïåðàòîðà (3.73) òà

ðåçóëüòàòiâ ëåìè 2.6.4.
Çðiçàíèé îïåðàòîð ìà¹ âèãëÿä:

Lε0(x)ϕ = ε−2Qεϕ+ Γw1 (x)ϕ+ C(x)ϕ (2.84)
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Ëåìà 2.6.6. Ðîçâ'ÿçàííÿ ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî
îïåðàòîðà (2.84) íà òåñò-ôóíêöiÿõ

ϕε(w, x) = ϕ(w) + εϕ1(w, x) + ε2ϕ2(w, x)

çäiéñíþ¹òüñÿ çi ñïiââiäíîøåííÿ

Lε0(x)ϕε(w, x) = Lϕ(w) + ε3θεw(x)ϕ(w), (2.85)

äå çàëèøêîâèé ÷ëåí θεw(x) ðiâíîìiðíî îáìåæåíèé ïî x.
Ãðàíè÷íèé îïåðàòîð L çàäà¹òüñÿ ôîðìóëîþ

L =
ˆ̂
C +

ˆ̂
Γ
w

1 . (2.86)

Äîâåäåííÿ. Äëÿ âèêîíàííÿ ðiâíîñòi (2.85) íåîáõiäíî, ùîá êîåôiöi¹íòè ïðè
îäíàêîâèõ ñòåïåíÿõ ε çëiâà òà ñïðàâà áóëè ðiâíèìè. Ç öi¹þ ìåòîþ îá÷èñëèìî:

(ε−2Q + ε−1Q1 + Γw1 + C)(ϕ+ εϕ1 + ε2ϕ2) =

= ε−2Qϕ+ ε−1(Qϕ1 + Q1ϕ) + (Qϕ2 + Q1ϕ1 + Γw1 ϕ+ Cϕ) + o(ε).

Çíîâó æ òàêè, îòðèìà¹ìî òðè ñïiââiäíîøåííÿ:

Qϕ = 0; (2.87)

Qϕ1 + Q1ϕ = 0; (2.88)

Qϕ2 + Q1ϕ1 + Γw1 ϕ =
ˆ̂
Lϕ. (2.89)

Âñòàíîâèìî âèãëÿä ˆ̂
L.

Ç (2.87) âèïëèâà¹, ùî ϕ ∈ NQ.
Ç (2.88), îñêiëüêè ϕ ∈ NQ, ç óìîâè ðîçâ'ÿçíîñòi ìàòèìåìî

ΠQ1Πϕ = 0.

Ââåäåìî ïîçíà÷åííÿ
ΠQ1 = Q̂1, Πϕ = ϕ̂.

Òîäi
Q̂1ϕ̂ = 0,

çâiäêè
ϕ̂ ∈ NQ̂1

.

Ðîçãëÿíåìî (2.89). Ç óìîâè ðîçâ'ÿçíîñòi äëÿ Q ìàòèìåìî

ΠQ1Πϕ1 +ΠΓw1 Πϕ+ΠCΠϕ = Π
ˆ̂
LΠϕ. (2.90)
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Äàëi

Q̂1ϕ̂1 + Γ̂w1 ϕ̂+ Ĉϕ̂ =
ˆ̂
Lϕ̂.

Ó ñâîþ ÷åðãó, ç óìîâè ðîçâ'ÿçíîñòi äëÿ ϕ̂2

Π̂ĈΠ̂ϕ̂+ Π̂Γ̂w1 Π̂ϕ̂ =
ˆ̂
L ˆ̂ϕ,

çâiäêè
ˆ̂
L = Π̂ĈΠ̂ + Π̂Γ̂w1 Π̂,

ϕ̂1 = R̂0[
ˆ̂
L− Γ̂w1 ϕ1 − Ĉ]ϕ̂,

ϕ̂2 = R̂0[
ˆ̂
Lϕ+ Q1ϕ1 + Γw1 ϕ+ Cϕ].

Îáìåæåíiñòü θεη(x)ϕ(w) âèïëèâà¹ ç âèãëÿäó îïåðàòîðiâ Γ̂1 òà R0.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè çäiéñíþ¹òüñÿ ç âèêîðèñòàííÿì ëåìè 2.6.3

i òåîðåìè 6.3. ç [7].
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ÐÎÇÄIË 3
ÏÐÎÖÅÄÓÐÀ ÑÒÎÕÀÑÒÈ×ÍÎ� ÀÏÐÎÊÑÈÌÀÖI� ÒÀ
ÀÑÈÌÏÒÎÒÈ×ÍÀ ÍÎÐÌÀËÜÍIÑÒÜ ÑÒÐÈÁÊÎÂÎ�

ÏÐÎÖÅÄÓÐÈ Ó ÌÀÐÊÎÂÑÜÊÎÌÓ ÒÀ
ÍÀÏIÂÌÀÐÊÎÂÑÜÊÎÌÓ ÑÅÐÅÄÎÂÈÙI

3.1. Ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ â ìàðêîâñüêîìó
ñåðåäîâèùi

3.1.1. Ñòðèáêîâà ÏÑÀ â ñõåìi óñåðåäíåííÿ.
Ñòðèáêîâà ÏÑÀ â ìàðêîâñüêîìó ñåðåäîâèùi â ñõåìi ñåðié çàäà¹òüñÿ ñïiââiä-

íîøåííÿì (ïîêëàäåìî
−1∑
k=0

aεkC(uεk, x
ε
k) = 0)

uε(t) = u+ ε

ν(t/ε)−1∑
k=0

aεkC(uεk, x
ε
k), uε(0) = u, (3.1)

äå ôóíêöiÿ ðåãðåñi¨ C(u, x) = (Ck(u, x), k = 1, d) , u ∈ Rd, x ∈ X , çàäîâîëüíÿ¹
óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ñóïðîâîäæóþ÷èõ ñèñòåì

dux(t)/dt = C(ux(t), x), x ∈ X.

Çîâíiøí¹ ñåðåäîâèùå îïèñó¹òüñÿ ðiâíîìiðíî åðãîäè÷íèì ìàðêîâñüêèì ïðî-
öåñîì x(t), t ≥ 0, ó ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði (X,X) ç ãåíåðàòîðîì Q i
ïîòåíöiàëîì äî íüîãî R0.

Â ÏÑÀ (3.1) íîðìóþ÷à ïîñëiäîâíiñòü aεn, n ≥ 0, âèçíà÷à¹òüñÿ çíà÷åííÿìè
êåðóþ÷î¨ ôóíêöi¨ a(t), t ≥ 0,

aεn := a(τεn), τεn := ετn, n ≥ 0,

äå τn, n ≥ 0, - ìîìåíòè âiäíîâëåííÿ âêëàäåíîãî ëàíöþãà Ìàðêîâà

xn := x(τn), n ≥ 0,

ç ëi÷èëüíèì ïðîöåñîì ν(t) := max{n : τn ≤ t}, t ≥ 0.
Â ÏÑÀ (3.1) ìàþòü ìiñöå âêëàäåíîñòi

uεn = uε(τεn), xεn = x(τεn), τεn = ετn, n ≥ 0. (3.2)

Çáiæíiñòü ÏÑÀ (3.1) ðîçãëÿäà¹òüñÿ â óìîâàõ åêñïîíåíöiàëüíî¨ ñòiéêîñòi óñå-
ðåäíåíî¨ ñèñòåìè

du(t)

dt
= C(u(t)), C(u) = q

∫
X

ρ(dx)C(u, x), (3.3)

äå ρ(B), B ∈ X, � ñòàöiîíàðíèé ðîçïîäië âêëàäåíîãî ëàíöþãà Ìàðêîâà xn,
n ≥ 0,.
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Òåîðåìà 3.1.1. Íåõàé ôóíêöiÿ Ëÿïóíîâà V (u) ∈ C3(Rd), u ∈ Rd, óñåðåäíå-
íî¨ ñèñòåìè (3.3) òàêà, ùî
C1 : çàáåçïå÷ó¹ åêñïîíåíöiéíó ñòiéêiñòü óñåðåäíåíî¨ ñèñòåìè (3.3)

C(u)V ′(u) ≤ −c0V (u), c0 > 0;

C2 : äëÿ C(u) := max
x∈X

C(u, x) ìàþòü ìiñöå îöiíêè

∣∣C(u)V ′(u)
∣∣ ≤ c1(1 + V (u)), c1 > 0,∣∣C(u)[C(u)V ′(u)]′
∣∣ ≤ c2(1 + V (u)), c2 > 0,∣∣C(u)C(u)[C(u)V ′(u)]′′
∣∣ ≤ c3(1 + V (u)), c3 > 0.

Íàðåøòi íîðìóþ÷à ôóíêöiÿ a(t) ìîíîòîííî ñïàäíà, äîäàòíà òà çàäîâîëü-
íÿ¹ óìîâàì:

C3 :
∞∫
0

a(t)dt =∞,
∞∫
0

a2(t)dt <∞.

Òîäi ïðè êîæíîìó ïîçèòèâíîìó ε ≤ ε0 , ε0 - äîñòàòíüî ìàëå, ÏÑÀ (3.1)
çáiãà¹òüñÿ ç éìîâiðíiñòþ 1 äî ¹äèíî¨ òî÷êè ðiâíîâàãè óñåðåäíåíî¨ åâîëþöiéíî¨
ñèñòåìè (3.3):

P{ lim
t→∞

uε(t) = 0} = 1.

Ðîçãëÿíåìî äâîêîìïîíåíòíèé ìàðêîâñüêèé ïðîöåñ

uε(t), xεt := x(t/ε), t ≥ 0. (3.4)

Ëåìà 3.1.1. Ìàðêîâñüêèé ïðîöåñ (3.4) âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lεtϕ(u, x) = ε−1Qϕ(u, x) + ε−1q(x)Cεt (x)ϕ(u, x), (3.5)

äå

Cεt (x)ϕ(u, x) =

∫
X

P (x, dy)[ϕ(u+ εa(t)C(u, x), y)− ϕ(u, y). (3.6)

Äîâåäåííÿ. Ãåíåðàòîð Lεt ìàðêîâñüêîãî ïðîöåñó (3.4) âèçíà÷à¹òüñÿ ñïiââiä-
íîøåííÿì

lim
∆→0

∆−1{E[ϕ(uε(t+∆), xεt+∆)|uε(t) = u, xεt = x]− ϕ(u, x)} = Lεtϕ(u, x). (3.7)

Îá÷èñëèìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ

E[ϕ(uε(t+∆), xεt+∆)|uε(t) = u, xεt = x] =

= Eu,x[ϕ(uε(t+∆), xεt+∆)] =
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= Eu,x[ϕ(uε(t+∆), xεt+∆)][I(θx ≤ ε−1∆) + I(θx > ε−1∆)] =

= Eu,x[ϕ(uε(t+∆), xεt+∆)]I(θx ≤ ε−1∆)+

+Eu,x[ϕ(uε(t+∆), xεt+∆)]I(θx > ε−1∆). (3.8)

Îñêiëüêè I(θx ≤ ε−1∆) = 1− e−ε−1q(x)∆ = ε−1q(x)∆+ o(∆), òî äëÿ ïåðøîãî
äîäàíêó â (3.8) ìà¹ìî

Eu,x[ϕ(uε(t+∆), xεt+∆)]I(θx ≤ ε−1∆) =

= Eu,x[ϕ(u+∆uε(t), xεt+∆)]ε−1q(x)∆+ o(∆), (3.9)

äå ïðèðîñòè åâîëþöié ∆uε(t) = uε(t + ∆) − uε(t) âèçíà÷àþòüñÿ ïðîöåäóðîþ
(3.1) â ïîçíà÷åííÿõ ìàòåìàòè÷íîãî ñïîäiâàííÿ (3.8) ñïiââiäíîøåííÿì

∆uε(t) = εa(t)C(u, x).

Ç òîãî, ùî I(θx > ε−1∆) = e−ε
−1q(x)∆ = 1 − ε−1q(x)∆ + o(∆) äëÿ äðóãîãî

äîäàíêó ç (3.8) îòðèìó¹ìî

Eu,x[ϕ(uε(t+∆), xεt+∆)]I(θx > ε−1∆) =

= Eu,x[ϕ(u+∆uε(t), xεt+∆)][1− ε−1q(x)∆+ o(∆)].

Îñêiëüêè ïðè ∆ → 0 äëÿ îñòàííüîãî âèðàçó ∆uε(t) → 0, i xεt+∆ → x, òî â
ðåçóëüòàòi ìà¹ìî

Eu,x[ϕ(uε(t+∆), xεt+∆)]I(θx > ε−1∆) =

= ϕ(u, x)[1− ε−1q(x)∆] + o(∆). (3.10)

Òàêèì ÷èíîì, âðàõîâóþ÷è (3.9) òà (3.10), ç (3.8) ìà¹ìî

Eu,x[ϕ(uε(t+∆), xεt+∆)] =

= ϕ(u, x)− ε−1q(x)ϕ(u, x)∆+

+ε−1q(x)Eu,xϕ(u+ εa(t)C(u, x), y)∆+ o(∆), (3.11)

ç ïðàâîìiðíîþ çàìiíîþ xεt+∆ íà y ∈ X.
Ðåçóëüòàò (3.11) âèêîðèñòà¹ìî â (3.7) ïðè çíàõîäæåííi ãåíåðàòîðà Lεt â ïî-

ñëiäîâíîñòi ïåðåòâîðåíü

Lεtϕ(u, x) = lim
∆→0

∆−1[ϕ(u, x)− ε−1q(x)ϕ(u, x)∆+

+ε−1q(x)Eu,xϕ(u+ εa(t)C(u, x), y)∆− ϕ(u, x) + o(∆) =

= ε−1q(x)

∫
X

P (x, dy)[ϕ(u+ εa(t)C(u, x), y)− ϕ(u, x)] =
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= ε−1q(x)

∫
X

P (x, dy)[ϕ(u, y)− ϕ(u, x)] +

+ε−1q(x)

∫
X

P (x, dy)[ϕ(u+ εa(t)C(u, x), y)− ϕ(u, y)].

Òîáòî îòðèìó¹ìî (3.5). Ëåìó äîâåäåíî.
Íàñëiäîê 3.1.1. Íà òåñò-ôóíêöiÿõ ϕ(u, ·) ∈ C2(Rd), ãåíåðàòîð Lεt ìà¹

àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lεtϕ(u, x) = ε−1Qϕ(u, x) + a(t)Q1(x)ϕ(u, x)+

+εa2(t)θε1(x)ϕ(u, x), (3.12)

äå
Q1(x)ϕ(u, x) = C(u, x)Q0ϕ

′
u(u, x), (3.13)

θε1(x)ϕ(u, x) =
1

2
C2(u, x)Q0ϕ

′′
u(θu, x), 0 ≤ θ ≤ 1, (3.14)

i
Q0ϕ(x) := q(x)Pϕ(x),

Pϕ(x) :=

∫
X

P (x, dy)ϕ(y).

Äîâåäåííÿ. Âèêîðèñòà¹ìî ãëàäêiñòü ôóíêöié ϕ(u, x) ïðè îá÷èñëåííi îïå-
ðàòîðà Cεt (x) ç ïðåäñòàâëåííÿ (3.6):

Cεtϕ(u, x) =

∫
X

P (x, dy)[ϕ(u+ εa(t)C(u, x), y)− ϕ(u, y)] =

=

∫
X

P (x, dy)[εa(t)C(u, x)ϕ′u(u, y) + ε2a2(t)
1

2
C2(u, x)ϕ′′u(θu, y)], 0 ≤ θ ≤ 1.

Çâiäêè i ìà¹ìî ïðåäñòàâëåííÿ (3.12).
Â (3.12) çàëèøêîâèé ÷ëåí θε1(x)ϕ(u, x) òàêèé, ùî

‖θε1(x)ϕ(u, x)‖ ≤ C,C > 0,

òîáòî
εa2(t)‖θε1(x)ϕ(u, x)‖ → 0, ε→ 0. (3.15)

Öå âèïëèâà¹ ç (3.14) i ãëàäêîñòi ôóíêöié ϕ(u, x).
Ðîçâ'ÿæåìî ïðîáëåìó ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà Lεt íà çáóðåíié

ôóíêöi¨ Ëÿïóíîâà
V ε(u, x) = V (u) + εa(t)V1(u, x), (3.16)

äå V (u) - ôóíêöiÿ Ëÿïóíîâà äëÿ óñåðåäíåíî¨ ñèñòåìè (3.3).
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Ëåìà 3.1.2. Ãåíåðàòîð Lεt íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà V ε(u, x) òàêié,
ùî V (u) ∈ C3(Rd), ìà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

LεtV
ε(u, x) = a(t)C(u)V ′(u) + εa2(t)θεL(x)V (u), (3.17)

äå
θεL(x)V (u) = θε0(x)V (u) + θε1(x)V (u), (3.18)

θε0(x)V (u) = C(u, x)[[q(x)R0 − I]C̃ ′u(u, x)V ′(u)+

+ΠC̃ ′u(u, x)V ′(u)+

+[q(x)R0 − I]C̃(u, x)V ′′(u)]ϕ′′u(θu, y)], 0 ≤ θ ≤ 1, (3.19)

θε0(x)V (u) =
1

2
C2(u, x)q(x)V ′′(θu), 0 ≤ θ ≤ 1. (3.20)

Äîâåäåííÿ. Ñïî÷àòêó ðîçâ'ÿæåìî ïðîáëåìó ñèíãóëÿðíîãî çáóðåííÿ äëÿ
çðiçàíîãî äî Lεt îïåðàòîðà, à ñàìå

Lεt0 = ε−1Q+ a(t)Q1(x).

Ðîçêëàä îïåðàòîðà Lεt0 íà ôóíêöiÿõ V
ε(u, x) ïîäàìî â âèãëÿäi

Lεt0V
ε(u, x) = [ε−1Q+ εa(t)Q1(x)][V (u) + a(t)V1(u, x)] =

= ε−1QV (u)a(t)[QV1(u, x) +Q1(x)V (u)] + εa2(t)Q1(x)V1(u, x).

Ç óìîâè ðîçâ'ÿçíîñòi îñòàííüîãî ðîçêëàäó ìà¹ìî

QV1(u, x) +Q1(x)V (u) = Q̂1V (u), (3.21)

äå
Q̂1Π = ΠQ1(x)Π. (3.22)

Îá÷èñëèìî ïðàâó ÷àñòèíó (3.22). Ç ïðåäñòàâëåííÿ (3.13) ìà¹ìî

ΠQ1(x)ΠV (u) = ΠC(u, x)Q0ΠV
′(u) =

= ΠC(u, x)q(x)PΠV ′(u) =

= ΠC(u, x)q(x)V ′(u) =

=

∫
X

π(dx)q(x)C(u, x)V ′(u) =

= q

∫
X

ρ(dx)C(u, x)V ′(u) =

= C(u)V ′(u).
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Òàêèì ÷èíîì ç (3.21) îòðèìó¹ìî

QV1(u, x) = (Q̂1 −Q1(x))V (u).

Âðàõîâóþ÷è âëàñòèâiñòü ïîòåíöiàëó R0 ç îñòàííüîãî ìà¹ìî ðîçâ'ÿçîê

V1(u, x) = R0Q̃1(x)V (u), (3.23)

äå
Q̃1(x) = Q1(x)− Q̂1. (3.24)

Ïîðàõó¹ìî ïðàâó ÷àñòèíó (7.24) âðàõîâóþ÷è (7.13) òà (3.22)

[Q1(x)− Q̂1]V (u) = [C(u, x)Q0 − C(u)]V ′(u) =

[C(u, x)q(x)P− C(u)]V ′(u) = [C(u, x)q(x)− C(u)]V ′(u).

Îòæå äëÿ çáóðåííÿ V1(u, x) ôóíêöi¨ Ëÿïóíîâà V (u) ç (3.23) îòðèìó¹ìî ïðåä-
ñòàâëåííÿ

V1(u, x) = R0C̃(x)V (u), (3.25)

äå
C̃(x)V (u) = C̃(u, x)V ′(u),

C̃(u, x) = C(u, x)q(x)− C(u).

Âèêîðèñòà¹ìî (3.25) äëÿ îá÷èñëåííÿ ñïiâìíîæíèêà

θε0(x)V (u) := Q1(x)V1(u, x)

ðîçêëàäó îïåðàòîðà Lεt0 íà ôóíêöiÿõ V
ε(u, x).

θε0(x)V (u) = C(u, x)Q0[R0C̃(x)V (u)]′ =

= C(u, x)q(x)PR0[C̃(u, x)V ′(u)]′ =

= C(u, x)q(x)PR0[C̃ ′u(u, x)V ′(u) + C̃(u, x)V ′′(u)]. (3.26)

Âðàõîâóþ÷è, ùî q(x)PR0 = q(x)R0 +Π− I ïðîäîâæèìî îá÷èñëåííÿ â (7.26)

θε0(x)V (u) = C(u, x)[q(x)R0 +Π − I][C̃ ′u(u, x)V ′(u) + C̃(u, x)V ′′(u)] =

= C(u, x)[q(x)R0C̃
′
u(u, x)V ′(u) + q(x)R0C̃(u, x)V ′′(u)] +

+C(u, x)[ΠC̃ ′u(u, x)V ′(u) +ΠC̃(u, x)V ′′(u)]−
−C(u, x)[C̃ ′u(u, x)V ′(u) + C̃(u, x)V ′′(u)] =

= C(u, x)[[q(x)R0 − I]C̃ ′u(u, x)V ′(u) +ΠC̃ ′u(u, x)V ′(u) +

+[q(x)R0 − I]C̃(u, x)V ′′(u).

Òàêèì ÷èíîì ìà¹ìî ïðåäñòàâëåííÿ
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Lεt0V
ε(u, x) = a(t)C(u)V ′(u) + εa2(t)θε0(x)V (u), (3.27)

äå θε0(x)V (u) ìà¹ çîáðàæåííÿ (3.19).
Çàóâàæèìî, ùî ç ãëàäêîñòi ôóíêöié C(u, x), V (u), i îáìåæåíîñòi îïåðàòîðà

R0 ç (3.19) îòðèìó¹ìî îáìåæåíiñòü

‖θε0(x)V (u)‖ < C,C > 0, x ∈ X. (3.28)

Ïîâåðòàþ÷èñü äî ïîâíîãî çîáðàæåííÿ ãåíåðàòîðà Lεt , ïðåäñòàâèìî éîãî
â âèãëÿäi

Lεt = Lεt0 + εa2(t)θε1(x).

Îòæå íà ôóíêöiÿõ (3.16) ìà¹ìî ðîçêëàä

LεtV
ε(u, x) = Lεt0[V (u) + εa(t)V1(u, x)]+

+εa2(t)θε1(x)[V (u) + εa(t)V1(u, x)], (3.29)

äå V1(u, x) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ (7.25).
Âðàõîâóþ÷è (3.27) ç (3.29) ìà¹ìî

LεtV
ε(u, x) = a(t)C(u)V ′(u) + εa2(t)θε0(x)V (u)+

+εa2(t)θε1(x)V (u) + ε2a3(t)θε1(x)R0C̃(u, x)V ′(u). (3.30)

Ïîðàõó¹ìî îñòàííi äâà äîäàíêè â (3.30).

θε1(x)V (u) =
1

2
C2(u, x)q(x)V ′′(θu), 0 ≤ θ ≤ 1.

θε1(x)R0C̃(u, x)V ′(u) =
1

2
C2(u, x)Q0R0[C̃(u, x)V ′(u)]′′u|u=θu.

Ç ãëàäêîñòi ôóíêöié C(u, x), V (u) à òàêîæ ç îáìåæåíîñòi îïåðàòîðiâ R0 i Q0

îòðèìó¹ìî
‖θε1(x)R0C̃(u, x)V ′(u)‖ ≤M,M > 0, x ∈ X.

Îñòàíí¹ äà¹ çìîãó çíåõòóâàòè âiäïîâiäíèì äîäàíêîì â ðîçêëàäi (3.30)
â çâ'ÿçêó ç äðóãèì ïîðÿäêîì ìàëîñòi âåëè÷èíè ε.

Â ðåçóëüòàòi ç (3.30) îòðèìó¹ìî (3.17). Ëåìó äîâåäåíî.
Äîâåäåííÿ òåîðåìè ïðîâåäåìî â äåêiëüêà åòàïiâ. Ñïî÷àòêó âñòàíîâèìî

êëþ÷îâó íåðiâíiñòü.
Ëåìà 3.1.3. Ãåíåðàòîð Lεt íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà (3.16) â óìîâàõ

òåîðåìè äîïóñêà¹ îöiíêó

LεtV
ε(u, x) ≤ −δa(t)V (u), δ > 0. (3.31)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îöiíêè Ñ2 äëÿ çàëèøêîâîãî ÷ëåíà θεL(x)V (u),
óìîâó Ñ1 åêñïîíåíöiéíî¨ ñòiéêîñòi ñèñòåìè (3.3), à òàêîæ ìîíîòîííiñòü òà îá-
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ìåæåíiñòü íîðìóþ÷î¨ ôóíêöi¨ a(t), ìà¹ìî

LεtV
ε(u, x) = a(t)C(u)V ′(u) + εa2(t)θεL(x)V (u) ≤

≤ −a(t)(δ∗ − εc)V (u) ≤ −a(t)δV (u), δ > 0. (3.32)

Îñòàííÿ íåðiâíiñòü ìà¹ ìiñöå ïðè âñiõ ε ≤ ε0 , äå ε0 òàêå, ùî ε0 < δ∗/c .
Ïî-äðóãå, ÿâíèé âèãëÿä çáóðåííÿ (3.24), à òàêîæ óìîâà Ñ2 òåîðåìè , äàþòü

îöiíêó çáóðåíî¨ ôóíêöi¨ Ëÿïóíîâà

0 < (1− εa(t)c)V (u) ≤ V ε(u, x) ≤ (1 + εa(t)c)V (u).

Ïî-òðåò¹, âñòàíîâèìî, ùî ïðîöåñ

V εn := V ε(uεn, x
ε
n), n ≥ 0, (3.33)

¹ íåâiä'¹ìíèì ñóïåðìàðòèíãàëîì. Äëÿ öüîãî çàóâàæèìî, ùî ðîçøèðåíèé ïðî-
öåñ ìàðêîâñüêîãî âiäíîâëåííÿ (3.7) ïîðîäæó¹ íà òåñò-ôóíêöiÿõ ϕ(u, x), u ∈
Rd, x ∈ X, ìàðòèíãàë

µn+1 = ϕ(uεn+1, x
ε
n+1)− ϕ(u0, x0)− ε

n∑
k=0

θk+1L
ε
τε
k
ϕ(uεk, x

ε
k), (3.34)

âiäíîñíî ïîòîêó σ-àëãåáð F εn = σ{uεk, xεk, τεk , 0 ≤ k ≤ n}, n ≥ 0 . Äiéñíî,
â ïîçíà÷åííi ϕεn := ϕ(uεn, x

ε
n) ìà¹ìî

E[µn+1 − µn |F εn ] = EFε
n
[ϕεn+1 − ϕεn]− EFε

n
[εθn+1L

ε
τε
n
ϕεn]. (3.35)

Âðàõîâóþ÷è îçíà÷åííÿ êîìïåíñóþ÷îãî îïåðàòîðà (3.8) îá÷èñëèìî äðóãèé
äîäàíîê â (3.35):

EFε
n
[εθn+1 L

ε
τε
n
ϕεn] = εg(xεn)Lετε

n
ϕεn = εg(xεn)ε−1q(xεn)EFε

n
[ϕεn+1 − ϕεn] =

= EFε
n
[ϕεn+1 − ϕεn].

Òàêèì ÷èíîì ç (3.35) ìà¹ìî ìàðòèíãàëüíó âëàñòèâiñòü äëÿ (3.34):

E[µn+1 − µn |F εn ] = 0, n ≥ 0. (3.36)

Âèêîðèñòà¹ìî (3.36) äëÿ äîâåäåííÿ íàñòóïíî¨ ëåìè.
Ðîçãëÿíåìî â (3.34) çàìiñòü äîâiëüíî¨ òåñò-ôóíêöi¨ ϕ(u, x), u ∈ Rd, x ∈ X,

çáóðåíó ôóíêöiþ Ëÿïóíîâà V ε(u, x).
Ëåìà 3.1.4. Ïðîöåñ (3.33) ¹ íåâiä'¹ìíèì ñóïåðìàðòèíãàëîì.
Äîâåäåííÿ. Âèêîðèñòà¹ìî ìàðòèíãàëüíó õàðàêòåðèçàöiþ ïðîöåñó (7.33),

à ñàìå, ñïðàâåäëèâiñòü ïðåäñòàâëåííÿ

E[V εn+1 |F εn ] = V ε0 + εE[

n∑
k=0

θk+1 L
ε
τε
k
V εk ] + µεn, (3.37)
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îñêiëüêè ç (3.36) ìà¹ìî E[µεn+1 |F εn ] = µεn . Ïiäñòàâèìî â (3.37) çàìiñòü µ
ε
n éîãî

çíà÷åííÿ ç (3.34):

E[V εn+1 |F εn ] = V ε0 + εg(xεn)Lετε
n
V εn + ε[

n−1∑
k=0

θk+1L
ε
τε
k
V εk ]+

+V εn − V ε0 − ε[
n−1∑
k=0

θk+1L
ε
τε
k
V εk ].

Çâiäêè ìà¹ìî E[V εn+1 |F εn ] = V εn + εg(xεn)Lετε
n
V εn , i ðàçîì ç êëþ÷îâîþ íåðiâ-

íiñòþ (3.31) îòðèìó¹ìî E[V εn+1 |F εn ] ≥ V εn , n ≥ 0 , ùî i äîâîäèòü ëåìó.
Âèêîðèñòàííÿ îöiíîê (3.31) òà (3.32), à òàêîæ ëåìè 3.1.4 çàâåðøó¹ äîâåäåííÿ

òåîðåìè 3.1.1.
3.1.2. Ñòðèáêîâà ÏÑÀ â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨.
Ðîçãëÿíåìî ñòðèáêîâó ÏÑÀ, ùî âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì (ââàæà¹ìî,

ùî
−1∑
k=0

aεkC
ε(uεk, x

ε
k) := 0):

uε(t) = u+ ε

ν(t/ε2)−1∑
n=1

aεnC
ε(uεn, x

ε
n), uε(0) = u, (3.38)

äå ν(t) := max{n, τ ≤ t}- ëi÷èëüíèé ïðîöåñ ìîìåíòiâ ñòðèáêiâ τn, n ≥ 1, ìàð-
êîâñüêîãî ïðîöåñó x(t), t ≥ 0.

Îòæå xn = x(τn), n ≥ 1, âêëàäåíèé ëàíöþã Ìàðêîâà, à uεn = uε(τn), n ≥ 1, -
äèñêðåòíà ÏÑÀ, ùî ðîçãëÿäà¹òüñÿ â åâêëiäîâîìó ïðîñòîði Rd â òàêîìó âèãëÿäi
:

uεn+1 − uεn = εaεnC
ε(uεn, x

ε
n), n ≥ 0,

äå ôóíêöiÿ a(t) ïîðîäæó¹ ïîñëiäîâíiñòü an = a(τn), n ≥ 1, i ïîñëiäîâíiñòü òî÷îê
uεn ∈ Rd òàêà, ùî

lim
n→∞

uεn = u0

ìàéæå âñþäè, äëÿ äîñòàòíüî ìàëèõ ε > 0.
Ôóíêöiÿ ðåãðåñi¨

Cε(u, x) = C0(u, x) + ε−1C(u, x) (3.39)

çàëåæèòü âiä ñòàíiâ çîâíiøíüîãî ñåðåäîâèùà x ∈ X , çìiíà ÿêèõ çàäà¹òüñÿ
åðãîäè÷íèì ëàíöþãîì Ìàðêîâà xn,n ≥ 0, ç éìîâiðíîñòÿìè ïåðåõîäó

P (x,B) = P{xn+1 ∈ B/xn = x}, x ∈ X,B ∈ X, (3.40)

ε > 0 - ìàëèé ïàðàìåòð ñåði¨, à (X,X) - ôàçîâèé ïðîñòið ñòàíiâ ìàðêîâñüêîãî
ïðîöåñó x(t), t ≥ 0.
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Íàäàëi âèâ÷à¹òüñÿ çáiæíiñòü ÏÑÀ (7.41) çi çáóðåíîþ ôóíêöi¹þ ðåãðåñi¨
(7.39) â óìîâàõ áàëàíñó íà çáóðþþ÷ó ôóíêöiþ ðåãðåñi¨∫

X

ρ(dx)C0(u, x) = 0. (3.45)

Óñåðåäíåíà ÏÑÀ â óìîâàõ áàëàíñó (3.45) âèçíà÷à¹òüñÿ ñòîõàñòè÷íèì äèôå-
ðåíöiàëüíèì ðiâíÿííÿì

du(t) = a(t)C(u(t))dt+ a2(t)dζ(t), (3.47)

äå

dζ(t) = b(u(t))dt+
1

2
SpB((u(t))dwt (3.48)

äèôóçiéíèé ïðîöåñ çi çñóâîì b(u) òà êîâàðiàöiéíîþ ìàòðèöåþ B(u), wt � âi-
íåðiâñüêèé ïðîöåñ, à óñåðåäíåíà ôóíêöiÿ ðåãðåñi¨ C(u) âèçíà÷à¹òüñÿ ôîðìó-
ëîþ

C(u) = q

∫
X

ρ(dx)C(u, x). (3.49)

Êîåôiöi¹íòè çáóðþþ÷îãî äèôóçiéíîãî ïðîöåñó ζ(t), t ≥ 0, çñóâ b(u) òà êî-
âàðiàöiéíà ìàòðèöÿ B(u), âèçíà÷àþòüñÿ ñïiââiäíîøåííÿìè

b(u) = q

∫
X

ρ(dx)b(u, x), (3.50)

B(u) = q

∫
X

ρ(dx)B(u, x), (3.51)

äå
b(u, x) := C0(u, x)R0q(x)C ′0(u, x); (3.52)

B(u, x) := 2C0(u, x)R0q(x)C0(u, x)− C2
0 (u, x). (3.53)

Äëÿ òîãî ùîá ñôîðìóëþâàòè îñíîâíèé ðåçóëüòàò, ââåäåìî ìàæîðàíòè äëÿ
ñóìè ôóíêöi¨ ðåãðåñi¨ C(u, x), òà ¨¨ çáóðåííÿ C0(u, x)

C(u) := max
x∈X

(|C(u, x)|+ |C0(u, x)|) (3.54)

òà äîïîìiæíi ôóíêöi¨

wk(u) := C(u)w′k−1(u), k = 1, 2, 3, 4, 5; (3.55)

w0(u) := C(u)V ′(u), (3.56)

äå V (u) - ôóíêöiÿ Ëÿïóíîâà äëÿ óñåðåäíåíî¨ äèíàìi÷íî¨ ñèñòåìè
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du(t)/dt = C(u(t)). (3.57)

Çáiæíiñòü ÏÑÀ (3.41) ôîðìóëþ¹òüñÿ â óìîâàõ ðiâíîìiðíî¨ åêñïîíåíöiéíî¨
ñòiéêîñòi ðîçâ'ÿçêó u(t) ñèñòåìè (3.57), òîáòî äëÿ (3.57) iñíó¹ ¹äèíà òî÷êà ðiâ-
íîâàãè u0, òàêà ùî C(u0) = 0, äî ÿêî¨ çáiãàþòüñÿ òðà¹êòîði¨ óñåðåäíåíî¨ äèíà-
ìi÷íî¨ ñèñòåìè (3.57).
Òåîðåìà 3.1.2. Íåõàé iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u) äëÿ óñåðåäíåíî¨ äèíà-

ìi÷íî¨ ñèñòåìè (3.57), òàêà, ùî ìà¹ îáìåæåíi ïîõiäíi äî ï'ÿòîãî ïîðÿäêó
âêëþ÷íî òà çàäîâîëüíÿ¹ óìîâè:

C1 : C(u)V ′(u) ≤ −cV (u);

C2 : wk(u) ≤ ck(1 + V (u)), k = 1, 2, 3, 4, 5.

Êðiì òîãî, ôóíêöi¨ ðåãðåñi¨ C(u, x) i C0(u, x) ÏÑÀ (3.41) òàêîæ ìàþòü
ïåðøi ÷îòèðè ïîõiäíi ïî u , îáìåæåíi ðiâíîìiðíî ïî x ∈ X , à ôóíêöiÿ C0(u, x)
çàäîâîëüíÿ¹ óìîâó áàëàíñó (3.57).

Íîðìóþ÷à ôóíêöiÿ a(t) > 0 âèáðàíà òàê, ùî âèêîíóþòüñÿ óìîâè

∞∫
0

a(t)dt =∞,
∞∫
0

a2(t)dt <∞.

Òîäi ñòðèáêîâà ÏÑÀ (3.41), à òàêîæ óñåðåäíåíà ÏÑÀ (3.47), (3.48), çái-
ãà¹òüñÿ äî òî÷êè ðiâíîâàãè äèíàìi÷íî¨ ñèñòåìè (3.57) ç éìîâiðíiñòþ 1.

Äîâåäåííÿ òåîðåìè áàçó¹òüñÿ íà âèêîðèñòàííi ðîçâ'ÿçêó ïðîáëåìè ñèíãó-
ëÿðíîãî çáóðåííÿ çâiäíîãî îáîðîòíîãî îïåðàòîðà Q, ùî âèçíà÷à¹ åðãîäè÷íèé
ìàðêîâñüêèé ïðîöåñ.
Ëåìà 3.1.5. Äâîêîìïîíåíòíèé ïðîöåñ uε(t), xε(t) = x(t/ε2), t ≥ 0 ¹ ìàð-

êîâñüêèì ïðîöåñîì, ùî âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lεt = ε−2[Q+Cεt (x)]. (3.60)

Òóò

Cεt (x)ϕ(u, x) = q(x)

∫
X

P (x, dy)[ϕ(u+ εa(t)Cε(u, x), y)− ϕ(u, y)]. (3.61)

Äîâåäåííÿ. Äëÿ ïîáóäîâè ãåíåðàòîðà Lεt áóäåìî âèêîðèñòîâóâàòè îçíà÷åí-
íÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó.

Lεtϕ(u, x) := lim
∆→0

∆−1Eu,x[ϕ(uε(t+∆), xε(t+∆))− ϕ(u, x)]. (3.62)

Ðîçãëÿíåìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ Eu,x, âðàõîâóþ÷è (3.38), à òà-
êîæ òå, ùî xε(t) = x(t/ε2):
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Eu,xϕ(uε(t+∆), xε(t+∆)) =

= Eu,x[ϕ(u+ εa(t)Cε(u, x), xε(t+∆))I(θx ≤ ε−2∆) + ϕ(u, xε(t))I(θx > ε−2∆)],

äå θx - ÷àñ ïåðåáóâàííÿ â ñòàíi x.
Îñêiëüêè

I(θx ≤ ε−2∆) = 1− e−ε
−2∆q(x), I(θx > ε−2∆) = e−ε

−2∆q(x),

äå q(x) - iíòåíñèâíiñòü ÷àñó ïåðåáóâàííÿ â ñòàíi x, òî

Eu,xϕ(uε(t+∆), xε(t+∆)) =

= Eu,x[ϕ(u+ εa(t)Cε(u, x), xε(t+∆))(1− e−ε
−2∆q(x))+

+ϕ(u, xε(t))e−ε
−2∆q(x)] =

= Eu,x[ϕ(u+ εa(t)Cε(u, x), xε(t+∆))ε−2∆q(x) + o1(∆2)+

+ϕ(u, x)− ϕ(u, x)ε−2∆q(x) + o2(∆2)] =

= ε−2∆q(x)Eu,x[ϕ(u+ εa(t)Cε(u, x), xε(t+∆))− ϕ(u, x)] + o(∆2).

Ðîçãëÿíåìî ïåðøèé äîäàíîê â îñòàííüîìó âèðàçi. Îñêiëüêè

ε−2∆q(x)Eu,x[ϕ(u+ εa(t)Cε(u, x), xε(t+∆))− ϕ(u, x)] =

= ε−2∆q(x)

∫
X

P (x, dy)[ϕ(u+ εa(t)Cε(u, x), y)− ϕ(u, x)],

òî, çãiäíî ç (3.62), äëÿ ãåíåðàòîðà Lεt ìà¹ìî

Lεtϕ(u, x) = q(x)ε−2
∫
X

P (x, dy)[ϕ(u+ εa(t)Cε(u, x), y)− ϕ(u, x)].

Ùîá âèäiëèòè ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó Q , çðîáèìî ïåðåòâîðåííÿ.

Lεtϕ(u, x) = ε−2q(x)

∫
X

[P (x, dy)ϕ(u+ εa(t)Cε(u, x), y)− P (x, dy)ϕ(u, y)+

+P (x, dy)ϕ(u, y)−Q(x, dy)ϕ(u, x)] =

= ε−2q(x)

∫
X

[P (x, dy)[ϕ(u, y)− ϕ(u, x)]+

+ε−2q(x)

∫
X

P (x, dy)[ϕ(u+ εa(t)Cε(u, x), y)− ϕ(u, y)].

Àáî â îïåðàòîðíié ôîðìi ìà¹ìî (3.62).
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Ëåìà 3.1.6. Ãåíåðàòîð Lεt íà òðè÷i íåïåðåðâíî äèôåðåíöiéîâàíèõ ïî u ôóíêöiÿõ
ϕ(u, x) ìà¹ ïðåäñòàâëåííÿ

Lεtϕ(u, x) = ε−2Qϕ(u, x) + ε−1a(t)Q1(x)ϕ(u, x)+

+a(t)Q21(x)ϕ(u, x) +
1

2
a2(t)Q22(x)ϕ(u, x)+

+εa2(t)Gε
t (x)ϕ(u, x), (3.63)

äå
Q1(x)ϕ(u, x) = C0(u, x)Q0ϕ

′(u, x), (3.64)

Q21(x)ϕ(u, x) = C(u, x)Q0ϕ
′(u, x), (3.64′)

Q22(x)ϕ(u, x) = C2
0 (u, x)Q0ϕ

′′(u, x), (3.65)

Gε
t (x)ϕ(u, x) = G1(x)ϕ(u, x) + a(t)G2(x)ϕ(u, x) + εG3(x)ϕ(u, x), (3.66)

G1(x)ϕ(u, x) = C(u, x)C0(u, x)Q0ϕ
′′(u, x), (3.67)

G2(x)ϕ(u, x) =
1

6
C3

0 (u, x)Q0ϕ
′′′(u, x), (3.68)

G3(x)ϕ(u, x) =
1

2
C2(u, x)Q0ϕ

′′′(u, x), (3.69)

Q0 = q(x)P.

Äîâåäåííÿ. Ðîçêëàäåìî ïiäiíòåãðàëüíó ôóíêöiþ ç (3.61) â ðÿä Òåéëîðà ïî
çìiííié u.

