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KozłowsKi M. Assessment of safety and ride quality based on compa-
rative studies of a new type of universal steering wheel in 3D simulators. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 
481–487, http://dx.doi.org/10.17531/ein.2016.4.1.
The aim of this study was to investigate how a change in the design of steering 
wheel may affect the safety and quality of driving by the driver. The object of the 
research was a new universal steering wheel enabling driving the car using only 
hands - intended for use by both able-bodied and disabled people. in order to assess 
the functionality of the steering wheel, a comparative study was carried out, with 
respect to a classic steering wheel. The study was performed using a dynamic simu-
lator, with methodology developed especi ally for this experiment, introducing the 
so-called reference trajectory. The use of this trajectory allowed the introduction of 
qualitative criteria of road tests based on a measure of distance. The article presents 
the defined criteria. Drives of 30 drivers in “route” and “slalom” type road test were 
carried out. The article discusses the results of the slalom test. in this test, the driver’s 
task was to maintain the reference trajectory while passing through narrowing curves. 
statistical analysis showed significant difference in the value of selected steering 
wheel assessment indicators.

KozłowsKi M. Ocena bezpieczeństwa i jakości jazdy nowego typu kie-
rownicy uniwersalnej na podstawie badań porównawczych na symulatorach 
3D. Eksploatacja i Niezawodnosc – Maintenance and Reliability  2016; 18 (4): 
481–487, http://dx.doi.org/10.17531/ein.2016.4.1.
Celem niniejszej pracy było zbadanie jak zmiana konstrukcji kierownicy może wpływać 
na bezpieczeństwo i jakość prowadzenia samochodu przez kierowcę. Przedmiotem badań 
była nowa kierownica uniwersalna umożliwiająca kierowanie samochodem wyłącznie z 
użyciem rąk - przeznaczona do użytku zarówno przez osoby sprawne jak i niepełnospraw-
ne. w celu oceny funkcjonalności tej kierownicy przeprowadzono badania porównawcze 
funkcjonalności w stosunku do kierownicy klasycznej. Badania wykonano na symulatorze 
dynamicznym stosując w tym celu specjalnie opracowaną metodykę eksperymentu wpro-
wadzającą tzw. referencyjny toru ruchu. zastosowanie tego toru umożliwiło wprowadzenie 
kryteriów jakości przejazdów testów drogowych w oparciu o miary odległości. Artykuł 
przedstawia zdefiniowane kryteria. zbadano przejazdy 30 kierowców w testach drogowych 
typu „trasa” i „slalom”. Artykuł omawia wyniki testu slalom. w tym teście, zadaniem 
kierowcy prowadzącego pojazd było utrzymanie referencyjnego toru ruchu podczas 
przejazdu przez zawężające się serpentyny. Analiza statystyczna wyniku ukazała istotne 
różnice wartości zastosowanych wskaźników oceny kierownic.

EiDuKynAs D, JūrėnAs V, DrAgAšius E, MysTKowsKi A. Burst 
type signal generator for ultrasonic motor control. Eksploatacja i Nieza-
wodnosc – Maintenance and Reliability 2016; 18 (4): 488–491, http://dx.doi.
org/10.17531/ein.2016.4.2.
The aim of this study was to investigate a novel burst type signal generator for control-
ling an ultrasonic motor (usM). For this purpose, an experimental burst type signal 
generator consisting of a shock exciter, a waveguide, a Langevin-type piezoelectric 
transducer and backing mass was designed and investigated. The proposed burst type 
signal generator allows to control a usM in stepper motion, rendering traditional 
signal generators and power supplies superfluous. The investigated burst type signal 
generator is designed for controlling a usM with a 20.2 kHz resonant frequency 
and allows to generate a burst type electric signal with the same frequency. in view 
of the fact that such a harvester does not require traditional power supply, it could 
be used as an impact energy harvester. Also, a simple scheme for improving shock 
exciter operation using an additional capacitor was proposed and investigated. such 
a scheme allows to drive usM up to 30 steps instead of 1 per one electric charge of 
the additional capacitor.

EiDuKynAs D, JūrėnAs V, DrAgAšius E, MysTKowsKi A. Zastoso-
wanie piezogeneratora drgań elektrycznych do sterowania ruchem silnika 
ultrasonicznego. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2016; 18 (4): 488–491, http://dx.doi.org/10.17531/ein.2016.4.2.
niniejszy artykuł przedstawia badania nowatorskiego układu sterowania przemieszczeniem 
kątowym silnika ultrasonicznego za pomocą piezogeneratora drgań elektrycznych. w tym 
celu, został zaprojektowany oraz zbudowany piezogenerator drgań elektrycznych, który 
składa się z generatora drgań mechanicznych, przetwornika piezoelektrycznego typu Lan-
gevina i masy rezonansowej. zastosowany piezogenerator drgań elektrycznych pozwala 
generować sygnały elektryczne o częstotliwości 20,2 kHz i tym samym umożliwia precy-
zyjne sterowanie krokowym piezosilnikiem ultrasonicznym. Dodatkowo, piezogenerator 
drgań elektrycznych pozwala na odzyskanie części energii drgań i przekształcenie energii 
mechanicznej na elektryczną, co z kolei umożliwia wyeliminowanie dodatkowych źródeł 
zasilania zewnętrznego. w pracy zrealizowano również drugi układ sterowania z zasto-
sowaniem kondensatora włączonego w układ piezogeneratora sygnałów elektrycznych. 
Pozwoliło to na wydłużenie ilości generowanych krokowych przemieszczeń piezosilnika 
z 1 do 30 dla jednorazowego ładowania kondensatora piezogeneratora.

ułAnowiCz L. Modelling of a process, which causes adhesive seizing 
(tacking) in precise pairs of hydraulic control devices. Eksploatacja i 
Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 492–500, http://
dx.doi.org/10.17531/ein.2016.4.3.
Lack of complete knowledge in the scope of the impact of operating conditions of 
precise pairs of hydraulic units on the character of the destructive processes arising in 
them, results in not taking these conditions into account at the early stages of design 
and manufacturing. One of such little described issues are factors causing adhesive 
seizing (tacking), created during the process of interaction between slider surfaces of 
pairs of hydraulic control devices under contact-vibration load. The articles presents 
general characteristics and mechanisms causing adhesive seizing (tacking) in precise 
pairs of hydraulic control devices under contact-vibration load. it also presents a model 
describing the process, which causes adhesive seizing (tacking) in a slider hydraulic 
pair under contact-vibration load. The model allows to carry out both, qualitative, 
as well as quantitative analysis of the impact of vibration and load parameters on 
the occurrence of adhesive seizing (tacking) in slider pairs of hydraulic control de-
vices. Practical application of the model requires the determination of the values of 
coefficients, which characterise the intensity of restoration and seizing resistance of 
metal oxides on cooperating surfaces of a hydraulic pair. An empirical method for 
estimating coefficients of the model and an example of estimating model coefficients 
for a pressure increase limiter were presented.

ułAnowiCz L. Modelowanie procesu wywołującego zacieranie adhezyjne 
(sczepianie) w parach precyzyjnych hydraulicznych urządzeń regulacyjnych. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 492–500, 
http://dx.doi.org/10.17531/ein.2016.4.3.
Brak pełnej wiedzy w zakresie wpływu warunków pracy par precyzyjnych zespołów 
hydraulicznych na charakter powstawania w nich procesów destrukcyjnych powoduje, 
że na etapach projektowania i wytwarzania nie uwzględnia się tych warunków. Jednym 
z takich mało opisanych zagadnień są czynniki wywołujące zacieranie adhezyjne (scze-
pianie), powstające w procesie wzajemnego oddziaływania powierzchni suwakowych 
par hydraulicznych urządzeń regulacyjnych przy obciążeniu kontaktowo-wibracyjnym.  
w artykule przedstawiono ogólną charakterystykę i mechanizmy wywołujące zacieranie 
adhezyjne (sczepianie) w hydraulicznych parach precyzyjnych urządzeń regulacyjnych przy 
obciążeniu kontaktowo-wibracyjnym. zaprezentowano model opisujący proces wywołują-
cy zacieranie adhezyjne w suwakowej parze hydraulicznej przy jej obciążeniu  kontaktowo 
– wibracyjnym. Model pozwala przeprowadzić zarówno jakościową, jak i ilościową analizę 
wpływu parametrów wibracji i obciążenia na wystąpienie zacierania adhezyjnego (sczepia-
nia) w suwakowych parach hydraulicznych urządzeń regulacyjnych. Praktyczne wykorzy-
stanie modelu wymaga określenia wartości współczynników charakteryzujących intensyw-
ność odtwarzania i opór ścierania tlenków metalu ze współpracujących powierzchni pary 
hydraulicznej. Przedstawiono empiryczną metodę szacowania współczynników modelu  
i przykład szacowania współczynników modelu dla ogranicznika narastania ciśnienia.

zHu T, yAn z, PEng X. Model uszkodzeń aproksymowany rozkładem We-
ibulla do badania niezawodności reprezentowanej za pomocą hierarchicznej 
sieci Bayesowskiej. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2016; 18 (4): 501–506, http://dx.doi.org/10.17531/ein.2016.4.4.
w prezentowanej pracy opisano metodę estymacji nieznanego parametru oraz funkcji 
niezawodności rozkładu weibulla w oparciu o hierarchiczny model Bayesa dla danych 
uciętych (cenzurowanych) progresywnie typu ii. rozważano parametr skali rozkładu 
weibulla o rozkładzie prawdopodobieństwa apriorycznego gamma w sytuacji, gdzie 
wartość parametru kształtu była znana. Ponadto, przyjęto, że (hiper)parametr skali roz-
kładu apriorycznego gamma może mieć trzy różne, znane  hiper-rozkłady aprioryczne 
(ang. hyper priors). Przy tych założeniach, estymatory parametru i funkcji niezawodności 
rozkładu weibulla wyprowadzono na podstawie kwadratowej funkcji straty (ang. squared 
error loss, sEL), którą można łatwo rozszerzyć na inne funkcje straty. wyniki otrzymane z 
wykorzystaniem hierarchicznej metody Bayesowskiej porównano z wynikami klasycznej 
estymacji Bayesowskiej oraz estymacji metodą największego prawdopodobieństwa (ang. 
maximum likelihood estimate, MLE). symulacja wykazała, że najlepsze wyniki, jeśli 
chodzi o średnią kwadratową błędów (ang. root mean squared error, rMsE), daje metoda 

zHu T, yAn z, PEng X. A Weibull failure model to the study of the hierar-
chical Bayesian reliability. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2016; 18 (4): 501–506, http://dx.doi.org/10.17531/ein.2016.4.4.
This paper describes the unknown parameter and reliability function of the weibull 
distribution based on hierarchical Bayesian model for the progressively Type-ii 
censored data. The scale parameter of the weibull distribution is considered with a 
gamma prior under the shape parameter is known. Furthermore, the scale parameter 
of the gamma prior is assumed to be three different known hyper prior. under these 
assumptions, the weibull parameter and reliability function estimators are derived 
based on the squared error loss (sEL) function, which can be easily extended to 
other loss functions situation. The result from hierarchical Bayesian method is used 
to compare with  Bayes and maximum likelihood estimate (MLE) methods. The 
simulation shown that the results from Bayes is the best, followed by hierarchical 
Bayesian method, and then MLE in terms of root mean square error (rMsE). Finally, 
one real dataset has been analyzed for illustrative purposes.
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Bayesa, a w dalszej kolejności hierarchiczna metoda Bayesa oraz MLE. w końcowej części 
pracy rozważane problemy zilustrowano analizując zbiór danych rzeczywistych.

Czyż z, MAgryTA P. Analiza eksploatacyjnych obciążeń gazowych łożysk 
foliowych zespołu wytwornicowego silnika turbinowego podczas manewru 
przyspieszenia i hamowania. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2016; 18 (4): 507–513, http://dx.doi.org/10.17531/ein.2016.4.5.
w artykule rozpatrzono stany obciążeń działające na zespół napędowy śmigłowca bezza-
łogowego podczas manewru przyspieszenia i hamowania. szczególną uwagę poświęcono 
obciążeniom węzłów łożyskowych zespołu wytwornicowego silnika turbinowego, w 
który zostanie wyposażony projektowany śmigłowiec. Analizę dokonano na podstawie 
przebiegów czasowych zmian prędkości lotu załogowego śmigłowca PzL w3-sokół. 
zależność zmiany prędkości lotu w czasie aproksymowano metodą najmniejszych kwadra-
tów, a następnie wyznaczono dla niej zmiany przyspieszeń. na tej podstawie wyznaczono 
wartości sił działających na łożyska zespołu wytwornicowego w warunkach statycznych 
i dynamicznych. wartości te porównano z wartościami uzyskanymi podczas manewru 
skok w górę i skok w dół. Przeprowadzone analizy służą do określenia ekstremalnych 
stanów obciążeń podzespołów zespołu napędowego, a w tym węzłów łożyskowych 
zespołu wytwornicowego.

Czyż z, MAgryTA P. Analysis of the operating load of foil-air bearings 
in the gas generator of the turbine engine during the acceleration and 
deceleration maneuver. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2016; 18 (4): 507–513, http://dx.doi.org/10.17531/ein.2016.4.5.
The paper examines loads acting on the drive unit of an unmanned helicopter during 
maneuvers of acceleration and braking. Particular attention is paid to loads of gas 
generator bearings nodes of a turbine engine which is applied in the helicopter desi-
gned. The study is based on the time courses of changes in velocity of the manned 
PzL w3-Falcon. The correlation of flight velocity change and time was approximated 
by the least squares method to determine changes in acceleration. This enabled to 
determine the values of the forces acting on gas generator bearings under static and 
dynamic conditions. These values were compared with the values obtained for jump-
up and jump-down maneuvers. The investigation enabled to determine the extreme 
components loading of the drive unit, including gas generator bearings nodes.

roMAniuK M. O symulowaniu kosztów utrzymania dla systemu dystrybucji 
wody o parametrach rozmytych. Eksploatacja i Niezawodnosc – Maintenance 
and Reliability 2016; 18 (4): 514–527, http://dx.doi.org/10.17531/ein.2016.4.6.
w niniejszym artykule przedstawiono model obliczający koszty utrzymania i konserwacji 
dla systemu dystrybucji wody (wDs). zbiór możliwych stanów każdego połączenia (tzn. 
odcinku rurociągu w wDs) jest zdefiniowany przez różne poziomy jakości rury oraz wy-
stępujące typy uszkodzeń. Proces przejść pomiędzy tymi stanami jest opisany procesem 
semi-Markowa. wykorzystując symulacje Monte Carlo, uzyskano długości okresów obsłu-
gi oraz momenty niezbędnych wymian i napraw. wartości te są następnie wykorzystywane 
do estymowania kosztów utrzymania całego wDs. w kroku tym brana jest pod uwagę 
wartość pieniądza w czasie. w przeciwieństwie do innych podejść, zamiast stałej stopy 
procentowej, założono stochastyczny proces stopy (dany jednowymiarowym modelem 
Vasicka). następnie na podstawie przeprowadzonych symulacji wykonano analizę opartą 
o różne miary niezawodności i obliczone koszty obsługi, np. zbadano wpływ parametrów 
połączenia (takich jak intensywność uszkodzeń) na ostateczne koszty konserwacji. Analizy 
tego typu mogą pełnić istotną rolę w ocenie ryzyka dla różnych możliwych do podjęcia 
decyzji. Poza podejściem typu crisp, zastosowano również symulacje Monte Carlo gdy 
niektóre z parametrów wDs zostały określone w sposób rozmyty. Dzięki temu można 
wykorzystać niepewność oraz wiedzę ekspercką w proponowanej metodzie estymacji 
kosztów obsługi. zwrócono uwagę na różnice występujące pomiędzy podejściem crisp 
i rozmytym. zostały również opisane niezbędne dla obydwu podejść odpowiednie algo-
rytmy symulacyjne.

roMAniuK M. On simulation of maintenance costs for water distribu-
tion system with fuzzy parameters. Eksploatacja i Niezawodnosc – Main-
tenance and Reliability 2016; 18 (4): 514–527, http://dx.doi.org/10.17531/
ein.2016.4.6.
in this paper we propose a model for evaluation of maintenance costs of a water 
distribution system (wDs). The set of possible states of each connection (i.e. a 
pipeline in the wDs) is related to various possible degrees of quality of the pipe and 
types of its malfunctions. The process of transitions between these states forms a 
semi-Markov process. using Monte Carlo simulations, the length of services and the 
times of necessary replacements and repairs of the connections are obtained. These 
values are then used as an input for estimation of the maintenance costs of the whole 
wDs. During this step we take into account the concept of present value of money. 
Contrary to other approaches, instead of a constant yield, a stochastic process (the 
one-factor Vasicek model) of an interest rate is assumed. Then various simulated 
measures of reliability and the maintenance costs can be analysed, like an influence 
of various parameters of the pipes (e.g. intensities of damages) on the final costs of 
the performed services. They can be crucial in the analysis of risk for various possi-
ble decisions. Apart from the crisp approach, the Monte Carlo simulations are also 
applied, if some of the parameters of the wDs are fuzzified. Therefore uncertainty 
and experts’ knowledge can be easily incorporated into the proposed procedure of 
the estimation of the maintenance costs. Observed differences between the crisp and 
the fuzzy output are highlighted. simulation algorithms, necessary for both of these 
approaches, are also provided.

wAng y, FAng X, zHAng C, CHEn X, Lu J. Lifetime prediction of 
self-lubricating spherical plain bearings based on physics-of-failure model 
and accelerated degradation test. Eksploatacja i Niezawodnosc – Main-
tenance and Reliability 2016; 18 (4): 528–538, http://dx.doi.org/10.17531/
ein.2016.4.7.
Due to small friction coefficient and no need for lubrication during operation, sel-
f-lubricating spherical plain bearings (ssPBs) have been widely used in operation 
and transmission systems in aerospace, nuclear power plants, and ship equipment 
and they are key components of these systems. ssPBs failure will directly affect 
the operational reliability and safety of the equipment; therefore, it is necessary to 
accurately predict the service life of ssPBs to define reasonable maintenance plans 
and replacement cycles and to ensure reliability and safety of vital equipment. so 
far, lifetime prediction of ssPB has been primarily based on empirical formulae 
established by most important bearing manufacturers. However, these formulae are 
lack of strong theoretical basis; the correction coefficients are difficult to determine, 
resulting in low accuracy of lifetime prediction. in an accelerated degradation test 
(ADT), the load is increased to accelerate the ssPB wear process. ADT provides a 
feasible way for accurate lifetime prediction of ssPB in a short period. in this paper, 
wear patterns are studied and methods of wear analysis are presented. Then, physics-
of-failure model which considers ssPB wear characteristics, structure parameters and 
operation parameters is established. Moreover, ADT method for ssPB is studied. 
Finally, lifetime prediction method of ssPBs based on physics-of-failure model and 
ADT is established to provide a theoretical method for quick and accurate lifetime 
prediction of ssPBs.

wAng y, FAng X, zHAng C, CHEn X, Lu J. Prognozowanie czasu pracy 
samosmarujących łożysk ślizgowych w oparciu o model fizyki uszkodzeń 
oraz przyspieszone badania degradacji. Eksploatacja i Niezawodnosc – Ma-
intenance and Reliability 2016; 18 (4): 528–538, http://dx.doi.org/10.17531/
ein.2016.4.7.
w związku z niskim współczynnikiem tarcia oraz brakiem konieczności smarowania  
podczas pracy,samosmarujące łożyska ślizgowe (self-lubricating spherical bearings, ssPB) 
znajdują szerokie zastosowanie w układach  pracy oraz układach przełożeń urządzeń w 
przemyśle lotniczym, elektrowniach jądrowych, oraz na statkach, stanowiąc kluczowe 
elementy tych układów. uszkodzenie łożyska ssPB ma bezpośredni wpływ na nieza-
wodność eksploatacyjną oraz bezpieczeństwo sprzętu; dlatego też istnieje konieczność 
precyzyjnego prognozowania resursu łożysk ssPB, pozwalającego na odpowiednie pla-
nowanie konserwacji oraz cykli wymiany , które ma na celu zapewnienie niezawodności i 
bezpieczeństwa kluczowego sprzętu. Dotychczas czas pracy łożysk ssPB prognozowano  
przede wszystkim w oparciu o wzory empiryczne podawane przez największych produ-
centów łożysk. wzory te, jednak, nie mają solidnej podstawy teoretycznej; trudno jest dla 
nich określić współczynniki korygujące, co zmniejsza trafność prognozowania czasu pracy. 
w przyspieszonych badaniach degradacji zwiększa się obciążenie celem przyspieszenia 
procesu zużycia łożysk ssPB. Badania przyspieszone umożliwiają trafne przewidywanie 
czasu pracy łożysk ssPB w krótkim okresie czasu. w przedstawionej pracy analizowano 
wzorce zużycia badanych łożysk oraz przedstawiono metody analizy zużycia. następnie 
opracowano model fizyki uszkodzeń, który uwzględnia charakterystyki zużycia, parametry 
konstrukcyjne oraz parametry eksploatacyjne omawianych łożysk ślizgowych. Ponadto 
rozpatrywano  możliwość zastosowania badań przyspieszonych dla tego typu łożysk. w 
wyniku przeprowadzonych badań, opracowano metodę prognozowania  czasu pracy łożysk 
ssPB opartą na modelu fizyki uszkodzeń oraz badaniach przyspieszonych, która pozwala 
na szybkie i trafne prognozowanie czasu pracy samosmarujących łożysk ślizgowych.
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FEDorKo g, MoLnÁr V, DoViCA M, HusÁKoVÁ n, KrÁĽ jr. J, FEr-
Dynus M. Wykorzystanie przemysłowego metrotomografu w utrzymaniu i 
niezawodności taśm przenośnikowych tkaninowo- gumowych w przenośnikach 
taśmowych z zamkniętą taśmą. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2016; 18 (4): 539–543, http://dx.doi.org/10.17531/ein.2016.4.8.
z powodu swych zalet, systemy transportowe zamknięte, zostały szeroko wprowadzo-
ne i zastosowane w różnych dziedzinach transportu materiałów sypkich. wynika to z 
unikalnych cech tych systemów, gdzie transportowany materiał jest w pełni otoczony 
taśmą. Aby zagwarantować niezawodność operacyjną i skuteczną konserwację w trakcie 
eksploatacji, procesy zachodzące wewnątrz taśmy przenośnikowej muszą być monito-
rowane. identyfikacja uszkodzeń we wczesnym stadium, jest bardzo ważna, jeśli nie 
rozstrzygająca, dla przyszłego niezawodnego funkcjonowania systemu transportowego. 
Jednym ze sposobów identyfikacji uszkodzeń, jest zastosowanie metody metro-tomografii 
przemysłowej. w pracy przedstawiono metodykę badań uszkodzeń taśm przenośnikowych 
tkaninowo- gumowych z wykorzystaniem metro-tomografii. zaprezentowano wyniki 
badań doświadczalnych dwóch próbek, gdzie zniszczeniu uległa osnowa taśmy oraz 
kolejnej, gdzie zaobserwowano pęknięcia w warstwie wierzchniej gumy. zostało również 
opisane zniszczenie w postaci przebicia pasa transportowego. 

FEDorKo g, MoLnÁr V, DoViCA M, HusÁKoVÁ n, KrÁĽ jr. J, 
FErDynus M. The use of industrial metrotomography in the field of 
maintenance and reliability of rubber-textile conveyor belts in closed con-
tinuous transport systems. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2016; 18 (4): 539–543, http://dx.doi.org/10.17531/ein.2016.4.8.
Closed transport systems have been widely implemented in various areas of bulk 
solid handling because of their advantages. The unique character of these systems 
stems from the fact that transported material is fully enclosed by a conveyor belt. 
To ensure their operational reliability and efficient maintenance during operation, 
processes occurring inside the belt must be monitored. Early damage identification is 
very important, if not crucial, for reliable functioning of transport systems. One way 
to do this is by applying the industrial metrotomography method. The paper presents 
the research methodology of conveyor belt damage using computer metrotomography. 
it reports the experimental results for two samples: one with a damaged belt matrix 
and the other with cracks in the upper surface layer of rubber. The damage in the form 
of puncture of the transporting belt is also described in the paper.

MiKołAJCzAK P, nAPiórKowsKi J. Analiza niezawodności elementów 
roboczych funkcjonującychw glebowej masie ściernej z uwzględnieniem czyn-
ników zakłócających. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2016; 18 (4): 544–551, http://dx.doi.org/10.17531/ein.2016.4.9.
Praca poświęcona jest zagadnieniom związanych z zużywaniem materiałów konstruk-
cyjnych stosowanych do produkcji elementów roboczych funkcjonujących w glebowej 
masie ściernej. Badania własne przeprowadzono dla sześciu rodzajów stali: Hardox 500 
i Hardox 600, XAr 600, TBL Plus, B27 i 38gsA, 13 warstw napawanych oraz dwóch 
rodzajów warstw z węglikami. uzyskane wyniki posłużyły do przeprowadzenia analizy 
niezawodności i trwałości w aspekcie osiągnięcia założonych wartości granicznych 
zużycia ściernego. Jako narzędzia analityczne wykorzystano analizy wielowymiarowe 
takie, jak: analiza skupień, analiza korespondencji oraz analiza porównawcza funkcji 
niezawodności z zastosowaniem testu Mantela-Haenszela. ostania z wymienionych metod 
posłużyła do zbadania jak wpływa czynnik zakłócający (zmiana rodzaju masy glebowej), 
na wyznaczone modele niezawodności.

MiKołAJCzAK P, nAPiórKowsKi J. Analysing the reliability of wor-
king parts operating in abrasive soil pulp taking into consideration confo-
unding factors. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2016; 18 (4): 544–551, http://dx.doi.org/10.17531/ein.2016.4.9.
This paper refers to the aspects of wear in structural materials used for the manufacture 
of working parts operating in abrasive soil pulp. Our study was conducted on six 
steel grades: Hardox 500 and Hardox 600, XAr 600, TBL Plus, B27 and 38gsA, 13 
pad-welded layers and two types of carbide-based layers. The results obtained were 
used to analyse reliability and durability in terms of meeting the assumed abrasive 
wear limits. Analytical tools employed included multi-dimensional analyses, such 
as cluster analysis, correspondence analysis, and comparative analysis in a function 
of reliability with the use of the Mantel-Haenszel test. The latter method was used 
to study the influence of a confounding factor (change of the soil pulp type) on the 
reliability of the models determined. 

CHEng Q, sun B, zHAo y, gu P. Podejście do analizy czułości niezawod-
nościowej dokładności obrabiarek oparte na symulacji metodą szybkich łań-
cuchów Markowa. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2016; 18 (4): 552–564, http://dx.doi.org/10.17531/ein.2016.4.10.
wraz z wciąż rosnącym zapotrzebowaniem na coraz to wyższą dokładność obróbki, nie-
zawodność dokładności obróbki stała się wskaźnikiem pozwalającym na ocenę charakte-
rystyk obrabiarek. w rezultacie, metody doskonalenia niezawodności dokładności obróbki 
znalazły się w centrum uwagi zarówno producentów jak i użytkowników tych maszyn. na 
ogół, do zmniejszenia dokładności obróbki prowadzą nakładające się błędy geometryczne. 
w niniejszej pracy, niezawodność dokładności obróbki zdefiniowano jako zdolność obra-
biarki do pracy z określoną dla niej dokładnością w zadanych warunkach przez dany okres 
czasu. zaproponowano nowe podejście do analizy niezawodności dokładności obróbki 
oparte na symulacji metodą szybkich łańcuchów Markowa. za pomocą tej metody, można 
ustalić siedem różnych przyczyn uszkodzeń obrabiarki. Analizę czułości niezawodno-
ściowej dokładności obróbki przeprowadzono obliczając całkę prawdopodobieństwa 
uszkodzenia obrabiarki. określono także kluczowe błędy geometryczne, które najsilniej 
wpływają na niezawodność dokładności obróbki. wreszcie, efektywność proponowanej 
metody sprawdzono doświadczalnie na przykładzie obrabiarki czteroosiowej.

CHEng Q, sun B, zHAo y, gu P. A method to analyze the machining 
accuracy reliability sensitivity of machine tools based on Fast Markov 
Chain simulation. Eksploatacja i Niezawodnosc – Maintenance and Reliabi-
lity 2016; 18 (4): 552–564, http://dx.doi.org/10.17531/ein.2016.4.10.
with the ever increasing demand of higher machining accuracies, the machining 
accuracy reliability has evolved into an indicator to evaluate the performance of 
a machine tool. Consequentially, methods for improving the machining accuracy 
reliability have become the focus of attention for both manufacturers and users. 
generally, the intercoupling geometric errors are the main cause which may lead to 
a reduction of the machining accuracy of machine tools. in this paper, the machining 
accuracy reliability is defined as the ability of a machine tool to perform at its specified 
machining accuracy under the stated conditions for a given period of time, and a new 
approach for analyzing the machining accuracy reliability of machine tools based 
on fast Markov chain simulations is proposed. using this method, seven different 
failure modes could be determined for a machine tool. An analysis of the machining 
accuracy reliability sensitivity was performed based on solving the integral of the 
failure probability of the machine tool, and the key geometric errors which most 
strongly affect the machining accuracy reliability were identified. Finally, in this 
study, a 4-axis machine tool was selected as an example to experimentally validate 
the effectiveness of the proposed method.

sAwCzuK w. Zastosowanie diagnostyki wibroakustycznej w ocenie zużycia 
okładzin ciernych kolejowego hamulca tarczowego. Eksploatacja i Nieza-
wodnosc – Maintenance and Reliability 2016; 18 (4): 565–571, http://dx.doi.
org/10.17531/ein.2016.4.11.
Diagnostyka wibroakustyczna ze względu na swoje zalety znajduje coraz to nowe za-
stosowania w obiektach technicznych do oceny ich stanu. główne zalety tej diagnostyki 
to łatwość pomiaru, duża szybkość przekazywania informacji, możliwość oceny stanu 
całego obiektu lub poszczególnych elementów oraz duża zawartość informacji w sygnale. 
wszystkie te zalety sprawiają, że również możliwe jest zastosowanie diagnostyki wA do 
oceny stanu elementów układu hamulcowego. w artykule przedstawiono możliwości 
określenia zużycia elementów ciernych kolejowego hamulca tarczowego na podstawie 
analiz sygnałów przyspieszeń drgań generowanych przez okładziny cierne hamulca. w 
artykule przedstawiono regresyjne modele diagnostyczne [15] bazujące na analizie sygna-
łów przyspieszeń drgań w dziedzinie amplitud oraz w dziedzinie częstotliwości.

sAwCzuK w. Application of vibroacoustic diagnostics to evaluation of 
wear of friction pads rail brake disc. Eksploatacja i Niezawodnosc – Ma-
intenance and Reliability 2016; 18 (4): 565–571, http://dx.doi.org/10.17531/
ein.2016.4.11.
Vibrationacoustic diagnostics is increasingly used in new technical facilities to assess 
their condition. The main advantages of this diagnosis is the easiness of measurement, 
high speed transmission of information, the opportunity to assess the state of the whole 
or the individual components and high information content of the signal. All these 
features make it also possible to use wA diagnostic to assess the state of the braking 
system components. The article gives the possibility of determining the use of disc 
brake friction elements. This can be done on the basis of the analysis of vibration 
accelerations signals generated by the brake friction pads. The article presents dia-
gnosis regression models [15] based on the analysis of vibration acceleration signals 
in the field of amplitude and frequency.
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CHłoPEK z. Synthesis of driving cycles in accordance with the criterion 
of similarity of frequency characteristics. Eksploatacja i Niezawodnosc – 
Maintenance and Reliability 2016; 18 (4): 572–577, http://dx.doi.org/10.17531/
ein.2016.4.12.
This paper presents an original method of synthesizing driving cycles treated as sets 
of realizations of a stochastic process of car velocity. The proposed method is based 
on the criterion of similarity of amplitude-frequency characteristics of test and on-road 
cycles. Because a driving cycle is treated here as a set of realizations of a random 
process, the method allows not only to determine the values of zero-dimensional cha-
racteristics defining the properties of a car, but also to perform probabilistic evaluation 
of these properties. in the present study, example realizations of the stochastic velocity 
process were obtained and analyzed using a test based on the amplitude-frequency 
characteristics of the Federal Test Procedure cycle – FTP-75.

CHłoPEK z. Synteza testów jezdnych zgodnie z kryteriami podobieństwa 
charakterystyk częstotliwościowych. Eksploatacja i Niezawodnosc – Ma-
intenance and Reliability 2016; 18 (4): 572–577, http://dx.doi.org/10.17531/
ein.2016.4.12.
w pracy przedstawiono autorską metodę syntezy testów jezdnych, traktowanych jako zbiór 
realizacji procesu stochastycznego prędkości samochodu, z zastosowaniem kryterium 
podobieństwa charakterystyki amplitudowo-częstotliwościowej w warunkach badań i 
rzeczywistego użytkowania pojazdu. Dzięki potraktowaniu testu jako zbioru realizacji 
procesu przypadkowego jest możliwe w proponowanej metodzie nie tylko wyznaczanie 
wartości ocenianych zerowymiarowych charakterystyk, określających właściwości użyt-
kowe samochodów, ale i jest możliwa również ocena probabilistycznych właściwości tych 
wielkości. w pracy wyznaczono i przebadano przykładowe realizacje procesu stochastycz-
nego prędkości w teście na podstawie charakterystyki amplitudowo-częstotliwościowej 
testu FTP-75 (Federal Test Procedure – federalna procedura badawcza).

ŚLEDziEwsKi K. Badania doświadczalne i numeryczne zespolonych belek 
ciągłych z uwzględnieniem zarysowania płyty. Eksploatacja i Niezawodnosc – 
Maintenance and Reliability 2016; 18 (4): 578–589, http://dx.doi.org/10.17531/
ein.2016.4.13.
Praca prezentuje wyniki badań belek zespolonych, stanowiących modele reprezenta-
tywnych elementów ustrojów nośnych obiektów technicznych (mostów) poddawanych 
zginaniu. Przyjęty rodzaj obciążenia oraz powstałych deformacji rozpatrywanego układu 
odpowiada warunkom eksploatacyjnym. Przedmiotem rozważań były belki zespolone typu 
stal-beton z łącznikami w postaci sworzni. Przeprowadzono badania eksperymentalne 
dźwigarów w skali zbliżonej do rzeczywistej pod obciążeniem statycznym odpowiada-
jącym obciążeniu eksploatacyjnemu. otrzymane wyniki posłużyły do budowy modelu 
numerycznego przy wykorzystaniu metody elementów skończonych. Do opisu betonu 
wykorzystano nieliniowy model betonu plastycznego ze zniszczeniem, natomiast do 
opisu stali przyjęto model ciała sprężysto-plastycznego. Przeanalizowano dwa sposoby 
połączenia płyty betonowej z belką stalową: połączenie ciągłe oraz połączenie punktowe 
wykorzystując sztywne łączniki. następnie przeprowadzono walidację przygotowanego 
modelu numerycznego belki. Dokonano porównania wybranych właściwości eksploata-
cyjnych badanych ustrojów, w oparciu o przyjęte kryteria.

ŚLEDziEwsKi K. Experimental and numerical studies of continuous 
composite beams taking into consideration slab cracking. Eksploatacja i 
Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 578–589, http://
dx.doi.org/10.17531/ein.2016.4.13.
This paper presents the results of studies conducted on composite beams which 
function as models of representative bridge deck elements subjected to bending. 
The adopted type of load and the resulting strain of the analysed system correspond 
to operating conditions. The subject of the studies was steel and concrete composite 
beams with fasteners in the form of pins. Experimental tests of girders were carried out 
on a near real-life scale under the static load corresponding to the operating load. The 
obtained results were used to build a numerical model using the finite element method. 
The non-linear concrete damage plasticity model was used to describe the concrete 
and the elastic-plastic body model was adopted to describe the steel. Two concrete 
slab – steel beam connection methods were analysed: a continuous connection and 
a spot connection using rigid fasteners. Next, the validation of the numerical model 
was performed. A comparison of the selected operating characteristics of the tested 
systems was made on the basis of the adopted criteria.

CHEn J, DuAn M, zHAng y. Podejmowanie decyzji dotyczących wykorzy-
stania zapasowych podmorskich głowic eksploatacyjnych w procesie zagospo-
darowywania obszarów podmorskich. Model uwzględniający liczne czynniki 
ograniczające. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2016; 
18 (4): 590–598, http://dx.doi.org/10.17531/ein.2016.4.14.
Aby móc dokonać aktywnej oceny ilościowej liczących się czynników utrzymania pod-
morskich głowic eksploatacyjnych, najpierw zbadano wiele czynników ograniczających, 
takich jak lokalne warunki pogodowe oraz dostępność środków transportu, statków 
interwencyjnych o dużym tonażu, techników utrzymania ruchu, zapasowych głowic 
eksploatacyjnych, itd. następnie skupiono uwagę na trzech kluczowych czynnikach: 
pogodzie oraz dostępności statku interwencyjnego oraz dostępności zapasowych głowic 
eksploatacyjnych. ograniczenia związane z tymi czynnikami znacząco wpływają na koszty 
i możliwości konserwacji. Do obliczenia okresów,w których wysokie fale uniemożliwiają 
prace konserwacyjne wykorzystano dane statystyczne pochodzące z bazy danych ErA 
interim. stworzono model analityczny pozwalający na uproszczenie obliczeń kosztów 
utrzymania ruchu. Ponieważ na podmorskich polach naftowych rzadko wykonuje się 
zabiegi predykcyjnego utrzymania ruchu, skonstruowany przez nas model utrzymania 
ruchu uwzględnia jedynie utrzymanie naprawcze. wyniki pokazują, że niekorzystne wa-
runki pogodowe, jak również brak odpowiednich zapasowych głowic eksploatacyjnych 
mogą generować wysokie koszty związane z przestojami. Porównanie dwóch alternatyw 
pokazuje, że najlepszym sposobem na zmniejszenie kosztów utrzymania ruchu jest zapew-
nienie dostatecznej dostępności statku interwencyjnego. Proponowany model umożliwia 
ilościowy ogląd utrzymania ruchu w warunkach podmorskich i może być wykorzystany 
w procesie podejmowania decyzji dotyczących wykorzystania zapasowych podmorskich 
głowic eksploatacyjnych uwzględniającym wiele czynników ograniczających.

CHEn J, DuAn M, zHAng y. Decision-making of spare subsea trees 
with multi-restrictive factors in deepwater development. Eksploatacja i 
Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 590–598, http://
dx.doi.org/10.17531/ein.2016.4.14.
in order to quantify the influential factors of subsea trees’ maintenance proactively, 
multiple restrictive factors first are elaborated, such as locale meteorological con-
ditions (i.e. weather), transport resources, heavy intervention vessels, maintenance 
technicians, spare trees and so on. Then, the focus is on three vital factors: weather, 
intervention vessel and spare trees. These restrictions dramatically impact the cost and 
accessibility of maintenance. For the inaccessible duration of significant wave height 
in weather model for computing non-feasibility days, we utilized the statistic data from 
the ErA interim dataset. An analytical model is established to simplify the calculation 
of maintenance costs. As the predictive maintenances are seldom performed in subsea 
field, the built maintenance model only considers the corrective maintenance. results 
show that hostile weather as well as the shortage of adequate spare subsea trees can 
induce severe downtime cost. The comparison of two contractual alternatives indicates 
that the better way to reduce the maintenance cost is to make the intervention vessel 
available enough. it is significant to provide quantitative views of subsea maintenance 
and to supply a method for the decision-making of spare subsea trees with multiple 
restrictive factors from the proposed model.

CAVALCAnTE CAV, Do nAsCiMEnTo Tg, LoPEs rs. Analiza połączonych 
procesów sztucznego starzenia i wymiany prowadzona w oparciu o wieloatry-
butową teorię użyteczności. Eksploatacja i Niezawodnosc – Maintenance and 
Reliability 2016; 18 (4): 599–605, http://dx.doi.org/10.17531/ein.2016.4.15.
Elementy składowe tworzące niejednorodną populację mogą prowadzić do nieprawi-
dłowości funkcji intensywności uszkodzeń. w prezentowanej pracy badano populację 
komponentów składająca się z dwóch różnych subpopulacji: populacji komponentów 
słabych i populacji komponentów mocnych. niejednorodność komponentów opisano za 
pomocą rozkładu mieszanego ich czasu pracy. rozkład mieszany pozwala modelować dwa 
różne zachowania: krótki czas pracy charakterystyczny dla słabych elementów i długi czas 
pracy charakterystyczny dla elementów mocnych. Proste strategie konserwacyjne mogą nie 
dawać oczekiwanych efektów w przypadku komponentów, które różnią się pod względem 
charakteru uszkodzeń. Aby odpowiednio powiązać odmienne cele procedur sztucznego 
starzenia (wygrzewania, docierania) i wymiany profilaktycznej elementów składowych 
zaproponowano, w oparciu o podejście wielokryterialne, procedurę łączącą sztuczne starze-
nie i wymianę profilaktyczną, która uwzględnia także preferencje decydenta. Jako kryteria 

CAVALCAnTE CAV, Do nAsCiMEnTo Tg, LoPEs rs. Multi-attribute 
Utility Theory analysis for burn-in processes combined with replacement. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 
599–605, http://dx.doi.org/10.17531/ein.2016.4.15.
Components from a heterogeneous population may result in non-well behaviour 
in the failure rate function. This paper considers a population of components that 
consists of two different sub-populations: a population of weak components and a 
population of strong components. This component heterogeneity is treated using a 
mixture distribution for the components’ lifetimes. This mixture models two distinct 
behaviours: a short characteristic lifetime for the weak components and a long cha-
racteristic lifetime for the strong components. simple policies may not be effective 
to address the distinct behaviours of failures for these components. Thus, combined 
preventive replacement and a burn-in procedure based on a multi-criteria perspective 
are proposed in order to suitably integrate the different objectives from the burn-in 
and preventive replacement procedures, taking into account the preferences of the 
decision-maker. we consider the cost and the mean residual life as the criteria of the 
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proposed model. Multi-attribute utility Theory (MAuT) allows alternatives that are 
more aligned with the preferences of the decision-maker to be developed.

proponowanego modelu rozważano koszty i średnią trwałość resztkową. wieloatrybutowa 
teoria użyteczności (MAuT) pozwala na tworzenie alternatyw, które licują z preferencjami 
osoby odpowiedzialnej za podejmowanie decyzji eksploatacyjnych.

PAwLiK P, LEPiArCzyK D, DuDEK r, oTTEwiLL Jr, rzEszuCińsKi 
P, wóJCiK M, TKACzyK A. Diagnostyka wibroakustyczna zespołów na-
pędowych pracujących w zmiennych warunkach z wykorzystaniem analizy 
rzędów. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2016; 18 
(4): 606–612, http://dx.doi.org/10.17531/ein.2016.4.16.
Do określenia stanu technicznego maszyn przemysłowych bardzo często używane są 
podstawowe parametry sygnału, takie jak wartość skuteczna (rMs), kurtoza czy współ-
czynnik szczytu. zmiana tych parametrów w większości przypadków traktowana jest 
jako zmiana stanu technicznego maszyn. Jednak w niektórych przypadkach może być 
ona związana również ze zmianą warunków pracy maszyny. w artykule zaproponowano 
metodę oceny stanu technicznego elementów napędu uwzględniającą zmianę obciążenia 
układu oraz zmianę prędkości obrotowej. Metoda ta umożliwia wyznaczenie parametrów 
diagnostycznych, które są niezależne od zmiany prędkości oraz obciążenia układu napę-
dowego. Pozwala to na wyznaczenie wartości krytycznych tych parametrów niezależnych 
od warunków pracy maszyny. zaproponowana metoda oparta jest na analizie rzędów 
sygnału wibroakustycznego odpowiednio przeskalowanej amplitudowo ze względu na 
obciążenie oraz prędkość obrotową.w celu weryfikacji metody przeprowadzono ekspery-
ment diagnostyczny na stanowisku laboratoryjnym, składającym się z silnika, przekładni 
walcowej oraz przekładni ślimakowej. zasymulowana została niewspółosiowość wałów 
dla różnych podzespołów dla różnych prędkości obrotowych wału wejściowego i różnych 
obciążeń układu.

PAwLiK P, LEPiArCzyK D, DuDEK r, oTTEwiLL Jr, rzEszuCińsKi 
P, wóJCiK M, TKACzyK A. Vibroacoustic study of powertrains operated 
in changing conditions by means of order tracking analysis. Eksploatacja 
i Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 606–612, http://
dx.doi.org/10.17531/ein.2016.4.16.
Very often, simple signal metrics, such as root Mean square, Kurtosis or Crest Factor 
are used to characterize the operating condition of industrial machinery. Variations 
in the values of these metrics are often thought to be indicative of the presence of 
a developing fault. However, it may also be observed that often these parameters 
are also dependent on the operating conditions of the machine. This paper proposes 
a method for the assessment of the technical condition of powertrain components 
taking into consideration changes to system loading and rotational speed. The method 
allows diagnostic parameters to be determined which are independent of the speed or 
the loading of the power train. This decoupling allows robust condition indicators, 
independent of operating state, to be determined. The method proposed is based on 
the order analysis of vibroacoustic signals, properly scaled in terms of amplitude for 
the loading and rotational speed. A diagnostics experiment was carried out using a 
laboratory test facility comprised of a motor, a parallel shaft gearbox and a worm 
gear. shaft misalignment was simulated for various components at various rotational 
speeds of the input shaft and different system load conditions.

rELiCH M.Wybór portfela projektów nowych produktów z uwzględnieniem 
niezawodności produktu. Eksploatacja i Niezawodnosc – Maintenance and Re-
liability 2016; 18 (4): 613–620, http://dx.doi.org/10.17531/ein.2016.4.17.
wybór portfela projektów nowych produktów jest jedną z najistotniejszych decyzji 
podejmowanych w przedsiębiorstwie, wpływającą na przyszłą wartość zysków oraz 
konkurencyjność i rozwój przedsiębiorstwa. zapewnienie niezawodności produktu jest 
kosztowne, ale zwiększa satysfakcję klienta z używanego produktu i redukuje koszty 
potencjalnych napraw gwarancyjnych, przyczyniając się do sukcesu rynkowego produktu. 
Celem artykułu jest opracowanie podejścia umożliwiającego budowę systemu wspoma-
gania decyzji dotyczących wyboru portfela projektów nowych produktów do rozwinięcia, 
z uwzględnieniem aspektu zapewnienia wymaganej niezawodności produktu. Problem 
wyboru portfela projektów nowych produktów został wyrażony w postaci problemu 
spełniania ograniczeń, co umożliwia zaprojektowanie systemu opartego na bazie wiedzy. 
zbiór rozwiązań dopuszczalnych dotyczący alternatywnych projektów rozwoju nowych 
produktów jest otrzymywany z wykorzystaniem technik programowania w logice z ogra-
niczeniami. opracowane podejście jest dedykowane dla przedsiębiorstw, które realizują 
strategię modernizacji wytwarzanego produktu.

rELiCH M. Portfolio selection of new product projects: a product reliabi-
lity perspective. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2016; 18 (4): 613–620, http://dx.doi.org/10.17531/ein.2016.4.17.
Portfolio selection of new product development projects is one of the most important 
decisions in an enterprise that impact future business profits, competitiveness and 
survival. Ensuring reliability in a new product is costly but it increases customer 
satisfaction and reduces the potential warranty cost, contributing to product success. 
This paper aims to develop an approach for designing decision support system of 
selecting portfolio of new product development projects, taking into account the 
aspect of ensuring the desired reliability of products. A portfolio selection problem is 
formulated in terms of a constraint satisfaction problem that is a pertinent framework 
for designing a knowledge base. A set of admissible solutions referring to the new 
product alternatives is obtained with the use of constraint logic programming. The 
proposed approach is dedicated for enterprises that modernise existing products to 
develop new products.

sHi J, Li y, wAng g, Li X. Synteza wskaźników stanu technicznego oraz 
ocena pozostałego okresu użytkowania silników turbowentylatorowych z 
wykorzystaniem zbiorów danych o pracy do czasu uszkodzenia. Eksploatacja i 
Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 621–631, http://dx.doi.
org/10.17531/ein.2016.4.18.
silniki turbowentylatorowe niepoddane konserwacji ulegają stopniowej degradacji aż do 
czasu wystąpienia uszkodzenia lub zakończenia cyklu życia. rzetelna ocena degradacji 
oraz pozostałego okresu użytkowania (ruL) mają wpływ zarówno na bezpieczeństwo 
maszyn lotniczych jak i racjonalne podejmowanie decyzji dotyczących utrzymania ruchu. 
w artykule zaproponowano sterowaną danymi metodę prognostyczną opartą na danych 
o pracy do czasu uszkodzenia (run-to failure, rTF), które są wielowymiarowymi danymi 
sensorycznymi zbieranymi podczas normalnej pracy silnika aż do jego uszkodzenia. Po 
niezbędnej wstępnej obróbce danych, przeprowadzono analizę skupień w celu wygene-
rowania skupień reprezentujących multi-stany procesu degradacji. wyodrębniono klaster 
stanów uszkodzenia, a następnie obliczono odległość między wstępnie przetworzonymi 
danymi a wyodrębnionym klastrem. następnie wygenerowano jednowymiarowe szeregi 
czasowe, które zdefiniowano jako wskaźniki stanu technicznego. na podstawie tych 
wskaźników zbudowano modele degradacji. wreszcie, w oparciu o analizę podobień-
stwa do opracowanych modeli oceniono ruL jednostki testowej. główne algorytmy 
zastosowane w niniejszym opracowaniu to algorytmy grupowania hierarchicznego (HC) 
oraz maszyny wektorów istotnych (rVM). Aby zweryfikować zaproponowaną w pracy 
metodę, przeprowadzono studium przypadku z wykorzystaniem danych dot. silników 
turbowentylatorowych pochodzące z Prognostic Center of Excellence (PCoE) przy nAsA 
Ames research Center oraz przedstawiono odpowiednie porównania.

sHi J, Li y, wAng g, Li X. Health index synthetization and remaining 
useful life estimation for turbofan engines based on run-to-failure datasets. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 
621–631, http://dx.doi.org/10.17531/ein.2016.4.18.
Turbofan engines will gradually degrade until failure occurs or life ends if without 
maintenance. reliable degradation assessment and remaining useful life (ruL) 
estimation make sense on both aviation safety and rational maintenance decisions. 
This paper proposes a data-driven prognostic method on the premise of run-to-failure 
(rtF) data which are multivariate sensory data collected from the engines operating 
from normal to failure. After necessary pre-processing to the data, clustering analysis 
is executed to generate the clusters which represent the multi-states of the degrada-
tion process. The failure state cluster is extracted, and then the distance between the 
pre-processed data and the cluster is calculated. Therefore, one-dimensional time 
series are generated and defined as the health indices. Afterwards the degradation 
models are built based on the health indices. Finally, the ruL of a testing unit can be 
estimated by similarity analysis with the models. Hierarchical clustering (HC) and 
relevance vector machine (rVM) are the main algorithms employed in this paper. 
To validate the proposition, a case study is performed on turbofan engines data from 
Prognostics Center of Excellence (PCoE) at nAsA Ames research Center, and 
sufficient comparisons were given.

wysMuLsKi P, DęBsKi H, różyło P, FALKowiCz K. Badania stateczności 
i stanów pokrytycznych ściskanych cienkościennych profili kompozytowych. 
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 632–637, 
http://dx.doi.org/10.17531/ein.2016.4.19.
Przedmiotem badań jest cienkościenny profil o przekroju ceowym, wykonany z kompozytu 
węglowo-epoksydowego, poddany osiowemu ściskaniu. zakres badań obejmował analizę 
stanu krytycznego i słabo pokrytycznego metodami doświadczalnymi i numerycznymi. w 

wysMuLsKi P, DęBsKi H, różyło P, FALKowiCz K. A study of sta-
bility and post-critical behaviour of thin-walled composite profiles under 
compression. Eksploatacja i Niezawodnosc – Maintenance and Reliability 
2016; 18 (4): 632–637, http://dx.doi.org/10.17531/ein.2016.4.19.
The object of this study is a thin-walled channel-section profile made of a carbo-
n-epoxy composite subjected to axial compression. The study included analysis of 
the critical and  weakly post-critical behaviour using experimental and numerical 
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methods. As a result of the research conducted on a physical model of the structure, 
we determined a post-critical equilibrium path, which was then used to determine 
the critical load by approximation methods. simultaneously, numerical calculations 
were performed by the finite element method. Their scope included a linear analysis 
of eigenvalue problems, the results of which led to determination of the critical load 
for the developed numerical model. The second step of the calculations consisted in 
performing a nonlinear analysis  of the structure with geometrically initiated imper-
fection corresponding to the lowest buckling mode of the investigated profile. The 
numerical results were compared with the experimental findings, revealing that the 
developed numerical model of the structure was correct. The numerical simulations 
were performed using the ABAQus® software.

wyniku badań prowadzonych na fizycznym modelu konstrukcji wyznaczono pokrytyczną 
ścieżkę równowagi, na podstawie której z wykorzystaniem metod aproksymacyjnych 
określono wartość obciążenia krytycznego. równolegle prowadzono obliczenia nume-
ryczne z wykorzystaniem metody elementów skończonych. zakres obliczeń obejmował 
liniowa analizę zagadnienia własnego, w wyniku której określono wartość obciążenia 
krytycznego modelu numerycznego konstrukcji. Drugi etap obliczeń obejmował nieliniową 
analizę stanu słabo pokrytycznego konstrukcji z zainicjowaną imperfekcją geometryczną, 
odpowiadającą najniższej postaci wyboczenia konstrukcji. wyniki obliczeń numerycznych 
porównano z wynikami badań doświadczalnych, potwierdzając adekwatność opracowa-
nego modelu numerycznego konstrukcji. zastosowanym narzędziem numerycznym był 
program ABAQus®.

LETurionDo u, sALgADo o, gALAr D. Metodologia opartego na 
fizyce modelowania wielorakich konfiguracji łożysk tocznych. Eksploata-
cja i Niezawodnosc – Maintenance and Reliability 2016; 18 (4): 638–648, 
http://dx.doi.org/10.17531/ein.2016.4.20.
utrzymanie ruchu zależne od stanu technicznego urządzenia to rozszerzone podejście do 
eksploatacji mające zastosowanie do wielu układów, w tym łożysk tocznych. Ciekawą 
metodą modelowania tych elementów jest modelowanie oparte na fizyce. łożyska toczne 
wykorzystywane są szeroko w wielu dziedzinach, co oznacza, że elementy toczne mogą 
występować w wielorakich konfiguracjach różniących się rodzajem elementów tocznych, 
ich wewnętrznym układem oraz liczbą rzędów. Co więcej, różnice dotyczące zastosowań 
sprawiają, że łożyska toczne mogą przybierać różne rozmiary i działać w różnych warun-
kach prędkości i obciążeń. w niniejszej pracy zaprezentowano metodologię tworzenia 
modelu matematycznego opartego na fizyce służącego do odtwarzania dynamiki wielu 
rodzajów łożysk tocznych. zgodnie z zasadami modelowania układów wieloczłonowych, 
proponowana strategia wykorzystuje możliwość ponownego użycia modeli do zamo-
delowania szerokiego zakresu konfiguracji łożysk, a także uogólnienia wymiarowania 
łożyska oraz ujęcia warunków jego pracy. w opracowaniu przedstawiono symulacje 
dwóch konfiguracji  elementów tocznych wraz z analizą ich dynamicznej odpowiedzi oraz 
analizą skutków uszkodzenia ich części. wyniki dwóch przedstawionych w pracy studiów 
przypadków wykazują dobrą zgodność z danymi doświadczalnymi oraz wynikami innych 
modeli opisanymi w literaturze.

LETurionDo u, sALgADo o, gALAr D. Multi-body modelling of 
rolling element bearings and performance evaluation with localised 
damage. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2016; 
18 (4): 638–648, http://dx.doi.org/10.17531/ein.2016.4.20.
Condition-based maintenance is an extended maintenance approach for many systems, 
including rolling element bearings. For that purpose, the physics-based modelling of 
these machine elements is an interesting method. The use of rolling element bearings 
is extended to many fields, what implies a variety of the configurations that they can 
take regarding the kind of rolling elements, the internal configuration and the number 
of rows. Moreover, the differences of the applications make rolling element bearings 
to take different sizes and to be operating at different conditions regarding both spe-
ed and loads. in this work, a methodology to create a physics-based mathematical 
model to reproduce the dynamics of multiple kinds of rolling element bearings is 
presented. Following a multi-body modelling, the proposed strategy takes advantage 
of the reusability of models to cover a wide range of bearing configurations, as well 
as to generalise the dimensioning of the bearing and the application of the operating 
conditions. simulations of two bearing configurations are presented in this paper, 
analysing their dynamic response as well as analysing the effects of damage in their 
parts. Results of the two case studies show good agreement with experimental data 
and results of other models in literature.



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016 481

sCIEnCE anD tEChnoLogy

article citation info:

1.  Introduction

This article will present the results of comparative tests of the 
functionality of new type of a universal steering wheel, intended to 
use as HMi to drive a so-called ECo car by both disabled and able-
bodied people. The already mentioned ECO car would be character-
ized, among other things, by electric drive and “steer by wire” system 
(which is of particular importance in designing adaptive human-ve-
hicle interface). The car was designed as part of the “Eco-Mobility” 
project implemented under the innovative Economy operational Pro-
gramme co-financed from European regional Development Fund. 
The prototype of the car and some of its functions were demonstrated 
on the “eco-mobilnosc” website [4, 2].

An able-bodied person is sitting in a driver’s seat (in the car’s 
equipment), while the disabled person can drive the car sitting in their 

own wheelchair. The functionality feature of the steering wheel which 
is distinctive from the classic steering system (classic steering wheel 
+ pedals) is the opportunity to drive the vehicle using only hands 
(without using legs). The steering wheel developed as part of the ECO 
Mobility project is part of a system that allows a disabled person to 
use a car completely on their own (without any help from others). The 
same car can also be used by able-bodied people - hence the notion of 
its “universality”. 

ECo steering wheel is essentially adapted to drive cars with steer-
by-wire system [13, 6]. This solution makes it possible to program the 
steering angle corresponding to the maximum steering angle of the 
front wheels. There is a possibility to adjust the so-called melt steering 
ratio (obviously not while driving). in these studies, there were two 
different combinations included: 180º to 35º and 120º to 35º. These 
changes are intended to limit the angle of rotation of the steering 
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ocenA bezpieczeństwA i jAkości jAzdy nowego typu kierownicy 
uniwersAlnej nA podstAwie bAdAń porównAwczych 
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The aim of this study was to investigate how a change in the design of steering wheel may affect the safety and quality of driving 
by the driver. The object of the research was a new universal steering wheel enabling driving the car using only hands - intended 
for use by both able-bodied and disabled people. In order to assess the functionality of the steering wheel, a comparative study 
was carried out, with respect to a classic steering wheel. The study was performed using a dynamic simulator, with methodology 
developed especially for this experiment, introducing the so-called reference trajectory. The use of this trajectory allowed the 
introduction of qualitative criteria of road tests based on a measure of distance. The article presents the defined criteria. Drives 
of 30 drivers in “route” and “slalom” type road test were carried out. The article discusses the results of the slalom test. In this 
test, the driver’s task was to maintain the reference trajectory while passing through narrowing curves. Statistical analysis showed 
significant difference in the value of selected steering wheel assessment indicators.

Keywords: universal steering wheel, electric car, reference trajectory, “slalom” road test, “post-hoc” analysis.

Celem niniejszej pracy było zbadanie jak zmiana konstrukcji kierownicy może wpływać na bezpieczeństwo i jakość prowadze-
nia samochodu przez kierowcę. Przedmiotem badań była nowa kierownica uniwersalna umożliwiająca kierowanie samochodem 
wyłącznie z użyciem rąk - przeznaczona do użytku zarówno przez osoby sprawne jak i niepełnosprawne. W celu oceny funkcjo-
nalności tej kierownicy przeprowadzono badania porównawcze funkcjonalności w stosunku do kierownicy klasycznej. Badania 
wykonano na symulatorze dynamicznym stosując w tym celu specjalnie opracowaną metodykę eksperymentu wprowadzającą tzw. 
referencyjny toru ruchu. Zastosowanie tego toru umożliwiło wprowadzenie kryteriów jakości przejazdów testów drogowych w 
oparciu o miary odległości. Artykuł przedstawia zdefiniowane kryteria. Zbadano przejazdy 30 kierowców w testach drogowych 
typu „trasa” i „slalom”. Artykuł omawia wyniki testu slalom. W tym teście, zadaniem kierowcy prowadzącego pojazd było utrzy-
manie referencyjnego toru ruchu podczas przejazdu przez zawężające się serpentyny. Analiza statystyczna wyniku ukazała istotne 
różnice wartości zastosowanych wskaźników oceny kierownic.

Słowa kluczowe: kierownica uniwersalna, samochód elektryczny, referencyjny tor ruchu, test drogowy „sla-
lom”, analiza „post-hoc”.
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wheel during a turn so that people with partial locomotor dysfunction 
would not need to interrupt hand-sterring wheel contact. 

The concept of the aftermentioned research is based on carrying 
out an experiment on dynamic 3D vehicle simulators. in studies on 
3D simulator was used validated car model of Kia ceed mark. As is 
known in this type of model driving characteristics are strongly de-
pendent on the model structure on tires and suspension [12]. These 
simulators are equipped with a new interface (in this case, a new 
steering wheel) and a classic steering system. The procedure of the 
study covered: developing 2 tests, making  measurements of dynamic 
waveforms of selected parameters during implementation of the tests, 
defining their metrics and characteristics allowing for inference and 
evaluation of used interfaces.

Recently there has been quite a lot of research on the use for dif-
ferent types of HMi for driving a car by the elderly or disabled. They 
concern a wide variety of driving problems, where different system-
ic solutions are analyzed, such as, for instance, joystick [9], steering 
wheel [7, 8] or other mechatronic systems [5, 3]. There were also 
studies on the reaction of a disabled driver performed on 3D simu-
lators [11], as well as analyses of the safety of a disabled driver in 
frontal impact conditions [10]. The research carried out under the 
ECO Mobility project is inherent to this area of work. The so-called 
ECO steering wheel, however, is different in its functionality from 
the ones described. Preliminary assumptions to the tests of function-
ality of this steering wheel were presented at two conferences [1]. 
This article will present the actual results of statistical analyses on 
passing the “slalom” test. 

The aim of the research was to find answers to two questions. 
Firstly, how is the functionality of ECo steering wheel different in 
comparison to the classic system? secondly, which ratio for the ECo 
steering wheels is better? 

The basic scientific problem described in this article concerns the 
possibility of determining the statistic features of the steering wheel’s 
functionality. The features of the stochastic process in this case de-
pend on the type of steering wheel and the driver’s temperament. 
Therefore, they can be strongly individualized. This means that there 
is a need for individual assessment of runs per driver, which translated 
into difficulty in the construction of the so-called “universal driver” - 
representing all the characteristics of the drives of the group of drivers 
involved in the experiment.

Fig. 1 shows: a) ECo car, b) ECo steering wheel (the subject of 
simulator studies), c) studies in a simulator.

2. Methodology of research

The research group in the experiment consisted of 26 men aged 
20-23 years, all able-bodied and holding a driving license. Each driver 
drive the same stretch of the read, driving the car with three steering 
wheels. in total, each driver made three trips: with the classic steering 
system (this system will be called “normal” and marked nor in the 
rest of the article), and with the ECO steering wheel with two lever 

ratios: 180 and 120 (these steering wheels will be called and marked 
ECO 180 and ECO 120 in the rest of the article). The task of the driv-
ers was to make a series of maneuvers: a turn, obstacle avoidance 
maneuver, a straight line, a slalom, avoiding a collision with a pedes-
trian suddenly appearing in the lane. The “slalom” test, the results of 
which will be discussed in the article, was planned in such a way that 
one can study the functionality of the steering wheel at a time where 
there is a need for a simultaneous change of direction and speed. An 
important novelty in the realization of this experiment was determin-
ing a so-called “reference trajectory”, a line which was defined before 
the start of the experiment. The reference trajectory line was visible 
in the driver’s cabin. introducing this line to the experiment enabled 
the subsequent use of objective measures of assessment of the quality 
of the drive based on analyses of the distance between the geometric 
center of the vehicle from the reference trajectory [5, 3].

The implementation of the research required addressing the fol-
lowing tasks:  

Evaluation of the maneuvering and assigning each test a meas-a) 
ure allowing for the evaluation of the maneuvers.
statistical evaluation of random events (involving obtaining the b) 
measure) in groups of steering wheels. 