ϕ(u+ εa(t)Cε(u, x), y)− ϕ(u, y) =

= ϕ(u+ εa(t)C0(u, x) + ε2a(t)C(u, x), y)− ϕ(u, y) =

= ϕ(u+ εa(t)C0(u, x), y) + ε2a(t)C(u, x)ϕ′(u+ εa(t)C0(u, x), y)+

+
1

2
ε4a2(t)C2(u, x)ϕ′′(ũ, y)− ϕ(u, y). (3.73)

Â (3.73) i äàëi ũ - âiäïîâiäíà ñåðåäíÿ òî÷êà çàëèøêîâîãî ÷ëåíó ðîçêëàäó â ðÿä
Òåéëîðà.

Îñêiëüêè

ϕ(u+ εa(t)C0(u, x), y) = ϕ(u, y) + εa(t)C0(u, x)ϕ′(u, y)+

+
1

2
ε2a2(t)C2

0 (u, x)ϕ′′(u, y) +
1

6
ε3a3(t)C3

0 (u, x)ϕ′′′u (ũ, y),

à
ϕ′(u+ εa(t)C0(u, x), y) = ϕ′(u, y) + εa(t)C0(u, x)ϕ′′(ũ, y),

òî ç (3.73) ìà¹ìî
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ϕ(u+ εa(t)Cε(u, x), y)− ϕ(u, y) = εa(t)C0(u, x)ϕ′(u, y)+

+
1

2
ε2a2(t)C2

0 (u, x)ϕ′′(u, y) + ε2a(t)C(u, x)ϕ′(u, y)+

+ε3a2(t)C(u, x)C0(u, x)ϕ′′(ũ, y) +
1

6
ε3a3(t)C3

0 (u, x)ϕ′′′(ũ, y)+

+
1

2
ε4a2(t)C2(u, x)ϕ′′(ũ, y).

Òîäi îïåðàòîð Cεt (x) , çãiäíî ç (3.61), íà ôóíêöiÿõ ϕ(u, x) ìà¹ âèãëÿä

Cεt (x)ϕ(u, x) = εa(t)q(x)C0(u, x)

∫
X

P (x, dy)ϕ′(u, y) +

+ε2[a(t)q(x)C(u, x)

∫
X

P (x, dy)ϕ′(u, y) +

+
1

2
a2(t)q(x)C2

0 (u, x)

∫
X

P (x, dy)ϕ′′(u, y)] +

+ε3[a2(t)C(u, x)C0(u, x)q(x)

∫
X

P (x, dy)ϕ′′(u, y) +

+
1

6
a3(t)C3

0 (u, x)q(x)

∫
X

P (x, dy)ϕ′′′(u, y) +

+
1

2
εa2(t)C2(u, x)q(x)

∫
X

P (x, dy)ϕ′′(u, y)].

Çãiäíî ç ïîçíà÷åííÿìè (3.64)�(3.69), ìà¹ìî (3.63).
Ó âèïàäêó, êîëè ôóíêöiÿ ϕ(u, x) çàëåæèòü òiëüêè âiä çìiííî¨ u, ç (3.64)�

(3.69) áóäåìî ìàòè:
Q1(x)ϕ(u) = q(x)C0(u, x)ϕ′(u), (3.70)

Q21(x)ϕ(u) = q(x)C(u, x)ϕ′(u), (3.71)

Q22(x)ϕ(u) = q(x)C2
0 (u, x)ϕ′′(u), (3.71′)

Gε
t (x)ϕ(u) = q(x)[C(u, x)C0(u, x)ϕ′′(u) +

1

6
a(t)C3

0 (u, x)ϕ′′′(u)+

+
1

2
ε2C2(u, x)ϕ′′(u)]. (3.72)

Âèêîðèñòîâóþ÷è ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ â óìîâàõ áà-
ëàíñó, äiñòà¹ìî àñèìïòîòè÷íå ïðåäñòàâëåííÿ îïåðàòîðà Lεt íà çáóðåíié ôóíêöi¨
Ëÿïóíîâà

V ε(u, x) = V (u) + εa(t)V1(u, x) + ε2a(t)V2(u, x). (3.74)
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Ëåìà 3.1.7. Íà ôóíêöiÿõ (3.74), òàêèõ, ùî V (u) ∈ C5(Rd), ãåíåðàòîð
(3.63) ìà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

LεtV
ε(u, x) = a(t)C(u)V ′(u) + a2(t)L0V (u) + εa2(t)Hε

t (x)V (u), (3.75)

äå

L0V (u) = b(u)V ′(u) +
1

2
Sp[B(u)V ′′(u)], (3.76)

à çàëèøêîâèé ÷ëåí Hε
t (x)V (u) îáìåæåíèé.

Äîâåäåííÿ. Äîâåäåííÿ ïðîâåäåìî çà äâà êðîêè.
Êðîê ïåðøèé. Ðîçãëÿíåìî ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ

çðiçàíîãî îïåðàòîðà äî (3.63), à ñàìå

Lt0ϕ(u, x) = ε−2Qϕ(u, x) + ε−1a(t)Q1(x)ϕ(u, x) + a(x)Q21(x)ϕ(u, x)+

+
1

2
a2(t)Q22(x)ϕ(u, x). (3.77)

Ïðåäñòàâëåííÿ îïåðàòîðà Lt0 íà ôóíêöiÿõ (3.74) ìà¹ âèãëÿä

Lt0V
ε(u, x) = ε−2QV (u)+

+ε−1[QV1(u, x) + a(t)Q1(x)V (u)]+

+QV2(u, x) + a(t)Q1(x)V1(u, x) + a(t)Q21(x)V (u) +
1

2
a2(t)Q22(x)V (u)+

+εθεt0(x)V (u), (3.78)

äå
θεt0(x)V (u) = a(t)Q1(x)V2(u, x) + a(t)Q21(x)V1(u, x)+

+
1

2
a2(t)Q22(x)V1(u, x)+

+εa(t)Q21(x)V2(u, x) + ε
1

2
a2(t)Q22(x)V2(u, x). (3.79)

Âèäiëèìî óìîâè ðîçâ'ÿçíîñòi ðîçêëàäó (3.78).

QV (u) = 0, (3.80)

QV1(u, x) + a(t)Q1(x)V (u) = 0, (3.81)

QV2(u, x) + a(t)Q1(x)V1(u, x) + a(t)Q21(x)V (u)+

+
1

2
a2(t)Q22(x)V (u) = LtV (u). (3.82)

Îñêiëüêè ôóíêöiÿ V (u) íå çàëåæèòü âiä çìiííî¨ x, òîáòî íàëåæèòü ïðîñòîðó
NQ íóëiâ îïåðàòîðà Q, òî óìîâà (3.80) âèêîíó¹òüñÿ.

Ç óìîâè áàëàíñó òà ïðåäñòàâëåííÿ (3.70) îòðèìó¹ìî
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ΠQ1(x)V (u) = Πq(x)C0(u, x)V ′(u) =

= V ′(u)

∫
X

π(dx)q(x)C0(u, x) = qV ′(u)

∫
X

ρ(dx)C0(u, x) = 0.

Îñòàíí¹ äà¹ ìîæëèâiñòü çîáðàçèòè ðîçâ'ÿçîê ðiâíÿííÿ (3.81) â âèãëÿäi

V1(u, x) = R0C0(x)V (u), (3.83)

äå
C0(x)V (u) := q(x)C0(u, x)V ′(u). (3.84)

Ç (3.82) îòðèìó¹ìî ïðåäñòàâëåííÿ

QV2(u, x) + Lt(x)V (u) = LtV (u), (3.85)

äå

Lt(x)V (u) = a(t)Q1(x)V1(u, x) + a(t)Q21(x)V (u) +
1

2
a2(t)Q22(x)V (u). (3.86)

Âðàõîâóþ÷è (3.70) òà (3.83) îá÷èñëèìî ïåðøèé äîäàíîê â (3.86).

Q1(x)V1(u, x) = C0(u, x)Q0a(t)R0[C0(x)V (u)]′ =

= a(t)C0(x)PR0[C0(x)V (u)]. (3.87)

Òóò âèêîðèñòà¹ìî ïðåäñòàâëåííÿ

PR0 = R0 + g(x)[Π − I].

Îòæå, âðàõîâóþ÷è (3.84), äëÿ (3.87) ìà¹ìî

PR0C0(x)V (u) = [R0C0(x) + g(x)ΠC0(x)− g(x)C0(x)]V (u). (3.88)

Ç óìîâè áàëàíñó (3.45) ìà¹ìî

ΠC0(x) = Πq(x)C0(x) =

=

∫
X

π(dx)q(x)C0(u, x) = q

∫
X

ρ(dx)C0(u, x) = 0.

Âðàõîâóþ÷è îñòàíí¹ i (3.88), ç (3.87) îòðèìó¹ìî

Q1(x)V1(u, x) = a(t)[C0(x)R0C0(x)−C0(x)C0(x)]V (u). (3.89)

Äëÿ äðóãîãî äîäàíêó ç (3.86) âèêîðèñòà¹ìî (3.71):

Q21(x)V (u) = C(u, x)q(x)V ′(u) = C(x)V (u), (3.90)
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äå
C(x)V (u) := q(x)C(u, x)V ′(u).

Äëÿ òðåòüîãî äîäàíêó âèêîðèñòà¹ìî (3.72):

Q22(x)V (u) = q(x)C2
0 (u, x)V ′′(u) = C0(x)C0(x)V (u). (3.91)

Ïðåäñòàâëåííÿ (3.89) òà (3.91) äëÿ (3.86) äàþòü

Lt(x)V (u) = a(t)C(x)V (u) + a2(t)L0(x)V (u), (3.92)

äå

L0(x)V (u) = C0(x)R0C0(x)− 1

2
C0(x)C0(x). (3.93)

Óñåðåäíåííÿ îïåðàòîðà Lt(x) ïî ñòàöiîíàðíîìó ðîçïîäiëó π(dx) äà¹ ïðåä-
ñòàâëåííÿ ãðàíè÷íîãî îïåðàòîðà â âòèãëÿäi Lt = ΠLt(x)Π, òîáòî

LtV (u) = a(t)ΠC(x)ΠV (u) + a2(t)ΠL0(x)ΠV (u). (3.94)

Îá÷èñëåííÿ ïðàâî¨ ÷àñòèíè (3.94) äà¹ äëÿ ïåðøîãî äîäàíêó

ΠC(x)ΠV (u) = q

∫
X

ρ(dx)C(u, x)V ′(u) = CV (u), (3.95)

äå
CV (u) := C(u)V ′(u),

à äëÿ äðóãîãî

ΠL0(x)ΠV (u) = ΠC0(x)R0C0(x)V (u)− 1

2
ΠC0(x)C0(x)V (u). (3.96)

Äëÿ ïåðøîãî äîäàíêó (3.96) îòðèìó¹ìî

ΠC0(x)R0C0(x)V (u) =

= ΠC0(u, x)q(x)R0q(x)C ′0(u, x)V ′(u) +ΠC0(u, x)q(x)R0q(x)C0(u, x)V ′′(u).

Äëÿ äðóãîãî äîäàíêó (3.96)

C0(x)C0(x)V (u) = ΠC0(u, x)q(x)C0(u, x)V ′′(u).

Îòæå äëÿ (3.96) ìà¹ìî

ΠL0(x)ΠV (u) = ΠC0(u, x)q(x)R0q(x)C ′0(u, x)V ′(u)+

+
1

2
[2ΠC0(u, x)q(x)R0q(x)C0(u, x)−ΠC0(u, x)q(x)C0(u, x)]V ′′(u).

Âðàõîâóþ÷è (3.95) òà îñòàíí¹, äëÿ (3.94) îòðèìó¹ìî
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LtV (u) = a(t)CV (u) + a2(t)L0V (u), (3.97)

äå L0V (u) ìà¹ âèãëÿä (3.76).
Âèêîðèñòà¹ìî (3.97) äëÿ ðîçâ'ÿçêó ðiâíÿííÿ (3.85), ÿêå ìîæíà ïîäàòè â âèãëÿäi

QV2(u, x) = [Lt − Lt(x)]V (u).

Çâiäêè
V2(u, x) = R0L̃t(x)V (u), (3.98)

äå L̃t(x) := Lt(x)− Lt.
Âèäiëèìî ìíîæíèê a(t) â ïðåäñòàâëåííi (3.98). Äëÿ öüîãî îá÷èñëèìî öåí-

òðîâàíèé ãåíåðàòîð L̃t(x), çâåðòàþ÷èñü äî (3.92), (3.93) òà (3.97)

L̃t(x) = a(t)C(x)V (u)+

+a2(t)L0(x)V (u)− a(t)CV (u) + a2(t)L0V (u) =

= a(t)[C̃(x) + a(t)L̃0(x)]V (u),

äå
C̃(x) = C(u)− C,

L̃0(x) = L0(x)− L0.

Òàêèì ÷èíîì ïðåäñòàâëåííÿ (3.98) ïðèéìà¹ âèãëÿä

V2(u, x) = R0[C̃(x) + a(t)L̃0(x)]V (u). (3.99)

Âèêîðèñòà¹ìî ïðåäñòàâëåííÿ (3.83) òà (3.99) äëÿ àíàëiçó çàëèøêîâîãî ÷ëåíà
(3.79). Âiäçíà÷èìî âiäðàçó, ùî ïðåäñòàâëåííÿ (3.99) çáóðåííÿ ôóíêöi¨ Ëÿïóíî-
âà V (u) âèðàæàþòüñÿ ÷åðåç ïåðøó, äðóãó òà òðåòþ ïîõiäíi öi¹¨ ôóíêöi¨, à òàêîæ
ïåðøi òà äðóãi ïîõiäíi øâèäêîñòåé C(u, x) òà C0(u, x). Àíàëîãi÷íèé âèñíîâîê
ìà¹ìî i äëÿ ïðåäñòàâëåííÿ (3.83).

Âðàõîâóþ÷è (3.99) òà (3.70), äëÿ ïåðøîãî äîäàíêó ç (3.79) ìà¹ìî ïðåäñòàâ-
ëåííÿ

a(t)Q1(x)V2(u, x) = a2(t)θε1(x)V (u), (3.100)

äå
θε1(x)V (u) = C0(x)R0[C̃(x) + a(t)L̃0(x)]V (u).

Äëÿ äðóãîãî äîäàíêó ç (3.79) âèêîðèñòîâó¹ìî (3.83) òà (3.71)

a(t)Q21(x)V1(u, x) = a2(t)θε2(x)V (u), (3.101)

äå
θε2(x)V (u) = C(x)R0C0(x)V (u).

Äëÿ òðåòüîãî äîäàíêó âèêîðèñòà¹ìî (3.72) òà (3.83)
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a2(t)Q22(x)V1(u, x) = a3(t)θε3(x)V (u), (3.102)

äå
θε3(x)V (u) = q(x)C2(u, x)R0[C0(x)V (u)]′′.

Äëÿ ÷åòâåðòîãî äîäàíêó âèêîðèñòà¹ìî (3.71) òà (3.99)

a(t)Q21(x)V2(u, x) = a2(t)θε4(x)V (u), (3.103)

äå
θε4(x)V (u) = C(x)R0[C̃(x) + a(t)L̃0(x)]V (u).

Äëÿ ï'ÿòîãî äîäàíêó âèêîðèñòà¹ìî (3.72) òà (3.99)

a2(t)Q22(x)V2(u, x) = a3(t)θε5(x)V (u), (3.104)

äå
θε5(x)V (u) = q(x)C2(u, x)R0[C̃(x)V (u) + a(t)L̃0(x)V (u)]′′.

Âðàõîâóþ÷è (3.100) � (3.104) çàëèøêîâèé ÷ëåí (3.79) ïîäàìî â âèãëÿäi

θεt0(x)V (u) = a2(t)θ̂εt0(x)V (u), (3.105)

äå
θ̂εt0(x)V (u) = θε1(x)V (u) + θε2(x)V (u)+

+
1

2
a(t)θε3(x)V (u) + εθε4(x)V (u)+

+ε
1

2
a(t)θε5(x)V (u).

Òàêèì ÷èíîì, áåðó÷è äî óâàãè (3.78), (3.82), (3.97) òà (3.103) îòðèìó¹ìî
àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lt0V
ε(u, x) = a(t)CV (u) + a2(t)L0V (u) + εa2(t)θ̂εt0(x)V (u).

Êðîê äðóãèé. Âðàõîâóþ÷è çðiçàíèé îïåðàòîð Lt0 â (3.77), äëÿ ïîâíîãî ãåíå-
ðàòîðà Lεt ìà¹ìî ïðåäñòàâëåííÿ

Lεt = Lt0 + εa2(t)Gε
t (x).

Îòæå ïðîáëåìà ñèíãóëÿðíîãî çáóðåííÿ äëÿ ãåíåðàòîðà Lεt íà ôóíêöiÿõ
V ε(u, x) ìà¹ âèãëÿä

LεtV
ε(u, x) = Lt0V

ε(u, x) + εa2(t)Gε
t (x)[V (u) + εV1(u, x) + ε2V2(u, x)].

Çàñòîñîâóþ÷è ïðåäñòàâëåííÿ (3.103), ç (3.105) îòðèìó¹ìî

LεtV
ε(u, x) = a(t)CV (u) + a2(t)L0V (u) + εa2(t)Hε

t (x)V (u), (3.106)

114



äå

Hε
t (x)V (u) = θ̂εt0(x)V (u) +Gε

t (x)V (u) + εa(t)Gε
t (x)R0C0(x)V (u)+

+ε2a(t)Gε
t (x)R0[C̃(x) + a(t)L̃0(x)]V (u). (3.107)

Íà çàâåðøåííÿ âiäçíà÷èìî, ùî ç ïðåäñòàâëåííÿ (7.103), à òàêîæ ïðåäñòàâ-
ëåííÿ (3.72) îòðèìó¹ìî îáìåæåíiñòü ïðàâî¨ ÷àñòèíè (3.107), òîáòî ìà¹ ìiñöå

‖ Hε
t (x)V (u) ‖≤M,M > 0.

Ëåìà 3.1.8. Äëÿ îïåðàòîðiâ L0 òà H
ε
t ïðåäñòàâëåííÿ (3.75) ìàþòü ìiñöå

îöiíêè
|L0V (u)| ≤ c(1 + V (u)), (3.107′)

|Hε
tV (u)| ≤ c(1 + V (u)). (3.107′′)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îáìåæåíiñòü ïîòåíöiàëó R0, òà îáìåæåíiñòü
iíòåíñèâíîñòi q(x), áóäåìî îöiíþâàòè äîäàíêè â (3.79) ôóíêöiÿìè wk(u) , ùî
âèçíà÷àþòüñÿ ðåêóðñiÿìè (3.55)�(3.56). Ïåðøèé òà äðóãèé äîäàíêè â (3.79)
ìàæîðóþòüñÿ ôóíêöiÿìè w1(u) òà w2(u) . Îòæå, çãiäíî ç óìîâîþ 2) òåîðåìè
ïðè k = 1, 2, ìà¹ìî îöiíêó (3.107').

Äëÿ âñòàíîâëåííÿ îöiíêè (3.107�) ðîçãëÿíåìî ïðåäñòàâëåííÿ (3.107). Ïåð-
øèé äîäàíîê ìàæîðó¹òüñÿ ôóíêöiÿìè w1(u) , w2(u) òà w3(u). Îòæå çãiäíî
óìîâè Ñ2 òåîðåìè ìà¹ ìiñöå îöiíêà

|θ̂εt0(x)V (u)| ≤ c(1 + V (u)).

Äðóãèé äîäàíîê , çãiäíî (3.72), ìàæîðó¹òüñÿ ôóíêöiÿìè w1(u) , w2(u) òà
w3(u), òîìó ìà¹ ìiñöå îöiíêà

|Gε
t (x)V (u)| ≤ c(1 + V (u)).

Äëÿ òðåòüîãî äîäàíêó âèêîðèñòà¹ìî äîäàòêîâî îáìåæåíiñòü ôóíêöi¨ a(t),
à òàêîæ ôóíêöiþ w4(u), îòðèìóþ÷è

ε|a(t)Gε
t (x)R0C0(x)V (u)| ≤ c(1 + V (u)).

Âèêîðèñòîâóþ÷è äîäàòêîâî ôóíêöiþ w4(u), äëÿ ÷åòâåðòîãî äîäàíêó ìà¹ìî

ε2|a(t)Gε
t (x)R0[C̃(x) + a(t)L̃0(x)]V (u)| ≤ c(1 + V (u)).

Â ðåçóëüòàòi ìà¹ìî (3.107�).
Çàóâàæèìî, ùî â óìîâàõ òåîðåìè ìà¹ ìiñöå îöiíêà

LεtV (u) ≤ −δa(t)V (u), δ > 0.
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Äîâåäåííÿ òåîðåìè. Îñêiëüêè äëÿ ãåíåðàòîðà Lεt âñòàíîâëåíî îöiíêó
(3.107), òî äëÿ îòðèìàííÿ ðåçóëüòàòó òåîðåìè äîñòàòíüî ñêîðèñòàòèñü òåîðå-
ìîþ Íåâåëüñîíà-Õàñüìiíñüêîãî [1].
Çàêëþ÷åííÿ. Ïðè äîñëiäæåííi ÏÑÀ â ìàðêîâñüêîìó âèïàäêîâîìó ñåðå-

äîâèùi ïåðø çà âñå íåîáõiäíî ïðîâåñòè ñòàòèñòè÷íèé àíàëiç ìàðêîâñüêîãî ñå-
ðåäîâèùà, à ñàìå � çíàéòè ñòàöiîíàðíèé ðîçïîäië çáóðþþ÷îãî ìàðêîâñüêîãî
ïðîöåñó, ùî âèçíà÷à¹ âèïàäêîâå ñåðåäîâèùå. Âèêîðèñòîâóþ÷è éîãî, çíàéòè
óñåðåäíåíó ôóíêöiþ ðåãðåñi¨ C(u), ÿêîþ i âèçíà÷à¹òüñÿ òî÷êà ðiâíîâàãè ÏÑÀ.

3.2. Ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ â íàïiâìàðêîâñüêîìó
ñåðåäîâèùi

3.2.1. ÏÑÀ â ñõåìi óñåðåäíåííÿ.
Ñòðèáêîâà ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ çàäà¹òüñÿ ñïiââiäíîøåííÿì

(ïîêëàäåìî
−1∑
k=0

aεkC(uεk, x
ε
k) = 0)

uε(t) = u+ ε

ν(t/ε)−1∑
k=0

aεkC(uεk, x
ε
k), uε(0) = u, (3.108)

äå ôóíêöiÿ ðåãðåñi¨ C(u, x) = (Ck(u, x), k = 1, d) , u ∈ Rd, x ∈ X , çàäîâîëüíÿ¹
óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ñóïðîâîäæóþ÷èõ ñèñòåì

dux(t)/dt = C(ux(t), x), x ∈ X.

Íàïiâìàðêîâñüêèé ïðîöåñ x(t), t ≥ 0, ó ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði
(X,X ) çàäà¹òüñÿ íàïiâìàðêîâñüêèì ÿäðîì

Q(x,B, t) = P (x,B)Gx(t), x ∈ X,B ∈ X , t ≥ 0.

Ñòîõàñòè÷íå ÿäðî P (x,B) âèçíà÷à¹òüñÿ ïåðåõiäíèìè éìîâiðíîñòÿìè âêëà-
äåíîãî ëàíöþãà Ìàðêîâà xn, n ≥ 0,

P (x,B) := P{xn+1 ∈ B |xn = x},

à Gx(t), x ∈ X, t ≥ 0, - ôóíêöiÿ ðîçïîäiëó ÷àñó ïåðåáóâàííÿ θx â ñòàíi x ∈ X :

Gx(t) := P{θn+1 ≤ t|xn = x}.

Â ÏÑÀ (3.108) íîðìóþ÷à ïîñëiäîâíiñòü aεn, n ≥ 0, âèçíà÷à¹òüñÿ çíà÷åííÿì
ôóíêöi¨ a(t), t ≥ 0 ÷åðåç ñïiââiäíîøåííÿ:

aεn := a(τεn), τεn := ετn, n ≥ 0, (3.109)

äå τn, n ≥ 0, - ìîìåíòè ìàðêîâñüêîãî âiäíîâëåííÿ íàïiâìàðêîâñüêîãî ïðîöåñó
x(t), t ≥ 0, ç ëi÷èëüíèì ïðîöåñîì ν(t) := max{n : τn ≤ t}, t ≥ 0.

Ðàçîì ç íàïiâìàðêîâñüêèì ïðîöåñîì x(t), t ≥ 0, ðîçãëÿíåìî ñóïðîâîäæóþ-
÷èé ìàðêîâñüêèé ïðîöåñ x0(t), t ≥ 0, ùî çàäà¹òüñÿ ãåíåðàòîðîì

116



Qϕ(x) = q(x)

∫
X

P (x, dy) [ϕ(y)− ϕ(x)] . (3.110)

Ðàçîì ç (3.109) ìà¹ ìiñöå âêëàäåíiñòü äèñêðåòíî¨ ÏÑÀ uεn, n ≥ 0, â ñòðèáêîâó
ÏÑÀ (3.108)

uεn = u(τεn), xεn = x(τεn), n ≥ 0. (3.111)

Çáiæíiñòü ÏÑÀ (3.108) ðîçãëÿäà¹òüñÿ â óìîâàõ åêñïîíåíöiéíî¨ ñòiéêîñòi óñå-
ðåäíåíî¨ ñèñòåìè

du(t)

dt
= C(u(t)), C(u) = q

∫
X

ρ(dx)C(u, x). (3.112)

Íàäàëi áåç çìåíøåííÿ çàãàëüíîñòi ïîêëàäåìî u0 = 0, òîáòî ìà¹ ìiñöå

C(0) = 0.

Òåîðåìà 3.2.1. Íåõàé ôóíêöiÿ Ëÿïóíîâà V (u) ∈ C3(Rd), u ∈ Rd, óñåðåäíå-
íî¨ ñèñòåìè (3.112) òàêà, ùî
C1 : çàáåçïå÷ó¹ åêñïîíåíöiéíó ñòiéêiñòü óñåðåäíåíî¨ ñèñòåìè (3.112)

C(u)V ′(u) ≤ −c0V (u), c0 > 0;

C2 : äëÿ C(u) := max
x∈X

C(u, x) ìàþòü ìiñöå îöiíêè

∣∣C(u)V ′(u)
∣∣ ≤ c1(1 + V (u)), c1 > 0,∣∣C(u)[C(u)V ′(u)]′
∣∣ ≤ c2(1 + V (u)), c2 > 0,∣∣C(u)C(u)[C(u)V ′(u)]′′
∣∣ ≤ c3(1 + V (u)), c3 > 0.

Íàðåøòi íîðìóþ÷à ôóíêöiÿ a(t) ìîíîòîííî ñïàäíà, îáìåæåíà òà çàäî-
âîëüíÿ¹ óìîâàì:

C3 :
∞∫
0

a(t)dt =∞,
∞∫
0

a2(t)dt <∞.

Òîäi ïðè êîæíîìó ïîçèòèâíîìó ε ≤ ε0 , ε0 - äîñòàòíüî ìàëå, ÏÑÀ (3.108)
çáiãà¹òüñÿ ç éìîâiðíiñòþ 1 äî ¹äèíî¨ òî÷êè ðiâíîâàãè óñåðåäíåíî¨ åâîëþöiéíî¨
ñèñòåìè (3.112):

P{ lim
t→∞

uε(t) = 0} = 1.

Ðîçãëÿíåìî äëÿ ñòðèáêîâî¨ ÏÑÀ (3.108) ðîçøèðåíèé ïðîöåñ ìàðêîâñüêîãî
âiäíîâëåííÿ

uεn = uε(τεn), xεn = x(τεn), τεn = ετn, n ≥ 0. (3.114)
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Êîìïåíñóþ÷èé îïåðàòîð äëÿ ïðîöåñó (3.114) âèçíà÷à¹òüñÿ óìîâíèì ìàòå-
ìàòè÷íèì ñïîäiâàííÿì

Lεtϕ(u, x, t) := ε−1q(x)E[ϕ(uεn+1, x
ε
n+1, τ

ε
n+1)−

−ϕ(u, x, t) |uεn = u, xεn = x, τεn = t]. (3.115)

Ëåìà 3.2.1. Êîìïåíñóþ÷èé îïåðàòîð (3.115) íà òåñò-ôóíêöiÿõ ϕ(u, x),
u ∈ Rd, x ∈ X, ìà¹ ïðåäñòàâëåííÿ

Lεtϕ(u, x) := ε−1Qϕ(u, x) + ε−1q(x)PCεt (x)ϕ(u, x), (3.116)

äå
Cεt (x)ϕ(u, x) = ϕ(u+ εa(t)C(u, x), x)− ϕ(u, x), (3.117)

à îïåðàòîð P âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Pϕ(·, x) :=

∫
X

P (x, dy)ϕ(·, y). (3.118)

Äîâåäåííÿ. Îá÷èñëèìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ

E[ϕ(uεn+1, x
ε
n+1)|uεn = u, xεn = x, τεn = t] = Eu,x,tϕ(uεn+1, x

ε
n+1) =

= Eu,x,tϕ(uεn +∆uεn+1, x
ε
n+1), (3.119)

äå ∆uεn+1 := uεn+1 − uεn. Äëÿ îá÷èñëåííÿ ïðèðîñòó ∆uεn+1 ñêîðèñòà¹ìîñÿ ïðåä-
ñòàâëåííÿìè, ùî âèïëèâàþòü ç (3.108) i (3.114), à ñàìå

uεn+1 := uε(τεn+1) = u+ ε

n∑
k=0

aεkC(uεk, x
ε
k),

uεn := uε(τεn) = u+ ε

n−1∑
k=0

aεkC(uεk, x
ε
k).

Âðàõîâóþ÷è îñòàíí¹ ìà¹ìî

∆uεn+1 = εaεnC(uεn, x
ε
n). (3.120)

Ïiäñòàâëÿþ÷è â (3.115) çîáðàæåííÿ (3.120) îòðèìó¹ìî

Eu,x,tϕ(uεn +∆uεn+1, x
ε
n+1) = Eu,x,tϕ(u+ εa(t)C(u, x), y),

äå y = xεn+1 çíà÷åííÿ ïðîöåñó x(t), t ≥ 0, â ìîìåíò íàñòóïíîãî ñòðèáêà (äèâ.
(3.111)).

Îòæå êîìïåíñóþ÷èé îïåðàòîð (3.115), âðàõîâóþ÷è îñòàíí¹, ìà¹ âèãëÿä

Lεtϕ(u, x) := ε−1q(x)Eu,x,t[ϕ(u+ εa(t)C(u, x), y)− ϕ(u, x)] =
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= ε−1q(x)

∫
X

P (x, dy)[ϕ(u+ εa(t)C(u, x), y)− ϕ(u, x)].

Âèêîðèñòîâóþ÷è äîäàíîê ±ϕ(u, y) , ç îñòàííüî¨ ðiâíîñòi ìà¹ìî

Lεtϕ(u, x) = ε−1q(x)

∫
X

P (x, dy)[ϕ(u, y)− ϕ(u, x)]+

+ε−1q(x)

∫
X

P (x, dy)[ϕ(u+ εa(t)C(u, x), y)− ϕ(u, y)]. (3.121)

Âðàõîâóþ÷è îçíà÷åííÿ ãåíåðàòîðà Q, ç (3.121) îòðèìó¹ìî (3.116). Ëåìó äî-
âåäåíî.
Íàñëiäîê 3.2.1. Íà òåñò-ôóíêöiÿõ ϕ(u, ·) ∈ C3(Rd) ïðè âèêîíàííi óìîâ Ñ2

Òåîðåìè êîìïåíñóþ÷èé îïåðàòîð (3.116) ìà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lεtϕ(u, x) = ε−1Qϕ(u, x) + a(t)Q1(x)ϕ(u, x) + εa2(t)θε1(x)ϕ(u, x), (3.122)

äå
Q1(x)ϕ(u, x) = C(u, x)Q0(x)ϕ′u(u, x), (3.123)

i
Q0ϕ(u, x) = q(x)Pϕ(u, x),

à çàëèøêîâèé ÷ëåí θε1(x)ϕ(u, x) = 1
2C

2(u, x)Q0ϕ
′′
u(θu, x), 0 ≤ θ ≤ 1 òàêèé, ùî

εa2(t) ‖θε1(x)ϕ(u, x, t)‖ → 0, ε→ 0.

Äîâåäåííÿ. Äëÿ îïåðàòîðà Cεt (x) ç (3.118) çãiäíî ãëàäêîñòi ôóíêöi¨ ϕ(u, x)
ìà¹ìî ðîçêëàä

Cεt (x)ϕ(u, x) = εa(t)C(u, x)ϕ′u(u, x) + θεC(x)ϕ(u, x), (3.124)

äå

θεC(x)ϕ(u, x) = ε2a2(t)
1

2
C2(u, x)ϕ′′u(θu, x), 0 ≤ θ ≤ 1.

Ïiäñòàâèìî ðîçêëàä (3.124) â (3.116) i ïðîâåäåìî ðÿä çðîçóìiëèõ ïåðåòâî-
ðåíü

Lεtϕ(u, x) = ε−1Qϕ(u, x) + ε−1q(x)εa(t)C(u, x)Pϕ′u(u, x)+

+ε−1q(x)ε2a2(t)
1

2
C2(u, x)Pϕ′′u(θu, x).

Òàêèì ÷èíîì ìà¹ìî ïðåäñòàâëåííÿ (3.122) ç çàëèøêîâèì ÷ëåíîì θε1(x)ϕ(u, x).
Çãiäíî âëàñòèâîñòåé ôóíêöié ϕ(u, x) , a(t) i C(u, x) òàêîæ îòðèìó¹ìî

εa2(t) ‖θε1(x)ϕ(u, x)‖ → 0, ε→ 0
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, ùî i äîâîäèòü íàñëiäîê.
Ïåðøèì åòàïîì äîâåäåííÿ òåîðåìè ¹ ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáó-

ðåííÿ äëÿ îïåðàòîðà (3.122) íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà

V ε(u, x) = V (u) + εa(t)V1(u, x), (3.125)

äå V (u) - ôóíêöiÿ Ëÿïóíîâà äëÿ ñèñòåìè (3.112).
Ëåìà 3.2.2. Êîìïåíñóþ÷èé îïåðàòîð Lεt , ïðè âèêîíàííi óìîâè Ñ2 Òåîðåìè,

íà ôóíêöiÿõ V ε(u, x) òàêèõ, ùî V (u) ∈ C3(Rd), ìà¹ àñèìïòîòè÷íå ïðåäñòàâ-
ëåííÿ

LεtV
ε(u, x, t) = a(t)C(u)V ′(u) + εa2(t)θεL(x)V (u), (3.126)

äå
θεL(x)V (u) = θε0(x)V (u) + θε1(x)V (u),

θε0(x)V (u) = C(u, x)Q0R0C̃
′
u(u, x)V ′(u) + C(u, x)[q(x)R0 − I]C̃(u, x)V ′′(u),

θε1(x)V (u) =
1

2
C2(u, x)q(x)V ′′(θu), 0 ≤ θ ≤ 1,

C̃(u, x) = q(x)C(u, x)− C(u).

Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáó-
ðåííÿ äëÿ çðiçàíîãî äî (3.122) îïåðàòîðà, à ñàìå

Lεt0 = ε−1Q+ a(t)Q1(x),

Ðîçêëàä îïåðàòîðà Lεt0 íà ôóíêöi¨ V
ε(u, x) ìà¹ âèãëÿä

Lεt0V
ε(u, x) = [ε−1Q+ a(t)Q1(x)][V (u) + εa(t)V1(u, x)] =

= ε−1QV (u) + a(t)[QV1(u, x) +Q1(x)V (u)] + εa2(t)Q1(x)V1(u, x). (3.127)

Ç óìîâè ðîçâ'ÿçíîñòi ðîçêëàäó (3.127) ìà¹ìî

QV1(u, x) +Q1(x)V (u) = Q̂1V (u) (3.128)

äå
Q̂1Π = ΠQ1(x)Π. (3.129)

Îá÷èñëèìî ïðàâó ÷àñòèíó (3.129). Ç ïðåäñòàâëåííÿ (3.123) i äi¨ ïðîåêòîðà
Π ìà¹ìî

ΠQ1(x)Π = ΠC(u, x)Q0(x)Π = ΠC(u, x)q(x)PΠ =

= Πq(x)C(u, x)Π =

∫
X

π(dx)q(x)C(u, x) =

= q

∫
X

ρ(dx)C(u, x) = C(u).
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Òàêèì ÷èíîì, âðàõîâóþ÷è îá÷èñëåííÿ ïîõiäíî¨ â (3.123), äëÿ ïðàâî¨ ÷àñòèíè
(3.128) ìà¹ìî

Q̂1V (u) = C(u)V ′(u). (3.130)

Îòæå ç (3.128) îòðèìó¹ìî

QV1(u, x) = a(t)(Q̂1 −Q1(x))V (u).

Âðàõîâóþ÷è âëàñòèâiñòü ïîòåíöiàëó R0 ç îñòàííüîãî îòðèìó¹ìî ðîçâ'ÿçîê

V1(u, x) = R0Q̃1(x)V (u), (3.131)

äå
Q̃1(x) = Q1(x)− Q̂1. (3.132)

Ïîðàõó¹ìî ïðàâó ÷àñòèíó (3.132), âðàõîâóþ÷è (3.123) i (3.130),

Q1(x)− Q̂1 = [C(u, x)q(x)P− C(u)] = C̃(u, x).

Îòæå äëÿ çáóðåííÿ V1(u, x) ôóíêöi¨ Ëÿïóíîâà V (u) ç (3.131) îòðèìó¹ìî
ïðåäñòàâëåííÿ

V1(u, x) = R0C̃ (x)V (u), (3.133)

äå
C̃ (x)V (u) = C̃(u, x)V ′(u).

Âèêîðèñòà¹ìî (3.133) äëÿ îá÷èñëåííÿ îñòàííüîãî äîäàíêó â (3.127). Çàóâà-
æèìî, ùî äëÿ öüîãî äîäàíêó ìîæíà ðîçãëÿäàòè ñïiâìíîæíèê θε0(x), òîáòî

θε0(x)V (u) := Q1(x)V1(u, x).

Âðàõîâóþ÷è (3.123) i (3.133) ïðîâåäåìî îá÷èñëåííÿ äëÿ θε0(x)

θε0(x)V (u) = C(u, x)Q0[R0C̃(x)V (u)]′ =

= C(u, x)Q0R0[C̃(u, x)V ′(u)]′ =

= q(x)PR0[C̃ ′u(u, x)V ′(u) + C̃(u, x)V ′′(u)]. (3.134)

Ç òîãî, ùî q(x)PR0 = q(x)R0 +Π − I ìà¹ìî íàñòóïíèé ðîçêëàä (3.134)

θε0(x)V (u) = q(x)PR0[C̃ ′u(u, x)V ′(u) + C̃(u, x)V ′′(u)] =

= [q(x)R0 +Π − I][C̃ ′u(u, x)V ′(u) + C̃(u, x)V ′′(u)] =

= q(x)PR0C̃
′
u(u, x)V ′(u) + q(x)R0C̃(u, x)V ′′(u)+

+ΠC̃(u, x)V ′′(u)− C̃(u, x)V ′′(u) =

= q(x)PR0C̃
′
u(u, x)V ′(u) + [q(x)R0 − I]C̃(u, x)V ′′(u),
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îñêiëüêè
ΠC̃(u, x) = Π[q(x)C(u, x)− C(u)] =

=

∫
X

π(dx)q(x)C(u, x)− C(u)

∫
X

π(dx)1(X) =

= q

∫
X

ρ(dx)C(u, x)− C(u) = C(u)− C(u) = 0.

Òàêèì ÷èíîì ìà¹ìî ïðåäñòàâëåííÿ çàëèøêîâîãî ÷ëåíà θε0(x)V (u).
Îñòàòî÷íî ïðàâà ÷àñòèíà (3.127) äà¹ ïðåäñòàâëåííÿ

Lεt0V
ε(u, x) = a(t)C(u)V ′(u) + εa2(t)θε0(x)V (u). (3.135)

Ïîâåðòàþ÷èñü äî ïîâíîãî çîáðàæåííÿ êîìïåíñóþ÷îãî îïåðàòîðà (3.122),
ïðåäñòàâèìî éîãî â âèãëÿäi

Lεt = Lεt0 + εa2(t)θε1(x).

Îòæå íà ôóíêöiÿõ (3.125) ìà¹ìî ðîçêëàä

LεtV
ε(u, x) = [ Lεt0 + εa2(t)θε1(x)][V (u) + εa(t)V1(u, x)], (3.136)

äå V1(u, x) îá÷èñëþ¹òüñÿ çà ôîðìóëîþ (3.133).
Âðàõîâóþ÷è (3.135), ïåðåòâîðèìî ïðàâó ÷àñòèíó (3.136)

LεtV
ε(u, x) = Lεt0V

ε(u, x) + εa2(t)θε1(x)[V (u) + εa(t)V1(u, x)] =

= a(t)C(u)V ′(u) + εa2(t)θε0(x)V (u)+

+εa2(t)θε1(x)[V (u) + εa(t)R0C̃(u, x)V ′(u)]. (3.137)

Ïðîâåäåìî îá÷èñëåííÿ îñòàííüîãî äîäàíêó ç (3.137)

εa2(t)θε1(x)[V (u) + εa(t)R0C̃(u, x)V ′(u)] = εa2(t)θε1(x)V (u)+

+ε2a3(t)θε1(x)R0[C̃(u, x)V ′(u)].

Ïîðàõó¹ìî ïðàâó ÷àñòèíó â îòðèìàíîìó ðîçêëàäi. Îòæå

θε1(x)V (u) =
1

2
C2(u, x)q(x)V ′′(θu), 0 ≤ θ ≤ 1.

θε1(x)R0[C̃(u, x)V ′(u)] =
1

2
C2(u, x)Q0R0[C̃(u, x)V ′(u)]′′u|u=θu.

Ç óìîâè Ñ2 òåîðåìè i îáìåæåíîñòi îïåðàòîðiâ Q0 i R0 îòðèìó¹ìî

||θε1(x)R0[C̃(u, x)V ′(u)]|| ≤M,M > 0, x ∈ X.
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Òàêèì ÷èíîì, âðàõîâóþ÷è äðóãèé ïîðÿäîê ìàëîñòi âåëè÷èíè ε, ìîæåìî
çíåõòóâàòè äðóãèì äîäàíêîì â ðîçêëàäi çàëèøêîâîãî ÷ëåíà.