Ad a. in the first point, there are three important issues. Firstly, 
how to compare the drives, secondly, which state variable to measure 
and thirdly, how, with their timings, to determine these measures. The 
first problem seems most important for the correctness of the reason-
ing. This problem was solved quite originally in the discussed experi-
ment, by introducing the so-called reference trajectory. The reference 
trajectory is defined here as a path ensuring safe drive and proper 
execution of the maneuvers. This path can be determined either by 
calculation on simulation models or by simulated drive performed by 
a professional driver. The task of the driver involved in the experi-
ment was keeping up the vehicle with the line of reference trajectory 
with set speed (changing in time). The location of reference trajec-
tory was presented to the drivers in the form of markers placed in the 
road (Fig. 2a). in order to evaluate the course of the experiment, the 
following assumptions were made: the maneuver  should be consid-
ered valid if a vehicle did not go outside of its lane and did not cause 
collision. The object of the measurements were the variables of the 
vehicle’s condition such as: movement coordinates - the location and 
velocity of the simulator reference system and parameters of vehicles 
steering used by the drivers - the steering angle of front wheels and 
the intensity of the impact on the speed change systems (in the form 
of value of “gas” and brake”. The use of reference trajectory in the 
experiment allowed for evaluating the adequacy of the drive by means 
of two measures: firstly, a transverse distance between the geometric 
center of the vehicle and the line of reference trajectory (marked later 
in the article with the symbol h) and, secondly, the speed difference 
between the speed reference value (assigned to the track) and actual 
linear velocity of the vehicle (called lated in the article the tangential 
speed difference and marked with the symbol  δv). The way to define 

Fig. 1. The object of research: a) ECO car, b) ECO car’s steering wheel, c) research station in dynamic simulator [1]

a) b) c)
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the measures is described in Fig. 2b. Distances marked: λ -  distance in 
tangential direction, h - distance in direction normal to the reference 
trajectory. Path lines were marked as follows: R – line of the right 
edge of the lane, T – realized trajectory of the test driver, S – line of 
reference trajectory driver, L – line of the left edge of the lane. Points 
S0 and T0 represent the center of gravity for selected time t0, where S0 
– is reference location, and T0 – location carried out when attempting 
to drive. The difference in tangential velocity is due to the changes in 
the distance in the tangential direction, which may be expressed as: 

 δυ
λ

=
d
dt

 (1)

using a reference trajectory sets apart the presented research 
methodology (the purpose of which is to analyse the driver behav-
iours) from the research on driving properties using, for instance, the 
“elk test” (aimed at analyzing the dynamic properties of the car).

Research in dynamic simulator included 2 tests of a different kind: 
test 1 – a “route” type drive involving the study of stability of  –
steering in the conditions of driving at a constant speed, includ-
ing such “set pieces” as: straight section (1), turn (2), double 
lane change manoeuvre (3), second straight section (4) and 
avoiding a collision with a pedestrian (5),
test 2 – a “slalom” or “serpentine” type drive, requiring a simul- –
taneous change in speed and direction of movement in repeat-
ing, “tightening” curves of the road.

The tests were performed with an innovative steering wheel, tak-
ing into account two leverage ratios of the steering system: 1800/350 
(180) and 1200/350  (120) as well as a classic steering wheel (NOR).

This article is limited to the presentation of the results of analyses 
of the driving conditions waveforms in the “slalom” type test. The 
road system of the test is shown in Fig. 3. 

Ad. b. The collected comparative material included the results of 
drives by 26 drivers, made in such a way that each driver had one 
drive with each type of the studied steering wheel. For this reason, 
the research group of each driver includes 3 events. Three research 
groups of the steering wheels were created (each of 26 elements) and 
statistically analyzed. 

in order to perform the analyses, the following are assumed: 
The signals describing the drives of individual drivers using 1. 
different types of steering wheels are treated as representa-
tions of random processes, stationary and ergodic
signals can be described by such characteristics as:2. 

Maximum transverse distance of the geometric center a) 
of the vehicle from the line of reference trajectory (this 
measure will be later identified as Max(abs(H(t))) ),
Transverse distance rMs waveform (marked rms H(t) ),b) 
Tangential velocity difference rMs waveform (marked c) 
rms δV(t) ),
Amplitude of the alternating component of the transverse d) 
distance waveform (marked A(H(t)) ),
Amplitude of the alternating component of the tangential e) 
velocity difference waveform (marked A(δV(t)) ),

Quality indicators are defined based on the measures of the 3. 
five characteristics described above, where the indicator (a) 
informs about the possibility of falling out of the lane, (b) – 
specifies the substitute distance, (c) – the substitute speed dif-
ference, (d) – intensity of yawing and (e) – intensity of the 
speed oscillation,
Defined indicators are treated as random variables (because the 4. 
are the characteristics of stationary and ergodic processes), 
Variables are described as quantitative (since they are ex-5. 
pressed in numbers),
Defined variables are dependent on the person performing the 6. 
test and applied steering wheel type, 
Variables related to the same type of steering wheel can create 7. 
a group - three groups of random variables can be created for 
different steering wheels,

statistical analysis was carried out in a following manner: 
Due to the possibility of creating three groups of random vari-1. 
ables, the analysis must take into account the mode of conduct 
(for many groups of variables). 
The distribution of indicator measures in the groups do not 2. 
have to be normal. The hypothesis on normal distribution will 
be checked using the shapiro-wilk parametric hypothesis test 
of composite normality. 

Fig. 3. The “slalom” test road system. Graphs were determined: thin dotted 
line - lane restrictions, bold dotted line - reference trajectory, bold 
solid line - path of the driver CG30 for drive using a normal steer-
ing wheel. The sections were marked: „preliminary section“ – initial 
phase of acceleration of the vehicle, for which there are no defined 
conditions of the drive, „test drive“ – “slalom” type phase of move-
ment with restricted conditions of the drive, „50“ – fragment of the 
slalom with required travel speed of 50 km/h, „30“ – fragment of the 
slalom with required travel speed of 30 km/h

Fig. 2. Reference trajectory: a) presentation in the simulator, b) the method of 
assessing the path with distances in tangential and normal direction 
[1] 

a)

b)
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if part of the distributions is not normal, then in order to real-3. 
ize the same test procedure in all cases there will be performed 
a nonparametric test for differences between distributions. 
The performed test will be Friedman nonparametric two-way 
analysis of variance.
The level of significance of the test will be chosen, so that the 4. 
differences in distributions are emphasized - the appropriate 
level of significance is 0.15. 

in order to identify groups of random variables where distribu-
tions are different from each other, “post-hoc” tests can be performed, 
such as wilcoxon signed rank test for zero median (Bonferroni’s cor-
rection will be omitted).

3. Measurement signals and quality indicators of the 
drive performance

Fig. 4 shows the characteristics of transverse distance h(t) of 
the geometric center of the vehicle from the line of reference trajec-
tory for a “slalom” type drive made on 2015-04-20 by driver code-
named Cg30: a) signal waveforms, using three steering wheels: nor-
mal (marked: „nor”), ECo 180 with steering gear ration 1800/350 
(marked: “180“) and ECo 120 with steering gear ration 1200/350 
(marked: “120“). b) distributions of amplitude spectrum of the AC 
components of these waveforms. The drive conditions in Fig. 4a were 

marked as follows: „preliminary section“ – initial phase of accelera-
tion of the vehicle, for which there are no defined conditions of the 
drive, „test drive“ – “slalom” type phase of movement with restricted 
conditions of the drive, „50“ – fragment of the slalom with required 
travel speed of 50 km/h, „30“ – fragment of the slalom with required 
travel speed of 30 km/h, „permitted deviation“ – the permissible width 
of the lane where the canter of the vehicle’s gravity should be. The 
subject of evaluation can only be the fragment marked “test drive” 
for which there are specific conditions to be met by the driver. Fig. 4a 
shows the distance waveforms may differ as to the value of deviations 
and pulsation. The graph in Fig. 4a „120“ shows that the geometric 
canter of the vehicle did not fit in the required area of permissible 
width of the lane – therefore it did not meet the basic conditions of 
drive security. For this reason, next to the quantitative evaluation 
(transverse distance deviation rMs indicator) for these drives there 
should also be a qualitative assessment of admissibility of the drives 
in terms of traffic safety, by means of two classifiers: 1 – admissible, 
0 – inadmissible. The graphs in Fig. 4a also show that the transverse 
distance waveforms of the three steering wheels can be characterised 
in terms of pulsation.

Fig. 4b shows the alternating components distribution amplitude 
spectrum of these waveforms. The red dot is the geometric canter of 
the spectrum chart, the coordinates of which are set with replacement 
values of frequency and amplitude. These measures may also be use-
ful to assess the quality of the drives. Fig. 4b shows distinct changes 
in the amplitude of the replacement component alternate of the de-
scribed drives with three types of steering wheels.

4. Statistical analysis of the quality indicators charac-
terizing the position of the vehicle when driving the 
slalom

Table 1 shows the distribution of the quality indicators of the 
drives in the groups of random variables: drivers (rows) and steering 
wheels (columns). From the point of view of the functionality of the 
steering wheels in terms of quality index, what is important is the dis-
tributions in steering wheel groups. Assessing the functionality of the 
steering wheel for safety of the drive, we take into account the event 
consisting of exceeding the allowable distance from the axis of the 
lane (Fig. 4a). The value of the permissible deviation from the axis of 
the lane is a parameter of calculations which can affect the results of 
the assessment (and therefore is a heuristic assumption). in order for 
the value of this parameter to be determined reliably, a supplementary 
assumption was made that the value of the width of the permissible 
deviation from the axis of the lane had a value of about 1m and was 
chosen quite restrictively (by restrictive we mean such a choice of 
the value so that the differences in the number of drives outside the 
permissible lane were as many as possible). such a value of maximum 
permissible width of the lane is, for example, the value of 1.00 m. 

The results of statistical analysis of the compliance of distribu-
tions are presented in table 1. Columns P determine the significance 
level of the null hypothesis that the presented pairs of distributions are 
identical (the probability of i type error of the false positive type, in-
volving rejection of the null hypothesis despite it being true). Because 
the tests are primarily to show the differences in distribution, the max-
imum level of significance used to verify the hypothesis was adopted 
strictly in order to emphasize the differences: α = 0.15. Columns H 
describe the accepted values of the hypothesis (0 - accept, 1 - reject). 
The line “out” refers to the distribution of the indicator “exceeding the 
permissible area of the lane”. The results presented in table 2 show 
that with the adopted significance level α = 0.15 the hypothesis on the 
compliance of distributions NOR & 120 and 180 & 120 can be dis-
carded. The line H of table 2 describes the results of tests performed 
based on transversal distance H rms distributions. These results show 
that this indicator does not differentiate the functionality of the steer-

Fig. 4. The characteristics of the transverse distance signal h(t) obtained for 
“slalom” drive by driver CG30 using three steering wheels: a) wave-
form, b) distribution graph of the alternate component amplitude spec-
trum. Graphs marked with symbols: „NOR”– normal steering wheel, 
„180”  – ECO steering wheel with steering gear ration 1800/350, 
„120” – ECO steering wheel with steering gear ratio 1200/350.
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ing wheel. The line δV of table 2 shows the results of tests performed 
based on the tangential velocity NOR&(180∨120) differ from each 
other while there are no differences between the distributions 180 & 
120. The line A(H) of table 2 describes the results of tests performed 
based on the distribution of amplitude of the replacement component 
of alternating rums of transverse distance H. The results show that 
this indicator does not differentiate the functionality of the steering 
wheel. Line A(δV) of table 2 shows the results of tests performed 
based on the distribution of the amplitude of the alternating compo-
nent of the substitute tangential velocity V difference waveform. The 
results show that the distributions NOR&120 differ while there are no 
difference between the distributions NOR&(120∨180).

The ranking results of groups of events for random steering wheels 
for the considered indicators are summarized in table 2. The table also 
shows the probability of contingencies for pairs of groups where the 
Friedman test (table 2) showed non-random differences. 

5. Discussion and summary

The article presents the results of research and evaluation of func-
tionality of two different types of steering wheels:

A normal steering wheel constituting the classic system with • 
pedals (where maximum steering angle of the front wheels 

with the value of 35° is achieved at an 
angle of the steering wheel with a value 
of 460°),
A universal steering wheel intended to • 

be used both by disabled people driving 
the car from the position of a wheelchair 
and the able-bodied people sitting in a 
driver’s seat located in the car.

The universal steering wheel is 
handed only by hand. its system consists 
of the actual wheel and supplementary 
O-ring to adjust the speed with the but-
tons of speeding and braking. The steer-
ing wheel is designed to work with a 
steer by wire system of an electric car. 
For this reason, the steering ration of 
the steering wheel (the ratio between 
angle of the steering wheel and the an-
gle of the front wheel) can be set before 
starting the drive (never while moving). 
The subject of the study were two ECO 
steering wheels with two settings; 180 
– ratio of 180°/35° and 120 – ratio of 
120°/35°. The experiment was planned 
in such a way as to be able to examine 
the functionality of the steering wheel 
when there is a need for a simultaneous 
change in direction and speed. such a 
situation occurs in a “slalom” type test. 
The research was performed accord-
ing to a new original methodology, the 
novelty of which is the introduction of 
the so-called reference trajectory. The 
reference trajectory is defined here as 
a path ensuring safe drive and proper 
execution of the maneuvers. Reference 
trajectory is visible from the driver’s 
cabin. This trajectory is also understood 
as the predetermined path of movement. 
The second present parameter defining 
the traffic conditions was the driving 
speed. Determining driving conditions 
using reference trajectory and speed 

also provides the basis for evaluating the quality of performance in 
terms of keeping the traffic conditions. The essence of this assess-
ment the possibility of determining the waveforms of two variable 
distances (defined in Fig. 2b): the normal h and tangential λ. Created 
distance waveforms (treated as signals) may be characterized based 
on different characteristics, including: average value, average abso-
lute value, standard deviation, effective value or harmonic amplitudes 
of the variable component. The created waveforms of transverse dis-
tance h and speed deviation in the tangential direction δv (treated as 
signals) allowed the use of a “post-hoc” stochastic analysis method 
to assess the functionality of the steering wheel based on the analysis 
of the similarities or differences in the statistical distributions of the 
five quality indicators. The quality indicators were defined based on 
the following characteristics of measured signals: exceeding the al-
lowed distance of the geometric center of the vehicle from the line of 
lane axis, transverse distance rms, tangential velocity difference rms, 
substitute amplitude of the alternate component of transverse distance 
and tangential velocity difference waveforms.

The results of statistical analysis (with significance level 
alpha=0.15) formed on the “slalom” type section of the road showed 
that: 

Table 1. Statistics

test FrIDMan wilcoxon signed rank test for zero median

wsK P h
P h

nor & 180 nor & 120 180&120 nor & 180 nor & 120 180&120

out 0.10 1 1 0.13 0.11 0 1 1

h 0.34 0 - - - 0 0 0

δV 0.15 1 0.03 0.09 0.73 1 1 0

a(h) 0.48 0 - - - 0 0 0

a(δV) 0.03 1 0.43 0.01 0.07 0 1 0

Table 2. The ranking results of groups of events for random steering wheels for the considered indicators

test class ranking

L P

-1 0 1 -1 0 1

out

nor&180 3 20 3 - - -

nor&120 5 10 11 0.19 0.87 0.13

180&120 2 16 8 0.08 0.61 0.31

rmsh

nor&180 7 8 11 - - -

nor&120 8 7 5 - - -

180&120 11 12 12 - - -

rmsδV

nor&180 15 4 7 0.58 0.15 0.27

nor&120 15 3 8 0.58 0.11 0.31

180&120 9 4 13 - - -

a(h)

nor&180 8 3 15 - - -

nor&120 7 5 11 - - -

180&120 11 4 11 - - -

a(δV)

nor&180 11 5 10 - - -

nor&120 16 6 4 - - -

180&120 12 9 5 0.46 0.35 0.19
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The indicator “exceeding the allowed distance of the geomet-1. 
ric center of the vehicle from the line of the axis of the lane” 
allows to evaluate both ECO steering wheels (180 or 120) as 
increasing the risk of leaving the lane. with respect to drives 
performed correctly using the NOR steering wheel, the prob-
ability of falling out of the lane is increased for 180 steering 
wheel by the value of 8/20 and for the 120 steering wheel by 
11/26. Due to this indicator the ECo steering wheels are de-
cidedly less secure than a normal steering wheel. 
The indicator of rms of transverse distance between the geo-2. 
metrical center of the car and the line of the axis of lane H 
does not differentiate the characteristics of functionality of the 
steering wheels. 
The indicator of the difference in tangential velocity δV dif-3. 
ferentiates the functionality of the normal steering wheel and 
ECo steering wheel. in relation to the values used in drives 
with NOR steering wheel, the use of ECO steering wheel (180 
or 120) allows to decrease the value of tangential velocity dif-
ference δV rms with the probability of 15/26. Due to this indi-
cator the ECO steering wheel is better than the normal steering 
wheel. 
The indicator of substitute amplitude of the alternate compo-4. 
nent of the transverse distance A(H) does not differentiate the 
functionality of the steering wheel. Thus, in drives with differ-
ent types of steering wheels there are no changes in the inten-
sity of the phenomenon of “yawing” of the vehicle.
The indicator of substitute amplitude of the alternate compo-5. 
nent of the tangential velocity difference A(δV) differentiates 
the functionality of normal steering wheel and 120 steering 
wheel. it does not differentiates the functionality of normal 
and 180 steering wheel and does not allow to compare the 
functionality of 180 and 120 steering wheels. using the 120 
steering wheel allows to reduce the amplitude of the alternat-
ing component of the tangential velocity difference δV (com-
pared to the values obtained in drives with normal steering 

wheel) with the probability of 17/26. This result also means 
less tangential velocity oscillation for drives using the 120 
steering wheel. 

in conclusion, it was found that the use of ECo steering wheel 
reduces the driving safety. Moreover, the use of ECO steering wheel 
does not affect the intensity of the “yawing” phenomenon and can 
improve the implementation of travel due to reducing the “oscilla-
tion” of speed. 

it should be assumed that the deterioration of driving safety using 
ECO steering wheel is connected with the necessity of simultaneous 
change of speed and direction movement (error of coordination). The 
test results do not allow differentiation which of the two actions which 
must be performed at the same time by the driver during the “slalom” 
test, contributes to the deterioration of driving conditions. in order to 
find answers to this questions, there should be a comparative study 
done in the future of normal and ECO steering wheels with an ad-
justed normal angle ratio of the steering system.

The fundamental question of the study should, however, address 
the problem of whether the presented research methodology of inter-
face studies and the proposed ways of evaluation may be of interest 
to researchers involved in HMi design. To answer this question, the 
author notes that the results of the study should be taken into account 
by researchers of driving cars with sBQ systems, especially by the 
elderly and people with disabilities of lower limbs.
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1. Introduction

usage of usM in ultra-precision devices has been gradually in-
creasing in various technical fields such as robot joints, high precision 
devices, micro robots, automated focusing systems of cameras and 
MEMs [3, 9]. There are two basic types of piezoelectric motors: the 
rotary motor [3, 9, 10] and the linear motor [5, 6, 11]. Piezoelectric 
motors have many advantages over conventional electromagnetic mo-
tors, including a high torque at low speed, a large holding force with-
out a power supply, silent operation, simple structure, high precision 
positioning, fast response and no electromagnetic noise generation 
[11]. Piezoelectric motors produce linear or rotary motions by their 
resonant vibrations excited via inverse piezoelectric effect of the PzT 
elements [10]. Due to this fact piezoelectric motors excitation signal 
frequency must correspond resonant frequency of the motor vibrator 
(stator), which generates a standing or travelling wave [4]. in order to 
obtain constant rotational or linear movement of piezoelectric motor, 
excitation signal should be harmonic, and in order to obtain step mo-
tion, excitation signal should be burst type [7]. in fact that the driv-
ing speed of the motor depends on both the amplitude and frequency 
of the excitation signal, the maximum speed or step size is obtained 
when burst type excitation signal frequency corresponds frequency of 
resonant vibrations of the piezoelectric motor stator [2, 7]. 

Most of piezoelectric motors used for various purposes are ex-
cited with signal, generated by signal generators [2, 4, 5, 6, 7, 10, 
11], which requires some kind of traditional power supply. in order 
to use ultrasonic motors in areas, where traditional power supplies or 
electricity is unavailable, a new type of piezoelectric motor control 
technique is needed. 

in this paper a novel burst type signal generator for ultrasonic 
motor control is designed, built and investigated. Presented burst 
type signal generator can operate as alternative method for ultrasonic 
motor control when traditional methods, such as signal generators 
are unavailable or damaged. This decreases risk of ultrasonic mo-
tor exploitation failure when traditional systems are damaged or are 
unavailable in areas such as nature, space, etc. in order that presented 
burst type signal generator can drive both rotational and linear usM, 
such a control method allows to increase reliability of precision posi-
tioning drive exploitation.

2. Structure and operating principle

A burst type signal generator for driving usM is presented in 
Fig. 1. such a generator consists of  some kind of alternative energy 
supply 1 (e.g. thermoelectric, solar cells, human’s muscle force, etc.), 
shock exciter 2 (e.g. hummer-type impactor, piezoelectric shock gen-

EIDuKynas D, Jūrėnas V, DragašIus E, MystKowsKI a. Burst type signal generator for ultrasonic motor control. Eksploatacja i nieza-
wodnosc – Maintenance and reliability 2016; 18 (4): 488–491, http://dx.doi.org/10.17531/ein.2016.4.2.

Darius EIDuKynas
Vytautas Jūrėnas
Egidijus DragašIus
arkadiusz MystKowsKI

A burst type signAl generAtor for ultrAsonic motor control

zAstosowAnie piezogenerAtorA drgAń elektrycznych 
do sterowAniA ruchem silnikA ultrAsonicznego

The aim of this study was to investigate a novel burst type signal generator for controlling an ultrasonic motor (USM). For this 
purpose, an experimental burst type signal generator consisting of a shock exciter, a waveguide, a Langevin-type piezoelectric 
transducer and backing mass was designed and investigated. The proposed burst type signal generator allows to control a USM 
in stepper motion, rendering traditional signal generators and power supplies superfluous. The investigated burst type signal gen-
erator is designed for controlling a USM with a 20.2 kHz resonant frequency and allows to generate a burst type electric signal 
with the same frequency. In view of the fact that such a harvester does not require traditional power supply, it could be used as an 
impact energy harvester. Also, a simple scheme for improving shock exciter operation using an additional capacitor was proposed 
and investigated. Such a scheme allows to drive USM up to 30 steps instead of 1 per one electric charge of the additional capaci-
tor.

Keywords: Ultrasonic motor control, micro-positioning system, burst type signal generator, shock generation, 
energy harvesting, ultrasonic motor control, increase of reliability.

Niniejszy artykuł przedstawia badania nowatorskiego układu sterowania przemieszczeniem kątowym silnika ultrasonicznego za 
pomocą piezogeneratora drgań elektrycznych. W tym celu, został zaprojektowany oraz zbudowany piezogenerator drgań elektrycz-
nych, który składa się z generatora drgań mechanicznych, przetwornika piezoelektrycznego typu Langevina i masy rezonansowej. 
Zastosowany piezogenerator drgań elektrycznych pozwala generować sygnały elektryczne o częstotliwości 20,2 kHz i tym samym 
umożliwia precyzyjne sterowanie krokowym piezosilnikiem ultrasonicznym. Dodatkowo, piezogenerator drgań elektrycznych po-
zwala na odzyskanie części energii drgań i przekształcenie energii mechanicznej na elektryczną, co z kolei umożliwia wyelimi-
nowanie dodatkowych źródeł zasilania zewnętrznego. W pracy zrealizowano również drugi układ sterowania z zastosowaniem 
kondensatora włączonego w układ piezogeneratora sygnałów elektrycznych. Pozwoliło to na wydłużenie ilości generowanych 
krokowych przemieszczeń piezosilnika z 1 do 30 dla jednorazowego ładowania kondensatora piezogeneratora.

Słowa kluczowe: układ sterowania ruchem silnika ultrasonicznego, układ mikro-pozycjonowania, piezoge-
nerator drgań elektrycznych, generator drgań mechanicznych, układ odzyskiwania energii, 
piezoelektryczny silnik ultrasoniczny, zwiększenie niezawodności działania.



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016 489

sciENcE aNd tEchNology

erator, etc.), horn type waveguide 3, Langevin-type [1] piezoelectric 
transducer 4, made of piezoelectric rings, backing mass 5 and usM 6, 
which should be controlled. it should be noted that waveguide, Lan-
gevin-type piezoelectric transducer and backing mass should be de-
signed for certain frequency.

in presented burst type signal generator the energy is generated 
by mechanical shock on waveguide’s surface with smaller cross sec-
tional area and is transmitted to surface with greater cross 
sectional area of the waveguide, thus energy from excita-
tion shock is dispersed and displacement of surface (with 
greater cross sectional area) is obtained. This surface 
transmits displacement and energy with entire surface 
area to Langevin-type piezoelectric transducer. surface 
area corresponds Langevin-type piezoelectric transducer 
diameter so due to this fact the piezo electric transduc-
ers can generate electric signal for usM control with the 
highest amplitude and certain frequency.

By altering waveguide shape and mechanical shock 
parameters, such as shock amplitude and duration, exci-
tation signal with required frequency and amplitude for 
certain usM control could be obtained.

3. Design of burst type signal generator for 
USM-50-2 control

in fact that ultrasonic motor, in our case – usM-50-2, 
has 20.2 kHz resonant frequency (more technical charac-
teristics of motor are presented in table 1), a burst type 

signal generator with longitudinal resonant frequency of 19.8 kHz, 
with stepped-exponential shape waveguide and shock exciter was de-
signed and fabricated. 

Designed burst type signal generator 3D model view is presented 
in Fig. 2 and impedance, obtained with impedance meter wayne Kerr 
6500B, is presented in Fig. 3.

The stepped-exponential shape (Fig. 2) was chosen in order that 
earlier researches showed, that stepped shape waveguide has highest 
amplitude magnification factor of the generated vibrations (compar-
ing to cylindrical, conical, exponential, reversed exponential shapes) 
and surface area with greater cross sectional area moves in the most 
uniformity way in the longitudinal direction when excitation condi-
tions are the same [8]. 

4. Experimental research of ultrasonic motor control 
using burst type signal generator 

in order to investigate control of usM using burst type signal 
generator experimental research was carried out. A scheme and setup 
view of experimental research are presented in Fig. 4.

During experimental (set-up given in Fig. 4a) research shock 
exciter 2 (piezoelectric stack, made of 46 piezo rings, dimensions 
Ø23xØ13x0.5 mm, material PzT-5, total capacity of 260 nF), was 
charged by DC power supply 1 (Mastech Hy5003 with laboratory 
voltage amplifier) in voltage range 315-470 V. After that the shock 
was generated by shortening the contacts of shock exciter 2. gen-
erated shock energy throw stepped-exponential shape waveguide  3 

Table 1. Parameters of ultrasonic motor USM-50-2

Characteristic Measurement 
unit Value

Motor type - Piezoelectric, rotational

Motor resonant frequency khz 20.2

rated rMs voltage V 21.28

rated torque nm 0.004608

rated rotational speed rpm 56.075

no-load maximum rotational 
speed rpm 78.947

Maximum torque nm 0.006912

resonance quality factor - 300

Capacitance per phase nF 13

Fig. 1. A scheme of USM control using burst type signal generator: 1 – alter-
native energy supply, 2 – shock exciter, 3 – waveguide, 4 – Langevin-
type piezoelectric transducer, 5 – backing mass, 6 – rotary USM

Fig. 2. 3D model view and drawing of fabricated burst type signal generator

Fig. 3. Impedance of designed burst type signal generator
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was dispersed ant smoothly transmitted to piezoelectric Langevin-
type transducer 4, consists of 4 piezoelectric rings made of PzT-5, 
with total capacity of 6.56 nF. generated electrical energy from this 
transducer was directly transmitted to usM 5 and motor movement 
was obtained. usM movement was measured with laser vibrometer 

6-7 (Polytec oFV-5000/505), data acquisition was made with digital 
oscilloscope 8 (Picoscope-6407) and PC 9. During experimental re-
search sensitivity of Polytec vibrometer was 2 µm/V.

Experimental results – motor rotational steps when shock exciter be-
fore shortening was charged by 370 V or by 470 V are presented in Fig. 5.

Experimental results showed that the higher charging voltage of 
shock exciter was, the higher motors steps were obtained. The low-
est rotational step was obtained at the lowest used – 315V charging 
voltage and was 1.55 µrad. The highest rotational step was 10.4 µrad 
when charging voltage was 470 V. The higher charging voltage is not 
allowed due to shock exciter technical characteristics.

5. Experimental research of power circuit of shock ex-
citer using additional capacitor

in order to obtain more than one ultrasonic motor step per one 
charge of shock exciter, new technique for shock exciter power circuit 
was proposed. scheme of proposed power circuit of shock exciter and 
experimental setup view are presented in Fig. 6.

such a power circuit of shock exciter (Fig. 6) has some kind of DC 
power supply 1 (e.g. solar panels, thermoelectric panels, etc.), addi-
tional capacitor of 100 µF 2, switch 3, shock exciter 4, stepped-expo-
nential shape waveguide 5, Langevin-type piezoelectric transducer 6, 
with total capacity of 6.56 nF, usM 7 (resonant frequency 20.2 kHz), 

laser vibrometer 8-9 (Polytec oFV-
5000/505), digital oscilloscope 10 
(Picoscope 6407), PC – 11.

working principle of such 
scheme is as follows: at the begin-
ning additional capacitor, which is 
located between power supply and 
shock exciter, is charged from some 
kind of DC power supply, in this 
case Mastech Hy5003, up to 470 
V. After that shock exciter contacts 
are shortened in different direction 
after every step of motor and in this 
way shock is obtained from one 
charge of additional capacitor. 

Experimental results showed 
that presented technique for shock 
exciter control (Fig 6) works cor-
rectly and generates up to 30 
ultrasonic motors steps per one 
electric charge of additional ca-
pacitor Cadd. The highest step, the  

Fig. 4. Experimental research of burst type signal generator for USM con-
trol a) scheme b) setup view: 1 – power supply, 2 – shock exciter, 3 – 
stepped-exponential shape waveguide, 4 – Langevin-type piezoelectric 
transducer, 5 – USM, 6, 7 – Laser vibrometer, 8 – Digital oscilloscope, 
9 – PC

Fig. 5. Experimental results – motor rotational steps: a) shock exciter be-
fore shortening charged by 370 V, b) shock exciter before shortening 
charged by 470 V 

Fig. 6. Power cicrcuit of shock exciter: a) scheme of burst type signal genera-
tor with additional capacitor, b) experimental setup view: 1 – power 
supply, 2 – additional capacitor, 3 – switch, 4 – shock exciter, 5 – 
stepped-exponential shape waveguide, 6 – Langevin-type piezoelectric 
transducer, 7 – USM, 8,9 – laser vibrometer, 10 – digital oscilloscope, 
11 – PC

a)

b)

a)

a)

b)
b)
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same as in experimental research without additional capacitor, was 
obtained at the first step – 10.4 µrad and was the same until the 21st. 
The lowest was the 30rd step – 2.5 µrad.

Obtained results – the last 10 motor rotational steps, of total 30, 
obtained during experimental research, per one electric charge of ad-
ditional capacitor (up to 470 V) are presented in Fig. 7.

such a power circuit could be used and especially helpful in areas, 
where traditional DC power supply is unavailable, e.g. in space or 
nature, where alternative energy supply, such as solar or etc. could be 
used. For example, solar panels through certain control circuit could 
charge additional capacitor and after that ultrasonic motors steps 
could be obtained without recharge after every step.

6. Conclusions

in this research a novel burst type signal generator for ultrasonic 
motor control was proposed and investigated. such generator has a 
shock exciter from which generated energy throw stepped-exponen-
tial shape waveguide is transmitted to Langevin-type piezoelectric 
transducer. generated electric energy from this transducer is directly 
transmitted to ultrasonic motor and its movement – steps – are ob-
tained. such a generator operates as alternative method for ultrasonic 
motor control when traditional methods, such as signal generators are 
unavailable or damaged. This increases reliability of ultrasonic motor 
exploitation, especially when traditional systems are damaged or are 
unavailable in areas such as nature, space, etc.

Experimental results showed that designed burst type signal gen-
erator for usM control is appropriate for control of motor usM-50-2, 
which has 20.2 kHz resonant frequency and could be used in various 
applications including ultra-precision systems such as positioning of 
microscope table, etc. such a generator (with usM) can be used in 
micro-positioning systems and can generate rotary usM steps from 
1.55 µrad up to 10.4 µrad. 

in order to obtain more than one ultrasonic motor step obtained 
per one charge of shock exciter, power circuit of shock exciter was 
proposed and investigated. such a circuit allows to drive usM up to 
30 steps per one electric charge of additional capacitor. Obtained steps 
per one charge varied from 10.4 µrad (the first step) up to 2.5 µrad 
(the thirtieth step).

Fig. 7. Experimental results – the last 10 motor rotational steps (of 30 steps) 
per one electric charge of additional capacitor up to 470 V
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1. Introduction

One of the most important tasks in the complex of activities aimed 
at increasing the use quality of a hydraulic drive are studies concern-
ing the impact of working conditions of hydraulic precise pairs on 
their wear process, meaning, the durability of a hydraulic drive [1, 6, 
7, 8, 13, 19, 20, 23, 24]. On the basis of data available in the scientific-
technical literature on the wear processes of precise pairs and hydrau-
lic precise pairs, it can be concluded that the dominating wear process 
is wear due to oxidation [1, 3, 4, 5, 11, 13, 14, 21]. The fact that the 
wear due to oxidation is dominating during operation of a hydraulic 
precise pair, guarantees low wear intensity of cooperating pair sur-
faces [1, 4, 5, 13, 14]. wear due to oxidation is conditioned mainly on 
maintaining during operation the load (pressure and sliding velocity) 
of hydraulic precise pair’s elements below the critical value (fig. 1) 
[21]. Fig. 1 presents the relation the wear and the friction coefficient 
and the slide velocity for the matching of a hydraulic pair made from 

12Hn3A (HrC = 60) steel and the Ei-928 (HrC =60) steel) in an 
environment of AsF-41 hydraulic oil, at a temperature of 293 K and 
loads of Paxis = 100 n, 600 n, 1400 n. under overcritical values of the 
slide velocity, there is a stepwise and rapid quantitative change of the 
friction coefficient between the surfaces of the hydraulic pair’s ele-
ments (fig. 1b). After reaching the critical slide velocity the adhesive 
seizing process is initiated and tacking processes of metal surfaces of 
the hydraulic pair start to dominate on friction surfaces [10, 12, 18, 
21]. Though knowledge about wear mechanisms has significantly de-
veloped, we still lack a general image of the impact process under spe-
cific conditions of cooperation between elements of a precise pair.

when studying the damageability of correlated metal surfaces 
in conditions of contact-vibration displacement, usually all attention 
was paid to the development of fretting-corrosion, i.e., to abrasive-
oxidizing processes and not tacking [3, 4, 10, 11, 14]. it is explained 
by the fact that during vibration friction and an oxidized contact zone, 
damages are created in the form of pitting, filled with damage prod-

ułanowICz L. Modelling of a process, which causes adhesive seizing (tacking) in precise pairs of hydraulic control devices. Eksploatacja i 
niezawodnosc – Maintenance and reliability 2016; 18 (4): 492–500, http://dx.doi.org/10.17531/ein.2016.4.3.

Leszek ułanowICz

modelling of A process, which cAuses Adhesive seizing (tAcking) in 
precise pAirs of hydrAulic control devices

modelowAnie procesu wywołującego zAcierAnie Adhezyjne 
(sczepiAnie) w pArAch precyzyjnych hydrAulicznych 

urządzeń regulAcyjnych*
Lack of complete knowledge in the scope of the impact of operating conditions of precise pairs of hydraulic units on the character 
of the destructive processes arising in them, results in not taking these conditions into account at the early stages of design and 
manufacturing. One of such little described issues are factors causing adhesive seizing (tacking), created during the process of in-
teraction between slider surfaces of pairs of hydraulic control devices under contact-vibration load. The articles presents general 
characteristics and mechanisms causing adhesive seizing (tacking) in precise pairs of hydraulic control devices under contact-
vibration load. It also presents a model describing the process, which causes adhesive seizing (tacking) in a slider hydraulic pair 
under contact-vibration load. The model allows to carry out both, qualitative, as well as quantitative analysis of the impact of 
vibration and load parameters on the occurrence of adhesive seizing (tacking) in slider pairs of hydraulic control devices. Practi-
cal application of the model requires the determination of the values of coefficients, which characterise the intensity of restoration 
and seizing resistance of metal oxides on cooperating surfaces of a hydraulic pair. An empirical method for estimating coefficients 
of the model and an example of estimating model coefficients for a pressure increase limiter were presented.

Keywords: aviation, hydraulic drive, hydraulic precise pair, adhesive seizing, tacking .

Brak pełnej wiedzy w zakresie wpływu warunków pracy par precyzyjnych zespołów hydraulicznych na charakter powstawania w 
nich procesów destrukcyjnych powoduje, że na etapach projektowania i wytwarzania nie uwzględnia się tych warunków. Jednym 
z takich mało opisanych zagadnień są czynniki wywołujące zacieranie adhezyjne (sczepianie), powstające w procesie wzajemnego 
oddziaływania powierzchni suwakowych par hydraulicznych urządzeń regulacyjnych przy obciążeniu kontaktowo-wibracyjnym.  
W artykule przedstawiono ogólną charakterystykę i mechanizmy wywołujące zacieranie adhezyjne (sczepianie) w hydraulicznych 
parach precyzyjnych urządzeń regulacyjnych przy obciążeniu kontaktowo-wibracyjnym. Zaprezentowano model opisujący proces 
wywołujący zacieranie adhezyjne w suwakowej parze hydraulicznej przy jej obciążeniu  kontaktowo – wibracyjnym. Model po-
zwala przeprowadzić zarówno jakościową, jak i ilościową analizę wpływu parametrów wibracji i obciążenia na wystąpienie zacie-
rania adhezyjnego (sczepiania) w suwakowych parach hydraulicznych urządzeń regulacyjnych. Praktyczne wykorzystanie modelu 
wymaga określenia wartości współczynników charakteryzujących intensywność odtwarzania i opór ścierania tlenków metalu 
ze współpracujących powierzchni pary hydraulicznej. Przedstawiono empiryczną metodę szacowania współczynników modelu  
i przykład szacowania współczynników modelu dla ogranicznika narastania ciśnienia.

Słowa kluczowe: lotnictwo, napęd hydrauliczny, hydrauliczna para precyzyjna, zacieranie adhezyjne, sczepianie.
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ucts, containing mainly of powdered oxides of metals in contact [4, 
14, 18]. To develop such a process, relative displacements of touch-
ing sections of correlated surfaces, measuring a part of a micrometer. 
There is a view that in the initial stage of the fretting-corrosion proc-
ess, there is tacking in micro-section of the surface contact area. Tack-
ing is stopped as the correlated surfaces’ wear products accumulate in 
the contact area [1, 13, 15]. The mentioned papers do not discuss the 
influence of the ratio of contact surface dimensions and the displace-
ment size of a hydraulic pair’s elements, as well as the periodicity 
of contact breach, on the creation and development of tacking dur-
ing vibratory slide. That is why the results of such studies, cannot be 
used to explain causes and regularities of adhesive seizing (tacking) 
occurrence in hydraulic precise pairs, taking over contact-vibration 
loads. The distinguishing properties of tacking conditions in hydrau-
lic precise pairs during vibratory slide are the small sizes of relative 
displacements of correlated surfaces and the load dynamics due to 
constant changes of the slide velocity.

identification of factors causing adhesive seizing (tacking) in pre-
cise pairs of hydraulic control devices and the model of that phenome-
non will allow to carry out both, quantitative and qualitative impact of 
vibration and load parameters on the occurrence of adhesive seizing 
(tacking) in slider pairs of hydraulic control devices. 

2. Subject and objective of study

The data from the operation of aircraft show that a significant 
amount of damages to the aviation hydraulic drives was caused by 
adhesive seizing (tacking) of slider pairs of hydraulic control devices 
[21, 23, 24]. slider pairs of hydraulic control devices (fig. 2) comprise 
of perceive and control elements, automatically limiting or changing, 
acc. to the set pressure, its drop (pressure difference) in connected 
volumes (surfaces) or the output of the operating fluid. slider pairs of 
hydraulic control devices, acc. to the kinetics criterion of their move-
ment and load conditions are characterised by the following features 
[21]:

the slider transfers two-sided changeable axial load caused by  –
the operating fluid’s pressure and the spring,
the slider performs a constant reciprocating movement in rela- –
tion to the cylinder, due to changes of the operating fluid’s pres-
sure and the return movement of the spring,
relative slide velocity of the slider in relation to the cylinder  –
and its acceleration depend on the value of the operating fluid’s 
output reaching the hydraulic pair, the spring’s stiffness and the 
slider mass,
the slider is tilted under the impact of ever-present eccentricity  –
of the resultants of the operating fluid’s forces and spring ap-
plied to the slider
The slider vibrates in the axial direction, as a result of pulsation  –
from the operating fluid’s pressure. 

Therefore, slider pairs of hydraulic control devices operate only 
in sliding conditions, under contact-vibration load, taking over only 
axial loads.

The cylindrical slider is usually tilted under the impact of ever-
present eccentricity of the resultants of the operating fluid’s forces and 
spring applied to the slider. Moreover, tilting or one-sided radial pres-
sing of the slider to the bushing is caused by the radial force created 
as a result of loss of stability of the slider hydraulic pair’s spring. As 
a result of the tilting of the slider in the bushing, the operating fluid’s 
force and the axial component of the spring force create a pair. The 
size of the torque depends on the size of the backlash in the slider pair 
and the backlash between the slider head and the spring. 

in the operation process, the elements of hydraulic slider pairs of 
control devices, constantly or periodically, as a result of the changing 
pressure of the operating fluid, perform relative reciprocating move-
ments at different frequency and amplitude [2, 6, 7, 8, 9, 17, 19, 20]. 
At the same time, the movement frequency and amplitude depend on 
the character of the pressure change (pulsation) of the operating fluid 
and change, depending on the operating range of the control unit. The 
slider movement amplitude depends on the size of the operating flu-

Fig. 1. The dependency of wear (a) and the friction coefficient (b) from the 
slide velocity of a hydraulic pair made of 12HN3A steel and EI-928 
steel [21] 1-load Paxis = 100 N, 2- load Paxis = 600 N, 3- load Paxis = 
1400 N

Fig. 2. Diagrams of control slider pairs: proportional valve (a), constant pres-
sure valve (b), pressure relief valve (c) and pressure increase limiter 
(d)1-Slider; 2-bushing (body); 3-spring; 4-performance controller 
body

Fig. 3. Range of vibration parameters, with corresponding operating condi-
tions of control slider pairs
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id’s pressure change and the spring stiffness [2, 9, 11]. in the case of 
the pressure pulsation frequency and the own frequency of the slider 
with the spring overlapping, resonant vibrations may occur [19, 20]. 
in certain operating ranges, the slider of a control device may have a 
complex character of vibratory displacements. Experimental testing 
showed that the size of the slider’s displacement amplitude changes 
depending on the frequency [20, 22]. Along with the increase of di-
splacement frequency from 30 Hz to 500 Hz, the amplitude increases 
accordingly, from 0.3 mm to 0.005 mm (fig. 3) [21]. 

The aim of the study if to present and discuss the factors which 
cause adhesive seizing (tacking) in precise pairs of hydraulic control 
devices and to present a model of this phenomenon. The model should 
enable quantitative and qualitative analysis of the impact of vibration 
and load parameters on the occurrence of adhesive seizing (tacking) 
in precise hydraulic pairs. 

3. Adhesive seizing in slider pairs of hydraulic control 
devices under contact-vibration load 

By adhesive seizing in hydraulic slider pairs of control devices we 
will understand a self-fading tacking process, occurring on separate, 
local, quasi-stationary points of contacts of elements of a working pair 
in conditions of a vibratory slide, without a temperature increase in 
the top-layer of metal [14, 21]. 

Tests of slider pairs of hydraulic control devices showed that the-
ir adhesive seizing (tacking) is facilitated by: tilting of a cylindrical 
slider of a hydraulic pair under the influence of the ever-present ec-
centricity of the resultants of the operating fluid’s forces and spring 
applied to the slider, as well as constant or periodic relative recipro-
cating movements of the pair’s elements at different frequency and 
amplitude [13, 19, 21, 22]. The distinguishing properties of adhesive 
seizing in slider pairs of hydraulic control devices at contact-vibration 
load are the small sizes of relative displacements of correlated surfa-
ces of the slider pair, the size of the slide velocity and the formation 
speed of metal oxide layers on cooperating surfaces of the hydraulic 
pair, as well as the speed of their abrasion. 

in order to determine the most favourable vibration ranges, in 
terms of adhesive seizing (tacking) occurring on cooperating surfa-
ces of a slider pair, experiments were conducted on a vibration stand, 
which imitates the vibratory movement character of the pair’s ele-
ments, under the influence of the operating fluid’s pressure pulsation. 
The diagram of the stand is presented in fig. 4. 

A precise pair is fastened to a device, which allows to carry out 
slider movements due to vibrations of the vibration plate. AsF-41 hy-
draulic oil is inserted in the slider pair surface. An immobile hydraulic 
pair slider (7 fig. 4) is inserted freely into a bushing (6) of the central 
opening in the device’s body (8). Elastic ring (4) keeps the bushing 
in the axial direction. At the same time, it is the perceive element 
when measuring the friction force in a hydraulic pair. with its central 
part, the ring (4) is put on the bushing head (6) and pressed along 
the perimeter by the valve body flange (1) to the body of the devi-
ce. The necks connecting the central and external part of the ring (4) 
have stuck tensometric sensors (9), which react to deformations of the 
necks, when the bushing tends to move upwards. Because a bushing 
can move in the axial direction only under the action of the slider’s 
friction force, the sensor in the testing process register the friction in 
the hydraulic pair. Longitudinal vibratory displacements are transfer-
red to the slider (7) through a stem (10), fastened on the vibration pla-
te (11) of the stand. An operating spring of the control elements acts 
on the slider from the top, through a locking plate, with a spherical 
contact surface. Depending on the needs (requirements), the spring 
compression degree (effect of loss of stability affecting the spring’s 
slider) may be changed in the course of the test process. 

The slider pair of a pressure controller tests were carried out on 
the above mentioned vibration stand. Average test length was 15 min. 

The slider of the controller was axially pressed with the force of a 
pressure spring with values 50 – 100N and laterally, with a force of 
25 – 50n. The results of experimental tests of a control device’s slider 
pair on a vibration stand in an AsF-41 oil environment, are presented 
in table 1.

On the basis of experiments, it was found that the most favoura-
ble, in terms of tacking occurring, is the vibration scope in the ampli-
tude range of 0.005 – 0.1mm. in this amplitude range, during the tests, 
slider pair’s surface tacking was stably imaged. At amplitudes below 
0.005mm, damages caused by tacking, in many cases were poorly 
exposed, usually due to their small size. Marks on slider surfaces, 
appearing at amplitudes greater than 0.1mm, in most cases were cha-
racteristic for intensive oxidation wear of metal surfaces. it was also 
agreed that radial load of sliders, necessary for tacking elements of 
a slider pair, increases with the increase of the amplitude. At an am-
plitude of 0.01mm, loads applied to the slider during tacking are, on 
average, 30N, while at an amplitude of 0.05mm are within a range of 
40 – 50 N.

simultaneously to the sliding of a slider hydraulic pair’s elements 
being in contact, the abrasion and formation processes of metal oxides 
happen at the same time. At a defined relation between the intensity 
of load processes and abrasion/restoration of metal oxides on coope-
rating surfaces of a slider pair, it is possible to create clear surfaces 
without a layer of metal oxides (clear surfaces) Formation of clear 
surfaces is only possible with a defined correlation of damage and 
restoration velocities of oxides and oil membranes absorbed on the 
surface. when the formation speed of metal oxides layers on coope-
rating surface of a hydraulic pair is greater than the speed of abrasion 
from the surface, wear by oxidation occurs; when the formation spe-
ed of metal oxides layers on cooperating surface of a hydraulic pair 
is smaller than the speed of abrasion from the surface, the adhesive 
seizing (tacking) process begins. The size of surfaces without metal 
oxides (clear surfaces) depends on the degree of delay of the process 
of oxide formation (oxidation reaction), i.e., from the time of abrasion 
of the metal oxide layer until they are recreated on the clear surfaces 
(increase of the metal oxide layer) [9, 16, 18].

Fig. 4. Diagram of a stand imitating the vibratory displacement character of 
the slider hydraulic pair’s elements under the influence of the operat-
ing fluid’s pressure pulsation 1) valve body, 2) spring, 3) vibration 
sensor, 4) elastic ring, 5) force sensor, 6) hydraulic pair bushing, 7) 
hydraulic pair slider, 8) device body, 9) tensometric sensor, 10) stem 
of the vibration plate with a vibration sensor, 11) plate of the vibration 
device
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From a theoretical point of view, the increase of loads (pressure) 
at a point of contact should decrease the resistance of a slider hydrau-
lic pair against the occurrence of adhesive seizing (tacking), because 
the increase of a load, increases the intensity of metal oxide abrasion 
[1, 4, 5, 15, 16, 18]. Together with the increase of pressure, the me-
tal is activated, which significantly impact the increase of the thick-
ness of formed metal oxides and protective membranes. However, 
the occurrence of tacking of cooperating surfaces does not so much 
depend on the thickness as on the surface occupied by metal oxides 
and protective membranes (surface-active substances) [15, 16, 18]. 
increasing the sliding speed, undoubtedly intensifies both, the seizing 
process, as well as the process of metal oxides’ restoration. The slide 
speed value depends on the size of the displacement amplitude and 
vibration frequency. However, increasing the slide speed at the cost 
of the displacement amplitude rising is limited. This limit is defined 
by the relation of the vibration displacement amplitude to the point 
of contact area in the direction of relative displacements. Virtually, 
adhesive seizing (tacking) in a slider hydraulic pair with vibratory 
slide, shall not occur, if the ratio of the displacement amplitude and 
the size of the point of contact of the contact surface in the movement 
direction is not greater than one [14, 15, 16].

4. Modelling the process, which causes adhesive seizing 
(tacking) in a slider hydraulic pair under contact-
vibration load

when describing processes causing adhesive seizing (tacking) on 
the local point of contact of elements of a slider hydraulic pair with 
vibratory slide, one needs to consider the delay of the process of for-
ming metal oxides on the uncovered metal surfaces (clear surfaces). 
The mentioned delay results from the fact that the oxidation process 
undergoes over time, regardless of the formation speed of metal oxi-
des on clear surfaces. The oxidation process depends on the ability 
of penetration of the active oxygen contained in the operating fluid 
to the uncovered metal areas of surfaces of hydraulic pair elements 
(clear surfaces) [4, 5, 15, 16, 18]. As a result, the model of the process, 
which causes adhesive seizing (tacking) in a slider hydraulic pair un-
der contact-vibration load, should contain the delays t – τ . 

The formation speed of metal oxides on the friction surface de-
pends on the slide velocity and the size of the surface where they can 
be formed, i.e., a clear surface, and not from the size of the normal 
load (pressure) on the friction contact point. Thickness of the forming 
metal oxides does not impact the protective properties of the friction 
surface, i.e., any thickness the metal oxides and adsorbed membranes 
would have, their presence on the contact section prevents tacking. 
Therefore, the occurrence of adhesive seizing (tacking) depends on 
the contact area occupied by metal oxides and not on its thickness. 
starting with the above findings, a model of the process, which cau-
ses adhesive seizing in a slider hydraulic pair under contact-vibration 
load, can be presented in the form of a diagram, shown in fig. 5.

The discussed model of the process, which causes adhesive se-

izing (tacking) in a slider hydraulic pair under its contact-vibration 
load, corresponds to the dependencies:

 
dS
dt

t t tp
s t= − =υ υ υ( ) ( ) ( )Σ , (1)

 υ υ τs czt f t S t( ) [ ( ), ( )]= −1 , (2)

 υt t f q t( ) [ ( )]= 2 S t S S tcz F p( ) ( ).= −  (3)

The speed of formation of metal oxides on the friction surface is 
proportional to the slide velocity and the clear surface (no oxides). 
The formation speed of metal oxides on the friction surface may be 
written in the form:

 υ υ τs czt k t S t( ) ( ) ( ),= −  (4)

where: k - coefficient characterising the formation intensity of metal 
oxides on a clear surface (no oxides)

Table 1. Result of experimental testing of a pressure adjuster on a station imitating the vibratory displacement character of a hydraulic pair’s elements 

Vibration range
[mm] wear character

< 0.005 tacking poorly exposed, (small dimensions).

0.005 – 0.1
stable representation of the tacking of the slider pair’s surface. 
at an amplitude of 0.01mm - tacking at a load of approx. 30n.

at an amplitude of 0.05mm - tacking at a load of approx. 40-50n.

> 0.1 Marks characteristic for intensive oxidation wear of metal surfaces.

Fig. 5. Diagram of a model of the process, which causes adhesive seizing 
(tacking) in a slider hydraulic pair under contact-vibration load f1 - 
function expressing the dependence of the speed of formation of metal 
oxides and absorbed membranes from a relevant parameter, f2 - func-
tion expressing the dependence of the seizing speed of metal oxides and 
adsorbed membranes from a relevant parameter, SF - surface of the 
actual contact of hydraulic pair’s elements, practically not changing 
until adhesion (tacking) occurs, Sp -contact surface coated with metal 
oxides, Scz - clear surface (no metal oxides on the friction surface), υt 
-metal oxide seizing speed (decrease of the surface they occupy over a 
unit of time), υs - metal oxide formation speed (increase of the surface 
they occupy over a unit of time), q(t) - load parameter, defined with 
normal load (pressure) values in the contact point of correlated pair 
surfaces and slide velocity, υ(t) - relative slide velocity of correlated 
surfaces, τ - time between a clear surface appears and a metal oxide 
layer forms on these surfaces.
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Taking into consideration the independence of impact of normal 
pressure in a contact point of correlated surfaces p(t) and the relative 
slide velocity of correlated surfaces υ(t) , the speed of destruction of 
metal oxides on the friction surface can be described with a relation:

 υ υt q t a t a p t[ ( )] ( ) ( ),= +1 2  (5)

where: 1 2,a a - coefficients characterizing the strength properties of 
metal oxides,

 p(t) - pressure at the contact point of correlated pair surfaces.
Kinetics of seizing off surfaces of hydraulic pair elements and 

restoration of metal oxides on a clear surface can be described by a 
differential equation:

 
dS
dt

k t S t t k S a a p tp
p F+ ⋅ ⋅ − = ⋅ − −υ τ υ( ) ( ) ( )( ) ( ).1 2  (6)

Expression (6) presents a linear differential equation with a 
lagging argument. The expression (6) may be written in the general 
form:

 
dS
dt

t S t Q tp
p+ − =Ψ( ) ( ) ( ),τ  (7)

where: Ψ( ) ( )t k t= ⋅υ and Q t t k S a a p tF( ) ( )( ) ( ).= ⋅ − −υ 1 2

Equation solution (7) has the form:

 S Q t e dt Cp
t dt t dt= ∫ +





∫∫
−( ) exp( ) ( )Ψ Ψ . (8)

The expression analysis (6), shows that:
Occurrence of adhesive seizing (tacking) is possible at any im-1) 
pact level of normal pressure in a contact point of correlated 
surfaces p, if the velocity of a relative slide of correlated sur-
faces υ > 0. However, in actual conditions, it is necessary to 
consider limiting the normal pressure at point of contact p > 
pmin,where  pmin is the minimum load (pressure);
the time before adhesive seizing (tacking) occurs depends 2) 
mainly on constants containing the seizing and restoration 
speeds of metal oxides on a clear surface;
in order to solve the differential equation defining the seizing 1) 
period and the restoration of metal oxides in a seizing point 
of contact, we need to determine the value of coefficients 
k a a, ,1 2  . These coefficients characterise the intensity of res-
toration and seizing resistance of metal oxides, as well as the 
time of emergence of a clear surface and the restoration of a 
metal oxide layer on this surface. The values of coefficients 

1 2, ,k a a  can be approximately estimated on the basis of ex-
periments.  

solving a differential equation 
(6) will allow to determine an order 
of limit values of the vibration and 
pressure parameters at the contact 
point of cooperating surfaces, caus-
ing adhesive seizing (tacking) in 
slider hydraulic pairs.

in the case where we assume 
(this condition has the greatest prac-
tical meaning) that  p = const and 

time τ = const and that the process of seizing and creating metal ox-
ides undergoes at variable load, i.e., υ υ ω( ) sint tA= , where υA is the 
sliding speed for a given vibration amplitude, we can separate two 
stages of the process in question. First stage when 0 < t ≤ τ, while the 
second stage t > τ. 

For the first stage, i.e., 0 < t ≤ τ , the equation (6) can be written:

 
dS
dt

kS a t a pp
cz A= − ⋅ −( ( ) ) sin .0 1 2υ ω  (9)

when Ψ( ) ( )t k t= ⋅υ = 0 equation (9) takes the form:
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p cz A
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1
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A change of the contact surface coated with metal oxides, in the 
first stage, i.e., 0 < t  ≤  τ can be ultimately expressed in the form of:
 

S S S kS a t A t a ptp F cz
A

cz= − + ( ) −  − − ( ) { } −( ) cos0 0 11 2
υ
ω

ω ω ,   (11)

while: 1 0− − ( )  ≥cosω ωt A t .

The expression (11) indicates that in the first stage, when 
0 < t ≤ τ , the surface coated with metal oxides decreases, while the 
surface without metal oxides increases, while the speed of decreasing 
of the surface coated with metal oxides, depends on normal pressure 
at the contact point of correlated surfaces. The decrease of the surface 
coated with metal oxides is of oscillating character. The oscillation 
magnitude depends on the change of the slide velocity of correlated 
surfaces.

For the second stage, i.e., t > τ , the equation (6) can be written:

 
dS
dt

k t S t t k S a a p tp
A p A F+ ⋅ ⋅ − = ⋅ − −υ ω τ υ ωsin ( ) sin ( ) ( ).1 2 (12)

Equation solution (12) has the form:
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 a a p k S[r cz1 1 2 1υ υ+ = . (17)

From the relation (17), we determine the k coefficient, in the form 
of:

 k a a p
S

[r

cz
=

+1 1 2

1

υ
υ

. (18)

Contact pressure in a slider hydraulic pair, at pre-set load param-

eters has the form of p P
S= , where P is the load and s the contact 

surface. starting from the above relation, contact pressure can be pre-
sented in the form: 

 p
S S

P
S

dS P
S S

S
S[r

S

S
=

−
=

−∫
1

2 1 2 1

2

11

2
ln , (19)

where: S1 and S2are initial and end contract surface of hydraulic pair’s 
elements.

The volume of metal oxides abraded from the surface of a slider 
hydraulic pair’s element, at pre-set load parameters has the form of 
Vc = Vc2 – Vc1 , where Vc1 and Vc2 is the volume of metal oxides 
before and after load. Therefore, the volume of metal oxides abraded 
off a cylindrical surface of a slider hydraulic pair, under pre-set load 
parameters, has the form:

 
V d

R
R d

Rc = −










π
192

3
8

4

2

2
, (20)

where: d  is the wear area diameter, while R, the replacement radius.

An example for this may be the estimation of coefficients a a k1 2, ,  
for the pressure increase limiter, in which the elements of a slider hy-
draulic pair are made from chrome steel Hwg, with a hardness of 
HrC=58. The pressure increase limiter has the following geometric 
data: replacement radius R = 6 mm, pitch lA = 0.3 mm.

Estimation example of the a2 coefficient
For the frequency of f = 60 Hz, the slider moving velocity is 

υ = ⋅ ⋅ = ⋅ ⋅ =4 4 0 3 60 72l f mm sA , / .  The tests on a station imitating 
the vibratory movement character of elements of the slider hydraulic 
pair, under operation from the pulsation of the operating fluid’s pres-
sure for P1 = 14,7 n and  f = 60 Hz over t = 30 min, gave the following 
results: 

d1 = 0.14 mm, h1 = 0.41·10-3 mm, Vc1 = 3.3·10-6 mm3, 
d2 = 0.25 mm, h2 = 1.32·10-3 mm,  Vc1 = 31.8·10-6 mm3,

and for P2 = 98.1 n 

d1 = 0.25 mm, h1 = 1.32·10-3 mm,  Vc1 = 31.8·10-6 mm3,
d2 = 0.41 mm, h2 = 3.79·10-3 mm,  Vc1 = 256·10-6 mm3,

Volume of metal oxides abraded from the surface of a slider hy-
draulic pair element for P1 = 14.7 n and  P2 = 98.1 n is:

 V V V mmP c c1 2 1
6 6 331 8 3 3 10 28 5 10= − = − ⋅ = ⋅− −( , , ) , ,

ultimately, the solution of the equation (12) takes the form:

 S S a
k

a pB C ep F

k t A tA

= − − −[ ]
− − −( ) 1

2

υ
ω

ω τ ω τcos ( ) ( )
, (13)

where: B e d t
k t A tA

= −
− − − −( ) 

∫
υ
ω

ω τ ω τ
τ

cos ( ) ( )
( ) .

5. Analytical estimation of the model’s a1, a2, k coef-
ficients 

in order to solve the differential equation defining the seizing pe-
riod and the restoration of metal oxides in a friction point of contact 
(6), we need to determine the value of coefficients 1 2, ,a a k . 

The volume of metal oxides abraded from the surface of a slide 
hydraulic pair’s element, at pre-set load parameters, can be expressed 
in the form V = h · S, where h is the average thickness of the oxide 
layers and S is the surface of the correlated contact area.

Assuming that the dependency between the speed of removal of 
metal oxides from the speed of mutual movement of elements of the 
hydraulic pair and the contact pressure is linear, we can write that:

 dS S d S
p

dp

 

=
∂
∂

+
∂
∂υ

υ , (14)

where: ∂
∂

=
S a
υ 1

 
is a coefficient expressing the intensity of 

removing metal oxides off the surface of a hydraulic pair’s 
element, from the slide velocity,

 

∂
∂

=
S
p

a2
 

is a coefficient expressing the intensity of 

removing metal oxides off the surface of a hydraulic pair’s 
element, from the magnitude of the contact pressure. 

The volume of metal oxides abraded from the surface of a slider 
hydraulic pair’s element, under pre-set load parameters, can be pre-
sented in the form:

 dV h S d h S
p

dp

 

=
∂
∂

+
∂
∂υ

υ    or   dV ha d ha dp = +1 2υ . (15)

From the relation (15), we can determine the coefficients a1 and a2:

 
a

h
V a p

h
V V a p p

a
h

V a

1 2
2 1

2 1
2

2 1

2 1

2

1 1

1

=
∂
∂

−
∂
∂

=
−
−

−
−
−

=
∂
∂

−

  



υ υ υ υ υ υ

υ

;

11
2 1

2 1
1

2 1

2 1

1∂
∂

=
−
−

−
−
−











υ υ υ
p h

V V
p p

a
p p

 

.
 (16)

The k coefficient, expressing the dependency of the metal oxide 
forming speed (increase of the occupied surface over a unit of time) 
from the slide velocity (assuming that υt = υs) can be determined from 
the relation:
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V V V mmP c c2 2 1

6 6 3256 31 8 10 224 10= − = − ⋅ = ⋅− −( , ) .

wear speed of the volume of 
1PV and 

2PV for P1 = 14.7 n and 
P2 = 98.1 n is:

 
υP

PV
t1

1 28 5 10
1800

1 6 10
6

9= =
⋅

= ⋅
−

−, , mm
s

3
,  

 υP
PV
t2

2 224 10
1800

124 10
6

9= =
⋅

= ⋅
−

− mm
s

3
.

The initial and end contact area of the hydraulic pair’s elements 
for P1 = 14.7 n and P2 = 98.1 n are:

S d
P1

1
2 2

1 4
0 14
4

0 015= =
⋅

=
π π , , mm2; S d

P2
2
2 2

1 4
0 25
4

0 049= =
⋅

=
π π , ,  mm2;

S d
P1

1
2 2

2 4
0 26
4

0 053= =
⋅

=
π π , , mm2; S d

P2
2
2 2

2 4
0 41
4

0 132= =
⋅

=
π π , ,  mm2;

Average contact pressure for P1 = 14.7 n and P2 = 98.1 n is:

 p P
S S

S
S[r

P P

P

P
1

1

2 1

2

11 1

1

1

14 7
0 049 0 015

0 049
0 015

512=
−

=
−

=ln ,
, ,

ln ,
,

NN
mm2 ,

 p P
S S

S
S[r

P P

P

P
2

2

2 1

2

12

2

2

98 1
0 132 0 053

0 132
0 053

1133=
−

=
−

=ln ,
, ,

ln ,
,

NN
mm2 .

The a2 coefficient is: 

 a
h p p

P P

[r [r
2

2 1
6

91 1
25 10

124 1 6 10
1133 512

0 192 1=
−

−
=

⋅

− ⋅
−

= ⋅−

−υ υ ( , ) , 110 3
4

−

⋅
mm
N s

.

Estimation example of the a1 coefficient

For the frequency f1 = 20 Hz υ1 14 4 0 3 20 24= ⋅ ⋅ = ⋅ ⋅ =l f mm sA , /  

and for the frequency f2 = 60 Hz υ2 24 4 0 3 60 72= ⋅ ⋅ = ⋅ ⋅ =l f mm sA , /  . 

From the studies for P1 = 14.7N and υ1 24= mm s/  the following was 
obtained: 

d1 = 0.14 mm, h1 = 0.41·10-3 mm,  Vc1 = 3.3·10-6 mm3,
d2 = 0.18 mm, h2 = 0.83·10-3 mm,  Vc1 = 12.9·10-6 mm3.

From the studies for P1 = 14.7 n and υ2 72= mm s/  the following 
was obtained:

d1 = 0.14 mm, h1 = 0.41·10-3 mm,  Vc1 = 3.3·10-6 mm3, 
d2 = 0.25 mm, h2 = 1.32·10-3 mm,  Vc1 = 31.8·10-6 mm3.

Volume of metal oxides abraded from the surface of a slider hy-
draulic pair element for υ1 = 24 mm/s and υ2 = 72 is:

 V V V mmc cυ1 2 1
6 6 312 9 3 3 10 9 6 10= − = − ⋅ = ⋅− −( , , ) , , 

 V V V mmc cυ2 2 1
6 6 331 8 3 3 10 28 5 10= − = − ⋅ = ⋅− −( , , ) , .

wear speed of the volume of 
1

Vυ and 
2

Vυ for P1 = 14.7 n is:

υ υ
υ

1

6
9

1
1 9 6 10

1800
5 3 10= =

⋅
= ⋅

−
−V

t
, , mm

s

3
,υ υ2

6
9

2
2 28 5 10

1800
15 8 10= =

⋅
= ⋅

−
−V

t
P , , mm

s

3
.