Â ðåçóëüòàòi ðàçîì ç (3.135) ìà¹ìî (3.136). Ëåìó äîâåäåíî.
Äîâåäåííÿ òåîðåìè ïðîâåäåìî â äåêiëüêà åòàïiâ. Ñïî÷àòêó âñòàíîâèìî êëþ-

÷îâó íåðiâíiñòü.
Ëåìà 3.2.3. Êîìïåíñóþ÷èé îïåðàòîð Lεt íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà

(3.135) â óìîâàõ òåîðåìè äîïóñêà¹ îöiíêó

LεtV
ε(u, x) ≤ −δa(t)V (u), δ > 0. (3.138)

Äîâåäåííÿ. Âèêîðèñòîâóþ÷è îöiíêè Ñ2 äëÿ çàëèøêîâîãî ÷ëåíà θεL(x)V (u),
óìîâó Ñ1 åêñïîíåíöiéíî¨ ñòiéêîñòi ñèñòåìè (3.112), à òàêîæ ìîíîòîííiñòü òà
îáìåæåíiñòü íîðìóþ÷î¨ ôóíêöi¨ a(t), ìà¹ìî

LεtV
ε(u, x) = a(t)C(u)V ′(u) + εa2(t)θεL(x)V (u) ≤

≤ −a(t)(δ∗ − εc)V (u) ≤ −a(t)δV (u), δ > 0. (3.139)

Îñòàííÿ íåðiâíiñòü ìà¹ ìiñöå ïðè âñiõ ε ≤ ε0 , äå ε0 òàêå, ùî ε0 < δ∗/c .
Ïî-äðóãå, ÿâíèé âèãëÿä çáóðåííÿ (3.133), à òàêîæ óìîâà Ñ2 òåîðåìè , äàþòü

îöiíêó çáóðåíî¨ ôóíêöi¨ Ëÿïóíîâà

0 < (1− εa(t)c)V (u) ≤ V ε(u, x) ≤ (1 + εa(t)c)V (u).

Ïî-òðåò¹, âñòàíîâèìî, ùî ïðîöåñ

V εn := V ε(uεn, x
ε
n), n ≥ 0, (3.140)

¹ íåâiä'¹ìíèì ñóïåðìàðòèíãàëîì. Äëÿ öüîãî çàóâàæèìî, ùî ðîçøèðåíèé ïðî-
öåñ ìàðêîâñüêîãî âiäíîâëåííÿ (3.111) ïîðîäæó¹ íà òåñò-ôóíêöiÿõ ϕ(u, x), u ∈
Rd, x ∈ X, ìàðòèíãàë

µn+1 = ϕ(uεn+1, x
ε
n+1)− ϕ(u0, x0)− ε

n∑
k=0

θk+1L
ε
τε
k
ϕ(uεk, x

ε
k), (3.141)

âiäíîñíî ïîòîêó σ - àëãåáð F εn = σ{uεk, xεk, τεk , 0 ≤ k ≤ n}, n ≥ 0. Äiéñíî,
â ïîçíà÷åííi ϕεn := ϕ(uεn, x

ε
n) ìà¹ìî

E[µn+1 − µn |F εn ] = EFε
n
[ϕεn+1 − ϕεn]− EFε

n
[εθn+1L

ε
τε
n
ϕεn]. (3.142)

Âðàõîâóþ÷è îçíà÷åííÿ êîìïåíñóþ÷îãî îïåðàòîðà (3.115) îá÷èñëèìî äðóãèé
äîäàíîê â (3.142):

EFε
n
[εθn+1 L

ε
τε
n
ϕεn] = εg(xεn)Lετε

n
ϕεn = εg(xεn)ε−1q(xεn)EFε

n
[ϕεn+1 − ϕεn] =

= EFε
n
[ϕεn+1 − ϕεn].
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Òàêèì ÷èíîì ç (3.142) ìà¹ìî ìàðòèíãàëüíó âëàñòèâiñòü äëÿ (3.141):

E[µn+1 − µn |F εn ] = 0, n ≥ 0. (3.143)

Âèêîðèñòà¹ìî (3.143) äëÿ äîâåäåííÿ íàñòóïíî¨ ëåìè.
Ëåìà 3.2.4. Ïðîöåñ (3.140) ¹ íåâiä'¹ìíèì ñóïåðìàðòèíãàëîì.
Äîâåäåííÿ. Ðîçãëÿíåìî â (3.141) çàìiñòü äîâiëüíî¨ òåñò-ôóíêöi¨ çáóðåíó

ôóíêöiþ Ëÿïóíîâà V ε(u, x) i âèêîðèñòà¹ìî ìàðòèíãàëüíó õàðàêòåðèçàöiþ ïðî-
öåñó (3.141), à ñàìå ñïðàâåäëèâiñòü ïðåäñòàâëåííÿ

E[V εn+1 |F εn ] = V ε0 + εE[

n∑
k=0

θk+1 L
ε
τε
k
V εk ] + µεn, (3.144)

îñêiëüêè ç (3.143) ìà¹ìî E[µεn+1 |F εn ] = µεn . Ïiäñòàâèìî â (3.144) çàìiñòü µεn
éîãî çíà÷åííÿ ç (3.141):

E[V εn+1 |F εn ] = V ε0 + εg(xεn)Lετε
n
V εn + ε[

n−1∑
k=0

θk+1L
ε
τε
k
V εk ]+

+V εn − V ε0 − ε[
n−1∑
k=0

θk+1L
ε
τε
k
V εk ].

Çâiäêè ìà¹ìî E[V εn+1 |F εn ] = V εn + εg(xεn)Lετε
n
V εn , i ðàçîì ç êëþ÷îâîþ íåðiâ-

íiñòþ (3.138) îòðèìó¹ìî E[V εn+1 |F εn ] ≥ V εn , n ≥ 0 , ùî i äîâîäèòü ëåìó.
Âèêîðèñòàííÿ îöiíêè (3.128), à òàêîæ ëåìè 3.2.4, çàâåðøó¹ äîâåäåííÿ òåî-

ðåìè çà ñõåìîþ äîâåäåííÿ òåîðåìè 3.1.1.
3.2.2. Ñòðèáêîâà ÏÑÀ â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨.
Â äàíîìó ïóíêòi çáiæíiñòü ñòðèáêîâî¨ ÏÑÀ â íàïiâìàðêîâñüêîìó ñåðåäîâèùi

â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ äîñëiäæó¹òüñÿ ç âèêîðèñòàííÿì àñèìïòîòè÷-
íèõ âëàñòèâîñòåé êîìïåíñóþ÷îãî îïåðàòîðà ðîçøèðåíîãî ïðîöåñó ìàðêîâñüêî-
ãî âiäíîâëåííÿ i ðîçâ'ÿçêó ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ íüîãî.

Ñòðèáêîâà ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ â ñõåìi äèôóçiéíîãî íàá-

ëèæåííÿ çàäà¹òüñÿ â òàêîìó âèãëÿäi (ââàæà¹ìî, ùî
−1∑
k=0

aεkC
ε(uεk, x

ε
k) := 0):

uε(t) = u+ ε2
ν(t/ε2)−1∑

k=0

aεkC
ε(uεk, x

ε
k), uε(0) = u, t > 0. (3.145)

Òóò ïîñëiäîâíiñòü aεn, n ≥ 0, âèçíà÷à¹òüñÿ çíà÷åííÿì ôóíêöi¨ a(t), t > 0,
÷åðåç ñïiââiäíîøåííÿ:

aεn = a(τεn), τεn = ε2τn, n ≥ 0, (3.146)

äå τn, n ≥ 0, - ìîìåíòè ìàðêîâñüêîãî âiäíîâëåííÿ ðiâíîìiðíî åðãîäè÷íîãî íà-
ïiâìàðêîâñüêîãî ïðîöåñó (ÍÌÏ) x(t), t ≥ 0, â ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði
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(X,X ) ç ëi÷èëüíèì ïðîöåñîì

ν(t) := max{n : τn ≤ t}, t ≥ 0.

Â ÏÑÀ (3.145) ðàçîì ç (3.146) ìàþòü ìiñöå ñïiââiäíîøåííÿ

uεn = uε(τεn), xεn = x(τεn), τεn := ε2τn, n ≥ 0. (3.147)

Ôóíêöiÿ Cε(u, x) â ÏÑÀ (3.145) òàêà, ùî

Cε(u, x) := C(u, x) + ε−1C0(u, x), x ∈ X, (3.148)

i çàäîâîëüíÿ¹ óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ñóïðîâîäæóþ÷èõ ñè-
ñòåì

dux(t)/dt = Cε(ux(t), x), x ∈ X.

Äëÿ çáóðåííÿ C0(u, x) ôóíêöi¨ ðåãðåñi¨ ïåðåäáà÷à¹òüñÿ âèêîíàííÿ óìîâè áà-
ëàíñó

ÓÁ1: Π̃C0(u, x) :=
∫
X

ρ(dx)C0(u, x) = 0,

Çáiæíiñòü ñòðèáêîâî¨ ÏÑÀ (3.148) ðîçãëÿäà¹òüñÿ â óìîâàõ åêñïîíåíöiéíî¨
ñòiéêîñòi óñåðåäíåíî¨ ñèñòåìè

du(t)/dt = C(u(t)), C(u) := q

∫
X

ρ(dx)C(u, x). (3.149)

Áåç çìåíøåííÿ çàãàëüíîñòi ïîêëàäåìî u0 = 0, òîáòî ìà¹ ìiñöå ðiâíiñòü

C(0) = 0. (3.150)

Íàäàëi îïåðàòîð P âèçíà÷à¹òüñÿ ÿäðîì P (x,B), B ∈ X,

Pϕ(x) :=

∫
X

P (x, dy)ϕ(y), (3.151)

a R0� ïîòåíöiàë äî îïåðàòîðà Q, òàêèé, ùî QR0 = RQ0 = Π − I .
Ïðè öüîìó âèêîðèñòîâóþòüñÿ óìîâè çáiæíîñòi ðîçâ'ÿçêó åâîëþöiéíîãî ðiâ-

íÿííÿ
duε0(t) = [C(uε0(t), x(t

/
ε2)) + ε−1C0(uε0(t), x(t

/
ε2))]dt, (3.152)

äî ðîçâ'ÿçêó ñòîõàñòè÷íîãî äèôåðåíöiàëüíîãî ðiâíÿííÿ

du0(t) = C(u0(t))dt+ dζ(t),

dζ(t) = b(u0(t))dt+
1

2
SpB(u0(t))dwt.
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Òóò äèôóçiéíèé ïðîöåñ ζ(t) , t ≥ 0 , âèçíà÷à¹òüñÿ ôóíêöi¹þ çñóâó

b(u) = b1(u)− b2(u), (3.153)

äå

b1(u) :=

∫
X

π(dx)C0(u, x)R0C
′
0(u, x),

b2(u) :=
1

2
q

∫
X

ρ(dx)C0(u, x)C ′0(u, x),

C0(u, x) := q(x)C0(u, x),

C ′0(u, x) :=
∂C0(u, x)

∂u
=

{
Ckr0 (u, x) :=

∂Ck0 (u, x)

∂ur
; k, r = 1, d

}
,

òà ìàòðèöåþ äèôóçi¨
B(u) = B0(u)−B1(u), (3.154)

B0(u) := 2

∫
X

π(dx)C0(u, x)R0C0(u, x),

B1(u) := q

∫
X

ρ(dx)CT0 (u, x)C0(u, x),

a wt - ñòàíäàðòíèé âiíåðiâñüêèé ïðîöåñ.
Òåîðåìà 3.2.2. Íåõàé ôóíêöiÿ Ëÿïóíîâà V (u), u ∈ Rd, óñåðåäíåíî¨ ñèñòå-

ìè (3.149) òàêà, ùî
C1 : çàáåçïå÷ó¹ åêñïîíåíöiéíó ñòiéêiñòü óñåðåäíåíî¨ ñèñòåìè (3.150)

C(u)V ′(u) ≤ −c0V (u), c0 > 0;

C2 : äëÿ C(u) := max
x∈X

(|C(u, x)| + |C0(u, x)|) i wk(u) := C(u)w′k−1, k = 1, 5,

ìàþòü ìiñöå îáìåæåííÿ

|wk(u)| ≤ ck(1 + V (u)), ck > 0, k = 1, 5.

Íàðåøòi íîðìóþ÷à ôóíêöiÿ a(t) ìîíîòîííî ñïàäíà, îáìåæåíà òà çàäî-
âîëüíÿ¹ óìîâàì:

C3 :

∞∫
0

a(t)dt =∞,
∞∫
0

a2(t)dt <∞.

Òîäi ïðè êîæíîìó ïîçèòèâíîìó ε ≤ ε0 , ε0 - äîñòàòíüî ìàëå, ÏÑÀ (3.145)
çáiãà¹òüñÿ ç éìîâiðíiñòþ 1 äî ¹äèíî¨ òî÷êè ðiâíîâàãè óñåðåäíåíî¨ åâîëþöiéíî¨
ñèñòåìè (3.145):

P{ lim
t→∞

uε(t) = 0} = 1.
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Äëÿ ñòðèáêîâî¨ ÏÑÀ (3.145) âêëàäåíîñòi (3.147) óòâîðþþòü ðîçøèðåíèé
ïðîöåñ ìàðêîâñüêîãî âiäíîâëåííÿ. Êîìïåíñóþ÷èé îïåðàòîð äëÿ ïðîöåñó (3.147)
íà òåñò-ôóíêöiÿõ ϕ(u, x, t), u ∈ Rd, x ∈ X, t ≥ 0, âèçíà÷à¹òüñÿ óìîâíèì ìàòå-
ìàòè÷íèì ñïîäiâàííÿì

Lεtϕ(u, x, t) := ε−1q(x)E[ϕ(uεn+1, x
ε
n+1, τ

ε
n+1)−

−ϕ(u, x, t) |uεn = u, xεn = x, τεn = t]. (3.155)

Äîâåäåìî äâà çàãàëüíèõ òâåðäæåííÿ.
Ëåìà 3.2.5. Êîìïåíñóþ÷èé îïåðàòîð (3.155) ðîçøèðåíîãî ïðîöåñó ìàð-

êîâñüêîãî âiäíîâëåííÿ (3.147) ìà¹ àíàëiòè÷íå ïðåäñòàâëåííÿ

Lεtϕ(u, x) := ε−2Qϕ(u, x) + ε−2q(x)PDε
t (x)ϕ(u, x), (3.156)

äå îïåðàòîð çñóâó Dε
t (x) òàêèé, ùî

Dε
t (x)ϕ(u, x) := ϕ(u+ ε2a(t)Cε(u, x), x)− ϕ(u, x), (3.157)

à îïåðàòîð P äi¹ òiëüêè ïî äðóãié çìiííié.
Äîâåäåííÿ. Ñïî÷àòêó, çãiäíî (3.155), îá÷èñëèìî óìîâíå ìàòåìàòè÷íå ñïîäi-

âàííÿ

E[ϕ(uεn+1, x
ε
n+1)|uεn = u, xεn = x, τεn = t] = Eu,x,tϕ(uεn+1, x

ε
n+1) =

= Eu,x,tϕ(uεn +∆uεn+1, x
ε
n+1), (3.158)

äå ∆uεn+1 := uεn+1 − uεn. Äëÿ îá÷èñëåííÿ ïðèðîñòó ∆uεn+1 ñêîðèñòà¹ìîñü ïðåä-
ñòàâëåííÿìè, ùî âèïëèâàþòü ç (3.145) i (3.147), à ñàìå

uεn+1 := uε(τεn+1) = u+ ε2
n∑
k=0

aεkC
ε(uεk, x

ε
k),

uεn := uε(τεn) = u+ ε2
n−1∑
k=0

aεkC
ε(uεk, x

ε
k).

Âðàõîâóþ÷è îñòàíí¹ ìà¹ìî

∆uεn+1 = ε2aεnC
ε(uεn, x

ε
n). (3.159)

Ïiäñòàâëÿþ÷è â (3.158) çîáðàæåííÿ (3.159) îòðèìó¹ìî

Eu,x,tϕ(uεn +∆uεn+1, x
ε
n+1) = Eu,x,tϕ(u+ ε2a(t)Cε(u, x), y),

äå y = xεn+1 çíà÷åííÿ ïðîöåñó x(t), t ≥ 0, â ìîìåíò íàñòóïíîãî ñòðèáêà.
Îòæå êîìïåíñóþ÷èé îïåðàòîð (3.155), âðàõîâóþ÷è îñòàíí¹, ìà¹ âèãëÿä
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Lεtϕ(u, x) := ε−2q(x)Eu,x,t[ϕ(u+ ε2a(t)Cε(u, x), y)− ϕ(u, x)] =

= ε−2q(x)

∫
X

P (x, dy)[ϕ(u+ ε2a(t)Cε(u, x), y)− ϕ(u, x)].

Âèêîðèñòîâóþ÷è äîäàíîê ±ϕ(u, y) , ç îñòàííüî¨ ðiâíîñòi ìà¹ìî

Lεtϕ(u, x) = ε−2q(x)

∫
X

P (x, dy)[ϕ(u, y)− ϕ(u, x)]+

+ε−2q(x)

∫
X

P (x, dy)[ϕ(u+ ε2a(t)Cε(u, x), y)− ϕ(u, y)]. (3.160)

Âðàõîâóþ÷è (3.157), ç (3.160) îòðèìó¹ìî (3.156).
Ëåìà 3.2.6. Êîìïåíñóþ÷èé îïåðàòîð (3.156) ðîçøèðåíîãî ïðîöåñó ìàð-

êîâñüêîãî âiäíîâëåííÿ (3.147) íà òåñò-ôóíêöiÿõ ϕ(u, ·) ∈ C3(Rd) äîïóñêà¹
àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lεtϕ(u, x) = ε−2Qϕ(u, x) + ε−1a(t)Q1(x)ϕ(u, x)+

+a(t)Q2(x)ϕ(u, x) + θεL(x)ϕ(u, x), (3.161)

äå
Q1(x)ϕ(u, x) = C0(x)Q0ϕ(u, x), (3.162)

Q2(x)ϕ(u, x) = C(x)Q0ϕ(u, x) +
a(t)

2
C2

0(x)Q0ϕ(u, x), (3.163)

C0(x)ϕ(u, x) := C0(u, x)ϕ′u(u, x),C(x)ϕ(u, x) := C(u, x)ϕ′u(u, x), (3.164)

à îïåðàòîð Q0 ìà¹ ïðåäñòàâëåííÿ

Q0ϕ(x) = q(x)Pϕ(x) = q(x)

∫
X

P (x, dy)ϕ(y). (3.165)

Çàëèøêîâèé ÷ëåí θεL(x)ϕ(u, x) òàêèé, ùî

|| θεL(x)ϕ(u, x) ||→ 0, ε→ 0. (3.166)

Äîâåäåííÿ. Äëÿ îïåðàòîðàDε
t (x) ç (3.157) çãiäíî ãëàäêîñòi ôóíêöié ϕ(u, x)

ìà¹ìî ðîçêëàä
Dε
t (x)ϕ(u, x) = ε2a(t)Cε(u, x)ϕ′u(u, x)+

+ε4
a2(t)

2
(Cε(u, x))2ϕ′′u(u, x) + ε2θεD(x)ϕ(u, x), (3.167)

äå

θεD(x)ϕ(u, x) = ε4a3(t)
1

6
(Cε(u, x))3ϕ′′′u (θu, x), 0 ≤ θ ≤ 1. (3.168)
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Âðàõîâóþ÷è (3.149) ç îñòàííüîãî ïðåäñòàâëåííÿ ìà¹ìî

Dε
t (x)ϕ(u, x) = [εa(t)C0(u, x) + ε2a(t)C(u, x)]ϕ′u(u, x)+

+ε2
a2(t)

2
(C0(u, x))2ϕ′′u(u, x) + ε4

a2(t)

2
(C(u, x))2ϕ′′u(u, x)+

+ε2θεD(x)ϕ(u, x). (3.169)

Ïiäñòàâëÿþ÷è (3.169) â (3.156) îòðèìó¹ìî (3.161), äå çàëèøêîâèé ÷ëåí ìà¹
âèãëÿä

θεL(x)ϕ(u, x) = ε−2q(x)P[ε4
a2(t)

2
(C(u, x))2ϕ′′u(u, x) + ε2θεD(x)ϕ(u, x)],

àáî, âðàõîâóþ÷è (3.168) i (3.165)

θεL(x)ϕ(u, x) = ε2
a2(t)

2
(C(u, x))2Q0ϕ

′′
u(u, x)+

+ε4a3(t)
1

6
(Cε(u, x))3Q0ϕ

′′′
u (θu, x). (3.170)

Âðàõîâóþ÷è (3.149) i îáìåæåíiñòü ìíîæíèêiâ â ïðàâié ÷àñòèíi (3.170), êðiì
ε, îòðèìó¹ìî âëàñòèâiñòü (3.166). Ëåìó äîâåäåíî.

Äîâåäåííÿ òåîðåìè áàçó¹òüñÿ íà àñèìïòîòè÷íîìó ïðåäñòàâëåííi êîìïåíñó-
þ÷îãî îïåðàòîðà (3.161) ç âèêîðèñòàííÿì çáóðåíî¨ ôóíêöi¨ Ëÿïóíîâà

V ε(u, x) = V (u) + εa(t)V1(u, x) + ε2a(t)V2(u, x). (3.171)

Ëåìà 3.2.7. Êîìïåíñóþ÷èé îïåðàòîð (3.161) íà ôóíêöiÿõ (3.171) ìà¹
àñèìïòîòè÷íå ïðåäñòàâëåííÿ

LεtV
ε(u, x) = a(t)C(u)V ′(u) + a2(t)L0V (u) + εa2(t)Hε

L(x, t)V (u), (3.172)

äå

L0V (u) = b(u)V ′(u) +
1

2
Sp[B(u)V ′′(u)]

à çàëèøêîâèé ÷ëåí Hε
L(x, t)V (u) îáìåæåíèé.

Äîâåäåííÿ. Äëÿ îïåðàòîðà (3.161) ðîçãëÿíåìî çðiçàíèé

Lεt0ϕ(u, x) = ε−2Qϕ(u, x) + ε−1a(t)Q1(x)ϕ(u, x) + a(t)Q2(x)ϕ(u, x). (3.173)

Ïðåäñòàâëåííÿ îïåðàòîðà Lεt0 íà ôóíêöiÿõ (3.171) ìà¹ âèãëÿä

Lεt0V
ε(u, x) =

= [ε−2Q+ ε−1a(t)Q1(x) + a(t)Q2(x)][V (u) + εa(t)V1(u, x) + ε2a(t)V2(u, x)] =

= ε−2QV (u) + ε−1a(t)[QV1(u, x) +Q1(x)V (u)]+
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+QV2(u, x) + a(t)Q1(x)V1(u, x) + a(t)Q2V (u)(x) + εθε0(x)V (u), (3.174)

äå
θε0(x)V (u) = a(t)Q1(x)V2(u, x) + a(t)Q2(x)V1(u, x)+

+εa(t)Q2(x)V2(u, x). (3.175)

Ç óìîâè ðîçâ'ÿçíîñòi ðîçêëàäó (3.174) îòðèìó¹ìî ðiâíÿííÿ

QV (u) = 0, (3.176)

QV1(u, x) +Q1(x)V (u) = 0, (3.177)

QV2(u, x) + a(t)Q1(x)V1(u, x) + a(t)Q2(x)V (u) = LtV (u). (3.178)

Ðiâíÿííÿ (3.175) ñïðàâäæó¹òüñÿ, îñêiëüêè ôóíêöiÿ V (u) íå çàëåæèòü âiä x,
òîáòî ôóíêöiÿ V (u) íàëåæèòü ïðîñòîðó NQ íóëiâ îïåðàòîðà Q.

Óìîâà áàëàíñó ÓÁ1 âèçíà÷à¹ ðîçâ'ÿçíiñòü ðiâíÿííÿ (3.177), îñêiëüêè

ΠQ1(x)V (u) = ΠC0(x)Q0V (u) = ΠC0(u, x)q(x)PV ′(u) =

= V ′(u)

∫
X

π(dx)q(x)C0(u, x) = qV ′(u)

∫
X

ρ(dx)C0(u, x) = 0.

Òàêèì ÷èíîì ðîçâ'ÿçîê ðiâíÿííÿ (3.177) ìà¹ âèãëÿä

V1(u, x) = R0C0(x)V (u), (3.179)

äå C0(x) := q(x)C0(x).
Ïiäñòàâèìî (3.179) â (3.178) i îòðèìà¹ìî

QV2(u, x) + Lt(x)V (u) = LtV (u), (3.180)

äå
Lt(x)V (u) = a(t)Q1(x)V1(u, x) + a(t)Q2(x)V (u). (3.181)

Îá÷èñëèìî ïðàâó ÷àñòèíó (3.181). Äëÿ ïåðøîãî äîäàíêó, âèêîðèñòîâóþ÷è
(3.179), ìà¹ìî

Q1(x)V1(u, x) = C0(x)Q0a(t)R0C0(x)V (u) =

= a(t)C0(x)q(x)PR0C0(x)V (u). (3.182)

Â (3.182) âèêîðèñòà¹ìî ïðåäñòàâëåííÿ

PR0 = R0 + g(x)[Π − I].

Âðàõîâóþ÷è, ùî C0(x) = q(x)C0(x) ìà¹ìî

PR0C0(x)V (u) = [R0 + g(x)[Π − I]]C0(x)V (u) =
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= [R0C0(x) + g(x)Π C0(x)− g(x)C0(x)]V (u).

Îñêiëüêè

ΠC0(x) = Πq(x)C0(x) =

∫
X

C0(u, x)π(dx)q(x) = q

∫
X

ρ(dx)C0(u, x) = 0,

òî äëÿ 4-192 îòðèìó¹ìî

Q1(x)V1(u, x) = a(t)[C0(x)R0C0(x)V (u)−C0(x)C0(x)V (u)]. (3.183)

Îá÷èñëèìî äðóãèé äîäàíîê â (3.181).

Q2(x)V (u) = C(x)Q0V (u) +
a(t)

2
C2

0(x)Q0V (u) =

= C(x)V (u) +
a(t)

2
C2

0(x)q(x)V (u),

àáî

Q2(x)V (u) = C(x)V (u) +
a(t)

2
C0(x)C0(x)V (u). (3.184)

Òàêèì ÷èíîì (3.183) i (3.184) äëÿ (3.181) äàþòü ïðåäñòàâëåííÿ

Lt(x)V (u) = a2(t)C0(x)R0C0(x)V (u)−

−a2(t)C0(x)C0(x)V (u) + a(t) C(x)V (u)+

+
a2(t)

2
C0(x)C0(x)V (u) = a(t)C(x)V (u) + a2(t)L0(x)V (u), (3.185)

äå

L0(x) := C0(x)R0C0(x)− 1

2
C0(x)C0(x). (3.186)

Ãðàíè÷íèé îïåðàòîð Lt äëÿ îïåðàòîðà (3.185) ìà¹ âèãëÿä Lt = ΠLt(x)Π.
Òàêèì ÷èíîì ìà¹ìî

Lt := a(t)ΠC(x)Π + a2(t)ΠL0(x)Π. (3.187)

Ïîðàõó¹ìî ïðàâó ÷àñòèíó ïðåäñòàâëåííÿ (3.187). Äëÿ ïåðøîãî äîäàíêó ìà¹-
ìî îá÷èñëåííÿ ìíîæíèêà

ΠC(x)ΠV (u) =

∫
X

π(dx)C(u, x)q(x)V ′(u) =

= q

∫
X

ρ(dx)C(u, x)V ′(u) = ÑV (u), (3.188)

äå CV (u) = C(u)V ′(u).
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Äëÿ äðóãîãî äîäàíêó, âèêîðèñòîâóþ÷è (3.186), ðîçãëÿíåìî ìíîæíèê

ΠL0(x)ΠV (u) = ΠC0(x)R0C0(x)V (u)− 1

2
ΠC0(x)C0(x)V (u) =

= ΠC0(x)R0C0(u, x)q(x)V ′(u)− 1

2
ΠC0(x)C0(u, x)q(x)V ′(u) =

= ΠC0(u, x)q(x)R0[C0(u, x)q(x)V ′(u)]′ − 1

2
ΠC0(u, x)[C0(u, x)q(x)V ′(u)]′ =

= ΠC0(u, x)q(x)R0q(x)[C ′0(u, x)V ′(u) + C0(u, x)V ′′(u)]−

−1

2
ΠC0(u, x)q(x)[C ′0(u, x)V ′(u) + C0(u, x)V ′′(u)] =

= [ΠC0(u, x)q(x)R0q(x)C ′0(u, x)− 1

2
ΠC0(u, x)q(x)C ′0(u, x)]V ′(u)+

+[ΠC0(u, x)q(x)R0q(x)C0(u, x)− 1

2
ΠC0(u, x)q(x)C0(u, x)]V ′′(u).

Àáî

ΠL0(x)ΠV (u) = b(u)V ′(u) +
1

2
Sp[B(u)V ′′(u)],

äå b(u) i B(u) ïðåäñòàâëåíi â (3.153) i (3.154).
Âðàõîâóþ÷è îñòàíí¹ i (3.188) äëÿ ïðàâî¨ ÷àñòèíè (3.187) ìà¹ìî ïðåäñòàâ-

ëåííÿ
Lt = a(t)CV (u) + a2(t)L0V (u), (3.189)

äå

L0V (u) = b(u)V ′(u) +
1

2
Sp[B(u)V ′′(u)]. (3.190)

Òàêèì ÷èíîì ç (3.174) îòðèìó¹ìî

Lεt0V
ε(u, x) = a(t)CV (u) + a2(t)L0V (u) + εθε0(x)V (u). (3.191)

Çàâåðøóþ÷è àíàëiç çàëèøêîâîãî ÷ëåíà â (3.174), âèêîðèñòà¹ìî ïðåäñòàâ-
ëåííÿ

V2(u, x) = Lta(x)V (u), (3.192)

äå
Lta(x)V (u) = C̃(x) + a(t)L̃0(x),

a
C̃(x) = C(x)−C, L̃0(x) = L0(x)− L0.

Âèêîðèñòîâóþ÷è (3.192) i (3.179) â (3.175) îòðèìó¹ìî îáìåæåíiñòü ìíîæíèêà
θε0(x)V (u), çâiäêè ìà¹ìî

ε‖θε0(x)V (u)‖ → 0, ε→ 0. (3.193)
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Äëÿ ïîäàëüøîãî àíàëiçó íàì íåîáõiäíî ìàòè ÿâíèé âèãëÿä äëÿ θε0(x)V (u).
Â (3.175) îá÷èñëèìî ïåðøèé äîäàíîê

Q2(x)V1(u, x) = [a(t)C(x)Q0 +
a2(t)

2
C2

0(x)Q0]a(t)R0C0(x)V (u) =

= a2(t)θ1(x)V (u), (3.194)

äå

θ1(x)V (u) = θ11(x)V (u) +
a(t)

2
θ12(x)V (u), (3.195)

a
θ11(x) = C(x)R0C0(x)−C(x)C0(x),

θ12(x) = C0(x)C0(x)R0C0(x)−C(x)C
2

0(x).

Äëÿ äðóãîãî äîäàíêó ìà¹ìî

Q2(x)V2(u, x) = [a(t)C(x)Q0 +
a2(t)

2
C2

0(x)Q0]a(t)Lta(x)V (u) =

= a2(t)[C(x)Q0Lta(x) +
a(t)

2
C2

0(x)Q0Lta(x)]V (u). (3.196)

Îá÷èñëèìî äîäàíêè â (3.196). Ïåðøèé äîäàíîê äà¹

Ñ(x)Q0Lta(x) = C(x)q(x)PLta(x). (3.197)

Îñêiëüêè
PLta(x) = P[C̃(x) + a(t)L̃0] = a(t)L0P (x), (3.198)

äå
L0P (x) := PL0(x)− L0,

òî ç (3.197) ìà¹ìî
Ñ(x)Q0Lta(x) = a(t)C(x)L0P (x). (3.199)

Âèêîðèñòîâóþ÷è (3.199) äëÿ äðóãîãî äîäàíêó ìà¹ìî

a(t)

2
C2

0(x)Q0Lta(x) =
a(t)

2
C2

0(x)q(x)a(t)L0P (x) =

=
a2(t)

2
C0(x)C0(x)L0P (x). (3.200)

Ðàçîì (3.199) i (3.200) äàþòü äëÿ (3.196) ïðåäñòàâëåííÿ

Q2(x)V2(u, x) = a2(t)[a(t)C(x)L0P (x) +
a2(t)

2
C0(x)C0(x)L0P (x)]V (u) =

= a3(t)θ2(x)V (u), (3.201)
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äå

θ2(x) := C(x)L0P (x) +
a(t)

2
C0(x)C0(x)L0P (x). (3.202)

Äàëi òðåòié äîäàíîê â (3.175) ìà¹ âèãëÿä

Q1(x)V2(u, x) = a(t)C0(x)Q0a(t) Lta(x)V (u) = a3(t)C0(x) L0P (x). (3.203)

Ïðåäñòàâëåííÿ (3.194), (3.201) i (3.203) äëÿ (3.175) äàþòü

θε0(x)V (u) = a2(t)θε1(x)V (u), (3.204)

äå
θε1(x)V (u) = [θ1(x) + a(t)C0(x)L0P (x) + εa(t)θ2(x)]V (u), (3.205)

a θ1(x) i θ2(x) âèçíà÷åííi âiäïîâiäíî â (3.195) i (3.202).
Ðîçãëÿíåìî ïîâíèé îïåðàòîð (3.161) ÷åðåç çðiçàíèé (3.173) â âèãëÿäi

Lεt = Lεt0 + θεL(x)

íà òåñò-ôóíêöiÿõ V ε(u, x). Îòðèìó¹ìî ðîçêëàä

LεtV
ε(u, x) = [ Lεt0 + θεL(x)]V ε(u, x) = Lεt0V

ε(u, x) + θεL(x)V ε(u, x) =

= a(t)CV (u) + a2(t)L0V (u) + εθε0(x)V (u) + θεL(x)Φε(x)V (u),

äå
Φε(x)V (u) = I + εa(t)R0C0(x) + ε2a(t)Lta(x).

Âðàõîâóþ÷è îñòàíí¹, îòðèìó¹ìî ãðàíè÷íå ïðåäñòàâëåííÿ ÊÎ

LεtV
ε(u, x) = a(t)CV (u) + a2(t)L0V (u) + εa2(t)Hε

t (u, x)V (u), (3.206)

äå
Hε
t (u, x)V (u) = θε1(x)V (u) + θε2(x)V (u), (3.207)

a
θε1(x) = θ1(x) + a(t)C0(x)L0t(x) + εθ2(x),

i
θε2(x)V (u) =

ε

2
C2(u, x)q(x)Φε(x)V ′′(u)+

+
a(t)

6
(Cε(u, x))3q(x)Φε(x)V ′′′(θu), 0 ≤ θ ≤ 1,

äå Cε(u, x) = εCε(u, x) = εC(u, x) + C0(u, x).
Ãëàäêiñòü ôóíêöié V (u), C(u, x), C0(u, x), îáìåæåíiñòü a(t) ≤ a <∞ ôóíêöi¨

a(t) i îïåðàòîðiâ P i R0 çàáåçïå÷óþòü îáìåæåíiñòü ïðàâî¨ ÷àñòèíè â (3.207).
Äîâåäåííÿ òåîðåìè 3.2.1. Âèêîðèñòîâóþ÷è îöiíêè Ñ2, óìîâó Ñ1 åêñ-

ïîíåíöiéíî¨ ñòiéêîñòi ñèñòåìè (3.149), à òàêîæ ìîíîòîííiñòü òà îáìåæåíiñòü
a(t) ≤ a <∞ íîðìóþ÷î¨ ôóíêöi¨ ìà¹ìî
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LεtV
ε(u, x) = a(t)CV (u) + a2(t)L0V (u) + εa2(t)Hε

t (u, x)V (u) ≤

≤ −a(t)(δ∗ − εc)V (u) ≤ −δa(t)V (u), δ > 0. (3.208)

Îñòàííÿ íåðiâíiñòü ìà¹ ìiñöå ïðè âñiõ ε ≤ ε0 , äå ε0 òàêå, ùî ε0 < δ∗/c .
Ïî-äðóãå, ÿâíèé âèãëÿä çáóðåíü (3.179) i (3.192), à òàêîæ óìîâà Ñ2 òåîðåìè,

äàþòü îöiíêó çáóðåíî¨ ôóíêöi¨ Ëÿïóíîâà

0 < (1− εa(t)c)V (u) ≤ V ε(u, x) ≤ (1 + εa(t)c)V (u).

Ïî-òðåò¹, âñòàíîâèìî ÿê i â ëåìi 3.2.6, ùî ïðîöåñ

V εn := V ε(uεn, x
ε
n), n ≥ 0,

¹ íåâiä'¹ìíèì ñóïåðìàðòèíãàëîì.
Âèêîðèñòàííÿ îöiíêè (3.208) çàâåðøó¹ äîâåäåííÿ òåîðåìè çà ñõåìîþ äîâå-

äåííÿ òåîðåìè 3.1.1.
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ÐÎÇÄIË 4
ÀÑÈÌÏÒÎÒÈ×ÍÀ ÍÎÐÌÀËÜÍIÑÒÜ ÑÒÐÈÁÊÎÂÎ�

ÏÐÎÖÅÄÓÐÈ Ó ÌÀÐÊÎÂÑÜÊÎÌÓ ÒÀ
ÍÀÏIÂÌÀÐÊÎÂÑÜÊÎÌÓ ÑÅÐÅÄÎÂÈÙI

ßê i â íåïåðåðâíîìó âèïàäêó òàê i äëÿ ñòðèáêîâî¨ ïðîöåäóðè ñòîõàñòè÷íî¨
àïðîêñèìàöi¨ âëàñòèâîñòi ãðàíè÷íîãî ðîçïîäiëó ïðîöåäóðè äîçâîëÿþòü îöiíèòè
øâèäêiñòü çáiæíîñòi, à òàêîæ âêàçàòè ïàðàìåòðè çà ÿêèìè ìîæíà êåðóâàòè
îïòèìiçàöi¹þ ÏÑÀ.

Â ðîçäiëi ðîçãëÿíóòî àñèìïòîòè÷íó íîðìàëüíiñòü ñòðèáêîâî¨ ïðîöåäóðè ñòî-
õàñòè÷íî¨ àïðîêñèìàöi¨ â ìàðêîâñüêîìó ñåðåäîâèùi â ñõåìi óñåðåäíåííÿ, òà
â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨, à òàêîæ â íàïiâìàðêîâñüêîìó ñåðåäîâèùi
â ñõåìi óñåðåäíåííÿ òà â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ .
4.1. Àñèìïòîòè÷íà íîðìàëüíiñòü ñòðèáêîâî¨ ÏÑÀ ó ìàðêîâñüêîìó

ñåðåäîâèùi
Â äàíîìó ïiäðîçäiëi àñèìïòîòè÷íà íîðìàëüíiñòü ñòðèáêîâî¨ ÏÑÀ äîñëiä-

æó¹òüñÿ ìåòîäîì ðîçâ'ÿçêó ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ ïîðîäæóþ-
÷îãî îïåðàòîðà íîðìîâàíî¨ ÏÑÀ. Îñîáëèâiñòü äàíî¨ çàäà÷i ïîëÿãà¹ â òîìó, ùî
ïðèðiñò íîðìîâàíî¨ ñòðèáêîâî¨ ÏÑÀ ìà¹ äâi êîìïîíåíòè: íåïåðåðâíó i ñòðèá-
êîâó, â òîé ÷àñ, ÿê íåïåðåðâíà ÏÑÀ ìà¹ òiëüêè íåïåðåðâíó êîìïîíåíòó.
4.1.1. Ñõåìà óñåðåäíåííÿ. Ñòðèáêîâà ÏÑÀ â ñõåìi ñåðié â ìàðêîâñüêîìó

ñåðåäîâèùi çàäà¹òüñÿ ñïiââiäíîøåííÿì (ïîêëàäåìî
−1∑
k=0

a(τεk)C(uεk, x
ε
k) = 0)

uε(t) = u+ ε2
ν(t/ε2)−1∑

k=0

a(τεk)C(uεk, x
ε
k), uε(0) = u, t ≥ 0. (4.1)

Â ÏÑÀ (4.1) ìàþòü ìiñöå âêëàäåíîñòi

uεn := uε(τεn), xεn := x(τεn), τεn := ε2τn, a(τεn) =
a

τεn
, a > 0, n ≥ 0.

Ôóíêöiÿ ðåãðåñi¨ C(u, x) , u ∈ R , x ∈ X , òàêà, ùî C(u, ·) ∈ C3(R) , òîìó
ìà¹ ìiñöå ðîçêëàä

C(u, x) = C0(x) + uC1(x) + u2C2(u, x), (4.2)

C0(x) = C(0, x), C1(x) = C ′u(0, x), (4.3)

C2(u, x) =
1

2
C ′′u(θu, x), 0 ≤ θ ≤ 1.

Çáiæíiñòü ñòðèáêîâî¨ ÏÑÀ (4.1) â óìîâàõ òåîðåìè

uε(t)⇒ 0, t→∞, ε ≤ ε0, (4.4)

îçíà÷à¹, ùî ìà¹ ìiñöå ðiâíiñòü
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C(0) = 0 (4.5)

i òî÷êà u = 0 ¹ òî÷êîþ ðiâíîâàãè ñèñòåìè

du(t)/dt = C(u(t)), (4.6)

äå

C(u) = q

∫
X

ρ(dx)C(u, x). (4.7)

Ç (4.3), (4.4) i (4.5) ìà¹ìî óìîâó áàëàíñó

ÓÁ: Π̃C0(x) = 0 ,

äå Π̃ - ïðîåêòîð, ùî âèçíà÷à¹òüñÿ ñòàöiîíàðíèì ðîçïîäiëîì âêëàäåíîãî ëàíö-
þãà Ìàðêîâà xn, n ≥ 0, òîáòî Π̃ϕ(x) =

∫
X

ρ(dx)ϕ(x),

Ç iíøî¨ ñòîðîíè (4.4) îçíà÷à¹, ùî ôëóêòóàöi¨ ñòðèáêîâî¨ ÏÑÀ äîöiëüíî âèâ-
÷àòè ç íàñòóïíèì íîðìóâàííÿì

vε(t) =
√
tuε(t)/ε, (4.8)

òîáòî ìà¹ ìiñöå çâîðîòíié çâ'ÿçîê

uε(t) = εvε(t)/
√
t.

Àñèìïòîòè÷íà íîðìàëüíiñòü íîðìîâàíî¨ ÏÑÀ (4.8) âñòàíîâëþ¹òüñÿ ïðè óìî-
âàõ çáiæíîñòi ÏÑÀ (4.1)

C1 : C(u)V ′(u) ≤ −c0V (u),

C2 : |C̃(u, x)V ′(u)| ≤ c1(1 + V (u)),

C3 : |C(u, x)R0[C̃(u, x)V ′(u)]′| ≤ c2(1 + V (u)),

äå C̃(u, x) := C(u, x)−C(u), V (u) - ôóíêöiÿ Ëÿïóíîâà óñåðåäíåíî¨ ñèñòåìè (4.6),
à òàêîæ ïðè äîäàòêîâèõ óìîâàõ:

D1 : ρ2 := 2
∫
X

π(dx)C̃0(x)R0C̃
0(x)− q

2

∫
X

ρ(dx)(C0(x))2 > 0,

äå
C̃0(x) := q(x)C0(x); (4.9)

D2 : d > 0,

äå
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d = −q
∫
X

ρ(dx)C1(x),

D3 : b := ad− 1
2 > 0.