The initial and end contact area of the hydraulic pair’s elements 
for υ1 = 24 mm/s and υ2 = 72 are:

 S d d
1

2 1
2 2

4
0 18 0 14

4
0 016=

−
=

⋅ −
=

π π( ) ( , , ) , mm2;

 S d
2

1
2 2

1 4
0 18
4

0 025υ
π π

= =
⋅

=
, , mm2; 

 S d
2

2
2 2

2 4
0 25
4

0 049υ
π π

= =
⋅

=
, ,  mm2

Average contact pressure for υ1 = 24 mm/s and  υ2 = 72 is:

 p P
S S

S
S

N
mm[r1

1

2 1

2

1
2

1

1 14 7
0 025 0 016

0 025
0 016

729=
−

=
−

=
υ

υln ,
, ,

ln ,
,

,

 p P
S S

S
S

N
mm[r2

1

2 1

2

1
2

2

2 14 7
0 049 0 016

0 049
0 016

498=
−

=
−

=
υ

υln ,
, ,

ln ,
,

.

The a1 coefficient is: 

a
h

a p p[r [r1
2 1

2 1 2
1

1
72 24

15 8 5 3 10

2 1=
−

−
− −( )









 =

=
−

− ⋅

υ υ

υ υυ υ

( , , ) −−

−
− −

⋅
− ⋅ −












= ⋅

9

6
3 6

30 10
0 24 10 498 729 12 7 10, ( ) , mm

Estimation example of the k coefficient
The k coefficient is determined from the relation (18). it needs to be 

assumed that the clear surface (no metal oxides on the friction surface) 
Scz is 30% of the surface of actual contact of hydraulic pair elements SF 
i.e. Scz = 0.3 SF [14, 16]. The surfaces of actual contact of elements of 
the hydraulic pair SF are determined from the relation [13]:

 S RPF = 





π κ

3
4

2
3

where: κ ν ν
=

−
+

−1 11
2

1

2
2

2E E
 and E1, E2, ν1, ν2are material and Poisson 

coefficients. For chrome steel Hwg κ = 0,858·10-4 mm2/N. 
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For chrome steel Hwg at R= 6 mm SF = ⋅ ⋅ ⋅ ⋅





 =−π

3
4

0 858 10 6 98 1 0 0554
2
3, , , mm2.

Clear surface (no metal oxides on friction surface) Scz = 0,3 SF = 
=0,3·0,055=0,0165 mm2.

Coefficient k a a p
S

[r

cz
=

+
=

⋅ ⋅ + ⋅ ⋅
⋅

=
− −

1 1 2

1

6 312 7 10 24 0 24 10 961
24 0 0165

0 63υ
υ

, ,
,

, mmm−1.

6. Conclusions

A prerequisite for the adhesive seizing (tacking) process in a sli-
der pair of a hydraulic control device is its point of contact-vibration 
load. The main factor creating adhesive seizing (tacking) is the seizing 
speed, i.e., formation of clear surfaces without a metal oxide layer and 
the restoration of metal oxides on cooperating surfaces of the slider 
pair. The seizing and restoration speed of metal oxides on cooperating 
surfaces of the slider pair depends on the values of the vibration and 
pressure parameters at the point of contact of cooperating surfaces 
of the slider pair. Formation of clear surfaces (no metal oxides) is 
possible only at a defined correlation of seizing and restoration velo-
cities of oxides and oil membranes absorbed on the surface. when the 
formation speed of metal oxide coatings on cooperating surfaces of 
the slider hydraulic pair is smaller than the speed of their seizing, the 
adhesive seizing (tacking) process begins. 

The proposed analytic method of describing seizing and restora-
tion of metal oxides at a friction point of contact allows to carry out 
both, qualitative, as well as quantitative analysis of the impact of vi-

bration and load parameters on the occurrence of adhesive seizing 
(tacking) in slider pairs of hydraulic control devices. in order to solve 
the differential equation defining the seizing period and the restoration 
of metal oxides in a seizing point of contact, we need to determine the 
value of coefficients k a a, ,1 2 . These coefficients characterise the in-
tensity of restoration and seizing resistance of metal oxides, as well as 
the time of emergence of a clear surface and the restoration of a metal 
oxide layer on this surface. The values of coefficients k a a, ,1 2  can 
be approximately estimated on the basis of experiments. During the 
tests, you need to estimate the seizing speed of metal oxides and their 
restoration on clear surfaces under different values of the slide speed 
and load (pressure) at the friction contact point and the wear resist-
ance of steel in conditions of limit friction. The impact of the sliding 
speed and the load can be estimated in the process of testing samples 
in conditions similar to the conditions of the formation of adhesive 
seizing (tacking), where there is also oxidizing wear present. 

The proposed model of the process, which causes adhesive se-
izing in a slider hydraulic pair with its vibration load, allows to deter-
mine the order of limit values of vibrations and pressure at the point 
of contact of cooperating surfaces, which, when exceeded, will cause 
adhesive wear in this pair.
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1. Introduction
The weibull distribution was introduced by the swedish physi-

cist weibull [17], it has been used in many different fields like mate-
rial science, engineering, physics, chemistry, meteorology, medicine, 
pharmacy, economics and business, quality control, biology, geology 
and geography, see for example [14]. The two parameters weibull dis-
tribution is one of the most widely used lifetime models in reliability 
and survival analysis because of its various shapes of the probability 
density function(pdf) and its convenient representation of the survival 
function. in any practical situation, however, the parameters of the 
weibull model cannot be known with certainly, especially if the avail-
able data are sparse. The estimation of its parameters has been dis-
cussed by a number of authors: see for example, zakerzadeh and Ja-
fari [18], wang and ye [16], Doostparast [8]. During the recent several 
years a number of papers have adopted the Bayesian approach to dealt 
with the uncertainty about the parameter by different prior distribution 
for example, see soland [15], Kaminskiy and Krivtsov [9], Berger and 
sun [6] and Kundu and Joarder [12] and Kundu [11] among others. 

in particular, Kundu [11] studied the weibull distribution as a failure 
model from the Bayesian approach, by considering gamma prior for 
the scale parameter when the shape parameter is known.

in this study, the scale parameter of the weibull failure model will 
be discussed when the shape parameter is known. The scale parameter 
is considered a random variable with a Gamma(a, b) distribution as a 
prior. Further more the hyper parameter b of Gamma(a, b) cannot be 
specified but one is willing to assign a hyper prior distribution. spe-
cifically three hyper prior distributions for the scale hyper parameter b 
will be considered, a uniform, a truncated exponential and an improp-
er prior. Aforementioned three hyper prior were discussed by Alex [3] 
based on complete sample for exponential failure model. using these 
hyper prior, we developed a class of method based on censored sam-
ple under hierarchical Bayesian model. Although extensive work has 
been done on the statistical inferences of the unknown parameters of 
the weibull distribution for censored sample data in the Bayesian con-
text, but not much work has been done for censored sample data in the 
hierarchical Bayesian set up. Among the different censoring schemes 

zhu t, yan z, PEng X. a weibull failure model to the study of the hierarchical Bayesian reliability. Eksploatacja i niezawodnosc – Mainte-
nance and reliability 2016; 18 (4): 501–506, http://dx.doi.org/10.17531/ein.2016.4.4.

tiefeng zhu
zaizai yan
Xiuyun PEng

A weibull fAilure model to the study of the 
hierArchicAl bAyesiAn reliAbility

model uszkodzeń AproksymowAny rozkłAdem weibullA 
do bAdAniA niezAwodności reprezentowAnej 
zA pomocą hierArchicznej sieci bAyesowskiej

This paper describes the unknown parameter and reliability function of the Weibull distribution based on hierarchical Bayesian 
model for the progressively Type-II censored data. The scale parameter of the Weibull distribution is considered with a gamma 
prior under the shape parameter is known. Furthermore, the scale parameter of the gamma prior is assumed to be three different 
known hyper prior. Under these assumptions, the Weibull parameter and reliability function estimators are derived based on the 
squared error loss (SEL) function, which can be easily extended to other loss functions situation. The result from hierarchical 
Bayesian method is used to compare with  Bayes and maximum likelihood estimate (MLE) methods. The simulation shown that 
the results from Bayes is the best, followed by hierarchical Bayesian method, and then MLE in terms of root mean square error 
(RMSE). Finally, one real dataset has been analyzed for illustrative purposes.

Keywords: Hierarchical Bayesian model, Progressive Type-II censoring, Hyper parameter, Monte Carlo simu-
lation,  Parameter estimation.

W prezentowanej pracy opisano metodę estymacji nieznanego parametru oraz funkcji niezawodności rozkładu Weibulla w oparciu 
o hierarchiczny model Bayesa dla danych uciętych (cenzurowanych) progresywnie typu II. Rozważano parametr skali rozkładu 
Weibulla o rozkładzie prawdopodobieństwa apriorycznego gamma w sytuacji, gdzie wartość parametru kształtu była znana. Po-
nadto, przyjęto, że (hiper)parametr skali rozkładu apriorycznego gamma może mieć trzy różne, znane  hiper-rozkłady aprioryczne 
(ang. hyper priors). Przy tych założeniach, estymatory parametru i funkcji niezawodności rozkładu Weibulla wyprowadzono na 
podstawie kwadratowej funkcji straty (ang. squared error loss, SEL), którą można łatwo rozszerzyć na inne funkcje straty. Wyniki 
otrzymane z wykorzystaniem hierarchicznej metody Bayesowskiej porównano z wynikami klasycznej estymacji Bayesowskiej oraz 
estymacji metodą największego prawdopodobieństwa (ang. maximum likelihood estimate, MLE). Symulacja wykazała, że najlep-
sze wyniki, jeśli chodzi o średnią kwadratową błędów (ang. root mean squared error, RMSE), daje metoda Bayesa, a w dalszej 
kolejności hierarchiczna metoda Bayesa oraz MLE. W końcowej części pracy rozważane problemy zilustrowano analizując zbiór 
danych rzeczywistych.

Słowa kluczowe: hierarchiczny model bayesowski , ucinanie progresywne typu II, hiperparametr, symulacja 
Monte Carlo,  estymacja parametrów.
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Type-i and Type-ii are the two most popular. in the last few years, the 
progressive Type-ii censoring scheme has been received considerable 
attention, see the book by Balakrishnan and Aggrawala[4] and also 
there are excellent review article by Balakrishnan[5].

The progressive Type-ii censoring scheme can be briefly de-
scribed as follows. suppose that n  identical units are put on test. 
The integer m n<  is pre-fixed and also ,1 , mR R  are m  pre-fixed 
non-negative integers such that 1+ + mR R m n+ = . At the time of 
the first failure 1t , 1R  of the remaining units are randomly removed. 
similarly, at the time of the second failure 2t , 2R  of the remain-
ing units are removed and so on. Finally, at the time of the m -th 
failure the rest of the 1 1m mR n R R m−= − − − −  units are removed. 
note that the usual Type-ii censoring scheme can be obtained as a 
special case of the progressive censoring scheme, simply by taking

1 1 0mR R −== = .
The rest of the paper is organized as follows. in the next section, 

the Bayesian and MLEs of the unknown parameter and reliability 
function are presented. in section 3, we introduce three hyper priors 
to construct the hierarchical Bayesian estimators for the unknown pa-
rameter and reliability function. Two simulation datasets have been 
analyzed in section 4. A real dataset is analyzed for illustration in 
section 5. Finally, conclusions appear in section 6.

2. Maximum likelihood and Bayesian estimates

A random variable X follows the weibull distribution with param-
eters α and λ, and is denoted by X WE ( ),α λ . its probability den-
sity function (pdf) is that:

 f x x xx( ; , ) e , .α λ αλ λ αα
= >− −1 0  (1)

Then the reliability function of X  is given by R x x( ; , ) eα λ λ α
= −

 , 
where α > 0  and λ > 0  are the shape and scale parameters re-
spectively. in the case of progressive Type-ii censored data, let 

(1 )m m n< ≤  denote the number of observed failures and 1 ,, mx x  
denote the progressive Type-ii censored sample, when α is known, 
the likelihood function:

 L m T( ;data)λ λ λ∝ −e , (2)

where T R xi
i

m
i= +

=
∑ ( )1

1

α . The differential equation of the loga-

rithm likelihood function based on progressive Type-ii censored 
sample is:

 d L
d

m R xi
i

m
i

ln ( )
λ λ

α= − + =
=
∑ 1 0

1
. (3)

Eq.(3) readily yields a closed-form expression for the MLE of λ 
as follows:

ˆ m
T

λ = λ .

Furthermore, we derived MLE for the reliability function given as 
ˆ

eˆ( ) xR x
αλ−=  λ . And we assume that λ has a gamma prior distribution 

with pdf π λ λ λλ( | , )
( )

,a b b
a

a
a b= >− −

Γ
1 0e , the hyper parameters

0,  0a b> > , and 1
0

( ) ea xa x dx∞ − −Γ = ∫ . The posterior distribution of 
λ, given the data and the hyper parameters a and b, is 

( ),  Gamma a m b T+ +  [11]. Therefore, the Bayesian estimators of λ 

and ( )R x with respect to sEL function are:

 0̂ ( | ) a mE data
b T

λ λ +
= =

+
 λ0 ,

where E is operator of expected value , and:

 
0 ( ( ) | )ˆ ( )

a mb TE R x daR t
T x

x a
b α

++ =  
+ + 

= .

3. Hierarchical Bayesian model

in the section 2, we obtain the Bayesian estimators of λ and ( )R x  
when gamma prior parameters are known. in this section, we will 
consider the hierarchical Bayesian estimators when the hyper param-
eter a  is known but the hyper parameter b  behaves as a random 
variable.

3.1. Uniform prior for the hyper parameter b

suppose unknown hyper parameter b  in the prior ( ,  )Gamma a b
follows uniform distribution with pdf:

 π1
1b

d c
( ) =

−
,  0 c d≤ < . (4)

The parameters c  and d  are assumed to be known. From 

( ,  )Gamma a b  and (4), the prior of λ is:

 g
d c

b
a

db
a

a b
c
d

1
11

λ λ λ( ) =
− ( )

− −∫ Γ
e . (5)

under the WE( ),α λ  model from (1), the likelihood function of the 
progressive Type-ii censored data is proportion to (2). This likelihood 
is combined with the prior (5) via Bayesian theorem to obtain the λ 
posterior pdf:

h data g L data1 1λ λ λ( ) ∝ ( ) ( ) ∝; λ λm Te− 1 1
d c

b
a

db
a

a b
c
d

− ( )
− −∫ Γ

λ λe .

under sEL function, the hierarchical Bayesian estimators of λ and 

( )R x  are given by:

 
( ) ( )

( ) ( )1

1, 1,
ˆ ( | )

1, 1 1, 1

d c
d T c T

d c
d T c T

B a m B a mm aE data
T B a m B a m

λ λ + +

+ +

+ − ++
= =

+ − − + −
 λ  λ

and:

( ) ( )

( ) ( )

1

1

1, 1 1, 1
ˆ ( ) ( ( ) | )

1, 1 1, 1
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respectively. Here 1 1
0

( , ) (1 )x i j
xB i j t t dt− −= −∫  denotes the incom-

plete beta function (see, Abramwitz and stegun[2]).

3.2. Truncated exponential prior for b 

suppose that the prior distribution for the hyper parameter b  is 
a truncated exponential distribution given by  conditional probability 
density function:

π θ θ
2 1( | , , )b u v c b= −e , u b v≤ ≤ >,  θ 0 ,

where c u v
1= −− −θ θ θ/ ( )e e  and 0u > , using the same procedure 

as previously, we obtain the prior pdf of λ:

 g b
a

db
b

u vu
v a

a b
2

1λ
θ

λ
θ

θ θ
λ( ) =

− ( )− −
− −∫

e
e e

e
-

Γ

and posterior pdf of λ:

h data g L data2 2λ λ λ|( ) ∝ ( ) ( ) ∝; λ λm Te− θ
λ

θ

θ θ
λe

e e
e

−

− −
− −

− ( )∫
b

u vu
v a

a bb
a

db
Γ

1

The Bayesian estimators for the parameter λ and reliability func-

tion ( )R x  are given by:

 ( ) ( )
( ) ( )

( ) ( )

1

2
eˆ

e

v m aa b
u

v m aa b
u

b b T db
E data m a

b b T db

θ

θ
λ λ

− + + −

− + −

+
= = +

+

∫
∫

 λ2        (6)

and

 ( ) ( ) ( )

( ) ( )2
e

ˆ ( ) ( )
e

m av a b
u

v m aa b
u

b b T x db
R x E R x data

b b T db

α θ

θ

− + −

− + −

+ +
= =

+

∫

∫
    (7)

respectively.
unfortunately the estimators in (6) and (7) are not in closed form 

and numerical technique have to be utilized in evaluating the integrals 
involved.

3.3. Improper prior for b

Let the prior for b  be:

 π3
1b
b

( ) ∝ ,  0 b< < ∞                   (8)

from ( ,  )Gamma a b  and (8), the prior of λ is:

 g
b

b
a

db
a

a b
3

1
0

1
λ λ λ( ) = ( )

− −∞
∫ Γ

e       (9)

under the WE( ),α λ  model from (1), the likelihood 
function of progressive Type-ii censored data is propor-
tion to (2). This likelihood is combined with the prior (9) 
via Bayesian theorem to obtain the λ posterior pdf:

 h data T
m

m T m

3

1
0λ

λ
λ

λ
| e  ( ) = >

− −

Γ( )
, .

under sEL function, the hierarchical Bayesian estimators of λ and 

( )R x  are given by:

 
( )3̂

mE data
T

λ λ= = λ3

and:

 Æ( )R x E R x data T

T x

m

m3 = ( )( ) =
+( )α

( )( )
( )

3
ˆ ( )

m

m
TR x E R x data

T xα
= =

+

respectively.

4. Simulation study

in this section, we present experimental results to observe the be-
havior of the proposed method for different sample sizes ( n ), differ-
ent effective sample sizes ( m ), different priors and for the different 
progressive Type-ii censoring schemes. we have considered sample 
sizes ( 20,  30,  50n = ), effective sample sizes ( 15,  20,  35m = ) , and 
nine censoring schemes. Details of the schemes are given in Table 1.

special sample schemes were simulated from the 0.8( ),  1WE
and 0.8,( ) 1.5WE . The average estimates for the parameter and the 
reliability function were computed from the generated progressively 
Type-ii censored sample based on 1000 replications. in all cases, 
mainly to compare the MLEs, Bayesian estimates and different hi-
erarchical Bayesian estimates of the unknown parameter λ and some 
values of reliability function ( )R x . we also compute the correspond-
ing rMsEs of the estimates based on 1000 replications. using the 
expression described in section 2 and section 3, we obtain MLEs, 
Bayesian and hierarchical Bayesian estimates of λ and ( )R x  in Table 
2 from the 0.8( ),  1WE  and Table 3 from the 0.8,( ) 1.5WE . For Baye-
sian estimates, we used parameter values 1a = , 2b = . For hierarchi-
cal Bayesian estimates, we using the Monte Carlo technique to com-
pute hierarchical Bayesian estimates of the unknown parameter λ as 
well as reliability function ( )R x . The parameter a’s value is also set 

Table 1. Several censoring schemes for the simulation study

n m 1 ,, mR R

scheme 
number

20 15 1 14 150,  5R R R= = = = [1]

1 2 155,  0R R R= = = = [2]

1 5 6 151,  0R R R R= = = = = =  [3]

30 20 1 19 200,  10R R R= = = = [4]

1 2 2010,  0R R R= = = = [5]

1 9 10 11 12 200,  5,  0R R R R R R= = = = = = = =  [6]

50 35 1 34 350,  15R R R= = = = [7]

1 33 34 350,  5,  10R R R R= = = = = [8]

1 3 4 355,  0R R R R= = = = =  [9]
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to 1.The hyper parameter settings are as follows: the first is uniform 
prior: 1c = , 2d = ; the second prior is truncated exponential distri-
bution, for the second hyper prior, we have used the hyper parameters 
value as 0u = , 1v = , θ=1 ; the third prior is improper prior.

Table 2 and Table 3 show that as effective sample size increas-
es, the rMsEs of hierarchical Bayesian estimates decrease as well 
as Bayesian and MLEs. As far as λ and ( )R x , the performance of 
Bayesian estimation is better than MLE in terms of rMsE. Experi-
mental results indicate that the hierarchical Bayesian estimates for 
the reliability function ( )R x  and parameter λ are better than the ones 
obtained for the maximum likelihood in the sense that they have 
smaller rMsEs. However, the hierarchical Bayesian estimates for 
the reliability function ( )R x  and parameter λ are worse slightly than 
the Bayesian estimates due to uncertainty of b . Three different hyper 
priors were performed for the robustness of the hierarchical Bayesian 

estimators, no matter which one we think is right, others “wrong” 
hyper priors will get approximate rMsEs.

5. Application to real life data 

in this section, we present a real dataset to further illustrate the 
performance of the method proposed in this article. The dataset is the 
results of tests on endurance of deep groove ball bearings.

For illustrative the purposes, we applied the real dataset of 23 ob-
served failure times that was initially reported in Lieblein and Zelen 
[13] and later by a number of authors including Abouammoh and 
Alshingiti [1] and  Krishna and Kumar [10]. Deya et al. [7] indicated 
that weibull distribution fits this dataset better than the exponential, 
inverted exponential and gamma distribution. The following dataset 
represents the number of millions of revolutions before failure for 
each of the 23 ball bearings in a life test.

Table 2. Average values of the estimators and their RMSEs when 0.8α = , 1λ =  and 0.2x =

scheme MLEs Bayesian estimates  hierarchical Bayesian estimates

λ̂ ˆ ( )R x 0̂λ 0
ˆ (x)R 1̂λ 1

ˆ ( )R x 2λ̂ 2
ˆ ( )R x 3̂λ 3

ˆ ( )R x

[1]   Estimates
rMsEs

[2]   Estimates
     rMsEs

[3]   Estimates
     rMsEs

[4]   Estimates
     rMsEs

[5]   Estimates
     rMsEs

[6]   Estimates
     rMsEs

[7]   Estimates
     rMsEs

[8]   Estimates
     rMsEs

[9]   Estimates
     rMsEs

1.1054
0.3873
0.9959
0.3439
1.0115
0.3686
1.1138
0.3417
0.9670
0.2788
1.0404
0.3226
1.0666
0.2434
1.0698
0.2358
0.9346
0.2139

0.7411
0.7400
0.7630
0.0689
0.7601
0.0725
0.7385
0.0663
0.7679
0.0567
0.7532
0.0634
0.7466
0.0485
0.7459
0.0474
0.7739
0.0441

1.0597
0.2674
1.0640
0.2659
1.0636
0.2753
1.0400
0.2377
1.0467
0.2232
1.0457
0.2349
1.0254
0.1793
1.0276
0.1742
1.0279
0.1761

0.7504
0.0500
0.7495
0.0500
0.7497
0.0515
0.7535
0.0458
0.7520
0.0430
0.7523
0.0449
0.7552
0.0356
0.7547
0.0348
0.7547
0.0348

1.1735
0.2882
1.1781
0.2867
1.1777
0.2967
1.1226
0.2515
1.1298
0.2362
1.1287
0.2483
1.0711
0.1852
1.0734
0.1799
1.0736
0.1818

0.7569
0.0524
0.7561
0.0524
0.7563
0.0539
0.7584
0.0475
0.7569
0.0445
0.7572
0.0466
0.7581
0.0363
0.7576
0.0355
0.7575
0.0355

1.0965
0.2895
1.1010
0.2884
1.1014
0.3004
1.0660
0.2521
1.0734
0.2370
1.0725
0.2481
1.0397
0.1851
1.0428
0.1810
1.0426
0.1832

0.7430
0.0568
0.7421
0.0564
0.7424
0.0581
0.7486
0.0508
0.7471
0.0470
0.7473
0.0499
0.7530
0.0384
0.7523
0.0375
0.7521
0.0372

1.0692
0.2934
1.0737
0.2909
1.0737
0.3022
1.0451
0.2533
1.0518
0.2379
1.0511
0.2509
1.0271
0.1856
1.0293
0.1799
1.0296
0.1824

0.7490
0.0568
0.7481
0.0567
0.7482
0.0584
0.7528
0.0503
0.7512
0.0472
0.7515
0.0494
0.7550
0.0375
0.7545
0.0366
0.7544
0.0367

Table 3. Average values of the estimators and their RMSEs when 0.8α = , 1.5λ = and 0.1x =

scheme MLEs Bayesian estimates  hierarchical Bayesian estimates

λ̂ ˆ ( )R x 0̂λ 0
ˆ (x)R 1̂λ 1

ˆ ( )R x 2λ̂ 2
ˆ ( )R x 3̂λ 3

ˆ ( )R x

[1]   Estimates
rMsEs

[2]   Estimates
     rMsEs

[3]   Estimates
     rMsEs

[4]   Estimates
     rMsEs

[5]   Estimates
     rMsEs

[6]   Estimates
     rMsEs

[7]   Estimates
     rMsEs

[8]   Estimates
     rMsEs

[9]   Estimates
     rMsEs

1.8804
0.6528
1.6646
0.6058
1.6658
0.5957
1.8717
0.5847
1.0657
0.4569
1.7126
0.4943
1.7639
0.3879
1.7607
0.3990
1.5706
0.3565

0.7460
0.0723
0.7715
0.0706
0.7712
0.0682
0.7463
0.0637
0.7772
0.0543
0.7645
0.0578
0.7575
0.0458
0.7579
0.0483
0.7808
0.0430

1.5633
0.3752
1.5477
0.3933
1.5318
0.3734
1.5343
0.3375
1.5341
0.3131
1.5213
0.3159
1.5110
0.2530
1.5095
0.2574
1.5324
0.2603

0.7834
0.0421
0.7854
0.0444
0.7872
0.0420
0.7863
0.0385
0.7862
0.0362
0.7878
0.0366
0.7883
0.0303
0.7885
0.0305
0.7856
0.0309

1.7136
0.3991
1.6967
0.4187
1.6779
0.3974
1.6433
0.3532
1.6431
0.3279
1.6296
0.3309
1.5710
0.2596
1.5695
0.2640
1.5930
0.2670

0.7911
0.0447
0.7930
0.0471
0.7947
0.0446
0.7921
0.0403
0.7920
0.0379
0.7935
0.0383
0.7916
0.0311
0.7918
0.0314
0.7891
0.0317

1.6523
0.4304
1.6346
0.4487
1.6165
0.4291
1.5965
0.3745
1.5971
0.3431
1.5801
0.3448
1.5440
0.2655
1.5431
0.2703
1.5666
0.2744

0.7730
0.0515
0.7750
0.0535
0.7770
0.0503
0.7789
0.0449
0.7790
0.0425
0.7800
0.0430
0.7840
0.0335
0.7850
0.0342
0.7818
0.0347

1.6359
0.4439
1.6190
0.4624
1.5995
0.4413
1.5831
0.3840
1.5819
0.3516
1.5677
0.3542
1.5353
0.2687
1.5338
0.2745
1.5582
0.2776

0.7752
0.0516
0.7774
0.0542
0.7796
0.0514
0.7807
0.0449
0.7806
0.0420
0.7824
0.0424
0.7853
0.0329
0.7856
0.0332
0.7826
0.0336
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17.88, 28.92, 33.0, 41.52, 42.12, 45.60, 48.40, 51.84, 51.96, 
54.12, 55.56, 67.80, 68.64, 68.64, 68.88, 84.12, 93.12, 98.64, 
105.12, 105.84, 127.92, 128.04, 173.4.

Deya et al.[7] obtained the MLEs of the parameters as: 

( )
^ ^

3.1835,  1.4( , e) 9 32 6α λ = −  based on hybrid censored sample 
generated from the same dataset. in our study, we generate a  progres-
sively type-ii censored sample from the above dataset, with 19m =  , 

23n =  and the censoring scheme 8 2R = , 11 1R = , 17 1R = , 0iR = , 
8i ≠ , 11, 17, and is denoted scheme RC. For computing different 

estimators, we assume that α = 3 1835. ; 0a b= = ; 0c = , 20d =
. we used the same 1000 replicates to compute different estimates 
and rMsEs for this scheme. The results of the MLEs, Bayesian es-
timates and hierarchical Bayesian estimates are reported in Table 4. 
The estimates results show that the Bayesian estimators are better 
than the hierarchical Bayesian estimators which in turn is better than 
the MLEs (in terms of rMsEs), as expected.

6. Conclusion

This paper takes into account the estimates of the unknown pa-
rameter and reliability function of weibull distribution when the data 
are progressively type-ii censored. The maximum likelihood estima-
tion is considered as a part of frequentist statistics. The Bayesian 
inference of the unknown parameter and reliability function based 

on square error loss function are obtained. if prior distribution is un-
known for the hyper parameter, the hierarchical Bayesian technique 
can be a better alternative to evade such circumstances to certificate 
robust of the hierarchical Bayesian estimation. we consider three dif-
ferent hyper priors, the resulting are closed to Bayesian estimates 
based on simulation samples and real life data, and outperforms the 
maximum likelihood estimates according to the root mean squared 
error function. Numerical experiments results show that the proposed 
method is feasible and effective. Hence, we can utilize hierarchical 
Bayesian method to analyze the progressively censored lifetime data 
especially when prior parameter information is not enough or even 
unknown.
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Table 4. Average values of the estimators and the corresponding RMSEs based on real data and 50x =

RC scheme MLEs Bayesian estimates  hierarchical Bayesian estimates

λ̂ ˆ ( )R x 0̂λ 0
ˆ (x)R 1̂λ 1

ˆ ( )R x 2λ̂ 2
ˆ ( )R x 3̂λ 3

ˆ ( )R x

Estimates
rMsEs

8.9646e-7   0.7961 7.0363e-7 0.8363 7.4272e-7 0.8363 7.0357e-7 0.8362 7.0363e-7 0.8363

4.3901e-4 0.0319 1.5265e-7 0.0303 1.6113e-7   0.0313 1.5364e-7    0.0313 1.5265e-7    0.0314
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zbigniew Czyż
Paweł Magryta

AnAlysis of the operAting loAd of foil-Air beArings in the 
gAs generAtor of the turbine engine during the 

AccelerAtion And decelerAtion mAneuver

AnAlizA eksploAtAcyjnych obciążeń gAzowych łożysk foliowych 
zespołu wytwornicowego silnikA turbinowego podczAs mAnewru 

przyspieszeniA i hAmowAniA*
The paper examines loads acting on the drive unit of an unmanned helicopter during maneuvers of acceleration and braking. Par-
ticular attention is paid to loads of gas generator bearings nodes of a turbine engine which is applied in the helicopter designed. 
The study is based on the time courses of changes in velocity of the manned PZL W3-Falcon. The correlation of flight velocity 
change and time was approximated by the least squares method to determine changes in acceleration. This enabled to determine 
the values of the forces acting on gas generator bearings under static and dynamic conditions. These values were compared with 
the values obtained for jump-up and jump-down maneuvers. The investigation enabled to determine the extreme components load-
ing of the drive unit, including gas generator bearings nodes.

Keywords: helicopter, turbine engine, gas bearings, foil-air bearings.

W artykule rozpatrzono stany obciążeń działające na zespół napędowy śmigłowca bezzałogowego podczas manewru przyspiesze-
nia i hamowania. Szczególną uwagę poświęcono obciążeniom węzłów łożyskowych zespołu wytwornicowego silnika turbinowego, 
w który zostanie wyposażony projektowany śmigłowiec. Analizę dokonano na podstawie przebiegów czasowych zmian prędkości 
lotu załogowego śmigłowca PZL W3-Sokół. Zależność zmiany prędkości lotu w czasie aproksymowano metodą najmniejszych 
kwadratów, a następnie wyznaczono dla niej zmiany przyspieszeń. Na tej podstawie wyznaczono wartości sił działających na 
łożyska zespołu wytwornicowego w warunkach statycznych i dynamicznych. Wartości te porównano z wartościami uzyskanymi 
podczas manewru skok w górę i skok w dół. Przeprowadzone analizy służą do określenia ekstremalnych stanów obciążeń podze-
społów zespołu napędowego, a w tym węzłów łożyskowych zespołu wytwornicowego.

Słowa kluczowe: śmigłowiec, silnik turbinowy, łożysko gazowe, gazowe łożyska foliowe.

far. First generation projects have relatively simple adaptive/flexible 
elements such as foils in bearing shells. They are typically uniformly 
stiff. unfortunately, such gas bearings show like rigid gas bearings of 
the same size (without adaptive/flexible elements) a similar capacity. 
second generation foil bearings are equipped with a more complex 
flexible base (Fig. 1) where stiffness is adjusted to a single direction, 
e.g. axial. This activity is aimed at adjusting the bearing to the envi-
ronment in which it operates. This is particularly true about the cor-
rection of misalignment or prevention of fluid leakage at foil edges. 
The load capacity of generation second foil bearings is twice larger 
than that of solutions of generation i. A sample of a design solution by 
[5] is depicted in Figure 2.

Third generation of foil-air bearings are compose of advanced, 
highly complex, flexible foil bases stiffness of which is adjusted in 
two directions (often axially and radially). This level of designing 

1. Introduction

The technology of foil-air bearings was developed already in 1960 
for high rotational speeds in designs of boosters for diesel engines, 
auxiliary power units for aircraft (APu) and selected sections of tur-
bine engines [2, 8, 9]. gas bearings can operate often where conven-
tional oil-lubricated bearings cannot most often, because of their too 
high stiffness, too high rotational speed and thermal requirements [1]. 
generally, manufacturers of all kinds of technical devices such as tur-
bochargers, turbo-generators, turbine engines, spindles, etc. claim that 
foil-air bearings are too risky if attempted to be implemented in new 
applications. Meanwhile, the researchers conducted a series of very 
extensive research to demonstrate their superiority over conventional 
bearings in many applications, especially for turbochargers and small 
oil-free gas turbines [8]. Besides, there are many methods to predict 
the lifetime of equipment, even if based the monitored diagnostic pa-
rameters. Kosicka [14] claims that appropriate mathematical models 
to analyze the data make it possible to make decisions about the need 
for maintenance and repair. if warning symptoms are detected, it is 
possible to determine residual operational time for devices. such ac-
tivities can minimize fears about the implementation of foil gas bear-
ings in non-standard applications.

studying scientists achievements on gas bearings, it can be said 
that three generations of the gas bearing foil have been developed by 

Czyż z, Magryta P. analysis of the operating load of foil-air bearings in the gas generator of the turbine engine during the acceleration 
and deceleration maneuver. Eksploatacja i niezawodnosc – Maintenance and reliability 2016; 18 (4): 507–513, http://dx.doi.org/10.17531/
ein.2016.4.5.

Fig. 1. The view of an exemplary foil which was shaped to the foil-air bearings  
of generation II [2]
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flexibility of foil in bearings enables the control of edge effects and 
optimization of  bearing’s stiffness for different loads. Third genera-
tion of foil-air bearings proved to have a load capacity of three to four 
times larger than that of the bearing of first generation. A sample of 
such a bearing is shown in Figure 3 based on [7] and [10].

Combat helicopters, including unmanned ones need to show 
an excellent maneuvering capability to perform reliable avoidance 
maneuvers in air combat. The resulting op-
erational loads have a significant impact on 
bearing nodes of rotor system in the aircraft 
drive unit. unmanned aircraft are constantly 
developed and improved as they are an indis-
pensable machinery to carry out, for example, 
missions dangerous for crew. There has been 
already developed in Poland a number of such 
constructions, including unmanned helicopter 
iLX-27. This helicopter has been designed as 
an unmanned aircraft of a 1,000 kg storage class 
[4]. Another example of work on unmanned 
aircraft (unmanned helicopters) is a construc-
tion based on the sw-4 Puszczyk, a helicopter 
manufactured by PzL-swidnik s.A. [6]. some 
investigation is also underway on unmanned 
helicopters of a low take-off mass.

The use of the turbine engine in unmanned helicopter platforms is 
basically justified by its masst. it appears that the mass of the turbine 
engine set, including fuel is considerably less than the mass of the 
assembly with the piston engine for one hour of flight. A coefficient 
behind the power-to-weight ratio [kw/kg] in the case of aircraft tur-
boshaft engines is higher than in the piston engine. This means that 
during short (about one hour) flights of unmanned aircraft it is more 
convenient to apply turbine engines. unfortunately, the discrepancy 
in mass decreases with increasing time of operation. This involves a 
larger unit fuel consumption which is 0.4-0.7 kg/kwh and 0.35 kg/
kwh for the turbine engine and piston engine, respectively. However, 
the cost-effectiveness of the use of gas turbine engines increases even 
more due to different fuel prices [3]. in the case of the FsTC-1 tur-
bine engine, designed at the Department of Thermodynamics, Fluid 
Mechanics and Aviation Propulsion systems of Lublin university of 
Technology, it is important to determine the status of the loading of 
bearings nodes, especially those of gas bearings (transverse and axial) 
on which the gas generator operates. The jump-up and jump-down 

maneuver is described in [16]. The 
study of the maximum loads on 
bearing nodes of the drive unit 
shows that during the jump-up 
and jump-down maneuver the 
maximum loading force acting on 
radial bearings is Pp = 17.1 n and 
the force acting on axial bearings 
resets, given the working compo-
nents of the gas generator are de-
signed so that axial aerodynamic 
forces they create could balance 
each other.

2. Research object

Analysis of the operating 
load of foil-air bearings is to 
choose the correct type of bear-
ings in the gas generator set in 
turbine engine with a power of 
18 kw. The object of the research 
is a turboshaft engine. The rota-
tional speed of the gas generator 

turbine, and also the whole gas generator set is 96,000 rpm while the 
turbine of drive set is 60,000 rpm. Despite the relatively high value of 
rotational speed of gas generator turbine (relative to the drive turbine), 
bearing are subjected to large values of temperature, which results 
from the positioning  between the shaft and the combustion chamber 
(Fig. 4).

Fig. 3. The view of foil-air bearings in third generation: a) a stiffener to prevent flexing of the upper foil layer [7], b) foil 
bearing with adjustable transverse stiffness [10]

Fig. 4. FSTC-1turbine engine with a power takeoff on shaft, own study

Fig. 2. The view of construction solution of foil-air bearings according to pat-
ent [5]
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The scheme of gas generator set in FsTC-1 engine is shown in 
Figure 5. All components of gas generator set have been described 
and parameterized in [16]. Difficult operating conditions (high rota-
tion speeds, high temperatures, difficult access), in the case of gas 
bearings are acceptable [11, 13, 15]. Assembly of gas generator, which 
is analyzed consist of a shaft on which the deposited centrifugal com-
pressor rotor and the axial turbine rotor. The whole parts are mounted 
on the two radial gas bearings and one axial bearing. Axial and radial 
air bearings are arranged inside the engine (between the compressor 
and the turbine), the bearing cores are fragments of the shaft and the 
axial plate of the axial bearing is connected with the shaft. For the 
analysis it was taken that the engine is placed longitudinally on a heli-
copter, and states of the operating load of foil-air bearings depend on 
the profile of the flight path and the flight mode, wherein the several 
cases of helicopter operation were distinguished.

3. Analysis of the load states of drive set during an ac-
celeration and deceleration maneuver

state model of operating load of bearing shafts are based on the 
actual values obtained from the analysis of PzL w-3 sokol helicopter 
data flight. Despite the difference in size  of the helicopters, it was 
assumed that the unmanned helicopter of 100 kg take-off mass, fitted 
with a designed engine will be able to perform missions with the pro-
file moves such s a manned helicopter. The analysis of acceleration, 
which are acting on rotor set. of designed engine was based on the 
results of experimental studies of the w-3 sokol helicopter in flight 
behavior of the noE [12]. Helicopters, especially unmanned must 
perform specific combat tasks such as: observation of the enemy, the 
discharge of the explosive materials, taking a shot at its sufficient 
maneuverability to avoid possible shoot down. These maneuvers are 
sufficient to enable a helicopter to achieve them. it is assumed that the 
helicopter does not take air combat. The subject of analysis is due to 
the lack of experimental data, relating to the behavior of unmanned 
helicopters in extreme flights.

The most common maneuvers that occur during the execution 
of the flight mission of unmanned helicopters include: jump-up and 
jump-down, acceleration and deceleration, braking before the attack, 
a tight curve and the return to target.

Among maneuvers listed in this article, it has been decided to ana-
lyze the maneuver of acceleration and braking, which is shown in fig-
ure 6d. Acceleration and braking maneuver is starting with the rapid 
increase of hover power, almost to the maximum and maintaining a 
constant altitude with the constant tilt of the helicopter. After reaching 
a certain velocity there is a braking. Like other combat maneuvers, 
this one is used on the battlefield and allows for quick hiding from 
enemy fire. The maneuver is based on a dynamic acceleration from 

Fig. 5. Diagram showing the components of compressor drive unit rotor set 
of the turbine engine, 1- clamping sleeve with the internal splines, 2- 
clamping nut from rotor compressor, 3- compressor rotor, 4- thrust 
disc of axial bearing, 5, 6- radical bearing sleeve, 7- clamping nut 
from rotor of compressor drive unit turbine, 8- rotor of compressor 
drive unit turbine, 9- compressor drive unit shaft, 10- compressor ro-
tor sleeve, own study

b)

c)

d)

e)

a)
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hovering, to obtain velocity of over 90 km/h, and the braking before 
the cover (Fig. 6d). Braking must take place quickly, because the slow 
braking extends much its length, and thus, the helicopter is longer 
exposed to shooting down and is easier to trace. However, too late 
starting of braking process can cause helicopter will not be able to 
brake before the cover, which eventually had to protect him and will 
be destroyed.

The analysis was carried out taking into account the time-course 
of helicopter flight velocity. From [12] coordinates of the points that 

are presented in Table 1 has been read. Then, using the Approximation 
v1.5.9.2 software, the function was approximated by the least squares 
method.

Coordinates shown in table 1 were approximated by the least 
squares method and described below to give the 9-degree polynomial. 
The degree of the polynomial  is contingent upon receiving the least 
mistakes.

The polynomial describing the velocity ratio as a function of time 
V=f(t) during performing the acceleration and deceleration maneuver 
was described by Equation 1 and following differentiation of equation 1 
acceleration (equation 2) was obtained:

V f t= ( ) = 1 38181953695982 6 9 91464119063688 5

0 00295
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Fig. 6. Schemes of maneuvers performed during the mission of unmanned heli-
copters: a) jump-up and jump-down (Bob-up, Bob-down), b) diagonal 
loop, c) climb backward and diving, d) acceleration and deceleration/
braking before the attack, e) diagonal immelman, f) dolphin jump and 
the turn with half loop g) climb backward and vertical dive with half 
loop in front, h) vertical climb to the spiral, i) horizontal eight with a 
quick stop, j) vertical dive and departure, k) tight curve, l) slalom, own 
study from [17]

e)

f)

g)

h)

j)

(1)

i)
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Figure 7 shows the function obtained from a measurement 
of the velocity of the PzL w-3 sokol helicopter versus time 
during the acceleration and deceleration maneuver, and the 
approximation function on the basis of the resulting from ac-
quired data points.

Comparing the characteristics based on the measurement 
points and the polynomial, which was obtained from the ap-
proximation function, it can be seen that the relative error re-
sulting from the approximation does not exceed 1% (Tab. 2 
and Fig. 8).

The polynomial function describing the acceleration 
which is a derive of the velocity by the time are shown in 
Figure 9.

4. Loads of gas generator bearing nodes

According to developed in [16] states model of the operating load 
for the foil-air bearings of the engine,  which is the subject of research, 
we can mention the following forces acting on the radial bearing of 
the rotor set:

gravity of the rotor set; –
caused by the jump-up/jump-down maneuver; –
caused by the gyroscopic moment; –

centrifugal caused by the tight curve maneuver; –
caused by the return on purpose maneuver; –
residual unbalance. –

in the case of thrust bearing we can be mentioned forces:
gas from aerodynamics; –
axial caused by the acceleration and braking maneuver; –
centrifugal caused by the derived from jump over the  –

obstacle maneuver.

On the rotor set, in addition to the static forces with the 
time-varying values, a dynamic loads work also. while in the 
first case, there are only fixed values, directions and points 
of application of forces, in dynamic loading, we are dealing 
with the situation in which the body (research object) sudden 
external force and inertia force generated as a result  of ac-
celeration of the body mass are acting. The value of overload 
depends mainly  on the acceleration and in extreme conditions 
can overload the tested bearing as well as in certain situations 
underload. The purpose of the analysis of dynamic load of 
bearing nodes of rotor set is to determine such k coefficient, 
depending on the maximum acceleration values that guaran-
tee correct operation of the bearing in the test load range.

To determine the value of the overload, the various 
maneuvers in terms of acceleration and the direction of their 
actions, and thus the type of loaded bearings (axial, radial) 
should be analyze. During the maneuver of acceleration, de-
celeration and braking before the attack  we have to deal with 
the forces (Fig. 10):

R RA
y

B
y

1 1/  – gravity of the rotor set;

RB
x

1  – gas from aerodynamics;

RB
x

2  – centrifugal caused by the derived during the  

  maneuver. 

it is assumed that the working components of the gas gen-
erator set are structured such that the formed axis aerodynam-
ic forces will equilibrate. This fact is causing RB

x
1  force to 

Table 1. Coordinates of the velocity changes depending on the time for acceleration and 
deceleration maneuver, based on [12]

no. time [s] registered 
velocity [m/s] no. time [s] registered 

velocity [m/s]

1 0 0 10 9 32.86
2 1 0.97 11 10 33.10
3 2 1.78 12 11 30.97
4 3 5.32 13 12 27.66
5 4 9.81 14 13 23.64
6 5 14.21 15 14 18.51
7 6 18.68 16 15 10.52
8 7 23.88 17 16 0
9 8 29.31

Table 2. Measurement and approximation data of velocity changes of PZL W-3 Sokol helicop-
ter flight depending on the time, during the acceleration and deceleration maneuver

time [s] Measurement 
velocity [m/s]

Calculation 
velocity [m/s]

relative error 
[%]

acceleration 
[m/s2]

0 0.00 0.00 − −0.62

1 0.97 0.96 0.73 2.47

2 1.78 1.78 0.06 4.29

3 5.32 5.37 −0.89 4.36

4 9.81 9.76 0.49 4.38

5 14.21 14.09 0.84 4.97

6 18.68 18.73 −0.31 5.37

7 23.88 23.97 −0.38 4.55

8 29.31 29.06 0.87 2.19

9 32.86 32.54 0.98 −0.85

10 33.10 33.21 −0.34 −3.15

11 30.97 31.10 −0.41 −3.91

12 27.66 27.45 0.78 −4.07

13 23.64 23.50 0.61 −6.08

14 18.51 18.67 −0.88 −10.47

15 10.52 10.44 0.77 −7.10

16 0.00 0.03 − 6.24

(2)

Fig. 7. Measurement and approximation functions of the PZL W-3 Sokol helicopter veloc-
ity, depending on the time
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reset. in contrast, the forces of gravity are (on the basis 
of statistic calculations):

  R P NA
y

A
st

1 1 5 638= = . � N

  R P NB
y

B
st

1 1 1 631= = . � N

The forces acting on the radial bearings arise only 
from the mass of rotor set, therefore:

               a g m sΣ = = 9 81 2. / 

               k a
g

= =Σ 1 (3)

               11 6385.y dyn st
AAP k P N== ⋅

inertial forces acting on the thrust bearings, are 
caused by acceleration during  the maneuver and rep-
resent multiples of gravity force of the whole set Qc, 
where the multiply coefficient is the value of the over-
load. The force of gravity Qc is the sum of the compo-
nents of the gas generator set shown in Figure 5. The 
mass of each component, together with other basic pa-
rameters is shown in Table 3.

The result of the analysis gives the maximum ac-
celeration amax=10.47 m/s2. Hence:

                 a aΣ = max

                 a m sΣ =10 47 2. / 

According to equation (3), the coefficient k is:

                 
k = =a

g
Σ 1 067.

Force RB
x

2  is caused by axial acceleration during the 
maneuver is therefore: 

              
2 7.63 Nx dyn

cBP k Q= ⋅ =  

Fig. 8. Figure showing relative error of approximation of PZL W-3 Sokol helicopter velocity, de-
pending on the time during the acceleration and deceleration maneuver

Fig. 9. Figure showing acceleration of the W-3 Sokol helicopter during the acceleration and de-
celeration maneuver

Fig. 10. Diagram of load of bearing nodes during the acceleration, deceleration and braking 
maneuver before the attack, own study

Table 3. Basic parameters of the components of compressor drive unit rotor set

no. Element name Material Volume [m3] Mass [kg] weight [n]

1 Clamping sleeve with the internal splines titanium 2.644e–6 0.012 0.118

2 Clamping nut from rotor compressor steel 6.761e–7 0.005 0.049

3 Compressor rotor titanium 3.413e–5 0.152 1.491

4 thrust disc of axial bearing steel 1.325e–5 0.104 1.020

5, 6 radical bearing  sleeve steel 0.843e–5 0.067 0.657

7 Clamping nut from rotor of compressor drive unit steel 8.284e–7 0.007 0.069

8 rotor of compressor drive unit turbine steel 2.091e–5 0.164 1.609

9 Compressor drive unit shaft steel 1.824e–5 0.143 1.400

10 Compressor rotor sleeve titanium 1.763e–6 0.008 0.079

 Density of used materials:  – steel, density= 7.860 kg/m3

                      – titanium, density= 4.460 kg/m3
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5. Conclusion

During the acceleration and deceleration maneuver, we have to 
deal with the forces of gravity of the gas generator set, gas aerody-
namics force and force caused by axial acceleration during the maneu-
ver. if we assume that the working components of gas generator set 
are designed so that, they made an axial gas aerodynamic forces inter-
actions to equalize, the remaining forces work with a value that results 
from motion profile  of the helicopter. Based on the presented analysis 
we can make a results compilation. For this maneuver gravity forces 
(on the basis of statistical calculations) are respectively for bearing 
A= 5.638 n and for the bearing B= 1.631 n. As the coefficient k in 
this direction is equal 1, these forces result only from the mass of the 

rotor set. From Table 2 and Figure 9, the acceleration value was 
amax=10.47 m/s2. The coefficient k is 1.067. After multiplication  of k 
factor and the mass of all components of gas generator set that act on 
the bearing, the RB

x
2  axial force called axial acceleration during brak-

ing maneuver is 7.65 N.
in the maneuver jump up and jump down [16] this force was omit-

ted, in this case is one of significant value. with respect to the radial 
forces, during the maneuver jump-up  and jump-down radial bearing 
A is more loaded than the bearing B and the maximum value  of the 
loading force radial bearings (bearing node A) is Pp= 17.1 n.
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1. Introduction

The main aim of each water distribution system (wDs, water 
pipes network) is to deliver water of desirable quality and assumed 
quantity for customers. in order to meet these requirements, mainte-
nance services, like repairs and replacements of broken or malfunc-
tioned parts, are required.

The literature devoted to the problems of simulation of the wDs 
behaviour and to analysis of its reliability is very rich (see, e.g, [3, 4, 
7, 10, 11, 15, 17, 19, 25, 29] for a description of various approaches, 
and [16, 28] for a more detailed review of methods and literature). 
Because of a necessary long-time horizon planning (e.g. 20 or even 
50 years), an influence of a value of the money in the future on main-
tenance costs should be taken into account. Also such a problem is 
addressed in many papers.

For example, in [20], the main aim is to estimate and validate 
various cost functions for different types of assets of a wDs, if their 
hydraulic (e.g., flow, pump head, pump power) and physical char-
acteristics (e.g., volume, material, nominal diameter) are stored in a 
specially prepared data base. A method of a linear regression is used 
to model a dependency between  various types of the costs (like an 
equipment cost) and the mentioned characteristics of a pipe (like a 
nominal diameter) based on data from several Portuguese urban water 
utilities. However, a method for a  calculation of a present value of the 
total costs is not developed there in a more detailed way.

Contrary to the previous paper, in [12], let’s say, a “macro-man-
agement” approach for a wDs rehabilitation problem with a real 
long-time horizon is widely discussed. in this paper, both an econom-
ics and hydraulic capacity of a wDs is analysed, if a deterioration of a 
pipe follows the Hazen-williams equation. The total costs are related 

roManIuK M. on simulation of maintenance costs for water distribution system with fuzzy parameters. Eksploatacja i niezawodnosc – 
Maintenance and reliability 2016; 18 (4): 514–527, http://dx.doi.org/10.17531/ein.2016.4.6.

Maciej roManIuK

on simulAtion of mAintenAnce costs for wAter distribution system 
with fuzzy pArAmeters

o symulowAniu kosztów utrzymAniA dlA systemu dystrybucji wody 
o pArAmetrAch rozmytych*

In this paper we propose a model for evaluation of maintenance costs of a water distribution system (WDS). The set of possible 
states of each connection (i.e. a pipeline in the WDS) is related to various possible degrees of quality of the pipe and types of its 
malfunctions. The process of transitions between these states forms a semi-Markov process. Using Monte Carlo simulations, the 
length of services and the times of necessary replacements and repairs of the connections are obtained. These values are then 
used as an input for estimation of the maintenance costs of the whole WDS. During this step we take into account the concept of 
present value of money. Contrary to other approaches, instead of a constant yield, a stochastic process (the one-factor Vasicek 
model) of an interest rate is assumed. Then various simulated measures of reliability and the maintenance costs can be analysed, 
like an influence of various parameters of the pipes (e.g. intensities of damages) on the final costs of the performed services. They 
can be crucial in the analysis of risk for various possible decisions. Apart from the crisp approach, the Monte Carlo simulations 
are also applied, if some of the parameters of the WDS are fuzzified. Therefore uncertainty and experts’ knowledge can be easily 
incorporated into the proposed procedure of the estimation of the maintenance costs. Observed differences between the crisp and 
the fuzzy output are highlighted. Simulation algorithms, necessary for both of these approaches, are also provided.

Keywords: water distribution system, maintenance costs, semi-Markov process, Monte Carlo simulations, 
present value.

W niniejszym artykule przedstawiono model obliczający koszty utrzymania i konserwacji dla systemu dystrybucji wody (WDS). 
Zbiór możliwych stanów każdego połączenia (tzn. odcinku rurociągu w WDS) jest zdefiniowany przez różne poziomy jakości rury 
oraz występujące typy uszkodzeń. Proces przejść pomiędzy tymi stanami jest opisany procesem semi-Markowa. Wykorzystując 
symulacje Monte Carlo, uzyskano długości okresów obsługi oraz momenty niezbędnych wymian i napraw. Wartości te są następ-
nie wykorzystywane do estymowania kosztów utrzymania całego WDS. W kroku tym brana jest pod uwagę wartość pieniądza 
w czasie. W przeciwieństwie do innych podejść, zamiast stałej stopy procentowej, założono stochastyczny proces stopy (dany 
jednowymiarowym modelem Vasicka). Następnie na podstawie przeprowadzonych symulacji wykonano analizę opartą o różne 
miary niezawodności i obliczone koszty obsługi, np. zbadano wpływ parametrów połączenia (takich jak intensywność uszkodzeń) 
na ostateczne koszty konserwacji. Analizy tego typu mogą pełnić istotną rolę w ocenie ryzyka dla różnych możliwych do podjęcia 
decyzji. Poza podejściem typu crisp, zastosowano również symulacje Monte Carlo gdy niektóre z parametrów WDS zostały okre-
ślone w sposób rozmyty. Dzięki temu można wykorzystać niepewność oraz wiedzę ekspercką w proponowanej metodzie estymacji 
kosztów obsługi. Zwrócono uwagę na różnice występujące pomiędzy podejściem crisp i rozmytym. Zostały również opisane nie-
zbędne dla obydwu podejść odpowiednie algorytmy symulacyjne.

Słowa kluczowe: system dystrybucji wody, koszty konserwacji, proces semi-Markowa, symulacje Monte Carlo, 
wartość obecna.
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to a rehabilitation of a pipe and some additional maintenance costs 
(mainly breakage repair costs). To model the breakage rate, the expo-
nential dependency on an age of a pipe is assumed. The present value 
of the total costs is then calculated using a constant discount rate. 
The main aim of the whole procedure is to minimize the total costs 
associated with a rehabilitation, if some hydraulic constraints, neces-
sary for a quality and a quantity of the supplied water, are preserved. 
As mentioned in this paper, an analysis period for such a procedure is 
typically equal to 30-60 years.

There are also more specialized approaches to the problem of the 
costs estimation. For example, in [25], an optimisation procedure for a 
problem of minimising the costs is also described. in this case, the au-
thors express the total cost of a renewal, risk and an unavailability of a 
wDs as one function of time. But then this cost equation is minimized 
using the idea, that groups of pipes may be renewed together, if the 
benefits of grouping are balanced with the costs of shifting renewal 
investments in time. A special “greedy algorithm” is developed in or-
der to find a solution for such a setup, and this numerical method is 
then applied for a wDs in a medium-sized norwegian municipality. 
The authors informed about a high level of possible savings, if their 
“grouping” method is used.

Apart from planning a renewal schedule, the estimation of the 
costs can have impact on other types of decisions, even regarding 
physical characteristics of pipes. in [21], the costs related to a simple 
wDs are analysed for up to 50 years period. Two kinds of scenarios 
(with and without a replacement) are discussed, for which minimi-
zation procedures are applied using the installation and repair costs 
with, so called, a damage and inconvenience cost multiplier (which is 
related to the claims from damages and other inconveniences caused 
by breaks). in this case a genetic algorithm is used to solve the opti-
mization problem. Then practical conclusions about the diameter of 
pipes, which should be installed, and an age, when instead of repair-
ing, a replacement should be done, are drawn. Once again, the authors 
emphasizes possible savings, if an appropriate analysis of the problem 
is conducted.

The authors of [3] also focus on physical characteristics of a 
pipe. For various types of materials used for pipes, different models 
of break rates, based on an exponential hazard function, are incorpo-
rated. such an approach leads to different functions of the costs, in 
which the costs and possible benefits of inspection technologies are 
also taken into account. it should be noted that in this paper, only a 
nominal value of the money is considered.

in some papers, time, which is necessary for a whole repair proce-
dure, is completely neglected. such an assumption may be accepted, 
even in practical situations (see, e.g., [28] for a more detailed discus-
sion), but in many papers the required time is modelled using some 
random variable. For example, in [11], the generalized exponential 
density is applied. The authors also describe various types of the costs 
related to repairs, like the costs of a procedure itself, the costs of an 
extra energy (which is necessary to satisfy the public demands), the 
costs of water losses and a loss of revenues (which takes place, when 
the water demands are not satisfied).

A completely different scale (let’s say, a “micro-management”) of 
the problem of the costs is considered in [1]. The authors, using usA-
CrEL condition index (Ci) system, optimize a maintenance time of a 
wastewater plumbing system for a single building – Esteghlal Hotel 
in iran. The costs of repairs are given by a virtual variable related to 
a condition index of a component, and the costs of replacements are 
based on some physical characteristics of a pipe. in order to optimize 
the costs, a saving to investment method is applied. it allows the au-
thors to analyse the maintenance management costs and it leads them 
to formulate practical advices concerning the time when the whole 
water system in the building should be replaced instead of extending 
its maintenance or additional repairs.

Then other approaches to a function of the costs are also pos-
sible. in [32], a reliability of sand filters, as a part of a whole wDs, 
is considered. For the costs function, a concept of Life Cycle Costing 
is adopted. Apart from various sources of possible payments (during 
a construction phase, a usage phase and, finally, a disposal), some 
other factors are taken into account: an economical operational readi-
ness rate, a target operational readiness rate and a critical operational 
readiness rate. They form a whole concept of a risk analysis related to 
the possible costs.

As it is seen from these exemplary papers, the problem of an anal-
ysis and an estimation of the costs is very important during a construc-
tion and a further maintenance of a wDs. The approaches to such a 
problem are various, starting from a form of the cost function (which 
can depend on physical characteristics of a pipe, time of a repair 
etc.), through a scale of a wDs (a single building or a whole system), 
considered parts of a wDs (pipes, filters, intakes etc.), a scope of 
an analysis undertaken (which can include an additional optimization 
procedure, a calculation of some statistical measures etc.) and so on. 
However, we can point out some ideas, which are very common in 
these papers. Firstly, usually a long time period is considered, even 
50-60 years. secondly, some numerical algorithm is applied, which 
generates possible times of occurrences of the faults, varied values of 
the costs etc. Thirdly, this algorithm is related to some random proc-
ess, which is assumed for the considered model. Fourthly, because of 
the mentioned length of the analysed period, the value of the money 
in time is usually taken into account.

such an approach (i.e. introduction of the relation between the 
time and the value of the cash flows) is widely studied in financial 
mathematics, because it is known, that one unit of money, which is 
paid now, has different value than the same unit, which will be paid 
in the future. Therefore, we also adopt this idea and analyse the es-
timated present value (i.e. the value of money for now) of the costs 
of future services. The maintenance costs are one of the key factors 
during selection from a set of various possible decisions, if the finan-
cial risk is taken into account. However, in various papers, the re-
lated discounting factor is only a minor, almost negligible, part of the 
whole simulated model. usually, the yield is given by a factor, which 
is constant in time. in our considerations, the stochastic model of the 
interest rate is directly embedded into the Monte Carlo simulations, as 
important part of a reliability analysis.

Additionally, it is given by the one-factor Vasicek model. There-
fore, such a yield can be better adjusted to real life data (e.g. estimated 
using statistical methods), especially if a long time horizon is consid-
ered. Also other, more complex models of the interest rate process can 
be directly used in the general approach presented in this paper. To the 
best knowledge of the author, an incorporation of a stochastic model 
of the yield is not considered in other papers concerning the analysis 
of the wDs costs at all. Further, using the Monte Carlo simulations, 
we show that there are significant differences in the estimated output, 
if, instead of the stochastic model, more classical approaches (like a 
constant yield) are taken into account. it means that, if we ignore a 
stochastic nature of the yield (which, of course, can not be constant 
all the time), some significant error is introduced into our analysis of 
the costs.

Additionally, in many of the papers, only one source of an uncer-
tainty is modelled, i.e., some random process describes a behaviour 
of a wDs, e.g. the times of its defaults. However, there are other pos-
sible sources of uncertainties, which can be related to an incorporation 
of the experts’ knowledge. Therefore, in our setting, the parameters of 
the model are described by fuzzy numbers. it means, that they are not 
completely precise (i.e., “crisp”) but they are, in some way, uncertain 
(“near to / about”). such an idea is close to the real life, because, e.g., 
an unconditional time of a replacement of a pipe is rather “about 5 
years”, than strictly “always and only 5 years and not one day more 
/ less”.
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in this paper, the costs of the services are related to a set of pos-
sible states of the single connection. These states reflect various types 
of quality and degradation of the pipeline and its current behaviour 
(i.e. if it operates). we assume that the random transitions between the 
states of the single connection form a semi-Markov process. These 
transitions are also influenced by a deterministic, unconditional re-
placement age, which can be part of a maintenance routine.

The connections in the wDs can be grouped by their types, de-
pending on various technical properties (like quality, size etc.), which 
leads to different sets of statistical and reliability parameters. Then, 
the present value of the future possible costs of the maintenance serv-
ices is estimated using Monte Carlo simulations for the whole wDs, 
which consists of the mentioned groups. Apart from the estimator of 
the present value, other statistical measures related to the repairs and 
the replacements, as well as their costs, can be also directly obtained 
using simulations. These measures can be an important input for the 
reliability analysis of the wDs.

This paper can be seen as an important step in generalization of 
the approach proposed in [26]. The currently presented contribution 
is fourfold. Firstly, as it was previously mentioned, instead of the 
constant yield, the interest rate is modelled using a stochastic proc-
ess. The Monte Carlo simulations of trajectories of this process are 
directly embedded into a procedure of generation of the costs of the 
services of the whole wDs. The stochastic model allows us for a bet-
ter adjustment of the yield to the real life data and to minimise the 
possible error related to an assumption of the constant yield. This is 
very important for the practitioners in a proper estimation of the future 
maintenance costs. secondly, instead of a classical Markov process 
with a discrete state space, the semi-Markov process of the transi-
tions between the states, with the introduction of the deterministic, un-
conditional replacement age, is proposed. it allows us to apply other 
random distributions for the transitions, not only the exponential one. 
Thirdly, we enrich our model introducing fuzzification of some pa-
rameters of each connection in the wDs, like the costs of the services 
and the intensities of the transitions. This fuzzification reflects the 
uncertainty observed in real life data, which can be overcome with 
the experts’ knowledge. it allows us, to some extent, to measure “an 
error” produced by these uncertain parameters, because a simulated 
output forms also a fuzzy number. This is important for a maintenance 
analysis, because it leads to a better estimation of the future, uncertain 
costs. Fourthly, apart from the Monte Carlo simulations of the wDs 
for the crisp case, some examples of the analysis of the wDs, if the 
parameters are given by fuzzy triangular numbers, are presented. it 
should be mentioned, that other types of L-R fuzzy numbers can be 
also directly applied for the considered approach.

This paper is organized as follows. in section 2, the model of 
the wDs is proposed. in this part, the set of connections, the model 
of the maintenance costs related to repairs and replacements, as well 
as the one-factor Vasicek model are presented. in section 3, a Monte 
Carlo approach is used to simulate a behaviour of the wDs, if all of 
the considered parameters are crisp. Apart from the description of the 
relevant algorithm, some examples of various settings are analysed. 
section 4 is devoted to the problem of fuzzification of the param-
eters of the model. Firstly, some definitions and necessary symbols 
are introduced. Then, various examples of the output for the fuzzy 
environment, which are based also on the Monte Carlo simulations, 
are discussed.

2. Model of WDS

Let us suppose that the considered wDs is modelled by a graph 
of connections G. in this graph, each connection (i.e. a pipeline which 
is a part of the whole wDs) is represented as an edge, and possible 
sources or outflows are denoted by nodes. in practice, various types of 

nodes are possible, e.g., intake points (sources), supply points (sinks), 
branching nodes (see, e.g., [18] for a more detailed discussion).

2.1. States of the connection

in the following, we focus only on the edges of the graph G, i.e. 
the connections of the considered wDs. we assume that the state of 
each connection for a given time t can be described by one of the 
possible states from a set S={0,1,2,3,4}. These numbered states are 
related to the various types of quality of this pipeline (which depends 
on its degradation and the probability of possible malfunction) and 
its current behaviour (i.e., if this connection operates or not). in this 
way we have:

State 0 –  The considered section of wDs is under replacement 
now, because it is completely broken, so it does not work.
State 1 –  The section is under repair, because of its temporary 
malfunction, and it can not be used now.
State 2 –  The section works and can be described as to be in a 
burn-in phase, when some initial defects just after starting this 
part (as a new one) are possible.
State 3 –  The section operates and it is in its normal operations 
state (or a standard state), because the previous period of oc-
currence of some initial failures has ended.
State 4 –  The section works, but a wear-out period after the nor-
mal operations state has been reached, so this part of the wDs 
may fail with higher probability due to deteriorating stresses 
from its previous lifetime.

some of the considered states, namely burn-in, normal operations 
and wear-out phases, are described in a more detailed way in [4]. The 
quality of a pipeline can be also modelled using other approaches, 
see, e.g., [7, 17, 25, 28, 29]. However, the presented setting is more 
flexible, because it allows for an introduction of more than the five 
considered states. Therefore, the quality of a pipeline can be modelled 
even in a more complex way, if it is necessary for some practical pur-
poses. Additionally, the parameters of each state can be statistically 
estimated independently of other states.

Our main aim is to analyse the state of the j-th connection at the 
time t, which is defined by a process of the state of the connection  

S tj( ) ( ). From our previous assumption, we get S tj( ) ( )∈{ }0 1 2 3 4, , , ,  , 
i.e. for any time t, the state of the j-th connection is described by some 
state from the set S.

Then, S j( ) ( )0  is a starting state for the j-th connection, i.e., 
the state of the pipe during initialization of the whole algorithm (or 
estimation procedure, equivalently). The behaviour of the process 

S tj( ) ( ) for the fixed j is described by random sequences L Lj j
1 2
( ) ( ) …, ,

and S Sj j
1 2
( ) ( ), , . Variables in the first sequence are periods between 

the moments when the j-th connection enters into some state and then 
leaves this state in order to proceed to another state. The second se-
quence describes the consecutive states for the j-th connection at the 
moments L L Lj j j

1 1 2
( ) ( ) ( )+ …, , .

we assume that the process formed by S L Li
j j

i
j

i

( ) ( ) ( )+…+( ), 1  is 
a Markov renewal process. Then, straightforwardly,

 N t L L tj

n

j
n

j( ) ( ) ( )( ) = +…+ ≤{ }max 1

is a Markov renewal counting process (i.e., the number of the transi-

tions between the states in our case) and S t Sj
N t

j
j

( )
( )

( )( ) = ( )  is a semi-
Markov process.

Additionally, we assume that for every i,j the processes S ti( ) ( )
and S tj( ) ( ) are independent of each other in probabilistic sense. From 
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the practical point of view, it means that there is no “information 
flow” between the connections and that the state of one part does not 
depend on the condition of other pipeline.

if for any j, L Lj j
1 2
( ) ( ) …, ,  are iid random variables distributed 

according to the exponential distribution, then the process S tj( ) ( )  
directly reduces to a Markov chain with continuous time t and the 
discrete finite state space S (see, e.g., [22]). However, due to next as-
sumptions and incorporation of the fuzzy approach, such a simplifica-
tion is not relevant for the case discussed in this paper.

Let R j( )  denotes the deterministic and unconditional replace-
ment age (i.e. the planned replacement). it means that when the length 
of period after the last replacement of the j-th connection surpasses 
R j( ) , then this pipeline is always replaced regardless of its previous 
history (see also [19]). Mathematically, we calculate:

 R t t S t S t for t t tj

t t

j j
* max : , ( , ]( )

≤ ≤

( ) ( )= − ( ) = ( ) ≠ ∈{ }
0

2 1 1 1 2
1 2

0 0   (1)

and when R Rj j
* ,( ) ( )≥  the process S tj( ) ( )  immediately changes its 

value to the state 0 (i.e. under replacement).
it is easily seen, that if the deterministic transitions given by 

R j( )  are not taken into account, the behaviour of the process 
S tj( ) ( ) is completely described by the Markov renewal process 

S L Li
j j

i
j( ) ( ) ( )+…+( ), .1  in order to conduct the simulations, the tran-

sition probabilities:

 Q t Pr S t l L t S t kkl
j

n
j

n
j

n
j( )

+
( )

+
( ) ( )( ) = ( ) = ≤ ( ) =( )1 1, |  (2)

i.e. the distribution of the time t of the transition from the state k to 
the state l for each connection j, should be set. in the following we 
assume that:

 Q Xkl
j

l S kl
j( )

∈

( )= { }min ,  (3)

where X Xk
j

k
j

0 4
( ) ( )…, ,  are independent random variables and each 

Xkl
j( )  is given by the exponential distribution with the intensity λkl

j( ) ,  

i.e. X Expkl kl
j∼ ( )( )λ . it means that the distribution of Qkl

j( )  is given 

by the minimum of random times of transitions from the state k to 
each other possible state. in the case of the exponential distribution, 
the formula (3) is consistent with a classical stochastic approach, i.e. 
with the previously mentioned Markov chain. However, in practical 
applications other kinds of distributions could be also used to model 

the random variables X Xk
j

k
j

0 4
( ) ( )…, , , like, e.g., some lognormal distri-

bution. Especially, the formula (3) leads directly to the method which 
can be applied in numerical simulations of the transitions between the 
states even in the fuzzy case considered in section 4.

if we restrict ourselves to the exponential distributions for 

Xkl
j

k l S

( )
∈

{ }
,

 for the fixed connection j, then we have an intensity ma-

trix:

 Λ j
kl

j

k l S

( ) ( )
∈

= ( )λ
,

 

in practice, the values in ( )jΛ  should be estimated from real-life 
observations. in order to do this, we should note, that a mean sojourn 
time for the state k is given by:

 τ
λ

k
j

l k kl
j

( )

≠
( )=

∑
1

  (4)

and a one-step probability of the transition between the states k and l 
is equal to:

 Pr Qkl
j

kl
j kl

j

m k km
j

( ) ( )
( )

≠
( )= ∞( ) =

∑
λ

λ
 (5)

Then, using a set of equations based on (4) and (5) for all of the states, 
it is possible to set values of the intensities in the intensity matrix 
calibrated to our observations. For example, τ1

j( )  is a mean time for a 

repairing procedure, τ2
j( )  is a mean time, when a pipe is in its burn-in 

phase, Pr j
12
( )  is a probability, that a pipe is repaired in such a way, that 

it can be treated to be in the burn-in phase afterwards etc. Of course, 
this procedure may require some additional experts’ knowledge (e.g. 
about a mean time for the burn-in phase). However, this requirement 
directly coincidences with an introduction of a fuzzy approach de-
scribed in section 4.

if, instead of the exponential distributions, other kinds of densities 
are considered, the equations similar to (4) and (5) can be also used. 
we have (see, e.g., [13])

 τk
j

l k
kl

jF t dt( ) ∞

≠

( )= − ( )( )∫∏
0

1 ,

where ( )( )j
klF t  is a cdf of the time spent in the state k and associated 

with the transition from k to l, and 

 Q t F x dF xkl
j

t

m k
km

j
kl

j( )

≠

( ) ( )( ) = − ( )( ) ( )∫ ∏
0

1

for a relevant kernel matrix. These integrals can be analytically intrac-
table for more complex distributions, but it is still possible to calibrate 
the necessary parameters for the assumed densities even in practical 
applications (see, e.g., [13] for a more detailed discussion and some 
examples).

As it was previously mentioned, in the case of the set S considered 
in this paper, only some transitions between the states are possible. 

Therefore, only some intensities λkl
j( ) ,  related to the exponential dis-

tributions are not equal to zero. so, the intensity matrix has the form 

 ( )

0 0  X  0  0 
0 0  X  X  X 
X  X  0  X  0
X X  0  0  X 
X X  0  0  0

j

 
 
 
 Λ =
 
 
 
 

 (6)

where X denotes a non-zero entry. Rows and columns of the matrix (6) 
are numbered in the same way as the states from the set S, i.e. from 0 
up to 4. For example, λ02

j( )   corresponds to the intensity of replace-



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016518

sciENcE aNd tEchNology

ment of the broken part by a new one, which begins its work in the 

burn-in phase afterwards, and λ30
j( )  describes the intensity of break-

ing down with a necessary replacement as its consequence, if this con-
nection was in its normal operations state previously.

Additionally, from the description of the states, we assume that:

 
λ λ λ λ20 30 40 30

j j j j( ) ( ) ( ) ( )> >,

and:

 
λ λ λ λ21 31 41 31

j j j j( ) ( ) ( ) ( )> >,
 

These inequalities reflect the fact that the burn-in and wear-out 
states have greater intensities of both replacements and repairs than 
the normal operations phase, as stated previously.

During the Monte Carlo simulations considered in this paper, the 
process of the state of the connection S tj( ) ( ) is, in addition, modified 
by the instantaneous transitions caused by the relevant value of 
R j( )  .

in the following we assume that all of the connections could be 
grouped in K groups by their types which depend on various technical 
data for the pipes, e.g., their dimensions, a kind of material which is 
used etc. (see, e.g., [3] for additional details). straightforwardly, these 
types are related to different intensity matrices and, e.g., values of the 
starting states and unconditional replacement ages.

2.2. Model of maintenance costs

Based on the model described in section 2.1, the Monte Carlo ap-
proach can be applied to simulate a trajectory of the process S tj( ) ( )for 
each connection j, and then, in a similar way, to generate a behaviour 
of the whole wDs. The lengths of the periods between the transitions 
are part of such an output and the times of entries to the states 0 or 1 
(i.e. the necessity of replacement / repair of some part) can be directly 
calculated. in the following, these times are denoted by t1,t2,….

in this paper we focus only on the maintenance costs related to 
replacements and repairs. Of course, other types of costs (like costs of 
water losses, loss of revenues etc. – see, e.g., [4]) can be also incorpo-
rated into the considered numerical model.

we assume that the mentioned costs depend on the type of mainte-
nance service (i.e., if replacement or repair of some part is necessary), 
the length of this service and the type of the connection. Therefore 
we have:

 c j
i const

j
var

jt c c( ) ( ) ( )( ) = +  (7)

where c j
it

( ) ( )  denotes a total sum of costs for the given j-th con-

nection and the moment ti of starting the necessary service, cconst
j( )  is 

some constant value independent of the length of the maintenance, i.e. 
it is a fixed cost, and cvar

j( )  denotes a variable cost, i.e. a value which 
depends on the length of this service.

it is possible to apply various approaches for calculation of the 
variable costs using the Monte Carlo simulations. For example, these 
costs may be directly related to the length of period of the labour 
(and then strictly deterministic), or modelled by an additional random 
distribution which depends on the mentioned length, the type of con-
nection and other parameters (which directly leads to a random value 
of the payment).

2.3. Model of interest rates

in the considered setting we assume that the value of money de-
pends on time, i.e. we apply the concept of the present value, which is 
widely known in financial mathematics (see, e.g. [5, 27]). such a set-
up is especially useful if we are interested in the long time horizon 
T  (e.g., 10–20 years) for which the estimated costs of the mainte-
nance services should be found. Then, the values evaluated for differ-
ent scenarios can be compared for now (i.e. when t=0). These sce-
narios can be directly related to various possible decisions (e.g., 
different values of R j( )), so they lead to a selection of the best deci-
sion if the financial risk is taken into account.

in the following, we evaluate the present value of the total sum of 
the costs of repairs and replacements PV(c), which is given by:

 PV c PV t
i j

j
i( ) = ( )( )∑ ( )

,
c  (8)

in order to calculate (8), the relevant model of the interest rate 

should be used to find the discounting factor PV(.) for each c j
it

( ) ( ) . 
There are many such models known in financial mathematics (see, 
e.g., [5]), but in this paper we focus on the one-factor Vasicek model 
described by the formula:

 dr a b r dWt t t= −( ) +σ ,  (9)

where rt is a value of the interest rate at time t, Wt is the  standard 
Brownian motion, and a, b, σ are parameters of this model. Moreo-
ver, b characterizes a long term mean level (i.e. the trajectory of rt is 
directed to this value during its long run), a reflects a speed of rever-
sion towards b, and σ is an instantaneous volatility (variability) of 
the trajectory introduced by the random component of the Brownian 
motion.

in our setting, the model of the interest rate is directly embedded 
into the Monte Carlo simulations, as explained in section 3. There-
fore, it is necessary to apply the relevant iterative scheme for genera-
tion of increments Δrt and the discounting factor. in the case of the 
model (9), such a scheme (see, e.g., [5] for more details) is based on 
evaluation of rt at the fixed moments 0 0 1= < <…<t t tn , using the 

formula:

r exp a t t r b exp a t t
exp a t

t i i t i ii i+
= − −( )( ) + − − −( )( )( ) + − −

+ +1 1 11
1 2

σ ii i
i

t
a

Z+ −( )( )1

2
,

where Z Z Zn1 2, , ,…  are iid samples from N(0,1). Then, the cdf of 
1itr +

 

for the given value of rti  is equal to:

r N exp a t t r b exp a t t
exp

t i i t i ii i+
∼ − −( )( ) + − − −( )( )( ) − −

+ +1 1 1
21

1 2
,σ

aa t t
a

i i+ −( )( )











1

2

(10)

in the same way, the factor:

 ( )
1

1,
i

i i i

t
st t tfv r ds+

+
= ∫ , 

which is necessary to evaluate the present value, can be found. 
The cdf of fv ti0 1, +( )  for the given fv ti0,( )  and rti  (see, e.g., [5]) is 
equal to:
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fv N fv
a

exp a t t r b
a

exp a tt t i i t ii i i0 0 1 11

1 1, ,+( ) ( ) + +∼ + − − −( )( )( ) + − −−( )( ) + −( ) −( ) −( ) + − − −( )+ + +t a t t
a

t t
a

exp a t ti i i i i i i1

2

2 1 11 1
2

1 2,σ (( )( ) + − −( )( ) −( )















+

2 11a
exp a t ti i .

fv N fv
a

exp a t t r b
a

exp a tt t i i t ii i i0 0 1 11

1 1, ,+( ) ( ) + +∼ + − − −( )( )( ) + − −−( )( ) + −( ) −( ) −( ) + − − −( )+ + +t a t t
a

t t
a

exp a t ti i i i i i i1

2

2 1 11 1
2

1 2,σ (( )( ) + − −( )( ) −( )















+

2 11a
exp a t ti i .

(11)

The conditional covariance inside the pair r fvt ti i+ +( )( )1 10, ,  for the 

fixed value of r fvt ti i
, ,0( )( )  is equal to:

 σ 2

1 12
1 2 2

a
exp a t t exp a t ti i i i+ − −( )( ) − − −( )( )( )+ + .

2.4. Parameters of the model

Taking into account our previous considerations, the parameters 
of the whole model can be divided into two groups:

Parameters of the given type 1. k=1,…,K of the connection re-
lated to its reliability and its maintenance costs: S k( ) ( )0  – the 
starting state of the connection, R k( )  – the unconditional re-

placement age, ( )kΛ  – the intensity matrix, cconst rpl
k

,
( )  – the fixed 

costs ( cconst rpl
k

,
( )  for the replacement and cconst rpr

k
,

( )  for the re-

pair), cvar
k( )  – the variable costs ( cvar rpl

k
,

( )  – for the replacement, 

cvar rpr
k

,
( )  – for the repair), nk – the number of the connections 

of this type.
Parameters of the interest rate model related to the financial 2. 
setup: a – the speed of reversion, b – the long term mean level, 
σ – the instantaneous volatility.

3. Simulations – the crisp case

in this part we assume that all of the parameters mentioned in sec-
tion 2.4 are given by crisp values (i.e. real numbers). Because of this 
assumption, the relevant algorithm for simulation of the behaviour 
of the wDs and the interest rates is more straightforward than in the 
fuzzy case considered in section 4.

3.1. Algorithm

in order to calculate the present value of the maintenance costs 
and other output which is useful for the reliability and maintenance 
analysis (see section 3.2 for some examples), the three main phases 
of the algorithm should be repeated n times, where n is an overall 
number of simulations (see Appendix, Algorithm 1).

During the first phase, the relevant Markov renewal process is 
simulated using the random transition probabilities given by 
(2) (in the general case) or (3) (for the exponential distribution 
considered further on in this paper). Additionally, the condi-
tion (1) should be checked and, if R Rj j

*
( ) ( )≥ , the state of the 

connection is deterministically set to 0. Then, all of the tran-
sitions to the states 0 or 1 for each trajectory are found and 
the relevant times and periods of the maintenance services are 
calculated for these events. it leads us to an evaluation of  the 
nominal total sums of the costs for each generated time of the 
necessary service using the formula (7).

in the second phase, the iterative schemes (10) for rt and 
(11) for fv t0,( )  are used to generate the trajectory of the in-
terest rate process (9), and, simultaneously, the discounting 
factor. During this Monte Carlo step, the ordered times of the 

transitions to the states 0 or 1 of all of the trajectories simulated in the 
first phase are taken into account.

in the third phase, the estimator of the total discounted costs of the 
maintenance services is calculated.

3.2. Examples of analysis

in each of the following examples n = 1 000 000 simulations are 
conducted.

3.2.1. Example I

in the following, for illustration purposes, i.e. to validate a correct-
ness of the introduced algorithms and to present possible outcomes, 
we use artificial parameters for the considered wDs. However, some 
of them were obtained from an oral communication with the experts. 
Let us assume that only one type of the pipeline is considered and it is 
described by the parameters:

S R c c cconst rpl const rpr var rpl
1 1 1 1 10 2 5 5 4( ) ( ) ( ) ( )( ) = = = =, , , ,, , ,

(( ) ( )= = =3 2 201
1, ,,c nvar rpr

(12)

Additionally, the intensity matrix of the transitions is given by:

 ( )1

0 0 12 0 0
0 0 24 26 0

0.5 1 0 1 0
0.4 0.9 0 0 0.3
0.6 1.1 0 0 0

 
 
 
 =
 
 




Λ




 (13)

and the unit of time can be identified with one year. Therefore an aver-
age time which is necessary for complete replacement of the broken 
connection is about one month, an average time of repair (if then the 
burn-in phase is achieved) is half of this time, the unconditional re-
placement age is equal to five years etc. Of course, in practical appli-
cations the relevant parameters of the considered connections should 
be estimated from real data (or based on the experts’ opinions), as 
noted in section 2.1.

For the interest rate model it is assumed that:

 a=0.1,b=0.05,r0=0.04,σ=0.001 (14)

and we are interested in a rather long twenty years time horizon of the 
financial analysis of the maintenance costs (i.e., T=20).

After using the Monte Carlo simulations, the following es-
timators are found: xrpr = 360 597.  (an average number of re-
pairs), xrpl =190 164.  (an average number of replacements), 

Table 1. Exemplary estimators from Example I

Minimum Q1 Mean Q3

times of repairs 5.58913e-11 0.00574441 0.0199603 0.0276658

times of replacements 3.55271e-15 0.0238704 0.0829755 0.115023  

Costs of repairs 4 4.01149 4.03992 4.05533

Costs of replacements 5 5.07161 5.24893 5.34507  

Maximum stand. dev.

times of repairs 0.333829 0.0199602

times of replacements 1.64975 0.0829587

Costs of repairs 4.66766 0.0399203

Costs of replacements 9.94925 0.248876
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xrpl R, .=18 1029  (an average number of the unconditional, 
planned replacements), xrpl NR, .=172 061  (an average number 
of the replacements without the planned ones, i.e. the not 
planned replacements) and PV c( ) =1629 2.  (the discounted 
value of the maintenance costs) for the whole considered pe-
riod. some other useful estimators of times and costs can be 
also directly found from the same sample (see Table 1 for some 
examples).

The obtained estimator of the discounted value of the main-
tenance costs for the Vasicek model PV(c) can be directly com-
pared with the similar values for more classical approaches – a 
nominal value of the cash flow (denoted further by PVnomin (c)) 
and the model with the constant yield r (denoted by PVconst (c)). 
using the respectively modified Monte Carlo approach, we 
get PVnomin (c)=2454.9 and PVconst (c)=1547.42. in this second 
model, r = 0.05 is set, which is equal to the long term mean level 
b for the Vasicek model given by (14). The relative differences 
between the outputs from these models are rather significant 
– about 50.6813%, if we compare the nominal approach with 
the Vasicek model, and about −5.01964%, if the constant yield 
is taken into account. Therefore, a selection of the appropriate 
interest rate model seems to be an important step in a decision 
making process.

3.2.2. Example II

The considered Monte Carlo approach could be also useful 
for decision makers to examine an influence of various param-
eters or scenarios on the estimated output like the costs of main-
tenance services or the reliability statistics. For example, from 
the previous analysis the average number of the unconditional 
replacements may be seen as too high, so one may be tempted 
to increase the unconditional replacement age and set the higher 
value of R(1). Of course, such an action could have undesirable 
effect in the long-time horizon and, if R(1) is set too high, then 
also the number of “usual” (i.e. not planned) replacements or 
repairs caused by deterioration processes may increase. But the 
simulations, similar to the previously described ones, can be 
directly used to support the process of taking appropriate deci-
sions.

For example, for the parameters considered in our set-
ting, such a course is desirable, because for R(1)=10 we have 
xrpr = 361 715.  , which is similar to the value from the previous 

case (but now this average is also higher, the relative difference 
is about 0.310041%), xrpl =173 847.  is significantly lower val-
ue, xrpl R, .=1 2931  is only 7.14% of the previous average of 
number of the unconditional replacements, xrpl NR, .=172 554  
(which is similar to the previous case, but once again the 
relative difference is positive and equal to 0.286468%), and 
the total discounted value of the cash flow is also reduced to 
PV(c)=1578.87.

A similar analysis can be done also for a whole interval 
of the possible values of R(1). Figure 1 presents the relation 
between the unconditional replacement age and PV(c), in the 
similar way as in Example i, for different models of the interest 
rate: the Vasicek model (circles), the constant rate (squares) and the 
nominal value (rhombuses). All of these present values are exponen-
tially decreasing functions, but the differences between them are, once 
again, significant. 

The similar analysis can be done also for other values, which are 
very important for the practitioners and the decision makers, like the 
average number of repairs xrpr  (see Figure 2) and the average number 
of not planned replacements xrpl NR,  (see Figure 3). in the both cases, 

the average number of services is a slowly increasing function of R(1) 
for the given set of the parameters.

4. Fuzzification of the parameters

As it is known, some sources of uncertainty may be easily mod-
elled by the fuzzy approach (see, e.g., [6]). in such a case the value 
of some uncertain parameter is based on expert’s knowledge. This 
approach is especially very important when data is sparse and vari-
ous data analysis methods, like statistics, are not usable or even not 

Fig. 1. Graph of relation between R(1) and PV(c) from Example II

Fig. 2. Graph of relation between R(1) and xrpr = 361 715. from Example II

Fig. 3. Graph of relation between R(1) and xrpl NR, .=172 554 from Example II
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possible. Then, based on opinions of the experts, the necessary param-
eters of the model can be evaluated. However, usually these opinions 
have not completely precise form (e.g. like real numbers), they are 
rather stated as “the value of this parameter is about 5”, so they can 
be transformed into special form, known as fuzzy numbers. The fuzzy 
numbers are also used during making statistical decisions (see, e.g., 
[9] for an example of application to some reliability data).

in the following, we assume that some of the parameters describ-
ing the considered type of the connection (enlisted in section 2.4) 
are fuzzified. such an assumption requires different Monte Carlo ap-
proach than in the crisp case, therefore new, relevant algorithm is dis-
cussed in section 4.2. A comparison of the Monte Carlo simulations 
of crisp and fuzzy random numbers can be found, e.g., in [8].

For example, the planned replacement age R(j) is treated further 
as a fuzzy number. Theoretically, such a parameter is completely de-
terministic and crisp value, e.g. we may say “R(1) is equal to 5 years”. 
However, in the practical cases, this value is not completely exact and 
crisp and it is rather “about 5 years plus / minus a few days / months”, 
which is caused by a temporary lack of funds for the given period, 
urgent and more important repairs in other areas just in the given mo-
ment (hence, lack of the experienced staff at that time), problems with 
preparing plans for the traffic exactly in the given date (like busy work-
ing day) etc. Therefore, the introduced fuzziness has practical basis.

However, some quantitative information about the planned re-
placement age or other parameter is still required. Let us assume, that 
the experts express their opinions. These sentences can have, e.g., a 
form of linguistic variables (like “a time of a planned replacement is 
rather later than sooner”). But in the setting considered in this paper, 
it is necessary to “translate” them  into relevant sets of real numbers 
with membership functions, i.e. fuzzy numbers (see, e.g., [30]). Then, 
these numbers, which have to satisfy some additional requirements 
about a monotonicity of their membership functions (like L-R num-
bers), are used during simulations in order to evaluate a fuzzy output, 
e.g., fuzzy maintenance costs. Applying such a procedure, we gain 
an additional knowledge about a dependency between the uncertain 
(fuzzy) parameters (i.e. the experts’ opinions) and a simulated (uncer-
tain) outcome (i.e. conclusions, which are important for our manage-
ment decisions). it means, that a level of the uncertainty in the input 
is directly reflected in the uncertainty of the output and can be also 
easily measured. For example, a difference between the fuzzy mainte-
nance costs for two scenarios – “the planned replacement age is equal 
to 5 years plus / minus a half of the year” and “the planned replace-
ment age is equal to 4.5 years plus / minus a half of the year” – can be 
exactly seen and measured, and a relevant decision can be taken.

it should be also noted, that an incorporation of the fuzzy variables 
is related to a different type of uncertainty, than one modelled by proba-
bilistic approaches. Then, we enrich our model in a significant way.

4.1. Preliminaries

Now we present basic definitions and notation concerning the 
fuzzy approach, which will be used in the further part of the paper. 
Additional details can be found in, e.g., [14].

For a fuzzy subset A  of the set of real numbers R we denote by 
µ
A  its membership function µ

A R: ,→[ ]0 1  and by 




A x xα µ αµ[ ] = ( ) ≥{ }:  the α-level set of A  for α ∈ ( , ]0 1 . Then 

A  [0] is the closure of the set x xA: µ


( ) >{ }0 .
A fuzzy number a  is a fuzzy subset of R for which µ

A  is a nor-
mal, upper-semicontinuous, fuzzy convex function with a compact 
support. Then for each α∈[0,1], the α-level set a[α] is a closed inter-
val of the form a[α]=[ aL [α], a U [α] ], where a L [α], aU [α]∈R and 
aL [α] ≤ aU [α].

if +,−,⋅,/ is an operator for the fuzzy numbers (related to the equiva-
lent operator +,−,⋅,/ in the crisp case), then for the fuzzy numbers a ̃,b ̃, their 

outcome is also a fuzzy number. using α-cuts and the interval arithmetic 
we have:

 










a b a b a bL L U U+( )[ ] = [ ] + [ ] [ ] + [ ] α α α α α,

 










a b a b a bL U U L−( )[ ] = [ ] − [ ] [ ] − [ ] α α α α α,

















a b a b a b a b amin L L L U U L U⋅( )[ ] = [ ] [ ] [ ] [ ] [ ] [ ]α α α α α α α α[ , , , [[ ] [ ]{ }
[ ] [ ] [ ] [ ] [ ] [ ]

















b

a b a b a b amax

U

L L L U U L U

α

α α α α α α α

,

, , , [[ ] [ ]{ }
( )[ ] = [ ] [ ] [ ] [ ]

















b

a b a b a b amin

U

L L L U

α

α α α α α

],

/ [ / , / , UU L U U

L L L U

b a b

a b a bmax

α α α α

α α α α

[ ] [ ] [ ] [ ]{ }
[ ] [ ] [ ] [

/ , / ,

/ , /













 ]] [ ] [ ] [ ] [ ]{ }, / , / ],





a b a bU L U Uα α α α

if b ̃[α] does not contain zero for all α∈[0,1] in the last case.
A fuzzy number a ̃is called positive (a ̃≥0) if µ

a x( ) = 0  for x<0 
and it is called strictly positive (a ̃>0) if µ

a x( ) = 0 for x≤0.
An L-r fuzzy number is a fuzzy number with the membership 

function of the form:
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where L,R:[0,1]→[0,1] are non-decreasing functions such that L(0)= 
r(0)=0 and L(1)=r(1) = 1.

A triangular fuzzy number, denoted further by [a,b,c], is a L-R 
number with the membership function of the form:
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in the following, to approximate a desired fuzzy output f ̃, we 
check monotonicity of the underlying function f(x), when all of the 
parameters of the whole model, except of the single argument x, are 
held fixed. 

The same idea, related to the extension principle, applies also for 
λ ̃>0 given by a L-r fuzzy number, where λ ̃ is the fuzzy intensity pa-
rameter of the exponential probability density function. Therefore, if 
f(λ) is an increasing function, then for the given α, the left end point f ̃L 
[α] is approximated using the crisp value λ ̃L [α] as the intensity of the 
exponential random variables generated in Monte Carlo simulations. 
in the same way λ Ũ [α] is used to approximate f Ũ [α] (see also, e.g., 
[2, 23, 24]).

4.2. Simulations in the fuzzified environment

we assume that the parameters of each type of the connection, 
namely R k( ) , Λ( )k , cconst rpl

k
,

( ) , cconst rpr
k

,
( ) , cvar rpl

k
,

( ) , cvar rpr
k

,
( )  for 

k=1,…,K, are given by L-R numbers. Therefore in the following they 
are denoted by R k( ) , Λ( )k  etc. Then for the intensity matrix of the 
transitions we have  Λ( ) ( )

,
k

kl
j

k l S
= ( )

∈
λ , i.e. such a matrix consists of 
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five rows and five columns of positive fuzzy numbers and the pattern 
of strictly positive entries is the same as for (6).

using the Monte Carlo simulations, the output similar to the one 
discussed in section 3.2 is then obtained. But now these values, like 
the discounted value of the maintenance costs, are given by fuzzy 
numbers, so notation like PV c ( )  will be used further.

The fuzzy output is approximated by α-level sets PV c ( )[ ]α  eval-
uated using Algorithm 2 (see Appendix). Firstly, we should decide if 
the left or right end points of PV c ( )  should be estimated during the 
simulations. Then a binary variable left=1 or left=0 is set, respectively. 
The other parameters are: a starting value α ∈ ( , ]0 1 , an upper bound 
α α1 0 1∈ ( , ]  and an increment Δα>0.

in the first phase, for the given α, the relevant α-level cuts of the 
fuzzy parameters for all types of connections are found. Based on the 
monotonicity of PV(c), for each possible fuzzified argument and the 
fixed value of left, the left or right end point of the α-level cut of each 
parameter is then selected.

During the second step, the simulations of the whole wDs are 
conducted using Algorithm 1 (see Appendix). The generated crisp 
output PV(c) is approximation of PV cL ( )[ ]α or PV cU ( )[ ]α  depend-
ing on the value of left.

To obtain the mentioned approximation of the whole fuzzy output, 
the value of α in the above procedure is gradually set to subsequent 
values, starting from α0 up to α1 with the given increment Δα. After 
evaluation of the left end points of PV(c) (for left=1), the right end 
points are found in the same manner (i.e. left=0 is applied). Then the 
obtained intervals are putting on one another to form the approximat-
ed fuzzy number.

The above method is based on the extension principle introduced 
by Zadeh (see [31]) and a similar approach using α-level cuts is also 
applied in financial mathematics for pricing of the derivatives (see, 
e.g., [23, 24]), in optimization of queuing systems (see, e.g., [2]) etc.

Because the considered function for the fuzzy result (e.g. 
PV c ( )  is not given by an exact, analytical formulae, the simu-
lations are required for its evaluation. As previously mentioned, 
it should be determined for each of the fuzzy parameter, if the 
left or the right end point of its α-level cut is used to calculate 
the left or right end point of the output interval during the first 
step of the above procedure. This choice is strictly related to 
the monotonicity of a function f(p) of the considered outcome, 
i.e. if the output (like the discounted maintenance costs) is an 
increasing or decreasing function of the given parameter p (like 
the constant costs of repair). in Algorithm 2 (see Appendix) 
the considered approach is applied for PV c ( ) , but the same 
method can be used for other output functions f(.), which are 
important from the practical point of view.

4.2.1. Example III

For simplicity, in the following, we assume that the fuzzy 
parameters of the considered single type of the connection are 
given by some triangular numbers. However, other types of L-r 
numbers can be also directly used in our approach. Let us start 
from the set of the parameters:

  c c cconst rpl const rpr var rpl, , ,, , , , , ,1 1 14 5 6 3 4 5( ) ( ) ( )= [ ] = [ ] == [ ] = [ ]( )2 3 4 1 2 31, , , , , .,cvar rpr

(15)

other parameters are the same as in section 3.2.1. it is easily seen 
from (15), that only the constant and variable costs of repairs and 
replacements are strictly fuzzy triangular numbers in the considered 
case. Therefore, they are the only source of uncertainty in the follow-
ing example.

using the Monte Carlo approach described by Algorithm 2, the 
fuzzy discounted maintenance costs PV c ( )  for the Vasicek model 
(see Figure 4, circles) and the fuzzy average of the nominal costs of 
replacements crpl  (see Figure 5) are approximated. The obtained 
fuzzy values are almost triangular symmetrical fuzzy numbers for 
which the 1-level cut sets are equal to the output estimated in section 
3.2.2. some approximated values of the intervals for different α can 
be found in Table 2.

Both PV c ( )  and crpl  are increasing functions of the fuzzy pa-
rameters (15). Therefore, to calculate the left end point of the interval 
PV cL ( )[ ]α  (or the right end point PV cU ( )[ ]α , respectively) for the 
given value of α, only the left end points (or the right points) of the 
α-level cuts for (15) should be considered. The same applies for crpl .

using the Monte Carlo simulations, the present values of the 
maintenance costs can be also found for the more classical models of 
the interest rates, i.e. the nominal costs (see Figure 4, squares) and the 
constant yield (see Figure 4, rhombus). The obtained approximations 
of the fuzzy numbers are similar in shape, but significantly different.

4.2.2. Example IV

Of course, not only the maintenance costs can be considered as 
uncertain values in the practical situations. Therefore we analyse situ-
ation if the unconditional replacement age is also given by a triangu-
lar, fuzzy number, denoted further by (1)R . Other fuzzy parameters 
(namely cconst rpl,

1( ) , 
cconst rpr,

1( ) , 
c rplvar,

1( ) , 
c rprvar,

1( ) ) are described by (15) 

and the crisp parameters are the same as in section 3.2.1.
As previously, to approximate a desired fuzzy outcome, we should 

check the monotonicity of the considered function for the introduced 
fuzzy parameters. As noted in section 4.2.1, PV(c) is an increasing 

Table 2. Exemplary α-level cuts of the fuzzy discounted maintenance costs 
PV c ( )  and the fuzzy average of the nominal costs of replacements 
crpl  from Example III

α PV c ( ) crpl

0 [1208.23, 1949.52] [4.16594, 6.33188]

0.1 [1245.29, 1912.46] [4.27424, 6.22358]

0.5 [1393.55, 1764.2] [4.70742, 5.79039]

0.9 [1541.81, 1615.94] [5.14061, 5.3572]

Fig. 4. Fuzzy discounted and nominal maintenance costs from Example III
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function of the costs, but the dependency on (1)R   is not so straight-
forward. it is possible, that for the higher values of (1)R , the overall 
maintenance costs will increase. However, for the considered values 
of the parameters, as emphasized by Figure 1, such a relation is a 
decreasing function. Therefore, to evaluate PV cL ( )[ ]α , the left end 
points of the α-level cuts of the fuzzy costs and the right end point 
of the α-level cut of (1)R  (given by (1) ([ ])UR α ) should be taken into 
account.

The obtained approximations of PV c ( )  are shown in Figure 6, 
where x axis is the present value of the maintenance costs, y axis is 
related to the triangular values (1)R  of the form y y y− +[ ]2 2, ,  and z 

axis is the relevant α-level cut. As it can be seen, the estimated fuzzy 
values are L-R fuzzy numbers for which the supports are wider, if y is 
higher in the formulae R y y y( ) , ,1 2 2= − +[ ] .

As in Example ii, the fuzzy characterizations, which are impor-
tant for the practitioners, i.e. the average number of repairs xrpr  
(see Figure 7) and the average number of not planned replacements 

,rpl NRx  (see Figure 8) are also obtained. Then, the relevant outputs 
for (1)R  = [2,4,6] (Figures 7 and 8, circles) and (1)R  = [6,8,10] (Fig-
ures 7 and 8, squares) can be compared. As it can be seen, for the 
higher value of (1)R , the obtained L-R number is significantly shifted 
right with a shorter support.

4.2.3.  Example V

All of the parameters of the connections in the wDs (i.e. the first 
group mentioned in section 2.4) can be fuzzified. such an approach 
reflects various sources of uncertainties which results in the neces-
sary incorporation of the experts’ knowledge. Then, in the following 
example, apart from applying the fuzzy values:



 R c cconst rpl const rpr
1 1 18 10 12 4 5 6 3 4( ) ( ) ( )= [ ] = [ ] =, , , , , , , ,, , 55 2 3 4 1 2 31 1[ ] = [ ] = [ ]( ) ( ), , , , , ,, , c cvar rpl var rpr

(16)

also the intensity matrix of transitions ( )kΛ   is described by triangular 
fuzzy numbers, so that:

Λ 1

0 0 10 12 14 0 0
0 0 22 24 26 24 26 28 0

0 4 0 5 0 6 0( ) =

[ , , ]
[ , , ] [ , , ]

[ . , . , . ] [ .. , , . ] [ . , , . ]
[ . , . , . ] [ . , . , ] [ . , . ,

9 1 1 1 0 0 9 1 1 1 0
0 3 0 4 0 5 0 8 0 9 1 0 0 0 2 0 3 00 4
0 5 0 6 0 7 1 1 1 1 2 0 0 0

. ]
[ . , . , . ] [ , . , . ]

.























(17)

The fuzzy values, given by (17), describe only the fuzzy intensi-
ties of the exponential distributions of the transitions between 
the states from the set S, as discussed in section 4.1. it is eas-
ily seen, that the fuzzy numbers (17) are “close” to the crisp 
values (13) assumed in Example i. Therefore, the fuzzy output 
obtained during current analysis can be easily compared with 
the values from the previously considered examples.

As previously mentioned, in order to evaluate the fuzzy out-
put, it is necessary to check the monotonicity of the function 
for the considered parameter. And PV(c) is a decreasing func-

tion of ( )1
02λ , ( )1

12λ  , ( )1
13λ , because for the higher values of these 

intensities, the expected time of replacement or repair is lower, 
so the final cost is also lower. All of the other parameters can be 
examined in the same way.

Fig. 5. Fuzzy average (nominal) costs of replacements from Example III

Fig. 6. Fuzzy discounted maintenance costs from Example IV

Fig. 7. Fuzzy approximation of the average number of repairs from Example IV

Fig. 8. Fuzzy approximation of the average number of not planned replacements 
from Example IV
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The approximated fuzzy discounted maintenance costs, 
which are evaluated using the Monte Carlo simulations are also 
compared with the similar output obtained in Example iii (see 
Figure 9). As it is seen, in the considered case PV c ( )  is a L-R 
fuzzy number, almost a triangular one, with a wider support 
comparing to the fuzzy number from Example iii.

in a similar way, the fuzzy average (nominal) costs of re-
placements is approximated. in Figure 10, the obtained values 
are compared with the similar fuzzy output from Example iii. 
some of the evaluated intervals for different α can be found 
in Table 3.

As previously, the fuzzy approximations of the average 
number of repairs xrpr  (see Figure 11) and the average number 
of not planned replacements ,rpl NRx  (see Figure 12) are also 
obtained using the introduced approach. These fuzzy L-R num-
bers are almost triangular, but their supports are wider compar-
ing to the outputs from the examples, where the intensities are 
strictly crisp values.

5. Conclusions

in this paper the model of the transitions between the states 
of the single connection of the wDs is proposed. This model is 
related to a semi-Markov process and the deterministic jumps 
caused by the unconditional replacement age for each pipeline. 
using the Monte Carlo approach, the behaviour of the whole 
wDs is simulated and the costs of the maintenance services (i.e. 
repairs and replacements) are evaluated. Then, based on a sto-
chastic process (the one-factor Vasicek model of interest rates), 
the present value of the future cash flows and other important 
statistical measures of the mentioned costs are calculated. The 
estimated differences between the classical approach (i.e., a con-
stant yield) and the proposed model are emphasized. Apart from 
the strictly crisp setup, the fuzzification of some parameters of 
the connection is considered. An introduction of the fuzzy num-
bers leads to a better incorporation of the experts’ knowledge 
and more real-life modelling of the uncertain parameters. The 
necessary numerical algorithms and some relevant examples of 
the simulated output for both the crisp and the fuzzy settings 
are also provided.

There are various possible fields for future works based 
on the approach introduced in this paper. Firstly, other kinds of 
distributions, instead of the exponential ones, can be assumed 
– e.g., the repairing time can be described by some lognormal 
random variable. secondly, if a different cdf is applied, a rel-
evant case can be calibrated using some real-life data, so sta-
tistical tests concerning a validity of this cdf (versus, e.g., the 
exponential one) can be proposed. it also leads to a possibility of 
measuring a level of a difference in the estimated maintenance 
costs, which can be important for the practitioners.

Fig. 9. Fuzzy discounted maintenance costs from Example V (circles) and Example III 
(squares)

Fig. 10. Fuzzy average (nominal) costs of replacements from Example V (circles) and 
Example III (squares)

Fig. 11. Fuzzy approximation of the average number of repairs from Example V

Fig. 12. Fuzzy approximation of the average number of not planned replacements from 
Example V

Table 3. Exemplary α-level cuts of the fuzzy discounted maintenance  
  costs PV c ( )  and the fuzzy average of the nominal costs of  
  replacements crpl  from Example V

α PV c ( ) crpl

0 [1026.98, 2220.02] [4.14232, 6.39796]

0.1 [1077.91, 2152.23] [4.25161, 6.28049]

0.5 [1291.05, 1889.06] [4.6915, 5.81668]

0.9 [1519.32, 1639.42] [5.13678, 5.36153]
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Appendix

Algorithm 1: Estimation of the maintenance costs – the crisp case.

Input: The number of simulations n, the parameters of each type k of the connection, the parameters of the interest rate model (see Section 2.4).

Output: The present value of the maintenance costs PV(c).

for i=1 to n do

 for k=1 to K do

  for j=1 to nk do

   Generate an independent trajectory S(j) of the process of the states (see Section 2.1);

   Store the times tl of transitions to the states 0 or 1 and the relevant periods of the repairs and the replacements (see Section 2.2);

   Evaluate and store all of the costs cj(tl ) for each tl (see Section 2.2);

  end

 end

 Put all of the times t1,t2,… in the increasing order t(1) ≤ t(2) ≤…≤ t(m)≤T;

 PVi=0;

for j=1 to m do

  Generate rt j( )
 and evaluate the discounted costs PV ct j( )( )  (see Section 2.3);

  PV PV PV ci i t j
= + ( )( )

;

 end

end

PV c
n

PV
i

n
i( ) =

=
∑

1

1
;

;

Algorithm 2: Estimation of the maintenance costs – the fuzzy case.

Input: The number of simulations n, the fuzzy parameters of each type k of the connection (see Section 4.2), the crisp parameters of the interest  
rate model (see Section 2.4), the starting value α0, the upper bound α1, the increment Δα>0, the binary variable left.

Output: The left or right end points of approximation of the fuzzified present value of the maintenance costs PV c ( ) .

α=α0;

while α<α1 do

 for k=1 to K do
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  For the k type of the connection, find α-level cuts of the fuzzy parameters:   R R Rk
L
k

U
k( ) ( ) ( )[ ] = [ ] [ ]





α α α, ,   Λ Λ Λk
L
k

U
k( ) ( ) ( )[ ] = [ ] [ ]





α α α,   
 etc.;

  for each fuzzified parameter p do

   Check monotonicity of PV(c) for the argument p;

   Set pL [α] or pU [α] depending on the monotonicity of PV(c) for the operator left;

  end

 end

 Use Algorithm 1 to generate the crisp value of PV(c);

 if left then

  PVL [α]=PV(c);

 else

  PVU [α]=PV(c);

 end

 α=α+Δα;

end
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1. Introduction

A spherical plain bearing (sPB) consists of an inner ring with an 
outer convex spherical surface and an outer ring bore with inner spher-
ical surface (see Figure 1) [3]. Due to small friction coefficient and no 

need for lubrication during operation, self-lubricating spherical plain 
bearings (ssPBs) with self-lubricating liner are widely used in opera-
tion and transmission systems in aerospace, nuclear power plants, and 
ship equipment and they are key components of these systems. ssPBs 
failure will directly affect the operational reliability and safety of the 
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w opArciu o model fizyki uszkodzeń 

orAz przyspieszone bAdAniA degrAdAcji
Due to small friction coefficient and no need for lubrication during operation, self-lubricating spherical plain bearings (SSPBs) 
have been widely used in operation and transmission systems in aerospace, nuclear power plants, and ship equipment and they are 
key components of these systems. SSPBs failure will directly affect the operational reliability and safety of the equipment; there-
fore, it is necessary to accurately predict the service life of SSPBs to define reasonable maintenance plans and replacement cycles 
and to ensure reliability and safety of vital equipment. So far, lifetime prediction of SSPB has been primarily based on empirical 
formulae established by most important bearing manufacturers. However, these formulae are lack of strong theoretical basis; the 
correction coefficients are difficult to determine, resulting in low accuracy of lifetime prediction. In an accelerated degradation test 
(ADT), the load is increased to accelerate the SSPB wear process. ADT provides a feasible way for accurate lifetime prediction 
of SSPB in a short period. In this paper, wear patterns are studied and methods of wear analysis are presented. Then, physics-of-
failure model which considers SSPB wear characteristics, structure parameters and operation parameters is established. Moreo-
ver, ADT method for SSPB is studied. Finally, lifetime prediction method of SSPBs based on physics-of-failure model and ADT is 
established to provide a theoretical method for quick and accurate lifetime prediction of SSPBs.

Keywords: accelerated degradation test, self-lubricating spherical plain bearing, lifetime prediction, physics-
of-failure model.

W związku z niskim współczynnikiem tarcia oraz brakiem konieczności smarowania  podczas pracy,samosmarujące łożyska śli-
zgowe (self-lubricating spherical bearings, SSPB) znajdują szerokie zastosowanie w układach  pracy oraz układach przełożeń 
urządzeń w przemyśle lotniczym, elektrowniach jądrowych, oraz na statkach, stanowiąc kluczowe elementy tych układów. Uszko-
dzenie łożyska SSPB ma bezpośredni wpływ na niezawodność eksploatacyjną oraz bezpieczeństwo sprzętu; dlatego też istnieje 
konieczność precyzyjnego prognozowania resursu łożysk SSPB, pozwalającego na odpowiednie planowanie konserwacji oraz 
cykli wymiany , które ma na celu zapewnienie niezawodności i bezpieczeństwa kluczowego sprzętu. Dotychczas czas pracy łożysk 
SSPB prognozowano  przede wszystkim w oparciu o wzory empiryczne podawane przez największych producentów łożysk. Wzory 
te, jednak, nie mają solidnej podstawy teoretycznej; trudno jest dla nich określić współczynniki korygujące, co zmniejsza trafność 
prognozowania czasu pracy. W przyspieszonych badaniach degradacji zwiększa się obciążenie celem przyspieszenia procesu 
zużycia łożysk SSPB. Badania przyspieszone umożliwiają trafne przewidywanie czasu pracy łożysk SSPB w krótkim okresie czasu. 
W przedstawionej pracy analizowano wzorce zużycia badanych łożysk oraz przedstawiono metody analizy zużycia. Następnie 
opracowano model fizyki uszkodzeń, który uwzględnia charakterystyki zużycia, parametry konstrukcyjne oraz parametry eksplo-
atacyjne omawianych łożysk ślizgowych. Ponadto rozpatrywano  możliwość zastosowania badań przyspieszonych dla tego typu 
łożysk. W wyniku przeprowadzonych badań, opracowano metodę prognozowania  czasu pracy łożysk SSPB opartą na modelu 
fizyki uszkodzeń oraz badaniach przyspieszonych, która pozwala na szybkie i trafne prognozowanie czasu pracy samosmarujących 
łożysk ślizgowych.

Słowa kluczowe: przyspieszone badania degradacji, samosmarujące łożysko ślizgowe, prognozowanie czasu 
pracy, model fizyki uszkodzeń.

wang y, Fang X, zhang C, ChEn X, Lu J. Lifetime prediction of self-lubricating spherical plain bearings based on physics-of-failure 
model and accelerated degradation test. Eksploatacja i niezawodnosc – Maintenance and reliability 2016; 18 (4): 528–538, http://dx.doi.
org/10.17531/ein.2016.4.7.
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equipment; therefore, it is necessary to accurately predict the service 
life of ssPBs to define reasonable maintenance plans and replacement 
cycles and to ensure reliability and safety of the equipment.

The lifetime of an ssPB strictly relates to friction and wear char-
acteristics of the liner material, while the variation in load has a great 
influence on wear life. The current lifetime model of sPB is based on 
empirical formulae established by the most important bearing manu-
facturers (such as sKF, nTn, inA). However, these formulae come 
from experimental data and lacking in theoretical basis; it is difficult 
to determine the formula correction factor, resulting in low accuracy 
of lifetime prediction, wide interval of predicted lifetime.

wear is the main failure mode of the ssPB, and wear process is 
very slow in service. if lifetime of ssPB is predicted by traditional life 
tests or degradation or wear tests, it is a great challenge to complete 
the tests in a short or feasible period of time. To overcome this issue, 
accelerated degradation test (ADT) can be applied in which degrada-
tion or wear data are collected under higher levels of stress and al-
lowing extrapolation the reliability information at the use condition 
[12]. During an ADT of ssPB, the load is increased to accelerate the 
wear process, thus the test provides a feasible way for accurate ssPB 
lifetime prediction in a short period of time.

At present, researches about ADT methods are mainly based on 
mixed-effects models or stochastic process models. Approaches for 
data analysis or optimal design of ADT are based on mixed-effects 
models which includes only one fixed-effects parameter and one ran-
dom-effects parameter [1, 8, 10, 12-14, 19, 23-26] as well as general 
mixed-effects model [21]. The stochastic process model describes 
degradation process, and has many advantages. The model is very 
suitable to describe a time-dependent degradation process in which 
error terms cannot be assumed to be independent identically normally 
distributed. several methods have been developed for ADT based on 
stochastic process models, such as inverse gaussian process [16, 22], 
wiener process [5, 6, 17], drift Brownian motion process [4, 28], and 
gamma process [7, 18, 27]. These methods are mainly from statistical 
perspective and lacking in support of physical rules; thus, the predic-
tion accuracy depends on sample size and model selection. in order 
to reflect the physical meaning of degradation process, a model based 
on physical mechanism of degradation is more suitable. Based on the 
physical mechanism of the degradation of product performance, sev-
eral researches have been carried out and physical degradation mod-
els have been established, resulting in better results of lifetime and 
reliability prediction [9, 11]. However, researches on ADT applied to 
ssPB lifetime prediction based on physics-of-failure model have not 
been yet considered.

This paper studies wear patterns and briefly discusses the most 
common methods used for wear analysis. Then, a physics-of-failure 
model of ssPB in which wear characteristics, structure parameters 
and operation parameters are integrated is established. Moreover, the 
paper studies the ADT method for ssPB, and finally lifetime predic-
tion method of ssPBs based on physics-of-failure model and ADT 
is established to provide a theoretical method for quick and accurate 
lifetime prediction of ssPBs.

2. SSPB physics-of-failure model

2.1. SSPB basic wear model

in an ssPB, the inner ring is made of bearing steel and the an-
ti-wear self-lubricating liner is made of macromolecular composite 
which is usually Polytetrafluoroethylene (PTFE) composites or fab-
rics. wear mainly occurs on composite liners affecting the ssPB serv-
ice life. Abrasive and adhesive wears are the main mechanisms of 
sliding wear on self-lubricating liner, and they are always concurrent 
actually. Abrasive and adhesive wears are described by Archard for-
mulae through Equation (1) and (2), respectively [15, 20]:

 N
s

FV k x
H

=   (1)

 V k F xs
N

s
=

3σ
  (2)

where V is wear volume; ks is wear constant; FN is normal load; H is 
the rigidity of softer material; σs is yield strength of softer material, 
and x is sliding distance. The wear constant ks relates to contact condi-
tions of the rough surface; thus, two wear constants namely, abrasive 
wear constant (ks in Equation (1)) and adhesive wear constant (ks in 
Equation (2)), respectively, exist. Archard’s wear calculation equa-
tions assume that the wear volumes are directly proportional to normal 
load and sliding distance, but inversely proportional to the rigidity or 
yield strength of the softer materials (i.e. the PTFE self-lubricating 
liner in ssPB). Equation (1) and (2) have similar structure. Because 
abrasive and adhesive wears are concurrent when ssPBs work, they 
cannot be separated in wear calculation. given the yield strength as 
the parameter to estimate the resisting wear ability of the liner, the 
ssPB wear equation is:

 V k F xs
N

s
=

σ
  (3)

where σs is the strength of self-lubricating liner in SSPB.

in practical use, the maximum allowable clearance between the 
inner and outer surfaces of an ssPB is considered as the wear failure 
threshold. The total structure clearance s is derived from the initial 
clearance u0 and wear deep u, and s=u0+u. According to Equation (3), 
the wear volume or the deep depend on the maximum contact pressure. 
it is reasonable to assume that maximum contact pressure p0 is located 
at center of contact region. Analysis of contact pressure distribution 
in ssPB showed that p0 increases with wear clearance s. Considering 
a minute region near the center point of contact region, whose area is 
A0, the contact pressure p0 in the area is uniform. Therefore:

 0 0 0,NF p A V uA= =   (4)

By substituting (4) into Equation (4), ssPB wear is:

 u k p xs
s

= 0
σ

  (5)

2.2. SSPB physics-of-failure model

in ssPB wear process, the radius values of inner and outer ring 
contact surface R1 and R2 are relative quantities. Thus, it can be con-

Fig. 1. SPB typical structures



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016530

sciENcE aNd tEchNology

when the wear amount reaches the prescribed threshold um, i.e., 
u=um, a ssPB failure occurs at the corresponding ssPB lifetime T.

As Figure 2 shows, the typical wear process of ssPB can be split 
into three stages: running-in wear period (rwP) (i), steady wear pe-
riod (swP) (ii), and intense wear period (iwP) (iii). t is the ssPB 
working time, and u is the ssPB wear amount. During rwP, the wear 
rate decreases with t for working conditions of contact rough surfaces 
gets better. Then the wear rate keeps steady; swP plays a key role in 
determining ssPB lifetime. Finally, at iwP stage wear rate increases 
rapidly and working conditions of rough surfaces worsen. in the same 
way, the wear processes of PTFE self-lubricating liners of ssPBs also 
can be described by the same three stages, and the inflection points 
between the three stages may indicate wear conditions of the rough 
surfaces.

since material properties and contact characteristics of the friction 
pair at each wear stage do not vary, we can deem that wear constants 
at each wear stage keep constant and can be defined as: running-in 
wear constant ks,i, steady wear constant ks,ii, and intense wear constant 
ks,iii, respectively. The dynamic wear process can be described by a 
physics-of-failure equation:

u R f k p u t t k p u t t k ps

s
s

t
s t

t
s= + +∫ ∫

2
00 0 0

α
σ , , ,( ( )) ( ( ))i ii iiid di

i

ii (( ( ))u t tt
T d
ii∫( )

(13)

where ti is the time of rwP turning into swP, that is time of the first 
inflection point; tii is the time of the second inflection point; T denotes 
the ssPB lifetime. To some ssPBs, the intense wear periods of dy-
namic wear process may not occur, and then the third part in the right 
side of Equation (13) will not appear.

Based on the physics-of-failure model as Equation (13), the ssPB 
lifetime can be expressed as:

i ii
i ii0 i ,i 0 ii ,ii 0 iii ,iii 00

ˆ( , ) ( , , ) | ( , , ) | ( , , ) |t t m
t t

u u u
s s su uL F u L F k u L F k u L F k u= + +

(14)

where F denotes the load of ssPB; 0u  denotes the initial average 

clearance of ssPB; i
i ,i 0 0( , , ) | tu

sL F k u
 
represents the service time dur-

ing which the average accumulate wear deep increases from 0 to itu  
(average wear deep before the first inflection time) in rwPs stages. 

ii
iii ,ii 0( , , ) | t

t
u

s uL F k u  represents the service time from first inflection 
point to the second inflection point (average accumulate wear deep 
increases from itu  to iitu ) in swPs stages; 

iiiii ,iii 0( , , ) | m
t

u
s uL F k u  rep-

sidered that R2=R=dk/2 is constant during the whole wearing process; 
dk is the diameter of conformal contact surface, and R1 changes with 
wear deep u. Therefore:

 1 0

0

( ) / 2
/ 2 ( ) / 2

R R u u
R s u u

= − +
∆ = = +

  (6)

Although the maximum contact pressure p0 varies with the radius of 
the inner ring R1, p0 can be considered as constant in a small relative 
sliding distance dx. So Equation (5) can be written as:

 d du k p xs
s

= 0
σ

  (7)

where du is the wear increase in sliding distance dx.
while working ssPB mainly swings under a swing angle ±α rad 

and at a swing frequency fs Hz. α and fs may vary with mission pro-
files, so they are functions of time. sliding distance in time dt can be 
written as:

 d dx R t f t ts= ⋅ ⋅ ⋅2 α ( ) ( )   (8)

Thus:

 d du R k u p u t f t t
s

s s= ⋅ ⋅ ⋅ ⋅
2

0σ
α( ) ( ) ( ) ( )   (9)

where ks(u) denotes that the wear constant is a function of the amount 
of wear and may change due to the change of the contact states in con-
formal surface during operation. Defining the wear rate as the wear 
deep in a unit time:

 w u
t

R k u p u t f t
s

s s= = ⋅ ⋅ ⋅
d
d

2
0σ

α( ) ( ) ( ) ( )   (10)

The wear rate is in proportion to the swing angle and frequency. if 
wear constant, swing frequency, and angle are constant and the state 
of friction pair surface does not change, the wear rate increases with 
the increase of wear depth. Moreover, according to Equation (10) 
wear constant affects the wear rate.

The wear rate w obtained by Equation (10) represents the wear 
rate of the ssPB related to the structural parameters R of the bearing. 
The wear constant ks depends on the material and on characteristics of 
the contact surface of the friction pair, so the wear constant ks of the 
bearings is a more basic characteristic quantity than the wear rate w. 
The ssPB wear constant for liners with the same material and charac-
teristics of the contact surface follows the same physical law.

Take integral of both sides of the Equation (9) with the integral 
limit of the left side [0, u] and of the right side [t0, tT], then the cumu-
late wear from t0 to tT is:

 u R k u t p u t t f t t
s

s st
tT= ⋅ ⋅ ⋅ ⋅∫

2
0

0σ
α( ( )) ( ( )) ( ) ( ) d   (11)

At constant swing angle α and frequency fs :

 u R f k u t p u t ts

s
st

tT= ⋅ ⋅∫
2

0
0

α
σ

( ( )) ( ( )) d   (12)

Fig. 2. Sketch diagram of wear process
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resents the service time during which the average accumulate wear 

deep increases from iitu  to mu  in iwPs stages.

2.3. SSPB maximum contact pressure p0

since the ssPB contact surfaces fit each other well, with respect 
to ssPB size, the size of contact area cannot be neglected. This situ-
ation results in conformal contact issue that cannot be solved using 
classical theories based on half-space. Fang proposed a universal ap-
proximate model for conformal contact and non-conformal contact of 
spherical surfaces [2]. in conflict with completely spherical surfaces, 
the contact regions of sPBs are incompletely spherical surfaces from 
which two plane-symmetrical structures have been removed. Based 
on the model in [2], Fang also proposed a new method to precisely 
calculate ssPB contact pressure [3]. Below, a quick explanation of 
the calculation of ssPB maximum contact pressure p0 according to 
the new proposed method is given.

Let a be the boundary radius of contact area, and h be the half 
width usually determined by the outer ring of ssPB, and R1 and R2 be 
the radius of the inner and outer ring respectively.

when 0<(1) a<h, the contact region is still a completely spherical 
surface, and the contact pressure distribution can be deduced 
by the original Fang’s model [2]:
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 when (2) h<a≤R2, the contact region is an incompletely spherical 
surface, and the contact pressure distribution can be deduced 
by the new model [3]:
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where:
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and F denotes the normal concentration force; r is the horizontal dis-
tance between the point on the surface and the symmetry axis, i.e., 
the projective distance; n is the pressure distribution exponent; Γ(⋅) 
denotes the gamma function; E* denotes equivalent modulus:

 1 1 11
2

1

2
2

2E E E* =
−

+
−µ µ . (18)

E1, E2 are elastic modulus and μ1, μ2 are Poisson’s ratios of mate-
rial of inner and outer ring respectively. using Equations (15)-(18), 
the maximum contact pressure p0 of a specific type of ssPB under the 
load F can be calculated.

2.4. Identification of inflection points in SSPB wear process

in actual tests, due to the existence of systematic errors and ran-
dom errors, the dynamic wear curves of the friction pair may have a 
large fluctuation, and the accurate identification of the three inflection 
points in wear process represents a great challenge in ssPB wear anal-
ysis. in this paper, we propose the identification of inflection points of 
the dynamic wear curve by using the n-th order polynomial:

 y f t p t p t p t pn n
n n= = + + + +−

+( ) 1 2
1

1   (19)

to fit the dynamic wear curves. in Equation (19), y is the amount of 
wear; t is the operation time, pi (i=1, ⋯, n+1) are coefficients to be 
estimated; n is the highest order of the polynomial. if the fluctuation 
of dynamic wear curve is too large, the curve can be fitted piecewise. 
if the curvature Kρ of f(t) gets the maximum value in the local parts of 
changing region of the wear periods and:

 
2 3/2

| ( ) |
[1 ( ) ]

f tK
f tρ
′′

=
′+

  (20)

then an inflection point is identified. in Equation (20), f ’(t) and f ’’(t) 
denote the first order and second order derivatives of fit curves f(t), 
respectively.

2.5. Computation of SSPB wear constant

wear constant ks (ks=ks,i, ks,ii and ks,iii corresponding to running-
in, steady, and intense wear stage) of the ssPB liner and wear curve 
can be determined by wear tests, and then running-in wear constant, 
steady wear constant, and intense wear constant can be computed. Due 
to measurement random errors in the test wear process, wear curve 
has big fluctuations. Based on the results of inflection point identifica-
tion, the wear constant ks can be obtained by fitting piecewise which 
induce to the minimum sum of squared error between experimental 
and theoretical dynamic wear curve. That is, the estimation of wear 
constant ks makes the sum of squared error:

 2
PoF Test

1
ssE ( [ ] [ ])

N

i
u i u i

=
= −∑   (21)

take minimum value. in Equation (21), N is the number of sampling 
points of dynamic wear curve uTest[i] from tests; uPoF[i] is wear amount 
calculated with Equation (12).

Equations (15) and (16) highlight that the maximum contact pres-
sure is not an explicit functions of the interior clearance s, so the inte-
gral and uPoF[i] have to be solved using numerical methods [3]. when 

the wear constant is constant in the interval ( , ]x yu u u∈ , the iterative 
equation is:

 u u R f k p u t t ii i s
s

s
i i+ +− = − =1 0 12 0 1 2α

σ
( )( ), , , ,   (22)
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where u0 is the ssPB initial clearance which can be obtained by meas-
urements.

3. Analysis method for ADT of SSPB based on physics-
of-failure model

3.1. SSPB acceleration model assumption

As mentioned in section 2.2, wear constant ks is a more basic 
wear characteristics than wear rate w. Therefore, ssPB acceleration 
models describe the relationship between distribution parameters of 
the wear constant ks and contact pressure. According to engineering 
experience and prior information, following assumptions are made:

 wear constant (1) ks follows lognormal distribution, i.e., 

ks k k~ ( , )LN µ σ 2 , and the probability density function is:

 f k
k

k
s

s k

s k

k
( ) exp (ln )

=
− −











1
2 2

2

2σ π
µ

σ
  (23)

where μk and σk are respectively the mean and standard deviation of 
logarithmic ks.

 (2) σk does not change with load, but μk is affected by load. Rela-
tionship between μki and load F in running-in wear stage can 
be written as:

 F k k k k= = + + +φ µ λ µ λ µ λ µ λ( )i i i i0
3

1
2

2 3   (24)

where λ1, λ2, λ3 are model parameters which can be estimated by non-
linear fitting method. Relationship between μkii and load F in steady 
wear stage can be written as:

 µ γ
k AFii =   (25)

where A, γ are model parameters which can be estimated by nonlinear 
fitting method. Relationship between μkiii and load F in intense wear 
stage can be written as:

 µ γ
k AF Biii = +   (26)

where A, γ, B are model parameters which can be estimated by non-
linear fitting method. Equation (24)-(26) are the ssPB acceleration 
models.