Òåîðåìà 4.1.1. Â óìîâàõ C1�C3 çáiæíîñòi ñòðèáêîâî¨ ÏÑÀ (4.1), òà ïðè
äîäàòêîâèõ óìîâàõ D1, D2, D3 ìà¹ ìiñöå ñëàáêà çáiæíiñòü

vε(t)⇒ ζ(t), ε→ 0,

â êîæíîìó ñêií÷åíîìó iíòåðâàëi 0 < t0 ≤ t ≤ T .
Ãðàíè÷íèé äèôóçiéíèé ïðîöåñ ζ(t), t ≥ 0 , ¹ ïðîöåñîì òèïó Îðíøòåéíà-

Óëåíáåêà, i âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lϕ(v) = −bvϕ′(v) +
1

2
a2ρ2ϕ′′(v).

Óìîâà D2 çàáåçïå÷ó¹ âèêîíàííÿ óìîâè b < 0 çâiäêè ñëiäó¹ åðãîäè÷íiñòü
ãðàíè÷íîãî ïðîöåñó ζ(t), t ≥ 0 , à óìîâà D1 çàáåçïå÷ó¹ äèôóçiéíiñòü ïðîöåñó
ζ(t), t ≥ 0 .

Ãðàíè÷íèé ïðîöåñ Îðíøòåéíà-Óëåíáåêà ç ãåíåðàòîðîì L â óìîâàõ òåîðåìè
¹ åðãîäè÷íèì ç ñòàöiîíàðíèì íîðìàëüíèì ðîçïîäiëîì N(0, σ2

0) , äå äèñïåðñiÿ
îá÷èñëþ¹òüñÿ çà ôîðìóëîþ σ2

0 = a2ρ2/2b.
Â óìîâàõ òåîðåìè ÏÑÀ vε(t) ìà¹ àñèìïòîòè÷íî íîðìàëüíèé ðîçïîäiëN(0, σ2

0),
òîáòî vε(t)⇒ v ,ε→ 0, t→∞, äå âèïàäêîâà âåëè÷èíà v ìà¹ ðîçïîäië N(0, σ2

0).
Ïîáóäó¹ìî ïîðîäæóþ÷èé îïåðàòîð (ãåíåðàòîð) äâîêîìïîíåíòíîãî ìàðêîâñü-

êîãî ïðîöåñó
vε(t), xεt := x(t/ε2), t ≥ 0. (4.11)

Ëåìà 4.1.1. Ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó (4.11) íà òåñò-ôóíêöiÿõ
ϕ(v, ·) ∈ C2(R) ìà¹ ïðåäñòàâëåííÿ

Lεtϕ(v, x) = ε−2q(x)P[ϕ(v + ε
a√
t
C(ε

v√
t
, x), y)− ϕ(v, x)]+

+
v

2t
ϕ′v(v, x), (4.12)

äå

Pϕ(·, y) =

∫
X

P (y, dz)ϕ(·, z).

Äîâåäåííÿ. Ñïî÷àòêó îá÷èñëèìî ïðèðiñò ∆vε(t) íîðìîâàíî¨ ÏÑÀ (4.8) çà
ìàëèé ïðîìiæîê ÷àñó ∆ > 0 ïðè óìîâàõ

vε(t) = v, xεt = x.

Òàêèì ÷èíîì âðàõîâóþ÷è (4.8) òà ðîçêëàä
√
t+∆ =

√
t(∆/2t+o(∆)) , ìà¹ìî
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∆vε(t) := vε(t+∆)− vε(t) =
∆

2t
v + ε−1(t+

∆

2
√
t
)∆uε(t) + o(∆).

Îñêiëüêè ïðèðiñò ∆uε(t) ÏÑÀ (4.1) ïðè íàÿâíîñòi ñòðèáêà ìà¹ âèãëÿä

∆uε(t) := uε(t+∆)− uε(t) = ε2
a

t
C(uε(t), xεt ),

òî äëÿ óìîâíîãî ìàòåìàòè÷íîãî ñïîäiâàííÿ

E[ϕ(vε(t+∆), xεt+∆) |vε(t) = v, xεt = x, τε(t) = t] =

= Ev,x[ϕ(v +∆vε(t), xεt+∆)] =

= Ev,x[ϕ(v +∆vε(t), xεt+∆)][I(θx > ε−2∆) + I(θx ≤ ε−2∆)]

ç óðàõóâàííÿì òîãî, ùî I(θx > ε−2∆) = 1− ε−2∆q(x)) + o(∆) i I(θx ≤ ε−2∆) =
ε−2∆q(x) + o(∆) , ìà¹ìî

Ev,x[ϕ(v +∆vε(t), xεt+∆)] = ϕ(v, x)− ε−2∆q(x)ϕ(v, x)+

+Ev,x[ϕ(v + ε
a√
t
C(ε

v√
t
, x), xεt+∆)]ε−2∆q(x) +∆

v

2t
ϕ′v(v, x) + o(∆)].

Ç îçíà÷åííÿ ãåíåðàòîðà [6] ìàðêîâñüêîãî ïðîöåñó (4.11) îòðèìó¹ìî

lim
∆→0

∆−1Ev,x[ϕ(v +∆vε(t), xεt+∆)− ϕ(v, x)] = Lεtϕ(v, x),

äå Lεt ìà¹ ïðåäñòàâëåííÿ (4.12).
Íàñëiäîê 4.1.1. Ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó (4.11) íà òåñò-ôóíêöiÿõ

ϕ(v, ·) ∈ C2(R) ìà¹ ïðåäñòàâëåííÿ

Lεtϕ(v, x) = ε−2Qϕ(v, x) + ε−2q(x)Lε0ϕ(v, x), (4.13)

äå

Lε0ϕ(v, x) = P[ϕ(v + ε
a√
t
C(ε

v√
t
, x), y)− ϕ(v, y)] + ε2g(x)

v

2t
ϕ′v(v, x). (4.14)

Äîâåäåííÿ. Ïðåäñòàâëåííÿ (4.13) îòðèìó¹ìî ç (4.12) âèêîðèñòîâóþ÷è äî-
äàíîê ±ϕ(v, y) â êâàäðàòíèõ äóæêàõ.
Ëåìà 4.1.2. Ãåíåðàòîð (4.13) íà òåñò-ôóíêöiÿõ ϕ(v, ·) ∈ C3(R) ìà¹ àñèìï-

òîòè÷íå ïðåäñòàâëåííÿ

Lεtϕ(v, x) = ε−2Qϕ(v, x) + ε−1
1√
t
Q1(x)Q0ϕ(v, x)+

+
1

t
Q2(x)ϕ(v, x) + θεtϕ(v, x), (4.15)

äå
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Q1(x)ϕ(v) = aC0(x)ϕ′(v), (4.16)

Q0 := q(x)P,

Q2(x)ϕ(v) = vb(x)ϕ′(v), (4.17)

i
b(x) = aC1(x)Q0 + 1/2, (4.18)

à çàëèøêîâèé ÷ëåí θεtϕ(v, x) òàêèé, ùî

‖ θεtϕ(v, x) ‖→ 0, ε→ 0, 0 < t0 < t < T <∞.

Äîâåäåííÿ. Âèõîäÿ÷è ç ãëàäêîñòi ôóíêöié ϕ(v, x) ìà¹ìî

ϕ(v + ε
a√
t
C(ε

v√
t
, x), y) =

= ϕ(v, y) + ε
a√
t
C(ε

v√
t
, x)ϕ′v(v, y) + o(ε). (4.19)

Çãiäíî ç (4.2) äëÿ C(ε v√
t
, x) îòðèìà¹ìî ðîçêëàä

C(ε
v√
t
, x) = C0(x) + ε

v√
t
C1(x) + o(ε). (4.20)

Ïiäñòàâëÿþ÷è (4.20) i (4.19) â (4.14) ìà¹ìî

Lε0ϕ(v, x) = ε
a√
t
C0(x)Pϕ′v(v, y) + ε2

v

t
[aC1(x)P+

g(x)

2
]ϕ′v(v, y) + o(ε).

Íà çàâåðøåííÿ, âèêîðèñòîâóþ÷è îñòàíí¹, ç (4.13) îòðèìó¹ìî (4.15) â ïîçíà-
÷åííÿõ (4.16)�(4.18). Ëåìó äîâåäåíî.

Ïîáóäó¹ìî ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà (4.15)
íà çáóðåíèõ òåñò-ôóíêöiÿõ âèäó

ϕε(v, x) = ϕ(v) + ε
1√
t
ϕ1(v, x) + ε2

1

t
ϕ2(v, x). (4.21)

Ëåìà 4.1.3. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà
(4.15) íà òåñò-ôóíêöiÿõ (4.21) ç ϕ(v, ·) ∈ C3(R) ìà¹ âèãëÿä

Lεtϕ
ε(v, x) =

1

t
Lϕ(v) + θεt (x)ϕ(v), (4.22)

äå îïåðàòîð L ìà¹ ïðåäñòàâëåííÿ (4.10), à çàëèøêîâèé ÷ëåí θεt (x)ϕ(v) òàêèé,
ùî

‖ θεt (x)ϕ(v) ‖→ 0, ε→ 0.
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Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáó-
ðåííÿ äëÿ çðiçàíîãî äî (4.15) îïåðàòîðà, à ñàìå

Lεt0ϕ(v, x) = ε−2Qϕ(v, x) + ε−1
1√
t
Q1(x)Q0ϕ(v, x)+

+
1

t
Q2(x)ϕ(v, x).

Îñêiëüêè Lεt0 íà ôóíêöiÿõ (4.21) ìà¹ ïðåäñòàâëåííÿ

Lεt0ϕ
ε(v, x) = ε−2Qϕ(v) + ε−1

1√
t
[Qϕ1(v, x) +Q1(x)Q0ϕ(v)]+

+
1

t
[Qϕ2(v, x) +Q1(x)Q0ϕ1(v, x) +Q2(x)ϕ(v)] + θεt0(x)ϕ(v) =

=
1

t
Lϕ(v) + θεt0(x)ϕ(v), (4.23)

òî ç óìîâè
Qϕ1(v, x) +Q1(x)Q0ϕ(v) = 0

i óìîâè áàëàíñó ÓÁ ìà¹ìî

ϕ1(v, x) = R0Q1(x)Q0ϕ(v) = aR0C̃
0(x)ϕ′(v), (4.24)

äå C̃0(x) îá÷èñëþ¹ìî çà (4.9).
Äàëi ç óìîâè ðîçâ'ÿçíîñòi (4.23) i ïðåäñòàâëåííÿ (4.24) ìà¹ìî

Qϕ2(v, x) +Q1Q0(x)R0Q1(x)Q0ϕ(v) +Q2(x)ϕ(v) = Lϕ(v),

äå îïåðàòîð L òàêèé, ùî

LΠϕ(v) = ΠL(x)Πϕ(v), (4.25)

à
L(x)ϕ(v) = Q1(x)Q0R0Q1(x)Q0ϕ(v) +Q2(x)ϕ(v). (4.26)

Îá÷èñëåííÿ ïðàâî¨ ÷àñòèíè (4.25), âðàõîâóþ÷è (4.26) i (4.24), äà¹ ïðàâó ÷à-
ñòèíó ïðåäñòàâëåííÿ (4.22).

Íà çàâåðøåííÿ çàóâàæèìî, ùî ìàëèé äîäàíîê â ïðåäñòàâëåííi (4.15) ãåíå-
ðàòîðà Lεt íå âïëèâà¹ íà ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðà-
òîðà (4.22), òîáòî ïðàâà ÷àñòèíà ðîçâ'ÿçîêó ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ
äëÿ îïåðàòîðà Lεt ìà¹ âèãëÿä ïðàâî¨ ÷àñòèíè (4.25) . Ëåìó äîâåäåíî.
Äîâåäåííÿ òåîðåìè îïèðà¹òüñÿ íà ðåçóëüòàòè ëåì 4.1.1 � 4.1.3.
4.1.2. Ñõåìà äèôóçiéíî¨ àïðîêñèìàöi¨. Â öüîìó ïiäðîçäiëi ðîçãëÿíåìî

àñèìïòîòè÷íó íîðìàëüíiñòü ñòðèáêîâî¨ ÏÑÀ â ìàðêîâñüêîìó ñåðåäîâèùi, ùî
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îïèñó¹òüñÿ ñòðèáêîâèìè åâîëþöiÿìè, ç àñèìïòîòè÷íî äèôóçiéíèì çáóðåííÿì
â óìîâàõ çáiæíîñòi òàêî¨ ïðîöåäóðè, ìåòîäîì ÐÏÑÇ.

Ñòðèáêîâà ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ ç ñèíãóëÿðíèì çáóðåííÿì

ôóíêöi¨ ðåãðåñi¨ çàäà¹òüñÿ ðiâíÿííÿì (ïîêëàäåìî
−1∑
k=0

aεkC
ε(uεk, x

ε
k) = 0)

uε(t) = u0 + ε4
ν(t/ε4)−1∑

k=0

aεkC
ε(uεk, x

ε
k), t ≥ 0, (4.27)

äå ïîñëiäîâíiñòü aεn, n ≥ 0, âèçíà÷à¹òüñÿ çíà÷åííÿìè ôóíêöi¨ a(t), t > 0, òàêî¨,
ùî çàäîâîëüíÿ¹ óìîâàì çáiæíîñòi ÏÑÀ

a(t) > 0,

∞∫
t0

a(t)dt =∞,
∞∫
t0

a2(t)dt <∞, t0 > 0,

÷åðåç ñïiââiäíîøåííÿ: aεn = a(τεn), τεn = ε4τn, n ≥ 0, äå τn, n ≥ 0, ìîìåí-
òè ìàðêîâñüêîãî âiäíîâëåííÿ ðiâíîìiðíî åðãîäè÷íîãî ìàðêîâñüêîãî ïðîöåñó
x(t), t ≥ 0, â ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði (X,X ).

Íàäàëi ïîêëàäåìî a(t) = a/t.
Ôóíêöiÿ Cε(u, x) := C(u, x) + ε−1C0(x), u ∈ R, x ∈ X, çàäîâîëüíÿ¹ óìîâàì

iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ñóïðîâîäæóþ÷èõ ñèñòåì

dux(t)dt = Cε(ux(t), x), x ∈ X.

Çáiæíiñòü ÏÑÀ (4.27) ðîçóìi¹ìî â ñåíñi çáiæíîñòi ç éìîâiðíiñòþ îäèíèöÿ äî
òî÷êè ðiâíîâàãè u0 óñåðåäíåíî¨ ñèñòåìè

du(t)/dt = C(u(t)),

äå ôóíêöiÿ ðåãðåñi¨ C(u) ¹ óñåðåäíåííÿì ôóíêöi¨ C(u, x) ïî ñòàöiîíàðíîìó
ðîçïîäiëó âêëàäåíîãî ëàíöþãà Ìàðêîâà:

C(u) = q

∫
X

ρ(dx)C(u, x).

Äëÿ çáóðåííÿ C0(x) ïðîöåäóðè (4.27) ïåðåäáà÷à¹òüñÿ âèêîíàííÿ óìîâè áà-
ëàíñó:

ÓÁ1:
∫
X

ρ(dx)C0(x) = 0,

àáî
Π̃C0(x) = 0,
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äå Π̃ - ïðîåêòîð, ùî âèçíà÷à¹òüñÿ ñòàöiîíàðíèì ðîçïîäiëîì âêëàäåíîãî ëàíö-
þãà Ìàðêîâà xn, n ≥ 0, òîáòî Π̃ϕ(x) =

∫
X

ρ(dx)ϕ(x).

Áåç çìåíøåííÿ çàãàëüíîñòi áóäåìî ââàæàòè u0 = 0, òîáòî âèêîíàííÿ óìîâè

C(0) = 0. (4.28)

Äîäàòêîâi óìîâè íà ôóíêöiþ ðåãðåñi¨ C(u, x) òàêi, ÿê i ó ïîïåðåäíüîìó ïiä-
ðîçäiëi, à ñàìå, C(u, ·) ∈ C3(R), òîáòî ìà¹ ìiñöå ðîçêëàä çà ôîðìóëîþ Òåéëîðà

C(u, x) = C0(x) + uC1(x) + u2C2(u, x), (4.29)

äå
C0(x) = C(0, x), (4.30)

C1(x) = C ′u(0, x), C2(u, x) =
1

2
C ′′u(θu, x), 0 ≤ θ ≤ 1.

Âèõîäÿ÷è ç (4.28), (4.29) òà (4.30) ìà¹ìî äîäàòêîâó óìîâó áàëàíñó

ÓÁ2:Π̃C0(x) = 0.

Äëÿ äèôóçiéíîãî çáóðåííÿ

Cε0(t) := ε2
ν(t/ε4)−1∑

k=0

aεkC0(xεk), (4.31)

ÏÑÀ (4.27) ìà¹ ìiñöå ñëàáêà çáiæíiñòü

Cε0(t)⇒ aρq

t
w(t), ε→ 0, (4.32)

äå w(t) � ñòàíäàðòíèé âiíåðiâñüêèé ïðîöåñ, à

ρ2 = 2

∫
X

π(dx)C̃0(x)R0C̃0(x)− q
∫
X

ρ(dx)C2
0 (x),

C̃0(x) = q(x)C0(x).

Âèêîðèñòîâóþ÷è (4.31), äëÿ ÏÑÀ (4.27) ìà¹ìî ïðåäñòàâëåííÿ

uε(t) = ṽε(t) + εCε0(t), (4.33)

äå

ṽε(t) = u0 + ε4
ν(t/ε4)−1∑

k=0

aεkC(uεk, x
ε
k).
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Ôëóêòóàöi¨ ÏÑÀ (4.27) ðîçãëÿäàþòüñÿ â òàêîìó âèãëÿäi:

vε(t) = εṽε(t)/
√
t, (4.34)

àáî â çâîðîòíüîìó çâ'ÿçêó

ṽε(t) =
√
tvε(t)/ε. (4.35)

Ç (4.33) òà (4.35) ìà¹ìî

uε(t) = ε[vε(t) +
√
tCε0(t)]/

√
t,

çâiäêè îòðèìó¹ìî (4.34) ó âèãëÿäi

vε(t) = [uε(t)/ε− Cε0(t)]
√
t.

Íàäàëi ïîçíà÷èìî ÷åðåç

d := −q
∫
X

ρ(dx)C1(x), (4.36)

à ÷åðåç

b := ad− 1

2
. (4.37)

Òåîðåìà 4.1.2. Â óìîâàõ çáiæíîñòi ÏÑÀ (4.27) òà ïðè äîäàòêîâèõ óìî-
âàõ

D1: ρ2 > 0,

D2: d > 0,

D3: b > 0,

ìà¹ ìiñöå ñëàáêà ïîäâiéíà çáiæíiñòü

vε(t)⇒ ζ(t), Cε0(t)⇒ σ(t)w(t), ε→ 0,

äå
σ2(t) = a2ρ2q2/t2

â êîæíîìó ñêií÷åíîìó iíòåðâàëi 0 < t0 < t < T <∞.
Äâîêîìïîíåíòíèé ãðàíè÷íèé ïðîöåñ ζ(t), σ(t)w(t), t > 0, ¹ äèôóçiéíèì ïðî-

öåñîì, ùî âèçíà÷à¹òüñÿ ãåíåðàòîðîì
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Ltϕ(v, w) = q(−bv − ad
√
tw)ϕ′v(v, w) +

a2ρ2

2t
ϕ′′w(v, w). (4.38)

Ãðàíè÷íèé ïðîöåñ ζ(t), t > 0, çàäîâîëüíÿ¹ ñòîõàñòè÷íå äèôåðåíöiàëüíå ðiâ-
íÿííÿ

dζ(t) = (−bqζ(t)− adq
√
tw(t))dt.

Óìîâà D2 çàáåçïå÷ó¹ âiä'¹ìíiñòü ïàðàìåòðà b, ùî çóìîâëþ¹ åðãîäè÷íiñòü
ãðàíè÷íîãî ïðîöåñó ζ(t), t > 0 .

Ðîçãëÿíåìî âëàñòèâîñòi ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó

vε(t), Cε0(t), xεt := x(t/ε4), t > 0. (4.39)

Êëþ÷îâèì êðîêîì â àñèìïòîòè÷íîìó àíàëiçi ôëóêòóàöié , ¹ àñèìïòîòè÷íå
ïðåäñòàâëåííÿ ãåíåðàòîðà ÌÏ (4.39).
Ëåìà 4.1.5. Ãåíåðàòîð ÌÏ (4.39) íà òåñò-ôóíêöiÿõ ϕ(v, ·, ·) ∈ C2(R) ìà¹

ïðåäñòàâëåííÿ

Lεtϕ(v, w, x) = ε−4q(x)P[ϕ(v + ε3
a√
t
C(

εz√
t
, x), w+

+ε2
a

t
C0(x), y)− ϕ(v, w, x)] +

v

2t
ϕ′v(v, w, x), (4.40)

äå
z = v +

√
tw. (4.41)

Äîâåäåííÿ. Ñïî÷àòêó ðîçãëÿíåìî ïðèðîñòè ôëóêòóàöié ∆vε(t) â ìîìåíòè
ñòðèáêiâ ïðè τεn = t, xn = x, ç ïðèðîñòàìè ÷àñó ∆, âèêîðèñòîâóþ÷è (6.34):

∆vε(t) := vε(t+∆)− vε(t) =
√
t+∆ṽε(t+∆)/ε−

√
tṽε(t)/ε =

=
√
t(1 +

∆

2t
ṽε(t+∆)/ε−

√
tṽε(t)/ε+ o(∆) =

=
√
t∆vε(t) + o(∆).

Îñòàòî÷íî, ç òîãî ùî ṽε(t+∆) = ṽε(t) + o(∆) , ìà¹ìî

∆vε(t) =
√
t∆ṽε(t)/ε+

∆

2t
ṽε(t) + o(∆). (4.42)

Îá÷èñëèìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ

E[ϕ(vε(t+∆), Cε0(t+∆), xεt+∆)|vε(t) = v, Cε0(t) = w, xεt = x] =

= Ev,w,x[ϕ(v +∆vε(t), w +∆Cε0(t), xεt+∆)].

Âèêîðèñòîâóþ÷è (4.35) i (4.42) ç îñòàííüîãî ìà¹ìî
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Ev,w,x[ϕ(v +∆vε(t), w +∆Cε0(t), xεt+∆)] =

= Ev,w,x[ϕ(v +
√
t∆ṽε(t)/ε+∆

v

2t
+ o(∆), w +∆Cε0(t), xεt+∆)] =

= Ev,w,x[ϕ(v +
√
t∆ṽε(t)/ε, w +∆Cε0(t), xεt+∆)]+

+∆
v

2t
ϕ′v(v, w, x

ε
t+∆)] + o(∆), (4.43)

îñêiëüêè ∆ṽε(t) i ∆Cε0(t) íå çàëåæàòü âiä xεt+∆ .
Âðàõîâóþ÷è, ùî ëiâó ÷àñòèíó (4.43) ìîæíà ïîäàòè â ôîðìi

Ev,w,x[ϕ(v +∆vε(t), w +∆Cε0(t), xεt+∆)][I(θx > ε−4∆) + I(θx ≤ ε−4∆)]

i òå, ùî
P{θx > ε−4∆} = e−ε

−4∆q(x) = 1− ε−4∆q(x) + o(∆),

P{θx ≤ ε−4∆} = 1− e−ε
−4∆q(x) = ε−4∆q(x) + o(∆),

îòðèìà¹ìî

Ev,w,x[ϕ(v +
√
t∆ṽε(t)/ε, w +∆Cε0(t), xεt+∆) +∆

v

2t
ϕ′v(v, w, x)] =

= ϕ(v, w, x)(1− ε−4∆q(x)) +∆ε−4q(x)
v

2t
ϕ′v(v, w, x)+

+Ev,w,xϕ(v +
√
t∆ṽε(t)/ε, w +∆Cε0(t), xεt+∆)∆ε−4q(x) + o(∆). (4.44)

Ç (4.32) òà (4.35) äëÿ ïðèðîñòiâ ∆ṽε(t) i ∆Cε0(t) ìà¹ìî ïðåäñòàâëåííÿ

∆ṽε(t) = ε4
a√
t
C(

εz√
t
, x), (4.45)

∆Cε0(t) = ε2
a

t
C0(x), (4.46)

äå z îá÷èñëþ¹òüñÿ â (4.41).
Âðàõîâóþ÷è (4.45) i (4.46) â (4.44) ìà¹ìî ïðåäñòàâëåííÿ óìîâíîãî ìàòåìà-

òè÷íîãî ñïîäiâàííÿ

Ev,w,x[ϕ(vε(t+∆), Cε0(t+∆), xεt+∆)− ϕ(v, w, x)] =

+∆ε−4q(x)P [ϕ(v + ε4
a√
t
C(

εz√
t
, x), w + ε2

a

t
C0(x), y) +

v

2t
ϕ′v(v, w, x)] + o(∆).

Îñòàòî÷íî, çà îçíà÷åííÿì ãåíåðàòîðà ÌÏ (4.39)

lim
∆→0

∆−1Ev,w,x[ϕ(vε(t+∆), Cε0(t+∆), xεt+∆)− ϕ(v, w, x)] = Lεtϕ(v, w, x)

îòðèìó¹ìî (4.40).
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Íàñëiäîê 4.1.1. Ãåíåðàòîð ÌÏ (4.39) íà òåñò-ôóíêöiÿõ ϕ(v, ·, ·) ∈ C2(R)
ìà¹ ïðåäñòàâëåííÿ

Lεtϕ(v, w, x) = ε−4Qϕ(·, ·, x) + ε−4q(x)Lε0Pϕ(v, w, x), (4.47)

äå
Lε0ϕ(v, w, x) = ϕ(v + ε3

a√
t
C(εz, x), w + ε2

a

t
C0(x), y)−

−ϕ(v, w, y) + ε4
v

2t
ϕ′v(v, w, x). (4.48)

Äîâåäåííÿ. Ïðåäñòàâëåííÿ (4.47) îòðèìó¹ìî âèêîðèñòîâóþ÷è äîäàíîê
±ϕ(v, w, y) â êâàäðàòíèõ äóæêàõ (4.40).
Ëåìà 4.1.6. Ãåíåðàòîð ÌÏ (4.39) íà òåñò-ôóíêöiÿõ ϕ(v, w, ·) ∈ C2,3(R×R)

ìà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lεtϕ(v, w, x) = [ε−4Q+ ε−2
1

t
q(x)Q1(x)P+ ε−1

1√
t
q(x)Q2(x)P+

+
1

t
q(x)Q3(x)P+ θεtQ0]ϕ(v, w, x), (4.49)

äå
Q1(x)ϕ(w) = aC0(x)ϕ′(w),

Q2(x)ϕ(v) = aC0(x)ϕ′(v),

Q3(x)ϕ(v, w) = C(v,
√
tw, x)ϕ′v(v, w) +

a2

2t
C2

0 (x)ϕ′′w(v, w),

C(v,
√
tw, x) = a(v +

√
tw)C1(x) +

v

2
,

Q0 îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

Q0ϕ(x) = q(x)

∫
X

P (x, dy)ϕ(y), (4.50)

à çàëèøêîâèé ÷ëåí θεtQ0 òàêèé, ùî

‖ θεtQ0ϕ(v, w, x) ‖→ 0, ε→ 0, t→∞.

Äîâåäåííÿ. Âèõîäÿ÷è ç ãëàäêîñòi ôóíêöié ϕ(v, w) = ϕ(v, w, ·) (òðåòÿ çìií-
íà x ∈ X íå ïðèéìà¹ ó÷àñòi â ïîäàëüøèõ ïåðåòâîðåííÿõ) ìà¹ìî

ϕ(v + ε3
a√
t
C(εz/

√
t, x), w + ε2

a

t
C0(x)) = ϕ(v, w)+

+ε3
a√
t
C(εz/

√
t, x)ϕ′v(v, w) + ε2

a

t
C0(x)ϕ′w(v, w)+
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+ε4
a2

2t2
C2

0 (x)ϕ′′w(v, w) + o(ε4). (4.51)

Àíàëîãi÷íî, çãiäíî (4.29), äëÿ C(εz/
√
t) ìà¹ìî

C(εz/
√
t) = C0(x) + ε

z√
t
C1(x) + o(ε). (4.52)

Âðàõîâóþ÷è (4.52) i (4.51) â (4.48), ç (4.47) ìà¹ìî (4.49). Ëåìó äîâåäåíî.
Çàêëþ÷íèì åòàïîì ïîáóäîâè ãðàíè÷íîãî îïåðàòîðà ¹ âèêîðèñòàííÿ ÐÏÑÇ.

Äëÿ öüîãî ðîçãëÿíåìî ðîçêëàä îïåðàòîðà Lεt ç (4.49) íà çáóðåíèõ ôóíêöiÿõ
âèäó

ϕε(v, w, x) = ϕ(v, w) + ε2
1

t
ϕ2(v, w, x) + ε3

1√
t
ϕ3(v, w, x) + ε4ϕ4(v, w, x).

Ëåìà 4.1.7. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ ç ϕ(v, w) ∈ C3,4(R×
R) äëÿ îïåðàòîðà Lεt ìà¹ íàñòóïíèé âèãëÿä

Lεtϕ
ε(v, w, x) =

1

t
Ltϕ(v, w) + θεt (x)ϕ(v, w), (4.53)

äå Lt ìà¹ âèãëÿä (4.38), à çàëèøêîâèé ÷ëåí θεt (x)ϕ(v, w) òàêèé, ùî

|θεt (x)ϕ(v, w)| → 0, ε→ 0.

Äîâåäåííÿ. Äëÿ îòðèìàííÿ (4.53) äîñòàòíüî ðîçãëÿíóòè ÐÏÑÇ íà çðiçà-
íîìó îïåðàòîði Lεt0 ç (4.49), à ñàìå

Lεt0 = ε−4Q+ ε−2
1

t
q(x)Q1(x)P+ ε−1

1√
t
q(x)Q2(x)P+

1

t
q(x)Q3(x)P.

Çíà÷åííÿ îïåðàòîðà Lεt0 íà òåñò-ôóíêöiÿõ ϕ
ε(v, w, x) ìà¹ ïðåäñòàâëåííÿ

Lεt0ϕ
ε(v, w, x) = ε−4Qϕ(v, w) + ε−2

1

t
[Qϕ2(v, w, x) + q(x)Q1(x)ϕ(v, w)]+

+ε−1
1√
t
[Qϕ3(v, w, x) + q(x)Q2(x)ϕ(v, w)]+

+
1

t
[Qϕ4(v, w, x) +

1

t
q(x)Q1(x)Pϕ2(v, w, x) + q(x)Q3(x)ϕ(v, w)]+

+θεt0(x)ϕ(v, w) =
1

t
Ltϕ(v, w) + θεt0(x)ϕ(v, w), (4.64)

äå çàëèøêîâèé ÷ëåí θεt0(x)ϕ(v, w) òàêèé, ùî |θεt0(x)ϕ(v, w)| → 0, ε→ 0 .
Ç óìîâè ðîçâ'ÿçíîñòi ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ (4.54)

Qϕ2(v, w, x) + q(x)Q1(x)ϕ(v, w) = 0
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i óìîâè áàëàíñó ÓÁ1 ìà¹ìî ïðåäñòàâëåííÿ

ϕ2(v, w, x) = R0q(x)Q1(x)ϕ(v, w) = aR0C̃0(x)ϕ′w(v, w). (4.55)

Àíàëîãi÷íî ç ðiâíîñòi

Qϕ3(v, w, x) + q(x)Q2(x)ϕ(v, w) = 0

i ÓÁ2 ìà¹ìî
ϕ3(v, w, x) = aR0C̃

0(x)ϕ′v(v, w)

äå C̃0(x) := q(x)C0(x).
Îñòàòî÷íî ç óìîâè ðîçâ'ÿçíîñòi (4.54) ìà¹ìî

Qϕ4(v, w, x) +
1

t
q(x)Q1(x)Pϕ2(v, w, x) + q(x)Q3(x)ϕ(v, w) = Ltϕ(v, w),

äå îïåðàòîð Lt òàêèé, ùî

LtΠϕ(v, w) = ΠLt(x)Πϕ(v, w), (4.56)

a

Lt(x)ϕ(v, w) =
1

t
q(x)Q1(x)PR0q(x)Q1(x)ϕ(v, w) + q(x)Q3(x)ϕ(v, w). (4.57)

Îá÷èñëèìî ïðàâó ÷àñòèíó â (4.56). Âðàõîâóþ÷è (4.57) i (4.55) äëÿ (4.56)
ìà¹ìî ïðåäñòàâëåííÿ

LtΠϕ(v, w) =
a2

t
Πq(x)C0(x)PR0q(x)C0(x)Πϕ′′w(v, w)+

+Πq(x)Q3(x)Πϕ(v, w). (4.58)

Äëÿ ïåðøîãî äîäàíêó â (4.58) îòðèìó¹ìî

Πq(x)C0(x)PR0q(x)C0(x)Π =

=

∫
X

π(dx)C̃0(x)R0C̃0(x)− q
∫
X

ρ(dx)C2
0 (x). (4.59)

À äëÿ äðóãîãî ìà¹ìî

Πq(x)Q3(x)Πϕ(v, w) = q[bv +
√
twc1]ϕ′v(v, w)+

+
a2

2t
q

∫
X

ρ(dx)C2
0 (x)ϕ′′w(v, w),

149



â ïîçíà÷åííÿõ 6-36 òà 6-37. Îñòàííÿ ôîðìóëà ðàçîì ç (4.59) äà¹ äëÿ îïåðàòîðà
Lt çîáðàæåííÿ (4.38). Ëåìó äîâåäåíî.
Çàóâàæåííÿ 4.1.1. Ìàëèé äîäàíîê â (4.49) íå âïëèâà¹ íà ðîçâ'ÿçîê ïðî-

áëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà Lt0 â ôîðìi (4.53), òîáòî ãîëîâíà
÷àñòèíà ÐÏÑÇ äëÿ îïåðàòîðà Lεt ìà¹ âèãëÿä ïðàâî¨ ÷àñòèíè (4.53).

4.2. Àñèìïòîòè÷íà íîðìàëüíiñòü ñòðèáêîâî¨ ÏÑÀ
â íàïiâìàðêîâñüêîìó ñåðåäîâèùi

Â ïiäðîçäiëi îòðèìàíî äîñòàòíi óìîâè àñèìïòîòè÷íî¨ íîðìàëüíîñòi îäíîâè-
ìiðíî¨ ñòðèáêîâî¨ ÏÑÀ â íàïiâìàðêîâñüêîìó ñåðåäîâèùi â ñõåìi óñåðåäíåííÿ òà
â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨. Ïðè öüîìó âèêîðèñòàíî àñèìïòîòè÷íi ïðåä-
ñòàâëåííÿ êîìïåíñóþ÷îãî îïåðàòîðà ÏÑÀ, à òàêîæ ôóíêöiþ Ëÿïóíîâà äëÿ
óñåðåäíåíèõ ñèñòåì çà ñòàöiîíàðíèìè ðîçïîäiëàìè âêëàäåíîãî ëàíöþãà Ìàð-
êîâà.
4.2.1. Ñõåìà óñåðåäíåííÿ. Ðîçãëÿíåìî ñòðèáêîâó ÏÑÀ

uε(t) = u+ ε2
ν(t/ε2)−1∑
n=1

aεnC(uεn, x
ε
n), uε(0) = u, t > 0. (4.60)

äå ν(t):= max{n:τn ≤ t} � ëi÷èëüíèé ïðîöåñ ìîìåíòiâ ñòðèáêiâ τn, n ≥1.

ßê i â (4.1) ïîêëàäåìî
−1∑
k=0

a(τεk)C(uεk, x
ε
k) = 0.

Íåõàé ôóíêöiÿ ðåãðåñi¨ C(u, x), u ∈ R, x ∈ X, çàäîâîëüíÿ¹ óìîâi iñíóâàííÿ
ãëîáàëüíîãî ðîçâ'ÿçêó ñóïðîâîäæóþ÷èõ ñèñòåì

Ó1: dux(t)/dt = C(ux(t), x), x ∈ X.

Íàïiâìàðêîâñüêèé ïðîöåñ ïåðåêëþ÷åíü x(t), t ≥ 0, ó ñòàíäàðòíîìó ôàçîâî-
ìó ïðîñòîði (X,X ) çàäà¹òüñÿ íàïiâìàðêîâñüêèì ÿäðîì

Q(x,B, t) = P (x,B)Gx(t), x ∈ X, B ∈ X, t ≥ 0, (4.61)

ç ñòîõàñòè÷íèì ÿäðîì P (x,B)

P (x,B) = P{xn+1 ∈ B|xn = x},

òà ôóíêöi¹þ ðîçïîäiëó Gx(t), x ∈ X, t ≥ 0
Ïðè âiäïîâiäíèõ óìîâàõ íà íîðìóþ÷ó ïîñëiäîâíiñòü aεn, n ≥ 0, òà ïðè ðiâ-

íîìiðíié åðãîäè÷íîñòi íàïiâìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0 ñòðèáêîâà ÏÑÀ,
ùî âèçíà÷à¹òüñÿ ðîçâ'ÿçêîì åâîëþöiéíîãî ðiâíÿííÿ (4.60) çáiãà¹òüñÿ ç éìîâið-
íiñòþ îäèíèöÿ äî òî÷êè ðiâíîâàãè u0 óñåðåäíåíî¨ ñèñòåìè

du(t)/dt = C(u(t)), C(u0) = 0, (4.62)

ç ôóíêöi¹þ ðåãðåñi¨
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C(u) = q

∫
X

ρ(dx)C(u, x).

Äèñêðåòíà ïðîöåäóðà ñòîõàñòè÷íî¨ àïðîêñèìàöi¨ (ÄÏÑÀ) çàäà¹òüñÿ ñïiââiä-
íîøåííÿì

uεn+1 = uεn + ε2aεnC(uεn, x
ε
n), n ≥ 0. (4.63)

Âêëàäåíiñòü ÄÏÑÀ (4.63) â ÏÑÀ (4.60) âèçíà÷à¹òüñÿ ôîðìóëàìè

uεn = uε(τεn), aεn = a(τεn), τ εn := ε2τn. (4.64)

Çàóâàæèìî, ùî áiæíiñòü ÏÑÀ

uε(t)⇒ 0, t→∞, (4.65)

îçíà÷à¹, ùî ôëóêòóàöi¨ äîöiëüíî âèâ÷àòè ç íàñòóïíèì íîðìóâàííÿì:

vε(t) =
√
tuε(t)/ε. (4.66)

Ç (4.64) òà (4.66) äëÿ ïðîöåäóðè (4.60) ìà¹ìî íîðìîâàíó ÄÏÑÀ

vεn =
√
τεnu

ε
n/ε, (4.67)

àáî ó âèãëÿäi îáåðíåíîãî çâ'ÿçêó

uεn = εvεn
/√

τεn. (4.68)

Íàäàëi, íå çìåíøóþ÷è çàãàëüíîñòi, ââàæà¹ìî u0 = 0, òîáòî ìà¹ ìiñöå óìîâà

Ó2: C(0)=0.

Ïðè öüîìó áóäåìî ðîçãëÿäàòè ñòàíäàðòíó ÏÑÀ ç íîðìóþ÷îþ ôóíêöi¹þ

Ó3: a(t) = a/t, t > 0.

Äîäàòêîâi óìîâè íà ôóíêöiþ ðåãðåñi¨ òàêi ñàìi, ÿê i â ï. 4.1, à ñàìå:

Ó4: C(u, ·) ∈ C3(R),

òîáòî äðóãà ïîõiäíà ïî u C ′′u(u, ·) çàäîâîëüíÿ¹ ãëîáàëüíié óìîâi Ëiïøèöÿ:

|C ′′u(u, x)− C ′′u(u′, x)| ≤ C |u− u′| ,

ç êîíñòàíòîþ C, ùî íå çàëåæèòü âiä x ∈ X.
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Ðiâíîìiðíà åðãîäè÷íiñòü íàïiâìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, ç íàïiâìàð-
êîâñüêèì ÿäðîì (6.61) âèçíà÷à¹ ãåíåðàòîð

Qϕ(x) = q(x)

∫
X

P (x, dy)[ϕ(y)− ϕ(x)],

äå q(x):= 1/g(x), g(x):=
∞∫
0

Ḡx(t)dt, Ḡx(t):= 1-Gx(t), ñóïðîâîäæóþ÷îãî ðiâíî-

ìiðíî åðãîäè÷íîãî ìàðêîâñüêîãî ïðîöåñó x0(t), t ≥ 0. Ïðè öüîìó ãåíåðàòîð Q ¹
çâåäåíî îáîðîòíèì, äëÿ ÿêîãî iñíó¹ ïîòåíöiàë R0, ùî âèçíà÷à¹òüñÿ ðiâíÿííÿìè

R0Q = QR0 = Π − I.

Âðàõîâóþ÷è óìîâó Ó4 áóäåìî âèêîðèñòîâóâàòè ôîðìóëó Òåéëîðà äëÿ ôóíê-
öi¨ ðåãðåñi¨

C(u, x) = C0(x) + uC1(x) +
u2

2
C2(u, x), (4.69)

Òóò çà îçíà÷åííÿì

C0(x) := C(0, x), C1(x) := C ′u(u, x)|u=0,

C2(u, x) := C ′′u(θu, x), 0 ≤ θ ≤ 1. (4.70)

Íåõàé âèêîíóþòüñÿ óìîâè çáiæíîñòi ÏÑÀ (4.63) â íàïiâìàðêîâñüêîìó ñå-
ðåäîâèùi: iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u), u ∈ R, ùî çàáåçïå÷ó¹ åêñïîíåíöiéíó
ñòiéêiñòü ñèñòåìè (4.62)

Ñ1: C(u)V ′(u) ≤ −c0V (u), c0 > 0;

à òàêîæ äëÿ ôóíêöi¨ C̃(u, x):= C(u, x) − C(u) ìàþòü ìiñöå äîäàòêîâi óìîâè
(äèâ. 4.1)

C2: |C̃(u, x)V ′(u)| ≤ c1(1 + V (u)), c1 > 0,

|C(u, x)[C̃(u, x)V ′(u)]′| ≤ c2(1 + V (u)), c2 > 0,

|C(u, x)[C(u, x)[C̃(u, x)V ′(u)]′]′| ≤ c3(1 + V (u)), c3 > 0.

Êðiì òîãî, ôóíêöi¨ ðîçïîäiëó Gx(t),x ∈ X,t ≥ 0, çàäîâîëüíÿþòü óìîâi Êðà-
ìåðà ðiâíîìiðíî ïî x ∈ X

C3 : sup
x∈X

∞∫
0

ehtḠx(t)dt ≤ H < +∞, h > 0.

Ââåäåìî òàêîæ íåîáõiäíi ïîçíà÷åííÿ
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d := −q
∫
X

ρ(dx)C1(x), b := ad− 1/2,

ρ2 := 2

∫
X

π(dx)[C̃0(x)R0C̃0(x)− 1

4
q(x)C2

0 (x)],

äå C̃0(x) := q(x)C0(x).
Òåîðåìà 4.2.1. Â óìîâàõ Ñ1, Ñ2, Ñ3 çáiæíîñòi ÏÑÀ (4.61) â íàïiâìàð-

êîâñüêîìó ñåðåäîâèùi òà ïðè äîäàòêîâèõ óìîâàõ

D1: ρ2 > 0,

òà

D2: b > 0,

D3: d > 0,

ìà¹ ìiñöå ñëàáêà çáiæíiñòü

vε(t)⇒ ζ(t), ε→ 0, (4.71)

â êîæíîìó ñêií÷åíîìó iíòåðâàëi 0 < t0 ≤ t ≤ T . Ãðàíè÷íèé ïðîöåñ ζ(t), t ≥ 0,
¹ ïðîöåñîì òèïó Îðíøòåéíà-Óëåíáåêà, ùî âèçíà÷à¹òüñÿ ãåíåðàòîðîì

Lϕ(v) = −bvϕ′(v) +
a2ρ2

2
ϕ′′(v). (4.72)

Çàóâàæåííÿ 4.2.1. Óìîâà D1 çàáåçïå÷ó¹ äèôóçiéíiñòü ãðàíè÷íîãî ïðîöåñó
ζ(t), t ≥ 0, à óìîâà D2 îçíà÷à¹ åðãîäè÷íiñòü ïðîöåñó ζ(t), t ≥ 0, çi ñòàöiîíàðíèì
íîðìàëüíèì ðîçïîäiëîì N(0, σ2

0), σ2
0 = ρ2/2b.

Ç ñëàáêî¨ çáiæíîñòi (4.71) ìà¹ìî
Âèñíîâîê 4.2.1. Â óìîâàõ òåîðåìè íîðìîâàíà ÏÑÀ vε(t) ìà¹ àñèìïòîòè÷íî

íîðìàëüíèé ðîçïîäië N(0, σ2
0), òîáòî

vε(t)⇒ v, ε→ 0, t→∞.

Âèïàäêîâà âåëè÷èíà v ∈ N(0, σ2
0).

Ðîçãëÿíåìî ôîðìóëó Òåéëîðà√
t+ ε2s =

√
t(1 +

ε2s

2t
+ ε2hε(s)), (4.73)

äå hε(s) → 0, ε → 0, ðiâíîìiðíî â êîæíîìó ñêií÷åíîìó iíòåðâàëi: s ∈
[0, S0], S0 <∞.
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Îòæå ïðèðiñò ôóíêöi¨
√
t ïðè çìiíi àðãóìåíòó íà âåëè÷èíó ε2s ìà¹ âèãëÿä√

t+ ε2s−
√
t =

ε2s

2
√
t

+ ε2hε(s)
√
t. (4.74)

Ëåìà 4.2.1. Íîðìîâàíà ÄÏÑÀ (4.67) çàäîâîëüíÿ¹ ñïiââiäíîøåííÿ

vεn+1 = vεn + ε
a
√
τεn
C(εvεn

/√
τεn, x

ε
n) + ε2

θεn
2τεn

vεn + ε2Hε(θn+1), (4.75)

äå çàëèøêîâèé ÷ëåí Hε(θn+1) òàêèé, ùî EHε(θn+1)→ 0, ε→ 0.
Äîâåäåííÿ. Äëÿ ïðèðîñòó∆vεn := vεn+1−vεn íîðìîâàíî¨ ÄÏÑÀ (4.67) ìà¹ìî

ïðåäñòàâëåííÿ
∆vεn = [

√
τεn+1u

ε
n+1 −

√
τεnu

ε
n]/ε,

àáî
∆vεn = [

√
τεn+1∆u

ε
n + (

√
τεn+1 −

√
τεn)uεn]/ε. (4.76)

Çãiäíî (4.60) òà (4.64) ïðèðiñò ∆uεn îá÷èñëþ¹òüñÿ çà ôîðìóëîþ

∆uεn = ε2aεnC(uεn, x
ε
n).

Âðàõîâóþ÷è (4.68) òà (4.64) ìà¹ìî íàñòóïíå çîáðàæåííÿ

∆uεn = ε2
a

τεn
C(εvεn

/√
τεn, x

ε
n). (4.77)

Ïiäñòàâëÿþ÷è (4.77) â (4.76), òà âðàõîâóþ÷è (4.73) òà (4.74), ìà¹ìî

∆vεn = [
√
τεn+1ε

2 a

τεn
C(εvεn

/√
τεn, x

ε
n) + ε2(

θn+1

2
√
τεn

+
√
τεnh

ε(θn+1))ε
vεn

2
√
τεn

)]/ε =

= ε
a
√
τεn+1

τεn
C(εvεn

/√
τεn, x

ε
n) + ε2

θn+1

2τεn
vεn + ε2hε1(θn+1) =

= ε
a
√
τεn
C(εvεn

/√
τεn, x

ε
n) + ε2

θn+1

2τεn
vεn + ε2Hε(θn+1),

äå hε1(θn+1) âîëîäi¹ òèìè æ âëàñòèâîñòÿìè, ùî i hε(θn+1) ç (4.73).
Ç îñòàííiõ ìiðêóâàíü îòðèìó¹ìî òâåðäæåííÿ (4.75). Ëåìó äîâåäåíî.
Âèñíîâîê 4.2.2. Ãîëîâíèé ÷ëåí ïðèðîñòó íîðìîâàíî¨ ÄÏÑÀ (4.67) ìà¹

âèãëÿä

∆vεn = ε
a
√
τεn
C(εvεn

/√
τεn, x

ε
n) + ε2

θn+1

2τεn
vεn. (4.78)

Âèêîðèñòîâóþ÷è ïðåäñòàâëåííÿ (4.69) ìà¹ìî
Â ïîçíà÷åííÿõ 6-70 ïðèðiñò (4.78) ìà¹ âèãëÿä

∆vεn = ε
a
√
τεn
C0(x) + ε2[

avεn
τεn

C1(x) +
θn+1

2τεn
vεn] + ε2hε(v, x) (4.79)
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äå hε(v, x) - çíåõòóþ÷èé ÷ëåí, òàêèé, ùî |hε(v, x)| →0, ε→ 0, t ≥ t0 > 0.
ßê i â ïiäðîçäiëi 4.1, áóäåìî âèêîðèñòîâóâàòè êîìïåíñóþ÷èé îïåðàòîð (ÊÎ)

ðîçøèðåíîãî ïðîöåñó ìàðêîâñüêîãî âiäíîâëåííÿ

vεn = vε(τεn), xεn := x(τεn
/
ε2) = x(τn), τ εn = ε2τn, n ≥ 0, (4.80)

ÿêèé çàäà¹òüñÿ ñïiââiäíîøåííÿì

Lεtϕ(v, x, t) = ε−2q(x)[E[ϕ(vεn+1, x
ε
n+1, τ

ε
n+1) | vεn = v, xεn = x, τεn = t]−

−ϕ(v, x, t)]. (4.81)

Ðîçãëÿíåìî íàïiâãðóïó

Γsϕ(v) = ϕ(v +
v

2t
s), s ≥ 0, (4.82)

ç ïîðîäæóþ÷èì îïåðàòîðîì

Γϕ(v) =
v

2t
ϕ′(v),

à òàêîæ ñòðèáêîâèé îïåðàòîð

Dεϕ(v) = ϕ(v + ε
a√
t
C(εv/

√
t)), t > 0. (4.83)

Ëåìà 4.2.2. Êîìïåíñóþ÷èé îïåðàòîð (4.81) ìà¹ àíàëiòè÷íå ïðåäñòàâëåí-
íÿ

Lεtϕ(v, x) = ε−2Qϕ(v, x) + ε−2q(x)

∞∫
0

Gx(ds)[Γε2sD
ε − I]Pϕ(v, x). (4.84)

äå

Pϕ(x) :=

∫
X

P (x, dy)ϕ(y).

Äîâåäåííÿ. Îá÷èñëèìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ â (4.81), âðàõîâó-
þ÷è ñïiââiäíîøåííÿ (äèâ. (4.80))

vεn+1 = vεn + vε(ε2θn+1).

Ïðåäñòàâëåííÿ (4.81) â îïåðàòîðíié ôîðìi ìà¹ âèãëÿä

Lεtϕ(v, x) = ε−2Qϕ(v, x)+

+ε−2q(x)

∞∫
0

Gx(ds)P[ϕ(v +∆vε, x)− ϕ(v, x)], (4.85)
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äå ïðèðiñò ∆vε ñêëàäà¹òüñÿ ç ñòðèáêîâî¨ ñêëàäîâî¨, ùî âèçíà÷à¹òüñÿ îïåðàòî-
ðîì (4.83), òà íåïåðåðâíî¨ ñêëàäîâî¨, ùî âèçíà÷à¹òüñÿ íàïiâãðóïîþ (4.82). �õ
ñóìà äà¹ ãîëîâíèé ïðèðiñò (4.78) íîðìîâàíî¨ ÄÏÑÀ.

Äëÿ âèâ÷åííÿ àñèìïòîòèêè ÊÎ ðîçãëÿíåìî àñèìïòîòèêó ïðèðîñòó åâîëþöi¨
ϕ(v, x). Ââiâøè ïîçíà÷åííÿ s = θεn+1, x = xεn, t = τεn, v = vεn, òà âðàõîâóþ÷è
6-79, ìà¹ìî

∆ϕ(v, x) := ϕ(v +∆vε, x)− ϕ(v, x) = ϕ(v + ε
a√
t
C0(x)+

+ε2
v

t
[aC1(x) +

s

2
] + ε2hε(v, s), x)− ϕ(v, x).

Îòæå ïðè âiäïîâiäíié ãëàäêîñòi ϕ(v, ·) ∈ C3(R) îñòàòî÷íî ìà¹ìî

∆ϕ(v, x) = [ε
a√
t
C0(x) + ε2

v

t
b(x, s)]ϕ′(v, x) + ε2

a2

2t
C2

0 (x)ϕ′′(v, x)+

+ε2hε(v, x)

äå
b(x, s) = aC1(x) +

s

2
,

à hε(v, x) òàêèé, ùî |hε(v, x)| →0, ε→ 0, t ≥ t0 > 0.
Âðàõîâóþ÷è îñòàíí¹, ç (4.85) ìà¹ìî (4.84). Ëåìó äîâåäåíî.
Ëåìà 4.2.3. Êîìïåíñóþ÷èé îïåðàòîð (4.84) íà òåñò-ôóíêöiÿõ ϕ(v, x) ∈

C3(R), x ∈ X, äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lεtϕ(v, x) = ε−2Qϕ(v, x) + ε−1
1√
t
Q1(x)Pϕ(v, x) +

1

t
Q2(x)Pϕ(v, x)+

+θεt (x)ϕ(v, x), (4.86)

äå
Q1(x)ϕ(v) = aC0(x)ϕ′(v),

Q2(x)ϕ(v) = vb(x)ϕ′(v) +
a2

2
C2

0 (x)ϕ′′(v)

b(x) = aC1(x) +
1

2
,

à çàëèøêîâèé ÷ëåí θεt (x)ϕ(v, x) òàêèé, ùî

‖ θεt (x)ϕ(v, x) ‖→ 0, ε→ 0, t ≥ t0 > 0.

Äîâåäåííÿ. Ðîçãëÿíåìî äðóãèé äîäàíîê â (4.84), ââiâøè ïîçíà÷åííÿ
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Lε1ϕ(v, x) = ε−2q(x)

∞∫
0

Gx(ds)[Γε2sD
ε − I]Pϕ(v, x) =

= [LεΓ + LεD + LεΓD]ϕ(v, x),

äå

LεΓϕ(v, x) := ε−2q(x)

∞∫
0

Gx(ds)[Γε2s − I]Pϕ(v, x),

LεDϕ(v, x) := ε−2q(x)

∞∫
0

Gx(ds)[Dε − I]Pϕ(v, x),

LεΓDϕ(v, x) := ε−2q(x)

∞∫
0

Gx(ds)[Γε2s − I][Dε − I]Pϕ(v, x).

Ðîçãëÿíåìî âëàñòèâîñòi êîæíîãî ç ââåäåíèõ îïåðàòîðiâ.
Âðàõîâóþ÷è ðiâíÿííÿ äëÿ íàïiâãðóïè

Γε2s − I = Γ

ε2s∫
0

Γtdt,

òà iíòåãðóâàííÿ ÷èñòèíàìè, îòðèìà¹ìî

LεΓϕ(v, x) = [ΓP+ θεΓ (x)]ϕ(v, x). (4.87)

Âðàõîâóþ÷è ðîçêëàä çà ôîðìóëîþ Òåéëîðà â (4.83), îòðèìà¹ìî

LεDϕ(v, x) = [ε−1D1(x)P+D2(x)P]ϕ(v, x) + θεD(x)ϕ(v, x), (4.88)

äå
D1(x)ϕ(v) =

a√
t
C0(x)ϕ′(v),

D2(x)ϕ(v) =
a

t
[vC1(x)ϕ′(v) +

a

2
C2

0 (x)ϕ′′(v)].

Íàðåøòi íå âàæêî ïåðåêîíàòèñü, ùî

LεΓDϕ(v, x) = θεΓD(x)ϕ(v, x). (4.89)

Òóò ñêðiçü îïåðàòîðè θε•(x) ¹ çíåõòóþ÷èìè íà êëàñi òåñò-ôóíêöié ϕ(v, ·) ∈
Ck(R), k ≥ 3.

Ïiäñóìîâóþ÷è ðåçóëüòàòè àñèìïòîòè÷íèõ ðîçêëàäiâ (4.87), (4.88), (4.89) îò-
ðèìà¹ìî òâåðäæåííÿ ëåìè.
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Äîâåäåííÿ òåîðåìè 4.2.1. Äîâåäåííÿ òåîðåìè ïðî àñèìïòîòè÷íó íîð-
ìàëüíiñòü íîðìîâàíî¨ ÏÑÀ (4.67) ïîëÿãà¹ ó çàñòîñóâàííi ðîçâ'ÿçêó ïðîáëåìè
ñèíãóëÿðíîãî çáóðåííÿ äî çðiçàíîãî êîìïåíñóþ÷îãî îïåðàòîðà

Lε0ϕ(v, x) = ε−2Qϕ(v, x) + ε−1
1√
t
Q1(x)Pϕ(v, x) +

1

t
Q2(x)Pϕ(v, x)

ç ïðåäñòàâëåííÿ (4.86).
Âèêîðèñòîâóþ÷è çáóðåíó òåñò-ôóíêöiþ

ϕε(v, x, t) = ϕ(v) + ε
1√
t
ϕ1(v, x) + ε2

1

t
ϕ2(v, x),

îòðèìà¹ìî

Lε0ϕ
ε(v, x, t) = [ε−2Q+ ε−1

1√
t
Q1(x)P+

1

t
Q2(x)P][ϕ(v) + ε

1√
t
ϕ1(v, x)+

+ε2
1

t
ϕ2(v, x)] =

=
1

t
[Q ϕ2(v, x) + (Q1(x)PR0Q1(x) +Q2(x))ϕ(v)] + θεL(x)ϕ(v) =

=
1

t
Lϕ(v) + θεL(x)ϕ(v),

äå îïåðàòîð L òàêèé, ùî

LΠ = ΠQ1(x)PR0Q1(x)Π +ΠQ2(x)Π. (4.90)

Îá÷èñëåííÿ çà ôîðìóëîþ (4.90) äàþòü ãåíåðàòîð (4.65) ãðàíè÷íîãî äèôóçié-
íîãî ïðîöåñó.

Çàâåðøåííÿ äîâåäåííÿ òåîðåìè ðåàëiçó¹òüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè
4.1.1.
4.2.2. Àñèìïòîòè÷íà íîðìàëüíiñòü ñòðèáêîâî¨ ÏÑÀ

â íàïiâìàðêîâñüêîìó ñåðåäîâèùi ó ñõåìi äèôóçiéíî¨
àïðîêñèìàöi¨.

Ó öüîìó ïiäðîçäiëi ðîçãëÿíåìî ñòðèáêîâó ÏÑÀ ç àñèìïòîòè÷íî äèôóçiéíèì
çáóðåííÿì â íàïiâìàðêîâñüêîìó ñåðåäîâèùi, äëÿ ÿêî¨ âñòàíîâëþ¹òüñÿ àñèìïòî-
òè÷íà íîðìàëüíiñòü ôëóêòóàöié ÷åðåç âëàñòèâîñòi êîìïåíñóþ÷îãî îïåðàòîðà.

Ñòðèáêîâà ÏÑÀ â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ â íàïiâìàðêîâñüêîìó ñåðå-

äîâèùi çàäà¹òüñÿ â òàêîìó âèãëÿäi (ââàæà¹ìî, ùî
−1∑
k=0

aεkC
ε(uεk, x

ε
k) := 0):

uε(t) = u0 + ε4
ν(t/ε4)−1∑

k=0

aεkC
ε(uεk, x

ε
k), uε(0) = u, t > 0. (4.91)
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Òóò ïîñëiäîâíiñòü aεn, n ≥ 0, âèçíà÷à¹òüñÿ çíà÷åííÿì ôóíêöi¨ a(t), t > 0,
÷åðåç ñïiââiäíîøåííÿ:

aεn = a(τεn), τεn = ε4τn, n ≥ 0, (4.92)

äå τn, n ≥ 0, - ìîìåíòè ìàðêîâñüêîãî âiäíîâëåííÿ ðiâíîìiðíî åðãîäè÷íîãî íà-
ïiâìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, â ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði (X,X )
ç ëi÷èëüíèì ïðîöåñîì

ν(t) := max{n : τn ≤ t}, t ≥ 0.

ÍÌÏ x(t), t > 0, çàäà¹òüñÿ íàïiâìàðêîâñüêèì ÿäðîì Q(x,B, t), x ∈ X,B ∈
X , t ≥ 0.

Â ÏÑÀ (4.91) ðàçîì ç (4.92) ìàþòü ìiñöå ñïiââiäíîøåííÿ

uεn = uε(τεn), xεn = x(τεn), τεn := ε4τn, n ≥ 0.

Ôóíêöiÿ Cε(u, x) â ÏÑÀ (4.91) òàêà, ùî

Cε(u, x) := C(u, x) + ε−1C0(x), x ∈ X, (4.94)

i çàäîâîëüíÿ¹ óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ñóïðîâîäæóþ÷èõ ñè-
ñòåì

dux(t)/dt = Cε(ux(t), x), x ∈ X.

Ôóíêöiÿ ðåãðåñi¨ C(u, x) òàêà, ùî C(u, ·) ∈ C3(R), òîìó ìà¹ ìiñöå ðîçêëàä
Òåéëîðà

C(u, x) = C0(x) + uC1(x) + u2C2(u, x), (4.95)

äå
C0(x) = C(0, x), C1(x) = C ′(0, x), (4.96)

C2(u, x) =
1

2
C ′′(θu, x), 0 ≤ θ ≤ 1.

Äëÿ çáóðåííÿ C0(x) ôóíêöi¨ ðåãðåñi¨ (4.94) ïåðåäáà÷à¹òüñÿ âèêîíàííÿ óìîâè
áàëàíñó

ÓÁ1: Π̃C0(x) :=
∫
X

ρ(dx)C0(x)=0.

Ïðè âiäïîâiäíèõ óìîâàõ íà ôóíêöiþ a(t), t > 0, ñòðèáêîâà ÏÑÀ (4.91) çái-
ãà¹òüñÿ ç éìîâiðíiñòþ îäèíèöÿ äî òî÷êè ðiâíîâàãè u0 = 0 óñåðåäíåíî¨ ñèñòåìè

du(x)/dt = C(u(t)),

äå

C(u) := q

∫
X

ρ(dx)C(u, x). (4.97)
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Íàäàëi a(t) = a/t, a > 0, t > 0.
Îñêiëüêè u0 = 0, òî ìà¹ ìiñöå ðiâíiñòü

C(0) = 0. (4.97)

Âèõîäÿ÷è ç (4.96) òà (4.97) ìà¹ìî äîäàòêîâó óìîâó áàëàíñó

ÓÁ2: Π̃C0(x) = 0.

Àñèìïòîòè÷íà íîðìàëüíiñòü ÏÑÀ (4.91) âñòàíîâëþ¹òüñÿ äëÿ íîðìîâàíèõ
ôëóêòóàöié

vε(t) =
√
t[uε(t)− εCε0(t)]/ε, (4.99)

äå äèôóçiéíå çáóðåííÿ

Cε0(t) := ε2
ν(t/ε4)−1∑

k=0

aεkC0(xk), (4.100)

âèçíà÷à¹òüñÿ çáóðåííÿì C0(x) ç (4.94).
Çàóâàæèìî, ùî äëÿ çáóðåííÿ Cε0(t) ìà¹ ìiñöå ñëàáêà çáiæíiñòü

Cε0(t)⇒ σ(t)w(t), t > 0, ε→ 0,

äå
σ2(t) = σ2/t2,

σ2 = 2a2
∫
X

π(dx)C̃0(x)R0C̃0(x),

C̃0(x) := q(x)C0(x).

Íàäàëi îïåðàòîð P âèçíà÷à¹òüñÿ ÿäðîì P (x,B), B ∈ X,

Pϕ(x) :=

∫
X

P (x, dy)ϕ(y). (4.101)

Çàóâàæèìî, ùî íîðìîâàíà ôëóêòóàöiÿ (4.99) îçíà÷à¹, ùî

vε(t) =
√
tṽε(t)/ε, (4.102)

äå

ṽε(t) = u0 + ε4
ν(t/ε4)−1∑

k=0

aεkC(uεk, x
ε
k),

àáî
uε(t) = ε[vε(t)/

√
t+ Cε0(t)]. (4.103)

Ïðåäñòàâëåííÿ (4.103) â äèñêðåòíîìó âèïàäêó ìà¹ âèãëÿä
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uεn = ε[vεn/
√
τεn + Cεn],

äå
Cεn := Cε0(τεn).

Ââåäåìî ïîçíà÷åííÿ

ρ2 = 2

∫
X

π(dx)C̃0(x)R0C̃0(x)− q
∫
X

ρ(dx)C2
0 (x),

d = −q
∫
X

ρ(dx)C1(x),

b = ad− 1

2
.

Òåîðåìà 4.2.2. Ïðè óìîâàõ çáiæíîñòi ÏÑÀ (4.91) òà ïðè äîäàòêîâèõ
óìîâàõ ÓÁ1, ÓÁ2, à òàêîæ

D1 : ρ2 > 0;

D2 : d > 0,

D3 : b > 0,

ìà¹ ìiñöå ñëàáêà çáiæíiñòü

vε(t)⇒ ζ(t), Cε0(t)⇒ wσ(t), ε→ 0, t > 0,

â êîæíîìó ñêií÷åíîìó iíòåðâàëi 0 < t0 < t < T .
Ãðàíè÷íèé äâîêîìïîíåíòíèé ïðîöåñ ζ(t), wσ(t), t > 0, âèçíà÷à¹òüñÿ ãåíå-

ðàòîðîì

Ltϕ(v, w) = B(v,
√
tw)ϕ′v(v, w) +

a2ρ2

2t
ϕ′′w(v, w), (4.104)

äå
B(v,

√
tw) = [−bv − ad

√
tw].

Âèñíîâîê 4.2.2. Ãðàíè÷íèé ïðîöåñ ôëóêòóàöié ζ(t), t > 0, âèçíà÷à¹òüñÿ
ñòîõàñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì

dζ(t) = [−bζ(t)− ad
√
t]dwσ(t),

äå wσ(t) � ãàóñîâñüêèé ïðîöåñ ç äèñïåðñi¹þ

σ2(t) = a2ρ2/t2.

Ðîçãëÿíåìî âëàñòèâîñòi íîðìîâàíîãî ïðîöåñó ôëóêòóàöié.

161



Ââåäåìî ðîçøèðåíèé ïðîöåñ ìàðêîâñüêîãî âiäíîâëåííÿ

vεn := vε(τεn), Cεn := Cε0(τεn), xεn := x(τεn), τ εn := ε4τn, n ≥ 0, (4.105)

äå τn� ìîìåíòè ìàðêîâñüêîãî âiäíîâëåííÿ ÍÌÏ x(t), t ≥ 0. Êîìïåíñóþ÷èé
îïåðàòîð äëÿ (4.105) âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì

Lεtϕ(v, w, x) := ε−4q(x)[E[ϕ(vεn+1, w
ε
n+1, x

ε
n+1)|vεn = v, wεn = w, xεn = x, τεn = t]−

−ϕ(v, w, x)], (4.106)

â ïîçíà÷åííÿõ Cεn = wεn.
Ëåìà 4.2.4. Êîìïåíñóþ÷èé îïåðàòîð (4.106) ðîçøèðåíîãî ïðîöåñó ìàð-

êîâñüêîãî âiäíîâëåííÿ (4.105) äëÿ ϕ(v, w, ·) ∈ C3(R×R), ìà¹ àíàëiòè÷íå ïðåä-
ñòàâëåííÿ

Lεtϕ(v, w, x) = ε−4q(x)[Gε
t (x)P− I]ϕ(v, w, x), (4.107)

äå

Gε
t (x)ϕ(v, w) =

∞∫
0

Gx(ds)Ctε4s(v)Dε
v(x)Dε

w(x)ϕ(v, w).

Òóò íàïiâãðóïè Cts(v), t > 0, s > 0, âèçíà÷àþòüñÿ ãåíåðàòîðîì

Ct(v)ϕ(v) =
v

2t
ϕ′(v),

à îïåðàòîðè çñóâó Dε
v(x), Dε

w(x) ÷åðåç ïðåäñòàâëåííÿ

Dε
v(x)ϕ(v, w) = ϕ(v + ε3

a√
t
C(ε(

v√
t

+ w), x), w),

i
Dε
w(x)ϕ(v, w) = ϕ(v, w + ε3

a

t
C0(x)).

Äîâåäåííÿ. Ñïî÷àòêó îá÷èñëèìî ïðèðîñòè ïðîöåñó (4.105), âðàõîâóþ÷è
îçíà÷åííÿ (4.99) òà (4.103), à òàêîæ ïðåäñòàâëåííÿ (4.100).

Äëÿ ïðèðîñòó ∆vεn ìà¹ìî (äèâ. 6-102)

∆vεn := vεn+1 − vεn = [
√
τεn+1ṽ

ε
n+1 −

√
τεnṽ

ε
n]/ε = [

√
t+ ε4θxṽ

ε
n+1 −

√
tṽεn]/ε,

äå ṽεn := ṽε(τεn).
Çãiäíî (4.102) òà (4.103) â ïîçíà÷åííÿõ vεn = v, Cεn = w, xεn = x, τεn = t, ç

îñòàíüîãî ìà¹ìî

∆vεn = ε4
v

2t
θx + ε3

a√
t
C(ε(

v√
t

+ w), x) + hε(x),

äå hε(x) çàëèøêîâèé ÷ëåí: hε(x) = o(ε4), x ∈ X.

162



Ëåãêî îá÷èñëèòè (äèâ. (4.100)) ïðèðiñò

∆Cεn := Cεn+1 − Cεn = Cε0(τεn+1)− Cε0(τεn) = ε2
a

t
C0(x).

Òåïåð îá÷èñëþ¹ìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ

E[ϕ(vεn+1, C
ε
n+1, x

ε
n+1) |vεn = v, Cεn = w, xεn = x, τεn = t ] =

= Ev,w,x,tϕ(v +∆vεn, w +∆Cεn, xn+1) =

= Ev,w,x,tϕ(v + ε4
v

2t
θx + ε3

a√
t
C(ε(

v√
t

+ w), x), w + ε2
a

t
C0(x), xn+1) =

=

∞∫
0

Gx(ds)C t
ε4s(v)Dε

v(x)Dε
w(x)Pϕ(v, w, x).

Ç îñòàííüîãî i ç îçíà÷åííÿ ÊÎ ìà¹ìî (4.107).
Íàñòóïíà ëåìà ìà¹ âèçíà÷àëüíå çíà÷åííÿ äëÿ äîâåäåííÿ òåîðåìè.
Ëåìà 4.2.5. Êîìïåíñóþ÷èé îïåðàòîð (4.107) ðîçøèðåíîãî ïðîöåñó ìàð-

êîâñüêîãî âiäíîâëåííÿ (4.106) äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ íà òåñò-
ôóíêöiÿõ ϕ(v, w) ¹ C3,4(R×R) â òàêîìó âèãëÿäi

Lεtϕ(v, w, x) = [ε−4Q+ ε−2
1

t
Q1(x)Q0 + ε−1

1√
t
Q2(x)Q0+

+
1

t
Q3(x)Q0 + θεt (x)]ϕ(v, w, x), (4.108)

äå
Q1(x)ϕ(v, w) = aC0(x)ϕ′w(v, w), (4.109)

Q2(x)ϕ(v, w) = aC0(x)ϕ′v(v, w), (4.110)

Q3(x)ϕ(v, w) =

[
(aC1(x) +

1

2
g(x))v +

√
twC1(x)

]
ϕ′v(v, w)+

+
a2

2t
q(x)C2

0 (x)ϕ′′w(v, w), (4.111)

à îïåðàòîð Q0 ìà¹ ïðåäñòàâëåííÿ

Q0ϕ(x) = q(x)Pϕ(x) = q(x)

∫
X

P (x, dy)ϕ(y). (4.112)

Çàëèøêîâèé ÷ëåí θεt (x)ϕ(v, w, x) òàêèé, ùî

|θεt (x)ϕ(v, w, x)| → 0, ε→ 0, 0 ≤ t0 ≤ t ≤ T. (4.113)

163



Äîâåäåííÿ. Ñïî÷àòêó âèêîíà¹ìî åëåìåíòàðíå ïåðåòâîðåííÿ ÊÎ â ôîðìóëi
(4.107)

Lεt = ε−4Q+ ε−4Lε0Q0,

äå
Lε0 = Gε

t (x)− I. (4.114)

Äàëi âèêîðèñòà¹ìî àëãåáðà¨÷íó òîòîæíiñòü

abc− 1 = a− 1 + b− 1 + c− 1 + (a− 1)(b− 1) + (a− 1)(c− 1)+

+(b− 1)(c− 1) + (a− 1)(b− 1)(c− 1),

ïîêëàäàþ÷è a := C t
ε4s(v), b := Dε

v(x), c := Dε
w(x).

Îòæå ç (4.114) ìà¹ìî ïðåäñòàâëåííÿ îïåðàòîðà Lε0:

Lε0 = Lεa + Lεb + Lεc + Lεab + Lεac + Lεbc + Lεabc. (4.115)

Òåïåð îá÷èñëèìî àñèìïòîòèêó êîæíîãî äîäàíêó â (4.115). Äëÿ Lεa iíòåã-
ðóâàííÿì ÷àñòèíàìè, ìà¹ìî

Lεaϕ(v) =

∞∫
0

Gx(ds)
[
C t
ε4s(v)− I

]
ϕ(v) =

= ε4C t(v)

∞∫
0

Ḡx(s)C t
ε4s(v)dsϕ(v), (4.116)

äå C t(v) � ãåíåðàòîð íàïiâãðóïè C t
s(v), òîáòî

dC t
s(v)/ds = C t(v)C t

s(v),

àáî â iíòåãðàëüíié ôîðìi ç âèêîðèñòàííÿì íîðìóâàííÿ ÷àñó íà ε4

C t
ε4s(v)− I = C t(v)

t+ε4s∫
t

C t
ε4l(v)dl. (4.117)

Ùå ðàç iíòåãðóþ÷è (4.116) ÷àñòèíàìè i âèêîðèñòîâóþ÷è (4.117) ìà¹ìî

Lεaϕ(v) = ε4C t(v) [g(x) +C t(v)Gε
2(x)]ϕ(v),

äå

Gε
2(x) =

∞∫
0

Ḡ6−92
x (s)C t

ε4s(v)ds,
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à Ḡ2
x(s) :=

∞∫
s

Ḡx(t)dt, àáî iíàêøå

Lεaϕ(v) = ε4g(x)C t(v)ϕ(v) + ε4θεa(x)ϕ(v), (4.118)

ç çàëèøêîâèì ÷ëåíîì

|θεa(x)ϕ(v)| → 0, ε→ 0, ϕ(v) ∈ C3(R).

Äëÿ îïåðàòîðà Lb ìà¹ìî ïðåäñòàâëåííÿ

Lεbϕ(v) =

∞∫
0

Gx(ds)[Dε
v(x)− I]ϕ(v) = [Dε

v(x)− I]ϕ(v) =

= ϕ(v + ε3
a√
t
C(ε(

v√
t

+ w), x))− ϕ(v). (4.119)

Âðàõîâóþ÷è ðîçêëàä (4.95) â ôîðìi

C(εu, x) = C0(x) + εuC1(x) + ε2u2C2(u, x)

ç (4.119) ìà¹ìî

Lεbϕ(v) =

[
ε3

a√
t
C0(x) + ε4

a

t
(v +

√
tw)C1(x)

]
ϕ′(v) + ε4θεb(x)ϕ(v), (4.120)

ç çàëèøêîâèì ÷ëåíîì

|θεb(x)ϕ(v)| → 0, ε→ 0, ϕ(v) ∈ C3(R).

Àíàëîãi÷íî ìà¹ìî

Lεcϕ(w) =

∞∫
0

Gx(ds)[Dε
w(x)− I]ϕ(w) =

= [Dε
w(x)− I]ϕ(w) =

= ϕ(w + ε2
a

t
C0(x))− ϕ(w) =

= ε2
a

t
C0(x)ϕ′(w) + ε4

a2

2t2
C2

0 (x)ϕ′′(w) + ε4θεc(x)ϕ(w), (4.121)

ç çàëèøêîâèì ÷ëåíîì

|θεc(x)ϕ(w)| → 0, ε→ 0, ϕ(w) ∈ C3(R).

Äàëi ìîæíà ïåðåêîíàòèñü â òîìó, ùî ðåøòà ÷ëåíiâ â (4.115) ¹ çíåõòóþ÷èìè.
Íàïðèêëàä çãiäíî ç (4.118) i (4.120), îòðèìó¹ìî
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Lεabϕ(v) = LεaL
ε
bϕ(v) = ε4θab(x)ϕ(v), (4.122)

ç |θεab(x)ϕ(v)| → 0,ε→ 0, ϕ(v) ∈ C3(R).
Àíàëîãi÷íî ç (4.118) i (4.121)

Lεacϕ(v, w) = LεaL
ε
cϕ(v, w) = ε4θac(x)ϕ(v, w) (4.123)

à òàêîæ ç (4.120) i (4.121)

Lεbcϕ(w) = LεbL
ε
cϕ(w) = ε4θbc(x)ϕ(w). (4.124)

Î÷åâèäíèì ¹ òàêîæ ïðåäñòàâëåííÿ

Lεabcϕ(v, w) = LεaL
ε
bL

ε
cϕ(v, w) = ε4θabc(x)ϕ(v, w), (4.125)

Ïiäñòàâëÿþ÷è (4.118)�(4.125) â ðîçêëàä (4.125), òà âðàõîâóþ÷è ðåøòó çíåõ-
òóþ÷èõ ÷ëåíiâ, îòðèìó¹ìî ðîçêëàä (4.108)�(4.113). Ëåìó äîâåäåíî.

Çàêëþ÷íèì åòàïîì ïîáóäîâè ãðàíè÷íîãî îïåðàòîðà Lt ¹ âèêîðèñòàííÿ ðîç-
â'ÿçêó ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî îïåðàòîðà

Lεt0 = ε−4Q+ ε−2
1

t
Q1(x)Q0 + ε−1

1√
t
Q2(x)Q0 +

1

t
Q3(x)Q0 (4.126)

ç (4.108). Ïðè öüîìó çáóðåíà òåñò-ôóíêöiÿ áóäå ìàòè âèãëÿä

ϕε(v, w, x) = ϕ(v, w) + ε2
1

t
ϕ2(v, w, x) + ε3

1√
t
ϕ3(v, w, x) + ε4

1

t
ϕ4(v, w, x).

Ëåìà 4.2.6.Ãðàíè÷íèé îïåðàòîð Lt âèçíà÷à¹òüñÿ ðîçâ'ÿçêîì ïðîáëåìè
ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà Lεt0 ôîðìóëîþ

Lt =
1

t
ΠQ1(x)Q0R0Q1(x)Q0Π +ΠQ3(x)Π. (4.127)

Äîâåäåííÿ. Ðîçãëÿíåìî ïðîáëåìó ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà
(4.126):

Lεt0ϕ
ε(v, w, x) =

1

t
Ltϕ(v, w) + θεL(x)ϕ(v, w). (4.128)

Ïîêëàäàþ÷è ϕε(v, w, x) â ëiâó ÷àñòèíó (4.128), ç óðàõóâàííÿì ðîçêëàäó
(4.126), îòðèìà¹ìî ñèñòåìó ðiâíÿíü

Qϕ(v, w) = 0, (4.129)

Qϕ2(v, w, x) +Q1(x)Q0ϕ(v, w) = 0, (4.130)

Qϕ3(v, w, x) +Q2(x)Q0ϕ(v, w) = 0, (4.131)

Qϕ4(v, w, x) +
1

t
Q1(x)Q0ϕ2(v, w, x) +Q3(x)Q0ϕ(v, w) = Ltϕ(v, w) (4.132)
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Ðiâíÿííÿ (4.129) î÷åâèäíî ñïðàâåäëèâå äëÿ âñiõ òåñò-ôóíêöié ϕ(v, w), ùî íå
çàëåæàòü âiä àðãóìåíòó x ∈ X.

Ðîçâ'ÿçíiñòü ðiâíÿííÿ (4.130) çàáåçïå÷ó¹òüñÿ óìîâîþ áàëàíñó ÓÁ1, à ñàìå

ΠQ1(x)Q0 = aΠC0(x)Q0 = a

∫
X

π(dx)q(x)C0(x) = aq

∫
X

ρ(dx)C0(x) = 0.

Îòæå ðîçâ'ÿçîê ðiâíÿííÿ (4.130) òàêèé

ϕ2(v, w, x) = R0Q1(x)Q0ϕ(v, w).

Ðîçâ'ÿçíiñòü ðiâíÿííÿ (4.131) çàáåçïå÷ó¹òüñÿ óìîâîþ áàëàíñó ÓÁ2, à ñàìå

ΠQ2(x)Q0 = aΠC0(x)Q0 = aq

∫
X

ρ(dx)C0(x) = 0.

Íàðåøòi óìîâà ðîçâ'ÿçíîñòi ðiâíÿííÿ (4.132) äà¹ âèðàç ãðàíè÷íîãî îïåðàòî-
ðà Lt â ôîðìi (4.127).

Äîâåäåííÿ òåîðåìè 4.2.2. Îñêiëüêè

Q0R0 = q(x)R0 +Π − I

òà
Q0Π = q(x)Π,

âðàõîâóþ÷è (4.109), äëÿ ïåðøîãî äîäàíêó ç (4.127) îòðèìó¹ìî

1

t
ΠQ1(x)Q0R0Q1(x)Q0Πϕ(v, w) =

=
a2

t
ΠC0(x)q(x)PR0C0(x)q(x)PΠϕ′′w(v, w) =

=
a2

t
ΠC0(x)[q(x)R0q(x)C0(x) +Πq(x)C0(x)− q(x)C0(x)]ϕ′′w(v, w) =

=
a2

t
[ΠC̃0(x)R0C̃0(x)−Πq(x)C2

0 (x)]ϕ′′w(v, w). (4.134)

Çãiäíî (4.111) äëÿ äðóãîãî äîäàíêó (4.127) ìà¹ìî

ΠQ3(x)Πϕ(v, w) = Π[(aC1(x) +
1

2
g(x))v + a

√
twC1(x)]Q0Πϕ

′
v(v, w)+

+
a2

2t
ΠC2

0 (x)Q0Πϕ
′′
w(v, w) =

= [(ac1q +
1

2
)v + aq

√
twc1]ϕ′v(v, w) +

a2

2t
Πq(x)C2

0 (x)ϕ′′w(v, w), (4.135)
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äå

c1 =

∫
X

ρ(dx)C1(x).

Âèêîðèñòîâóþ÷è ïðåäñòàâëåííÿ (4.134) òà (4.135) â (4.127), îòðèìó¹ìî (4.104).
Âiäçíà÷èìî, ùî ÿê i â ïîïåðåäíiõ òåîðåìàõ ÐÏÑÇ äëÿ çðiçàíîãî îïåðàòîðà
âèçíà÷à¹ ãðàíè÷íèé îïåðàòîð ïîâíîãî ãåíåðàòîðà ÏÑÀ.

Âèêîðèñòàííÿ ìîäåëüíî¨ ãðàíè÷íî¨ òåîðåìè [3] îá ðóíòîâó¹ òâåðäæåííÿ íà-
øî¨ òåîðåìè.
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ÐÎÇÄIË 5
ÏÐÎÖÅÄÓÐÀ ÑÒÎÕÀÑÒÈ×ÍÎ� ÎÏÒÈÌIÇÀÖI� Â ÑÕÅÌI
ÓÑÅÐÅÄÍÅÍÍß ÒÀ ÄÈÔÓÇIÉÍÎ� ÀÏÐÎÊÑÈÌÀÖI�

Ó öüîìó ðîçäiëi ìè ðîçãëÿíåìî íåïåðåðâíó ïðîöåäóðó ñòîõàñòè÷íî¨ îïòè-
ìiçàöi¨ â ñõåìi óñåðåäíåííÿ â âèïàäêó áåçïîñåðåäíüî¨ çàëåæíîñòi ôóíêöi¨ ðå-
ãðåñi¨ âiä ìàðêîâñüêîãî ïåðåêëþ÷àþ÷îãî ïðîöåñó, òàêî¨, ùî çàäîâîëüíÿ¹ óìîâi
Ëiïøèöÿ. Áóäå âñòàíîâëåíî äîñòàòíi óìîâè çáiæíîñòi ïðîöåäóðè äî òî÷êè åêñ-
òðåìóìó â òåðìiíàõ âëàñòèâîñòåé ôóíêöi¨ Ëÿïóíîâà ÷èñòî ãðàäi¹íòíî¨ óñåðåä-
íåíî¨ ñèñòåìè çà ñòàöiîíàðíèì ðîçïîäiëîì ìàðêîâñüêîãî ïðîöåñó. Âñòàíîâëåíî
àñèìïòîòè÷íó íîðìàëüíiñòü îäíîâèìiðíî¨ ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨,
ùî îïèñó¹òüñÿ ïðîöåñîì Îðíøòåéíà-Óëåíáåêà. Îòðèìàíî äîñòàòíi óìîâè çáiæ-
íîñòi ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ç iìïóëüñíèì çáóðåííÿì, ùî âèçíà-
÷à¹òüñÿ ñiìåéñòâîì ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè â óìîâàõ ãëîáàëüíîãî
áàëàíñó íà ïåðøi ìîìåíòè ïðèðîñòiâ òàêèõ ïðîöåñiâ.
5.1. Ïðîöåäóðà ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ó ñõåìi óñåðåäíåííÿ.
5.1.1. Çáiæíiñòü ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨.