3.2. Analysis method for SSPB ADT based on physics-of-
failure model

Based on above physics-of-failure model and acceleration model 
assumption, ADT data can be analyzed to realize ssPB working life-
time prediction according to following steps:

Nonlinear fitting of wear degradation data (1) 
After obtaining the dynamic wear data (t, ui) the data fitting can be 

carried out using the physics-of-failure Equation (13) of the dynamic 
wear process. The inflection points of the three stages of the dynamic 
wear process are determined by the method described in section 2.4, 
and then the wear constants of three stages are calculated. Following 
Table 1 lists the data format.

wear constants statistical analysis(2) 

Due to the difference between test units and experimental error, 
wear constants of the three wear stages under each load level are still 
random. it is commonly assumed that wear constants of ssPB follow 
normal or lognormal distribution. without losing generality, in this 
paper lognormal distribution is assumed, i.e. ks Lk Lk~ ( , )LN µ σ 2  (see 
Equation (23)).

under stress level Si, the maximum likelihood estimation (MLE) 
of the distribution parameters of the wear constants is:
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where i=1, ⋯, K, j=i, ii, iii.

From Assumption (2), the variance in the lognormal distribution 
of wear constants does not change with load. The standard deviation 
of wear constants at the three wear stages can be calculated using the 
weighted average method:

 σ σ Lkj Lkij
i

K
i

i

K
n=

= =
∑ ∑

1 1
  (28)

where j=i, ii, iii; ni is sample size under Si.
Fitting the acceleration model parameter(3) 

( , )Fi Lkijµ  can be obtained by above-described steps where 
i=1,⋯,K, j=i,ii,iii. when j=i, estimation of model parameters 
λ λ λ λ   0 1 2 3, , ,  in rwP can be obtained by fitting acceleration model 

(24) to data ( , )Fi Lkiµ i . when j=ii, estimation of model parameters 

Table 1. Wear constants of three stages under different stress levels

stress 
level ID rwP swP IwP

S1

1 ks11I ks11II ks11III

⋯ ⋯ ⋯ ⋯

n1 ks1n1I ks1 n1II ks1n1III

S2

1 ks21I ks21II ks21III

⋯ ⋯ ⋯ ⋯

n2 ks2n2I ks2n2II ks2n2III

⋯ ⋯ ⋯ ⋯ ⋯

SK

1 ksK1I ksK1II ksK1III

⋯ ⋯ ⋯ ⋯

nK ksKnKI ksKnKII ksKnKIII
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Figure 4 shows the test apparatus whose working mode is swing-
ing. The load is applied to a test bearing by weights and a lever, 
and the displacement sensor is fixed at the top of the experimental 
platform.

Four different levels of stress were applied, i.e., 8 kn, 24 kn, 14 
kN, and 42 kN. These stresses guarantee invariant failure mechanism 
because the product of the contact pressure and ssPB sliding speed 
(pv) does not exceed the maximum value specified by test standards. 
Four to six specimens were tested under each stress level; Table 3 
summarizes the complete ADT plan. According to pre-estimation life-
time of ssPB testing, the tests are censored by specified testing time 
under low load and are censored by failure (PTFE fabric liner com-
pletely worn through) under high load. Before and after tests, ssPB 
radial clearance was measured using a clearance measuring station. 
The displacement sensor measured and recorded the variation of the 
clearance of tested ssPB during tests.

4.2. Wear degradation data nonlinear fitting

Test data are analyzed with the presented physics-of-failure meth-
od and Figure 5-8 shows the results. The fluctuating curve denotes test 
dynamic clearance, while the straight continuous solid line represents 
the theoretical dynamic clearance calculated by physics-of-failure 
model and nonlinear fitting method. The physics-of-failure equation 
is a continuous function, i.e., the clearance at the end of previous wear 
stage is equal to the one at the beginning of the next stage. Test results 
show that based on identification of inflection points in ssPB wear 
process the physics-of-failure model can accurately describe the wear 
degradation process under complex conditions.

A ,γ  in swP can be obtained by fitting acceleration 

model (25) to data ( , )Fi Lkiµ ii . when j=iii, estimation 
of model parameters A B  , ,γ  in iwP can be obtained by 
fitting acceleration model (26) to data ( , )Fi Lkiµ iii .

After calculating acceleration model parameters, 
mean values µ µ µ  

Lk Lk Lk0 0 0i ii iii, ,  under use condition 
can be obtained by substituting F=F0 into acceleration 
model (24)~(26). Combined with σ σ σ  Lk Lk Lki ii iii, ,  pre-
viously estimated, the statistical parameters of the wear 
constants under use load are obtained.

By using the statistical parameters of the wear con-
stants under use load, the average wear constants at 
each wear stage can be calculated as:

 k F f Fsj
Lkj( ) exp ( )= +













σ 2

2
              (29)

For running-in wear stage, f(⋅) is the inverse function 
of ϕ(⋅). For other stages, f(⋅) is functions about F of the 
right side of acceleration models (25) and (26). Based on 
average wear constants, dynamic wear process under use 
load is determined according to Equation (13). Moreo-
ver, ssPB dynamic wear curve is obtained at given ini-
tial clearance. Finally, operation lifetime corresponding 
to a given threshold can be calculated by Equation (14).

4. Experimental test example

4.1. Experiment specimen and process

The tested specimen shown in Figure 3 is a gE20ET-
2rs radial ssPB with two seals at both sides and fractured outer ring. 
Table 2 summarizes the ssPB main technical features; the friction 
pair is made of steel and PTFE fabric.

Fig. 3. Radial SSPB GE20ET-2RS

Fig. 4. Accelerated degradation test system for SSPB

Table 2. GE20ET-2RS main technical features

Inner ring 
diameter

d(mm)

outer ring 
diameter

D(mm)

Inner ring 
width
B(mm)

outer ring 
width

C(mm)

spherical 
diameter 
dk(mm)

Dynamic 
load ratings

Ca(kn)

20 35 16 12 29 42

Table 3. SSPB ADT plan

ID testing 
parameters

testing time 
(h)

ID
testing pa-

rameters
testing time 

(h)

M01

F=8 kn
α=±18.3∘

f=0.545 hz

1200 M06

F=14 kn
α=±20∘

f=0.5 hz

600

M02 1200 M07 600

M04 1200 M08 600

M05 1200 M09 600

- - M10 600

M11

F=24kn
α=±18.3∘

f=0.545hz

298 M16

F=42kn
α=±20∘

f=0.5hz

151

M12 320 M17 221

M13 212 M18 82

M14 398 M19 101

M15 240 M20 109

- M21 84
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wear constants of specimens in different wear stages can be 
obtained accurately after nonlinear fitting of physics-of-failure 
model to wear degradation data. From the piecewise analysis of 
the dynamic wear process and the inflection point identification 
following conclusions can be drawn:

Running-in and steady wear stages of all the samples can (1) 
be clearly identified, and the intense wear stage of some spec-
imens is not significant or absent. Two reasons explain this 
behavior: first, the specimen do not completely fail within the 
test time, that is, the censored time of the test is less than the 
time needed for the specimen to go into the intense wear stage. 
Moreover, the specimen completely fails, but the dynamic wear 
curve does not include the intense wear stage induced by dif-
ference between specimens and experimental errors. To facili-
tate analysis of accelerated wear data, the addition of intense 
wear constants for specimen that does not reach the intense 
ADT wear stage is required. Test results under 14 kn and 24 
kN loads show that the three wear stages are all significant and 
the intense wear constants are approximately equal to running-
in wear constants. The wear constants are on the same order of 
magnitude under 42 kN load. Therefore, an alternative method 
to add intense wear constants can be approach: if the speci-
men does not completely fail, the intense wear constant can be 

Fig. 6. Wear process physics-of-failure description. Applied load: 14 kN

Fig. 5. Wear process physics-of-failure description. Applied load: 8 kN

Fig. 7. Wear process physics-of-failure description. Applied load: 24 kN
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added by taking the same value 
of running-in wear constant. if 
the specimen completely failed, 
the the same value of steady wear 
constant can be considered.
Test results show that the average (2) 
static clearance of all complete 
failed specimens is 241.47 μm. 
Therefore, in this paper, we take 
250 μm as ssPB failure thresh-
old.
ssPB inflection points in wear (3) 
process can be identified by the 
presented method. statistical 
results show that the time corre-
sponding to inflection points re-
lates to the load: the larger the load, the earlier inflection points 
appear. However, the total amount of wear (the wear depth of 
the initial clearance after removal of the initial clearance) cor-
responding to inflection points is not related to the load. in 
addition, it is a random value for different specimens.
when the average wear depth μ(4) 1=57.645 μm, ssPB specimens 
turn into steady wear stage from running-in wear stage; moreo-
ver, they turn into intense wear stage from steady wear stage 
when the average wear depth μ2=125.747 μm. The time during 
running-in and intense wear stage is short compared to ssPB 
life cycle, but the wear quantity is large during these two stages 
and the stages cannot be neglected. Therefore, ssPB lifetime 
can be extended by raising the ratio of steady wear to total 
thickness of self-lubricating inner and reducing intense wear 
rate by improving ssPB structure and forming process.

4.3. Wear constants statistical analysis

Due to difference of specimens and test errors, in PTFE ssPBs 
ADT, wear constants at each stage under each load level are still ran-
dom. Between the 12 sets of available test data (three wear stages un-
der four different load levels), the Lilliefors test (normality test) high-
lights that only running-in wear constants under 42 kN do not follow 
normal or lognormal distribution. Compared to other running-in wear 
constants under the same load, the running-in wear constant of speci-
men M19 is 6.1415×10-7. Therefore, the M19 may be considered an 
outlier. wear constants are assumed following lognormal distribution, 

i.e. ks k k~ ( , )LN µ σ 2  whose probability density function is described 
by previous Equation (23).

Parameters of wear constants lognormal distribution can be ob-
tained by maximum likelihood estimation method and are shown in 
Table 4.

standard deviation of running-in, steady, and intense wear con-
stants can be calculated as:

 σ
σ σ σ σ

=
+ + +

+ + +
4 5 5 6

4 5 5 6
1 2 3 4   (30)

Therefore, we can obtain standard deviation of running-in and 
steady wear constants σLk,i=0.1636, σLk,ii=0.3301 respectively. How-
ever, standard deviations of the intense wear constants are larger under 
high load level and smaller under low load level. in fact, the intense 
wear is not stable and the high load level makes the unstable state 
worsen, inducing to bad consistency of intense wear constants. ssPBs 
lifetime under use load level is intended to predict, so the standard de-
viation of intense wear constants for lifetime prediction of ssPB can 
be calculated by weighted average of standard deviation of intense 
wear constants under low load level as:

 σ
σ σ

Lk , .iii =
+
+

=
4 5

4 5
0 11481 2   (31)

Fig. 8. Wear process physics-of-failure description. Applied load: 42 kN

Table 4. Parameters of wear constants lognormal distribution

wear stage
8 kn 14 kn 24 kn 42 kn

Lkµ Lkσ Lkµ Lkσ Lkµ Lkσ Lkµ Lkσ

I −16.0131 0.12105 −15.7028 0.0992 −14.9331 0.30938 −14.5762 0.12413

II −17.435 0.31697 −16.9499 0.3314 −16.2007 0.42799 −15.7894 0.25567

III −16.0131 0.12105 −15.6722 0.10995 −15.4234 0.41465 −15.1928 0.37684
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4.4. Acceleration model for wear constants

Acceleration model for running-in wear constants(1) 
According to variation trend of the mean parameters of distribu-

tion function of running-in wear constants with the load level, it is 
very difficult to fit commonly used acceleration equations or their 
transformation forms to the trend, that is, it is very difficult to deter-
mine an accurate function of μk,i=f(F). To this end, this paper uses the 
inverse function method by fitting function F=ϕ(μk,i) to the variation 
trend of the mean parameters with the load level, where ϕ (⋅) is an 
inverse function of f(⋅). Equation (24) describes the relationship be-
tween μk,i and F according to data of the variation trend. Parameters in 
Equation (24) can be obtained by nonlinear fitting method as:

 3
0 1 2 3

ˆ ˆ ˆ ˆ27.2186, 1263.844, 19568.269, 101.044 10λ λ λ λ= = = = × (32)

The first order derivative of function ϕ(⋅) is:

 ′ = × + + >ϕ µ µ( ) . [( . ) . ], ,Lk I Lk I81 6558 15 4777 0 0841 02      (33)

Therefore, being ϕ(⋅) a monotonically increasing function, its in-
verse function μk,i=f(F) is also a monotonically increasing function. 
given an arbitrary value of F, μk,i exists and is unique, and it can be 
calculated by a numerical method.

since ks k k, , ,~ ( , )i i iLN µ σ 2 , according to the nature of the lognor-
mal distribution the relationship between the average running-in wear 
constant and the contact pressure is:

 k F f Fs I
Lk I

Lk I,
,

,( ) exp ( ) , .= +












=
σ

σ
2

2
0 1636   (34)

where f(⋅) is an inverse function of ϕ (⋅).
Acceleration model for steady wear constants(2) 

The inverse power rate model  describes the relationship between 
the mean parameters of distribution function of steady wear constants 
with the load level, which can be taken as the acceleration model for 
steady wear constants. Parameters for the acceleration model can be 
estimated as A=−19.87, γ=−0.06214 by least squares fitting. since 
steady wear constants follow lognormal distribution too, according 
to the nature of the lognormal distribution the relationship between 
the average steady wear constant and the contact pressure can also be 
expressed as:

 k F Fs II
Lk II
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σ  (35)

Acceleration model for intense wear constants(3) 
The inverse power rate model with shift coefficient of Equa-

tion (26)describes the relationship between the mean parameters of 
distribution function of intense wear constants with the load level, 
and it can be considered as the acceleration model for intense wear 
constants. The parameters can be estimated as A=−3.843, B=−14.24, 
γ=−0.3729. since intense wear constants follow lognormal distribu-
tion too, according to the nature of the lognormal distribution the re-
lationship between the average intense wear constant and the contact 
pressure can also be expressed as:

k F Fs III
Lk III

Lk II,
. ,

,( ) exp . . ,= − − +
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σ II = 0 1148.

  
(36)

4.5. Lifetime prediction based on Physics-of-failure model

Distribution parameters of wear constants and the average wear 
constants under use stress level can be calculated by substituting F=5 

kN into acceleration models (24)–(26) and Equation (34)–(36) sum-
marized in Table  5.

Based on the above wear constants, Equation (13) gives the dy-
namic wear curve of the ssPB shown in Figure 9 when initial clear-
ance is 15.55 μm.

According to Figure 9, the presented physics-of-failure model can 
directly describe the dynamic wear process in ssPB life cycle and is 
very suitable for ssPB lifetime prediction and design analysis. when 
the load level is 5 kn, the calculated ssPB gE20ET-2rs average 
wear lifetime is 3178 hours; the swing angle and frequency are ±20° 
and 0.5 Hz respectively. The acceleration ratio is 23.93 according to 
the specimens’ average lifetime of 132.8 hours under 42 kn, which 
shows that the acceleration effect is obvious. in addition, specimens 
under an 8 kn payload have been running for 1200 hours. According 
to physics-of-failure model and acceleration model, their calculated 
average lifetime is 2098 hours. Therefore, the ssPB predicted aver-
age lifetime of 3178 hours under the 5 kN payload is a reasonable 
value.

Fig. 9. Average dynamic wear process based on physics-of-failure model un-
der 5kN

Table 5. Distribution parameters of wear constants and the average wear 
constants; F=5 kN

wear stage μLk σLk ks̅

I −16.1002 0.1636 1.0318 ×10−7

II −17.9789 0.3301 1.6426 ×10−8

III −16.3487 0.1148 7.9930 ×10−8
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5. Discussion

in engineering practice, temperature has effect on the tribology 
properties of self-lubricating liner material. However, in the experi-
mental process in this paper, the ambient temperature is constant. we 
monitored surface temperature of the testing self-lubricating spherical 
plain bearings. And fluctuation of the temperature during running-in 
wear and steady wear stage of the bearings is not more than 2°C. Fur-
thermore, in order to avoid new failure mechanism to be introduced 
induced by excessive temperature rise, the product of contact pressure 
and speed on the contact surface (pv) is limited by that pv is less than 
or equal to 3000N/mm2∙mm/s according to the results of the analysis 
of a large amount pilot test. in addition, if the surface temperature of 
testing self-lubricating spherical plain bearings is greater than 150°C, 
they can be directly determined as the occurrence of a failure. so the 
result of accelerated degradation test of self-lubricating spherical 
plain bearings is credible and the wear law presented in this paper is 
applicable under occasion that the temperature fluctuation is small. 
And the main factor of the wear process is load in this case.

For the above considerations, the presented model in this paper 
does not account for thermodynamic processes and ignores the effect 
of temperature on the PTFE. Based on the contact mechanics model 
and failure physical model presented in this paper, future research will 
focus on the construction of wear failure physics equation under the 
coupling of temperature and load, and the mechanism and law of ef-

fect of temperature and load on wear rate and wear constant, and cor-
responding method of lifetime prediction of self-lubricating spherical 
plain bearings based on accelerated degradation test.

6. Conclusions

in this paper we present a method based on physics-of-failure 
model and ADT to give a more reliable ssPB lifetime prediction. 
First, a physics-of-failure model of ssPB in which wear characteris-
tics, structure and operation parameters are integrated is established. 
second, acceleration models for running-in, steady and intense wear 
constants of ssPB are presented. Finally, a gE20ET-2rs radial ssPB 
with two seals at both sides and fractured outer ring is tested to assess 
the validity of the presented method.

The proposed physics-of-failure model shows a clear physical re-
lationship between parameters, thus it can be used in ssPB structural 
optimization design, wear analysis and lifetime prediction. Moreo-
ver, it can accurately describe continuous dynamic wear degradation 
process started from small ssPB clearance. The presented method of 
identification of inflection points in ssPB wear process considers the 
characteristics of the wear process, thus it is more objective and in 
accordance with the engineering practice. ssPB lifetime prediction 
method is given based on piecewise analysis method. The presented 
accelerated models can accurately describe the quantitative relation-
ship between wear constants and load of ADT for ssPB.

Acknowledgement
This research was supported by the National Natural Science Foundation of China (Project No. 51375487).

References

1. Boulanger M., Escobar L. A. Experimental design for a class of accelerated degradation tests. Technometrics 1994; 36(3): 260-272, http://
dx.doi.org/10.1080/00401706.1994.10485803.

2. Fang X., zhang C., Chen X., wang y., Tan y. A new universal approximate model for conformal contact and non-conformal contact of 
spherical surfaces. Acta Mech 2015; 226(6): 1657-1672, http://dx.doi.org/10.1007/s00707-014-1277-z.

3. Fang X., zhang C., Chen X., wang y., Tan y. newly developed theoretical solution and numerical model for conformal contact pressure 
distribution and free-edge effect in spherical plain bearings. Tribology international 2015; 84: 48-60, http://dx.doi.org/10.1016/j.
triboint.2014.11.020.

4. ge z., Li X., Jiang T, Huang T. optimal design for step-stress accelerated degradation testing based on D-optimality. Proceedings of Annual 
reliability and Maintainability symposium 2011; 1: 1-6, http://dx.doi.org/10.1109/rams.2011.5754481.

5. Hu C-H., Lee M-y., Tang J. optimum step-stress accelerated degradation test for wiener degradation process under constraints. European 
Journal of operational research 2015; 241(2): 412-421, http://dx.doi.org/10.1016/j.ejor.2014.09.003.

6. Liao C-M., Tseng s-T. optimal design for step-stress accelerated degradation tests. reliability, iEEE Transactions on reliability 2006; 55(1): 
59-66, http://dx.doi.org/10.1109/TR.2005.863811.

7. Lim H. optimum Accelerated Degradation Tests for the gamma Degradation Process Case under the Constraint of Total Cost. Entropy 2015; 
17(5): 2556-2572, http://dx.doi.org/10.3390/e17052556.

8. Lu C. J., Meekera w. o. using Degradation Measures to Estimate a Time-to-Failure Distribution. Technometrics 1993; 35(2): 161-174, 
http://dx.doi.org/10.1080/00401706.1993.10485038.

9. LuValle M J. An approximate kinetic theory for accelerated testing. iiE Transactions 1999; 31(12): 1147-1156, http://dx.doi.
org/10.1080/07408179908969915.

10. Meeker w. Q., Escobar L. A., Lu C. J. Accelerated degradation tests: modeling and analysis. Technometrics 1998; 40(2): 89-99, http://dx.doi.
org/10.1080/00401706.1998.10485191.

11. Meneghesso g., Crosato C., garat F., Martines g., Paccagnella A., zanoni E. Failure mechanisms of schottky gate contact degradation and 
deep traps creation in AlgaAs/ingaAs PM-HEMTs submitted to accelerated life tests. Microelectronics reliability 1998; 38: 1227-1232, 
http://dx.doi.org/10.1016/s0026-2714(98)00092-4.

12. nelson w. Accelerated testing: statistical models, test plans, and data analysis. new york: John wiley & sons, 1990, http://dx.doi.
org/10.1002/9780470316795.

13. Park s-J., yum B-J., Balamurali s. optimal design of step-stress degradation tests in the case of destructive measurement. Quality Technology 
& Quantitative Management 2004; 1(1): 105-124, http://dx.doi.org/10.1080/16843703.2004.11673067.

14. Polavarapu i., okogbaa g. An interval estimate of mean-time-to-failure for a product with reciprocal weibull degradation failure rate. 
Proceedings of Annual reliability and Maintainability symposium 2005; 1: 261-265, http://dx.doi.org/10.1109/rams.2005.1408372.

15. rabinowicz E. Friction and wear of Materials. second ed., new york: John wiley & sons, 1995.
16. Tang L-C., yang g., Xie M. Planning of step-stress accelerated degradation test. Proceedings of Annual reliability and Maintainability 

symposium 2004; 1: 287-292, http://dx.doi.org/10.1109/rams.2004.1285462.



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016538

sciENcE aNd tEchNology

17. Tsai T-r., Lio y., Jiang n. optimal decisions on the accelerated degradation test plan under the wiener process. Quality Technology & 
Quantitative Management 2014; 11(4): 461-470, http://dx.doi.org/10.1080/16843703.2014.11673357.

18. Tsai T-r., sung w-y., Lio y. L., Chang s. i., Lu J-C. optimal Two-Variable Accelerated Degradation Test Plan for gamma Degradation 
Processes. iEEE Transactions on reliability 2015; PP(99): 1-10.

19. wang y., zhang C., Chen X., Tan y. Lifetime prediction method for electron multiplier based on accelerated degradation test. Eksploatacja 
i Niezawodnosc - Maintenance and Reliability 2014; 16(3): 484-490.

20. wen s., Huang P. Principles of Tribology. Fourth ed., Beijing: Tsinghua university Press, 2012.
21. yang g., yang K. Accelerated degradation-tests with tightened critical values. iEEE Transactions on reliability 2002; 51(4): 463-468, http://

dx.doi.org/10.1109/TR.2002.804490.
22. ye z-s., Chen L-P., Tang L. C., Xie M. Accelerated Degradation Test Planning using the inverse gaussian Process. iEEE Transactions on 

Reliability 2014; 63(3): 750-763, http://dx.doi.org/10.1109/TR.2014.2315773.
23. yu H-F. - Designing an accelerated degradation experiment by optimizing the estimation of the percentile. Quality and reliability Engineering 

international 2003; 19(3): 197-214, http://dx.doi.org/10.1002/qre.518.
24. yu H-F. Designing an accelerated degradation experiment with a reciprocal weibull degradation rate. Journal of statistical planning and 

inference 2006; 136(1): 282-297, http://dx.doi.org/10.1016/j.jspi.2004.06.030.
25. yu H-F., Chiao C-H. Designing an accelerated degradation experiment by optimizing the interval estimation of the mean-time-to-failure. 

Journal of the Chinese institute of industrial Engineers 2002; 19(5): 23-33, http://dx.doi.org/10.1080/10170660209509355.
26. yu H-F., Tseng s-T. on-line procedure for terminating an accelerated degradation test. statistica sinica 1998; 8(1): 207-220.
27. zhang C., Lu X., Tan y., yashun w. reliability demonstration methodology for products with gamma Process by optimal accelerated 

degradation testing. reliability Engineering and system safety 2015; 142: 369-377, http://dx.doi.org/10.1016/j.ress.2015.05.011.
28. zhang J-r., Jiang T-M., Li X-y., wang L-z. optimization of step stress accelerated degradation test plans. iEEE 17th international Conference 

on industrial Engineering and Engineering Management, 2010; 947-951, http://dx.doi.org/10.1109/icieem.2010.5646470.

yashun wAng
Xin fAng
Laboratory of science and technology on Integrated Logistics support
College of Mechatronics and automation
national university of Defense technology
yanwachi str., 47 Changsha, 410073, China

chunhua zhAng
school of Electronic Information
hunan Institute of Information technology
Mao tang Industrial Park,Changsha (Xingsha) Economic and 
technological Development zone, Changsha, 410151, China

Xun chen
Laboratory of science and technology on Integrated Logistics support
College of Mechatronics and automation
national university of Defense technology
yanwachi str., 47 Changsha, 410073, China

jinzhong lu
Fujian Longxi Bearing (group) Corporation Limited
no.388,tengfei road, zhangzhou 363000, Fujian, China

E-mails: wangyashun@nudt.edu.cn, yueguangxin@126.com, 
chzhang@nudt.edu.cn, chenxun@nudt.edu.cn, Lu@ls.com.cn



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016 539

article citation info:

1. Introduction

with increasing environmental awareness of the public as well as 
international and national laws on emission control it becomes more 
and more difficult to operate large industrial plants, particularly near 
residential areas. in the specific case of bulk materials handling in 
coal power stations, cement plants and steel works, understandable 
demands with respect to complying with the limits of dust, odour 
and, in particular, noise emissions require a modern, environmentally 
friendly design based on the use of very low-noise plants.

Closed transport systems are more and more widely applied in 
various bulk solids handling businesses. This results from the unique 
character of these systems, where material is fully enclosed by belt 
[8]. The use of a closed conveyor for transportation of bulk mate-
rial gained huge popularity abroad over the past years. The closed 

conveyor is a modern way of transporting bulk materials [7]. The 
popularity of the enclosed conveyors lies in their eco-friendliness 
and cost-effectiveness which means low labour and operating costs 
[1].The best known representatives of closed transport systems are 
tubular conveyor belts. in the 1970s Japan Pipe Conveyor Co. Ltd. 
developed a pipe or tubular belt conveyor which was first installed in 
1979 [6]. The problem of tubular belt conveyors has been examined 
in many research projects, one aspect of this research being traffic 
routes. Kulagin [9] deals with bending radius of the tubular conveyor 
in the horizontal plane by computer modelling. Another significant 
field of research concerning tubular conveyor belts is the behaviour 
of a transporting belt. Baburski [3] analyses the mechanical proper-
ties of conveyor belts at three main stages of production. in his other 
research, he investigated the effect of pipe conveyor belt pressure on 
the rollers on its circuit [4]. This type of research requires knowledge 
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Z powodu swych zalet, systemy transportowe zamknięte, zostały szeroko wprowadzone i zastosowane w różnych dziedzinach 
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about material properties of conveyor belts. Mazurk-
iewicz [11] deals with the problem of identification 
of strength properties of rubber materials for the pur-
poses of numerical analysis. Rubber as an adhesive 
base and a construction material is unique, and its 
properties can vary depending on its composition, 
additive content, etc. [11].

As already mentioned, there are different types 
of closed transport systems. Aside from tubular con-
veyor belts,  they also include sandwich conveyors. 
This type of conveyors was investigated by Alspaugh 
[2] with respect to latest developments in the belt 
conveyor technology. Other transport systems also 
include overhead conveyor belts, u-con belts, and 
the like.

The above systems have one feature in common: material is trans-
ported using a conveyor belt which generally consists of rubber and 
various textiles. in order to ensure their operational reliability and 
effective maintenance, processes occurring inside the belt must be 
known. This means the knowledge about their inner structure regard-
ing occurrence of undesired degradation processes[13]. This impor-
tant data is difficult to acquire. One of the methods to do so is to apply 
the industrial metrotomography method.

2. Description of conveyors with a closed conveyor 
belt

Conveyors with a closed conveyor belt (Fig. 1) have special de-
sign and construction. The largest and most important feature of these 
devices is a conveyor belt folded into a specific shape. A vast majority 
of these transport systems were designed and made to transport loose 
and dusty materials. The conveyors can be installed in almost any 
industry depending on its properties.

Depending on a process, the group of closed conveyor belts in-
cludes:

tube conveyors,a) 
overhead conveyors b) 
conveyors with a pres-c) 
sure conveyor belt,
u-con conveyors.d) 

in this type of transport 
system, the conveyor belt 
has a closed form with vari-
ous types of forming rolls 
which differ from each oth-
er in their dimensions and 
construction. The forming 
rolls are usually arranged 
at regular intervals along 
the full length of the travel 
route. Their arrangement 

can only differ in the region of their closing and opening, or in the 
place where the routes are rounded.

As a result of the above, each enclosed conveyor belt of the trans-
port system is cyclically exposed to recurring loads. As a result of time 
and other factors, damage processes occur in the conveyor belt.  Their 
presence can be most easily identified in the surface areas of conveyor 
belts, the effect being disruption of belt homogeneity, i.e. cracks occur 
(Fig. 2). At the same time, reduction in cover layers thickness can be 
observed. All these processes can be identified and observed once we 
know about their existence and can thus take adequate and effective 
measures to  redevelop or minimize them.

At this point is seems necessary to focus on damage processes 
which are not visible at first, but take place in inner layers of the 
conveyor belt. usually, there are no visible signs on the surface indi-
cating their existence; sometimes their presence is vaguely signalled 
at irregular intervals.  it is very important that they are noticed and 
identified early as this can sometimes be crucial for reliable opera-
tion of a transport system. in most cases, the detection of internal 
damage processes is solely based on personal experience of the in-
dividuals responsible for maintenance and operation of a particular 
transport system.

3. Classification of damage in rubber-textile 
conveyor belts for closed continuous transport 
systems

For a reliable operation of closed transport systems with a 
rubber-textile belt, their users need  to identify all negative proc-
esses occurring inside the belt or on its surface (Table 1) and 
subsequently to take adequate and effective measures in order to 
eliminate their effects. Only in this way can reliable operation of 
such transport systems be assured.

Table 1 shows that the most serious malfunctioning of belts 
occurs in their internal region, where it is difficult to identify. 
Commonly used methods based on experimental measurement 
are inappropriate and they are only of informative value. At Fig. 1. Examples of continuous transport systems with a closed conveyor belt

Fig. 2. Violation of homogeneity in the surface area of a conveyor belt used in the closed conveyor 
belt transport system 

Table 1. Comparison of selected types of damage to rubber-textile conveyor belts in closed continuous transport systems

outer area of the 
conveyor belt

Inner area of the 
conveyor belt

Possibility of simple 
visual detection

seriousness of the 
disorder

textile carcass disorder no yes no high

Penetration of the belt yes yes yes Medium

homogeneity violation yes yes yes Medium

separation of the belt interior no yes no high

thickness reduction yes no yes Low

Dynamic wear yes no yes Medium
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present the quality and reliability of rubber-textile conveyor belts main-
tenance in closed continuous transport systems can be ensured by ap-
plication of more progressive attitudes enriching our knowledge with 
three-dimensional visualization of internal structures of these types of 
rubber-textile conveyor belts. One such widely used is industrial com-
puter metrotomography.

4. Industrial Computer Metrotomography

Computed Tomography, X-ray computed tomography (CT) has 
found its first application in medicine (1970), with the construction of 
the first scanner (1969). in 1980, CT was used in industry for mate-
rial analysis and non-destructive testing. it became a revolutionary 
tool for dimensional metrology, for comparing nominal and actual 
geometry, i.e. verification of geometrical and dimensional tolerances. 
At present, the measurement technology is preferably used for parts 
made of different materials using new technologies, especially com-
plex geometry. Three areas of CT application, i.e. medical purposes, 
materials analysis and dimensional metrology, are all based on the 
same physical and mathematical principles, however the impact of 
various factors needs to be considered.
using CT (Fig. 3), we can obtain a complete 3D model of a scanned 
workpiece either in the form of a volume model or a surface model 
defined from a volume model by creation of a polygonal mesh [10].

The software tools are used both to work with models and 
to measure dimensional and other metrological applications. 
However, every software tool provides various algorithms of the 
measuring strategy in order to define particular measured char-
acteristics.

To obtain a desired result with metrological quality using 
CT, the following interrelated processes must be performed: 

scanning, volume data reconstruction, surface determination and 
evaluation. The individual stages do not include calibration of the 
measuring machine, as this is performed by the manufacturer [12]. 
For the purposes of research and commercial utilization, the ma-
chine must have a valid certificate with a defined and reported 
measurement uncertainty.

Fig. 4 presents the description of main activities and procedures to 
be implemented for the application of industrial tomography methods 
in the analysis of damage to rubber and textile belts in closed continu-
ous transport systems. The methodology includes activities like prep-
aration of measurement samples, measurement, as well as processing 
and evaluation of the measured data.

The result of the activities and procedures listed in Fig. 4 is a 
digital 3D model of the sample from a closed continuous convey-
or belt transport system. However, the measurement process and 
analysis do not stop at this point. The model needs to be processed 
with the use of software tools. in doing so, a premeditated strategy 
on how to proceed must be available, i.e. we must know in advance 
the sample analysis will predominantly focus on.
with rubber-textile conveyor belts it is essential to check their 
consistency, since it significantly influences a variety of opera-
tional factors of the transport system. Above all,  textile skeleton 
fibres must be inspected for any signs of damage. Furthermore, it 
is necessary to check the belt for possible cavities in each rubber 
layer and to monitor separation of individual layers that make up 

Fig. 3. Principle of arrangement of computed tomography

Fig. 4. Activities and procedures for preparing and taking measurements [5]

Fig. 5. Location of measured sample in the industrial metrotomograph
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the whole structure of the conveyor belt. Further measurements 
depend on requirements of individual operators, operating condi-
tions, transport system and transported material.

5. Experimental measurements

The aim of experimental measurements is not limited to generat-
ing visualizations of the analysed sample. The sample must be further 
evaluated in various views, sections and with the possibility of filter-
ing out the individual construction layers.

Fig. 6 shows the front view of the conveyor belt sample enabling 
us to observe its real structure. Darker colours indicate rubberised 
textile carcass and the presence of a puncturing layer. in the textile 
carcass, the disruption of conveyor belt structural integrity can be ob-
served at two points. The damage situated on the left is considerably 
large. it penetrates numerous carcass plies of the conveyor belt and 
displays the signs of diagonal spreading. This is a serious damage 
that needs to be analysed in the longitudinal direction and from the 
above view. 

The detection of such a defect can be significant for maintenance 
of a transport system and its operational reliability. if detected at an 
early stage, when it is not extensive, measures can be taken to repair 
the conveyor belt and to prolong its life.

The other identified defect is significantly smaller, which points 
to its early stage. However, it is situated very close to the first defect, 
which is quite an unfavourable situation. if ignored, this might result 
in interconnection of the defects, leading to significant impairment 
of the conveyor belt’s operating characteristics. The defect is 
likely to spread further and could lead to general degradation 
of the conveyor belt and potential damaging of the transport 
system.

Fig. 7 shows sample analysis in the longitudinal direction. 
Again, the sample reveals the presence of two clearly visible 
defects of various sizes and extents. it should be emphasized 
that the structure of the conveyor belt in the longitudinal di-
rection significantly impacts its strength properties. At this 
point, besides other loads the conveyor belt is under action 
of a tensile force. This fact combined with the presence of the 
defect can lead to a total damage of the conveyor belt, which 
would cause substantial loss from the economic point of view. 
it is therefore necessary to analyse such conveyor belts by 

means of classic experimental measurements, the informative value 
of which can be highlighted using industrial metrotomography.

The two above mentioned examples are related to identification 
of very serious defects. Apart from this, computer metrotomography 
methods can also be used in the case of less serious damage which is 
visually identifiable such as formation and presence of cracks in the 
upper plating layer of the rubber-textile conveyor belt.

Fig. 8 shows the front view of the conveyor belt sample. The view 
was obtained from the analysis of samples with visible homogeneity 
disruption in their upper cover layer (in the form of multiple cracks). 

The cracks can be observed by conventional visual inspection, a com-
mon practice method in the maintenance of closed conveyor belt 
transport systems. 

The figure reveals the presence of two cracks located in the cen-
tral part of the sample. The crack on the left extends halfway in the 
upper cover layer while the other crack is a little more extensive and 
extends almost up to the puncturing insert of the conveyor belt. This 
information considerably expands the data gathered by visual check. 
On its basis it can be concluded that the cracks do not directly affect or 
endanger operational reliability of the transport system. The conveyor 
belt’s internal structure is intact and has no internal defects, hence its 
strength properties are not at risk. if more surface cracks are present, 
measures need to be taken to repair the belt.

The conveyor belt can be analysed with software tools which use 
algorithms for image analysis of bitmap documents. This allows us 
to analyse top views collected by optical recognition of cracks and 
evaluation of their hazard degree. This process can be improved using 
neural networks, as the abstraction of rules from the input and output 
values can improve the original algorithms.

Fig. 9 shows an example of this way of sample analysis. At first 
sight a disturbance passing through the textile carcass conveyor belt 
can be clearly observed. The view enables further detailed visuali-
sation of the structure of the textile carcass conveyor belt. we can 
clearly see that individual textile fibres are, besides the point of per-

foration, intact. in further analysis it would be necessary to examine 
problems such as the defect’s depth and its potential spread.

6. Conclusion

Continuous transport systems with a closed conveyor belt are be-
ing applied in more and more industrial areas. Their reliable opera-
tion strongly depends on regular and reliable maintenance. in addi-
tion to traditional practices, new solutions must be implemented to 
expand maintenance information base. such solutions include the use 
of computer-based metrotomography tools. in the paper we have dis-
cussed basic applications for the above method in the field of rubber-
textile conveyor belts. it must, however, be emphasized that computer 
metrotomography can provide a wide range of other data depending 
on specific requirements (Fig. 10).

Fig. 6. Front view of the analysed sample of rubber-textile conveyor belt

Fig. 9. Top view of analysed sample of rubber-textile conveyor belt showing perforation 
caused by material load on the conveyor belt

Fig. 8. Front view of the sample material of rubber-textile conveyor belt with 
cracks in the upper cover layer

Fig. 7. Side view of the analysed sample of rubber-textile conveyor belt
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An obstacle to the application of this method is that it cannot be 
done online during operation of the conveyor. This is not necessary, 
since most of the damage which can be identified by this method is a 

long lasting one. Therefore, it is sufficient if its 
use is combined with implementation of regular 
service outages of transport systems when col-
lection of individual samples is possible, e.g. by 
shortening of the conveyor belt.

A transport system operator will be able to 
gain valuable information about the current con-
dition of the conveyor belt, and on this basis can 
continuously plan its successive maintenance 
and investment costs of acquiring a new con-
veyor belt.
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Paweł MIKołaJCzaK
Jerzy naPIórKowsKI

AnAlysing the reliAbility of working pArts operAting in AbrAsive 
soil pulp tAking into considerAtion confounding fActors

AnAlizA niezAwodności elementów roboczych funkcjonujących 
w glebowej mAsie ściernej z uwzględnieniem 

czynników zAkłócAjących*
This paper refers to the aspects of wear in structural materials used for the manufacture of working parts operating in abrasive 
soil pulp. Our study was conducted on six steel grades: Hardox 500 and Hardox 600, XAR 600, TBL Plus, B27 and 38GSA, 13 
pad-welded layers and two types of carbide-based layers. The results obtained were used to analyse reliability and durability in 
terms of meeting the assumed abrasive wear limits. Analytical tools employed included multi-dimensional analyses, such as clus-
ter analysis, correspondence analysis, and comparative analysis in a function of reliability with the use of the Mantel-Haenszel 
test. The latter method was used to study the influence of a confounding factor (change of the soil pulp type) on the reliability of 
the models determined. 

Keywords: friction, abrasive wear, multi-dimensional analyses, reliability.

Praca poświęcona jest zagadnieniom związanych z zużywaniem materiałów konstrukcyjnych stosowanych do produkcji elemen-
tów roboczych funkcjonujących w glebowej masie ściernej. Badania własne przeprowadzono dla sześciu rodzajów stali: Hardox 
500 i Hardox 600, XAR 600, TBL Plus, B27 i 38GSA, 13 warstw napawanych oraz dwóch rodzajów warstw z węglikami. Uzyskane 
wyniki posłużyły do przeprowadzenia analizy niezawodności i trwałości w aspekcie osiągnięcia założonych wartości granicznych 
zużycia ściernego. Jako narzędzia analityczne wykorzystano analizy wielowymiarowe takie, jak: analiza skupień, analiza kore-
spondencji oraz analiza porównawcza funkcji niezawodności z zastosowaniem testu Mantela-Haenszela. Ostania z wymienionych 
metod posłużyła do zbadania jak wpływa czynnik zakłócający (zmiana rodzaju masy glebowej), na wyznaczone modele niezawod-
ności.

Słowa kluczowe: tarcie, zużycie ścierne, analizy wielowymiarowe, niezawodność.

MIKołaJCzaK P, naPIórKowsKI J. analysing the reliability of working parts operating in abrasive soil pulp taking into consideration confoun-
ding factors. Eksploatacja i niezawodnosc – Maintenance and reliability 2016; 18 (4): 544–551, http://dx.doi.org/10.17531/ein.2016.4.9.

1. Introduction

The performance of technical structures, determined by their tech-
nical condition, depends on the advancement of wear processes taking 
place during their operation. The problem of prediction in the course 
of service (time, path, number of cycles, etc.) until failure lies in the 
difficulty of the quantitative description of the severity of wear proc-
esses occurring in technical structures. For abrasive substances acting 
on the working parts of machinery, abrasive wear is considered the 
main cause of failures. if the wear is caused by normal (expected) serv-
ice, then, for operation process control, it is essential to determine the 
wear limits and the estimated time of reaching them. Failing that, the 
objective of field tests (reliability tests) will be to identify the causes of 
excessive wear and to develop a method to reduce such wear.

Meeting the objective to reduce material wear in construction 
nodes is possible through reducing the intensity of destructive phe-
nomena occurring in materials by proper shaping of the components, 
studying the relationships between chemical composition, micro-
structure and material properties, developing research methods for 
effective modelling of wear, and developing methods for describing 
phenomena and durability forecasting [12].

The process of working part wear in soil pulp belongs to the cat-
egory of natural processes [11. 16]. in addition to uncontrollable proc-
esses which cannot be influenced, there are also controllable processes 

taking place. The controllability range depends on the knowledge of 
natural processes and the possibility to influence them. The problem 
of material wear in soil pulp is very complex and requires an inter-
disciplinary approach. generally, the wear process is analysed based 
on its consequences. The primary objective in solving the problems 
is to adjust the material and structural solutions of working parts to 
the environmental forces, including the properties of abrasive pulp. 
The multitude of factors affecting the wear of working parts in the 
soil pulp means that, to date, no satisfactory descriptions have been 
provided for system-forming relationships between the working parts 
and environmental influences. Despite the random environmental in-
fluences and difficulties in creating comprehensive solutions, a ration-
al choice of the structural and technical forms of working parts and 
service life planning can be done. To this end, complex experiments 
have to be carried out for various patterns of wearing out their us-
able resources in determined time and forces. This can be achieved by 
composing the relevant characteristics affecting the process. Material 
science delivers increasingly perfect construction materials which can 
be used to fabricate working parts for processing soil pulp [1]. How-
ever, the question arises here of whether a working part made of the 
same structural material should be used in all types of abrasive pulp. 
Determining the relationship between wear intensity and the property 
characterising the structural material concerned considerably simpli-
fies the selection of proper material for specific soil forces. Available 
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grades of steel, cast steel and cast iron with specifically constituted 
properties, pad-welding material and carbides may contain high levels 
of deficit alloy additives, thus making their use much more expensive. 
Therefore, it is necessary to study the effect of carbide-forming ele-
ments on the phase and structural composition, and the properties of 
materials in individual types of abrasive pulp.  

The material selection criterion is chosen based on two factors, 
namely: achieving the appropriate hardness and forming a precisely 
defined phase composition of the heterogeneous pad-weld structure 
[5, 9, 13]. in the case of iron alloys, the carbide phases are mainly 
involved. This results in trends to increase the carbon percentage in 
pad-weld materials and to add strongly carbide-forming elements 
(nb, B) [14, 22]. in addition to the volume percentage of carbides in 
the pad-weld material structure, the dimensions, shape and distribu-
tion are also important. The choice of carbides with specific proper-
ties has to take into account the relationships between Fe-Cr-C and 
carbide-forming elements. The most common carbides include Fe3C 
(840-1000HV), Cr7C3 (1800HV), Cr2C3 (1500HV), wC (2400HV), 
VC (2800HV), Mo2C (1200HV), and TiC (3200HV). using Fe-Cr-C 
alloys as a reference point is due to the fact that alloys whose main 
element is chromium are most commonly used and considered to be 
the most cost-effective. The most commonly used additives include 
w, Mo, V, B, and nb. For example, with the addition of boron, Ti2B, 
FeB, Cr2BC, and M23(C, B)6 bromides and carbides can be formed.  

wear resistance also depends on a number of factors, the most 
significant of them being the content of elements, including the quan-
tity and form of carbides, strength, elasticity of metallic matrix, and 
microstructure type. Analysis of the literature available [1, 2, 3, 6, 7, 
15, 21] indicates that the phase structure and pad-weld structure should 
be interpreted individually for the specific chemical components. The 
unambiguous and universal classification of  pad-welding materials 
is difficult since those materials require proper choice due to their 
specific structures, depending on the conditions of use present. The 

waveforms presented (Fig. 1) indicate different material consumption 
in individual soil conditions. 

Analysing the curves shown in Fig. 1, it can be noted that the soil 
type not only affects the wear rate, but also changes the resistance rank-
ing of individual materials. in order to answer the question which of 
the materials can be considered similar and attributed with proper wear 
resistance properties (e.g. high, satisfactory, unsatisfactory resistance), 
various statistical methods are employed, from the basic ones, such as 
variance analysis and post-hoc tests [8], to multi-dimensional compara-
tive analysis, which can be defined  as methods for comparing objects 
described in terms of their properties, e.g. the discriminant, main com-
ponent and cluster analysis [8, 10, 12]. From the standpoint of typical 
reliability, complementary to those methods may be the comparative 
methods of reliability function, utilising the following tests [18]:

long-rank; –
Cox-Mantel; –
F Cox; –
wilcoxon-gehan; –
Peto-Peto wilcoxon and  –
Mantel-Haenszel. –

This paper aims to analyse the reliability and durability in terms 
of the limit values of the abrasive wear of structural materials used for 
working parts processing abrasive soil pulp. Multi-dimensional analy-
ses have been applied as the analytical tools to allow the identification 
of wear of the materials studied, taking into account: 

division into similar groups as an introduction to further multi-• 
dimensional analyses;
relationships between categories of variables, including the qualita-• 
tive variables;
influence of confounding factors (soil pulp type) on the reli-• 
ability of the models determined.

2. Laboratory tests

2.1. Objective and scope of the study

The objective of the studies performed was to obtain details of 
the abrasive wear process depending on the hardness of the top layers 
of the materials examined, their structure, chemical composition and 
soil type. 

The materials were tested in abrasive soil pulp with particle sizes 
as described in Table 1. The tests were performed on 21 types of ma-
terials listed in Table 2.  wear measurements were performed every 
4 km of friction path, up to 20 km. The number of repetitions was 
5 specimens for every material. The wear values adopted in further 
analyses are the average values of five tests.

2.2. Test bench

To study the wear pattern of top layers in diverse soil conditions, 
the laboratory test bench as shown in Fig. 2 was used.

The machine comprises a rotary bowl and two abrading sections 
enabling oscillating movement. work processes of the section are 
monitored and controlled by the PLC V350-35-r2 controller. soft-
ware has been downloaded to the controller memory that allows for: 

precise setting of the friction path; –
selection of movement type (with/without oscillation); –
measurement and recording friction forces for both sections in- –
dependently;
measurement and recording of friction path covered; –
measurement and recording of moisture content and tempera- –
ture of abrasive pulp;
declaration of linear velocity of abraded specimens; –
declaration of oscillation velocity; –
controlling the moisture content of the abrasive pulp. –Fig. 1. Wear of the materials (specimens) with the area 750 mm2, a) in light 

clay, b) in loamy sand [12]

a)

b)
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The operating algorithm of the test bench for studying wear in 
abrasive soil pulp is shown in Figure 3. 

A JEoL JsM – 5800 LV scanning microscope coupled with the 
oxford LinK isis – 300 X-ray radiation micro-analyser was used for 
micro-analyses of chemical composition. 

3. Results of tests and analysis

3.1.  Chemical composition, structure and 
hardness

The results of testing the chemical composition, 
structure and hardness of layers pad-welded with a 
covered electrode are listed in Table 3, and the char-
acteristics of other materials can be found in [12].

The results presented are only a part of com-
prehensive tests (of the chemical composition, 

structure and hardness), while in the examples 
of multi-dimensional analyses given, all results 
have been used correspondingly for the purpose 
defined.

3.2. Identification of similar groups

The cluster analysis was employed for the 
identification of similar construction materials. 
The major concept underlying the cluster analysis 
is to distribute objects in a certain number of (pre-
defined or not) groups of ‘similar’ objects which, 
at the same time, are not ‘similar’ to objects from 
the other groups. it is assumed that such group-
ing can contribute much to the exploration of the 
structure of factors affecting the wear patterns, in 
particular:

to detect if the clusters obtained indicate any  –
regularity, e.g. relationships between the ma-
terial hardness and wear;
reduce a large data set to averages of the in- –
dividual groups; 
treat the division into groups as an introduc- –
tion to further multi-dimensional analyses.

Table 1. Description of abrasive soil pulp

 Soil descrip-
tion Type

Sand
1÷0.1 mm

[%]

Dust
0.1÷0.02 mm

[%]

Floating parts
< 0.02 mm

[%]

Moisture 
content by 

weight

[%]

heavy clay normal clay 33.62 49.92 16.56 15

Light soil Loamy sand 77.48 20.83 1.69 8

Medium soil Light clay 52.66 40.32 7.02 12

Table 2. List of materials studied

Steels Pad-welded layers Carbide layers

38gsa El-hard 61 Carbide B 26

B27 El-hard 63 Carbide g 10

hardox 500 El-hard 65

hardox 600 El-hard 67

tbl Plus El-hard 70

Xar 600 F-600 tiC

F-61

F-64

F-65

F-67

F-78

XhD 6710

XhD 6715

Fig. 2. Machine for testing wear in abrasive soil pulp

Fig. 3. Operating algorithm of the test bench for studying wear in abrasive 
soil pulp
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The cluster analysis includes several different algorithms for ob-
ject classification [18, 19]. in the example presented the agglomera-
tion method was employed, in which hierarchically ordered clusters 
are obtained which can be presented in the form of a tree (dendro-
gram) showing distances between the grouped objects. To determine 
the distances between new clusters the complete linkage method was 

applied, in which the distance between clusters 
equals the longest distance between any two 
objects belonging to various clusters. using 
this method is justified when the objects are ex-
pected to naturally form specific ‘clumps’. As a 
function of distance, the euclidean distance was 
chosen.

The sample data (Table 4) come from labo-
ratory wear tests of 21 materials in light soil. 
As variables influencing the clusters, unit wear 
was used, expressed as (g·cm-2·km-1), and hard-
ness HV10, hence the analysis aims at group-
ing materials in groups characterised by similar 
abrasive wear and hardness.

Before analysing the clusters the variables 
were standardised. For a single analysis the 
standardisation is not that important, but when 
several results of the cluster analysis are to be 
compared (e.g. for heavy, medium and light 
soil) this procedure enables the comparison of 
various dendrograms, and the distances between 
clusters will preserve a constant scale. Figure 5 
shows the results of the cluster analysis in the 
form of a horizontal dendrogram.

it should be noted that initially each mate-
rial forms its own cluster. As a horizontal den-
drogram is analysed in the right direction, the 
materials which are ‘close’ one to another ag-
glomerate in the following clusters. Based on the 
above it can be stated that the closest properties 
are found in the paddings F65 and XHD 6710 as 

well as in F61 and F64. on the other hand, the carbides are extremely 
different compared to all other materials. The results of the cluster 
analysis make it possible to relatively easily choose specific clusters 
(e.g. those with considerable wear resistance), and the relevant data 
can be further processed based on the chemical composition or struc-

Fig. 4. Sample microstructures of pad-welded layers.

Table 3. Characterisation of top layers pad-welded with covered electrodes

Material C Tn Cr Mo B W V Ti Nb Structure Hardness
HV10

El-hard 61 5.2 1.2 29.0 0.7 - - - - 7.0

alloy ferrite transitioning to the structure composed 
of alloy ferrite and carbide phases (ledeburite struc-
ture). Microstructure of a layer pad-welded with 
precipitates of chromium and niobium carbides.

632

El-hard 63 5.0 - 34.0 - - - - - -

Padding weld microstructure. great precipitates of 
primary carbides type M7C3 (Fe,Cr7C3) on the back-
ground of alloy ferrite and carbide mixture. hypereu-
tectic Fe-Cr-C alloy with ledeburite structure.

658

El-hard 65 4.5 - 24.0 6.0 - 2.0 1.0 - 6.0 Mixture of alloy ferrite and M7C3 carbides – 
[Fe,Cr7C3] and niobium carbides. 682

El-hard 67 5.0 - 23.0 - - - 10.0 - -

alloy ferrite with carbides (with ledeburite mixture 
structure) with irregularly distributed primary pre-
cipitates of chromium carbides and fine, dark vana-
dium carbides.

720

El-hard 70 5.0 1.0 38.0 1.5 3.50 - - - -

Large, locally fragmented precipitates of primary 
chromium carbides with minute boron carbides. the 
matrix constitutes ledeburite mixture composed of 
alloy ferrite and minute carbides.

776

XhD 6710 1.2 13.2 45.0 - - - - - - Large primary precipitates of chromium carbides on 
the background of alloy ferrite+carbide mixture. 795

XhD 6715 5.0 - 21.0 8.5 - 6.0 1.5 - 7.0
Large precipitates of primary chromium carbides in 
alloy ferrite matrix and niobium carbides. also slight 
areas of ledeburite visible.

820
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ture of only those materials so as to identify their values 
which account for favourable operating properties.

3.3. Identification of links between variable 
categories

Multiple reliability tests require qualitative variables to 
be analysed (nominal and ordinal), e.g. the soil type and 
materials structure. A starting point to analyse such data 
is to compile it in a contingency table. Common statistical 
techniques (chi-square, V Cramera, o-yula, contingency 
factor) provide information only on the significance and 
strength of links between qualitative variables, but they do 
not describe the nature of links between categories of the 

qualitative variables analysed. Therefore, another analysis employed 
to identify resistance to abrasive wear is correspondence analysis, pro-
viding information that is similar in interpretation to the results of factor 
analysis, relating, however, to the qualitative variables. An analysis of 
the statistics and charts used in the correspondence analysis enables 
simple and intuitive inference about the links present between the cat-
egories of variables. Therefore, the main purpose of the correspondence 
analysis is to present the analysed set of points in a maximum 3D space, 
maintaining complete or nearly complete information on the variability 
of the matrix model lines. The singular value decomposition method 
(sVD) was employed to solve this problem [4, 17]. 

The most common way to present the effects of the correspond-
ence analysis performed is the graphic presentation of the simul-
taneous occurrences of variable categories. The resulting chart is 
referred to as the map of correspondence. interpretation of the re-
sults obtained consists in assessing the location of points depicting 
variable categories on the chart. Three components have to be taken 
into account [20]:

point location relative to the centre of projection (axes intersec- –
tion point);
point location relative to other points determining categories  –
belonging to the same feature;
point location relative to the point describing a category of a  –
different feature.

in the determination of the effect of a construction material on 
abrasive resistance, there are virtually no numerical data available (per-
centage of its components), but only information about the occurrence 
of individual structure types in the ‘present’ or ‘absent’ categories. it 
is therefore impossible to employ modelling based on factor analysis. 
This is possible with correspondence analysis, and thus it was decided 
to employ it to determine links between the structure of 21 materials 
examined, and wear intensity (Table 5). The data come from 57 wear 

tests. The map of abrasive wear correspondence depending on mate-
rial structure is shown in Figure 6.

Ana=ysing the map of correspondence, the following conclusions 
can be drawn:

the occurrence of ferrite structure combined with secondary and  –
primary carbides is beneficial - this leads to satisfactory or ac-
ceptable wear;
the occurrence of perlite can be beneficial for the reduction of  –
abrasive wear. note, however, the very low values of ‘weight’ 
and ‘quality’ of that point - this condition requires a more in-
depth study (statistical weight and quality index are applied in 
the correspondence analysis to determine the strength of the 
links between the features examined [1]);
martensite and troosite clearly belong to the group of increased  –
and unacceptable wear. Materials with this structure should be 
avoided when selecting structural material for the working parts 
of soil processing equipment.

Table 4. Data for cluster analysis in light soil

Material hardness hV10 wear after 20 km of friction 
path [cm-2·km-1]

1. 38gsa 414 0.0160

2. B27 549.7 0.0155

3. El-hard 61 632 0.0032

4. El-hard 63 658 0.0018

5. El-hard 65 682 0.0023

6. El-hard 67 720 0.0024

7. El-hard 70 776 0.0010

8. F-600 tiC 680 0.0040

9. F-61 779 0.0026

10. F-64 786 0.0023

11. F-65 824 0.0019

12. F-67 846 0.0013

13. F-78 874 0.0013

14. hardox 500 567.3 0.0060

15. hardox 600 554.1 0.0028

16. tbl Plus 578.8 0.0037

17. Carbide B 26 1818 0.0011

18. Carbide g 10 1430 0.0014

19. Xar 600 627.2 0.0020

20. XhD 6710 795 0.0018

21. XhD 6715 820 0.0013

Fig. 5. Dendrogram for material clusters relative to wear and hardness in 
light soil

Table 5. Data for correspondence analysis 

Material structure 
composition

symbol in the map 
of correspondence

satisfac-
tory wear

z1

accept-
able wear

z2

Increased 
wear

z3

unaccept-
able wear

z4

Martensite M 0 0 9 9

troostite t 0 0 0 9

Ferrite F 18 21 0 3

Primary carbides wp 24 12 0 0

secondary car-
bides ww 24 18 3 3

Perlite P 0 6 0 0
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3.4. Influence of confounding factors 

Field tests often tend to compare reliability for several groups of 
objects, in which the influence of additional factors, referred to as 
confounding variables, has to be considered.  For example, compar-
ing the effect of two pad-welding methods on the reliability (or dura-
bility) of working parts operating in abrasive soil pulp, confounding 
variables including soil moisture content, particle size distribution, 
friction velocity, etc. can be taken into account. in such situations the 
method proposed by Mantel and Haenszel [20] can be applied. The 
test developed by them is based on an analysis of 2 x 2 tables (e.g. 
type of padding vs. reliability), divided by another classifying vari-
able (confounding variable - e.g. soil type).

Let k denote the category number of the confound-
ing variable. Then, for every category j (j=1, 2,...,k) 
contingency tables can be considered (Table 6). The 
number of tables created depends on the size of cat-
egory k. 

in table 4 the following symbols are assumed:
z1j  – number of samples worn excessively in the jth 

category for material 1;
z2j  – number of samples worn excessively in the jth 

category for material 2;
n1j, n2j  – sizes for materials 1 and 2, respectively;
Zj  – number of samples worn excessively in the jth 

category (for both materials);

Lj – number of samples not exceeding wear lim- 
       its (for both materials);
Nj – size of the jth category.

with the above symbols the following (gen-
eral) zero hypothesis can be formulated:

 H0: p11 = p12, p12 = p22,..., p1k = p2k,  (1)

where: pij is the probability of excessive wear 
in the ith group and the jth category. The Mantel 
and Haenszel test enables a simultaneous (in k 
categories) probabilistic comparison of fallibi-
lity (or reliability) in the groups analysed. To 
verify the hypothesis so formulated, the chi-
square statistic method with the following form 
is applied:
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where: )( ijzE - expected number of excessive-
ly worn samples for the ith material and the jth 
category, )( ijzVAR  - variance of excessively 

worn samples of the ith material and the jth category.
in the performed analysis the summarised risk was also calculated 

according to the formula:
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Data for that example (Table 7) refer to two material groups 
which had been considered similar (inside groups), based on the 
cluster analysis:

group 1:  XHD 6710,  F61, F64, F65; –
group 2: XHD 6715, F-67, F-78. –

The question that arises is whether the groups of materials 1 and 2 
can be considered similar (the cluster analysis does not explain that 
clearly). To answer that question the Mantel-Haenszel test was ap-
plied. The limit criterion assumed was the wear rate of 0.2 g of mate-
rial samples tested.

The zero hypothesis assumed is H0: there is no significant difference 
between the reliability distributions of material groups 1 and 2. The fol-

Fig. 6. Map of correspondence between wear rate and material structure

Table 6. General example of a contingency table assuming two material 
types  

Padding mate-
rial type

number of ex-
cessively worn 

samples

number of samples 
not exceeding wear 

limits
total

Material 1 z1j n1j-z1j n1j

Material 2 z2j n2j-z2j n2j

total zj Lj nj

Table 7. Data to compare two material groups

Friction path
[km]

group 1 group 2

number of ex-
cessively worn 

samples

number of sam-
ples not exceed-
ing wear limits

number of ex-
cessively worn 

samples

number of sam-
ples not exceed-
ing wear limits

4 0 40 1 29

8 2 38 2 27

12 3 35 7 20

16 5 30 7 13

20 12 18 10 3
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lowing results were obtained: MH=19.1626; p=0.00001; RW=0.27101. 
Therefore, it has to be concluded that there is a significant difference 
between the distributions examined (p<0.0001). The value of the risk 
index rw of 0.27 can be interpreted as follows: in about 70% of cases 
the limit wear of the second material group will be reached earlier (at a 
shorter friction path) as compared to the other group.

Further studies were conducted taking into consideration the con-
founding variable (soil type). The data for analysis are shown in con-
tingency tables 2x2 (Table 8).

The results of calculations according to formulas 2 and 3 are the 
following: MH=8.47 (p=0.0036); RW=0.29. in this case the zero hy-
pothesis also has to be rejected. This means that the soil type is con-
siderably related to the wear rate. Note, however, that the calculated 
value p is much greater than in the previous example, so the signifi-
cance of the influence of soil type on the durability and reliability of 
working parts processing the soil is not as dominating as the type of 
the construction material.

4. Summary and conclusions

A phenomenon accompanying the operation of working parts in 
soil pulp as intense wear, which is an effect of physiochemical quali-
tative and quantitative changes taking place at the friction surface. 
The process of intense wear in soil occurs in the working parts of 
agricultural, construction, road construction and mining machinery. 
Among these components the greatest wear intensity is found in the 
working parts of cultivating equipment. it was proven that the weight 
loss depends on the structural material and condition of the soil pulp. 
The examples presented demonstrate the usefulness of multi-dimen-
sional analyses in the modelling of abrasive wear and in reliability 
analyses.

Cluster analysis was found to be extremely useful in grouping 
structural material types with similar resistance to abrasion. The iden-
tification of similar groups is simple and intuitive based on cluster 
dendrograms. To give an example, the following similar material 
groups were identified:

XHD 6710,  F61, F64, F65; –
XHD 6715, F-67, F-78; –
38gsA, B27; –
carbides B26 and g10. –

Analysis of correspondence enabled the grouping of qualitative 
characteristics, and answered the question about the structure of con-
struction material that leads to increased or decreased wear. A graphi-
cal presentation (in the form of a correspondence map) is helpful in 
the interpretation of the results obtained. Furthermore, the values of 
‘weight’ and ‘quality’ parameters give an indication of the importance 
of individual variables and the degree (quality) of identification of the con-
ditions being studied by the qualitative variables. The results of the cor-
respondence analysis allow for the following conclusions:

the presence of a ferrite structure combined with secondary and  –
primary carbides increases the durability of working parts;
the presence of perlite can be beneficial to the reduction of  –
abrasive wear. However, this has not been fully proven because 
of the low values of the ‘weight’ and ‘quality’ indicators for 
such structures; 
martensite and troosite content in the material considerably re- –
duces the reliability of working parts.

The application of the Mantel and Haenszel analysis made it pos-
sible to identify the significance of influence of soil type and material 
types on the wear rates, whereby the type of the construction material 
was found to affect the reliability of those parts more.

The analyses described herein can be performed in multiple vari-
ants, for various types of materials and soil conditions. This gives rise 
to the selection of data, based on which reliability models can be built. 
For example, the conditional Bayes model is the one that allows for 
forecasting wear in abrasive soil pulp. The usefulness of this model is 
particularly important in the determination of the limit condition, pro-
vided that friction is present in the defined forces of abrasive soil pulp. 
This procedure allowed for the application of the Bayes estimator of 
friction path, and determined beforehand the probability of reaching 
the limit values depending on the friction path.

The initial selection of experimental data also appears to be useful 
in modelling the wear process with the weibull distribution. A very 
good match of this model is achieved for the shape parameter value: 
k=2, and scale: γ=1. For model parameters selected in this way it is 
possible to forecast the wear of steel with boron content in abrasive 
soil pulp groups considered as homogeneous, for their influence on 
the intensity of wear. 