Â äàíîìó ïiäðîçäiëi äîñëiäæåíà íåïåðåðâíà ïðîöåäóðà ñòîõàñòè÷íî¨ îïòèìi-
çàöi¨ ïîøóêó òî÷êè ìàêñèìóìó u0 ∈ Rd ôóíêöi¨ ðåãðåñi¨ C(u, x), ùî áåçïî-
ñåðåäíüî çàëåæèòü âiä âïëèâó çîâíiøíüîãî ñåðåäîâèùà ç ìàðêîâñüêèìè ïåðå-
êëþ÷åííÿìè. Äîâåäåíî çáiæíiñòü çàïðîïîíîâàíî¨ ïðîöåäóðè â ñõåìi ñåðié, âè-
êîðèñòîâóþ÷è âëàñòèâîñòi ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó
ÏÑÎ òà éîãî àñèìïòîòè÷íå ïðåäñòàâëåííÿ íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà.

Íåõàé C(u, x), u ∈ Rd, � ôóíêöiÿ ðåãðåñi¨, ÿêà äîñÿãà¹ ¹äèíîãî ìàêñèìóìó
â òî÷öi u0, u0 ∈ Rd. Äðóãà êîìïîíåíòà x ôóíêöi¨ ðåãðåñi¨ õàðàêòåðèçó¹ âïëèâ
çîâíiøíiõ ôàêòîðiâ, ÿêi îïèñóþòüñÿ ðiâíîìiðíî åðãîäè÷íèì ìàðêîâñüêèì ïðî-
öåñîì x(t), t ≥ 0, ó âèìiðíîìó ôàçîâîìó ïðîñòîði ñòàíiâ (X,X). Ãåíåðàòîð
ìàðêîâñüêîãî ïðîöåñó âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

Qϕ(x) = q(x)

∫
X

P (x, dy) [ϕ(y)− ϕ(x)] ,

íà áàíàõîâîìó ïðîñòîði B(X) äiéñíîçíà÷íèõ îáìåæåíèõ íåïåðåðâíèõ ôóíêöié
ϕ(x), x ∈ X, ç íîðìîþ

‖ϕ(x)‖ = sup
x∈X
|ϕ(x)|,

äå P (x,B), x ∈ X,B ∈ X � ñòîõàñòè÷íå ÿäðî [7], q(x) = g−1(x), g(x) = Eθx, θx
� ÷àñ ïåðåáóâàííÿ ìàðêîâñüêîãî ïðîöåñó â ñòàíi x.

Ñòàöiîíàðíèé ðîçïîäië π(B), B ∈ X ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0 âèçíà-
÷à¹òüñÿ ñïiââiäíîøåííÿìè

π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x),
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äå ρ(dx) � ñòàöiîíàðíèé ðîçïîäië âêëàäåíîãî ëàíöþãà Ìàðêîâà. Äëÿ ãåíåðà-
òîðà Q ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, âèçíà÷åíèé ïîòåíöiàë

R0 = Π − (Π +Q)−1,

äå Πϕ(x) =
∫
X

π(dx)ϕ(x) � ïðîåêòîð íà ïiäïðîñòið íóëiâ îïåðàòîðà Q: NQ =

{ϕ : Qϕ = 0} [7].
Íåïåðåðâíà ïðîöåäóðà ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ôóíêöi¨ ðåãðåñi¨ C(u, x)

â åðãîäè÷íîìó ìàðêîâñüêîìó ñåðåäîâèùi çàäà¹òüñÿ ñòîõàñòè÷íèì äèôåðåí-
öiàëüíèì ðiâíÿííÿì:

duε(t) = a(t)∇b(t)C(uε(t), x(t/ε))dt, (5.1)

äå
∇b(t)C(u, x) =

{
C(u+i , x)− C(u−i , x)2b(t), i ∈ 1, d

}
,

u±i = ui ± b(t)ei, i = 1, d, ei = (0, . . . , 1, 0, . . . , 0)

Äëÿ óñåðåäíåíî¨ ôóíêöi¨ ðåãðåñi¨

C(u) =

∫
X

π(dx)C(u, x)

ðîçãëÿíåìî  ðàäi¹íòíó åâîëþöiéíó ñèñòåìó

du

dt
= gradC(u), gradC(u) =

{
∂C(u)∂ui, i ∈ 1, d

}
. (5.2)

Òåîðåìà 5.1.1. Íåõàé iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u), u ∈ Rd, äëÿ óñåðåäíå-
íî¨ ñèñòåìè (5.2) òàêà, ùî çàäîâîëüíÿ¹ óìîâè

C1:(åêñïîíåíöiéíà ñòiéêiñòü åâîëþöiéíî¨ ñèñòåìè (5.2))

C ′(u)V ′(u) ≤ −c0V (u), c0 > 0;

C2:|V ′(u)| ≤ c1(1 + V (u)), c1 > 0;
C3:|∇b(t)C(u, x)R0[∇b(t)C̃(u, x)V ′(u)]′| ≤ c2(1 + V (u)), c2 > 0,

C̃(u, x) := C(u, x)− C(u).

Ôóíêöiÿ ðåãðåñi¨ C(u, x) ïî åâîëþöi¨ u çàäîâiëüíÿ¹ ãëîáàëüíó óìîâó Ëiïøè-
öÿ

C4:|∇b(t)C(u)− C ′(u)| ≤ c3b(t), c3 > 0.

Ôóíêöi¨ a(t), b(t), t ≥ 0 çàäîâîëüíÿþòü óìîâè çáiæíîñòi ïðîöåäóðè ñòîõà-
ñòè÷íî¨ îïòèìiçàöi¨:
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C5:
+∞∫
0

a(t)dt =∞,
+∞∫
0

a(t)b(t)dt <∞, a(t) > 0, b(t) > 0.

Òîäi äëÿ êîæíîãî ïî÷àòêîâîãî çíà÷åííÿ uε(0) ∈ Rd ïðîöåäóðà ñòîõàñòè÷-
íî¨ îïòèìiçàöi¨ (5.1) ïðè äîâiëüíèõ ε ≤ ε0,
ε0 � äîñòàòíüî ìàëå, çáiãà¹òüñÿ ç éìîâiðíiñòþ 1 äî òî÷êè ìàêñèìóìó u0.
Òåîðåìà 5.1.2. Íåõàé iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u), u ∈ Rd, äëÿ óñåðåäíå-

íî¨ ñèñòåìè (5.2) òàêà, ùî çàäîâîëüíÿ¹ óìîâè

C1:(åêñïîíåíöiéíà ñòiéêiñòü åâîëþöiéíî¨ ñèñòåìè (5.2))

C ′(u)V ′(u) ≤ −c0V (u), c0 > 0;

C2:|V ′(u)| ≤ c1(1 + V (u)), c1 > 0;
C3:|∇b(t)C(u, x)R0[∇b(t)C̃(u, x)V ′(u)]′| ≤ c2(1 + V (u)), c2 > 0 ,

C̃(u, x) := C(u, x)− C(u).

Ôóíêöiÿ ðåãðåñi¨ C(u, x) ïî åâîëþöi¨ u çàäîâiëüíÿ¹ ãëîáàëüíó óìîâó Ëiïøiöà

C4:|∇b(t)C(u)− C ′(u)| ≤ c3b2(t), c3 > 0.

Ôóíêöi¨ a(t), b(t), t ≥ 0 çàäîâîëüíÿþòü óìîâè çáiæíîñòi ïðîöåäóðè ñòîõà-
ñòè÷íî¨ îïòèìiçàöi¨

C5:
+∞∫
0

a(t)dt =∞,
+∞∫
0

a(t)b2(t)dt <∞, a(t) > 0, b(t) > 0.

Òîäi äëÿ êîæíîãî ïî÷àòêîâîãî çíà÷åííÿ uε(0) ∈ Rd ïðîöåäóðà ñòîõàñòè÷-
íî¨ îïòèìiçàöi¨ (1.1) ïðè äîâiëüíèõ ε ≤ ε0,
ε0 � äîñòàòíüî ìàëå, çáiãà¹òüñÿ ç éìîâiðíiñòþ 1 äî òî÷êè ìàêñèìóìó u0.

Äëÿ äîâåäåííÿ òåîðåìè 5.1.1 ñïî÷àòêó ïîáóäó¹ìî ãåíåðàòîð ïðîöåäóðè ñòî-
õàñòè÷íî¨ îïòèìiçàöi¨ òà ðîçãëÿíåìî éîãî àñèìïòîòè÷íå ïðåäñòàâëåííÿ.

Ëåìà 5.1.1. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

uε(t), xεt = x(t/ε), t ≥ 0 (5.3)

íà áàíàõîâîìó ïðîñòîði B(Rd, X) äiéñíîçíà÷íèõ ôóíêöié
ϕ(u, x) ∈ C2,0(Rd, X) ìà¹ âèãëÿä Lεtϕ(u, x) = ε−1Qϕ(u, x)+a(t)∇b(t)C(u)ϕ(u, x),
äå

∇b(t)C(u)ϕ(u, x) = ∇b(t)C(u, x)ϕ′u(u, x).

Äîâåäåííÿ. Ðîçãëÿíåìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ òåñò-ôóíêöié
ϕ(u, x) ∈ C2,0(Rd, X)
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E[ϕ(uε(t+∆), xεt+∆) |uε(t) = u, xεt = x ] =

Eu,xϕ(uε(t+∆), xεt+∆) =

= Eu,xϕ(u+

t+∆∫
t

a(s)∇b(s)C(uε(s), x(s/ε))ds, x)I(θ > ε−1∆)+

+Eu,xϕ(u+

t+∆∫
t

a(s)∇b(s)C(uε(s), x(s/ε))ds, xεt+∆)I(θ ≤ ε−1∆)+

+o(∆).

Ôóíêöiÿ ðîçïîäiëó ÷àñó ïåðåáóâàííÿ θx â ñòàíi x ìà¹ ïîêàçíèêîâèé ðîçïî-
äië, òîáòî ìàþòü ìiñöå ðîçêëàäè

I(θx > ε−1∆) = e−ε
−1q(x)∆ = 1− ε−1q(x)∆+ o(∆),

òà

I(θx ≤ ε−1∆) = 1− e−ε
−1q(x)∆ = ε−1q(x)∆+ o(∆),

äå q(x) � iíòåíñèâíiñòü.
Çà ôîðìóëîþ Òåéëîðà äëÿ òåñò-ôóíêöi¨ ϕ(u, x) ∈

C2,0(Rd, X) îòðèìó¹ìî

ϕ(u+

t+∆∫
t

a(s)∇b(s)C(uε(s), x(s/ε))ds, x) =

= ϕ(u, x) + ϕ′u(u, x)

t+∆∫
t

a(s)∇b(s)C(uε(s), x(s/ε))ds =

= ϕ(u, x) +∇b(t)C(u, x)ϕ′u(u, x)a(t)∆+ o(∆).

Îòæå

Eu,x[ϕ(u, x) + a(t)∇b(t)C(u, x)ϕ′u(u, x)∆][1− ε−1q(x)∆+ o(∆)]+
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+Eu,x[ϕ(u, xεt+∆) + a(t)∇b(t)C(u, x)ϕ′u(u, xεt+∆)∆][ε−1q(x)∆+ o(∆)] =

= ϕ(u, x) + a(t)∇b(t)C(u, x)ϕ′u(u, x)∆− ε−1q(x)Eu,xϕ(u, x)∆−

−ε−1q(x)(a(t)Eu,x∇b(t)C(u, x)ϕ′u(u, x)∆2) + o(∆)+

+ε−1q(x)Eu,xϕ(u, xεt+∆)∆+ o(∆) =

= ϕ(u, x) + a(t)∇b(t)C(u, x)ϕ′u(u, x)∆+

+ε−1q(x)∆

∫
X

P (x, dy)[ϕ(u, y)− ϕ(u, x)] + o(∆). (5.4)

Ç (5.4) îòðèìó¹ìî ãåíåðàòîð ìàðêîâñüêîãî ïðîöåñó (5.3)

Lεtϕ(u, x) =

lim
∆→0

1

∆
Eu,x(ϕ(uε(t+∆), xεt+∆)− ϕ(u, x)) =

= ε−1Qϕ(u, x) + a(t)∇b(t)C(u, x)ϕ′u(u, x).

Íåõàé çáóðåíà ôóíêöiÿ Ëÿïóíîâà ìà¹ âèãëÿä

V ε(u, x) = V (u) + εa(t)V1(u, x), (5.5)

äå V (u) ∈ C3(Rd) � ôóíêöiÿ Ëÿïóíîâà óñåðåäíåíî¨ ñèñòåìè (5.2).
Ëåìà 5.1.2. Ãåíåðàòîð Lεt íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà V ε(u, x) ìà¹

àñèìïòîòè÷íå ïðåäñòàâëåííÿ:

LεtV
ε(u, x) = a(t)LV (u) + εa2(t)Θt(x)V (u),

äå ãðàíè÷íèé ãåíåðàòîð

LV (u) = ∇b(t)C(u)V ′(u),

à çàëèøêîâèé ÷ëåí

Θt(x)V (u) = ∇b(t)C(u, x)R0[∇b(t)C̃(u, x)V ′(u)]′.
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Äîâåäåííÿ. Ãåíåðàòîð Lεt íà çáóðåíié ôóíêöiþ Ëÿïóíîâà (1.2) ìà¹ ïðåä-
ñòàâëåííÿ

LεtV
ε(u, x) =

=
[
ε−1Q+ a(t)∇b(t)C (x)

][
V (u) + εa(t)V1(u, x)

]
=

= ε−1QV (u) + a(t)QV1(u, x) + a(t)∇b(t)C (x)V (u)+

+εa2(t)∇b(t)C (x)V1(u, x). (5.6)

Âðàõîâóþ÷è óìîâè ðîçâ'ÿçíîñòi QV (u) = 0 ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ
(5.6), îòðèìó¹ìî a(t) Q V1(u, x) + a(t)∇b(t)C (x)V (u) =

= a(t)
[
QV1(u, x) +∇b(t)C (x)V (u)

]
=

= a(t)LV (u), äå ãðàíè÷íèé îïåðàòîð L ìà¹ ïðåäñòàâëåííÿ

LV (u) = ∇b(t)C(u)V ′(u).

Îòæå äëÿ çáóðåííÿ V1(u, x) ìà¹ìî

V1 = R0∇b(t)C̃(u, x)V (u).

Çâiäñè äëÿ çàëèøêîâîãî ÷ëåíà ç (5.6) îòðèìó¹ìî

εa2(t)∇b(t)C(x)V1(u, x) =

= εa2(t)∇b(t)C(x)
[
R0∇b(t)C̃(x)V (u)

]
=

= εa2(t)∇b(t)C(u, x)R0

[
∇b(t)C̃(u, x)V ′(u)

]′
.

Òàêèì ÷èíîì, çàëèøêîâèé ÷ëåí ìà¹ âèãëÿä

θt(x)V (u) = ∇b(t)C(u, x)R0

[
∇b(t)C̃(u, x)V ′(u)

]′
.

Îòæå,
LεtV

ε(u, x) = a(t)LV (u) + εa2(t)Θt(x)V (u).

Äîâåäåííÿ òåîðåì.
Ç óìîâè C1 òåîðåìè ìà¹ìî îöiíêó

∇b(t)C(u)V ′(u) ≤ −c0V (u)− [C ′(u)−∇b(t)C(u)]V ′(u),
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à ç óìîâ Ñ2-C5 îòðèìó¹ìî îáìåæåíiñòü çàëèøêîâîãî ÷ëåíà
θt(x)V (u) ó âèãëÿäi

|θt(x)V (u)| ≤ c(1 + V (u)).

Òîäi

LεtV
ε(u, x) ≤ −a(t)c0V (u) + ε(a2(t)c4−

−c5a(t)b(t))(1 + V (u)). (5.7)

Ç (5.7) òà òåîðåìè ïðî çáiæíiñòü ïðîöåäóðè ñòîõàñòè÷íî¨ àïðîêñèìàöi¨
Íåâåëüñîíà-Õàñüìiíñüêîãî ([2] òåîðåìà 1.2) îòðèìà¹ìî òâåðäæåííÿ òåîðåìè
5.1.1.

Äîâåäåííÿ òåîðåìè 5.1.2 ïðîâîäèìî çà ñõåìîþ äîâåäåííÿ òåîðåìè 5.1.1 ç óðàõóâàííÿì
óìîâ C4 i C5 òåîðåìè 5.1.2, à ñàìå îöiíêè

LεtV
ε(u, x) ≤ −a(t)c0V (u) + ε(a2(t)c4−

−c5a(t)b2(t))(1 + V (u)).

Àñèìïòîòè÷íà íîðìàëüíiñòü ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨.
Äàëi ìè ðîçãëÿíåìî àñèìïòîòè÷íó íîðìàëüíiñòü îäíîâèìiðíî¨ ïðîöåäóðè

ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ç ìàðêîâñüêèìè ïåðåêëþ÷åííÿìè ôóíêöi¨ ðåãðåñi¨
â êëàñè÷íié ñõåìi íîðìóâàííÿ ïî ÷àñó òà ïî ìàëîìó ïàðàìåòðó.

Íåõàé C(u, x), u ∈ R, � ôóíêöiÿ ðåãðåñi¨, ùî äîñÿãà¹ ¹äèíîãî ìàêñèìóìó
â òî÷öi u0, u0 ∈ R. Êîìïîíåíòà x õàðàêòåðèçó¹ âïëèâ çîâíiøíiõ ôàêòîðiâ, ÿêi
îïèñóþòüñÿ ðiâíîìiðíî åðãîäè÷íèì ìàðêîâñüêèì ïðîöåñîì x(t), t ≥ 0 ó âèìið-
íîìó ôàçîâîìó ïðîñòîði ñòàíiâ (X,X) [7]. Ãåíåðàòîð ÌÏ çàäà¹òüñÿ ñïiââiäíî-
øåííÿì:

Qϕ(x) = q(x)

∫
X

P (x, dy) [ϕ(y)− ϕ(x)] ,

äå P (x,B), x ∈ X,B ∈ X � ñòîõàñòè÷íå ÿäðî.
Ðîçãëÿíåìî íåïåðåðâíó ïðîöåäóðó ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ïîøóêó òî÷êè

u0 â ñõåìi óñåðåäíåííÿ, ùî çàäà¹òüñÿ åâîëþöiéíèì äèôåðåíöiàëüíèì ðiâíÿí-
íÿì:

duε(t)

dt
= a(t)∇b(t)C(uε(t), x(t

/
ε2)) (5.8)

äå

∇b(t)C(u, x) =
C(u+ b(t), x)− C(u− b(t), x)

2b(t)
,

ç íîðìóþ÷óìè ôóíêöiÿìè

b(t) =
b√
t
, b > 0

òà
a(t) =

a

t
, a > 0.
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Àñèìïòîòè÷íà íîðìàëüíiñòü ÏÑÎ äîñëiäæó¹òüñÿ â óìîâàõ åêñïîíåíöiéíî¨
ñòiéêîñòi óñåðåäíåíî¨ ñèñòåìè

du

dt
= C ′(u), (5.9)

äå

C(u) =

∫
X

π(dx)C(u, x)

óñåðåäíåíà ôóíêöiÿ ðåãðåñi¨ çà ñòàöiîíàðíèì ðîçïîäiëîì π(B), B ∈ X .
Íåõàé âèêîíóþòüñÿ óìîâè çáiæíiñòîñòi ÏÑÎ â ñõåìi óñåðåäíåííÿ äî òî÷êè

u0 ðiâíîâàãè óñåðåäíåíî¨ ñèñòåìè (5.9).
Íîðìîâàíà ÏÑÎ ìà¹ âèãëÿä

vε(t) =

√
tuε(t)

ε
. (5.10)

Òåîðåìà 5.1.3. Íåõàé ôóíêöiÿ ðåãðåñi¨ C(u, ·) ∈ C3(R) òà âèêîíóþòüñÿ
äîäàòêîâi óìîâè:

C1 : ρ2 := 2
∫
X

π(dx)C ′(0, x)R0C
′(0, x) > 0;

C2 : C2 :=
∫
X

π(dx)C ′′(0, x) < 0;

C3 : b := aC2 + 1
2 < 0.

Òîäi íîðìîâàíà ÏÑÎ (5.10) ñëàáî çáiãà¹òüñÿ vε(t) → ς(t) ∀ (t0, t ] ⊂ (0, T ]
ïðè ε→ 0, T > 0, äå ς(t), t ≥ 0, - ïðîöåñ Îðíøòåéíà-Óëåíáåêà ç ãåíåðàòîðîì

Lϕ(v) = bvϕ′(v) +
σ2

2
ϕ′′(v)

òà äèñïåðñi¹þ σ2 = a2ρ2.
Âèñíîâîê 5.1.1. Ãðàíè÷íèé ïðîöåñ Îðíøòåéíà-Óëåíáåêà ς(t) ¹ åðãîäè÷íèì

çi ñòàöiîíàðíèì íîðìàëüíèì ðîçïîäiëîì N(0, σ2
0),

σ2
0 = −σ

2

2b
.

Âèñíîâîê 5.1.2. Óìîâà C1 âèçíà÷à¹ äèôóçiéíiñòü ïðîöåñó ζ(t), à óìîâà
C3- åðãîäè÷íiñòü.

Äîâåäåííÿ òåîðåìè 5.1.3 áàçó¹òüñÿ íà íàñòóïíèõ ëåìàõ.
Ëåìà 5.1.3. Íîðìîâàíà ÏÑÎ (5.10) ¹ ðîçâ'ÿçêîì äèôåðåíöiàëüíîãî ðiâíÿí-

íÿ:
dvε(t)

dt
= ε−1

a√
t
∇b(t)C(

εv√
t
, x) +

1

2t
v. (5.11)

Äîâåäåííÿ. Îñêiëüêè,
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vε(t) =
√
tuε(t)/ε,

òî
uε(t) = εvε(t)t−1/2.

Ïðîäèôåðåíöiþ¹ìî îñòàííþ ðiâíiñòü ïî t,

duε(t)

dt
= ε(−1

2
)t−3/2vε(t) + εt−1/2

dvε(t)

dt
. (5.12)

Ïðèðiâíÿ¹ìî ïðàâi ÷àñòèíè ðiâíîñòåé (5.12) òà (5.10),

ε(−1

2
)t−3/2vε(t) + εt−1/2

dvε(t)

dt
=
a

t
∇b(t)C(εvε(t)/

√
t, xεt ). (5.13)

Âèêîíà¹ìî åëåìåíòàðíi ïåðåòâîðåííÿ (5.13),

dvε(t)

dt
= ε−1

√
t

[
a

t
∇b(t)C(εvε(t)/

√
t, xεt ) +

1

2
εt−3/2vε(t)

]
=

=
a

ε
√
t
∇b(t)C(

εvε(t)√
t
, xεt ) +

1

2t
vε(t).

Îòæå, ìà¹ ìiñöå (5.11).
Ëåìà 5.1.4. Ãåíåðàòîð Lεt äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó v

ε(t),
xεt := x(t/ε2), t ≥ 0, íà áàíàõîâîìó ïðîñòîði B(R,X) äiéñíîçíà÷íèõ ôóíêöié
ϕ(v, x) ∈ C2(Rd, X), âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

Lεtϕ(v, x) = ε−2Qϕ(v, x) +Ct(x)ϕ(v, x), (5.14)

äå

Ct(x)ϕ(v, x) = [ε−1
a√
t
∇b(t)C(

εv√
t
, x) +

1

2t
v]ϕ′(v, x). (5.15)

Äîâåäåííÿ. Çãiäíî îçíà÷åííÿ ïîðîäæóþ÷îãî îïåðàòîðà ìàðêîâñüêîãî ïðîöå-
ñó:

Lεtϕ(v, x) = lim
∆→0

∆−1[Ev,xϕ(vε +∆vε, xεt+∆)−

−ϕ(v, x)|vε(t) = v, xεt+∆ = x] =

= lim
∆→0

∆−1Ev,x[ϕ(v +∆v, xεt+∆)− ϕ(v, x)].

Äëÿ ïåðøîãî äîäàíêó ìà¹ ìiñöå ðîçêëàä

Ev,x[ϕ(v +∆v, xt+∆)] = Ev,xϕ(v, xt+∆)+

+Ev,x[ϕ(v +∆v, xt+∆)− ϕ(v, xt+∆)].
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Âðàõîâóþ÷è ðîçïîäië ÷àñó θx ïåðåáóâàííÿ ÌÏ x(t),t ≥ 0, â ñòàíi x ìà¹ìî

Ev,x[ϕ(v +∆v, xt+∆)] = Ev,xϕ(v, xt+∆) + Ev,x[ϕ(v +∆v, x)−

−ϕ(v, x)]I(θx > ε−2∆) + Ev,x[ϕ(v +∆v, xt+∆)−

−ϕ(v, xt+∆)]I(θx ≤ ε−2∆).

Äëÿ íåïåðåðâíî¨ ïî v ôóíêöi¨ ϕ(v, x)îòðèìó¹ìî:

Ev,x[ϕ(v +∆v, xt+∆)− ϕ(v, xt+∆)]I(θx ≤ ε−2∆) = o(∆).

Àíàëîãi÷íî:

Ev,x[ϕ(v +∆v, x)− ϕ(v, x)]I(θx > ε−2∆) =

= Ev,x[ϕ′(v, x)[ε−1
a√
t
∇bC(

εv√
t
, x) +

1

2t
v]∆−

−ε−2q(x)ϕ′(v, x)
a

ε
√
t
∇bC(

εv√
t
, x)∆2 + o(∆)].

Îòæå, ãåíåðàòîð íàáóäå âèãëÿäó

lim
∆→0

∆−1{Ev,x[ϕ(v, xt+∆)− ϕ(v, x)]+

+Ev,x[ϕ(v +∆v, xt+∆)− ϕ(v, xt+∆)]} =

= ε−2Qϕ(v, x) + [ε−1
a√
t
∇b(t)C(

εv√
t
, x) +

1

2t
v]ϕ′(v, x),

îñêiëüêè
Ev,x[ϕ(v, xt+∆)− ϕ(v, x)] =

= Ev,x[ϕ(v, xt+∆)− ϕ(v, x)][I(θx > ε−2∆) + I(θx ≤ ε−2∆] =

= Ev,x[ϕ(v, xt+∆)− ϕ(v, x)][ε−2q(x)∆+ o(∆)] =

= ε−2q(x)E(v,x)[ϕ(v, xt+∆)− ϕ(v, x)]∆+ o(∆).

Ëåìà 5.1.5. Ãåíåðàòîð Lεt íà òåñò-ôóíêöiÿõ ϕ(v, ·) ∈ C2(R) äëÿ C(u, ·) ∈ C3(R),
ìà¹ àíàëiòè÷íå ïðåäñòàâëåííÿ:

Lεtϕ(v, x) = ε−2Qϕ(v, x) + ε−1 1√
t
Q1(x)ϕ(v, x)+

+ 1
tQ2(x)ϕ(v, x) + εθεtϕ(v),

(5.16)
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äå

Q1(x)ϕ(v, x) = aC ′(0, x)ϕ′(v, x),

Q2(x)ϕ(v, x) = v(aC ′′(0, x) +
1

2
)ϕ′(v, x),

à çàëèøêîâèé ÷ëåí

θεtϕ(v) =
1

t
√
t
[Q1(x)ϕ2(v, x) + Q2(x)ϕ1(v, x) +

ε√
t
Q2(x)ϕ2(v, x)].

Äîâåäåííÿ. Ðîçãëÿíåìî ôóíêöiþ ∇b(t)C( εv√
t
, x). Îñêiëüêè C(u, ·) ∈ C3(R), òî

¨¨ ìîæíà ðîçêëàñòè â ðÿä Òåéëîðà â îêîëi íóëÿ:

∇b(t)C(
εv√
t
, x) = C ′(0, x) + ε

v√
t
C ′′(0, x) + o(ε2). (5.17)

Ïiäñòàâèìî (5.17) ó (5.15) òà ïðîâåäåìî ïåðåòâîðåííÿ

Ct(x)ϕ(v, x) = [ε−1
a√
t
[C ′(0, x) + ε

v√
t
C ′′(0, x)] +

1

2t
v]ϕ′(v, x)+

+o(ε2) =

= [ε−1
a√
t
C ′(0, x) +

av√
t
C ′′(0, x) +

1

2t
v]ϕ′(v, x) + o(ε2).

Òîäi, ãåíåðàòîð (5.14) ç âðàõóâàííÿì îñòàííüîãî i ïîçíà÷åíü îïåðàòîðiâ
Q1(x), Q2(x) òà çàëèøêîâîãî ÷ëåíà

θεtϕ(v) =
1

t
√
t
[Q1(x)ϕ2(v, x) + Q2(x)ϕ1(v, x)+

+
ε√
t
Q2(x)ϕ2(v, x)] + o(ε2)

íàáóäå âèãëÿäó (5.16).
Ðîçãëÿíåìî òåñò-ôóíêöi¨ âèäó

ϕε(v, x) = ϕ(v) +
ε√
t
ϕ1(v, x) +

ε2

t
ϕ2(v, x), ϕ(v) ∈ C3(R).

Ëåìà 5.1.6. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ ãåíåðàòîðà
Lεtíà òåñò-ôóíêöiÿõ ϕ

ε(v, x) ìà¹ âèãëÿä:

Lεtϕ
ε(v, x) =

1

t
Ltϕ(v) + εθεt (x)ϕ(v),
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äå Lt - ãðàíè÷íèé ãåíåðàòîð âèãëÿäó:

Ltϕ(v) = v(aC2 +
1

2
)ϕ′(v) +

a2ρ2

2
ϕ′′(v),

C2 =

∫
X

π(dx)C ′′(0, x), ρ2 = 2

∫
X

π(dx)C ′(0, x)R0C
′(0, x),

à çàëèøêîâèé ÷ëåí îáìåæåíèé:

‖θεt (x)ϕ(v)‖ ≤M <∞.

Äîâåäåííÿ. Ðîçãëÿíåìî äiþ çðiçàíîãî ãåíåðàòîðà

L̂
ε

tϕ
ε = ε−2Q +

ε−1√
t
Q1(x) +

1

t
Q2(x)

íà òåñò-ôóíêöiÿõ ϕε(v, x). Îòæå, îòðèìà¹ìî:

L̂
ε

tϕ
ε(v, x) = ε−2Qϕ+

ε−1√
t

[Qϕ1 + Q1(x)ϕ]+

+
1

t
[Qϕ2 + Q1(x)ϕ1 + Q2(x)ϕ]+

+
ε

t
√
t
[Q1(x)ϕ2 + Q2(x)ϕ1 +

ε√
t
Q2(x)ϕ2]. (5.18)

Îñêiëüêè îïåðàòîð Q äi¹ òiëüêè ïî çìiííié x, òî äëÿ ïåðøîãî äîäàíêó
â (1.18) ìà¹ìî Qϕ ≡ 0. Âèêîðèñòà¹ìî óìîâó áàëàíñó∫

X

π(dx)Q1(x) = 0,

îñêiëüêè
∫
X

π(dx)C ′(0, x) = C ′(0) = 0, òà äîäàòêîâó óìîâó Πϕ1 = 0. Òîäi äëÿ

äðóãîãî äîäàíêó â (5.18) ìà¹ìî:

Qϕ1 + Q1(x)ϕ = 0.

Çâiäñè, îòðèìà¹ìî âèãëÿä ôóíêöi¨ ϕ1(v, x):

ϕ1(v, x) = R0Q1(x)ϕ(v) = aR0C
′(0, x)ϕ′(v).

Âèêîðèñòà¹ìî äðóãó óìîâó ðîçâ'ÿçíîñòi ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ òà
äîäàòêîâó óìîâó Πϕ(v) = 0.

Äëÿ òðåòüîãî äîäàíêó ìà¹ìî
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Qϕ2(v, x) + Lt(x)ϕ(v) = Ltϕ(v), (5.19)

äå

Lt(x)ϕ(v) = Q1 (x)ϕ1(v, x) + Q2(x)ϕ(v),

à Lt = ΠLt(x).
Ç (5.19) îòðèìó¹ìî ïðåäñòàâëåííÿ äëÿ ϕ2(v, x)

ϕ2(v, x) = R0L̃tϕ(v), (5.20)

äå

L̃t = Lt(x)− Lt.

Ç ïðåäñòàâëåííÿ ϕ1(v, x), Q1(x) òà Q2(x)ìà¹ìî

Lt(x)ϕ(v) = a2C ′(0, x)R0C
′(0, x)ϕ′′v(v) + v(aC ′′(0, x) +

1

2
]ϕ′v(v).

Ç îñòàííüîãî òà ïðåäñòàâëåííÿ ϕ2(v, x) îòðèìó¹ìî òâåðäæåííÿ Ëåìè 5.1.6.
Äîâåäåííÿ òåîðåìè 5.1.3.
Âèêîðèñòîâóþ÷è òâåðäæåííÿ � Ëåìè 5.1.6 ëåãêî ïåðåâiðèòè âèêîíàííÿ óìîâ

Ìîäåëüíî¨ ãðàíè÷íî¨ òåîðåìè, òîáòî ìà¹ ìiñöå ñëàáêà çáiæíiñòü vε(t) → ζ(t),
ïðè ε→ 0.
5.1.2. Ïðîöåäóðà ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ç iìïóëüñíèì

çáóðåííÿì.
Îäíi¹þ ç ïðîáëåì ñèñòåìíîãî àíàëiçó ñêëàäíèõ ñèñòåì çà óìîâ íåâèçíà÷å-

íîñòi, ùî îïèñó¹òüñÿ ìàðêîâñüêèì ïðîöåñîì, ¹ âñòàíîâëåííÿ çáiæíîñòi ïðîöå-
äóð ñòîõàñòè÷íî¨ îïòèìiçàöi¨ (ÏÑÎ) â âèïàäêó áåçïîñåðåäíüîãî âïëèâó ôóíêöi¨
ðåãðåñi¨ âiä òàêîãî ïðîöåñó. Áàãàòî÷èñåëüíi ïðèêëàäè çàñòîñóâàííÿ òàêèõ ïðî-
öåäóð òà ¨õ ìîäèôiêàöié â òåîði¨ êåðóâàííÿ, òåîði¨ ïåðåäà÷i ïîâiäîìëåíü, ïðè
ðîçâ'ÿçêó íåïàðàìåòðè÷íèõ çàäà÷ ìàòåìàòè÷íî¨ ñòàòèñòèêè, çîêðåìà ïðè âñòà-
íîâëåííi íàéêðàùèõ çíà÷åíü ïàðàìåòðiâ àñèìïòîòè÷íî íîðìàëüíîãî ðîçïîäiëó
ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨, âèçíà÷àþòü âàæëèâiñòü âñòàíîâëåííÿ íî-
âèõ óçàãàëüíåíü òà âëàñòèâîñòåé ÏÑÎ.

Ðiçíèöåâà ïðîöåäóðà ñòîõàñòè÷íî¨ îïòèìiçàöi¨ â åðãîäè÷íîìó ìàðêîâñüêîìó
ñåðåäîâèùi ç iìïóëüñíèì çáóðåííÿì çàäà¹òüñÿ åâîëþöiéíèì ðiâíÿííÿì:

duε(t) = a(t)[∇b(t)C(uε(t), x(t/ε2))dt+ εdηε(t)], (5.21)

äå C(u, ·) ∈ C3(R).
Ìàðêîâñüêèé ïðîöåñ x(t), t ≥ 0 â ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði (X, X)

çàäà¹òüñÿ ãåíåðàòîðîì:

Qϕ(x) = q(x)

∫
X

P (x, dy) [ϕ(y)− ϕ(x)] , ϕ ∈ B(X),
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äå B(X) - áàíàõîâèé ïðîñòið äiéñíèõ îáìåæåíèõ ôóíêöié ç ñóïðåìóì - íîðìîþ
||ϕ|| = max

x∈X
|ϕ(x)|.

Ñòîõàñòè÷íå ÿäðî P (x,B), x ∈ X,B ∈ X âèçíà÷à¹ ðiâíîìiðíî åðãîäè÷-
íèé âêëàäåíèé ëàíöþã Ìàðêîâà xn = x(τn), n ≥ 0 iç ñòàöiîíàðíèì ðîçïîäi-
ëîì ρ(B), B ∈ X . Ñòàöiîíàðíèé ðîçïîäië π(B), B ∈ X ìàðêîâñüêîãî ïðîöåñó
x(t), t ≥ 0 âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x).

Ïîòåíöiàëüíèé îïåðàòîð R0 ãåíåðàòîðà Q âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:
R0 = Π − (Π + Q)−1,
äå Πϕ(x) =

∫
X

π(dy)ϕ(y) - ïðîåêòîð íà ïiäïðîñòið

NQ = {ϕ : Qϕ = 0} íóëiâ îïåðàòîðà Q.
Iìïóëüñíèé ïðîöåñ çáóðåíü (IÏÇ) ηε(t), t ≥ 0 çàäà¹òüñÿ ñïiââiäíîøåííÿìè:

ηε(t) =

t∫
0

ηε(ds;x(s/ε2));

äå ñiìåéñòâî ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥ 0, x ∈ X çàäà¹òü-
ñÿ ãåíåðàòîðàìè

Γεw(x)ϕ(w) = ε−2
∫
R

[ϕ(w + εv)− ϕ(w)]Γ (dv;x), x ∈ X. (5.22)

Íåõàé ïðè öüîìó âèêîíó¹òüñÿ óìîâà áàëàíñó

ΠΓ1(x) =

∫
X

π(dx)b1(x) = 0, b1(x) =

∫
R

vΓ (dv;x). (5.23)

Ðîçãëÿíåìî òàêîæ ãåíåðàòîð Γεu(x), àíàëîãi÷íèé (5.3), ïðîòå äi¹ ïî ïåðøîìó
ïàðàìåòðó ôóíêöi¨ ϕ(u,w, x) (â òîé ÷àñ, ÿê Γεw(x) äi¹ ïî äðóãîìó). Òîáòî

Γεu(x)ϕ(u,w, x) = ε−2
∫
R

[ϕ(u+ εv, w, x)− ϕ(u,w, x)]Γ (dv;x), (5.24)

x ∈ X.
Óñåðåäíåíà ñèñòåìà

du

dt
= C ′(u), C(u) =

∫
X

π(dx)C(u;x). (5.25)
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Òåîðåìà 5.1.4. Íåõàé iñíó¹ ôóíêöiÿ Ëÿïóíîâà V (u) ∈ C3(R), ùî çàáåçïå-
÷ó¹ åêñïîíåíöiéíó ñòiéêiñòü óñåðåäíåíî¨ ñèñòåìè (5.25):

C1 : C ′(u)V ′(u) ≤ −cV (u), c > 0, (5.26)

à òàêîæ äîäàòêîâi óìîâè

C2 : |Γ2(x)V (u)| ≤ c2(1 + V (u)), c2 > 0,
C3 : |γε(x)V (u)| ≤ c3(1 + V (u)), c3 > 0,
C4 : |Γ1(x)R0Γ1(x)V (u)| ≤ c4(1 + V (u)), c4 > 0,

C5 : |Γ1(x)R0C̃(x)V (u)| ≤ c5(1 + V (u)), c5 > 0,
C6 : |C(x)R0Γ1(x)V (u)| ≤ c6(1 + V (u)), c6 > 0,

C7 : |C(x)R0C̃(x)V (u)| ≤ c7(1 + V (u)), c7 > 0,
C8 : |Γ2(x)R0Γ1(x)V (u)| ≤ c8(1 + V (u)), c8 > 0,

C9 : |Γ2(x)R0C̃(x)V (u)| ≤ c9(1 + V (u)), c9 > 0,
C10 : |γε(x)R0Γ1(x)V (u)| ≤ c10(1 + V (u)), c10 > 0,

C11 : |γε(x)R0C̃(x)V (u)| ≤ c11(1 + V (u)), c11 > 0,
C12 :| (∇b(t)C(u)− C ′(u))V ′(u) |≤ c1b(t)(1 + V (u)),

(5.27)

äå

C̃(x) = C(x)− L.

Êðiì òîãî, íåõàé ôóíêöiÿ C(u, x) ìà¹ ïåðøi äâi ïîõiäíi ïî u ∈ R i ðàçîì
ç ôóíêöiÿìè b1(x) òà b2(x) ¹ ðiâíîìiðíî îáìåæåíèìè ïî x ∈ X.

Òàêîæ íåõàé âèêîíó¹òüñÿ óìîâà áàëàíñó (5.23). Íåõàé êåðóþ÷à ôóíêöiÿ
a(t) > 0 âèáðàíà òàê, ùî âèêîíóþòüñÿ óìîâè

∞∫
0

a(t)dt =∞,
∞∫
0

a2(t)dt <∞,
∞∫
0

a(t)b(t)dt <∞

Òîäi äëÿ âñiõ ε < ε0, ε0 - äîñòàòíüî ìàëîìó, ðîçâ'ÿçîê åâîëþöiéíîãî ðiâíÿí-
íÿ (5.21), ïðè óñiõ ïî÷àòêîâèõ óìîâàõ uε(0) = u ç iìîâiðíiñòþ 1 çáiãàþòüñÿ
äî òî÷êè ìiíiìóìó u0 = 0 óñåðåäíåíî¨ ñèñòåìè (5.22):

P{ lim
t→∞

uε(t) = 0} = 1.

Äîâåäåìî äåêiëüêà ëåì.
Ëåìà 5.1.7. Ãåíåðàòîðè ñiìåéñòâà ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè

ηε(t, x), t ≥ 0, x ∈ X íà òåñò-ôóíêöiÿõ ϕ(w) ∈ C3(R) äîïóñêàþòü àñèìïòî-
òè÷íå ïðåäñòàâëåííÿ:

Γεw(x)ϕ(w) = ε−1Γ1(x)ϕ(w) + Γ2(x)ϕ(w) + γε(x)ϕ(w), (5.28)

äå
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Γ1(x)ϕ(w) = b1(x)ϕ′(w); Γ2(x)ϕ(w) =
1

2
b2(x)ϕ′′(w); b2(x) =

∫
R

v2Γ (dv;x),

à çàëèøêîâèé ÷ëåí òàêèé, ùî ||γε(x)ϕ(w)|| → 0 ïðè ε→ 0; ϕ(w) ∈ C3(R).
Äîâåäåííÿ. Âèêîðèñòîâóþ÷è ðîçêëàä ôóíêöi¨ ϕ(w) â ðÿä Òåéëîðà, ïðîâå-

äåìî ïåðåòâîðåííÿ ãåíåðàòîðà:

Γεw(x)ϕ(w) = ε−2
∫
R

[ϕ(w + εv)− ϕ(w)]Γ (dv;x) =

= ε−2
∫
R

[ϕ(w + εv)− ϕ(w)− εvϕ′(w)− 1

2
ε2v2ϕ′′(w)]Γ (dv;x)+

+ε−1b1(x)ϕ′(w) +
1

2
b2(x)ϕ′′(w) =

= ε−1b1(x)ϕ′(w) +
1

2
b2(x)ϕ′′(w) + γε(x)ϕ(w).