Table 8. Contingency tables (material type × soil type)

Material 
type

Light soil Medium soil

number of excessively 
worn samples after 20 km 

of friction path

number of samples not 
exceeding wear limits total

number of excessively 
worn samples after 20 km 

of friction path

number of samples not 
exceeding wear limits total

group 1 12 18 30 10 17 27

group 2 10 3 13 7 5 12

total 22 21 43 17 22 39
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1. Introduction

Multi-axis CNC machine tools are typical mechatronic devices 
with high added value and a wide range of applications. Achieving 
a high machining accuracy is adamant to ensure a high quality and 
performance of the machined mechanical product and the machining 
accuracy is therefore an important consideration for any manufacturer 
[30]. Machining accuracy is influenced by machining errors belong-
ing to several categories, e.g. kinematics errors, thermal errors, cutting 
force induced errors, servo errors and tool wear [3]. it is influenced 
by a variety of machining errors which can be divided into several 
categories, e.g., kinematics errors, thermal errors, errors induced by 
the cutting force, servo errors and tool wear [3]. Among these differ-
ent error sources, the geometric error of the machine tool components 
and structures is one of the biggest sources of inaccuracy, accounting 
for about 40% of all errors. Therefore, methods for improving the 

machining accuracy of CNC machine tools have become a hot topic 
recently. 

1.1. Volumetric error model

in order to improve the machining accuracy of CnC machine 
tools, the theoretical modeling of errors is crucial to maximize the 
performance of these machine tools [4]. Error modeling can provide 
a systematic and suitable way to establish the error model for a given 
CnC machine tool. in recent years, many studies have focused on 
modeling multi-axis machine tools to determine the resultant error of 
individual components in relation to the set-point deviation of the tool 
and the workpiece. Furthermore, the various methods for modeling 
the geometric errors from different perspectives have experienced a 
gradual development [7]. To describe the error of the cutter location 
and the tool orientation between the two kinematic chains, the error 
model is normally established using homogeneous transformation 
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With the ever increasing demand of higher machining accuracies, the machining accuracy reliability has evolved into an indica-
tor to evaluate the performance of a machine tool. Consequentially, methods for improving the machining accuracy reliability 
have become the focus of attention for both manufacturers and users. Generally, the intercoupling geometric errors are the main 
cause which may lead to a reduction of the machining accuracy of machine tools. In this paper, the machining accuracy reliability 
is defined as the ability of a machine tool to perform at its specified machining accuracy under the stated conditions for a given 
period of time, and a new approach for analyzing the machining accuracy reliability of machine tools based on fast Markov chain 
simulations is proposed. Using this method, seven different failure modes could be determined for a machine tool. An analysis of 
the machining accuracy reliability sensitivity was performed based on solving the integral of the failure probability of the machine 
tool, and the key geometric errors which most strongly affect the machining accuracy reliability were identified. Finally, in this 
study, a 4-axis machine tool was selected as an example to experimentally validate the effectiveness of the proposed method.

Keywords: machining accuracy reliability, machine tool, Fast Markov Chain, reliability sensitivity analysis, 
integral of failure probability.

Wraz z wciąż rosnącym zapotrzebowaniem na coraz to wyższą dokładność obróbki, niezawodność dokładności obróbki stała się 
wskaźnikiem pozwalającym na ocenę charakterystyk obrabiarek. W rezultacie, metody doskonalenia niezawodności dokładności 
obróbki znalazły się w centrum uwagi zarówno producentów jak i użytkowników tych maszyn. Na ogół, do zmniejszenia dokładno-
ści obróbki prowadzą nakładające się błędy geometryczne. W niniejszej pracy, niezawodność dokładności obróbki zdefiniowano 
jako zdolność obrabiarki do pracy z określoną dla niej dokładnością w zadanych warunkach przez dany okres czasu. Zapropono-
wano nowe podejście do analizy niezawodności dokładności obróbki oparte na symulacji metodą szybkich łańcuchów Markowa. 
Za pomocą tej metody, można ustalić siedem różnych przyczyn uszkodzeń obrabiarki. Analizę czułości niezawodnościowej dokład-
ności obróbki przeprowadzono obliczając całkę prawdopodobieństwa uszkodzenia obrabiarki. Określono także kluczowe błędy 
geometryczne, które najsilniej wpływają na niezawodność dokładności obróbki. Wreszcie, efektywność proponowanej metody 
sprawdzono doświadczalnie na przykładzie obrabiarki czteroosiowej.

Słowa kluczowe: niezawodność dokładności obróbki, obrabiarka, szybki łańcuch Markowa, analiza czułości 
niezawodnościowej, całka prawdopodobieństwa uszkodzenia.

ChEng Q, sun B, zhao y, gu P. a method to analyze the machining accuracy reliability sensitivity of machine tools based on Fast Markov Cha-
in simulation. Eksploatacja i niezawodnosc – Maintenance and reliability 2016; 18 (4): 552–564, http://dx.doi.org/10.17531/ein.2016.4.10.
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matrices (HTM) [10, 18, 20], denavit-hartenberg (D-H) method [16], 
modified denavit-hartenberg (MD-H) method [19], or multi-body sys-
tem (MBs) theory [31, 32]. Among these different approaches, MBs 
theory, first proposed by Houston, has evolved into the best method 
for the modeling of geometric errors of machine tools because it pro-
vides for a simple and convenient method to describe the topological 
structure of an MBs [21].

1.2. Reliability analysis

After the error model for a given machine tool has been estab-
lished, the next step is to study the machine tool’s machining accu-
racy reliability. Recently, several studies have been published which 
reported on the reliability of mechanical systems from different per-
spectives. For instance, Du et al. has summarized three useful ways 
to improve the reliability of a machine, including (1) changing the 
mean values of random variables, (2) changing the variances of ran-
dom variables, and (3) a truncation of the distributions of random 
variables [9]. Tang proposed a new method based on graph theory and 
Boolean functions for assessing the reliability of mechanical systems 
[26]. Avontuur and van der werff proposed a new method for analyz-
ing the reliability of mechanical and hydraulic systems based on finite 
element equations, which describe the motion of and the equilibrium 
between internal and external loads for structures and mechanisms 
[1]. Lin investigated the reliability and failure of face-milling tools 
when cutting stainless steel and the effect of different cutting condi-
tions (cutting speed, feed, cutting depth) on the tool life [22]. Chen 
et al. performed a reliability estimation for cutting tools based on a 
logistic regression model using vibration signals [5]. However, to the 
best of our knowledge, there have been no studies on the machin-
ing accuracy reliability of CNC machine tools. The machining ac-
curacy reliability refers to the tool’s ability to perform at its specified 
machining accuracy. in general, the volumetric error of a machine 
tool can be divided into the errors corresponding to the X-, y-, and 
Z-directions, respectively. The machining errors in each direction are 
likely to exceed the required machining accuracy, thereby effectively 
rendering the machine inaccurate and unreliable, and thus unusable. 
Consequentially, the machining accuracy of a machine tool is related 
to many different failure modes.

1.3. Sensitivity analysis

However, many different geometric errors have 
to be taken into account when modeling a multi-axis 
machine tool. For example, there are 29 geometric er-
rors for a 4-axis machine tool. These geometric er-
rors are interacting, and how to determine their degree 
of influence on the machining accuracy reliability is 
currently a difficult problem of machine tool design 
[14, 40]. Performing a sensitivity analysis is one pos-
sibility to identify and quantify the relationships be-
tween input and output uncertainties [29]. A variety of 
sensitivity analysis methods have been published in 
literature. For instance, ghosh et al. proposed a new 
approach for a stochastic sensitivity analysis based on 
first-order perturbation theory [12]. Chen et al. estab-
lished a volumetric error model and performed a sen-
sitivity analysis for a 5-axis ultra-precision machine 
tool [6]. Based on the results of the local sensitivity 
analysis, they were able to slightly reduce the key error components, 
which made it easier to control the accuracy of the machine tool [6]. 
Cheng et al. considered the stochastic characteristic of the geomet-
ric errors and employed sobol’s global sensitivity analysis method 
to identify the crucial geometric errors of a machine tool, which is 
helpful for improving the machining accuracy of multi-axis machine 
tools [7]. De-Lataliade et al. developed a method based on Monte 

Carlo simulations (MCs) for estimating the reliability sensitivity [8]. 
Xiao et al. considered both epistemic and aleatory uncertainties in 
their reliability sensitivity analysis and proposed a unified reliability 
sensitivity estimation method for both epistemic and aleatory uncer-
tainties by integrating the principles of a p-box, interval arithmetic, 
ForM, MCs, and weighted regression [28]. guo and Du proposed 
a sensitivity analysis method for a mix of random and interval vari-
ables and defined six sensitivity indices for evaluating the sensitivity 
of the average reliability and reliability bounds with respect to the 
averages and widths of the intervals [13]. A sensitivity analysis of the 
geometric errors allows to identify the most critical geometric errors 
and then to strictly control them, thereby significantly improving the 
machining accuracy of the machine tool [24, 27]

improving the machining accuracy reliability of machine tools is 
an important goal for both manufacturers and users, and two tasks 
are usually involved to accomplish it: 1) to express and measure the 
machine accuracy reliability of the machine tool; 2) to identify the 
most critical geometric errors that most strongly affect the machining 
accuracy reliability of each failure mode. in this study, the sensitiv-
ity analysis was used to provide information for the reliability-based 
design based on solving the integral of the failure probability.

The paper is structured as follows: section 2 deals with the mod-
eling of the volumetric machining accuracy with consideration of the 
geometric error. The machining accuracy reliability analysis based on 
the Fast Markov chain simulation method is presented in section 3. 
The sensitivity analysis based on the integration of the failure proba-
bility to identify the critical geometric errors is presented in section 4. 
in section 5, the results of the experimental validation are discussed. 
in this work, a vertical machining center was selected as an example 
to validate the proposed analysis method. The conclusions are pre-
sented in section 6.

2. Volumetric error modeling by MBS theory

in this research, a 4-axis CnC machine tool, whose wire frame 
structure model is shown in Fig.1, was chosen as an example to dem-
onstrate the core concepts of the proposed methods, and its main tech-
nical parameters are listed in Table 1. For a 4-axis machine tool, there 
are 24 position-dependent geometric errors and 5 position-independ-
ent geometric errors when the machine tool is modeled as a set of 
rigid bodies according to MBs theory. The different geometric errors 
are listed in Table 2.

2.1. Topological structure and geometric errors

This 4-axis machine tool has four slides that can be moved relative 
to each other. The two other bodies that are fixed to the machine are 
the tool and the workpiece. Table 3 illustrates the degrees of freedom 
between each pair of bodies with respect to the constraints, where “0” 
means no degree of freedom and“1” means one degree of freedom.

Based on MBs theory, various parts of the machine can be de-

Table 1. Main technical parameters of the 4-axis CNC machine tool used as an example in this 
study.

              Configuration of the machine tool modules Parameters

Workbench

Dimensions 2-630 mm×630 mm

Maximum weight of the workpiece 1200kg

Minimum indexing angle of the workbench 0.001°

Working range

range in X-direction 1000mm

range in y-direction 900mm

range in z-direction 900mm

range of motion for the rotation around the a-axis 360°
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scribed just as an arbitrary classical body in terms of the geometric 
structure, and the machine tool can be treated as a MBs[17,25].

As shown in Fig. 2, the 4-axis machine tool can be described as 
a structure with a double-stranded topology in which the first branch 
is composed of the bed, the slide carriage (y-axis), the rAM (X-axis) 
and the tool. The second branch is composed of the bed, the slide car-
riage (z-axis), the workbench (A-axis), and the workpiece. The bed 
is set as the inertial reference frame and denoted as body B0, and the 
slide carriage (y-axis) is denoted as body B1. According to the natu-
ral growth sequence, the bodies are sequentially numbered along the 
direction away from the body B1 from one branch to the other branch 
[11]. Fig. 2 illustrates the topology diagram for the machine tool. Ta-
ble 4 shows the lower body array for the selected precision horizontal 
machining center.

A rigid solid body has six degrees of freedom. These six coor-
dinates uniquely specify the position of a rigid body in 3D space[2]. 
Each body iB  has 6 independent geometric errors hx∆ , hy∆ , hz∆ , 

hα∆ , hβ∆  and hγ∆ . hx∆ , hy∆  and hz∆  are translational errors. 

hα∆ , hβ∆  and hγ∆  are rotational errors and are referred to as pitch, 
roll and yaw. The subscript h denotes the direction of motion, i.e., 

either X, y, z or A. There are five squareness errors, i.e., XYγ∆ , XZβ∆

, YZα∆ , YAγ∆  and ZAβ∆  between the motion axis. 

Table 2. Geometric errors for the horizontal precision machining center

axis Error term sym-
bol

X-axis Positioning error ∆xX

Y-direction component of the straightness error ∆yX

X-direction component of the straightness error ∆zX

rolling error ∆αX

Britain swing error ∆βX

yaw error ∆γX

Y-axis X-direction component of the straightness error ∆xY

Positioning error ∆yY

Z-direction component of the straightness error ∆zY

rolling error ∆αY

Britain swing error ∆βY

yaw error ∆γY

Z-axis X-direction component of the straightness error ∆xY

Y-direction component of the straightness error ∆yZ

Positioning error ∆zZ

rolling error ∆αZ

Britain swing error ∆βZ

yaw error ∆γZ

A-axis run out error of the a-axis ∆xA

run out error in y-direction ∆yA

run out error in z-direction ∆zA

angular error around a-axis ∆αA

angular error around y-axis ∆βA

angular error around z-axis ∆γA

Orientation 
error X,Y-axis perpendicularity error ∆γXY

X,Z-axis perpendicularity error ∆βXZ

Y,Z-axis perpendicularity error ∆αYZ

Parallelism of the X-axis and the a-axis in the 
z-direction

∆βZA

Parallelism of the X-axis and the a-axis in the 
y-direction

∆γYA

Table 3. Degrees of freedom of the different two-body pairs of the precision 
horizontal machining center.

adjacent bodies
Directions

X y z α β γ

0-1 0 1 0 0 0 0

1-2 1 0 0 0 0 0

2-3 0 0 0 0 0 0

0-4 0 0 1 0 0 0

4-5 0 0 0 1 0 0

5-6 0 0 0 0 0 0

Fig. 1. Schematic illustration of the 4-axis horizontal precision machining 
center used as an example in this study.

Fig. 2 Topological graph for the precision horizontal machining center. B0-
bed; B1-slide carriage (Y-axis); B2-RAM (X-axis); B3-tool; B4-Slide 
carriage (Z-axis); B5-workbench (A-axis); B6-workpiece
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2.2. Generalized coordinates and characteristic matrixs

in order to normalize and make the machine tool accuracy mod-
eling more convenient, special notations and conventions are needed 
for the coordinate system. The conventions used here are as follows: 
(1) Right-handed Cartesian coordinate systems were established for 
all the inertial components and the moving parts. These coordinates 
are generalized coordinates; the coordinate system on the inertial body 
is referred to as the reference coordinate system, and the coordinate 
systems on the other moving bodies are referred to as the moving co-

Table 4. Lower body array for the precision horizontal machining center.

Classical Body j 1 2 3 4 5 6

1 2 3 4 5 6

0 1 2 0 4 5

0 0 1 0 0 4

0 0 0 0 0 0

Table 5. Characteristic matrices for the precision horizontal machining center

adjacent bodies Body ideal static, motioncharacteristic matrix Body static, kinematic error characteristic matrix

0-1

01 4 4p ×=M I 01 4 4p ×∆ =M I

01

1 0 0 0
0 1 0
0 0 1 0
0 0 0 1

s

y
 
 
 =
 
 
 

M 01

1
1

1
0 0 0 1

Y Y Y

Y Y Y
s

Y Y Y
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 −∆ ∆ ∆
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ordinate systems. (2) Each coordinate system’s X-, y-, z-axis should 
be parallel to the X-, y-, z-axis of the other coordinate systems [23].

in MBs theory, the relation between the classical bodies of MBs 
can be expressed bymatrices. The characteristic matrices established 
for the selected machining center are listed in Table 5.

The coordinate of the tool forming point in the coordinate system 
of the tool is:

 
T

, , ,1t tx ty tzP P P =  P  (1)

and the coordinate of the workpiece forming point in the coordinate 
system of the workpiece can be written as:

 
T

, , ,1w wx wy wzP P P =  P  (2)

ideally, the machine tool is without error; the tool forming point 
and the workpiece forming point will overlap together. As a result, 
the constraint equation for precision finishing under ideal conditions 
is given by:

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )

1 1 1 1

1 1

, 0 , 0
k k k k u u u u

n n

k u

t widealL t L t p L t L t s L w L w p L w L w s
k n L t u n L w

− − − −

= =

= = = =

   
=   

      
∏ ∏M M P M M P

(3)

By rearranging the terms, Eq. (3) can be rewritten as follows:

( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( )
( )

1 1 1 1

1
1 1

, 0 , 0
u u u u k k k k

n n

u k

wideal tL w L w p L w L w s L t L t p L t L t s
u n L w k n L t

− − − −

−
= =

= = = =

   
=    
      
∏ ∏P M M M M P

(4)

The machining accuracy is finally related to the relative displace-
ment error between the tool forming points of the machine and the 
workpiece. The constraint equation for precision finishing under ac-
tual conditions can be written as:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

1 1 1 1

1 1 1 1

1
1

, 0

1

, 0

           

u u u u u u u u
n

k k k k k k k k
n

u

wactual L w L w p L w L w p L w L w s L w L w s
u n L w

k

tL t L t p L t L t p L t L t s L t L t s
k n L t

− − − −

− − − −

−
=

= =

=

= =

 
= ∆ ∆ 
  
 

× ∆ ∆ 
  

∏

∏

P M M M M

M M M M P

(5)

The comprehensive volumetric error caused by the gap between 
the actual forming point and the ideal forming point can be expresses 
as:

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )

1 1 1 1

1 1 1 1

1

, 0

1

, 0

     -

u u u u u u u u
n

k k k k k k k k
n

u

widealL w L w p L w L w p L w L w s L w L w s
u n L w

k

tL t L t p L t L t p L t L t s L t L t s
k n L t

− − − −

− − − −

=

= =

=

= =

 
= ∆ ∆ 
  
 

∆ ∆ 
  

∏

∏

E M M M M P

M M M M P
 (6)

The comprehensive volumetric error mode of the horizontal pre-
cision machining center can be obtained from the characteristic ma-
trices in Table 4 and Eq. (6). similarly, the general volumetric error 
model for the machine tool can be established as follows:

 ( ), ,t=E E G P P  (7)

where [ ]T, , ,0X Y ZE E E=E
 

is the volumetric error vector; 

1, 2 29[ ,..., ]Tg g g=G is the vector consisting of 29 geometric errors, 

and Xx∆ , Xy∆ , Xz∆ , Xα∆ , Xβ∆ , Xγ∆ , Yx∆ , Yy∆ , Yz∆ , Yα∆ , Yβ∆ ,

Yγ∆ , Zx∆ , Zy∆ , Zz∆ , Zα∆ , Zβ∆ , Zγ∆ , Ax∆ , Ay∆ , Az∆ , Aα∆ , Aβ∆

, Aγ∆ , XYγ∆ , XZβ∆ , YZα∆ , YAγ∆ , ZAβ∆ = 1g , 2g , 3g , 4g , 5g , 6g ,

7g , 8g , 9g , 10g , 11g , 12g , 13g , 14g , 15g , 16g , 17g , 18g , 19g , 20g , 21g ,

22g , 22g , 23g , 24g , 25g , 26g , 27g , 28g , 29g ; [ ]T, , ,0x y z=P repre-
sents the position vector of the motion axes of the machine center.

3. Machining accuracy reliability analysis based on Fast 
Markov Chain simulations

The machining accuracy reliability refers to the ability of the ma-
chine tool to perform at its specified machining accuracy under the 
stated conditions for a given period of time. in general, the volumetric 
machining errors can be decomposed into the corresponding X-, y-, 
Z-direction components, and if the machining accuracy is lower than 
the specified requirement in the X-, y- and z-direction, respectively, 
the machining accuracy can be considered to be violated.

3.1. Failure mode and failure probability

The comprehensive volumetric error mode of the machine center 
can be written as:

 ( ) ( ) ( ) ( ) T, , ,0X Y ZE E E= =   E E G G G G  (8)

The maximum permissible volumetric error of the machine tool 

is ( )T, , ,0X Y Ze e e=e , where , ,X Y Ze e e  indicates the maximum per-
missible volumetric error in X-, y-, z-direction, respectively, and the 
function matrix can be expressed as follow:

[ ] ( ) ( ) ( )

( )
( )
( )

T, , ,0

0

X

Y
X X Y Y Z Z

Z

H
H

E e E e E e
H

 
 
 = − =  − − −  ==   
 
  

G
G

F E e G G G
G

(9)

The machining accuracy of the NC machine tool shows the fol-
lowing seven failure modes:

 { }1 0,  0 and 0 X Y ZM H H H= ≥ ≤ ≤  (10)

 { }2 0,  0 and 0 X Y ZM H H H= ≤ ≥ ≤  (11)

 { }3 0,  0 and 0 X Y ZM H H H= ≤ ≤ ≥  (12)

 { }4 0 , 0 and 0 X Y ZM H H H= ≥ ≥ ≤  (13)

 { }5 0 , 0 and 0 X Y ZM H H H= ≥ ≤ ≥  (14)

 { }6 0 , 0 and 0 X Y ZM H H H= ≤ ≥ ≥  (15)

 { }7 0, 0 and 0X Y ZM H H H= ≥ ≥ ≥  (16)
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in Eqs.(10) to (12), 1M  2M  and 3M  represent the cases where 
the machining accuracy of the machine tool in either the X-, y- or 
Z-direction cannot meet the maximum permissible volumetric error. 

in Eqs.(13) to (15), 4M  5M  and 6M  represent the cases where the 
machining accuracy of the machine tool cannot meet the maximum 
permissible volumetric error in two of the three directions. And in 

Eq.16, 7M  represent the case where the machining accuracy of the 
machine tool cannot meet the maximum permissible volumetric error 
in all of the three directions.

The failover domains for each of the failure modes are as fol-
lows:

( ) ( ) ( ){ }1 : 0, 0  0X Y ZF H H and H= ∈ ≥ ∈ ≤ ∈ ≤G G G G G G G  (17)

( ) ( ) ( ){ }2 : 0, 0  0X Y ZF H H and H= ∈ ≤ ∈ ≥ ∈ ≤G G G G G G G  (18)

( ) ( ) ( ){ }3 : 0, 0  0X Y ZF H H and H= ∈ ≤ ∈ ≤ ∈ ≥G G G G G G G  (19) 

( ) ( ) ( ){ }4 : 0, 0  0X Y ZF H H and H= ∈ ≥ ∈ ≥ ∈ ≤G G G G G G G  (20) 

( ) ( ) ( ){ }5 : 0, 0  0X Y ZF H H and H= ∈ ≥ ∈ ≤ ∈ ≥G G G G G G G  (21)

( ) ( ) ( ){ }6 : 0, 0  0X Y ZF H H and H= ∈ ≤ ∈ ≥ ∈ ≥G G G G G G G   (22)

( ) ( ) ( ){ }7 : 0, 0  0X Y ZF H H and H= ∈ ≥ ∈ ≥ ∈ ≥G G G G G G G  (23)

in the reliability analysis of the machining accuracy, the failure 
probability P  can be defined as the integral of the joint probability 
density function ( )f G  for geometric errors in the failover domain F
, so the failure probabilities of the different failure modes can be ex-
pressed as:

 ( ) { } ( )d
i

i
iF FP P F f= ∈ = ∫ ∫G G G  (24)

where, 1,2 7i =  , and i  is the number of the failure modes.

The overall failure probability FP  of the machining accuracy can 
then be derived from basic principles of probability theory and statis-
tics as follows:

 ( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 3 4 5 6 7
F F F F F F F FP P P P P P P P= + + + + + +  (25)

3.2. Conversion of the correlated normal variables into inde-
pendent standard normal variables

During actual processing, the geometric errors of the machine tool 
are correlated to each other and the effect of this correlation on the 
failure probability of the machining accuracy cannot be ignored. For 
a practical reliability analysis of the machining accuracy, in order to 
account for the actual situation, the correlation between the geomet-
ric errors of the machine tool must be taken into account. Therefore, 
the correlated geometric errors were first converted into independent 
standard normal random variables. Then, the reliability analysis meth-
od in independent space was used to determine the failure probability 
of the machining accuracy.

The n geometric errors of the machine tool can be represented as 
n-dimensional normal random variables ( )T1 2, , ng g g=G 

. Because 
the g eometric errors are correlated, the probability density function 
( )f G  of the geometric error vector G  can be expressed as:

f
n

( ) expG = ( ) − −( ) −( )





− − −2 1
2

2
1
2 1π C G C GG G G Gµµ µµT    (26)

where:
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σ ρ σ σ ρ σ σ ρ σ σ

ρ σ σ σ ρ σ σ ρ σ σ
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ρ σ σ ρ σ σ ρ σ σ σ

 
 
 
 
 =
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(27)

represents the covariance matrix of the geometric errors G ; 1−
GC  

is the inverse matrix of GC ; GC is the determinant of GC ; and 

µµG = ( )µ µ µg g gn1 2
, ,

T
 is the vector composed of the mean values 

of the geometric errors, 
igµ and 

igσ  represent the mean value and the 

variance of geometric error ( )1,2,3, ,ig i n= 
,and 

i jg gρ  is the cor-

relation coefficient of ig  and jg .
According to the basic principles of linear algebra, there must 

be an orthogonal matrix A  to convert the correlated normal vari-

ables ( )T1 2, , ng g g=G   into independent normal variables 

( )T1 2, , ny y y=y   as follows:

( ) ( ) ( ) ( )
21

1 22 1 2
1

12 exp
2

n n
i

Y n
ii

yf f µ π λ λ λ
λ

−−−

=

 
= + = −  

 
∑G Gy A y    (28)

and:

 y = −( ) ( )A G Gµµ , ,y Ni i 0 λ  (29)

where, λ λ λ1 2, , n  are the eigenvalues of the covariance matrix GC  . 
Furthermore, the column vectors of the orthogonal matrix A  are 

equal to the orthogonal eigenvectors of the covariance matrix GC .

Based on the linear transformation y = A G G−( )µµ , the correla-

ted normal variables ( )T1 2, , ng g g=G   were converted to the inde-

pendent normal variables ( )T1 2, , ny y y=y  . Then, the independent 

normal variables ( )T1 2, , ny y y=y   were converted into indepen-

dent standard normal random variables ( )T1 2, , nu u u=u   by using 
the following function.

 u i ni
i y

y

i

i

i

i

=
−

= =( )
y yµµ

σ λ
1 2, ,  (30)
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Next, the failover domain ( )F G  and the performance function 

( )H G  in the related space were converted to the failover domain 

( )F u . Finally, the failure probabilities of each failure modes can be 
rewritten as:

( ) ( )( ) ( )( ) ( )( ) ( )
i i i

i
G Y UF F F FP f d f d f d= = =∫ ∫ ∫ ∫ ∫ ∫G y uG G y y u u  

(31)

3.3. Fast Markov Chain simulation method for estimating 
the failure probability

There are many different methods to calculate the reliability of 
the machining accuracy based on numerical simulations which can 
be used for either analyzing the single failure mode-reliability or the 
multiple failure modes-reliability. However, the Markov chain meth-
od has so far not been used to analyze the reliability of the machining 
accuracy.

Because samples in the failover domain can be simulated effi-
ciently by adopting the Markov chain method, for the general non-

linear limit state equation ( ) ( )
( )
( )
( )

0
= = 0

0

X

U G Y

Z

H
H H H

H

 =
 =
 =

G
u G G

G
, the 

Markov chain method can be used to determine the most probable 
failure point in the failover domain which is referred to as the design 
point. Through the design point, the linear limit state equation 

( )=0L u  which has the same design point has the non-linear limit 

state equation ( ) ( )
( )
( )
( )

0
= = 0

0

X

U G Y

Z

H
H H H

H

 =
 =
 =

G
u G G

G
 can be obtained in the 

independent standard normal space.
Based on the multiplication theorem in probability theory, the fol-

lowing two equations can then be established.

 { } { } { }H L H L HP F F P F P F F=  (32)

 { } { } { }H L L H LP F F P F P F F=  (33)

where, { }= :H iF F→ ∈u u G , ( ){ }= : 0LF L ≤u u , 

{ } ( ){ }= 0LP F P L ≤u  and { } { }=H iP F P F . { }L HP F F  and 

{ }H LP F F  are conditional probabilities.

Thus, the failure probability FP  can be expressed as follows: 

 ( ) ( ) { } { } { }
{ }

i H L
i H LF

L H

P F F
P P F P F P F

P F F
= = =  (34)

where, { }
{ }

H L

L H

P F F
P F F

 can be defined as the scaling factor S :

 
{ }
{ }

H L

L H

P F F
S

P F F
=  (35)

Then Eq.(35) can be simplified as follows:

 ( ) { }i
LFP P F S=   (36)

The probability density function of the samples which belong to 

the failover domain HF  can be expressed as follows:

 ( ) ( ) ( )H U
H H

H

I f
q F

P
=

u u
u  (37)

where, ( )HI u  is the indicator function of the non-linear performance 

function ( )H u , and 

 ( ) ( )
( )

1,   0
0,   0H

H
I

H
 <=  ≥

u
u

u
 (38)

According to the basic principles of Markov chain simulations, 
the transformation from one state to another state of the Markov chain 
is controlled by the proposal distribution function ( )f ∗ å u . Both a 
symmetrical n-dimensional normal distribution and an n-dimensional 
uniform distribution can be used as a suggested distribution of the 
Markov chain. in this paper, the symmetrical n-dimensional uniform 
distribution was selected as the suggested distribution:

 ( ) 1
1 / ,   

2
0,              Other            

n
k

k k k
k

ll u
f

s

ε∗
=


− ≤= 




∏å u  (39)

where, kε  and ku  represent the kth component of the n-dimensional 

vector å and u  respectively. kl  represents the side length of the n-di-

mensional polyhedron in the ku -direction, and u  is the center of the 

n-dimensional polyhedron. Furthermore, kl  determines the maximum 
allowed distances from the next sample to the current sample.

Based on practical engineering experience and numerical algo-

rithms, a point in the failover domain HF  was selected as the initial 

state of the Markov chain and denoted as 0u . The jth state ju  of the 
Markov chain was then determined by the proposal distribution func-
tion and according to the Metropolis-Hastings guidelines based on the 
j-1th state 1ju − . First, a candidate state å  was obtained through the 
proposal distribution function ( )1jf ∗ −å u . Then, the ratio r  of the 

candidate state å ’s conditional probability density function and the 

state 1j−u ’s conditional probability density function can be expressed 
as follows:

 ( ) ( )1/H j Hr q F q F−= å u  (40)

At last, the next state ju  was determined according to the 
Metropolis-Hastings guidelines:
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{ } [ ]
{ } [ ]1

,      min 1, random 0,1

,  min 1, random 0,1j
j

r

r−

 >= 
≤

å
u

u
 (41)

where, [ ]random 0,  1  represents the random number which obeys the 

uniform distribution in [ ]0,  1 .

HN  states { }0 1 1, ,
HN −u u u

of the Markov chain can be gener-
ated via the above method, and they are sample points of the probabil-

ity density function ( )H Hq Fu . we selected the point which has the 

maximum value of ( )Uf u  in the failover domain HF  from the HN  
sample points of the probability density function ( )H Hq Fu . This 
point is the maximum likelihood point and was denoted as 

( )1 2, , , nu u u∗ ∗ ∗ ∗=u  .

in the independent standard normal space, the linear limit state 
equation with the same maximum likelihood point of the failover do-

main HF  can be expressed as follows:

 ( ) ( )( )T 0L ∗ ∗= − − =u 0 u u u  (42)

The corresponding probability of failure is:

 { } ( ) ( ) ( )2 2 2
1 2L nP F u u u∗ ∗ ∗ 

= Φ − + + +  
 


 (43)

where, ( )Φ 
 is the distribution function of the standard normal vari-

able.

when plugging the HN  sample points into Eq.(42), the number 

of samples falling into ( ){ }: 0LF L= ≤u u  can be denoted as L HN .

Then, the estimation of the condition probability { }L HP F F  can 
be written as follows:

 { } L H
L H

H

N
P F F

N
=  (44)

similarly, the condition probability { }H LP F F  can be obtained 

using the Markov chain method to simulate the sample point in the 

failover domain LF . The joint probability density function of the 

sample points in the failover domain LF  can be expressed as fol-
lows:

 ( ) ( ) ( )L U
L L

L

I f
q F

P
=

u u
u  (45)

LN  sample points in the failover domain can be obtained through 
the Markov chain simulations. By plugging these sample points into 

( )H u  and calculating the values of ( )H u , the number of sample 

points falling into the failover domain ( ){ }: 0HF H= ≤u u  can be 

obtained and recorded as H LN .
Then, the estimation of the condition probability { }L HP F F  and 

the scaling factor S can be written as follows:

 { } H L
H L

L

N
P F F

N
=  (46)

 

{ }
{ }

H L H L H

L L HL H

P F F N NS
N NP F F

= =   (47)

Because the machine tool has several failure modes, the failure 
probability of each failure mode should be calculated individually. 

Let , 1,2, 7H iF F i= =   , then the ( ){ }i
LP F  and ( )iS  correspond-

ing to the failure modes can be obtained through. 

 ( ) ( ){ } ( )   1,2, 7i i i
F LP P F S i= =   (48)

The comprehensive failure probability of the machining accuracy 
can finally be expressed as follows:

 

( ) ( ) ( ) ( ) ( ) ( ) ( )1 2 3 4 5 6 7+ + + +F F F F F F F FP P P P P P P P= + +  (49)

4. Machining accuracy reliability sensitivity analysis 
based on solving the integral of the failure prob-
ability

The machining accuracy reliability sensitivity coefficient is gener-
ally defined as the partial derivative of the failure probability for each 
failure mode with respect to the probability distribution parameters of 
the kth geometric error. This can be expressed as follows:

 ( )
( ) ( )d

k i

i
i F

F
k k

fP
Sµ µ µ

∂∂
= =
∂ ∂∫ ∫

G
G

 (50)

 ( )
( ) ( )d

k i

i
i F

F
k k

fP
Sσ σ σ

∂∂
= =
∂ ∂∫ ∫

G
G

 (51)

where, 1,2, ,7i =  ; 1,2, ,nk =  ; and n is the number of geometric 

errors. kµ  is the mean value of the kth geometric error. kσ  is the 

standard deviation of kth geometric errors. ( )
k

iSµ  is the machining ac-

curacy reliability sensitivity about the mean value kµ  with respect 

to the failure probability for ith failure mode. ( )
k

iSσ  is the machining 

accuracy reliability sensitivity about the standard deviation kσ  with 
respect to the failure probability for the ith failure mode.

Next, we defined the following regularized reliability sensitivity 
coefficients:
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 ( )
( )

( )k

i
i kF

i
k F

P
SA

P
µ

σ
µ

∂
=
∂

 (52)

 ( )
( )

( )k

i
i kF

i
k F

P
SA

P
σ

σ
σ

∂
=
∂

 (53)

Then, we transformed Eqs.(52) and (53) into their corresponding 
integral form:

 ( )
( )

( ) ( )
( ) d

ik

i k
F i

k F

f f
SA

f P
µ

σ
µ

 ∂  =
 ∂  

∫ ∫
G G

G
G

  (54)

 ( )
( )

( ) ( )
( ) d

ik

i k
F i

k F

f f
SA

f P
σ

σ
σ

 ∂  =
 ∂  

∫ ∫
G G

G
G

  (55)

Obviously Eq. (54) and (55) can be expressed as the mathemati-

cal expectation in the failure domain iF :

 ( )
( )

( )
ik

i k
F

k

f
SA E

fµ
σ

µ
 ∂

=  
∂  

G
G

 (56)

 ( )
( )

( )
ik

i k
F

k

f
SA E

fσ
σ

σ
 ∂

=  
∂  

G
G

 (57)

where, [ ]iFE   is the mathematical expectation in the failure domain 

iF .

Through Eqs.(29) and (30), the sample points ( ) ( ) ( ){ }0 1 1, ,
H

i i i
N −u u u  

can be converted to ( ) ( ) ( ){ }0 1 1, ,
H

i i i
N −G G G . By plugging 

( ) ( ) ( ){ }0 1 1, ,
H

i i i
N −G G G  into the following formulas, the regularized 

reliability sensitivity coefficients can be eventually obtained:
 

 

( )

( )
( )1

0

1 H

k

Ni k

H k

f
SA

N fµ
σ

µ

− ∂
=

∂
∑

G
G

 (58)

 

( )

( )
( )1

0

1 H

k

Ni k

H k

f
SA

N fσ
σ

σ

− ∂
=

∂
∑

G
G  (59)

Then, the general reliability sensitivity coefficients can be ex-
pressed as follows:

 ( )
( )



( ) ( )

k k

i iii F F

k k

P P
S SAµ µµ σ

∂
= =
∂


 (60)

 ( )
( )



( ) ( )

k k

i iii F F

k k

P P
S SAσ σσ σ

∂
= =
∂

  (61)

5. Application and improvement

The machine tool shown in Fig.1 was selected as an example to 
demonstrate the method. The six position dependent geometric errors 
of each prismatic joint were directly measured using a dual-frequency 
laser interferometer[15] and an electronic level. XD sensor was used 
to receive and reflect the laser in the measurement process. And it 
was also used to detect the angle error and the straightness error of the 
measuring process. The squareness errors were measured using a 
dial indicator and a flat ruler. A photograph of the experimental setup 
is shown in Fig.3.

Through a statistical analysis of the obtained sample data, the 
probability distribution of the geometric errors can be obtained. Tak-
ing the positioning error at Δxx= 200mm, y=400mm, z=300mm as an 
example, the  geometric error can be described by a normal distri-
bution. Actually, the experimental results showed that each position-
dependent geometric error can be described by a normal distribution 
[35]. Table 6 lists the values obtained for the position-independent 
errors. Table 7 compares the mean values (M) and the variance values 
(V) of the probability distributions used to describe the position-de-
pendent geometric errors at x = 200mm, y = 400mm, z = 300mm.

using the proposed method, the failure probabilities were calcu-
lated for each failure mode at x= 200 mm, y=400mm, z=300mm, and 
the results are listed in Table 8. The results of machining accuracy 
reliability sensitivity analysis are presented in Table 9.

Nine evenly spaced test points (a total of 33 test points) were se-
lected along each body diagonal of the machine tool’s working space, 
zas shown in Fig.4. The results of the sensitivity analysis at each test 
point were obtained using the method described above. Then, a sensi-
tivity analysis for the whole working space was conducted employing 
the weighted average method.

The failure probability of failure mode iM , at the test point “j”,  

was defined as ( )ij
FP , and the failure probability of failure mode iM  

for the whole working space can be defined as 
( )i
FP . Furthermore, the 

machining accuracy reliability sensitivity of the mean value kµ  of ge-

ometric error kg  for the ith failure mode iM , at the test point “j”, was 

Fig.3 Photograph of the experimental setup.
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defined as ( )
k

ijSµ , and the machining accuracy reliability sensi-

tivity of the variance kσ  of geometric error kg  at the test point 

“j” , was defined as ( )
k

ijSσ . Then, for the whole working space, 
the machining accuracy reliability sensitivity of the mean value 

kµ  and the variance kσ  of geometric error kg  for the ith failure 

mode iM , can be defined as 
( )

k

i
S µ  and 

( )
k

i
Sσ , respectively.

      
( ) ( )33

1

1=
33k k

i ij

j
S Sµ µ

=
∑  (62)

       ( ) ( )33

1

1=
33k k

i ij

j
S Sσ σ

=
∑  (63)

The results obtained for the failure probabilities of the different 
failure modes and the machining accuracy reliability sensitivities of 

Fig. 4. Distribution of the test points.

Table 6. Values obtained for the position-independent errors.

sequence number Parameter Value(mm)

1 0.0039/500

2 0.0037/500

3 0.0037/500

4 0.012/300

5 0.012/300

Table 7. Probability distributions of position-dependent geometric errors

sequence 
number

Param-
eter

Probability distribu-
tion M(mm) V(mm2)

1 ∆xx normal distribution 0.0040 0.05/6

2 ∆yx normal distribution 0.0039 0.05/6

3 ∆zx normal distribution 0.0038 0.05/6

4 ∆αx normal distribution 0.0025/1000 0.03/6000

5 ∆βx normal distribution 0.0027/1000 0.06/6000

6 ∆γx normal distribution 0.00242/1000 0.05/6000

7 ∆xy normal distribution 0.0038 0.04/6

8 ∆yy normal distribution 0.0040 0.05/6

9 ∆zy normal distribution 0.0044 0.04/6

10 ∆αy normal distribution 0.00253/1000 0.05/6000

11 ∆βy normal distribution 0.00242/1000 0.04/6000

12 ∆γy normal distribution 0.00224/1000 0.04/6000

13 ∆xz normal distribution 0.0035 0.03/6

14 ∆yz normal distribution 0.0041 0.03/6

15 ∆zz normal distribution 0.0043 0.05/6

16 ∆αz normal distribution 0.00233/1000 0.03/6000

17 ∆βz normal distribution 0.00259/1000 0.04/6000

18 ∆γz normal distribution 0.00252/1000 0.03/6000

19 ∆xA normal distribution 0.0058 0.017/6

20 ∆yA normal distribution 0.0062 0.021/6

21 ∆zA normal distribution 0.0065 0.024/6

22 ∆αA normal distribution 0.00583/1000 0.02/6000

23 ∆βA normal distribution 0.03219/1000 0.02/6000

24 ∆γA normal distribution 0.00692/1000 0.04/6000

Table 8. Failure probabilities of the different failure modes at x= 200 mm, 
y=400mm, z=300mm

Failure mode 1M 2M 3M 4M 5M 6M 7M

Failure probability (%) 0.09 0.81 0.55 0.111 0.77 0.29 0.35

Table 9. Results of the machining accuracy reliability sensitivity analysis at 
x = 200mm, y = 400mm, z = 300mm

geo-
metric 
errors

sensitivity coefficient

1M 2M 3M 4M 5M 6M 7M

∆xx 0.0304 0.0154 0.0681 0.0318 0.0493 0.0251 0.0789

∆yx 0.0352 0.0858 0.0591 0.0432 0.0434 0.0842 0.0321

∆zx 0.0010 0.0540 0.0135 0.0503 0.0430 0.0098 0.0278

∆αx 0.0572 0.0618 0.0697 0.0252 0.0334 0.0093 0.0205

∆βx 0.0571 0.0390 0.0485 0.0005 0.0275 0.0742 0.0556

∆γx 0.0120 0.0516 0.0682 0.0817 0.0725 0.0539 0.0775

∆xy 0.0122 0.0591 0.0348 0.0720 0.0364 0.0303 0.0458

∆yy 0.0674 0.0405 0.0453 0.0369 0.0015 0.0270 0.0756

∆zy 0.0488 0.0271 0.0632 0.0573 0.0419 0.0768 0.0396

∆αy 0.0341 0.0109 0.0649 0.0009 0.0058 0.0863 0.0458

∆βy 0.0518 0.0369 0.0626 0.0117 0.0249 0.0176 0.0004

∆γy 0.011h8 0.0295 0.0085 0.0276 0.0387 0.0161 0.0170

∆xz 0.0824 0.0133 0.0342 0.0860 0.0699 0.0638 0.0021

∆yz 0.0798 0.0454 0.0155 0.0066 0.0677 0.0501 0.0689

∆zz 0.0447 0.0406 0.0061 0.0586 0.0745 0.0871 0.0476

∆αz 0.0504 0.0496 0.0384 0.0443 0.0795 0.0078 0.0793

∆βz 0.0205 0.0367 0.0659 0.0389 0.0091 0.0014 0.0398

∆γz 0.0864 0.0026 0.0361 0.0685 0.0613 0.0322 0.0433

∆xA 0.0577 0.0382 0.0707 0.0741 0.0098 0.0552 0.0582

∆yA 0.0271 0.0197 0.0064 0.0399 0.0494 0.0086 0.0302

∆zA 0.0152 0.0581 0.0547 0.0362 0.0241 0.0224 0.0131

∆αA 0.0329 0.0496 0.0095 0.0415 0.0559 0.0597 0.0750

∆βA 0.0017 0.0771 0.0434 0.0577 0.0097 0.0829 0.0046

∆γA 0.0821 0.0572 0.0128 0.0086 0.0707 0.0182 0.0213
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the whole working space are listed in Table 10 and Table 11, respec-
tively.

in order to study the machining accuracy reliability of the select-
ed machining center in a real processing environment, the machining 
center has been used to machine a specific part. A photograph of the 
machining site is shown in Fig.5. The main parameters for the ma-
chining process are listed in Table 12.

in a modern advanced machining line, in order to improve the 
efficiency and production rhythm of the 
whole automatic production line, one 
machine only needs to complete one or 
just a few machining steps. For the se-
lected machine, in a production line, it 
only needs to machine the machining 
surface of the reduction gearbox which 
has been marked in Fig.5. The machin-
ing quality of the machining surface is 
affected by the machining accuracy reli-
ability of the machine center in the Z-

direction. As shown in Eqs.(10) to (16), only 3M , 5M , 6M  and 7M  
are related to the machining accuracy reliability of the machine center 

in z-direction. As shown in Table 9, the failure probabilities of 3M  

and 6M  are greater than the failure probabilities of 5M  and 7M . so 

3M  and 6M  are the critical failure modes which significantly affect 
the machining quality of the machining surface.

As shown in Table 8, for failure mode 3M  , the sensitivity coef-

ficients obtained for  and  were highest. For the failure mode 6M , the 
sensitivity coefficient of  and  were the highest. Thus,, , and can be 

identified as the most crucial errors that affect 3M  and 6M .
Because the geometric errors of the machine tool are linked to the 

geometric accuracy of the feeding components, there exist mapping 
relationships between the basic geometric errors and the accuracy pa-
rameters of the feeding components. The corresponding relationships 
between the basic geometric errors and the accuracy parameters of the 
components [2] are illustrated in Table 13. 

Consequentially, the following modifications can be adopted to 
improve the machining accuracy: (1) improving the straightness in 
the vertical plane of the X-guideway; (2) improving the straightness 
in the horizontal plane of the z-guideway; (3) improving the parallel-
ism of the z-guideway; (4) switching to a higher precision screw for 
the A-axis.

The failure probabilities of the different failure modes for the 
whole working space after modification were analyzed and are listed 
in Table 14. The comparison revealed that the failure probabilities 
were reduced after modification, and the failure probabilities of the 
failure modes and  were greatly reduced after modification. Thus, we 
can conclude that the proposed machining accuracy reliability sensi-
tivity analysis method is both feasible and effective.

Table 10. Failure probabilities of the different failure modes for the whole 
working space

Failure mode 1M 2M 3M 4M 5M 6M 7M

Failure probability(%) 0.06 0.71 1.06 0.46 0.43 0.95 0.40

Table 11. Results of the machining accuracy reliability sensitivity analysis for 
the whole working space

geo-
metric 
errors

sensitivity coefficient

1M 2M 3M 4M 5M 6M 7M

∆xx 0.0774 0.0358 0.0099 0.0318 0.0637 0.0305 0.0046

∆yx 0.0082 0.0613 0.0089 0.0560 0.0160 0.0196 0.0296

∆zx 0.0398 0.0236 0.0623 0.0577 0.0366 0.0691 0.0587

∆αx 0.0817 0.0032 0.0349 0.0442 0.0343 0.0164 0.0423

∆βx 0.0134 0.0342 0.0173 0.0069 0.0572 0.0402 0.0441

∆γx 0.0381 0.0435 0.0083 0.0813 0.0226 0.0302 0.0883

∆xy 0.0435 0.0083 0.0418 0.0306 0.0535 0.0412 0.0506

∆yy 0.0247 0.0502 0.0119 0.0056 0.0713 0.0574 0.0436

∆zy 0.0380 0.0364 0.0543 0.0509 0.0702 0.0226 0.0472

∆αy 0.0083 0.0483 0.0604 0.0249 0.0007 0.0174 0.0838

∆βy 0.0623 0.0684 0.0413 0.0554 0.0429 0.0247 0.0059

∆γy 0.0539 0.0413 0.0414 0.0456 0.0599 0.0207 0.0822

∆xz 0.0743 0.0690 0.0702 0.0362 0.0659 0.0071 0.0226

∆yz 0.0289 0.0204 0.0737 0.0264 0.0273 0.0693 0.0147

∆zz 0.0074 0.0237 0.0462 0.0603 0.0693 0.0555 0.0677

∆αz 0.0186 0.0167 0.0570 0.0175 0.0393 0.0416 0.0156

∆βz 0.0296 0.0193 0.0318 0.0462 0.0190 0.0403 0.0624

∆γz 0.0724 0.0284 0.0785 0.0499 0.0676 0.0616 0.0835

∆xA 0.0761 0.0261 0.0073 0.0606 0.0014 0.0682 0.0008

∆yA 0.0411 0.0395 0.0448 0.0297 0.0114 0.0439 0.0457

∆zA 0.0176 0.0687 0.0319 0.0821 0.0779 0.0284 0.0102

∆αA 0.0679 0.0871 0.0788 0.0651 0.0187 0.0680 0.0296

∆βA 0.0350 0.0679 0.0549 0.0228 0.0087 0.0626 0.0396

∆γA 0.0419 0.0786 0.0322 0.0122 0.0646 0.0637 0.0267

Fig.5 Photograph of the machining site.

Table 12. Main parameters of the machining process.

no tool Illustration axial cutting 
depth (mm)

radial cutting 
depth (mm)

spindle speed 
(r/min)

Feed speed 
(mm/min)

1 Milling cutter 
F4as2000aDL38

rough ma-
chining 2 10 12000 4000

2 Boring tool 
ss20FBhs24

Precision bor-
ing machining 2 0.2 12000 2000

3 Face milling cutter 
D125

Finish-milling 
top surface 0.2 10 3000 3000
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6. Conclusions

in precision manufacturing, the geometric errors of a machine tool 
considerably affect the machining accuracy reliability of the machine 
tool, which directly determines the geometrical and dimensional accu-
racy of the machined product. Therefore, establishing the relationship 
between the geometric errors and the machining accuracy reliability 
and then efficiently improving the machining accuracy reliability are 
the key steps required to improve the achievable product quality.

in this paper, a new approach for analyzing the sensitivity of the 
machining accuracy reliability of machine tools based on fast Markov 

chain simulations was proposed. This 
method has the following two charac-
teristics:

(1) The proposed analytical method 
can be used to establish the relation-
ship between the model of the stochas-
tic geometric errors and the machining 
accuracy reliability and to identify the 
key geometric errors that have the big-
gest impact on the machining accuracy 
reliability. According to the analysis re-
sults, the crucial geometric errors can be 
purposefully modified and the machin-
ing accuracy reliability can be dramati-
cally improved. in addition, the results 
of the sensitivity analysis can also offer 
a good reference for an optimal design, 
accuracy control and error compensa-
tion of a complex machine.

(2) Employing the proposed analyti-
cal method, we identified seven failure 

modes of the machine tool. in a modern advanced machining line, in 
order to improve the efficiency and production rhythm of the whole 
automatic production line, one machine only needs to complete one or 
just a few machining steps. Considering the actual needs, the failure 
modes of the machine tools which need to be improved can be isolat-
ed, thereby greatly reducing the maintenance costs of machine tools.

Despite the progress, it should be pointed out that the geometric 
errors analyzed in this paper are quasi-static and correspond to cold-
start conditions. The dynamic fluctuations caused by axis accelera-
tion, dynamic load-induced errors and thermal errors were not taken 
into consideration. Therefore, the geometric errors under working 
conditions, which of course are of great practical significance, need 
to be further studied.

Table 13. Corresponding relationships between the basic geometric errors and the accuracy parameters of the 
components

Basic geometric errors accuracy parameters of the components

∆xx, ∆yy and ∆zz Cumulative pitch error of the lead screw

∆zx, ∆zy and ∆xz straightness error in the vertical plane of the guideway

∆yx, ∆xy and ∆yz straightness error in the horizontal plane of the guideway

∆αx, ∆βy and ∆γz Parallelism error of the guideway

∆βx, ∆αy and ∆βz straightness error in the vertical plane of the guideway and length of the moving parts

∆γx, ∆γy and ∆αz straightness error in the horizontal plane of the guideway and length of the moving parts

∆xA Center distance deviation of the worm gear pairs

∆yA Center plane error of the worm gear pair

∆zA radial pulsation of the turbine gear ring

∆αA Cumulative pitch error of the gear pairs and length of the moving parts

∆βA gear ring radial pulsation of the worm wheel and length of the moving parts

∆γA Center distance deviation of the worm gear pairs and length of the moving parts

Table 14. Failure probabilities of the different failure mode for the whole work-
ing space after modification.

Failure mode 1M 2M 3M 4M 5M 6M 7M

Failure probability (%) 0.058 0.70 0.60 0.46 0.40 0.61 0.36
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1. Introduction

Vibrations generated by the  braking systems, both in rail vehi-
cles or car have been widely analyzed and presented in the literature 
for several decades. Most of the articles raise the problems abrasive 
wear [4, 14], but noise and vibration to disrupt the process of braking 
and comfort during this process [12]. There are many models that de-
scribe the vibrations generated by the braking systems which include 
rudolph and Popp model [17], north [16] and Millner [21] (flutter 
binary model in contrast, a separate issue is the brake vibroacous-
tic diagnostics designed to diagnose selected brake components. The 
number of articles in this area is much smaller, which means that the 
issue of vibroacoustic diagnostics of the braking system is developed 
by few researchers. works [10, 18] presents the possibility of using 
vibrations generated by the brakes to assess the condition of the brake 
friction pair, both in design and during utilization of the brakes. Data 
acquired during tests certified on the braking positions  (in Poland 
there are only two positions for the research of railway braking sys-
tems on iPs TABor in Poznan and warsaw iK) and during driving 
tests  are used for modelling the braking process, as shown in [1, 11] 
or predicting the damage [6].

while the diagnosis of the braking systems, the aim is to find the 
relationship between  system condition and the diagnostic signal,  ac-
cording to the equation (1) [5]:

 S(Θ) = Φ[X(Θ), Y(Θ)] + Z(Θ) (1)

where: S(Θ)    = {s1, s2,…, sn} - diagnostic signal vector,

 X(Θ)   = {x1, x2,…, xn} - condition parameters vector,
 Y(Θ)   = {y1, y2,…, yn}  - control vector,
 Z(Θ)   = {z1, z2,…, zn} - disruption vector,
 Θ    – operating measure of obsolescence (time or distance)
 Φ   –  assignment operator.

To describe  the signal vector S(Θ)={s1, s2,…, sn} specifying the 
technical condition of the braking system we should use the working 
process parameters (eg. the braking torque) and the accompanying 
vibrations or noise.

The diagnostic problem  of the disc brake system results from 
the brake working conditions and its location. in the case of railway 
vehicles, the disc brake is mounted on the wheel sets axle between the 
wheels (Fig. 1) and it  is not visible while servicing the truck. Then 

wojciech sawCzuK

ApplicAtion of vibroAcoustic diAgnostics to evAluAtion of 
weAr of friction pAds rAil brAke disc

zAstosowAnie diAgnostyki wibroAkustycznej w ocenie zużyciA 
okłAdzin ciernych kolejowego hAmulcA tArczowego*

Vibrationacoustic diagnostics is increasingly used in new technical facilities to assess their condition. The main advantages of 
this diagnosis is the easiness of measurement, high speed transmission of information, the opportunity to assess the state of the 
whole or the individual components and high information content of the signal. All these features make it also possible to use WA 
diagnostic to assess the state of the braking system components. The article gives the possibility of determining the use of disc 
brake friction elements. This can be done on the basis of the analysis of vibration accelerations signals generated by the brake 
friction pads. The article presents diagnosis regression models [15] based on the analysis of vibration acceleration signals in the 
field of amplitude and frequency.

Keywords: rail brake disc, vibroacoustic diagnostics, amplitude characteristics, frequency analysis.

Diagnostyka wibroakustyczna ze względu na swoje zalety znajduje coraz to nowe zastosowania w obiektach technicznych do 
oceny ich stanu. Główne zalety tej diagnostyki to łatwość pomiaru, duża szybkość przekazywania informacji, możliwość oceny 
stanu całego obiektu lub poszczególnych elementów oraz duża zawartość informacji w sygnale. Wszystkie te zalety sprawiają, że 
również możliwe jest zastosowanie diagnostyki WA do oceny stanu elementów układu hamulcowego. W artykule przedstawiono 
możliwości określenia zużycia elementów ciernych kolejowego hamulca tarczowego na podstawie analiz sygnałów przyspieszeń 
drgań generowanych przez okładziny cierne hamulca. W artykule przedstawiono regresyjne modele diagnostyczne [15] bazujące 
na analizie sygnałów przyspieszeń drgań w dziedzinie amplitud oraz w dziedzinie częstotliwości.

Słowa kluczowe: kolejowy hamulec tarczowy, diagnostyka wibroakustyczna, charakterystyki amplitudowe, 
analiza widmowa.

sawCzuK w. application of vibroacoustic diagnostics to evaluation of wear of friction pads rail brake disc. Eksploatacja i niezawodnosc – 
Maintenance and reliability 2016; 18 (4): 565–571, http://dx.doi.org/10.17531/ein.2016.4.11.

Fig. 1. Railway disc brake on the two-axle bogie: 1 – level mecha-
nism, 2- friction pad, 3 – brake disc
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it is necessary to enter on the track with the manhole channel for the 
inspection of worn friction elements. in the case of cars we meet the 
pad wear sensor which is embedded in the friction material at a certain 
depth. After reaching  the maximum of  the permissible wear of the 
pad, most often about 2 mm, and after contact of the sensor with the 
metal disc, an electrical circuit is being closed, causing the lit of the 
control light for  the wear of the friction pads. 

The aim of the research is to use the vibration signal gener-
ated by the friction pads in  the assessment of their wear and setting 
the characteristics in the field of amplitudes and frequency during the 
tests on inertia braking position.

2. Methodology and research object

The research was carried out at internal station in institute iPs TA-
Bor in Poznan for tests of railway brakes. A brake disc type 590×110 
with ventilation vanes and three sets of pads type 175 Fr20H.2 made 
by Frenoplast constitute the research object. one set was new - 35mm 
thick and two sets were worn to thickness of 25mm and 15mm. A 
reasearch program 2B1 (ii) according to [13] was applied. The brak-
ing was carried out from speed of 80km/h and it was the braking with 
the constant braking power P=45kw. During the research pad’s pres-
sures to disc N of 28kN was realized as well as braking masses per one 
disc of M=6.7T. Vibration converters were mounted on pad calipers 
with a mounting metal tile, which is presented in Fig. 2a and 2b.

During the tests recorded vibration acceleration signals in one di-
rection, i.e. perpendicular to the friction surface of the brake disc. To 
acquire vibration signal a measuring system consisting of piezoelec-
tric vibration accelerations converter and measuring case type B&K 
3050-A-060 with system software PuLsE 16.0 was used. Figure 3 
presents the view of the measurement set. 

Brüel&Kjær’s vibration converters type 4504 were selected on 
the basis of instructions included in paper [3]. The linear frequency 

of converter transit amounted to 5kHz. sampling frequency was set 
at 131kHz. This means that the frequency that was subject of 
the analysis in accordance with Nyquist relation amounted to 
65kHz. Do not changed other parameters which braking descent 
speed train, pressure pads to disc, the brake weight and braking 
time. At the same time, changes occurring in the instantaneous 
amplitude of vibration acceleration. This research was carried 
out in accordance with principles of active experiment. After 
carrying out a series of brakings the friction pads were changed 
(without changing the other parameters of braking) and values 
of instantaneous vibration accelerations were registered. Figure 
4 shows the time analysis of instantaneous vibration accelera-
tion recorded at the pads of friction during braking on a slope. 
Then the recorded signals were analyzed in the domain ampli-
tude and frequency.

3. Analysis of the results in the amplitude domain

in domain of amplitudes, the most common are the point 
parameters, which are used to describe displacement signals, 

speed signals and signals of vibration accelerations. Characterizing 
vibration signal with one number is an advantage of point parameters, 
thanks to which it is easy to define changes in vibroacoustic signal 
resulting from changes in technical condition of the tested object. 

used measurement point in the diagnosis of vibroacoustic, accord-
ing to the paper [18], is divided into dimensional and dimensionless. 
To diagnose the wear of friction pads of railway brake the following 
dimensional point parameters are applied (2):

 ( )∫=
T

AVERAGE dtts
T

A
0

1  (2)

where: T – average time,
 s(t) – instantaneous value of vibration accelerations.

- average amplitude, described with dependence (3):

 [ ]∫=
T

RMS dtts
T

A
0

2)(1
 (3)

Fig. 2. Inertial station for tests of railway brakes: a) view of calliper with accelerometr, 
b) view of inertial station during diagnostic tests; 1- brake disc, 2- caliper, 3- 
accelerometer

Fig. 4. Signal of vibration accelerations registered on pad caliper for different 
thickness of pads during braking with the constant braking power

Fig. 3. Diagram of procedures for the selection signal of vibration accelera-
tion at the time of diagnosis of wear of the friction rail brake disc
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- square amplitude, describe with dependence (4):
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- peak amplitude, described with equation (5):
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Before calculating point parameters from signals of vibration ac-
celerations in program Matlab, a preliminary processing of signal in 
time domain was carried out. The reason of this processing was to 
select from the whole registered signal a part connected only with 

braking process. This process was also carried out to obtain required 
dynamics of changes essential for diagnostic purposes. Defining de-
pendence of friction pad’s thickness on selected point parameters was 
carried out through determining dynamics of changes for a certain 
parameter, which is presented in dependence (6) [9]:

 D A
A

=








20 2

1
lg  (6)

where: A1  – the value of point parameter determined for pad G3 or G2,
 A2  – the value of point parameter determined for pad G1.

Figure 5 present dependence of (rMs) value, average value, 
square value and peak value of vibration accelerations measure in di-
rection Y2 on time brakings during braking with constant power P for 
various values of pad wear G with v=80km/h. 

The test results after applying the dependences describing meas-
urement point (2-5), and the dependence of the speed of change (6) 
shown in Table 1. Based on the results, it was found that the most 
sensitive diagnostic parameter defined the dynamics of change for as-
sessment of wear on the friction pads, obtained for the measurement 

of vibration acceleration Y2 for all 
measurement points.

The analysis of results of vibra-
tion tests showed that obtaining de-
pendence of friction pads’ thickness 
on the value of point parameters is 
possible by measuring vibration in 
directions Y1 and Y2 on a accele-
rometer mounted from the side of 
brake cylinder’s case and brake cyl-
inder’s piston rod. 

Braking time to analyze in the 
field amplitudes is divided into 8 
periods of time every 20 seconds to 
the total time of analysis t = 160s. 
The analysis in the field amplitudes 
in further braking times, does not af-
fect the improvement of diagnostic 
parameter.

Figure 6 and 7 presents depend-
ence of friction pad’s thickness of 
disc brake G on point parameters of 
vibration accelerations. For rMs, 
Average, square and Peak value of 
point parameter, also obtained from 
measurement in direction Y2 by us-
ing linear approximating functions 
described with dependences (7-10) 
for five speeds at the beginning of 
braking, the following equations de-
fining friction pads’ thickness were 
introduced:

Fig. 5. Dependence of selected point paramiters and dynamic of changes of the wear of friction pads: a) RMS value 
ARMS, b) average value AAVERAGE, c) square value ASQUARE,  d) square value APEAK
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 G A RRMS Y t s= − ⋅ + == −( )1 4115 43 224 0 991 0 20
2, , ,,     (7)

 G A RAVERAGE Y t s= − ⋅ + == −( )1 7765 43 251 0 992 0 20
2, , ,, (8)

 G A RSQUARE Y t s= − ⋅ + == −( )2 1006 43 261 0 992 0 20
2, , ,,   (9)

 G A RPEAK Y t s= − ⋅ + == −( )0 2651 43 221 0 992 0 20
2, , ,,  

(10)

where:
 G –  thickness of pad [mm],
 A(..) –  point parameters value of vibration  

    accelerations [m/s2].

The inaccuracy of the linear regression models described 
dependencies (7-10) present table 2.

The analysis of results of research in amplitude domain 
showed that on the basis of the analysed in this article point 
parameters it is possible to diagnose the wear of friction pads 
independently during braking with constant braking power 
P=45kw. The dynamics of changes of rMs values of vibration 
accelerations for pads: G1, G2 and G3  can be found in the range 
between 5 and 7dB for direction Y1 and 6 to 10dB for direction 
Y2 measurement of vibrations on railway disc brake.

4. Analysis of the results in the frequency domain

The amapurpose of spectrum analysis of signals of vibration 
accelerations was to determine frequency bands connected with 
change of pad’s thickness during operation of braking system. 
Figure 8 and 9 presents exemplary amplitude spectra of vibra-
tion accelerations for various pad’s thicknesses received during 
braking with constant braking power from speed of 80km/h. 

The figure 10 and 11 presents exemplary amplitude spectra of vibra-
tion accelerations of the use of band-pass filter. The scope of the filter 
has been set to 4600-4800Hz, because in this area there is a depend-
ency of amplitude of vibration on thickness of friction pads.

Table 3 presents frequency range, in which dependence of ampli-
tude value of vibration accelerations on the wear of pads is observed. 
Additionally, dynamics of changes according to dependence (6) of an 
examined diagnostic parameter for a certain frequency band and at 

Fig. 6. Dependence of pad’s thickness in function of  point parameters (ARMS, A AVERAGE, 
ASQUARE value) of vibrations accelerations for measurement in the Y2 direction

Fig. 7. Dependence of pad’s thickness in function of  point parameters APEAK value of 
vibrations accelerations for measurement in the Y2 direction

Table 1. Value of selected point paramiters and dynamics of changes in direction Y1 and Y2 for the first time braking from 0 to 20 seconds

Measurement of vibrations in direction Y1

Point parameters

Value of point parameters in m/s2 Dynamics of changes in dB

thickness of 35mm thickness of 25mm thickness of 15mm
For pads with 

thicknesses of 35 
mm and 25mm

For pads with 
thicknesses of 35 
mm and 15mm

arMs 6,42 12,42 14,50 5,73 7,08

aaVEragE 5,11 9,90 11,53 5,75 7,05

asQarE 4,32 8,39 9,76 5,76 7,07

aPEaK 33,51 63,17 91,58 5,50 8,73

Measurement of vibrations in direction Y2

arMs 6,00 12,58 20,15 6,42 10,52

aaVEragE 4,77 10,03 16,02 6,44 10,51

asQarE 4,04 8,49 13,55 6,46 10,51

aPEaK 31,46 67,76 106,88 6,66 10,64

Table 2. Error in % in the application models in estimating linear 
regression actual thickness of brake pad

Measurement of vibrations in direction Y2

Point param-
eters

Point param-
eters

Point param-
eters

Point param-
eters

arMs 0,72 1,88 1,47

aaVEragE 0,67 1,73 1,38

asQarE 0,64 1,67 0,83

aPEaK 0,37 0,99 0,89
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a certain speed at the beginning of braking and values of correlation 
coefficients for linear dependence of amplitude value of vibration ac-
celerations on examined friction pad’s thicknesses is presented.