Çâàæàþ÷è íà òå, ùî γε(x)ϕ(w) = O(ε), ϕ(w) ∈ C3(R) îòðèìó¹ìî î÷iêóâàíå
ïðåäñòàâëåííÿ.
Ëåìà 5.1.8. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó ηε(t),

x(t/ε2), t ≥ 0, ìà¹ âèãëÿä:

Γ̂ ε(x)ϕ(w, x) = ε−2Qϕ(w, x) + ε−1Γ1(x)ϕ(w, x)+

+Γ2(x)ϕ(w, x) + γε(x)ϕ(w, x), (5.29)

äå îïåðàòîðè Γ1(x), Γ2(x) âèçíà÷àþòüñÿ â ëåìi 5.1.7, à çàëèøêîâèé ÷ëåí òà-
êèé, ùî ||γε(x)ϕ(w, x)|| → 0 ïðè ε→ 0, ϕ(w, ·) ∈ C3(R).
Äîâåäåííÿ. Äîâåäåííÿ ïðîâîäèòüñÿ ç âèêîðèñòàííÿì îçíà÷åííÿ ãåíåðàòî-

ðà ìàðêîâñüêîãî ïðîöåñó òà âèãëÿäó âiäïîâiäíèõ ãåíåðàòîðiâ ïðîöåñiâ ηε(t) òà
x(t/ε2).

Çðiçàíèé îïåðàòîð ìà¹ âèãëÿä:

Γε0(x)ϕ(w, x) = ε−2Qϕ(w, x) + ε−1Γ1(x)ϕ(w, x) + Γ2(x)ϕ(w, x). (5.30)

Ëåìà 5.1.9. Çà óìîâè áàëàíñó (5.23) ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáó-
ðåííÿ äëÿ çðiçàíîãî îïåðàòîðà (5.30) íà òåñò-ôóíêöiÿõ

ϕε(w, x) = ϕ(w) + εϕ1(w, x) + ε2ϕ2(w, x)

ðåàëiçó¹òüñÿ ñïiââiäíîøåííÿì:

Γε0(x)ϕε(w, x) = Γϕ(w) + εθεη(x)ϕ(w), (5.31)

äå çàëèøêîâèé ÷ëåí θεη(x)ϕ(w) ðiâíîìiðíî îáìåæåíèé ïî x.
Ãðàíè÷íèé îïåðàòîð Γ âèçíà÷à¹òüñÿ ôîðìóëîþ:
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ΓΠϕ(w) = ΠΓ2(x)Πϕ(w) +ΠΓ1(x)R0Γ1(x)Πϕ(w). (5.32)

Äîâåäåííÿ. Äëÿ âèêîíàííÿ ðiâíîñòi (5.31) íåîáõiäíî ùîá êîåôiöi¹íòè ïðè
îäíàêîâèõ ñòåïåíÿõ ε çëiâà i ñïðàâà ñïiâïàäàëè. Îá÷èñëèìî:

Γε0(x)ϕε(w, x) = ε−2Qϕ(w) + ε−1[Qϕ1(w, x) + Γ1(x)ϕ(w)]+

+[Qϕ2(w, x) + Γ1(x)ϕ1(w, x) + Γ2(x)ϕ(w)]+

+ε[Γ1(x)ϕ2(w, x) + Γ2(x)ϕ1(w, x) + εΓ2(x)ϕ2(w, x)].

Îñêiëüêè ϕ(w) íå çàëåæèèòü âiä x òî

Qϕ(w) = 0,⇔ ϕ(w) ∈ NQ.

Óìîâà áàëàíñó (5.23) ¹ óìîâîþ ðîçâ'ÿçíîñòi ðiâíÿííÿ

Qϕ1(w, x) + Γ1(x)ϕ(w) = 0.

Òîìó

ϕ1(w, x) = R0Γ1(x)ϕ(w). (5.33)

Ðiâíÿííÿ

Qϕ2(w, x) + Γ1(x)ϕ1(w, x) + Γ2(x)ϕ(w) = Γϕ(w)

ç âèêîðèñòàííÿì (5.33) ìîæíà çâåñòè äî âèãëÿäó

Qϕ2(w, x) + Γ1(x)R0Γ1(x)ϕ(w) + Γ2(x)ϕ(w) = Γϕ(w)

Óìîâà ðîçâ'ÿçíîñòi îñòàííüîãî ðiâíÿííÿ i äà¹ ãðàíè÷íèé îïåðàòîð Γ â ôîðìi
(5.32).

Òîäi
ϕ2(w, x) = R0[Γ1(x)R0Γ1(x) + Γ2(x)− Γ]ϕ(w). (5.34)

Âèêîðèñòîâóþ÷è (5.33) òà (5.34), çàëèøêîâèé ÷ëåí íàáóäå ïîòðiáíîãî âèãëÿ-
äó.

Îáìåæåíiñòü θεηϕ(w) âèïëèâà¹ ç âëàñòèâîñòåé ãåíåðàòîðiâ Γ1(x), Γ2(x) òà
R0.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè.
Ïðîâîäèòüñÿ ç âèêîðèñòàííÿì ðåçóëüòàòiâ Ëåìè 5.1.3 òà ãðàíè÷íî¨ ìîäåëü-

íî¨ òåîðåìè Êîðîëþêà Â.Ñ. [3].
Ðîçãëÿíåìî äâîêîìïîíåíòíèé ìàðêîâñüêèé ïðîöåñ

uε(t), xεt := x(t/ε2), t ≥ 0. (5.35)
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Îñêiëüêè ÏÑÎ uε(t) çàëåæèòü âiä êåðóþ÷î¨ ôóíêöi¨ a(t), òî öåé ïðîöåñ
¹ íåîäíîðiäíèì â ÷àñi.
Ëåìà 5.1.10. Ãåíåðàòîð äâîõêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó uε(t),

x(t/ε2), t ≥ 0 ìà¹ âèãëÿä:

Lεt (x)ϕ(u, x) = ε−2Qϕ(u, x) + εa(t)Γεu(x)ϕ(u, x) + a(t)C∇(x)ϕ(u, x), (5.36)

äå C∇(x)ϕ(u, x) = ∇b(t)C(u, x)ϕ′u(u, x),
Äîâåäåííÿ. Ââåäåìî ïîçíà÷åííÿ uε(t) = ut, x(t/ε2) = xt. Òîäi çãiäíî îçíà-

÷åííÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó

Lεt (x)ϕ(u, x) = lim
∆→0

1

∆
E[ϕ(uε(t+∆), x((t+∆)/ε2))−

−ϕ(uε(t), x(t/ε2)|uε(t) = u, x(t/ε2) = x] =

= lim
∆→0

1

∆
E[ϕ(ut+∆, xt+∆)− ϕ(u, x)] =

= lim
∆→0

1

∆
E[ϕ(ut+∆, xt+∆)− ϕ(u, xt+∆)]+

+ lim
∆→0

1

∆
E[ϕ(u, xt+∆)− ϕ(u, x)] (5.37)

Îñêiëüêè ìà¹ ìiñöå ïðåäñòàâëåííÿ:

u(t+∆) = u+ a(t)∇bC(u, x)∆+ εa(t)∆ηε(t) + o(∆),

òî äëÿ ïåðøîãî äîäàíêó ç (5.37) ìà¹ìî

lim
∆→0

1

∆
E[ϕ(ut+∆, xt+∆)− ϕ(u, xt+∆)] =

= lim
∆→0

1

∆
E[ϕ(u+ a(t)∇bC(u, x)∆+

+εa(t)∆ηε(t) + o(∆), xt+∆)− ϕ(u, xt+∆)]

Âèêîðèñòîâóþ÷è äîäàíîê

±ϕ(u+ a(t)∇bC(u, x)∆+ o(∆), xt+∆),

ç îñòàííüîãî îòðèìó¹ìî:

lim
∆→0

1

∆
E[ϕ(ut+∆, xt+∆)− ϕ(u, xt+∆)] =

= lim
∆→0

1

∆
E[ϕ(u+ a(t)∇bC(u, x)∆+ εa(t)∆ηε(t) + o(∆), xt+∆)−

−ϕ(u+ a(t)∇bC(u, x)∆+ o(∆), xt+∆)]+
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+ lim
∆→0

1

∆
E[ϕ(u+ a(t)∇bC(u, x)∆+ o(∆), xt+∆)− ϕ(u, xt+∆)].

Îñêiëüêè, çãiäíî îçíà÷åííÿ ãåíåðàòîðà Γε(x):

Γε(x)ϕ(u) = lim
∆→0

1

∆
E[ϕ(u+∆ηε(t))− ϕ(u)],

i ïðîâiâøè çàìiíó: v = u + a(t)∇bC(u, x)∆ + o(∆) (Çàóâàæèìî, ùî v → u ïðè
∆→ 0), îäåðæèìî íàñòóïíèé âèãëÿä äëÿ ïåðøî¨ ãðàíèöi:

lim
∆→0

1

∆
E[ϕ(v + εa(t)∆ηε(t), xt+∆)−

−ϕ(v, xt+∆)] = εa(t)Γε(x)ϕ(u, x).

Ïiñëÿ ïåðåòâîðåíü äðóãà ãðàíèöÿ íàáóäå âèãëÿäó:

lim
∆→0

1

∆
E[ϕ(u+ a(t)∇bC(u, x)∆,xt+∆)− ϕ(u, xt+∆)] =

= lim
∆→0

1

∆
E[ϕ′u(u, xt+∆)(a(t)∇bC(u, x)∆+ o(∆))] =

= a(t)C(u, x)ϕ′u(u, x).

Ñêîðèñòàâøèñü îçíà÷åííÿì ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó x(t/ε2):

lim
∆→0

1

∆
E[ϕ(u, xt+∆)− ϕ(u, x)] = ε−2Qϕ(u, x),

i ïðîñóìóâàâøè îäåðæàíi ãðàíèöi, îòðèìà¹ìî (5.36).
Ëåìà 5.1.11. Ãåíåðàòîð Lεt (x) äâîõêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

uε(t), x(t/ε2), t ≥ 0 äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lεt (x)ϕ(u, x) = ε−2Qϕ(u, x) + a(t)Γ1(x)ϕ(u, x)+
+ a(t)C∇(x)ϕ(u, x) + θεt (x)ϕ(u, x),

(5.38)

äå
θεt (x) = ε2a(t)γε(x) + εa(t)Γ2(x)ϕ(u, x).

Òàêîæ çàëèøêîâèé ÷ëåí òàêèé, ùî ||θεt (x)(x)ϕ(u, x)|| → 0 ïðè ε→ 0.
Äîâåäåííÿ. Äîâåäåííÿ ïðîâîäèòüñÿ iç âèêîðèñòàííÿì

ïðåäñòàâëåííÿ îïåðàòîðà Γε(x) òà ðåçóëüòàòiâ ëåìè 1.1.10.
Ëåìà 5.1.12 Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà

(1.38) íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà

V ε(u, x) = V (u) + ε2a(t)V0(u, x).

ìà¹ ïðåäñòàâëåííÿ:
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Lεt (x)V ε(u, x) = a(t)LV (u) + εθεt (x)V (u), (5.39)

äå ãðàíè÷íèé ãåíåðàòîð L ìà¹ âèãëÿä

LV (u) = ∇b(t)C(u)V ′(u),∇b(t)C(u) =

∫
X

π(dx)∇b(t)C(u, x). (5.40)

à çàëèøêîâèé ÷ëåí θεt (x) çàäîâîëüíÿ¹ íåðiâíiñòü

|θεt (x)V (u)| ≤ c∗a2(t)(1 + V (u)). (5.41)

Äîâåäåííÿ. Ðîçêëàä ãåíåðàòîðà (5.38) íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà íà-
áóäå âèãëÿäó:

Lεt (x)V εt (u, x)

= [ε−2Q + a(t)Γ1(x) + a(t)C∇(x)]∗

∗[V (u) + ε2a(t)V0(u, x)] =

= ε−2QV (u) + a(t)[QV0(u, x)+

+C∇(x)V (u) + Γ1(x)V (u)]+

+ε2a2(t)[Γ1(x)V0(u, x)+

+C∇(x)V2(u, x)]. (5.42)

Îñêiëüêè V (u) íå çàëåæèèòü âiä x, òî

QV (u) = 0,⇔ V (u) ∈ NQ.

Ç óìîâè ðîçâ'ÿçíîñòi ðiâíÿííÿ

QV0(u, x) + C∇(x)V (u) + Γ1(x)V (u) = LtV (u)

îäåðæó¹ìî âèãëÿä ãðàíè÷íîãî îïåðàòîðà

Lt = ΠLt = Π[C∇(x) + Γ1(x)].

À, îñêiëüêè çãiäíî óìîâè áàëàíñó (5.23) ΠΓ1(x) = 0, òî ãðàíè÷íèé îïåðàòîð
íàáóäå âèãëÿäó

Lt = ΠC∇(x).

Çàâåðøåííÿ äîâåäåííÿ òåîðåìè.
Ç óìîâè C1 òåîðåìè òà íåðiâíîñòi (5.41) îäåðæèìî íåðiâíiñòü:

Lεt (x)V εt (u, x) ≤ −ca(t)V (u) + c∗a2(t)(1 + V (u)). (5.43)

Çáiæíiñòü ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨ âèïëèâà¹ ç íåðiâíîñòi (5.43)
òà òåîðåìè Íåâåëüñîíà-Õàñüìiíñüêîãî [1].
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5.2. Ïðîöåäóðà ñòîõàñòè÷íî¨ îïòèìiçàöi¨ â ñõåìi äèôóçiéíî¨
àïðîêñèìàöi¨

Ó öüîìó ïiäðîçäiëi áóäå ðîçãëÿíóòî íåïåðåðâíó ïðîöåäóðó ñòîõàñòè÷íî¨ îï-
òèìiçàöi¨ â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ ç çàëåæíîþ âiä ìàðêîâñüêîãî ïåðå-
êëþ÷àþ÷îãî ïðîöåñó ôóíêöi¹þ ðåãðåñi¨, òàêî¨, ùî çàäîâîëüíÿ¹ óìîâi Ëiïøèöÿ
â óìîâàõ ãëîáàëüíîãî áàëàíñó íà ñèíãóëÿðíå çáóðåííÿ ôóíêöi¨ ðåãðåñi¨. Âñòà-
íîâëåíî äîñòàòíi óìîâè çáiæíîñòi ïðîöåäóðè äî òî÷êè åêñòðåìóìó â òåðìiíàõ
âëàñòèâîñòåé ôóíêöi¨ Ëÿïóíîâà óñåðåäíåíî¨ ñèñòåìè. Âñòàíîâëåíî àñèìïòî-
òè÷íó äèôóçiéíiñòü ôëóêòóàöi¨ îäíîâèìiðíî¨ ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìi-
çàöi¨â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨, ùî îïèñó¹òüñÿ ñòîõàñòè÷íèì äèôåðåí-
öiàëüíèì ðiâíÿííÿì. Â âèïàäêó ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ç iìïóëüñ-
íèì çáóðåííÿì âñòàíîâëåíî àñèìïòîòè÷íó äèôóçiéíiñòü ôëóêòóàöi¨ ç êâàäðà-
òè÷íèì çñóâîì ãðàíè÷íîãî äèôóçiéíîãî ïðîöåñó.
5.2.1. Çáiæíiñòü ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨. Íåõàé C(u, x),

u ∈ Rd, - ôóíêöiÿ ðåãðåñi¨ çàëåæèòü âiä âïëèâó çîâíiøíüîãî ñåðåäîâèùà, ÿêå
îïèñó¹òüñÿ ðiâíîìiðíî åðãîäè÷íèì ìàðêîâñüêèì ïðîöåñîì x(t), t ≥ 0, ó âèìið-
íîìó ôàçîâîìó ïðîñòîði ñòàíiâ (X,X). Äëÿ ãåíåðàòîðà

Qϕ(x) = q(x)

∫
X

P (x, dy)[ϕ(y)− ϕ(x)]

ìàðêîâñüêîãî ïðîöåñó x(t), t ≥ 0, ùî âèçíà÷åíèé íà áàíàõîâîìó ïðîñòîði B(X)
äiéñíîçíà÷íèõ íåïåðåðâíèõ ôóíêöié ϕ(x), x ∈ X, ç ñóïðåìóì íîðìîþ ‖ϕ(x)‖ =
sup
x∈X
|ϕ(x)|, äå P (x,B), x ∈ X, B ∈ X , - ñòîõàñòè÷íå ÿäðî, q(x) = g(x)−1(x),

g(x) = Eθx, θ(x) - ÷àñ ïåðåáóâàííÿ ìàðêîâñüêîãî ïðîöåñó â ñòàíi x, áóäó¹òüñÿ
ïîòåíöiàëR0 = Π−(Π+Q)−1, äåΠϕ(x) =

∫
X

π(dx)ϕ(x) - ïðîåêòîð íà ïiäïðîñòið

íóëiâ îïåðàòîðà Q: NQ = {ϕ : Qϕ = 0}, à π(B), B ∈ X , ñòàöiîíàðíèé ðîçïîäië
ìàðêîâñüêîãî ïðîöåñó.

Íåïåðåðâíà ïðîöåäóðà ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ïîøóêó òî÷êè ìàêñèìóìó
ôóíêöi¨ ðåãðåñi¨ C(u, x) â ñõåìi äèôóçiéíî¨ àïðîêñèìàöi¨ çàäà¹òüñÿ ñòîõàñòè÷-
íèì äèôåðåíöiàëüíèì ðiâíÿííÿì:

duε(t) = a(t)[∇b(t)C(uε(t), x(t/ε2))+

+ε−1C0(uε(t), x(t/ε2))]dt, (5.44)

äå ∇b(t)C(u, ·) = [(C(u+i , ·)− C(u−i , ·))/2b(t), i = 1, d],

u±i = ui ± b(t)ei, ei = {0, ..., 1, 0, ..., 0},
C0(u, x) = {C0i(u, x) i = 1, d}, u ∈ Rd, x ∈ X

Ïîðÿä ç ñèñòåìîþ (5.44) ðîçãëÿäà¹ìî ïàðàìåòðè÷íó ñèñòåìó

dux(t) = Cε,∇b(ux, x)dt, x ∈ X,

äå
Cε,∇b(u, x) = ∇b(t)C(u, x) + ε−1C0(u, x),

189



ç ïîðîäæóþ÷èì îïåðàòîðîì

Cε,∇bϕ(u, x) =
[
∇b(t)C(x) + ε−1C0(x)

]
ϕ(u, x),

äå ∇b(t)C(x)ϕ(u, x) = ∇b(t)C(u, x)ϕ′(u, x),
C0(x)ϕ(u, x) = C0(u, x)ϕ′(u, x).

Ïðîöåäóðà (5.44) ðîçãëÿäà¹òüñÿ â óìîâàõ áàëàíñó íà çáóðåííÿ C0(u, x) :∫
X

π(dx)C0(u, x) = 0. (5.45)

Äëÿ óñåðåäíåíî¨ ôóíêöi¨ ðåãðåñi¨

C(u) = ΠC(u, x) =

∫
X

π(dx)C(u, x)

ðîçãëÿíåìî äèíàìi÷íó ñèñòåìó

du(t)

dt
= gradC(u(t))T , grad C(u) =

[
∂C(u)

∂ui
, i = 1, d

]
. (5.46)

Ïðèïóñòèìî, ùî iñíó¹ ¹äèíà òî÷êà ìàêñèìóìó ôóíêöi¨ ðåãðåñi¨.
Òåîðåìà 5.2.1. Íåõàé óñåðåäíåíà ôóíêöiÿ ðåãðåñi¨ C(u) ìà¹ íåïåðåðâíi

÷àñòêîâi ïîõiäíi ïî u ∈ Rd, ùî çàäîâîëüíÿþòü ãëîáàëüíó óìîâó Ëiïøèöÿ

B : |∇b(t)C(u)− gradC(u)| < kb(t), k > 0;

âåêòîð-ôóíêöiÿ C0(u, x) ìà¹ ïåðøi äâi ïîõiäíi, à âåêòîð-ôóí-
êöiÿ ∇b(t)C(u, x) ìà¹ ïåðøi äâi ïîõiäíi ïî u ∈ Rd, îáìåæåíi ðiâíîìiðíî
ïî x ∈ X, ôóíêöiÿ Ëÿïóíîâà V (u) äëÿ óñåðåäíåíî¨ ñèñòåìè (5.46), ùî ìà¹ îá-
ìåæåíi ïîõiäíi äî òðåòüîãî ïîðÿäêó âêëþ÷íî, çàäîâîëüíÿ¹ óìîâàì:

C1: åêñïîíåíöiéíî¨ ñòiéêîñòi äèíàìi÷íî¨ ñèñòåìè (5.46)
gradC(u)V ′(u) < −cV (u), c > 0;
C2:|V ′(u)| ≤ c1(1 + V (u)), c1 > 0;
C3:|C0(u, x)R0[C0(u, x)V ′(u)]′| ≤ c2(1 + V (u)), c2 > 0;
C4:|∇b(t)C(u, x)R0[C0(u, x)V ′(u)]′| ≤ c3(1 + V (u)), c3 > 0;

C5:|C0(u, x)R0[∇b(t)C̃(u, x)V ′(u)]′| ≤ c4(1 + V (u)), c4 > 0;

C6:|∇b(t)C(u, x)R0[∇b(t)C̃(u, x)V ′(u)]′| ≤ c5(1 + V (u)), c5 > 0;
C7:|C0(u, x)R0[C0(u, x)R0[C0(u, x)V ′(u)]′]′| ≤ c6(1 + V (u)),

c6 > 0;
C8:|∇b(t)C(u, x)R0[C0(u, x)R0[C0(u, x)V ′(u)]′]′| ≤ c7(1 + V (u)),

c7 > 0;
äå ∇b(t)C̃(u, x) = ∇b(t)C(u, x)−∇b(t)C(u).
Êðiì òîãî âèêîíó¹òüñÿ óìîâà áàëàíñó (5.45), à ôóíêöi¨

a(t) > 0 ,b(t) > 0, òàêi, ùî âèêîíóþòüñÿ óìîâè
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∞∫
0

a(t)dt =∞,
∞∫
0

a2(t)dt <∞,
∞∫
0

a(t)b(t)dt <∞.

Òîäi, äëÿ êîæíîãî ïî÷àòêîâîãî çíà÷åííÿ uε(0) = u ,u ∈ Rd, ðîçâ'ÿçîê ðiâ-
íÿííÿ (1.44) ïðè äîñòàòíüî ìàëèõ ε ≤ ε0 çáiãàþòüñÿ ç éìîâiðíiñòþ 1 äî òî÷-
êè åêñòðåìóìó u0, ùî âèçíà÷à¹òüñÿ îäíîçíà÷íî ðiâíÿííÿì gradC(u0) = 0.

Äëÿ âñòàíîâëåííÿ óìîâ çáiæíîñòi ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ïî-
áóäó¹ìî ãåíåðàòîð ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨ òà ðîçãëÿíåìî éîãî
àñèìïòîòè÷íå ïðåäñòàâëåííÿ.

Ðîçãëÿíåìî äâîêîìïîíåíòíèé ìàðêîâñüêèé ïðîöåñ

uε(t), xεt := x(t/ε2), t ≥ 0. (5.47)

Ëåìà 5.2.1. Ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó (1.47) íà
òåñò-ôóíêöiÿõ ϕ(u, x) ∈ C2,0(Rd, X) ìà¹ àíàëiòè÷íå ïðåäñòàâëåííÿ

L
ε
tϕ(u, x) = ε−2Qϕ(u, x) + ε−1a(t)C0(x)ϕ(u, x)+

+a(t)∇b(t)C(x)ϕ(u, x).

Äîâåäåííÿ. Ðîçãëÿíåìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ:

E[ϕ(uε(t+∆), xεt+∆)|uε(t) = u, xεt = x] =

= Eu,x[ϕ(uε(t+∆), xεt+∆)] =

= Eu,x[ϕ(u+

t+∆∫
t

a(s)Cε,∇b(uε(s), x(s/ε2)) ds, x]I(θx > ε−2∆)+

+Eu,xϕ[u+

t+∆∫
t

a(s)Cε,∇b(uε(s), x(s/ε2)) ds, xt+∆]×

×I(θx ≤ ε−2∆) + o(∆) (5.48)

×àñ ïåðåáóâàííÿ θx ó ñòàíi x ìà¹ ïîêàçíèêîâèé ðîçïîäië, òîáòî ìàþòü ìiñöå
ðîçêëàäè:

I(θx > ε−2) = e−ε
−2q(x)∆ = 1− ε−2q(x)∆+ o(∆),

I(θx ≤ ε−2) = 1− e−ε
−2q(x)∆ = ε−2q(x)∆+ o(∆), (5.49)

äå q(x) � iíòåíñèâíiñòü.
Ïðîâåäåìî ïåðåòâîðåííÿ äëÿ òåñò-ôóíêöié ϕ(u, x):
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ϕ[u+

t+∆∫
t

a(s)Cε,∇b(uε(s), x(s/ε2)) ds, x] =

= ϕ(u, x) + ϕ′u(u, x)

t∫
t+∆

a(s)Cε,∇b(uε(s), x(s/ε2))ds =

= ϕ(u, x) + Cε,∇b(u, x)ϕ′u(u, x)a(t)∆+ o(∆) (5.50)

Âðàõîâóþ÷è (5.49) òà (5.50), îá÷èñëèìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ
(5.48):

Eu,x[ϕ(u, x) + a(t)Cε,∇b(u, x)ϕ′u(u, x)∆][1− ε−2q(x)∆+ o(∆)]+

+Eu,x[ϕ(u, xεt+∆) + a(t)Cε,∇b(u, x)ϕ′u(u, xεt++∆)∆]×

×[ε−2q(x)∆+ o(∆)] = ϕ(u, x) + a(t)Cε,∇b(u, x)ϕ′u(u, x)∆−

−ε−2q(x)∆[Eu,xϕ(u, x) + o(∆)] + ε−2q(x)∆[Eu,xϕ(u, xεt+∆) + +o(∆)] =

ϕ(u, x) + a(t)Cε,∇b(u, x)ϕ′u(u, x)∆+

+ε−2q(x)∆

∫
X

P (x, dy)[ϕ(u, y)− ϕ(u, x)] + o(∆) (5.51)

Âðàõîâóþ÷è (5.51) òà îçíà÷åííÿ ãåíåðàòîðà äâîêîìïîíåíòíîãî ìàðêîâñüêîãî
ïðîöåñó, îòðèìà¹ìî:

L
ε
tϕ(u, x) = lim

∆→0

1

∆
(E(ϕ(uε(t+ +∆), xεt+∆)|uε(t) = u, xεt = x)−

−ϕ(u, x)) = = ε−2Qϕ(u, x) + ε−1a(t)C0(x)ϕ(u, x) + a(t)∇b(t)C(x)ϕ(u, x).

Ëåìó äîâåäåíî.
Âèêîðèñòà¹ìî çáóðåíó ôóíêöiþ Ëÿïóíîâà ó âèãëÿäi:

V ε(u, x) = V (u) + εa(t)V1(u, x) + ε2V2(u, x),

äå V (u) ∈ C3(Rd)-ôóíêöiÿ Ëÿïóíîâà óñåðåäíåíî¨ ñèñòåìè (1.46).
Ëåìà 5.2.1. Ãåíåðàòîð Lεt íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà V ε(u, x) äîïóñêà¹

àñèìïòîòè÷íèé ðîçêëàä:

LtV (u) = [a(t)ΠC0(x)R0C0(x) +Π∇b(t)C(x)]V (u),

Θt(x)V (u) = C0(x)R0L̃t(x)V (u) +∇bC(x)R0C0(x)V (u)+

+ε∇b(t)C0(x)R0 L̃t(x)V (u), äå L̃t(x) = Lt(x)− L.
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Äîâåäåííÿ. Ãåíåðàòîð íà çáóðåíié ôóíêöi¨ Ëÿïóíîâà ìà¹ ïðåäñòàâëåííÿ:

L
ε
tV

ε(u, x) = ε−2QV (u) + ε−1a(t)[a(t)QV1(u, x) +C0(x)V (u)]+

+a(t)[QV2(u, x) + a(t)C0(x)V1(u, x) +∇b(t)C(x)V (u)]+

+εa2(t)[C0(x)V2(u, x) +∇bC(x)V1(u, x) + + ε∇b(t)C(x)V2(u, x)].

Ðîçãëÿíåìî äîäàíêè, ïîãðóïîâàíi çà ñòåïåíÿìè ïàðàìåòðó ε.
Îñêiëüêè ôóíêöiÿ V (u) íå çàëåæèòü âiä çìiííî¨ x, òî ïåðøèé äîäàíîê äîðiâ-

íþ¹ íóëåâi:
QV (u) = 0.

Âèêîðèñòîâóþ÷è ïåðøó óìîâó ðîçâ'ÿçíîñòi ïðîáëåìè ñèíãóëÿðíîãî çáóðåí-
íÿ, äîäàíîê ç êîåôiöi¹íòîì ε−1 ïðèðiâíþ¹ìî äî íóëÿ:

a(t)QV1(u, x) + a(t)C0(x)V (u) = 0. (5.52)

Âèêîðèñòîâóþ÷è óìîâó áàëàíñó äëÿ ðiâíÿííÿ (5.52) òà äîäàòêîâó óìîâó
ΠV1 = 0, îòðèìà¹ìî ðîçâ'çîê ó âèãëÿäi:

V1(u, x) = R0C0(x)V (u). (5.53)

Ç ðîçâ'ÿçíîñòi ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ âèçíà÷åíîñòi ôóíêöi¨
V2(u, x) ìà¹ìî ðiâíiñòü

QV2(u, x) + Lt(x)V (u) = LtV (u),

äå
Lt(x)V (u) = a(t)C0(x)R0C0(x)V (u) +∇b(t)C(x)V (u),

à Lt = ΠLt(x), òîáòî

Lt = a(t)ΠC0(x)R0C0(x) +Π∇bC(x). (5.54)

Îòæå, îòðèìà¹ìî
V2(u, x) = R0L̃t(x)V (u), (5.55)

äå L̃t(x) = Lt(x)− Lt.
Ó ÷åòâåðòèé äîäàíîê ïiäñòàâèìî çíà÷åííÿ ôóíêöié

V1(u, x) (5.53) òà V2(u, x) (5.55) i âèäiëèìî çàëèøêîâèé ÷ëåí Θt(x)V (u):

Θt(x)V (u) = C0(x)V2(u, x) +∇b(t)C(x)V1(u, x)+

+ε∇bC(x)V2(u, x) =

= C0(x)R0L̃t(x)V (u) +∇b(t)C(x)R0C0(x)V (u)+

+ε∇b(t)C(x)R0L̃t(x)V (u).eqno(5.56)

Ëåìó äîâåäåíî.
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Äîâåäåííÿ òåîðåìè. Âñòàíîâèìî ðÿä îöiíîê äëÿ àñèìïòîòè÷íîãî ðîçêëà-
äó ãåíåðàòîðà Lεt . Çîêðåìà, âðàõîâóþ÷è (5.54), óìîâè C1 − C3 òà B òåîðåìè
5.2.1, äëÿ ïåðøîãî äîäàíêó ìà¹ìî

LtV (u) =

∫
X

π(dx)∇b(t)C(u, x)V ′(u)+

+a(t)

∫
X

π(x)C0(u, x)R0[C0(u, x)V ′(u)] <

< −cV (u) + k∗b(t)(1 + V (u)) + c∗1a(t)(1 + V (u)). (5.57)

Ïîçíà÷èìî ÷åðåç Θ1, Θ2, Θ3 âiäïîâiäíi äîäàíêè áåç êîåôiöi¹íòiâ â (5.56).
Îòæå, äëÿ Θ1 ìà¹ìî

Θ1 = C0(x)R0L̃t(x)V (u) = C0(u, x)R0[∇b(t)C̃(u, x)V ′(u)]′+

+a(t)C0(u, x)R0[C0(u, x)R0[C0(u, x)V ′(u)]′]′−

−a(t)

∫
X

π(dx)C0(u, x)R0[C0(u, x)R0[C0(u, x)V ′(u)]′]′.

Âðàõîâóþ÷è óìîâè C5�C8 òåîðåìè îòðèìó¹ìî:

|Θ1| ≤ c ∗2 (1 + V (u)). (5.58)

Äëÿ Θ2 ìà¹ìî

Θ2 = ∇b(t)C(x)R0C0(x)V (u) = ∇b(t)C(u, x)R0[C0(u, x)V ′(u)]′.

Çãiäíî óìîâè C4 òåîðåìè

|Θ2| ≤ c∗2(1 + V (u)). (5.59)

Äëÿ òðåòüîãî äîäàíêó ìà¹ìî

Θ3 = ∇b(t)C(x)R0L̃t(x)V (u) =

= ∇b(t)C(u, x)R0[∇b(t)C̃(u, x)V ′(u)]′+

+a(t)∇bC(u, x)R0[C0(u, x)R0[C0(u, x)V ′(u)]′]′−

−a(t)

∫
X

π(dx)∇b(t)C(u, x)R0[C0(u, x)R0[C0(u, x)V ′(u)]′]′.
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Îòæå,
|Θ3| ≤ c ∗3 (1 + V (u)). (5.60)

Òàêèì ÷èíîì, âðàõîâóþ÷è (5.58)�(5.60), äëÿ çàëèøêîâîãî ÷ëåíà Θt(x)V (u)
ìà¹ìî ñóìàðíó îöiíêó:

|Θt(x)V (u)| ≤ c ∗4 (1 + V (u)). (5.61)

Ðàçîì ç (5.57) òà (5.61) îòðèìó¹ìî äëÿ LεtV
ε(u, x) îáìåæåííÿ:

L
ε
tV

ε(u, x) ≤ −ca(t)V (u) + k ∗ a(t)b(t)(1 + + V (u)) + c ∗5 a2(t)(1 + V (u)).

Ç îñòàííüîãî òà ç ìàðòèíãàëüíî¨ õàðàêòåðèçàöi¨ ïðîöåñó

V ε(uε(t), xεt ), t ≥ O

âèïëèâà¹ òâåðäæåííÿ òåîðåìè, çãiäíî òåîðåìè Íåâåëüñîíà-Õàñüìiíñüêîãî [1].
Òåîðåìó äîâåäåíî.
Íàñëiäîê 5.2.1. Ó âèïàäêó, êîëè çáóðåííÿ C0(u, x) = C0(x), òîáòî íå çàëå-

æèòü âiä åâîëþöi¨ u òâåðäæåííÿ òåîðåìè ìà¹ ìiñöå ïðè íàñòóïíèõ óìîâàõ:
C3*:|C0(x)R0[C0(x)V ′′(u)]| ≤ c2(1 + V (u)), c2 > 0;
C4*:|∇b(t)C(u, x)R0[C0(x)V ′′(u)]| ≤ c3(1 + V (u)), c3 > 0;

C5*:|C0(x)R0[∇b(t)C̃(u, x)V ′(u)]′| ≤ c4(1 + V (u)), c4 > 0;
C7*:|C0(x)R0[C0(x)R0[C0(x)V ′′′(u)]]| ≤ c6(1 + V (u)), c6 > 0;
C8*:|∇b(t)C(u, x)R0[C0(x)R0[C0(x)V ′′′(u)]]| ≤ c6(1 + V (u)),

c6 > 0.
Íàñëiäîê 5.2.2. Ç îá÷èñëåííÿ (5.57) ãðàíè÷íîãî îïåðàòîðà Lt ðîáèìî âèñ-

íîâîê ïðî çáiæíiñòü ïðîöåäóðè (5.44) äî ïðîöåäóðè, ùî âèçíà÷à¹òüñÿ ñòîõà-
ñòè÷íèì äèôåðåíöiàëüíèì ðiâíÿííÿì.

du(t) = a(t)∇b(t)C(u(t))dt+ a2(t)[b(u(t))dt+B(u(t))dwt],

äå âèðàç â êâàäðàòíèõ äóæêàõ ¹ çáóðþþ÷èì äèôóçiéíèì ïðîöåñîì ç ôóíêöi¹þ
çñóâó

b(t) = ΠC0(u, x)R0C
′
0(u, x) =

∫
X

π(dx)C0(u, x)R0C
′
0(u, x),

òà ìàòðèöåþ äèñïåðñi¨

B(u) = ΠC0(u, x)R0C0(u, x) =

∫
X

π(dx)C0(u, x)R0C0(u, x);

u ∈ Rd i âñi ïîõiäíi îá÷èñëþþòüñÿ ïî çìiííié u :

C ′0(u, x) = ∂C0(u, x)/∂uk, k = 1, N ;

wt-ñòàíäàðòíèé âiíåðiâñüêèé ïðîöåñ.
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Ôëóêòóàöi¨ ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨ ç äèôóçiéíèì çáó-
ðåííÿì. Ïîâåäiíêà ôëóêòóàöié ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨ õàðàêòå-
ðèçó¹ øâèäêiñòü ñõîäæåííÿ ñèñòåìè äî òî÷êè åêñòðåìóìó. Â öüîìó ðîçäiëi
ðîçãëÿäàþòüñÿ âëàñòèâîñòi ôëóêòóàöié ÏÑÎ ç äèôóçiéíèì çáóðåííÿì â îêîëi
òî÷êè åêñòðåìóìó óñåðåäíåíî¨ ñèñòåìè. Â ïîäàëüøîìó öå äàñòü çìîãó ðîçãëÿ-
äàòè ïðîáëåìè àñèìïòîòè÷íî¨ ïîâåäiíêè ÏÑÎ.

Ðîçãëÿíåìî íåïåðåðâíó ïðîöåäóðó ñòîõàñòè÷íî¨ îïòèìiçàöi¨:

duε(t) = a(t)Cε(uε(t), x(t/ε4))dt, (5.62)

ç ôóíêöi¹þ ðåãðåñi¨

Cε(u, x) = ∇b(t)C(u, x) + ε−1C0(u, x), u ∈ R, x ∈ X. (5.63)

òàêîþ, ùî çàäîâîëüíÿ¹ óìîâàì iñíóâàííÿ ãëîáàëüíîãî ðîçâ'ÿçêó ñóïðîâîäæó-
þ÷î¨ ñèñòåìè

uεx(t)

dt
= a(t)Cε(uεx(t), x), x ∈ X (5.64)

Òàêîæ íåõàé C(u, ·) ∈ C2(R), C0(u, ·) ∈ C3(R). Ìàðêîâñüêèé ïðîöåñ x(t),
t ≥ 0 â ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði (X, X) çàäà¹òüñÿ ãåíåðàòîðîì:

Qϕ(x) = q(x)

∫
X

P (x, dy) [ϕ(y)− ϕ(x)] , ϕ ∈ B(X),

äå B(X) � áàíàõîâèé ïðîñòið äiéñíèõ îáìåæåíèõ ôóíêöié ç ñóïðåìóì-íîðìîþ
||ϕ|| = max

x∈X
|ϕ(x)|.

Ñòîõàñòè÷íå ÿäðî P (x,B), x ∈ X,B ∈ X âèçíà÷à¹ ðiâíîìiðíî åðãîäè÷-
íèé âêëàäåíèé ëàíöþã Ìàðêîâà xn = x(τn), n ≥ 0 iç ñòàöiîíàðíèì ðîçïîiä-
ëîì ρ(B), B ∈ X . Ñòàöiîíàðíèé ðîçïîäië π(B), B ∈ X ìàðêîâñüêîãî ïðîöåñó
x(t), t ≥ 0 âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x).

Ïîòåíöiàëüíèé îïåðàòîð R0 [?] ãåíåðàòîðà Q âèçíà÷à¹òüñÿ ñïiââiäíîøåí-
íÿì:

R0 = Π − (Π + Q)−1,

äå Πϕ(x) =
∫
X

π(dy)ϕ(y) - ïðîåêòîð íà ïiäïðîñòið NQ = {ϕ : Qϕ = 0} íóëiâ

îïåðàòîðà Q.
Íåõàé äëÿ çáóðåííÿ C0(u, x) ôóíêöi¨ ðåãðåñi¨ âèêîíó¹òüñÿ óìîâà áàëàíñó∫

X

π(dx)C0(u, x) ≡ 0. (5.65)
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Â óìîâàõ òåîðåìè 5.2.1 íåïåðåðâíà ÏÑÎ (5.44) ç éìîâiðíiñòþ îäèíèöÿ çái-
ãà¹òüñÿ äî òî÷êè åêñòðåìóìó óñåðåäíåíî¨ ñèñòåìè

du(t)

dt
= C ′(u(t)), (5.66)

äå

C(u) =

∫
X

π(dx)C(u, x).

Óìîâîþ iñíóâàííÿ òî÷êè åêñòðóìóìó u0 ¹ óìîâà áàëàíñó

ΠC ′(0, x) =

∫
X

π(dx)C ′(0, x) = 0. (5.67)

Êåðóþ÷ó ôóíêöiþ a(t) âèçíà÷èìî ñïiââiäíîøåíÿì:

a(t) = a/t, 0 < t0 < t, a > 0,

Äèôóçiéíå çáóðåííÿ çàäà¹òüñÿ ñïiââiäíîøåííÿì

C̄ε0(t) = ε−2a

t∫
t0

C0(uε(s), x(s/ε4))/sds.

Ïîçíà÷èìî ÷åðåç C0
0 (x) = C0(0, x), òîäi äèôóçiéíå çáóðåííÿ â òî÷öi åêñòðó-

ìóìó íàáóäå âèãëÿäó:

Cε0(t) = ε−2a

t∫
t0

C0(0, x(s/ε4))/sds =

= ε−2a

t∫
t0

C0
0 (x(s/ε4))/sds. (5.68)

Ôëóêòóàöiþ ÏÑO ðîçãëÿíåìî â âèãëÿäi

vε(t) = ε−1t1/2 [uε(t)− εCε0(t)] . (5.69)

Òåîðåìà 5.2.2. Íåõàé âèêîíóþòüñÿ óìîâè áàëàíñó (5.67) i (5.45), óìîâè
çáiæíîñòi ÏÑO (5.62), à òàêîæ íåõàé ôóíêöi¨ C ′0(u, x) i C ′′0 (u, x) ðiâíîìiðíî
îáìåæåíi ïî x

sup
x∈X
||C ′0(u, x)|| ≤ C1 < +∞;

sup
x∈X
||C ′′0 (u, x)|| ≤ C2 < +∞. (5.70)
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Òîäi ìà¹ ìiñöå ñëàáêà çáiæíiñòü

(vε(t), Cε0(t))→ (ζ(t),Wσ(t)), t > 0, ε→ 0

â êîæíîìó ñêií÷åííîìó iíòåðâàëi 0 < t0 < t < T . Ãðàíè÷íèé ïðîöåñ
(ζ(t),Wσ(t)) çàäà¹òüñÿ ãåíåðàòîðîì

Lϕ(v, w) =

[
acv2√
t

+ acvw +
v

2
+
ac
√
tw2

2

]
ϕ′v(v, w)+

+
a2ρ2

2t
ϕ′′w(v, w),

äå

c =

∫
X

π(dx)C ′′(0, x);

ρ2 = 2

∫
X

π(dx)C0(0, x)R0C0(0, x).

Äîâåäåííÿ òåîðåìè.
Ëåìà 5.2.3. Ôëóêòóàöiÿ (5.69) çàäîâîëüíÿ¹ ñòîõàñòè÷íîìó äèôåðåíöiàëü-

íîìó ðiâíÿííþ
dvε(t) = Cεt (vε(t), xεt )dt, (5.71)

äå

Cεt (v, x) =
ε−2a

t1/2
[C0(εzε(t), x)− C0(0, x)] +

+
ε−1a

t1/2
∇b(t)C(εzε(t), x) +

v

2t
,

zε(t) = t−1/2vε(t) + w,

w = Cε0(t),

v = vε(t).