Figure 12 present dependence of (rMs) value of vibration accele-
rations in direction Y on braking speed v=80km/h during braking with 
the constant braking power for various values of the wear of pad G.

Figure 13 presents dependence of friction pad’s thickness of disc 
brake G on rMs value of vibration accelerations ArMs in considered 
frequency bands 4600-4800 Hz. For both directions of vibration (i.e. 
for the staff of the friction pads is connected with the lever to the 
housing of the brake cylinder and the holder connected to the lever on 
the piston brake cylinders) have been approximated a linear function 

depending on the thickness of the lining of the effective value of the 
vibration acceleration (relation (11) and ( 12)).

 G A RRMS Y= − ⋅ + =−( )4546 8 37 201 0 851 4600 4800
2, , ,,  (11)

 G A RRMS Y= − ⋅ + =−( )9150 40 924 0 952 4600 4800
2

, , ,  (12)

where: G   –  thickness of pad [mm],
 ARMS  – rMs value from band 4600-4800Hz frequency  

    [m/s2].

Table 3. Results of frequency analysis of vibration acceleration signals, brake caliper with brake pads 

Measurement of vibrations in direction Y1

Frequency 
hz

rMs from band frequency
m/s2

Dynamics of changes 
dB

Correlation 
coefficient

thickness of 35mm thickness of 25mm thickness of 15mm
For pads with thick-

nesses of 35 mm and 
25mm

For pads with thick-
nesses of 35 mm and 

15mm

4600-4800 1,27·10−3 1,77·10−3 5,00·10−3 2,92 11,92 0,922

Measurement of vibrations in direction Y2

4600-4800 0,56·10−3 2,02·10−3 2,63·10−3 2,29 13,38 0,973

Fig. 8. Dependence of amplitude of vibration accelerations on frequencies for 
different pad’s thicknesses during braking with constant braking power 
from speed of 80km/h in direction Y1: a) pad’s thickness G1=35mm, b) 
pad’s thickness G2=25mm, c) pad’s thickness G3=15mm

Fig. 9. Dependence of amplitude of vibration accelerations on frequencies for 
different pad’s thicknesses during braking with constant braking power 
from speed of 80km/h in direction Y2: a) pad’s thickness G1=35mm, b) 
pad’s thickness G2=25mm, c) pad’s thickness G3=15mm

Fig. 11. Dependence of amplitude of vibration accelerations on frequencies  with 
band-pass filter to 4600-4800Hz for different pad’s thicknesses in direc-
tion Y2: a) pad’s thickness G1=35mm, b) pad’s thickness G2=25mm, c) 
pad’s thickness G3=15mm

Fig. 10. Dependence of amplitude of vibration accelerations on frequencies  with 
band-pass filter to 4600-4800Hz for different pad’s thicknesses in direc-
tion Y1: a) pad’s thickness G1=35mm, b) pad’s thickness G2=25mm, c) 
pad’s thickness G3=15mm
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The inaccuracy of the linear regression models described depend-
encies (11 and 12) present table 4.

Analysis of the results in the frequency domain showed that the 
analyzed frequency band 4600-4800Hz it is possible to diagnose 
wear of the friction pads based on designated this band vibration 
acceleration during braking with constant power (during the descent 
of the train at a constant speed). Dynamics of changes in rMs value 
of vibration acceleration for pads G1, G2 and G3 is in the range of 
2-13 dB.

4. Conclusions

Position diagnostic tests have shown that it is possible to 
diagnose the consumption of the disc brake friction pads, by 
analyzing the instantaneous value of the  vibration acceleration 
holders with the pads in the field of amplitudes. For the purpos-
es of the  pads wear diagnosis, the effective value of ARMs, the 
average value AAVERAGE, the square value ASQUARE or peak value  
Apeak should be used. with the dimensionless quantity (point 
measurement coefficient), satisfactory results are obtained by 
using  the crest factor calculated from the relationship of peak to 
rms. The vibration acceleration signal analysis showed that the 
highest growth of changes of considered diagnostic parameter,  
resulting from the condition change, is achieved for the first 
braking period (braking time 20 seconds). During this period, 
the highest value for the  worn pad to a thickness of 15 mm, and 
the lowest value for the new pad (run in) with a thickness of 
35 mm are obtained. Further breaking periods, higher  than 20 
seconds, cause the decrease in the rate of `changes.

Changes in the vibration acceleration measurement point, 
according to the usage of braking pads,  are visible regardless of 
mounting the vibration transducer at the brake holder from the 
side of the rod or from the housing side of the brake cylinder 
and irrespective to  the type of the brake disc.

For the analysis in the field of amplitudes, the dynamics of 
changes is 6-10 dB for the  590 disc.  By using the measurement 
of vibration acceleration point under consideration , the diag-
nostic models can be used  to determine the consumption of the 
friction pads. The maximum error of the friction pad thickness 
for the present three-pads thicknesses  does not exceed 2% for 
the analyzed brake disc.

Tests measuring the vibration acceleration of the brake hold-
ers  in the frequency domain, have also shown that it is possible 
to find a frequency band, in which the dependence of the effec-
tive value of the vibration acceleration ArMs (equation (3)) from 
the different pads in the  considered speed range during the train 
run with enabled brakes are observed. The dependence of the 
effective value of vibration acceleration from the wear of the 
friction pads  occurs for the 4600-4800 Hz frequency band. it 
is the band allowing to diagnose the wear  of the friction pads  
both during braking on 590 disc type  with  the power of  P=45 

kw and braking on  640 disc type with constant 
power P=55 kw.

Both vibration analysis in the field of am-
plitudes and frequency allows for the friction 
elements evaluation. Frequency analysis allows 
for greater analysis of the dynamics of changes 
in terms of amplitude. However, in both cases, 
it is greater than 6 dB for the worn pad  to a 
thickness of 15 mm. However, the analysis of 
amplitudes by using  the measurement point is 
simpler with respect to the application of fre-
quency analysis because it averages the whole 

braking process to a single value.
Analyzing the current device diagnostic disc brake friction ele-

ments, the method allows vibroacoustic continuously evaluate the 
condition of the friction linings terms of wear indicators that signal 
achievement only permissible pad wear of about 2-3 mm. The use 
of vibration transducers on the brake mountings enables diagnosis of 
wear of the friction linings in the whole process of use. Then read the 
pad wear during periodic inspections or the desktop will allow the 
vehicle to make a decision about the further use of the vehicle particu-
larly in international traffic, where the replacement of the pad limit 
their consumption will be impossible or very time-consuming.

Fig. 12. Dependence of RMS value of vibration accelerations on braking speed v=80km/h 
during braking with the constant braking power for various values of the wear 
of pad G

Fig. 13. Dependence of pad’s thickness in function of RMS value of vibrations accelera-
tions for frequency band 4600-4800Hz

Table 4. Error in % in the application models in estimating linear regression actual thickness of brake pad

Measurement of vibrations in direction Y1

Frequency
hz

For thickness of pad  
g1= 35mm

For thickness of pad 
g2=25 mm

For thickness of pad 
g3=15 mm

4600-4800 11,3 16,5 3,9

Measurement of vibrations in direction Y2

4600-4800 2,2 11,5 12,2
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in the further works it is planned to check the developed method 
for assessing the wear of the friction pads  on the  worn discs (dur-
ing the research  new brake discs were used). it was made in order to 
eliminate the influence of the friction rings condition on the result of 
the diagnosis with the use of regression vibration diagnostics models.

it should, however, emphasize that vibroacoustic diagnostics 
based on the analyzes in the domain amplitudes and frequencies is 

widely used in the diagnosis of internal combustion engines [7, 20], 
bearing units rotating machinery [8] and in the automotive industry. 
in many cases, vibration transducers are built directly into the device 
from the cable output signal to a central computer. in addition, the 
diagnosis of the type of technical systems FFT analysis are expanded 
for analysis of the time-frequency [19].

The project is funded by the National Centre for Research and De-
velopment, program LIDER V, contract No. LIDER/022/359/L-5/13/
NCBR/2014
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1. Introduction

The aim of this study was to present a new method of generating dri-
ving cycles understood as realizations of a stochastic process model-
ling the actual conditions of usage of motor vehicles. The originality 
of the proposed method lies not only in the fact that it treats driving 
cycles as realizations of a stochastic process, but also in that it adopts 
similarity of frequency-domain characteristics between on-road dri-
ving and test driving as a criterion for the synthesis of driving cycles. 
Driving cycle tests are used to assess the performance of vehicles. The 
main performance parameters evaluated using driving cycles include 
pollutant emissions, fuel consumption and power consumption. while 
tests conducted using classical cycles allow to assess the performan-
ce of vehicles in the causal conditions of their movement, the use of 
driving cycles which are realizations of a stochastic velocity process 
also makes possible assessment of the probabilistic properties of the 
parameters tested.
Driving cycles can be developed using the following assumptions [3, 
4, 9, 17]:

a driving cycle has a predefined process of velocity relative to  –
maximum velocity,
a driving cycle faithfully simulates a velocity process in the  –
time domain,
other methods, e.g. a driving cycle meets the criterion of simi- –
larity of parameters of the velocity process in different domains, 
e.g. the time domain, the domain of an independent variable of 
the integral transform of the time curve, or the process value 
domain.

The criterion adopted for the development of driving cycles is the 

similarity of zero-dimensional characteristics of cycles and velocity 
processes observed during real-world vehicle operation and during 
tests [3, 4, 9, 17].
The parameters of the velocity process to be used in constructing a 
driving cycles can be determined for the following domains [4]:

time domain, –
domain of an independent variable of the integral transform of  –
the time curve, most commonly frequency,
process value domain. –

The most commonly used zero-dimensional parameter in the time 
domain is average velocity [3, 4, 9, 17]. Other parameters in this do-
main include root mean square value, variance, standard deviation, 
median, and extreme values (min., max.) [2, 3]. some driving cycles 
are based on other zero-dimensional parameters, such as mean abso-
lute value of the velocity-acceleration product or the mean velocity-
positive acceleration product [3, 4, 9, 17].

The parameters determined in the frequency domain are most 
commonly amplitude and phase parameters, and their values for spe-
cific frequencies or their average values for frequency ranges consti-
tute representative data points [4, 17].

The basic parameter in the value domain is the probability density 
function and its zero-dimensional parameters, e.g. the most probable 
value, or parameters of standard probability density functions approx-
imating – in accordance with the criterion adopted – the investigated 
probability density function [4, 8].
Construction of cycles in accordance with the principle of faithful si-
mulation of a velocity process in the time domain may involve [2, 3, 
7, 9, 12, 13, 17, 22, 23]:

zdzisław ChłoPEK

synthesis of driving cycles in AccordAnce with the criterion of 
similArity of frequency chArActeristics

syntezA testów jezdnych zgodnie z kryteriAmi podobieństwA 
chArAkterystyk częstotliwościowych*

This paper presents an original method of synthesizing driving cycles treated as sets of realizations of a stochastic process of car 
velocity. The proposed method is based on the criterion of similarity of amplitude-frequency characteristics of test and on-road 
cycles. Because a driving cycle is treated here as a set of realizations of a random process, the method allows not only to determine 
the values of zero-dimensional characteristics defining the properties of a car, but also to perform probabilistic evaluation of these 
properties. In the present study, example realizations of the stochastic velocity process were obtained and analyzed using a test 
based on the amplitude-frequency characteristics of the Federal Test Procedure cycle – FTP-75.

Keywords: cars, driving cycles, frequency characteristics.

W pracy przedstawiono autorską metodę syntezy testów jezdnych, traktowanych jako zbiór realizacji procesu stochastycznego 
prędkości samochodu, z zastosowaniem kryterium podobieństwa charakterystyki amplitudowo-częstotliwościowej w warun-
kach badań i rzeczywistego użytkowania pojazdu. Dzięki potraktowaniu testu jako zbioru realizacji procesu przypadkowego jest 
możliwe w proponowanej metodzie nie tylko wyznaczanie wartości ocenianych zerowymiarowych charakterystyk, określających 
właściwości użytkowe samochodów, ale i jest możliwa również ocena probabilistycznych właściwości tych wielkości. W pracy 
wyznaczono i przebadano przykładowe realizacje procesu stochastycznego prędkości w teście na podstawie charakterystyki am-
plitudowo-częstotliwościowej testu FTP-75 (Federal Test Procedure – federalna procedura badawcza).

Słowa kluczowe: samochody, testy jezdne, charakterystyki częstotliwościowe.

ChłoPEK z. synthesis of driving cycles in accordance with the criterion of similarity of frequency characteristics. Eksploatacja i niezawod-
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selection of portions of the velocity-time process representative  –
of the velocity process tested,
synthesis of the selected portions of the velocity-time process  –
representative of the velocity process tested.

Most cycles currently used for testing passenger cars and light-
duty trucks have been developed in accordance with the principle of 
exact simulation of driving velocity in the time domain [2, 7, 12, 13, 
17, 22, 23], in particular driving cycles created in the united states 
of America, for example, the Federal Test Procedure – FTP-75 [23]. 
Heavy-duty vehicles, such as buses and trucks, are also tested using 
cycles faithfully simulating the velocity process in the time domain 
[12]. Cycles with predefined processes of velocity relative to maxi-
mum velocity (legislative cycles) include the new European Driving 
Cycle – nEDC, which consists of the urban Driving Cycle – uDC 
and the Extra urban Driving Cycle – EuDC, and the Japanese driving 
cycle – Japan 10-15 Mode [23].

This article presents a methodology for generating cycles treated 
as realizations of a stochastic process which models real-world driv-
ing conditions. The method is based on the criterion of similarity of 
frequency domain parameters in on-road and test driving conditions. 
The FTP-75 cycle (Figure 1) was adopted as a reference velocity proc-
ess, whose amplitude-frequency characteristics were used as criteria 
for comparison of similarity between cycles.

This cycle was developed as a precise simulation of on-road driv-
ing in the time domain by synthesizing selected trip segments repre-
sentative of the tested velocity process. segments of the velocity proc-
ess representative of the tested velocity process are most commonly 
selected using cluster analysis [17, 20]. The designers of this cycle 
adopted the zero-dimensional parameters of the velocity process as 
comparison criteria, and next concatenated the selected representa-
tive trip segments using the Monte Carlo method [6, 14] to create the 
cycle.

2. Methodology of constructing driving cycles in ac-
cordance with the criterion of similarity of frequency 
characteristics

The method of generating pseudo-random realizations of the sto-
chastic process modelling driving cycles in compliance with the crite-
rion of similarity of frequency parameters uses amplitude-frequency 
characteristics of the velocity process of the reference cycle.
The reference cycle based on FTP-75 is defined as a vector:

 ( )
T

o iv =  ov  (1)

where: 1, ,i L= 
, with 2KL = , and { }K N∈ , i.e. K is a natural 

number.

The dimension of vector vo must be greater than the number of 
points of the discretized process of the FTP-75 cycle. in order to use 
a discrete algorithm for the Fourier transform, the discrete process of 
the reference cycle is padded with zeros up to the number of vector 
elements L.
The maximum and minimum values of the elements of vector vo are:

 [ ]maxov Max= ov  (2)

 [ ]minov Min= ov  (3)

where: Max and Min are the operators of the largest and smallest val-
ues.

The distance between the elements of vector vo is:

               [ ] [ ] [ ] ovR Max Min R= − =o o ov v v  (4)

The Fourier transform image of vector vo is a vector whose 
elements are complex numbers:

 [ ]o oFFT=V v  (5)

Each element of vector Vo can be represented in the form of 
components: the real part Vo Re and the imaginary part Vo Im or 
modulus Vo Abs and argument Vo Arg:

( ) ( ) ( )
( )

re im
o Arg i

TT j V
o oo i i o Abs iV j V V e

⋅  = + ⋅ = ⋅    
V     (6)

where j is an imaginary unit.

when driving cycles are modelled in accordance with the 
criterion of similarity to the amplitude-frequency parameters of 

the velocity process of the reference cycle, modulus values are as-
sumed to be identical and a vector of pseudorandom numbers of argu-
ments is generated. Vector of complex numbers y is represented as:

 ( ) ( ) ( )
( )

re im
Arg i

TT j Y
i i Abs iY j Y Y e

⋅  = + ⋅ = ⋅    
Y  (7)

For the inverse discrete Fourier transform of vector Y to be a vec-
tor of real numbers, the following conditions must be met, [18]:

 ( )Re 1 0Y = , ( )im 1 0Y =  (8)

 ( )1Re 2
0KY − = , ( )1im 2

0KY − =  (9)

Fig. 1. Process of velocity – vo in the FTP-75 cycle.
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 ( ) ( )Re Rek iY Y=  (10)

 ( ) ( )im imk iY Y= −  (11)

where: 2Kk i= − , and 12, ,2 1Ki −= − .

Elements of vector y are modelled as pseudorandom num-
bers:

 ( ) ( ) ( )Re cosi o Abs i iY V Rnd= ⋅  (12)

 ( ) ( ) ( )im sini o Abs i iY V Rnd= ⋅  (13)

where: Rnd – vector of uniformly distributed pseudorandom 
numbers, where ( ) ;iRnd π π∈ − .

The inverse discrete Fourier transform of vector Y is a vec-
tor of real numbers:

 [ ] ( ) ( )
1

re im
TT

i iFFT y y−  = = + y Y  (14)

 ( )im 0iy ≡
 (15)

where: 1, ,i L= 

The maximum and minimum values and the distance between ele-
ments of vector yRe are:

 [ ]Remaxy Max= Rey  (16)

 [ ]Reminy Min= Rey  (17)

 [ ] [ ] [ ] ReyR Max Min R= − =Re Re Rey y y  (18)

The elements of the vector representing the realizations of the 
stochastic process modelling the driving cycle are scaled so that the 
maximum and minimum values of the realizations are equal to the 
maximum and minimum values of the elements of the reference cycle 
vector.

 ( ) ( )( )
Re

min ReminRe
ov

oi i
y

R
v v y y

R
= + ⋅ −  (19)

where: 1, ,i L= 
.

Figure 2 shows an example of a velocity realization of a vehicle 
driven over the reference cycle. Figure 3 shows a set of eight realiza-
tions of the reference driving cycle.

To determine power spectral density of the velocity processes of 
the reference cycle and its realizations, Fast Fourier Transform was 
used. The linear trend was removed from the signal. To improve the 
compatibility of the power spectral density estimate, processing was 
done using a Hamming time window [10] and frequency smoothing of 
the rough estimate of power spectral density [18, 21]. Figure 4 shows 
the power spectral density of the velocity processes in the domain 
of dimensionless frequency relative to the Nyquist frequency [15], 
which is the maximum frequency of the spectral components of the 
signal being sampled – in accordance with the Kotelnikov-shannon 
sampling theorem [11, 19]:

 2
N

r
f

ff =
⋅  (20)

where: f – frequency of the signal component,
 f N – Nyquist frequency:

 
1

2N
s

f
T

=
⋅  (21)

As can be seen, there is a considerable goodness of fit be-
tween the amplitude-frequency characteristics of the reference 
cycle and its realizations.

Of course, the fact that there is a close match between the 
criterion parameters of the reference cycle and its realizations 
does not mean that there is a match between other character-
istics. Figure 5 shows a comparison of average and median of 
velocity between the reference cycle and its realizations.
Figure 6 shows a comparison of standard deviation and quartile 
deviation of velocity in the reference cycle and its realizations.

Figure 7 shows the coefficient of variation of velocity and 
the coefficient of quartile variation of velocity for the reference 
cycle and its realizations. The coefficient of quartile variation 
is defined as:

 
DQWQ
M

=  (22)

Fig. 2. An example of a velocity realization – v of a vehicle operated over the reference 
driving cycle.

Fig. 3. A set of eight velocity realizations – v over the reference cycle



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016 575

sciENcE aNd tEchNology

where: DQ – quartile deviation,
 M – median.

Despite the differences in average velocity among the individual 
realizations of the cycle (Fig. 8), the coefficient of variation of aver-
age velocity was 0.09, which, given the small number of values com-

pared (eight), can be interpreted as a measure of low non-repeat-
ability [5, 8].

we also evaluated the properties of the realizations of the 
reference cycle and the properties of the FTP-75 cycle in the 
process value domain.
Figure 9 compares the discrete probability density of velocity in 
the FTP-75 cycle and in realization no. 1 of the cycle.

it is not surprising that the difference between the probabil-
ity density of velocity in the FTP-75 cycle and in one of its re-
alizations is prominent given that the cycle was synthesized on 
the basis of a frequency parameter and not a parameter in the 
process value domain.
Figure 10 shows the discrete probability densities of the indivi-
dual realizations of the test cycle velocity schedule.

Despite the apparent differences in the probability density 
of velocity among the individual realizations of the test cycle, 
certain similarities between the evaluated characteristics can 
also be observed.

Figure 11 shows a set of parameters characterizing the prob-

ability density of the individual realizations of the test cycle: skew-
ness and kurtosis.

Both skewness and kurtosis vary for the different realizations, 
however, the coefficients are not too high. The investigated processes 
have both platykurtic and leptokurtic distributions. And the distribu-
tions show both a left-handed and a right-handed asymmetry.

Fig. 4. Power spectral density – G of the reference cycle velocity process (thicker black 
line) and the velocity processes of the individual realizations of this cycle

Fig. 5. Comparison of average velocity – AV and median velocity – M in the 
reference cycle and in its realizations

Fig. 6. Comparison of standard deviation – D and quartile deviation – DQ of 
velocity in the reference cycle and its realizations

Fig. 7. Coefficient of variation – W and coefficient of quartile variation – WQ 
of velocity in the reference cycle and in its realizations

Fig. 8. Average velocity – AV in the particular realizations of the cycle and 
the mean value – AV [AV [vi]] and standard deviation – D [AV [vi]] of 
average velocity of the individual realizations of the test
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amplitude-frequency driving characteristics, is an original way of in-
vestigating the functional properties of vehicles. Because a driving 
cycle is treated here as a set of realizations of a random process, the 
method allows not only to determine the values of the zero-dimensio-
nal characteristics being assessed (which define the functional proper-
ties of a car), but also to evaluate the probabilistic properties of these 
parameters.
The example of synthesis of driving cycles, treated as sets of realiza-
tions of a stochastic process of car velocity, demonstrates the effec-
tiveness of the proposed method. The velocity processes determined 
in the experiments have similar probabilistic characteristics, which 
is usually the case in the practice of testing realizations of stochastic 
processes [16]. in the future, the method is planned to be further in-
vestigated in chassis dynamometer tests performed using the driving 
cycle realizations obtained in this study.

Fig. 11. Skewness – S and kurtosis – C of the probability density of the indi-
vidual realizations of the test cycle.
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Krzysztof ŚLEDzIEwsKI

eXperimentAl And numericAl studies of continuous composite 
beAms tAking into considerAtion slAb crAcking

bAdAniA doświAdczAlne i numeryczne zespolonych belek 
ciągłych z uwzględnieniem zArysowAniA płyty*

This paper presents the results of studies conducted on composite beams which function as models of representative 
bridge deck elements subjected to bending. The adopted type of load and the resulting strain of the analysed system cor-
respond to operating conditions. The subject of the studies was steel and concrete composite beams with fasteners in the 
form of pins. Experimental tests of girders were carried out on a near real-life scale under the static load corresponding 
to the operating load. The obtained results were used to build a numerical model using the finite element method. The 
non-linear concrete damage plasticity model was used to describe the concrete and the elastic-plastic body model was 
adopted to describe the steel. Two concrete slab – steel beam connection methods were analysed: a continuous connec-
tion and a spot connection using rigid fasteners. Next, the validation of the numerical model was performed. A compari-
son of the selected operating characteristics of the tested systems was made on the basis of the adopted criteria.

Keywords: composite beam, experimental studies, numerical modelling, concrete damage plasticity 
model, Abaqus, operating load, operating lifespan.

Praca prezentuje wyniki badań belek zespolonych, stanowiących modele reprezentatywnych elementów ustrojów no-
śnych obiektów technicznych (mostów) poddawanych zginaniu. Przyjęty rodzaj obciążenia oraz powstałych deforma-
cji rozpatrywanego układu odpowiada warunkom eksploatacyjnym. Przedmiotem rozważań były belki zespolone typu 
stal-beton z łącznikami w postaci sworzni. Przeprowadzono badania eksperymentalne dźwigarów w skali zbliżonej do 
rzeczywistej pod obciążeniem statycznym odpowiadającym obciążeniu eksploatacyjnemu. Otrzymane wyniki posłużyły 
do budowy modelu numerycznego przy wykorzystaniu metody elementów skończonych. Do opisu betonu wykorzystano 
nieliniowy model betonu plastycznego ze zniszczeniem, natomiast do opisu stali przyjęto model ciała sprężysto-plastycz-
nego. Przeanalizowano dwa sposoby połączenia płyty betonowej z belką stalową: połączenie ciągłe oraz połączenie 
punktowe wykorzystując sztywne łączniki. Następnie przeprowadzono walidację przygotowanego modelu numerycznego 
belki. Dokonano porównania wybranych właściwości eksploatacyjnych badanych ustrojów, w oparciu o przyjęte kryte-
ria.

Słowa kluczowe: belka zespolona, badania eksperymentalne, modelowanie numeryczne, model betonu 
plastycznego ze zniszczeniem, Abaqus, obciążenie eksploatacyjne, trwałość.

1. Introduction

special requirements with regard to the theory of composite struc-
tures and their creative shaping make them one of the most interesting 
solutions for load-carrying structures in the construction technology. 
The constituent parts of the cross section are made of materials with 
different young’s moduli, which interact with each other through the 
use of fasteners. These elements are joined to maximise both their 
strength properties and operating characteristics with respect to their 
location within the feature.

The greatest benefits are currently visible in the application of 
steel-concrete composite structures [24]. These are mainly used in 
bridge construction but are also used in other areas of the construction 
industry, especially in the industrial construction [16].

The importance of the issue of cracking in the context of continu-
ous composite structures is still a topic of discussion. Although the 
structure safety is not compromised in any way, its operating lifespan 
is significantly affected. Non-structural cracks can cause damage to 
insulation and – in the long – cause corrosion of the reinforcement, 

as well. Therefore, it must be remembered that the operating 
lifespan of the structure is one of the basic assumptions in 
the design process and it significantly affects the adopted 
design solutions and materials [26]. The feature’s operating 
lifespan is maintained when the structure fulfils its function 
within a given time both for its load-bearing capacity (ulti-
mate limit states) and serviceability (limit states related to 
the reduction of cracks, stresses and deflections). The correct 
structure design ensures that it is fit for purpose for at least 
the period of expected operating lifespan. The requirements 
for the bridge structure operating lifespan are particularly 
high, though. in accordance with [26], bridges are classified 
as the s5 design category (class), which means the approxi-
mate design lifetime of at least 100 years.

Nowadays, in order to meet the increasingly stringent 
operating lifespan criteria, the design phase for composite 
bridges should take into account non-structural concrete 
cracking and the change of its stiffness between the cracks 
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[28] in the ultimate limit state and serviceability limit state. 
Concrete cracking affects the stiffness of the composite section 
and can cause an overload of the steel section. The change in the 
stiffness causes redistribution of excessive bending moments 
along the length of the continuous beam. The problem of the 
behaviour of the composite structure with the cracked concrete 
slab is complicated and not fully explored. For this reason, the 
stiffness of the concrete in tension in often overlooked in the 
design of civil engineering structures. This approach leads to an 
irrational assessment of the load-bearing capacity and service-
ability of the composite structure, which causes a reduction in 
the lifetime of the feature [36].

This problem also occurs in the case of the existing steel 
bridges, which are often subjected to treatments aimed at in-
creasing their operating lifespan [34]. The strengthening or 
modernisation of many road bridges made of steel often in-
volves replacement of the wooden bridge deck for a concrete 
one that interacts with the grid or the main girders. Also in the 
railway bridges with the travel way directly on the structure, a ballast 
pan is added in the form of a concrete deck interacting with the steel 
grid or, for instance, the main truss girders. Then, some composite 
elements are subjected to tensile stresses that cause the formation of 
cracking and consequently – the reduction of the structure service life 
[7].

Therefore, in recent years there has been a significant increase 
in the research devoted to issues of the mechanical behaviour of the 
continuous composite beams [2, 20] in the context of shaping the op-
erating lifespan and reliability of the feature, in particular at the struc-
ture dimensioning stage [41]. These studies usually focused on the 
strength limit of the entire composite section [13, 14] or its individual 
parts [3, 10], the concrete slab cracking [12, 17] and the methods of 
controlling the cracking width [32, 33], the symptoms of the damage 
[5], the application of compression [6], as well as the joining flex-
ibility [19, 35].

in relation to the cited studies, this paper determined the impact 
of the concrete between the cracks in a continuous composite beam 
slab in tension (the so-called tension stiffening) on the issue of the 
operating lifespan of the structure in relation to the operating loads. 
For this purpose, experimental tests on almost real-life scale bridge 
girders [23] and numerical studies using the finite element method 
were conducted.

2. Experimental tests on composite beams.

2.1. Test pieces

The subject of the experimental tests were continuous double-
span composite beams characterised by the parameters shown in 
Fig. 1. The overall length of each test piece was 7.00 m, including the 
support spans of 2×3.00 m.

The tested beams were 1:2 scale models compared to the actual 
composite bridge structures. Therefore, the slab thickness of 10 cm 
was adopted. The other geometric parameters of the reinforced con-
crete slab (its width and length) resulted from the limitations in the 
test bench geometry (Fig 2).

The primary reinforcement of the slab comprised twelve 12 mmφ 
smooth reinforcement bars, laid in two rows upside and downside, 
along the entire length, in groups of 6 bars with the spacing of 8 cm (the 
reinforcement degree was 2%) The transverse reinforcement consisted 
of stirrups made of φ4.5 mm bars, arranged with a 2 cm spacing.

The steel girder (a European i-beam, iPn 360 type) was connect-
ed with the concrete slab along its entire length using two rows of pin 
fasteners. The fasteners with the diameter of φ16 mm and height of 75 
mm were welded to the top flange of the beam with a 20 cm spacing 
(Fig. 1). such a connection was intended to ensure the inflexibility of 
the joining across the entire load range.

2.2. Construction material properties

Precise material data relating to the steel being used were ob-
tained from the approvals, which were provided by the manufacturers 
(Table 1). The reinforcement bars were made of B235 steel and the 
i-beams were made of s235 steel.

The mechanical characteristics of the concrete that the test piece 
slab band was made of were determined on the basis of samples taken 
from a batch of concrete during pouring of concrete. The compressive 

strength was determined in accordance with [29] using cubic 
samples with a 150 mm side after 3, 7, 14 and 28 days from 
the preparation time and the tension was determined using the 
tensile splitting method in accordance with [30] using standard-
compliant rollers with the diameter of 150 mm and height of 
300 mm.

As in the case of the tensile strength, the value of the elastic-
ity modulus of the tested concrete was determined using rollers 
with the diameter of 150 mm and height of 300 mm. The ob-
tained concrete test results after 28 days are shown in Table 2.

The numerical studies assumed that the value of the elasticity 
modulus in compression is equal to the value of the modulus in 

Fig. 1. Tested beam parameters

Fig. 2. View of the tested beam on the test bench

Table 1. Steel strength characteristics

steel 
grade

yield 
strength 

[MPa]

tensile 
strength       

[MPa]

Elongation 
(%),

young’s 
modulus 

[MPa]

s235
235

339–423 39.6
2.10×105

B235 325–406 40.1
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tension [39]. it was also assumed that the compression strain cor-
responding to the maximum compressive strength is εc1=0.0026 
and ultimate compression strain is equal to εcu1=0.0030.

2.3. Load implementation and measured quantities

The tests of the beams were carried out in cooperation with 
the Kielce university of Technology and Bridge Testing Centre 
(Kielce branch) being part of the research institute of roads and 
Bridges.

Test pieces were placed between the steel frame posts that 
prevented the beam from moving away from the central posi-
tion if the beam slid from one of the bearings (Fig. 2). The loca-
tion where the external loads were applied was chosen in such 
a way that the values of the induced bending, span and support 
moments were similar to each other and there were negative mo-
ment zones in the test piece which caused tensioning of the upper 
fibres of the reinforced concrete slab. Thus, the load in the form 
of two concentrated forces was located at the distance of 175 cm 
on each side of the central support (Fig. 3).

The forces were applied to the top surface of the slab using 
the structure (a small steel beam with a washer) that distributed 
them on a band that was transverse to the axis of the 100 mm x 

460 mm beam. The load induced in span 1 via two hydraulic actuators 
was additionally transferred via a traverse beam.

The tests measured the displacement of the composite girder, the 
strain in the steel beam and the composite reinforced concrete slab (in 
two sections: above the support – in the so-called negative moment 
zone, and in the span – i.e. in the so-called positive moment zone). 
The crack propagation was measured, as well. stress was measured 
in the steel girder using electro-resistant strain gauges and in the re-
inforced concrete slab using paper strain gauges. The location of the 
strain gauges was chosen in such a way so as to obtain the readings 
of the desired quantities in points considered to be the most sensi-
tive based on the operating criteria – Fig 4. Because of the structure 
that distributed the load on the transverse band, on the entire width 
of the slab, the strain gauges were attached to the side faces of the 

slab in the span section. in turn, in the case of the support section, 
because of the method in which the test pieces were supported, the 
strain gauges were mounted on the bottom of the web, right above the 
bottom flange.

Beams were loaded gradually by applying incremental concen-
trated forces in four full load-unload cycles. The first cycle was al-
ways carried out in the range from 0 kN until the appearance of the 
first crack (120 and 230 kn, correspondingly). in the next cycles, the 
force was increased by approx. 200 kN until the maximum assumed 
load was reached. The maximum value was reached in each cycle 
by the gradual increasing of the force, introducing intermediate load 

values. The load increase rate was on average 10 kN/min. 
The load range corresponded to the operating load of the 
assumed system (elastic work range).

2.4. Results of the experimental tests

Two composite beams were tested. The results were re-
corded on a continuous basis in each cycle and the resulting 
cracks were measured after reaching the intended load. The 
test determined the number of cracks, the direction of their 
development and their reach – key parameters for the anal-
ysis of stiffness and the estimation of deflections and redis-
tribution of bending moments, especially with regard to the 
elastic range (operating loads) in continuous systems.

The next part of the paper presents the results of se-
lected quantities in the graphical form or as table summaries. Mark-
ings of supports, measuring points, etc. were adopted in accordance 
with Fig. 3 and Fig. 4.

2.4.1. Crack propagation in time

During the crack propagation studies, all the measurements 
were made at each load level. in accordance with the earlier assump-
tions, the main area of observation was the tension zone. in order to 
obtain a more complete picture of the state of cracking in the com-
posite beams, measurements were made in the compression areas. in 
the central support zone, due to the impossibility of accessing the slab 
side planes at the width of ~ 30 cm, the measurements were made on 
the upper surface of the slab or at its axis, correspondingly. in com-

Table 2. Concrete test results after 28 days

Compressive 
strength 

[MPa]

tensile strength 
[MPa]

young’s modulus 
[MPa]

samples avg. samples avg. samples avg.

70.24

70.15

3.77

3.82

43.41×103

43.19×10370.19 3.89 43.08×103

70.02 3.79 43.09×103

Fig. 3. Load diagram for the tested beams – the distribution of moments along the length of 
the beam

Fig. 4. Distribution of the measurement point: a) side view, b) support section, c) span 
section
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pression zones, though, due to the traverses used in the spot where the 
load was being transferred, the access to the upper surface of the slab 
was hampered on a 10 cm band.

Table 3 presents a summary of the number of cracks in each tested 
beam, depending on the value of acting force and the induced bending 
moment (span and support moments). when calculating the number 
of cracks, only cracks that stretched across at least 50% of the width 
of the slab were taken into account and two shorter cracks situated on 
opposite edges of the slab and located in the same section were treated 
as one crack.

Although the final number of cracks in all beams was similar, 
it was observed that their formation and development was different 
every time. For the B2 beam, the initiating crack was formed at the 
load corresponding to the cracking moment, and a crack appeared in 
the B1 beam only when the force of 230 kn was applied, which in-
duced the bending moment that was twice as large.

in each beam, a different cracking morphology was observed, 
which only confirmed that the cracking mechanism is very complex. 
However, it was observed during the tests that the cracks propagated 
always from the slab edge towards its axis, but did not connect with 
cracks progressing from the other side in each beam. it was also ob-
served during the tests that after the application of the maximum load, 
the number of cracks did not increase and only an increase in their 
width occurred.

in the so-called positive moment zone, the 
crack arrangement was typical of the compressed 
slab. A crack appeared along the longitudinal 
beam axis – in both directions from the location 
where the load was applied – with the length 
between 120 cm and 180 cm, depending on the 
beam. such cracking confirms the presence of 
tensile stresses perpendicular to the axis of the 
beam being bent.

The last test related to the crack propagation 
in time was the measurement of the crack spac-
ing, which was conducted within the axis of the 
slab. Table 4 presents the measured values of the 
average crack spacing on segments where crack-
ing occurred and the average design distance 
between cracks determined in accordance with 
[27].

The final crack spacing was approx. 11 cm 
and was smaller than the spacing of the trans-
verse bars – 20 cm. This means that the cracks 
were not generated by each of the transverse re-
inforcement bars in the continuous beams within 

the segment where stresses exceeded the concrete tensile strength.
it may also be noted that the value of the average crack spacing in 

accordance with the relations included in Eurocodes is approx. 35% 
– 37% higher than the measured value. This confirms only that the 
proposals presented in the standard [28, 40] which make it possible to 
computationally determine the impact of the concrete slab cracking in 
the negative moment zone on the operating lifespan of the structure 
requires further refinement and experimental verification, especially 
in the context of the continuous beams in the operating conditions.

2.4.2. Results of the strain (stress)

strain gauge sensors, used to check the convergence of the results, 
were distributed symmetrically to the axis of the girder. The obtained 

Table 3. The number of cracks depending on the load value

test piece B1 beam B2 beam

 Force [kn]

Load induced by 2 
actuators 230 400 600 700 120 400 600 700

Load induced by 1 
actuator 230 400 600 700 120 400 600 700

 Bending moment [knm]

span 1 (P1-P2) 119 207 309 361 63 207 309 361

above P2 support 121 209 312 390 64 209 312 390

span 2 (P2-P3) 119 207 309 361 63 207 309 361

 number of cracks (pcs)

span 1 (P1-P2) - - 1 1 - - 1 1

above P2 support 1* 6 8 9 1* 5 8 9

span 2 (P2-P3) - 1 1 1 - - - 1

Table 4. Average spacing between the cracks above the intermediate support

Beam 
no.

Length of the 
cracked seg-

ment

num-
ber of 
cracks

average dis-
tance between 

cracks

theoretical avg. 
crack spacing in 
accordance with 

Pn-En [27]

[cm] [pcs] [cm] [cm]

B1 104 9 10.8
16.6

B2 102 9 10.4

Fig. 5. Strain distribution in the B1 beam support section: a) prior to cracking, b) after cracking
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results were presented in the form of diagrams. For each tested item, 
the average strain value was calculated while applying a particular 
loading force.

The results of the strain confirm the good convergence between 
the test pieces (Fig. 5, Fig 6, Fig. 7). with the operating load values 
applied, all the beams worked in a full elastic range during the test. 
The maximum strain values did not exceed 1800E-6. The obtained 

strain measurement values also made it possible to determine the ac-
tual location of the neutral axis.

in all the tested beams in the span section, the initial loading phas-
es (forces between 70 kn and 230 kn in the B1 beam and forces be-
tween 35 kn and 120 kn in the B2 beam) showed a gradual decline in 
the position of the neutral axis and its subsequent stabilisation approx. 
at the level of 320 mm. On the other hand, in the case of the support 

Fig. 6. Strain distribution in the B2 beam support section: a) prior to cracking, b) after cracking

Fig. 7. Strain distribution in the span section: a) B1 beam, b) B2 beam

Fig. 8. Change in the position of the neutral axis: a) section A-A, b) section B-B
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section, the decline in the neutral axis position occurred throughout 
the entire range of the assumed load. At low values of the forces being 
applied, this phenomenon progressed rapidly. However, after reach-
ing the slab cracking inducing force, the movement of the neutral axis 
towards the axis of the cracked section progressed gradually (Fig. 8).

The actual position of the neutral axis of the composite section 
is located, therefore, between the designated axes of the cracked and 
non-cracked sections. At the time of the occurrence of the new cracks, 
the neutral axis moved towards the neutral axis of the section with 
stabilised cracking (Fig. 9).

using the measured strain magnitudes in the section, the local cur-
vature of the test pieces was determined, which made it possible to 
determine the stiffness of the section.

The analysis of the behaviour of the steel–concrete composite 
beams can use only instantaneous stiffness. This results, in particular, 
from the concrete properties which change in operation, depending on 
the degree of stress ratio and flexibility of the bonds between the steel 
part and the concrete part.

starting from the known relationship between the instantaneous 
stiffness B and the curvature 𝜒:

 χ
ρ

= =
1 M

B
,  (1)

where:
ρ – the radius of curvature,

and the relationships that exist between the bending moment M and 
the stress σ:

 σ =
⋅M y

J
,  (2)

where:
J – the geometrical moment of inertia of the effective com-
posite section,

and the stress σ and the strain ε:

 σ ε= ⋅ E,  (3)

where:
E – modulus of longitudinal elasticity,

the value of the local curvature was determined from:

 χ
ε

=
y

,  (4)

where:
ε – the strain of given section fibres,
y – the distance between the strain measuring point and the 
neutral axis of the section.

Hence, the local (momentary) stiffness of the beam was esti-
mated to be:

 B M
=
χ

,  (5)

which was shown as a bending moment function in Fig. 10.

Apart from the actual measured values, the graphs also include 
values calculated with the assumption that the stiffness:

is equal to the stiffness of the replacement steel section, in • 
which the concrete section was replaced with an equivalent 
steel section (B1),
is equal to the stiffness of the equivalent steel section (a profile • 
and concrete slab reinforcement) (B2).

The analysis of the obtained results indicates that for elastic strain 
(the operating state of the analysed system), the effect of the non-
linearity of the σ – ε concrete relationship on the stiffness of the com-
posite sections with a compression concrete slab is insignificant (with 
a 2% slab reinforcement characterising the test pieces, this effect is 
negligible) and therefore they do not cause the redistribution of bend-
ing moments in the continuous beam.

For the sections with the slab in tension until the appearance of 
the first local crack, the local curvature (stiffness) of the beam is ap-

Fig. 9. The impact of the slab cracking on the change in the position of the 
neutral axis in the support section

Fig. 10.  Instantaneous stiffness of the test pieces: a) support section, b) span 
section
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proximately equal to the stiffness of the “full composite section”, i.e. 
the stiffness including the interaction of the concrete slab and the re-
inforcement. A clear decrease in the stiffness was observed after the 
appearance of the first crack (sharp increase in the curvature). The 
relative stiffness of the beam in relation to the steel section decreased 
with an increase in the beam stress.

2.4.3. Results of deflections (displacement)

Beam deflection was measured at two points in the location where 
the external load was applied. in addition, vertical displacements 
readings were taken in the longitudinal beam axis, above each sup-
port. The comparison of the average values of the deflections obtained 
for each tested beam as a function of the applied force is shown in 
Fig. 11.

Based on the analysis of the steel girder displacement, it was 
found that the static balance paths showed a clear linear behaviour for 
the operating load. Additionally, it was observed during the tests that 
the formation of the subsequent cracks causes abnormal local curva-
tures and their rapid changes.

The experimental tests showed that because of the interaction of 
the concrete in tension with the reinforcement in the segments be-
tween the cracks, the average stiffness of the cracked segment takes 
the intermediate value between the calculated stiffness with the in-
clusion of the concrete and the steel and the stiffness of the section 
calculated with a complete omission of the interaction of the concrete. 
Also, much faster increases in the deflections than prior to cracking 
were observed. This means that omitting this phenomenon in the de-
sign practice so far resulted in a significant underestimation of the 
theoretical operating lifespan and the design stiffness of bridge struc-
tures.

Taking cracks into account during the design work is especially 
important in the case of precamber, but this problem applies to certain 
checks in the ultimate limit state, as well. One example is the fatigue 
analysis [8, 9]. in addition, the tension stiffening effect, which causes 
a movement up the axis of inertia of a fully cracked support section of 
the composite beam in the fourth class, may reduce the reliability of 
the structure by changing the stress system in the web and the prob-
lems with the stability of the slender web.

3. Numerical model of the tested composite beam

Proper modelling of composite beams [14] subjected to opera-
tional interactions where the concrete slab is in tension is a difficult 
task which is more complex than the case of the compression slab 
[31]. This results, in large part, from the problems in estimating the 
stiffness of the reinforced concrete part of the element in tension, 
including the determination of interaction of the concrete in tension 
with the reinforcement [37]. in the analysis, this applies primarily to 
the estimation of:

the moment that initiates the cracking process, –
the changes in the stiffness with the increasing stress of the sec- –
tion.

An additional problem in the numerical analysis of such a model 
is the method of introduction of the joining of the steel part and the 
concrete part of the section and the description of the damage mecha-
nism of the concrete slab in tension [15, 42].

Due to the complexity of the issues under consideration, which 
apply, first and foremost, to the mechanics of concrete [11] and are re-
lated to the non-linearity of the problem, all computational tasks were 
performed in the Abaqus software [1], which makes it possible to in-
clude all non-linear effects (the Newton-Raphson incremental itera-
tive method) affecting the results both qualitatively and quantitatively. 
There are several main sources of non-linearity, e.g. the physical non-
linearity, the geometric non-linearity or the non-linearity resulting 
from the boundary conditions that vary within the process. This paper 
focuses on the physical non-linearity that describes concrete. All the 
conducted numerical simulations include geometric non-linearities 
associated with large strains, as well. The non-linearity of the bound-
ary conditions was also taken into account, which was associated with 
the contact, in particular.

3.1. Assumptions of the numerical model

simplifications are an integral part of each computational model, 
especially numerical ones that approximate an actual structure. Hence, 
the numerical calculations used the following assumptions:

the Concrete Damage Plasticity (CDP) model was used, –
the reinforced concrete transfers tensile stress even after crack- –
ing [37],
the steel meets the requirements of a linear-elastic-plastic mate- –
rial,
the reinforcement (longitudinal bars and stirrups) were mod- –
elled in a discreet way by introducing it as elements embedded 
in the host-type beam slab,
the same load was used as in the experimental tests (two con- –
centrated forces applied to the mesh nodes on the slab).

3.2. Geometrical models

Due to the nature of the structure being modelled, which 
consists of two different materials with clearly different geometries, 
the model had different types of finite elements that best described the 
components of the beam. Therefore, the individual parts were mod-
elled using (Fig. 12):

eight-node brick elements with reduced integration (C3D8r):  –
the concrete slab,

Fig. 11. Beam deflection in the location where the load was applied: a) span 1, 
b) span 2
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four-node shell elements with reduced integration (s4r): the  –
rolled steel i-beam,
two-node linear beam elements (B31): the primary reinforce- –
ment bars and stirrups.

Joining of the concrete slab with the upper flange of the steel beam 
was varied, depending on the distribution of bending moments along 
the length of the beam (Fig. 3). Hence, the joining was modelled in 
the tension zone as a discrete connection representing the occurrence 
of rigid connectors in the elements subjected to the laboratory tests. 
special elements were used for this purpose: the so-called connectors, 
which make it possible to physically connect two different deform-
able elements in a discreet way (point to point) while representing the 
type of joints and the behaviour of the fasteners. The used beam con-
nection type provided a rigid connection (with infinite bending stiff-
ness and flexural rigidity) between two nodes, out of which one was 
a top steel flange mesh node and the other was a concrete slab mesh 
node (Fig. 13). Additionally, the contact surfaces between the upper 
flange of the steel beam and the concrete slab were defined, adopting 
the friction coefficient μ=0.5 [15].

On the other hand, in the positive moment zones where the slab 
was compressed, the full joining of the upper surface of the steel beam 
with the lower surface of the reinforced concrete slab by means of a 
“continuous” (tie) connection was taken into account.

3.3. Material models

For representation in the numerical analyses of the behaviour of 
beams subjected to operating loads, it was necessary to describe the 
stress-strain relationship for the concrete in compression and tension 
[38] and the steel.

For modelling the concrete, the Concrete Damage Plasticity 
(CDP) model was used for the complex modelling of the concrete 
both in the compression and tension zone in the complex stress state 
[1, 4]. This model includes combinations of non-associated plasticity 
with hardening and scalar isotropic elastic damage to determine ir-
reversible changes that occurred during the process of cyclic loading 
and unloading (Fig.14). The CDP model is based on the brittle-plastic 
degradation model created by Lubliner et al. [21, 25] and later per-
fected by Lee and Fenves [18].

To describe the CDP concrete model, some material parameters 
had to be determined. some of them were obtained from strength tests 
(Table 2) and some resulted from theoretical assumptions. The CDP 
model is described by [1]:
β – the angle of internal friction of the concrete; the angle of the 

asymptote of the Drucker-Prager hyperbolic surface (as the 
surface of the yield potential) to the hydrostatic axis, measured 
in the meridional plane; according to [4], the parameter is ad-
opted for the ordinary concrete, usually equal to 36°,

є – the eccentricity of the yield potential; a small positive value 
that characterizes the approaching speed of the yield potential 
hyperbole to its asymptote; calculated as a quotient of the con-
crete tensile strength to compressive strength,

f – the number determining the critical compressive stress quotient 
in the biaxial state to the critical compressive stress in the uni-
axial state; this parameter is determined based on the Kupfer 
curve,

Kc – the parameter determining the shape of the surface of the yield 
potential on a deviatoric plane; the shape of the boundary sur-
face in the deviatoric plane is not a circle but depends on the 
third invariant of the stress state; according to [1], this param-
eter is usually assumed to be 0.666,

μ – the viscosity parameter, which allows to slightly exceed the sur-
face of the yield potential in some sufficiently small task steps 
(it is used for regularisation of constitutive equations); the idea 
of visco-plastic regulation is based on such a selection of the 
parameter (μ>0) that the ratio of the task time step to the value 
of μ approaches infinity.

other parameters that define the CDP model were identified from 
uniaxial concrete compression tests. The isotropic hardening in com-
pression, isotropic weakening and isotropic damage in tension were 
determined based on these tests.

The CDP model uses the concepts of isotropic elastic damage in 
combination with isotropic plasticity in tension and compression. it 
contains the combinations of non-associated plasticity with hardening 
and the scalar isotropic elastic damage to determine the irreversible 
changes that occurred during the process of loading. The model flow 
surface in the area of the biaxial compression is represented by the 
classic Drucker–Prager yield criterion.

The CDP model assumes that two main damage mechanisms are 
concrete cracking generated by tension and concrete crushing due to 
compression. The development of the flow surface is described by 
two variables pl

cε  and pl
tε  is related to the damage mechanisms, and 

more specifically to the increments of the effective plastic strains in 
compression and tension (Fig. 14):

 pl in c c
c c

c 0
,

(1 )
d

d E
σε ε= − ⋅

−
 (6)

 pl ck t t
tt

t 0
,

(1 )
d

d E
σε ε= − ⋅

−
 (7)

where:

 
in
cε  – the inelastic strain of the compressed concrete,

 
ck
tε  – cracking strain,

 σc – compressive stresses in the concrete,
 σt – tensile stresses in the concrete.
 E0  – the initial modulus of elasticity of the undamaged 

concrete.

These variables control the development of the flow surface and 
the development of the degradation of the elastic stiffness of the mate-
rial. The process of reducing the stiffness of the material, known as 
the elastic degradation, starts when the stress path reaches the yield 

Fig. 12. FEM model and discretisation of the beam being analysed

Fig. 13. View of the beam connection type being modelled
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surface. The elastic degradation of the concrete is determined by two 
variables of the scalar stiffness degradation dc (compression):

 pl
c c c i c( , ) gdy 0 1,d d f dε= ≤ ≤  (8)

and dt (tension):

 pl
t t i tt gdy( , ) 0 1,d d f dε= ≤ ≤  (9)

which are non-decreasing functions of the plastic strain (Fig. 14). The 
degradation variables take the value from 0 (in the case of undamaged 
material) to 1 (which corresponds to the total loss of the ability to 
transfer stress.

On the other hand, the steel was modelled as a linear-elastic-plas-
tic body with parameters specified in Table 1. During the laboratory 
tests, there was no loss of geometric stability in the adopted range of 
operating loads. in addition, the preliminary analyses of the behaviour 
of the test piece showed that there was no need to define the plastic 
hardening of the material.

in addition, this elastic–plastic body model is good at reproduc-
ing the behaviour of the ordinary steel and is most commonly used in 
the classical theory of plasticity and for the calculation of the plastic 
limit load.

The problems related to obtaining the convergence of the solution 
caused by the non-linearity of the material model was solved by vis-
cosity stabilisation. The size of the load increment was also reduced 
(0.01 – 1E-12) and the maximum number of the load steps (max. 
12000) was increased when solving the task using the Newton-Raph-
son approach. The selection of the μ parameter was made iteratively 

after analysing the size of its impact on the results of the task. Finally, 
μ=0.0001 was adopted, allowing to solve the task in more than 1200 
load increments formed in approx. 4000 iterations. The analysis of 
the behaviour of the test piece shows that such a value of the viscos-
ity parameter makes it possible to reach a compromise between the 
computational magnitude of the tasks and the accuracy of the obtained 
results.

3.4. Results of the numerical analyses

The correctness of the FEM model assumptions was verified by 
comparing graphically specified operating parameters obtained from 
the numerical analyses with the experimental test results and also – 
for the picture of the damage – in the form of data generated directly 
on finite elements, without averaging the data.

The comparison of the results was performed in selected sections 
and measuring points as shown in Fig. 4.

3.4.1. Picture of the damage of the slab in tension

identification of the slab cracking was done on the basis of the 
analysis of the maps of the damage defined by the changes in the 
size of the DAMAgET parameter, i.e. the degradation of stiffness dt, 
which depicts the material damage.

it should be remembered that the CDP material model does not 
enable the formation of cracks in a discreet way taking into account 
the material spalling (its losses). it results only in the gradual exclu-
sion of finite elements from the interaction. in this way, their “bond-
ing” occurs, as well as their further involvement in the transfer of 
strain onto the adjacent elements. This imperfection has no material 
impact on the behaviour of the whole test piece (static equilibrium 
path convergence was observed – Fig. 17).

The damage maps, defined by the dt parameter, presented in Fig. 
15 can be identified with the spots where cracks appeared in the con-
crete slabs of the tested composite beams. The picture of the damage 
obtained in the numerical analysis corresponds qualitatively to the 
picture of the distribution of cracks obtained during the experimental 
tests (Fig. 16).

The analysis of the damage maps defined by the dt parameter also 
allows tracing the process of the formation and development of cracks 
with the increasing model load. in the case of the analysed beam, 
the first damage to the slab concrete appeared in the support axis, 
with the load causing tension in the concrete that was equal to the 
tensile strength of the concrete. in the initial phase, as the load con-
tinued to be increased, more cracks began to appear simultaneously 
on both sides of the support, spreading towards the centre of the span. 
The subsequent increase in the load caused the density of the damage 
zones to increase (cracks). A similar phenomenon was observed dur-
ing the empirical studies.

3.4.2. Analysis of the displacement and distribution of normal 
stress

The verification of the numerical model was carried out by the 
juxtaposition of the obtained displacements of the tested beams and 
the numerical model (Fig. 17), as well as the stress distribution in the 
tested beams and in the numerical model (Fig. 18, Fig. 19).

The chart also shows that the difference between the beam stiff-
ness in the experiment and the stiffness of the numerical model are 
similar to each other. This confirms the correctness of the selection 
of d degradation variables (dt, in particular) in the concrete model. it 
also indicates that for continuous beams in which there are zones with 
a slab in tension, a good representation is provided by the joining that 
uses a concrete slab spot connection with the steel girder, i.e. the join-
ing model that faithfully represents the actual joining. However, in the 
zones where the concrete slab is compressed, the better representation 

Fig. 14. Physical laws of concrete: a) compression, b) tension
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of the behaviour of the tested beam can be ob-
tained by using the full joining with the “con-
tinuous” connection [15].

The comparative analysis also indicates a 
good compatibility of the obtained results of the 
experimental and numerical studies and the gen-
eral compatibility of the computational model 
with the assumption related to the material 
strength hypotheses and the adopted durability 
criteria.

The built numerical model may be used as 
a very effective tool for modelling complex 
structures for composite bridges (both road and 
rail bridges) which is closer to reality and may 
considerably improve the design process. in 
addition, it makes it possible to search for in-
novative design solutions, especially consider-
ing that the construction industry should expect 
soon the emergence of new forms of composite 
structures with a significant use of concrete in 
the composite section, where the issue of mod-
elling the cracks and their impact on the operat-
ing lifespan and the performance characteristics 
will be very important.

Fig. 15. The final picture of the material damage caused by the maximum external load (top view of the 
slab): stiffness degradationsection

Fig. 16. Final picture of the tested beam slab top cracking

Fig. 17. Comparison of the vertical beam displacements measured and calculated with different methods of modelling the joining

Fig. 18. Comparison of the stress magnitude of the steel beam in the support section – discrete connection
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4. Conclusion

Currently, the stage of dimensioning statically indeterminate com-
posite structures does not take into account the effect of the stiffness 
of concrete in tension (with cracking). One can say that it is a great 
wastefulness that consequently affects the erroneous estimation of 
the operating lifespan of the structure. The conducted experimental 
studies and computer simulations showed that taking into account the 
stiffness of the concrete for segments between the cracks is an ap-
proach to structure serviceability assessment that is not only modern 
but also close to the reality. The actual stiffness of the composite sec-
tions is about 10% greater than the stiffness calculated in accordance 
with the current engineering practices [22]. it suggests that the operat-
ing lifespan of the composite bridges with continuous static systems 
built so far has been undervalued. This results in an unnecessarily 
increased use of the structural and reinforcement steel.

The results of the studies make it possible to formulate the follow-
ing conclusions:

The actual position of the neutral axis of the composite sec- –
tion is located between the designated axes of the crack and 
non-cracked section. when new cracks appear, the neutral axis 
moves towards the neutral axis of the section with stabilised 
cracking. The spacing of the cracks depends on the distribution 
of the strain in the tension zone, which is significantly impacted 
by the position of the neutral axis.
The stiffness of the composite beams including a slab in tension  –
is practically constant until cracking and is approximately equal 
to the stiffness calculated with the assumption of the full co-
deformability of the steel and concrete parts. A clear decrease 
in the stiffness was observed upon the appearance of the first 
cracks. The changes in the stiffness in the section with the com-
pression slab for elastic strain (for operating loads) are small 
while the load is increasing and do not cause the redistribution 
of the bending moments in the continuous beam.

A detailed analysis of the composite concrete and the steel  –
beams with a slab in tension (with the specification of the full 
static equilibrium path) can be carried out using the finite ele-
ment method and the non-linear structural analysis algorithms. 
The studies determining the material characteristics used to cre-
ate the individual elements of the beams are necessary for their 
correct modelling.
Proper description of the concrete in tension, which takes into  –
account its behaviour after cracking, has a significant impact 
on the compatibility of the results of the numerical analyses 
with the results of empirical tests. The introduction of the dam-
age parameter for the concrete in tension (dt) into the analysis 
makes it possible to analyse the slab cracking on each beam 
load level.
One of the important aspects of modelling the composite steel  –
and concrete beam is the adoption of the joining model – the 
method in which the concrete slab is connected with the steel 
girder. The method applied for the numerical modelling of the 
concrete slab in tension and its connection to the steel beam 
allows to precisely determine the level of strain and damage 
to the slab in tension at each composite beam load level. in the 
case of the continuous beams, it is necessary to diversify the 
modelling of the joining of the steel and concrete parts, depend-
ing on the distribution of bending moments along the length of 
the beam.
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1. Introduction

subsea production system has become more and more popular 
in the process of deepwater development, since it is considered as 
the most suitable mode for deepwater production. subsea tree is an 
important production package in subsea production system as seen in 
Fig. 1. it offers a number of functionalities, such as production regu-
lation, chemical injection, especially safety control. well fluid can 
be stopped by subsea tree once the unexpected events happened in 
downhole. Therefore, once the tree failed, it leads to a big trouble. Be-

sides the huge downtime cost, the maintenance cost is also enormous 
because of maintenance difficulties. Even though it’s a long history 
over a half of century to develop and utilize of subsea tree, coupled 
with a variety of reliability improvement measures so as to achieve 
high reliability, it is still hard to satisfy higher and higher availability 
requirements of offshore operators.

The inherent reliability of subsea tree has been determined after 
it’s installed on the seafloor. Therefore, in order to gain high avail-
ability, the maintainability must be enhanced. Planning and schedul-

Jinzhi ChEn
Menglan Duan
yu zhang

decision-mAking of spAre subseA trees with multi-restrictive 
fActors in deepwAter development

podejmowAnie decyzji dotyczących wykorzystAniA zApAsowych 
podmorskich głowic eksploAtAcyjnych w procesie 

zAgospodArowywAniA obszArów podmorskich. 
model uwzględniAjący liczne czynniki ogrAniczAjące

In order to quantify the influential factors of subsea trees’ maintenance proactively, multiple restrictive factors first are elaborated, 
such as locale meteorological conditions (i.e. weather), transport resources, heavy intervention vessels, maintenance technicians, 
spare trees and so on. Then, the focus is on three vital factors: weather, intervention vessel and spare trees. These restrictions 
dramatically impact the cost and accessibility of maintenance. For the inaccessible duration of significant wave height in weather 
model for computing non-feasibility days, we utilized the statistic data from the ERA Interim dataset. An analytical model is estab-
lished to simplify the calculation of maintenance costs. As the predictive maintenances are seldom performed in subsea field, the 
built maintenance model only considers the corrective maintenance. Results show that hostile weather as well as the shortage of 
adequate spare subsea trees can induce severe downtime cost. The comparison of two contractual alternatives indicates that the 
better way to reduce the maintenance cost is to make the intervention vessel available enough. It is significant to provide quantita-
tive views of subsea maintenance and to supply a method for the decision-making of spare subsea trees with multiple restrictive 
factors from the proposed model.

Keywords: intervention vessel, maintenance model, restrictive factors, spare demand, subsea tree, weather 
prediction.

Aby móc dokonać aktywnej oceny ilościowej liczących się czynników utrzymania podmorskich głowic eksploatacyjnych, najpierw 
zbadano wiele czynników ograniczających, takich jak lokalne warunki pogodowe oraz dostępność środków transportu, statków 
interwencyjnych o dużym tonażu, techników utrzymania ruchu, zapasowych głowic eksploatacyjnych, itd. Następnie skupiono 
uwagę na trzech kluczowych czynnikach: pogodzie oraz dostępności statku interwencyjnego oraz dostępności zapasowych głowic 
eksploatacyjnych. Ograniczenia związane z tymi czynnikami znacząco wpływają na koszty i możliwości konserwacji. Do obli-
czenia okresów,w których wysokie fale uniemożliwiają prace konserwacyjne wykorzystano dane statystyczne pochodzące z bazy 
danych ERA Interim. Stworzono model analityczny pozwalający na uproszczenie obliczeń kosztów utrzymania ruchu. Ponieważ 
na podmorskich polach naftowych rzadko wykonuje się zabiegi predykcyjnego utrzymania ruchu, skonstruowany przez nas model 
utrzymania ruchu uwzględnia jedynie utrzymanie naprawcze. Wyniki pokazują, że niekorzystne warunki pogodowe, jak również 
brak odpowiednich zapasowych głowic eksploatacyjnych mogą generować wysokie koszty związane z przestojami. Porównanie 
dwóch alternatyw pokazuje, że najlepszym sposobem na zmniejszenie kosztów utrzymania ruchu jest zapewnienie dostatecznej 
dostępności statku interwencyjnego. Proponowany model umożliwia ilościowy ogląd utrzymania ruchu w warunkach podmor-
skich i może być wykorzystany w procesie podejmowania decyzji dotyczących wykorzystania zapasowych podmorskich głowic 
eksploatacyjnych uwzględniającym wiele czynników ograniczających.

Słowa kluczowe: Statek interwencyjny, model konserwacji, czynniki ograniczające, zapotrzebowanie na części 
zapasowe, podmorska głowica eksploatacyjna, prognozowanie pogody.