Äîâåäåííÿ. Äèôåðåíöiþþ÷è (5.68), îòðèìó¹ìî

dvε(t) = ε−1
1

2
t−

1
2 [uε(t)− εCε0(t)] dt+

+ε−1t1/2 [duε(t)− εdCε0(t)] . (5.72)

Îñêiëüêè
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duε(t) =
a

t

[
∇b(t)C(uε(t), x) + ε−1C0(uε(t), x)

]
dt,

òà dCε0(t) = ε−2at−1C0(0, x)dt, òî,âðàõîâóþ÷è îòðèìó¹ìî äëÿ (5.72)

dvε(t) =
1

2t
vε(t)dt+ ε−1t1/2[

a

t
[∇b(t)C(εzε(t), x) + ε−1C0(εzε(t), x)]−

−ε−1 a
t
Cε0(t)dt] =

= [ε−2at−1/2C0(εzε(t), x) + ε−1at−1/2∇b(t)C(εzε(t), x)−

−ε−2at−1/2C0(0, x) +
1

2t
vε(t)]dt.

Ç îñòàííüîãî îòðèìó¹ìî î÷iêóâàíå òâåðäæåííÿ.
Äëÿ ñèñòåìè (5.71) ðîçãëÿíåìî ïàðàìåòðè÷íó ñèñòåìó

dvεx(t) = Cεt (vεx(t), x)dt (5.73)

ç íàïiâãðóïîþ îïåðàòîðiâ

Cε
t (x)ϕ(v) = ϕ(vεx(t+ s)), vεx(s) = v,

íà ðîçâ'ÿçêàõ ñèñòåìè (5.73), ùî ìà¹ ãåíåðàòîð

Cε,V
t (x)ϕ(v) = Cεt (v, x)ϕ′(v). (5.74)

Ëåìà 5.2.4 Ãåíåðàòîð (5.74) ìà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Cε,V
t (x)ϕ(v) = ε−1

a

t1/2
[zε(t)C ′0(0, x) + C ′(0, x)]ϕ′(v)+

+
a

t1/2
zε(t)[

zε(t)

2
C ′′0 (0, x) + C ′′(0, x)]ϕ′(v)+

+
1

2t
vϕ′(v) + θε(x)ϕ(v),

äå çàëèøêîâèé ÷ëåí θε(x)ϕ(v) òàêèé, ùî

|θε(x)ϕ(v)| → 0

ïðè ε→ 0.
Äîâåäåííÿ. Ç (5.74) ìà¹ìî

Cε,V
t (x)ϕ(v) = Cε(v, x)ϕ′(v) =
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= [ε−2
a

t1/2
[C0(εzε(t), x)− C0(0, x)] +

+ε−1
a

t1/2
∇b(t)C(εzε(t), x) +

1

2t
v]ϕ′(v) =

= [ε−2
a

t1/2
[C0(0, x) + εzε(t)C ′0(0, x) +

ε2zε(t)2

2
C ′′0 (0, x)+

+O(ε3)− C0(0, x)]ϕ′(v)+

+ε−1
a

t1/2
[C ′(0, x) + εzε(t)C ′′(0, x) +O(ε3)] +

1

2t
v]ϕ′(v) =

= [ε−1
a

t1/2
[zε(t)C ′0(0, x) + C ′(0, x)]+

+
a

t1/2
zε(t)[

zε(t)

2
C ′′0 (0, x) + C ′′(0, x)]+

+
1

2t
v]ϕ′(v) + εθεv(x)ϕ′(v),

äå θεv(x)ϕ′(v) ðiâíîìiðíî îáìåæåíà ôóíêöiÿ ïî x.
Ëåìà 5.2.5. Ãåíåðàòîð Lε òðüîõêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

vε(t) =: vt, C
ε
0(t) =: wt, x(t/ε4) = xεt , t ≥ 0 (5.75)

íà òåñò-ôóíêöiÿõ ϕ(v, w, ·) ∈ C2,2(Rd×Rd) ìà¹ àñèìïòîòè÷íå ïðåäñòàâëåí-
íÿ

Lεϕ(v, w, x) = ε−4Qϕ(v, w, x) + ε−2
a

t
C0(x)ϕ(v, w, x)+

+ε−1
a

t1/2
C1

0(v, w, x)ϕ(v, w, x) +
a

t
C2

0(v, w, x)ϕ(v, w, x)+

+θεLε(x)ϕ(v, w, x), (5.76)

äå C0(x)ϕ(v, w, x) = C0(0, x)ϕ′w(v, w, x).

C1
0(v, w, x)ϕ(v, w, x) = (zC ′0(0, x) + C ′(0, x))ϕ′(v, w, x),

C2
0(v, w, x)ϕ(v, w, x) = (

√
tz(

z

2
C ′′0 (0, x) + C ′′(0, x)) +

v

2a
)ϕ′(v, w, x),

à çàëèøêîâèé ÷ëåí ||θεLε(x)ϕ(v, w, x)|| → 0 ïðè ε→ 0.
Äîâåäåííÿ. Çãiäíî îçíà÷åííÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó ìà¹ìî
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Lεϕ(v, w, x) = lim
∆→0

1

∆
E[ϕ(vε(t+∆), Cε0(t+∆), x((t+∆)/ε4))−

−ϕ(vε(t), Cε0(t), x(t/ε4))|vε(t) = v, Cε0(t) = w, x(t/ε4) = x] =

= lim
∆→0

1

∆
Ev,w,x[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(v, w, x)] =

= lim
∆→0

1

∆
Ev,w,x[ϕ(v, w, xt+∆)− ϕ(v, w, x)]+

+ lim
∆→0

1

∆
Ev,w,x[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(vt+∆, w, xt+∆)]+

+ lim
∆→0

1

∆
Ev,w,x[ϕ(vt+∆, w, xt+∆)− ϕ(v, w, xt+∆)].

Ç òîãî, ùî

lim
∆→0

1

∆
Ev,w,x[ϕ(v, w, xt+∆)− ϕ(v, w, x)] = ε−4Qϕ(v, w, x),

lim
∆→0

1

∆
Ev,w,x[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(vt+∆, w, xt+∆)] =

= lim
∆→0

1

∆
Ev,w,x[ϕ′w(vt+∆, w, xt+∆)]

dCε0(t)

dt
=

= ε−2
a

t
C0(0, x)ϕ′w(v, w, x),

lim
∆→0

1

∆
Ev,w,x[ϕ(vt+∆, w, xt+∆)− ϕ(v, w, xt+∆)] =

= Cε,V
t (x)ϕ(v, w, x),

îòðèìó¹ìî, âèêîðèñòîâóþ÷è ðåçóëüòàò ëåìè 5.2.4,

Lεϕ(v, w, x) = ε−4Qϕ(v, w, x)+

+ε−2
a

t
C0(0, x)ϕ′w(v, w, x)+

+ε−1
a

t1/2
[zC ′0(0, x) + C ′(0, x)]ϕ′v(v, w, x)+

+
a

t1/2
z[
z

2
C ′′0 (0, x) + C ′′(0, x)]ϕ′v(v, w, x)+
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+
1

2t
vϕ′v(v, w, x) + θεLε(x)ϕ(v, w, x).

Â ðåçóëüòàòi ìà¹ìî òâåðäæåííÿ ëåìè.
Íàäàëi ðîçãëÿíåìî çðiçàíèé îïåðàòîð äî

Lε0 = ε−4Q + ε−2
a

t
C0(x) + ε−1

a

t1/2
C1

0(v, w, x)+

+
a

t
C2

0(v, w, x). (5.77)

Äëÿ ïîáóäîâè ãðàíè÷íîãî îïåðàòîðà çíàéäåìî ðîçâ'ÿçîê ïðîáëåìè ñèíãó-
ëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà (5.77) íà òåñò-ôóíêöi¨ âèäó

ϕε(v, w, x) = ϕ(v, w) + ε2
1

t
ϕ2(v, w, x)+

+ε3
1√
t
ϕ3(v, w, x) + ε4

1

t
ϕ4(v, w, x). (5.78)

Ëåìà 5.2.5. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ îïåðàòîðà
(5.77) íà òåñò-ôóíêöiÿõ (5.78) ìà¹ âèãëÿä

Lε0ϕ
ε(v, w, x) =

1

t
Lϕ(v, w) + εθεLε

0
(v, w, x)ϕ(v, w), (5.79)

äå çàëèøêîâèé ÷ëåí θεLε
0
(v, w, x)ϕ(v, w) ìà¹ ïðåäñòàâëåííÿ

θεLε
0
(v, w, x)ϕ(v, w) =

a

t3/2
θε1(v, w, x) +

a

t
θε2(v, w, x)+

+
a

t2
θε3(v, w, x),

θε1(v, w, x) = C0(x)ϕ3(v, w, x)+

+C1
0(v, w, x)ϕ2(v, w, x) + ε2C1

0(v, w, x)ϕ4(v, w, x)+

+ε2C2
0(v, w, x)ϕ3(v, w, x),

θε2(v, w, x) = εC1
0(v, w, x)ϕ3(v, w, x),

θε3(v, w, x) = εC0(x)ϕ4(v, w, x)+

+εC2
0(v, w, x)ϕ2(v, w, x) + ε3C2

0(v, w, x)ϕ4(v, w, x),

à ãðàíè÷íèé îïåðàòîð L ìà¹ âèãëÿä:
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LΠ = aΠC2
0(v, w, x)Π +

a2

t
ΠC0(x)R0C0(x)Π. (5.80)

Äîâåäåííÿ. Ðîçãëÿíåìî îïåðàòîð Lε0 íà òåñò-ôóíêöi¨ (5.78):

Lε0ϕ
ε(v, w, x) = [ε−4Q + ε−2

a

t
C0(x) + ε−1

a

t1/2
C1

0(v, w, x)+

+
a

t
C2

0(v, w, x)][ϕ(v, w) + ε2
1

t
ϕ2(v, w, x)+

+ε3
1√
t
ϕ3(v, w, x) + ε4

1

t
ϕ4(v, w, x)] =

= ε−4Qϕ(v, w) + ε−2
1

t
[Qϕ2(v, w, x) + aC0(x)ϕ(v, w)]+

+ε−1
1

t1/2
[Qϕ3(v, w, x) + aC1

0(v, w, x)ϕ(v, w)]+

+
1

t
[aC2

0(v, w, x)ϕ(v, w) +
a

t
C0(x)ϕ2(v, w, x) + Qϕ3(v, w, x)]+

+εθεLε
0
(v, w, x)ϕ(v, w).

Ïåðøà óìîâà ðîçâ'ÿçíîñòi âèêîíó¹òüñÿ, îñêiëüêè ϕ(v, w) íå çàëåæèòü âiä x,
òîáòî ìà¹ ìiñöå

Qϕ(v, w) = 0.

Äðóãà óìîâà ðîçâ'ÿçíîñòi ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ

Qϕ2(v, w, x) + aC0(x)ϕ(v, w) = 0

âèêîíó¹òüñÿ, îñêiëüêè ìà¹ ìiñöå óìîâà áàëàíñó (1.45). Òîìó ç îñòàííüîãî ìà¹ìî

ϕ2(v, w, x) = aR0C0(x)ϕ(v, w). (5.81)

Òðåòÿ óìîâà ðîçâ'ÿçíîñòi äà¹ ðiâíÿííÿ

Qϕ3(v, w, x) + aC1
0(v, w, x)ϕ(v, w) = 0,

à ðàçîì ç óìîâàìè áàëàíñó ìà¹ìî

ϕ3(v, w, x) = aR0C
1
0(v, w, x)ϕ(v, w). (5.82)

×åòâåðòà óìîâà ìà¹ âèãëÿä

1

t
[Qϕ4(v, w, x) + L(x)ϕ(v, w)] =

1

t
Lϕ(v, w),
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äå

L(x)ϕ(v, w) = aC2
0(v, w, x)ϕ(v, w) +

a

t
C0(x)ϕ2(v, w, x) =

= aC2
0(v, w, x)ϕ(v, w) +

a2

t
C0(x)R0C0(x)ϕ(v, w). (5.83)

Ãðàíè÷íèé îïåðàòîð ìà¹ âèãëÿä

L = ΠL(x)Π,

îòæå, çãiäíî ç (5.83), îòðèìó¹ìî (5.80).
Òàêèì ÷èíîì äëÿ ñêëàäîâî¨ ϕ4(v, w, x) ìà¹ìî ïðåäñòàâëåííÿ

ϕ4(v, w, x) = R0L̃(x)ϕ(v, w), (5.84)

äå

L̃(x) = L(x)− L.

Çàâåðøåííÿ äîâåäåííÿ òåîðåìè.
Îá÷èñëèìî ïðåäñòàâëåííÿ (5.84)

Lϕ(v, w) = a[
√
tz(

z

2

∫
X

π(dx)(C ′′0 (0, x) + C ′′(0, x))) +
v

2a
]ϕ′v(v, w)+

+
a2

t

∫
X

π(dx)C0(0, x)R0C0(0, x)ϕ′′w(v, w).

Ç óìîâè áàëàíñó (5.45) ìà¹ìî∫
X

π(dx)C ′′0 (0, x) = 0,

îòæå îñòàòî÷íî ìà¹ìî

Lϕ(v, w) = (a
√
t
z2

2
c+

v

2
)ϕ′v(v, w)+

+
a2ρ2

2t
ϕ′′w(v, w),

â ïîçíà÷åííÿõ òåîðåìè. Îñêiëüêè

z = t−1/2v + w,

òî ç îñòàííüîãî ìà¹ìî ïðåäñòàâëåííÿ ãðàíè÷íîãî ãåíåðàòîðà.
Äëÿ çàâåðøåííÿ äîâåäåííÿ òåîðåìè âñòàíîâèìî îáìåæåíiñòü
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||θεLε
0
(v, w, x)ϕ(v, w)|| ≤M, 0 < M <∞ (5.85)

çàëèøêîâîãî ÷ëåíà â ïðåäñòàâëåííi (5.79). Ç ïðåäñòàâëåíü (5.80), (5.81) òà
(5.83) äëÿ θε1(v, w, x) ìà¹ìî

θε1(v, w, x) = aC0(x)R0C
1
0(v, w, x)ϕ(v, w)+

+aC1
0(v, w, x)R0C0(x)ϕ(v, w) + ε2C1

0(v, w, x)R0L̃(x)ϕ(v, w)+

+εa2C2
0(v, w, x)R0C

1
0(v, w, x)ϕ(v, w). (5.86)

Äëÿ ïåðøîãî äîäàíêó ç (5.86) ìà¹ìî

C0(x)R0C
1
0(v, w, x)ϕ(v, w) =

= C0(0, x)R0[((
v√
t
w)C ′0(0, x) + C ′(0, x))ϕ′v(v, w)]′w.

Äðóãèé äîäàíîê ìà¹ ïðåäñòàâëåííÿ

C1
0(v, w, x)R0C0(x)ϕ(v, w) =

= ((
v√
t

+ w)C ′0(0, x) + C ′(0, x))R0[C0(0, x)ϕ′w(v, w)]′v.

Äëÿ òðåòüîãî ìà¹ìî

C1
0(v, w, x)R0L̃(x)ϕ(v, w) =

= ((v +
√
tw)(

v +
√
tw

2
√
t

C ′′0 (0, x) + C ′′(0, x)) +
v

2a
R0[L̃(x)ϕ(v, w)]′v.

×åòâåðòèé äîäàíîê ìà¹ ïðåäñòàâëåííÿ

C2
0(v, w, x)R0C

1
0(v, w, x)ϕ(v, w) =

= ((v +
√
tw)(

v +
√
tw

2
√
t

C ′′0 (0, x) + C ′′(0, x)) +
v

2a
)

R0[(
v +
√
tw

2
√
t

C ′0(0, x) + C ′(0, x))ϕ′v(v, w)]′v.

Ç ãëàäêîñòi ôóíêöié C0(u, x), C(u, x) òà òåñò-ôóíêöié ϕ(v, w) ç îòðèìàíèõ
ïðåäñòàâëåíü äîäàíêiâ òà ç (1.86) îòðèìó¹ìî îöiíêó

||θε1(v, w, x)|| ≤M1, 0 < M1 <∞.
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Òàêîæ ìàþòü ìiñöå îöiíêè

||θε2(v, w, x)|| ≤M2, 0 < M2 <∞.

||θε3(v, w, x)|| ≤M3, 0 < M3 <∞.

Îòæå ìà¹ ìiñöå (5.85).
Çãiäíî Ìîäåëüíî¨ òåðåìè Êîðîëþêà [3] îòðèìó¹ìî òâåðäæåííÿ òåîðåìè

5.2.2.
5.2.2. Ôëóêòóàöi¨ ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨

ç iìïóëüñíèì çáóðåííÿì.
Îäíi¹þ ç ïðîáëåì ñèñòåìíîãî àíàëiçó çà óìîâ íåâèçíà÷åíîñòi, ùî îïèñó¹òüñÿ

ìàðêîâñüêèì ïðîöåñîì, ¹ âñòàíîâëåííÿ çáiæíîñòi ôëóêòóàöi¨ ïðîöåäóð ñòîõà-
ñòè÷íî¨ îïòèìiçàöi¨ äî äèôóçiéíîãî ïðîöåñó â âèïàäêó áåçïîñåðåäíüîãî âïëèâó
ôóíêöi¨ ðåãðåñi¨ âiä ìàðêîâñüêèõ ïåðåêëþ÷åíü. Áàãàòî÷èñåëüíi ïðèêëàäè çà-
ñòîñóâàííÿ òàêèõ ïðîöåäóð òà ¨õ ìîäèôiêàöié â òåîði¨ êåðóâàííÿ, òåîði¨ ïåðå-
äà÷i ïîâiäîìëåíü, ïðè ðîçâ'ÿçêó íåïàðàìåòðè÷íèõ çàäà÷ ìàòåìàòè÷íî¨ ñòàòè-
ñòèêè, çîêðåìà ïðè âñòàíîâëåííi íàéêðàùèõ çíà÷åíü ïàðàìåòðiâ àñèìïòîòè÷íî
íîðìàëüíîãî ðîçïîäiëó ïðîöåäóðè ñòîõàñòè÷íî¨ îïòèìiçàöi¨, âèçíà÷àþòü âàæ-
ëèâiñòü âñòàíîâëåííÿ íîâèõ óçàãàëüíåíü òà âëàñòèâîñòåé ÏÑÎ.

Ðiçíèöåâà ïðîöåäóðà ñòîõàñòè÷íî¨ îïòèìiçàöi¨ â åðãîäè÷íîìó ìàðêîâñüêîìó
ñåðåäîâèùi ç iìïóëüñíèì çáóðåííÿì çàäà¹òüñÿ åâîëþöiéíèì ðiâíÿííÿì:

duε(t) = a(t)[∇b(t)C(uε(t), x(t/ε2))dt+ εdηε(t)], (5.87)

äå
a(t) =

a

t
, a > 0,

∇b(t)C(u, x) =
1

2b(t)
[C(u+ b(t), x)− C(u+ b(t), x)], C(u, ·) ∈ C3(R)).

Ìàðêîâñüêèé ïðîöåñ x(t), t ≥ 0 â ñòàíäàðòíîìó ôàçîâîìó ïðîñòîði (X, X)
çàäà¹òüñÿ ãåíåðàòîðîì:

Qϕ(x) = q(x)

∫
X

P (x, dy) [ϕ(y)− ϕ(x)] , ϕ ∈ B(X),

äå B(X) - áàíàõîâèé ïðîñòið äiéñíèõ îáìåæåíèõ ôóíêöié ç ñóïðåìóì - íîðìîþ
||ϕ|| = max

x∈X
|ϕ(x)|.

Ñòîõàñòè÷íå ÿäðî P (x,B), x ∈ X,B ∈ X âèçíà÷à¹ ðiâíîìiðíî åðãîäè÷-
íèé âêëàäåíèé ëàíöþã Ìàðêîâà xn = x(τn), n ≥ 0 iç ñòàöiîíàðíèì ðîçïîäi-
ëîì ρ(B), B ∈ X . Ñòàöiîíàðíèé ðîçïîäië π(B), B ∈ X ìàðêîâñüêîãî ïðîöåñó
x(t), t ≥ 0 âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:
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π(dx)q(x) = qρ(dx), q =

∫
X

π(dx)q(x).

Ïîòåíöiàëüíèé îïåðàòîð R0 ãåíåðàòîðà Q âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:
R0 = Π − (Π + Q)−1, äå Πϕ(x) =

∫
X

π(dy)ϕ(y) � ïðîåêòîð íà ïiäïðîñòið

NQ = {ϕ : Qϕ = 0} íóëiâ îïåðàòîðà Q.
Iìïóëüñíèé ïðîöåñ çáóðåíü (IÏÇ) ηε(t), t ≥ 0 çàäà¹òüñÿ ñïiââiäíîøåííÿìè:

ηε(t) =

t∫
0

ηε(ds;x(s/ε2)); (0.1)

äå ñiì'ÿ ïðîöåñiâ ç íåçàëåæíèìè ïðèðîñòàìè ηε(t, x), t ≥ 0, x ∈ X çàäà¹òüñÿ
ãåíåðàòîðàì: Γ εw(x)ϕ(w) = ε−2

∫
R

[ϕ(w + εv)− ϕ(w)]Γ (dv;x), x ∈ X.

Íåõàé âèêîíóþòüñÿ óìîâè áàëàíñó

ΠΓ1(x) =

∫
X

π(dx)b1(x) = 0, b1(x) =

∫
R

vΓ (dv, x), (5.88)

ΠC ′(0, x) =

∫
π(dx)C ′(0, x) = 0, (5.89)

Íîðìîâàíå iìïóëüñíå çáóðåííÿ çàäà¹òüñÿ ñïiââiäíîøåííÿì

µε(t) = a

t∫
t0

ηε(ds;x(s/ε4))/s
1
2 ;

Ðîçãëÿíåìî ôëóêòóàöiþ ÏÑÎ ó âèãëÿäi

vε(t) = ε−1t
1
2 [uε(t)− εµε(t)] (5.90)

Òåîðåìà 5.2.3. Ïðè âèêîíàííi óìîâ áàëàíñó (5.88) òà (5.89), à òàêîæ
óìîâè çáiæíîñòi ÏÑÎ, ìà¹ ìiñöå ñëàáêà çáiæíiñòü

(vε(t), µε(t))→ (ζ(t), σ(t)W (t)), t > 0, ε→ 0

â êîæíîìó ñêií÷åííîìó iíòåðâàëi 0 < t0 < t < T .
Ãðàíè÷íèé ïðîöåñ (ζ(t), σ(t)W (t)) çàäà¹òüñÿ ãåíåðàòîðîì

Lϕ(v, w) =

[
v(ac2 +

1

2
t−

1
2 ) + act

1
2w

]
ϕ′v(v, w) +

a

2
B(t)ϕ′′w(v, w),

äå

c2 =

∫
X

Π(dx)C ′′(0, x),
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B(t) = B1(t) +B2(t) +B3(t),

B1(t) =

∫
X

π(dx)b2(x)+

+2at−
1
2

∫
X

π(dx)b1(x)R0b1(x);

b2(x) =

∫
R

v2Γ (dv, x);

B2(t) = 2a

∫
X

π(dx)b1(x)R0C
′(0, x) +

∫
X

π(dx)C ′(0, x)R0b1(x)

 ;

B3(t) = 2at
1
2

∫
X

π(dx)C ′(0, x)R0C
′(0, x).

Ëåìà 5.2.7. Ãåíåðàòîð Γε(x)ϕ(w) äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Γε(x)ϕ(w) = ε−2Γ1(x)ϕ(w) + Γ2(x)ϕ(w) + εγε(x)ϕ(w),

äå Γ1(x)ϕ(w) = b1(x)ϕ′(w); Γ2(x)ϕ(w) = 1
2b2(x)ϕ′′(w), à çàëèøêîâèé ÷ëåí òà-

êèé, ùî ||εγε(x)ϕ(w)|| → 0 ïðè ε→ 0.
Äîâåäåííÿ. Çà îçíà÷åííÿì ãåíåðàòîðà ìà¹ìî Γ ε(x)ϕ(w) = ε−2

∫
R

[ϕ(w +

εv)− ϕ(w)]Γ (dv, x)
Âèêîðèñòà¹ìî ðîçêëàä â ðÿä Òåéëîðà ôóíêöi¨ ϕ òà îòðèìà¹ìî

Γε(x)ϕ(w) = ε−2
∫
R

[ϕ(w) + εvϕ′(w) +
1

2
ε2v2ϕ′′(w)+

+εγε(x)ϕ(w)− ϕ(w)]Γ (dv, x) =

= ε−2
∫
R

(εvϕ′(w)Γ (dv, x)+

+
1

2
ε−2

∫
R

ε2v2ϕ′′(w)Γ (dv, x) + εγε(x)ϕ(w) =

= ε−1b1(x)ϕ′(w) +
1

2
b2(x)ϕ′′(w) + εγε(x)ϕ(w) =

= ε−1Γ1(x)ϕ(w) + Γ2(x)ϕ(w) + εγε(x)ϕ(w).

Ëåìà 5.2.8. Íîðìîâàíà ôëóêòóàöiÿ (5.90) çàäîâîëüíÿ¹ äèôåðåíöiàëüíîìó
ðiâíÿííþ

dvε(t) = C∇,εt (vε(t), xεt )dt, (5.91)
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äå

C∇,εt (v, x) = ε−1a∇b(t)C(εz, x) +
1

2
vt−1,

à
z = t−

1
2 v + w; v = vε(t), w = µε(t).

Äîâåäåííÿ.
Ç äèôåðåíöiþâàííÿ (5.90) òà âèêîðèñòàííÿ (5.86) îòðèìó¹ìî (5.91).
Çàóâàæèìî, ùî ðiâíÿííÿ (5.91) ïîðîäæó¹ íàïiâãðóïó îïåðàòîðiâCε

t (x)ϕ(v) =
ϕ(vεx(t+ s)), vεx(s) = v, ç ãåíåðàòîðîì

C∇,εt (x)ϕ(v) = C∇,ε(v, x)ϕ′(v). (5.92)

Ëåìà 5.2.9. Ãåíåðàòîð (5.92) ìà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ íà òåñò-
ôóíêöiÿõ

ϕ(v) ∈ C2(R), C(u, ·) ∈ C3(R)

C∇,εt (x)ϕ(v) = ε−1aC ′(0, x)ϕ′(v)+

+((avt−
1
2 + aw)C ′′(0, x) +

1

2
t−1v)ϕ′(v) + εθε(x)ϕ′(v), (5.93)

äå θε(x)ϕ′(v) ðiâíîìiðíî îáìåæåíà ïî x òà ïî v ôóíêöiÿ.
Äîâåäåííÿ. Äëÿ ãåíåðàòîðà (5.92) ìà¹ìî ïåðåòâîðåííÿ:

C∇,εt (x)ϕ(v) = ε−1a∇b(t)C(εz, x)ϕ′(v) +
1

2
vt−1ϕ′(v) =

= ε−1a
[
C ′(0, x) + εzC ′′(0, x) +O(ε3)

]
ϕ′(v) +

1

2
vt−1ϕ′(v).

Òàêèì ÷èíîì, çâiâøè äîäàíêè ïî ñòåïåíÿõ ε, îäåðæèìî (5.93).
Ëåìà 5.2.10. Ãåíåðàòîð òðüîõêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

vε(t) = vt, µ
ε(t) = wt, x(t/ε2) = xεt , t ≥ 0 (5.94)

ìà¹ àíàëiòè÷íèé âèãëÿä

Lεϕ(v, w, x) =
[
ε−2Q + at−

1
2 Γε(x) + C∇,εt (x)

]
ϕ(v, w, x).

Äîâåäåííÿ. Îá÷èñëèìî óìîâíå ìàòåìàòè÷íå ñïîäiâàííÿ:

E[ϕ(vε(t+∆), µε(t+∆), x((t+∆)/ε2))−

−ϕ(vε(t), µε(t), x(t/ε2))|vε(t) = v, µε(t) = w, x(t/ε2) = x] =

= E[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(v, w, x)] =
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= E[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(v, wt+∆, xt+∆)]+

+E[ϕ(v, wt+∆, xt+∆)− ϕ(v, w, x)].

Çãiäíî îçíà÷åííÿ ãåíåðàòîðà ìàðêîâñüêîãî ïðîöåñó òà îñòàííüîãî ïðåäñòàâ-
ëåííÿ, îäåðæó¹ìî

Lεϕ(v, w, x) = lim
∆→0

1

∆
E[ϕ(vε(t+∆), µε(t+∆), x((t+∆)/ε2))−

−vε(t), µε(t), x(t/ε2))|vε(t) = v, µε(t) = w, x(t/ε2) = x] =

= lim
∆→0

1

∆
E[vt+∆, wt+∆, xt+∆)− ϕ(v, w, x)] =

= lim
∆→0

1

∆
E[ϕ(vt+∆, wt+∆, xt+∆)− ϕ(v, wt+∆, xt+∆)]+

+ lim
∆→0

1

∆
Eϕ(v, wt+∆, xt+∆)− ϕ(v, w, x)].

Ïåðøà ãðàíèöÿ âèçíà÷à¹ ãåíåðàòîð (5.93) åâîëþöi¨ v, à äðóãà ãðàíèöÿ äà¹
ãåíåðàòîð äâîêîìïîíåíòíîãî ìàðêîâñüêîãî ïðîöåñó

µε(t), x(t/ε2), t ≥ 0.

Îñêiëüêè ìà¹ ìiñöå ïðåäñòàâëåííÿ:

lim
∆→0

1

∆
E[ϕ(v, wt+∆, xt+∆)− ϕ(v, w, x)] =

= lim
∆→0

1

∆
E[ϕ(v, wt+∆, xt+∆)− ϕ(v, w, xt+∆)] =

= lim
∆→0

1

∆
E[ϕ(v, w, xt+∆)− ϕ(v, w, x)],

òî âðàõîâóþ÷è

lim
∆→0

1

∆
E[ϕ(v, wt+∆, xt+∆)− ϕ(v, w, xt+∆)] = at

1
2 Γε(x)ϕ(v, w, x),

òà

lim
∆→0

1

∆
E[ϕ(v, w, xt+∆)− ϕ(v, w, x)] = ε−2Qϕ(v, w, x),

îòðèìà¹ìî

Lεϕ(v, w, x) =
[
ε−2Q + at−

1
2 Γε(x) + C∇,εt (x)

]
ϕ(v, w, x).
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Ëåìà 5.2.11. Ãåíåðàòîð Lε äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ

Lεϕ(v, w, x) = (ε−2Q+ ε−1(at−
1
2 Γ1(x) + aC1(x))+

+at−
1
2 Γ2(x) + (at−

1
2 (v + t

1
2w)C2(x) +

1

2
t−1vD(x))+

+θεL(x))ϕ(v, w, x), (5.95)

äå

C1(x)ϕ(v, w, x) = C ′(0, x)ϕ′v(v, w, x);

C2(x)ϕ(v, w, x) = C ′′(0, x)ϕ′v(v, w, x);

Dϕ(v, w, x) = ϕ′v(v, w, x);

à çàëèøêîâèé ÷ëåí òàêèé, ùî ||θεL(x)ϕ(v, w, x)|| → 0 ïðè ε→ 0.
Äîâåäåííÿ. Äîâåäåííÿ âèïëèâà¹ ç ïðåäñòàâëåííÿ ãåíåðàòîðiâ Γε(x) òà

C∇,εt (x).
Äëÿ ãåíåðàòîðà (5.95) ðîçãëÿíåìî çðiçàíèé îïåðàòîð:

Lε0 = ε−2Q + ε−1at−
1
2 Q1(x) + at−

1
2 Q2(x), (5.96)

äå
Q1(x) = Γ1(x) + t−

1
2 C1(x),

Q2(x) = Γ2(x) + (v + t−
1
2w)C2(x) +

1

2at
1
2

vD.

Ëåìà 5.2.12. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî îïå-
ðàòîðà (1.96) íà òåñò-ôóíêöiÿõ

ϕε(v, w, x) = ϕ(v, w) + εt−
1
2ϕ1(v, w, x) + ε2t−

1
2ϕ2(v, w, x)

â óìîâàõ òåîðåìè ðåàëiçó¹òüñÿ ñïiââiäíîøåííÿì

Lε0ϕ
ε(v, w, x) = t−

1
2 Lϕ(v, w) + εθε(x)ϕ(v, w), (5.97)

äå çàëèøêîâèé ÷ëåí θε(x) ðiâíîìiðíî îáìåæåíèé ïî x, à ãðàíè÷íèé îïåðàòîð
L âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

LΠ = aΠQ2(x)Π + a2t−
1
2ΠQ1(x)R0Q1(x)Π.

Äîâåäåííÿ. Ðîçãëÿíåìî âèãëÿä ãåíåðàòîðà Lε0 íà òåñò-ôóíêöiÿõ ϕ
ε(v, w, x),

à ñàìå
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Lε0ϕ
ε(v, w, x) = ε−2Qϕ(v, w) + ε−1t−

1
2 [Qϕ1(v, w, x) + aQ1(x)ϕ(v, w)]+

+at−
1
2 Q2(x)ϕ(v, w) + at−1Q1(x)ϕ1(v, w, x)+

+t−
1
2 Qϕ2(v, w, x) + εθε(x)ϕ(v, w).

Îñêiëüêè ϕ íå çàëåæèòü âiä x, òî

Qϕ = 0,⇔ ϕ ∈ NQ.

Óìîâè áàëàíñó (5.88) òà (5.89) âèçíà÷àþòü ðîçâ'ÿçíiñòü ðiâíÿííÿ:

Qϕ1(v, w, x) + aQ1(x)ϕ(v, w) = 0.

Îòæå,

ϕ1(v, w, x) = aR0Q1(x)ϕ(u,w). (5.98)

Òàêèì ÷èíîì, âðàõîâóþ÷è (5.98), îòðèìó¹ìî ïðåäñòàâëåííÿ:

t−
1
2 Qϕ2(v, w, x) + t−

1
2 L(x)ϕ(v, w) = t−

1
2 Lϕ(v, w),

äå

L(x)ϕ(v, w) = aQ2(x)ϕ(v, w) + a2t−
1
2 Q1(x)R0Q1ϕ(v, w).

Äëÿ ϕ2(v, w, x) ìà¹ìî ïðåäñòàâëåííÿ

ϕ2(v, w, x) = R0[L(x)− L]ϕ(v, w). (5.99)

×åðåç òå, ùî

Θε(x)ϕε(v, w, x) = at−1Q1ϕ2(v, w, x)+

+at−
1
2 Q2ϕ1(v, w, x) + at−1Q2ϕ2(v, w, x)

òà âðàõîâóþ÷è (5.98) i (5.99), à òàêîæ ãëàäêiñòü ôóíêöi¨ ϕ(v, w), îòðèìó¹ìî
òâåðäæåííÿ ëåìè ïðî çàëèøêîâèé ÷ëåí.
Çàâåðøåííÿ äîâåäåííÿ òåîðåìè.
Îá÷èñëèìî ãðàíè÷íèé îïåðàòîð L:

Lϕ(v, w) = aΠΓ2(x)ϕ(v, w) + a(v + t
1
2w)ΠC2(x)ϕ(v, w)+

+
1

2
t−

1
2 vDϕ(v, w) + a2t−

1
2Π[Γ1(x)+

+t
1
2 C1(x)]R0[Γ1(x) + t

1
2 C1(x)]ϕ(v, w) =
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= a

∫
X

π(dx)b2(x)ϕ′′w(v, w)+

+a(v + t
1
2w)

∫
X

π(dx)C ′′(0, x)ϕ′v(v, w)+

+
1

2
t−

1
2 vϕ′v(v, w) + a2t−

1
2 (

∫
X

π(dx)b1(x)R0b1(x)ϕ′′w(v, w)+

+t
1
2

∫
X

π(dx)b1(x)R0C
′(0, x)ϕ′′vw(v, w)+

+t
1
2

∫
X

π(dx)C ′(0, x)R0b1(x)ϕ′′vw(v, w)+

+t

∫
X

π(dx)C ′(0, x)R0C
′(0, x)ϕ′′v(v, w)).

Îòæå,

Lϕ(v, w) =

[
v(ac2 +

1

2
t−

1
2 ) + act

1
2w

]
ϕ′v(v, w)+

+
a

2
B(t)ϕ′′w(v, w),

äå

B(t)ϕ′′(v, w) = B1(t)ϕ′′w(v, w) +B2(t)ϕ′′w(v, w) +B3(t)ϕ′′w(v, w),

B1(t) = 2

∫
X

π(dx)b2(x) + 2at−
1
2

∫
X

π(dx)b1(x)R0b1(x);

B2(t) = 2a

∫
X

π(dx)b1(x)R0C
′(0, x) +

∫
X

π(dx)C ′(0, x)R0b1(x)

 ;

B3(t) = 2at
1
2

∫
X

π(dx)C ′(0, x)R0C
′(0, x).

Çàâåðøåííÿ äîâåäåííÿ òåîðåìè ïðîâîäèòüñÿ çà äîïîìîãîþ Ìîäåëüíî¨ ãðà-
íè÷íî¨ òåîðåìè Êîðîëþêà [3].

Ðîçãëÿíåìî íåïåðåðâíó ïðîöåäóðó ñòîõàñòè÷íî¨ îïòèìiçàöi¨:

duε(t) = a(t)Cε(uε(t), x(t/ε2))dt, (5.100)
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ç ôóíêöi¹þ ðåãðåñi¨

Cε(u, x) = ∇b(t)C(u, x(t) + ε−1C0(u, x), u ∈ R, x ∈ X.

Óñåðåäíåíà ñèñòåìà

du

dt
= C ′(u), C(u) =

∫
X

π(dx)C(u, x).

Óìîâè áàëàíñó ∫
X

π(dx)C0(u, x) = 0,

∫
X

π(dx)C ′(0, x) = 0. (5.101)

Ïîçíà÷èìî ÷åðåç C0
0 (x) = C0(0, x), òîäi äèôóçiéíå çáóðåííÿ â òî÷öi åêñòðe-

ìóìó íàáóäå âèãëÿäó:

Cε0(t) = ε−1a

t∫
t0

C0(0, x(s/ε2))/s
1
2 ds =

= ε−1a

t∫
t0

C0
0 (x(s/ε2)))/s

1
2 ds.

Ðîçãëÿíåìî ôëóêòóàöi¨ ÏÑO (5.100) â íàñòóïíîìó íîðìóâàííi

vε(t) = ε−1t
1
2 [uε(t)− εCε0(t)] .

Òåîðåìà 5.2.4. Íåõàé âèêîíóþòüñÿ óìîâè áàëàíñó (5.101), à òàêîæ óìîâè
çáiæíîñòi ÏÑO (5.100). Òàêîæ íåõàé ôóíêöi¨ C ′0(u, x) i C ′′0 (u, x) ðiâíîìiðíî
îáìåæåíi ïî x

sup
x∈X
||C ′0(u, x)|| ≤ C1 < +∞;

sup
x∈X
||C ′′0 (u, x)|| ≤ C2 < +∞.

Òîäi ìà¹ ìiñöå ñëàáêà çáiæíiñòü

(vε(t), Cε0(t))→ (ζ(t),Wσ(t)), t > 0, ε→ 0

â êîæíîìó ñêií÷åííîìó iíòåðâàëi 0 < t0 < t < T . Ãðàíè÷íèé ïðîöåñ
(ζ(t),Wσ(t)) çàäà¹òüñÿ ãåíåðàòîðîì

Lϕ(v, w) =

[
v(ac2 +

1

2
t−

1
2 ) + ac2t

− 1
2w

]
ϕ′v(v, w)+
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+
at−

1
2

2
Bϕ′′w(v, w),

äå

c2 =

∫
X

π(dx)C ′′(0, x);

B = 2

∫
X

π(dx)C0(0, x)R0C0(0, x).

Ìàþòü ìiñöå ëåìè.
Ëåìà 5.2.13. Ãåíåðàòîð Lε äîïóñêà¹ àñèìïòîòè÷íå ïðåäñòàâëåííÿ íà

òåñò-ôóíêöiÿõ ϕ(v) ∈ C4(R)

Lεϕ(v, w, x) =
[
ε−2Q + ε−1at−

1
2 C0(x)+

+ ε−1aC(x) + at−
1
2 C1

t (x) + θεL(x)
]
ϕ(v, w, x),

äå

C0(x)ϕ(v, w, x) = C0
0 (x)ϕ′w(v, w, x);

C(x)ϕ(v, w, x) = [C(0, x) + zC ′0(0, x)]ϕ′v(v, w, x);

C1
t (x)ϕ(v, w, x) = (t

1
2 z [C ′(0, x) + zC ′′0 (0, x)/2] +

+
v

2a
t
1
2 )ϕ′v(v, w, x),

z = t−
1
2 v + w,

à çàëèøêîâèé ÷ëåí òàêèé, ùî

||θεL(x)ϕ(v, w, x)|| → 0, ε→ 0.

Ëåìà 5.2.14. Ðîçâ'ÿçîê ïðîáëåìè ñèíãóëÿðíîãî çáóðåííÿ äëÿ çðiçàíîãî îïå-
ðàòîðà

Lε0 = ε−2Q + ε−1a[t−
1
2 C0(x)+

+C(x)] + at−
1
2 C1

t (x),

â óìîâàõ òåîðåìè ðåàëiçó¹òüñÿ ñïiââiäíîøåííÿì
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Lε0ϕ
ε(v, w, x) = t−

1
2 Lϕ(v, w) + εθε(x)ϕ(v, w),

äå çàëèøêîâèé ÷ëåí θε(x) ðiâíîìiðíî îáìåæåíèé ïî x. Ãðàíè÷íèé ãåíåðàòîð
âèçíà÷à¹òüñÿ ñïiââiäíîøåííÿì:

LΠ = aΠC1
t (x)Π + a2t−

1
2ΠC0(x)R0C

0(x)Π.

Äîâåäåííÿ òåîðåìè 5.2.4 ïðîâîäèòüñÿ çà ñõåìîþ äîâåäåííÿ òåîðåìè 5.2.3
ç âèêîðèñòèííÿì ëåì 5.2.13, 5.2.14 òà iç çàñòîñóâàííÿì Ìîäåëüíî¨ ãðàíè÷íî¨
òåîðåìè Êîðîëþêà [3].

Òàêèì ÷èíîì, ôëóêòóàö¨i ÏÑÎ ç iìïóëüñíèì çáóðåííÿì ïðè íàÿâíîñòi òî÷êè
ðiâíîâàãè íà çðîñòàþ÷èõ iíòåðâàëàõ ÷àñó îïèñóþòüñÿ ñòîõàñòè÷íèì äèôåðåí-
öèàëüíèì ðiâíÿííÿì, äèôóçiéíà ñêëàäîâà ÿêîãî ôîðìó¹òüñÿ ÿê ç ïåðøîãî òà
äðóãîãî ìîìåíòiâ iìïóëüñíîãî ïðîöåñó, òàê i ç øâèäêîñòi çìiíè ôóíêöi¨ ðåãðåñi¨
â òî÷öi ðiâíîâàãè.
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