ChEn J, Duan M, zhang y. Decision-making of spare subsea trees with multi-restrictive factors in deepwater development. Eksploatacja 
i niezawodnosc – Maintenance and reliability 2016; 18 (4): 590–598, http://dx.doi.org/10.17531/ein.2016.4.14.
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ing of subsea tree maintenance can be considered as one of the most 
difficult tasks in offshore activities. Multi-restrictive factors such as 
weather, transport resource, heavy intervention vessel, technicians, 
repair time, and spare parts have significant impacts on maintain-
ability [10]. These factors are usually inter-related. To maximize the 
availability of subsea tree, how to quantitatively evaluate these fac-
tors influencing the maintainability is needed to be settled. For many 
years, most of the major companies had made great efforts to address 
the related issues of subsea maintenance [2, 4, 15]. Many factors had 
been investigated, such as the important weather and the character-
istics of subsea repair work. However, the problem of spare strategy 
was seldom debated deeply. A spare tree is of importance for mainte-
nance since replacement of the tree is the most effective maintenance 
mode to reduce the repair time. The optimum number of spare trees is 
precisely operators’ desire. Literature review indicates that there is no 
previously well-formed model aiming at subsea tree with considering 
the restriction of spare strategy. in addition, most of these researches 
were based on the view of overall offshore field utilizing simulation 
methods such as Monte Carlo simulation which are too complicated 
to put to use conveniently.

in this contribution, all the restrictive factors are investigated 
comprehensively with regard to the subsea tree. Based on an analyti-
cal method, a quantitative model for spare parts supply is presented 
to provide optimal demand strategy of spare parts. A case is offered 
to validate the model and to make the optimized decision of subsea 
tree maintenance.

The reminder in this paper is divided into four parts. in section 2, 
it expands these multiple factors restricting maintenance activities of 
subsea tree. in section 3, models built for weather prediction, failure 
analysis and spare parts demand are introduced. in section 4, a case 
study is performed to demonstrate the performance of the proposed 
models and discussions of parameter correlation are made. Last sec-
tion is conclusion.

2. The maintenance of subsea tree

2.1. Description of research object

subsea tree usually is called subsea Christmas tree, equipped 
with valves, pipes, and connectors etc. According to the principal 
structures, subsea trees are mainly divided into two types, horizontal 

tree and vertical tree (i.e. conventional tree). The architectural dif-
ferences of two types result in different activities prior to retrieving 
the tree from wellhead. For the vertical tree, the process is compara-
tively simple because it just needs installing a plug in the tubing head 
which is located in the wellhead. Consequently, the maintenance of 
vertical tree is not arranged in this paper. On the contrary, after un-
dertaking the activities to secure the well, the tubing hanger has to 
be retrieved before pulling up the horizontal tree. The retrieval of 
horizontal tree must be performed by a heavy intervention vessel or 
a drill rig, which makes the maintenance task more complex. Hence, 
disposing of the complexity of horizontal tree’s maintenance is just 
the research object.

in addition, subsea trees usually comprise miscellaneous configu-
rations for diverse development requirements. Besides basic com-
ponents such as wellhead connector, various valves, sCM (subsea 
control modular), injection system, tubing hanger, debris cap, there 
are some dispensable packages, such as choke, multiphase booster 
and multiphase flow meter. Because of high failure rates of sCM 
and these dispensable packages, to reduce the number of retrieval of 
subsea tree, they are designed to independent modular as a rule that 
can be individually retrieved. in this paper, the maintenances of these 
independent packages are neglected in the light of simplicity of main-
tenance process.

2.2. Maintenance strategy and concept in subsea field

The maintenance philosophy should be decided during the de-
sign phase in order to plan the strategy to procure and to contract 
the vessels, tools and equipment [11]. in principle, there are two 
primary types of maintenance strategies, preventive maintenance 
(PM) and corrective maintenance (CM). Besides, many scholars 
proposed various balanced maneuvers, such as RCM (Reliability 
Centered Maintenance) [12], CBM (Condition Based Maintenance) 

[20]. However, in practice, corrective mainte-
nance is exclusive for operators, even though 
others are more reasonable theoretically. The 
directly leading cause is the cost for which 
maintenance activities in subsea industry are 
quite different with actions on land. subsea 
maintenance, especially the subsea tree, has 
been restricted by water depth. The mainte-
nance expenditures increase as water depth 
goes deeper. operators may not take any PM 
activity even some latent failure was identi-
fied during operation. The reason is that PM 
cost in subsea industry is too high, sometimes 
is equal the cost of CM. Actually, owing to 
multilevel safety barriers such as quite a few 
fail-safe subsea gate valves, the consequence 
induced by a failure from subsea tree would 
not be catastrophic [17]. Based on the above, 
only CM strategy is considered in this paper.

The location and layout of subsea field 
have an influence on the employment of inter-
vention vessel. Literature [6] introduced three 
types of maintenance concepts. Here, only re-
mote maintenance of subsea equipment will 
be discussed. Remote maintenance contains 

all subsea work, including inspection, which cannot be conducted or 
controlled from the production facility. Remote maintenance must be 
carried out by a separate vessel, such as a heavy intervention vessel or 
drilling ship, as seen in Fig. 1.

Fig. 1. Typical deepwater subsea production system (Courtesy by Aker Solutions & Baker Hughes)
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2.3. Restriction of maintenance accessibility

The main challenges appear in consequence of different uncer-
tainties related to the necessity of the maintenance activity, mainly 
determined by the probability of failure and its potential consequenc-
es and the feasibility of the maintenance activity, which is reliant on 
different restrictive factors, such as meteorological surrounding con-
ditions and the access to required maintenance resources [19]. Then 
these influential factors are expounded.

weather restriction1) 
weather conditions influencing maintenance activities are the 

sea state, in particular the significant wave height and wind condi-
tions. Among restrictive factors, spare parts determine the transport 
resources for example. small parts and maintenance technicians can 
be carried by helicopter that is not influenced by wave height, but by 
visibility conditions. The weight of a subsea tree is about 50~100t and 
the size is over 4m×4m×4m, which is regarded as large-scale equip-
ment that has to be carried out by a ship which is impacted remarkably 
by the weather. The required intervention vessel for horizontal tree as 
mentioned is also influenced by the weather. Moreover, hostile envi-
ronments could prohibit the implementation of retrieval and reinstal-
lation of subsea tree for large fluctuation.

Maintenance resources2) 
Maintenance resources usually involve vessels, tools, equipment 

and manpower required to perform the repair or maintenance actions. 
The equipment is specified by its characteristic properties: assumed 
transport time from harbor to field, its maximum capacity, repair op-
eration duration, and its operational constraints with respect to maxi-
mum wind speed and wave height.

Theoretically, the transportation of subsea tree may be carried out 
by the intervention vessel. However, the intervention vessel may not 
berth in harbor when necessary since intervention vessels are occu-
pied with high utilization rate. in an effort to reduce the set-up time, 
it is assumed that the transport of subsea tree is executed by a barge 
which is always available in harbor.

The availability of the intervention vessel has a great challenge 
ahead of offshore oilfield operators. The mobilization of the inter-
vention vessel varies with the location and the diversity of contracts. 
The issue of contract with intervention vessel is generally decided in 
the initial stage of the field development. Literature [4] showed eight 
kinds of alternative intervention vessel contracts to all cases of subsea 
developments. Here three primitive intervention vessel alternatives 
for subsea tree’s replacements are introduced:

Buy or construct an intervention vessel.a) 
Contract vessel upon need.b) 
Contract vessel(s) for a period of time.c) 

Varieties of influential factors play important role in decision-
making of intervention vessel contract. if there are dozens of subsea 
wells in the field, or the frequency of subsea intervention is high, the 
first contract is advisable even though the construction cost may be up 
to hundreds of millions of dollars. in this condition, it is considered 
that the intervention vessel for maintenance is always available. if 
weather permits, the vessel will be mobilized. 

in the second case, once the production tree is failed, the process 
of contracting with an intervention vessel in spot market starts. it of-
ten takes a long time that may be up to 3 months [7], and the day rates 
are much higher than first case. what’s more, the worst condition is 
to encounter the long non-feasible weather after the contract made, 
which leads to tremendous breakdown cost.

The last one is relatively flexible. Operators can select contract 
periods of 3 months to be especially used for the summer shutdown. 
some operators might select contract periods of 2 years or more for 
preliminary stage of field development due to earlier failures as well 
as concentrated downhole workover after a few years. in practice, the 
main function of the intervention vessel is to workover the wells and 

thus the frequency of intervention applied to oil field is higher than 
the gas field. so the last contract is mostly used in crude oil produc-
tion field [6]. To concern the effect of intervention vessel on subsea 
tree maintenance, the vessel is supposed to be applied to a gas field 
and the last contract is not considered in this study.

Here are other assumptions regarding maintenance resources:
The replacement tools of subsea tree are available when re-• 
quired since they are easy to access and have less impacts on 
the feasible of maintenance and cost extension.
roV as an auxiliary tool can be offered by the intervention • 
vessel.
Professional subsea technicians are also available when re-• 
quired.

2.4. Demand spare parts for subsea tree

The plan of demand spare trees will be supported by tree’s sup-
plier in accordance with performance of the provided equipment 
when the procurement contracts are made. The purchasing strategy of 
subsea trees usually is one-off, i.e. the production trees and demand 
spare trees will be all in. Although the purchase (several to ten mil-
lion dollars for one tree) and storage of subsea tree would be costly, 
the breakdown cost incurred by inadequate spare trees might be even 
larger. Consequently, the number of spare trees should be optimized.

Here are some assumptions related to spare trees:
The retrieved tree will be a new spare part via being repaired • 
for 3 months by original tree supplier.
All spare parts are stored in the land base, which is usually • 
close to the harbor.
The degradation in the store is negligible, i.e. the spare tree is • 
taken as a new one when the spare is available.

3. Modelling

3.1. Weather model

whether it is possible to perform offshore operations is mainly 
determined by weather conditions. Amongst all parameters, sig-
nificant wave height (swH) is the most important limiting factor, in 
magnitude, as well as in persistence [12]. To assess the persistence of 
accessible sea state for the marine operation, many researchers have 
contributed to the study of dealing with persistence statistics. The ac-
cessible persistence is important, but the inaccessible persistence is 
also very more crucial in the process of assessing the feasibility of 
maintenance in section 3.4. The maximum of inaccessible persistence 
in one year is needed in section 3.4. unfortunately, the research works 
in this respect are seldom. Literature [8, 9] proposed the waiting time 
for an accessible sea state acquired by the geometric law. The premise 
of using the geometric law is that all the wave height included in the 

waiting time is higher than the threshold level of swH ( ach ). The 
concept of waiting time in that paper looks the same with the inacces-
sible persistence, but they are different in details. To explain the con-
cepts, we show a fraction of wave in the Fig. 2. The 2.6m is supposed 

as ach   , while 10 days is assumed as the threshold duration accessible 
persistence, i.e. the minimum duration required for the offshore com-

plete operation at a time. 1b  and 2b  are the accessible durations that 
are higher than 10 days respectively, while a  is the inaccessible per-
sistence. The inaccessible persistence a  might contain some duration 
of accessible persistence whose length are less 10 days. Accordingly, 
the duration of the inaccessible persistence may be equal to or much 
larger than the waiting time. There might be many pieces of inacces-
sible duration in one year, whereas the maximum of them is needed 
in section 3.4. 
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To obtain it, we decide to apply the direct method. i.e. through 
the statistics. in the past, many methods had to be put forward to deal 
with the insufficient sample of wave height. Literature [1] provides 
that in order to apply this direct approach, considerably long records, 
typically of the order of 5-10 years, or even longer, are required. 
The available data we can obtain are collected for the past 37 years 
(1979-2015) from the ErA interim dataset of the European Centre for 
Medium-range weather Forecasts in 6 h resolution [5]. The data are 
considered as enough for the accuracy in our study. For the selected 
field in section 4, here we give the description of how to obtain the 
maximum inaccessible persistence. From the website of ErA inter-
im, we selected the rectangle area between the subsea field (113.6ºE, 
21.4ºN) and land base (115.6ºE, 19.6ºN), and the grid resolution was 
0.25º × 0.25º, and consequently total 8×8 sites. MATLAB as a practi-
cal tool was utilized to perform the statistics by a small arithmetic we 
made. we could take the averages of each site in the history annually 
maximum inaccessible duration. Then we obtained the expected value 
of all sites. The computed value is 400.96 that is about 100 days.

3.2. Failure prediction of demand

As the basis, annual failure rates and mean time to restoration 
(MTTr) is of importance. As to subsea industry, the most common 
used failure database is orEDA (offshore reliability Data Hand-
book) [13] published by DnV and provided by several oil compa-
nies. The main parts of failure events in the orEDA database come 
from the useful life phase, where the failure rate is close to constant. 
All the failure rate estimates presented in this handbook are based 
on the assumption that the failure rate function is constant and time-

independent, in which case ( )Z t λ=  i.e. the failure rates are assumed 
to be exponential distributed with the parameter, λ . An important 
implication of the constant failure rate assumption is that an item is 
considered to be “as good as new” as long as it is functioning. All 
failures are purely chance failures and independent of the age of the 
item. The exponential distribution is expressed as follow:

Probability distribution function:• 

 ( ) e , 0tf t tλλ −= ≥   (1)

Cumulative distribution function:• 

 ( ) 1 e , 0tP t tλ−= − ≥   (2)

3.3. modelling for demand of spare trees

The program of spare trees is based on the amount 
of demand during a period of time. The period of time 
is defined by the lead time of a spare tree because it 
represents the time needed for replenishment of subsea 
tree. Due to the fact that all spare trees are purchased 
one-off, the period of time for demand estimation is re-
placed by the time of non-feasibility in this paper. The 
probability of failure in Equation (2) is implemented 
into a Bernoulli process. Executing Bernoulli processes 
is expressed with the help of the Binomial distribution 
in Equation (3). its probability mass function represents 
the probability of getting exactly events after experi-
ments [3]:

 ( ) ( ); , 1 n kkn
p k n p p p

k
− 

= − 
 

              (3)

Equation (3) is used to estimate the probability of appearance of 
a specific amount of demand k  in an offshore field that consists of 
n  subsea trees. The probability of 0 or less than k  demands can be 
estimated with the cumulative distribution function in Equation (4):
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The stock quantity can be obtained from the addition of the amount 
of demand k  in Equation (4) with one, i.e. 1qS k= + , as ( ); ,P k n p  
is the service level of the inventory. what’s more, the failure times oc-
curred in one year may be predicted by the combination of Equation 
(2) and Equation (4).

3.4. The model of cost function

if the sum of all costs expensed during the life time of subsea tree 
is minimized, the result acquired with the integrated spare trees model 
is desired. Maintenance costs generally comprise several costs which 
are elaborated thoroughly as below.

A loss of earnings incurs during downtime of subsea tree. The 
higher the throughput of the subsea tree, the higher will be the loss of 
earnings of a malfunctioned subsea tree. The downtime of a machine 
heavily depends on the feasibility of maintenance tasks. Obviously, 
the feasibility is a function of all the restrictive factors, i.e.:

 ( ) ( ), , , ,fn sta tr mt is spF t f A A A A A=  (5)

where

( )fnF t  
– Feasibility of maintenance tasks at the time of t ;

staA  – subsea tree accessibility, i.e. the availability of weather;

trA  – Availability of transport resources;

mtA  – Availability of maintenance technicians;

isA  – Availability of intervention vessel;

spA  – Availability of spare parts.

The specific formation of fnF  is usually difficult to be deter-
mined. For simplication, a concise formula recommended by litera-
ture [18] would be applied to judging the feasibility of subsea tree’s 
maintenance, as seen Equation (6). Non-feasibility due to restrictive 
factors is implemented in the framework by means of binary vari-

Fig. 2. The accessible persistence and the inaccessible persistence
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ables. The variable changes its value regarding weather conditions 
and availability of resources. As a relaxation every variable in 
Equation (6) can be 0 or 1. Hence, feasibility is either given 1 
or not 0. This assumption could be replaced with steady values 
between 0 and 1.

 ( )fn sta tr mt is spF t A A A A A= ∗ ∗ ∗ ∗  (6)

Here it is supposed that repair operation cannot be carried out 
within a period of time in which any binary variable equals zero. 
A restrained maintenance task results in downtimes until the next 
period without restrictions in accessibility. Consequently, vast lost 
earnings could be induced during a subsea tree failure if restrictive 
factors are present. After a period of non-feasibility, subsea trees 
are replaced in sequence. As a consequence, downtime after non-
feasibility equals k  times of repair time plus the time of interven-
tion vessel mobilization as shown in Fig. 3.

normally, as shown in Fig. 3(a)., if only one subsea tree failed, 
MTTR consists of the mobilization of intervention ship ismT , the 
inspection time insT before performing repair and the replacement 
time isrT . Here it is supposed that the work of the inspection is 
performed by the intervention ship. However, if the failed trees 
are more than one, the various times of repaire process are dis-
played in the Fig. 3(b). For the case of repaire, it only needs one 
round trip of the intervention ship. The parameters ismT  and insT  
usually are given by the operators based on the location of subsea 
field and the capacity of mobilizaiton of the intervention ship.

in one year, there are many pieces of non-feasibility time, 
but it always exists the maximum one, such as the 100 days ac-
quired in the section 3.1. if the non-feasibility days are shorter, 
the other factors may contribute to the feasibility of mainte-
nance. But when the non-feasibility is the maximum, actually 
the other factors could be overlooked because in the so long 
non-feasibility duration, the operators generally could deal with 
these factors before the feasibility days come. As a consequence, 
we take the maximum of inaccessible persistence as the non-
feasibility days.

if feasibility is given during a breakdown of the system (see 
Equation (7)), downtime of the subsea tree is shorter than the non-
feasibility (see Equation (8)). All the meanings of parameters us-
ing in the following equations are listed in Table 1.

 ( )1d fn mttrT F T= =  (7)

 ( ) ( )0 *d fn nf isrT F T T k= = +  (8)

 
( )1 1[( ) * 2* * ]* *tdt mttr tnf ism ins isrC k k T T T T T k Q P= − + + + +   

(9)

Annual inventory cost usually includes spare part costs and the 
stock keeping costs which consist of direct cost and overhead cost. in 
this model, all the capital commitment costs are not considered. The 
annual inventory cost can be calculated by:

 *i so sdr q sp sp qC C C S C C S T= + ∗ ∗ +  (10)

in feasibility duration, if a failure of subsea tree happens, the re-
placement process starts at once. under this condition, the corrective 
maintenance is constituted by restoration cost of spare part, cost for 
maintenance technicians, cost of transport resources and cost of in-
tervention vessel. Hence, corrective maintenance cost is expressed 
where at a time only one tree is replaced:

(b) After non-feasibility times 
Fig. 3. the costs variation with two contracts of intervention ships

Table 1. Parameter values of the scenario

items representation Acquisition results

C sum of all operation costs (14) 114.95×106 $

Cacis
annual construction cost of interven-
tion vessel Input 20×106 $

Ccm Corrective maintenance costs (13) 27.2×106 $

Ccmn
Corrective maintenance cost, after non-
feasibility (12) 6.52×106 $

Ccmo
Corrective maintenance cost, one at a 
time (11) 2.23×106 $

Ci Inventory costs (10) 1.75×106 $

Cmt Cost for maintenance technicians Input 1×104 $/d

Csdr stock keeping direct cost ratio Input 0.005 /y

Cso stock keeping overhead cost Input 1×105 $/y

Csp spare part costs Input 6×106 $

Csr Cost spare part restoration Input 5×105 $

Ctdt total downtime (9) 66×106 $

Ctr Cost of transport resources Input 2×105 $/d

k amount of predicted failures (2)+(4) 4

k1 amount of predicted failures in one year (2)+(4) 10

Ls Expected service level Input 0.97

n number of experiments or subsea trees Input 50

P Price of production fluid Input 80 $/bbl

Q nominal capacity of subsea tree Input 5×103 bbl

Sq stock quantity (4)+1 5

T Lifetime of subsea tree Input 20 y

Ris rate of intervention ship Input 1×105 $/d

Tins Inspection time of the failed subsea tree Input 1 d

Tism
time interval of intervention ship mo-
bilization Input 2 d

Tisr time interval of spare replacement Input 3 d

Tmttr Mean time to restoration Input 8 d

Tnf time of non-feasibility weather 100 d

λ Failure rate of subsea tree Input 12.81×10-6/h

(a) Relationship of various times in MTTR
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( ) ( )* 2*cmo sr mt ins isr tr is ism ins isrC C C T T C R T T T= + + + + ∗ + +   (11)

After non-feasibility, all failed trees would be replaced in se-
quence. Hence, the maintenance cost is computed by:

( ) ( )* * * 2 * *cmn sr mt ins isr tr is ism ins isrC C k C T T k C R T T T k = + + + + ∗ + + 

(12)

Combining Equation (11) and Equation (12), the annual correc-
tive maintenance cost is acquired by:

 ( )1 *cm cmo cmnC k k C C= − +  (13)

Eventually, the acquisition of the annual total maintenance cost 
is expressed by:

 i tdt cm acisC C C C C= + + +  (14)

4. Model Validation

4.1. Scenario description

The verification of the model has been conducted with a single 
item, single echelon scenario. it involves an offshore field with 50 
subsea trees in the water depth of 1500m. in the scenario the relaxa-
tion of constant production throughout one year is assumed. All pa-
rameters used within the scenario are defined in Table 1. Parameter 
values are either estimated or taken from expert interviews that were 
multiplied with a factor to warp real values.

since the transport resources and technicians are easy to obtain 
comparatively, for simplifying the calculation and focusing on the 
more important factors, they are regarded as to be always available, 
that is 1trA =  and 1mtA = . The transport time is set to 24h.

with the aim of analyzing the influence of restrictive factors, fea-
sibility of maintenance activities can be controlled for ten days. The 
spare trees can only be replaced, if maintenance feasibility is allowed. 
if there are no restrictions, the decision of instant of subsea tree re-
placement only depends on the cost of corrective maintenance.

in the event of non-feasibility, the number of failure during that 
period increases with its duration. in the worst situation, some subsea 
trees cannot be operated during the whole time span of non-accessi-
bility. Hence, loss of earnings is maximum. The demanded inventory 
level at the beginning of non-feasibility is calculated with the help 
of Equation (4), which estimates the number of expected spare part 
demands during the period of non-feasibility. For fulfilling 97% of all 
demands during non-feasibility, the number of spare parts in stock is 
computed.

4.2. Discussions of restricted accessibility scenario

The relationship of costs and spare trees is discussed with these 
factors in four aspects.

1) The discussion of two alternative contracts of intervention vessel
in the condition of the non-feasibility duration up to 50 days 

plus 50 subsea production trees, make a survey to figure out which 
contract of intervention vessel is more reasonable. Table 2 shows the 
comparison of two types of contracts. The annual rate of second con-
tract is less than the first, but the caused cost of downtime is too high 
to make the total cost of second contract of intervention vessel higher. 
Thereby, the first contract is more reasonable.

The curves for two types of contracts are plotted. Fig. 4(a) sup-
ports the argument of previous paragraph. in addition, it is discovered 
that the curve of total cost that is cost of annual intervention vessel 
rate plus the caused downtime cost for the of second contract grows 
more slowly than the first contract, which means in a certain value, 

the total cost of first contract is not always lower 
than the second. A great many samples are calcu-
lated in Fig. 4(b), and it shows when the number 
of subsea production approximates 600, the costs 
of both types of contracts are equal. However, the 
number of production tree in offshore field is less 
than 150 at large and the value of 600 is impossi-
ble in reality. it means that the result shows the first 

Fig. 4. the costs variation with two contracts of intervention ships

Table 2. The comparison of two types of contracts

no. Contract 
strategies rate specifications annual rate 

(M $)
Downtime 
cost (M $)

total cost 
(M $)

1 Buy or build Construction cost=3×108 $, 
lifetime=20y, rate=1×105 $ 26.8 66 92.8

2 upon need rate=3×105 $,
delivery time≈3 months 18 134.4 152.4

Note: Values of cost and rate may not be the latest. Here is just for calculation example.

b)

a)
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Fig. 5. The number of subsea production trees with intervention ship and the number of spare trees

Fig. 6. The non-feasibility with intervention ship and the number of spare trees

Fig. 7. The failure rate with intervention ship and the number of spare trees

b)

b)

b)

a)

a)

a)
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contract of intervention is always optimum. The conclusion indicates 
that operators should make the intervention vessel available as far as 
possible no matter what they do.
2) The discussion of the amount of subsea production trees

Evidently, all the costs are amplifying with the increase of the 
number of subsea production trees from Fig. 5(a). Among of these 
costs, the proportion of inventory cost is low and increasing slowly. 
That means the operators maybe store adequate quantity of spare trees 
that might not result in higher inventory cost. The required spare trees 
go up absolutely with the growth of the number of subsea production 
trees as shown Fig. 5(b).
3) The discussion of the variation of the non-feasibility time

As the given value of the number subsea production trees is 50, 
the response of non-feasibility duration to kinds of costs as well as 
the quantity of spare trees is investigated. Apparently in Fig. 6(a), the 
curves of downtime cost and total costs increase in proportion to the 
non-feasibility duration. it is funny that on the contrary, the cost of 
corrective maintenance decreases with the augment of the non-feasi-
bility duration which implies that the corrective maintenance cost can 
be declined when the failed tree are not repaired. However, the cost of 
corrective maintenance accounts for a rather small proportion of costs 
while the caused downtime cost is sizable. Therefore, once the subsea 
production failed, it must be repaired as soon as possible. The number 
of required spare trees rises absolutely with the growth of the number 
of subsea production trees showed Fig. 6(b).
4) The discussion of the variation of failure rate

Failure rate is one of important indicators reflecting the feature of 
reliability. it is quite clear that the larger the failure rate is, more pro-
hibitive various costs are, as well as more spare trees are needed. Fig. 
7(a) and Fig. 7(b) mirror this feature of relationship between failure 
rate and costs.

5. Conclusion

The results show the occurrence of enormous downtime cost can 
be increased in case that these restrictive factors in the subsea tree 
maintenance model are not taken into account thoughtfully, especially 
the intervention vessel and spare trees. Apart from the number of sub-
sea production trees, the duration of non-feasibility has a significant 
effect on the decision of the demand quantity of spare trees. The de-
mand of spare trees is grown with the enlargement of non-feasibility 
time. To purchase adequate number of spare trees one-off, the time of 
non-feasibility should be deliberated to avoid unnecessary downtime 
and to optimize inventory cost. when the failure rate ascends, obvi-
ously the amount of failure is increased, which leads to huge mainte-
nance cost as well as colossal downtime cost. 

Based on several simplifications and assumptions, the presented 
model for subsea tree maintenance has the capability to offer the op-
portunity of regulating of subsea tree maintenance as well as making 
sound decision of spare trees demand. Likewise, operators enable to 
make the applicable selection on the contract of intervention vessel 
according to the calculated costs. However, it is too simple to make 
the decision of contract with respect to intervention vessel entirely as 
no consideration of frequency of workover in offshore field, especial-
ly in the oil-produced field. Hence, the decision-making of contract 
of intervention vessel needs further study that more factors should 
be added.
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1. Introduction

1.1. The context

The search for highly reliable systems has been intensifying. 
such systems can be identified by implementing practices that reduce 
losses due to failures. Thus, maintenance plays a key role in organiza-
tions because it can significantly contribute to reducing both costs and 
failures, irrespective of the timing of failures during the useful life of 
the component. Preventive maintenance takes effect when the use of 
a particular policy enables the reduction of potential failures. Because 
these policies widely influence the safety and economy of operations, 
they are very important to improve the performance and reduce the 
cost of any producing systems.

Burn-in procedures consist of testing a new component for a given 
period before its active life in order to prevent early failures.

Burn-in has been studied by several researchers, including Kuo 
and Kuo[24], who presented a review of the main aspects of the pro-
cedure. Furthermore, Block and savits [2] provided optimization 
examples and criteria. regarding the adopted criteria, Block et al. 
[3] balanced residual life and variation (conditional survival) in the 
criterion of burn-in via the residual coefficient of variation, whereas 
Baskin [1] analysed burn-in using the general law of reliability. Perl-

stein et al.[29] analysed the cost of the optimal duration of burn-in, the 
components of which were characterized by hybrid exponential distri-
butions using Bayesian theory. restrictions can be added, as demon-
strated by Chi and Kuo [13], who proposed a model to minimise costs 
under two restrictions, reliability and capacity.

The use of a combined policy is sometimes more effective than 
the use of a pure policy [13]. An example of combined policy is pre-
sented by golmakani and Fattahipour [19], who aimed to determine 
the best period for inspection and replacement in the condition-based 
maintenance. However, research studies involving combined policies 
of burn-in with replacement are rare, and the ones that stand out are 
those by Jiang and Jardine [21], Canfield [5], Thangaraj and rizwam 
[32], Drapella and Koznik [15].

A heterogeneous population of components that are present early 
and later fail related to exclusives failure models demands that the 
policy is adaptable. Therefore, a pure policy or the use of only one 
procedure is not effective.

1.2. The present contribution

Decisions regarding the burn-in and maintenance decisions are of 
great interest to researchers and decision-makers, and finding alterna-
tives that improve the performance of managed systems is a challenge. 

CaVaLCantE CaV, Do nasCIMEnto tg, LoPEs rs. Multi-attribute utility theory analysis for burn-in processes combined with replacement. 
Eksploatacja i niezawodnosc – Maintenance and reliability 2016; 18 (4): 599–605, http://dx.doi.org/10.17531/ein.2016.4.15.

Cristiano alexandre Virgínio CaVaLCantE
thiago gomes Do nasCIMEnto
rodrigo sampaio LoPEs

multi-Attribute utility theory AnAlysis for burn-in processes 
combined with replAcement

AnAlizA połączonych procesów sztucznego stArzeniA i wymiAny 
prowAdzonA w opArciu o wieloAtrybutową teorię użyteczności

Components from a heterogeneous population may result in non-well behaviour in the failure rate function. This paper considers 
a population of components that consists of two different sub-populations: a population of weak components and a population 
of strong components. This component heterogeneity is treated using a mixture distribution for the components’ lifetimes. This 
mixture models two distinct behaviours: a short characteristic lifetime for the weak components and a long characteristic lifetime 
for the strong components. Simple policies may not be effective to address the distinct behaviours of failures for these components. 
Thus, combined preventive replacement and a burn-in procedure based on a multi-criteria perspective are proposed in order to 
suitably integrate the different objectives from the burn-in and preventive replacement procedures, taking into account the prefer-
ences of the decision-maker. We consider the cost and the mean residual life as the criteria of the proposed model. Multi-attribute 
Utility Theory (MAUT) allows alternatives that are more aligned with the preferences of the decision-maker to be developed.

Keywords: burn-in, Multi-attribute Utility Theory, replacement, residual life.

Elementy składowe tworzące niejednorodną populację mogą prowadzić do nieprawidłowości funkcji intensywności uszkodzeń. 
W prezentowanej pracy badano populację komponentów składająca się z dwóch różnych subpopulacji: populacji komponentów 
słabych i populacji komponentów mocnych. Niejednorodność komponentów opisano za pomocą rozkładu mieszanego ich czasu 
pracy. Rozkład mieszany pozwala modelować dwa różne zachowania: krótki czas pracy charakterystyczny dla słabych elementów 
i długi czas pracy charakterystyczny dla elementów mocnych. Proste strategie konserwacyjne mogą nie dawać oczekiwanych 
efektów w przypadku komponentów, które różnią się pod względem charakteru uszkodzeń. Aby odpowiednio powiązać odmienne 
cele procedur sztucznego starzenia (wygrzewania, docierania) i wymiany profilaktycznej elementów składowych zaproponowano, 
w oparciu o podejście wielokryterialne, procedurę łączącą sztuczne starzenie i wymianę profilaktyczną, która uwzględnia także 
preferencje decydenta. Jako kryteria proponowanego modelu rozważano koszty i średnią trwałość resztkową. Wieloatrybutowa 
teoria użyteczności (MAUT) pozwala na tworzenie alternatyw, które licują z preferencjami osoby odpowiedzialnej za podejmowa-
nie decyzji eksploatacyjnych.

Słowa kluczowe: sztuczne starzenie,wieloatrybutowa teoria użyteczności,wymiana, trwałość resztkowa.
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The vast majority of research studies addresses the problem of burn-in 
with a single objective function. Although the adoption of combined 
policies represents an advance, combined procedures sometimes do 
not provide improvements, especially when the analysis that drove 
the combination of processes was focused on only one criterion. in 
fact, each process is characterized by unique features and is applied 
with specific objectives. Measuring the effect of combination based 
on only one aspect does not reflect the actual impact of the combined 
policy [25]. Thus, the use of a multi-criteria approach to build com-
bined policies becomes very prominent.

The use of multi-criteria methods to make decisions on mainte-
nance has been growing exponentially, as shown in a previous study 
[16]. Therefore, multi-criteria methods constitute an area of interest 
to the theoretical and practical realms, and this article aims to address 
this currently poorly explored problem with a joint model of burn-in 
and replacement based on a multi-criteria approach.

Cavalcante [7] presents a paper that considers a multi-criteria 
model for a combined burn-in and replacement process for a simple 
system with the cost and post-burn-in reliability.

This present research differs from the previous paper by consider-
ing the cost and mean residual life criteria on the development of a 
multi-criteria model to improve the burn-in and preventive replace-
ment combined process. The decision is based on the values of burn-
in (b) and replacement (y) that maximize the global utility function, 
furthermore is presented a methodology to apply burn-in and replace-
ment from the MAuT approach. in addition is performed a compari-
son of three policies: maximizing the residual mean life (Policy i), 
Minimizing the cost (Policy ii) and using the methodology proposed 
in this study MAuT (Policy iii) to aggregate the two criteria. The re-
sult of this comparison brings to the decision-maker important insights 
with managerial impact, what we consider, besides the other aspects, 
an essential contribution that was not present in previous works.

in addition to the introduction, this article consists of five sec-
tions. section 2 provides a brief review of the concepts of burn-in 
and replacement. section 3 presents the multi-attribute utility theory 
(MAuT) for burn-in and replacement analysis. A numerical applica-
tion for the model developed with a discussion of management in-
sightsis presented in section 4, and section 5 lists the conclusions.

2. Combined burn-in and replacement procedure mod-
elling literature

The burn-in procedure is based on a screening process that utilizes 
accelerated aging or simulates the conditions of use of all or a set of 
these items. The application of this procedure is justified by the as-
sumption that the population of a given set items can be divided into 
sub-populations of weak and strong items. The weak items tend to fail 
more quickly, whereas strong items fail due to wear-out much later 
than weak items.

The burn-in consists of operating the systems or components in 
situations that simulate the real operating conditions of equipment and 
/ or extreme conditions to which they may be subjected, as demon-
strated by [2]. During this process, the items are subjected to high 
temperatures and a high degree of vibration. Thereafter, items that 
have resisted and items that have failed (especially the representatives 
of the weak sub-population) can be identified. items that resisted are 
considered to be of good quality, whereas those that failed are discard-
ed or repaired in addition to having their causes of failure analysed.

A series of decisions must be made when implementing burn-in. 
The first and most important one is the decision to applythe tech-
nique, which should be based on the potential effect of burn-in on 
the items in the system. specifically, Cha and Finkelstein [11] warn 
that an unduly long burn-in time may damage items of good quality. 
The distribution of failures should have a high initial value for the 
application of the method to be justified. Furthermore, the reduction 

in 'infant mortality' (early failures), the changes in the life expectancy 
of items and application to the entire system or specific components 
should be considered.

Burn-in is aimed precisely at the period of infant mortality, which 
is a worrying phenomenon that is responsible for greatly dissatisfied 
clients who do not accept that a newly acquired asset should present 
failures. Manufacturers also do not tolerate this poor performance be-
cause discontented consumers harm the company's image, as noted by 
Tangaraj and rizwam [16] and wu and Clements-Croome [35].

Furthermore, additional costs are related to the replacement of de-
fective items or repairing them in the field, which increases the cost of 
warranty services. generally, the causes of early failures are linked to 
problems of design, process control, finishing and installation.

Parts should only be replaced if operating costs increase, reli-
ability decreases (a growing failure rate) or items become obsolete 
over time. Replacements can be conducted in blocks or by age. These 
approaches are each characterized by specific characteristics and cir-
cumstances in which they are more suitable. According to Castro and 
Alfa [10], block replacement consists of changing a set of items in a 
certain period, whereas age-based replacement consists of replacing 
the item after a certain period of time since the start of its useful life 
or due to the occurrence of failures (whichever comes first). Block 
replacement is easier to apply but more expensive. Despite the diver-
gences, both modalities are assumed to renew the system.

if cost is adopted as the sole criterion of interest, a replacement 
policy can be implemented by constructing a model that defines the 
balance between the cost of preventive replacement and its benefits 
by determining the age at which the equipment should be changed 
in order to minimize the total cost expected of substitutions per unit 
of time. For a model to be able to describe more realistic situations, 
integrating replacement policies and burn-in by considering multiple 
criteria can bring significant benefits.

3. Proposed decision making modeling for burn-in and 
replacement

MAuT is based on axioms established by Von neumann and Mor-
genstern [33] and searches to gather important objectives for making 
the decision based on multiple objectives. it employs the utility func-
tion to assess relevant objectives, allowing it to assess trade-offs. The 
use of MAuT yields a structuring approach to decision-making that 
can create a consistent decision model.

The key feature of MAuT is the use of utility functions for mod-
elling attributes. utility theory describes the preference attributes on 
a scale of 0 (undesirable) to 1 (desirable), transforming the attribute 
measures to a utility scale in order to allow different attributes that can 
be compared with a common measurement scale [16].

MAuT maximizes the utility function, and this maximum is found 
via an elicitation process and must meet the conditions and axioms of 
the utility function. This approach as been widely used in various con-
texts, such as in policy analysis and health services, including quality of 
life analyses, political decisions, and environmental decisions [32, 17].

Chelst and Canbolat [14] proposed six steps for applying MAuT 
that facilitate the implementation and understanding of the method; 
these steps are being used in other studies [24] and are described 
below:

Recognize the decision alternatives. The alternatives should 1) 
reflect the decision problem that is being analysed.
The objectives must be listed and reflect the decision prob-2) 
lem.
Measurably establish the attributes to measure objectives; each 3) 
objective should have its own attribute.
Elicit the decision-maker's preference for each objective of de-4) 
cision based on the importance of each goal. Clarify the pref-
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erences of each stakeholder, with reference to the objectives, 
while reflecting your preferences.
Establish a utility function to characterize the decision-maker's 5) 
preferences regarding the alternatives, having established the 
function preference for each decision objective. A single util-
ity function is derived and scaled from 0 to 1 to find the global 
utility function.
Analyse decision alternatives for calculating a global utility 6) 
function: the optimal decision is made by optimizing the glo-
bal utility function.

MAuT includes both mathematical theory and a series of evalua-
tion techniques. The information obtained from the evaluation serves 
to classify alternatives, make choices or clarify a situation for the de-
cision-maker [34, 18]. MAuT has been used to aggregate the objec-
tive cost and mean residual life in a combined policy involving burn-
in and replacement, the cited characteristics of which are perfectly 
suited to the problem.

3.1. Assessment the attributes

The criteria to be assessed need to be defined in order to define a 
maintenance policy involving burn-in and replacement with a multi-
criteria approach. Thus, the role of the decision-maker is essential. 
we will discuss the criteria residual average life and cost; the decision 
variables are represented by b (the time of burn-in) and y (age for 
replacement).

in this article, the following notation is adopted:
Cf – Cost of replacement per failure
Cp – Cost of programmed replacement
Cr – Cost of repairs during burn-in
Cb – Expected cost of the burn-in
β – Parameter of form
η – Parameter of scale
b – Burn-in time
C(t) – Mean cost per unit of time
r(t) – reliability of Function
Fs(t) – Function of simple accumulated distribution
F(t) – Function of mixed accumulated distribution
y – Replacement time
λ1 – utility function parameter
k1 – scale constant of cost
γ1 – utility function parameter
k2 – scale constants of MRL

3.2. Attribute mean residual life

The mean residual life can be interpreted by the decision-maker as 
an indication of customer satisfaction: the client is more likely to ac-
quire products of the same brand if such products have a long service 
life and good performance over their lifetime; as a result, the customer 
is more satisfied with products and plays his role for a given period 
[22].

The mean residual life function is given by the following expres-
sion [4]:
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The optimal period of burn-in can be defined by the point at which 
the corresponding mean residual life reaches its maximum [4]. Because 
X is the lifetime, we must find a b that maximizes E[X−b|X>b].

Thus, maximizing the MRL (Mean Residual Life) will increase 
the possibility of the item remaining in working order for longer.

3.3. The attributesof cost

Jiang and Jardine [9] proposed a model that can determine the 
burn-in period and the optimum replacement interval given the het-
erogeneous (mixed) population.

The simple accumulated distribution function is given by 
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t
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.

However, because we are analysing a heterogeneous distribution, 
F t p F y p F t( ) = ( ) + ( )1 1 2 2 , in which F1(t) and F2(t) are two simple 
distributions, and p1 and p2 are the ratios of each of these functions in 
the total population. The Cost Function is given by the following:
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Figures 1 and 2 show the behaviour of the mean residual life and 
the cost for different periods of burn-in and replacement intervals; 
these figures can be used to verify the conflict between the analysed 
criteria.

The figures show that increasing the burn-in period allows the MRL 
to reach a maximum at a given y. Thereafter, the MRL begins to de-

Fig. 1. Behaviour of mean residual life (MRL) – y (replacement time) - b 
(burn-in time)

Fig. 1. Behaviour of mean residual life (MRL) – y (replacement time) - b 
(burn-in time)
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crease, and the cost function is minimized at another value of y. These 
trends clearly demonstrate the conflict between the decision criteria.

The age of a component directly correlates with its likelihood of 
failure. Depending on the parameters adopted, a combination of (b, y) 
that maximizes the MRL of the component is used, which is identifi-
able in the graphs.

The mean residual life varies significantly; therefore, it should be 
adopted as a performance criterion.

A relationship between the points of change of the failure rate 
and the mean residual life function can be established [28]. Thus, 
any failure rate that follows the bathtub curve has a mean residual 
life function with an inverted bath-tub shape, with a single point 
of change that precedes the point of change of the failure rate [27].
when the failure rate is unimodal, i.e., it grows to a certain point and 
thereafter begins to decrease, the MRL is consequently unimodal in 
the form of an inverted bath-tub and may be smaller than the MTTF 
(Mean time to failure) after the burn-in. Thus, the MRL after burn-
in must not exceed the MTTF as a constraint. nevertheless, burn-in 
may not be necessary or economical for unimodal rates. For more 
details, see Chang [12].

3.4. Multi-attribute utility theory for MRL and cost

The preference of the decision-maker is described by utility func-
tions that consist of the attribute cost, which should be minimized, and 
the mean residual life, which must be maximized. The utility function 
models the preference of the decision-maker, where in the utility func-
tion dimension costs and mean residual life will be measured on the 
same scale, the utility scale. Each alternative measure for the time of 
burn-in (b) and replacement interval (y) can be evaluated by the glo-
bal utility function, and the trade-off between cost and mean residual 
life is evaluated by the decision-maker in utility levels.

The utility function for each of the attributes must be known to 
obtain the multi-attribute utility function [23].

To convert the cost function (function 2) and average residual life 
(function 1) in to utility values, mathematical functions that describe 
the utility function need to be studied [7,19,34].

we consider an exponential function for the utility function of the 
Cost, u(C), and a logistical function for the utility of MrL, u(μ). This 
choice is justified by the desire to minimize cost and maximize the 
MRL. This article proceeds to utility function return; the greater the 
cost, the lower the value of its utility function, and the higher the mean 
residual life return, the greater the value of its utility function.

Thus, the utility function for the cost can be represented by an 
exponential function:

 U C b y e C,( )( ) = −λ γ
1

1  (3)

The utility function for the mean residual life can be represented 
by a logistical function:

 U MRL b y e,( )( ) =
−

λ
γ
µ

2

2
 (4)

The values of λ1and γ1 as well as the values of λ2 and γ2 must be 
adjusted to represent the function value such that function 3 approaches 
1 when the cost function is minimized and 0 when the cost function is 
maximized. Furthermore, function 4 should approach 1 when the re-
sidual life is maximized and 0 when the residual life is minimized.

To use the aggregation procedure, the conditions of preferential 
independence need to be identified. in this study, we have assumed in-
dependence in the utility function, and additive independence for this 
assumption aims to generate the least restrictive model. Nevertheless, 
other preference structures can be used [19, 14]. with this assumption, 

the additive model may be used, in which k1 and k2 represent the scale 
constants. These constants may represent your preference by eliciting 
the preference of the decision maker, where k1+ k2 =1.when k1 ex-
ceeds k2, the decision-maker prioritizes cost over the average residual 
life, and when k2 exceeds k1, the decision-maker gives priority to the 
average residual life. The global utility function can be described for 
an additive function, as shown in equation 5 below.

 U(C, μ) = k1U(C) + k2U (μ) (5)

The alternatives are represented by the length of the burn-in and 
the replacement interval. Thus, each pair (b, y) is associated with a 
cost and a mean residual life and, consequently, a corresponding util-
ity function. Therefore, the pair of values (b, y) that maximizes the 
global utility function is optimal.

3.5. Methodology to apply MAUT for burn-in analysis

The steps proposed by Chelst and Canbolat [14] can be applied to 
implement MAuT for burn-in analyses as follows:

Recognize the decision alternatives; alternative decisions for 1) 
the analysed problem are the time of burn-in (b) and the time 
(age) to replacement (y).
Establish the objective of analysis; in this study, we proposed 2) 
two objectives: mean residual life and cost
Establish the attributes measurably; the mean residual life can 3) 
be measured using equation (1), and cost can be measured us-
ing equation (2);
Apply an elicitation procedure with the decision-maker to ob-4) 
tain the parameter utility analysis; we simulated values in nu-
merical approaches (section 4) demonstrating its variations.
Establish a utility function to characterize the decision maker's 5) 
preferences in order to obtain the parameter utility analysis 
with equations (3) and (4).
Analyse decision alternatives for calculating global utility 6) 
function; the best action maximizes the global utility described 
by equation (5).

A numerical application to illustrate the use of this methodology 
to apply MAuT to a burn-in analysis is presented below.

4. Numerical application and management insights

The parameters adopted and results of a numerical application of 
MAuT are shown in Table 1, where the results obtained for each set 
of parameters by applying the three policies: maximizing the mean re-
sidual life (Policy i), minimizing the cost (Policy ii) and using MAuT 
(Policy iii) to aggregate the two criteria.

The maximum mean residual life is shown for each parameter, 
and the cost associated with the maximum residual life is also shown 
when the cost function is minimized. This value corresponds to the 
mean residual life when the cost is minimized. Finally, the optimiza-
tion of the global utility function, the respective cost values, the mean 
residual life, and the values of b and y in weeks are given, where 

Fs t e
t

( ) = −
−

1
( )
η

β

 and 𝐹(𝑡)=𝑝1𝐹1(𝑦)+𝑝2𝐹2(𝑡).

The adoption of a criterion related to performance results in a more 
effective policy. As observed in the results, considering only the cost 
results in a lower mean residual life compared with considering a mixed 
policy. However, a higher mean residual life results in higher costs.

Based on the numerical analysis, the following observations 
should be emphasized for the proposed model:

1) Adopting a minimum cost for Policy i results in a small mean 
residual life. However, maximizing the mean residual life increases 
the cost. Therefore, a policy that considers both criteria is more ef-
ficient.
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Table 1: Parameters adopted and results obtained when adopting policies I(maximizing the residual life), II(minimizing the cost) and III(applying MAUT to optimize 
the cost and mean residual life (MRL))

Cost Parameters Mixed Failure distribution parameters utility Function Parameters   optimum results
C0 Cr Cp Cf η1 β1 p1 η2 β2 p2 k1 λ1 γ1 k2 λ2 γ2 b y C MrL
0.2 0.9 2 13 7 1.2 0.4 125 4 0.6 0.55 1.389 2.6 0.45 2.18 73 Max μ 2.639 12.227 0.589 93.448

Min C 8.874 79.96 0.126 37.033
Max u 7.543 40.786 0.184 66.657

0.3 0.9 2 13 7 1.2 0.4 125 4 0.6 0.55 1.437 2.6 0.45 2.183 73 Max μ 2.639 12.227 0.618 93.448
Min C 6.292 85.62 0.14 35.301
Max u 4.747 43.909 0.204 66.371

0.1 0.9 2 13 7 1.2 0.4 125 4 0.6 0.55 1.321 2.6 0.45 2.183 73 Max μ 2.639 12.227 0.561 93.448
Min C 12.03 72.034 0.107 39.863
Max u 10.561 36.169 0.159 68.067

0.2 1.8 2 13 7 1.2 0.4 125 4 0.6 0.55 1.4 2.55 0.45 2.184 73 Max μ 2.639 12.227 0.6 93.448
Min C 8.128 81.988 0.132 36.303
Max u 6.629 41.694 0.193 66.663

0.2 0.45 2 13 7 1.2 0.4 125 4 0.6 0.55 1.38 2.61 0.45 2.183 73 Max μ 2.639 12.227 0.584 93.448
Min C 9.219 78.923 0.123 37.432
Max u 7.943 40.163 0.18 66.853

0.2 0.9 4 13 7 1.2 0.4 125 4 0.6 0.55 1.498 2.8 0.45 2.183 73 Max μ 2.639 12.227 0.732 93.448
Min C 8.454 90.84 0.144 31.439
Max u 7.023 46.67 0.208 62.046

0.2 0.9 1 13 7 1.2 0.4 125 4 0.6 0.55 1.351 2.6 0.45 2.183 73 Max μ 2.639 12.227 0.518 93.448
Min C 9.128 74.66 0.116 40.033
Max u 7.897 38.175 0.169 68.649

0.2 0.9 2 26 7 1.2 0.4 125 4 0.6 0.55 1.571 2.5 0.45 2.183 73 Max μ 2.639 12.227 0.969 93.448
Min C 12.786 64.397 0.181 44.262
Max u 12.168 40.548 0.22 62.872

0.2 0.9 2 9 7 1.2 0.4 125 4 0.6 0.55 1.306 2.6 0.45 2.184 73 Max μ 2.639 12.227 0.473 93.448
Min C 6.013 90.353 0.103 32.922
Max u 2.383 39.937 0.176 72.023

0.2 0.9 2 13 3.5 1.2 0.4 125 4 0.6 0.55 1.29 2.6 0.45 2.054 73 Max μ 2.324 7.191 0.911 101.401
Min C 7.014 74.585 0.098 41.396
Max u 6.572 37.302 0.146 70.623

0.2 0.9 2 13 9 1.2 0.4 125 4 0.6 0.55 1.43 2.6 0.45 2.254 73 Max μ 2.761 14.171 0.507 89.811
Min C 8.271 83.087 0.137 35.607
Max u 5.537 42.158 0.204 67.19

0.2 0.9 2 13 7 2.4 0.4 125 4 0.6 0.55 1.35 2.6 0.45 2.08 73 Max μ 6.471 5.885 1.22 99.64
Min C 10.606 75.553 0.115 38.598
Max u 10.274 38.953 0.165 65.874

0.2 0.9 2 13 7 0.6 0.4 125 4 0.6 0.55 1.358 2.6 0.45 2.254 73 Max μ 5.646 5.142 0.877 89.784
Min C 4.023 82.237 0.118 38.517
Max u 3.162 38.757 0.176 70.877

0.2 0.9 2 13 7 1.2 0.8 125 4 0.2 0.55 2 2.65 0.45 2.35 73 Max μ 8.7 14.799 1.195 85.416
Min C 16.8 96.442 0.262 25.205
Max u 15.89 55.605 0.329 48.181

0.2 0.9 2 13 7 1.2 0.3 125 4 0.7 0.55 1.327 2.6 0.45 2.147 73 Max μ 2.502 10.038 0.543 95.578
Min C 6.229 78.26 0.109 39.604
Max u 4.516 39.065 0.164 70.884

0.2 0.9 2 13 7 1.2 0.4 250 4 0.6 0.55 1.163 2.54 0.45 1.433 73 Max μ 2.884 16.147 0.477 202.803
Min C 10.527 163.762 0.06 76.03
Max u 9.745 80.307 0.09 139.174

0.2 0.9 2 13 7 1.2 0.4 80 4 0.6 0.55 1.716 2.6 0.45 3.72 73 Max μ 2.456 9.293 0.709 55.547
Min C 7.028 50.787 0.208 23.154
Max u 4.692 26.215 0.306 42.614

0.2 0.9 2 13 7 1.2 0.4 125 8 0.6 0.55 1.288 2.6 0.45 2.113 73 Max μ 2.652 12.434 0.582 97.616
Min C 9.57 84.638 0.097 27.266
Max u 7.653 40.283 0.179 69.816

0.2 0.9 2 13 7 1.2 0.4 125 2 0.6 0.55 1.534 2.6 0.45 2.204 73 Max μ 2.705 13.28 0.569 92.423
Min C 8.258 108.75 0.165 49.375
Max u 7.48 51.63 0.198 69.775

0.2 0.9 2 13 7 1.2 0.4 125 4 0.6 0.7 1.389 2.6 0.3 2.185 73  Max μ 2.639 12.227 0.589 93.448
                Min C 8.874 79.96 0.126 37.033
                Max u 8.353 52.841 0.149 55.919

0.2 0.9 2 13 7 1.2 0.4 125 4 0.6 0.4 1.389 2.6 0.6 2.185 73 Max μ 2.639 12.227 0.589 93.448
                Min C 8.874 79.96 0.126 37.033
                Max u 5.997 29.929 0.253 77.913
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2) Policy iii, which uses MAuT to consider both the cost and 
mean residual life, indicates that the ideal burn-in and replacement 
interval (b + y) values for the defined structure of preferences (high-
lighted grey) are 7.543 and 40.786 weeks, respectively. This alterna-
tive offers a cost that represents approximately one third of the cost 
obtained by applying policy i and a mean residual life that represents 
an increase of almost 30% compared with the value obtained using 
policy ii, which yields a utility of 0.801. without a multi-criteria 
analysis, the decision-maker cannot visualize this result, i.e., cannot 
realize the trade-off between objectives.

3) increasing the burn-in cost decreases the optimal burn-in length 
because the improvement in the performance of the items will not 
compensate for the cost of the procedure. in order to reduce the im-
pact, the time until the replacement tends to be longer. The same oc-
curs if the cost of preventive replacement and repairs during the burn-
in increase. if these costs are reduced, the situation will be reversed. 
However, if the replacement by failure cost increases, the policy will 
tend to indicate a longer burn-in time and a shorter interval until re-
placement, which results in lower costs.

4) The effects of k1 and k2 were also analysed. For a k1 value 
higher than k2, the cost of the optimal policy is lower. However, the 
mean residual life cannot be high. For a k2 value higher than k1, the 
mean residual life is high, which increases costs. Nevertheless, the 
utility function balances the two previous policies. Thus, it can reflect 
the preference of the decision-maker

5) For example, the decision-maker can be committed to deliver 
a longer residual life and clearly know the cost associated with this 
decision. However, if the decision-maker has a preference for mini-
mizing the cost, he will know the corresponding residual life. The de-
cision-maker can assess the consequences and evaluate the attributes 
by comparing both the maximum and the minimum for a trade-off, 
creating the possibility of an improved decision that incorporates his 
preference.

The results shown in Table 1 indicate that variations in cost pa-
rameters alter only the solutions found when the optimization is based 
on cost or the overall utility function because the approach that con-
siders the maximization of the mean residual life does not take costs 
into account. The shape parameter is known to be associated with the 
degradation of the population. A higher β1 value promotes frequent 
early failures. Therefore, burn-in procedures need to be prioritized, 
and components need to be replaced after a short time. if β2 is re-
duced, degradation by age will decrease, allowing the definition of 
longer replacement periods.

we also varied the distribution parameters, which modified the re-
sults obtained by the three policies presented. Reducing the scale pa-
rameter of the first portion of the distribution (η1) indicates that more 
frequent replacements because failures tend to occur sooner. Thus, re-
placements are required to prevent malfunction. The behaviour of the 

policies is similar if η2 increases, which will imply an increase in the 
replacement period, with a lower cost and higher mean residual life.

Changing the proportion of the different distributions that com-
prise the mixed distribution of items yields interesting results. For a 
higher value of p1, the length of the burn-in period is extended. As the 
proportion of the second distribution decreases, the replacement pe-
riod increases. increasing the F2 proportion produces similar results 
because this population primarily consists of “strong items” that need 
to be replaced sooner.

5. Conclusions

Decisions regarding time of burn-in and replacement intervals are 
complex, and decision-makers should not ignore the influence of the 
decision on the customers’ perceptions of products. Burn-in aims to 
avoid early failures associated with negative consequences with cus-
tomers; however, the product is placed on the market after tests, and 
its residual life performance will be evaluated by consumers, which 
is represented in the MAuT by the mean residual life attribute. The 
mean residual life may play a more important role for complex equip-
ment that is difficult to access and highly available to any outfit. How-
ever, decision-makers responsible for competitively priced products 
may be more interested in minimizing the cost.

in this study, we developed a model based on MAuT to address 
the decision problem related to burn-in with replacement. until fairly 
recently, models that aimed to minimize costs predominated such de-
cisions. However, performance criteria are very important and may 
be more important than cost in some cases. several objectives may be 
important, and these objectives may sometimes conflict. when mod-
elling the problem, more than one aspect can be considered by using 
a multi-criteria approach. A range of methods is available for model-
ling, and the decision-maker must select the method best suited for the 
situation. Thus, the decision-maker will be able to make decisions that 
are more on target because a maintenance policy is obtained that can 
prevent different types of faults by combining applicable procedures 
that consider multiple objectives.

The preventive maintenance of items characterized by the occur-
rence of failures both at the beginning and the end of useful life is 
best used under a combined policy of burn-in and replacement that 
considers the cost and residual life of the components. in accordance 
with the degree of preference defined by the decision-maker, the ap-
plication of MAuT may well represent the situations encountered in 
real life. The MAuT modelling for the decision to use burn-in with 
replacement proved to be an effective approach, wherein the decision 
maker can easily assess the maximum and minimum alternatives for 
each attribute and explicitly evaluate trade-offs that are crucial to the 
modelling goal.
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1. Introduction

The complexity of production systems motivates the constant 
monitoring of the technical condition of machines which contribute 
to the efficient operation of the process, and where a breakdown of 
any one component can lead to considerable economic loss due to 
unscheduled downtime. utilizing monitoring systems which enable 
the evaluation of the technical condition of the machine, the mainte-
nance and overhaul dates can be planned in advance, particularly for 
equipment that is required to perform at high reliability levels [3]. A 
considerable number of industrial devices operate under varying con-
ditions, i.e. at variable loads and rotational speeds thus requiring the 

methods of non-stationary signal analysis to be applied. Research into 
methods for analysing non-stationary signals generated by rotating 
machinery began in the 1980s [2, 9, 13]. These approaches typically 
involve synchronous diagnostic signal sampling, where the sampling 
frequency depends on the rotational speed signal of the machine be-
ing examined. Recently, diagnostics methods have been developed 
which involve synchronising diagnostic signals with rotational speed 
by means of subsampling methods [4, 8, 11], the gabor transform [12, 
14] or tacholess order tracking analysis [17].

This paper focuses on the development of a method for evaluat-
ing the technical condition of powertrains, based on an order tracking 
analysis which also takes into account both rotational speed varia-
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vibroAcoustic study of powertrAins operAted in chAnging 
conditions by meAns of order trAcking AnAlysis

diAgnostykA wibroAkustycznA zespołów nApędowych prAcujących 
w zmiennych wArunkAch z wykorzystAniem AnAlizy rzędów
Very often, simple signal metrics, such as Root Mean Square, Kurtosis or Crest Factor are used to characterize the operating 
condition of industrial machinery. Variations in the values of these metrics are often thought to be indicative of the presence of a 
developing fault. However, it may also be observed that often these parameters are also dependent on the operating conditions of 
the machine. This paper proposes a method for the assessment of the technical condition of powertrain components taking into 
consideration changes to system loading and rotational speed. The method allows diagnostic parameters to be determined which 
are independent of the speed or the loading of the power train. This decoupling allows robust condition indicators, independent of 
operating state, to be determined. The method proposed is based on the order analysis of vibroacoustic signals, properly scaled in 
terms of amplitude for the loading and rotational speed. A diagnostics experiment was carried out using a laboratory test facility 
comprised of a motor, a parallel shaft gearbox and a worm gear. Shaft misalignment was simulated for various components at 
various rotational speeds of the input shaft and different system load conditions.

Keywords: order analysis, vibroacoustics, diagnostics, condition monitoring.

Do określenia stanu technicznego maszyn przemysłowych bardzo często używane są podstawowe parametry sygnału, takie jak 
wartość skuteczna (RMS), kurtoza czy współczynnik szczytu. Zmiana tych parametrów w większości przypadków traktowana jest 
jako zmiana stanu technicznego maszyn. Jednak w niektórych przypadkach może być ona związana również ze zmianą warunków 
pracy maszyny. W artykule zaproponowano metodę oceny stanu technicznego elementów napędu uwzględniającą zmianę obciąże-
nia układu oraz zmianę prędkości obrotowej. Metoda ta umożliwia wyznaczenie parametrów diagnostycznych, które są niezależne 
od zmiany prędkości oraz obciążenia układu napędowego. Pozwala to na wyznaczenie wartości krytycznych tych parametrów 
niezależnych od warunków pracy maszyny. Zaproponowana metoda oparta jest na analizie rzędów sygnału wibroakustycznego 
odpowiednio przeskalowanej amplitudowo ze względu na obciążenie oraz prędkość obrotową.W celu weryfikacji metody przepro-
wadzono eksperyment diagnostyczny na stanowisku laboratoryjnym, składającym się z silnika, przekładni walcowej oraz prze-
kładni ślimakowej. Zasymulowana została niewspółosiowość wałów dla różnych podzespołów dla różnych prędkości obrotowych 
wału wejściowego i różnych obciążeń układu.

Słowa kluczowe: analiza rzędów, wibroakustyka, diagnostyka, monitorowanie stanu technicznego.
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tions and system loading. The method was developed in such a man-
ner that it could be implemented in a continuous monitoring system. 
with order tracking analysis, characteristic orders can be monitored 
whose indices do not change with the rotational speed, thus making 
it possible to automate the damage detection process more effec-
tively. However, the variation in loading changes the amplitude of 
individual vibroacoustic signal orders, and different methods can be 
found to eliminate the effect of loading change on the vibroacoustic 
signal, such as a method involving the pseudo-wigner–Ville distribu-
tion [16] and a method based on the determination of linear depend-
ence between the operating conditions and the diagnostic features [1]. 
This paper focuses on a method for diagnosing technical condition of 
powertrains operating in different loading and rotational speed ranges. 
This method involves scaling characteristic orders based on character-
istic obtained by recording vibration signals and the rotational speed 
during motor start-up and shut-down procedures. This characteristic 
is relatively easy to achieve, even in industrial conditions. in addition, 
the method does not require the assumption of linearity between load 
and analysed diagnostic parameters. The paper is structured as fol-
lows. in section 2 the testing facility is described. A description of the 
experimental rig is presented in section 3. The method for evaluating 
the technical condition and the results of analysis are described in 
section 4. 

2. Testing facility description

Proper alignment of individual machines is one of the most impor-
tant considerations when assembling powertrains. Assembly imper-
fections can reduce the effectiveness and lead to damage of machine 
components such as bearings, gears, couplings and seals [6]. A labora-
tory testing rig was designed that allows diagnostic studies covering 
the misalignment of shafts of individual components to be conducted 
at different load conditions and rotational speeds of the powertrain. 
The rig was installed on a specially prepared platform enabling stable 
mounting of individual components to the base. The facility design 
allowed individual components to be positioned by sliding or rotating 
them in specially designed platform guides, enabling quick adjust-
ment of shaft misalignment between the motor, cylindrical gear and 
worm gear, without the need to remove individual components. The 
selection of components was determined by their widespread use in 
industry. Multistage gears with additional cylindrical stage are used in 
applications requiring low speed, such as: dryers, dehydrators, rotary 
tables, welding turntables, rail turntables.The rig design and operating 
principle is shown in the diagram presented in Fig. 1 and 2.

The testing rig was driven by an electric motor (1 – Fig. 2) with 
designation sg90s2 and ratings: power output 1.5 kw, n=2840 rpm. 
The motor was controlled with an inverter (2 – Fig. 2) with designa-
tion Fr-s520sE-1.5K-EC. The electric motor drive shaft was coupled 
directly with a coupling (3 – Fig. 2) with designation roTEX 19, with 
a single-stage gearbox (4 – Fig. 2) with designation sK11Ew and 
nominal parameters: torque M=6.9 nm, gear ratio i=1.35. The gear-
box was comprised of two helical gears with tooth numbers z1=26, 
z2=35. The driving force was transmitted with a rigid pin coupling 
(5 – Fig. 2) from the gearbox (4 – Fig. 2) to the worm gear (6 – Fig. 2) 
with designation 8Cn20 and ratings: power output n=5.5 HP (4.045 
kw), gear ratio i=25. The worm gear unit contained a multi-thread 
worm z1=2 and a worm wheel z2=50. The cylindrical gear was cou-
pled via a rigid pin coupling with the worm gear. The output shaft of 
the worm gear (6 – Fig. 2) was connected with a disc brake (7 – Fig. 
2) that provided loading to the entire powertrain. The rotational speed 
of the motor output shaft was measured with a 2981 – CCLD laser 
tacho probe (8 – Fig. 2).

Accelerometers were mounted in pre-drilled holes in the motor 
body, cylindrical gear and the worm gear. The arrangement and direc-
tion of acceleration measurements is marked in the Fig. 2, where the 

numbers from s1 to s17 correspond to the numbers of the accelerom-
eters installed. 

3. Measuring system and description of the diagnostic 
experiment

Measurements of vibration and temperature of the bearing units of 
the testing rig were obtained using a specially built measuring system 
based on the PXi platform (PCi eXtension for instrumentation). The 
platform was comprised of the PXi Trigger Bus which allows meas-
urement synchronisation between individual measuring cards. The ni 
PXie – 8133 type controller located in the ni PXie – 1062Q housing 
was used. The following measuring cards were used: 

two ni PXi-4472B measuring cards – to measure vibration ac- –
celeration; 
ni PXi-4461 measuring card – to measure vibration accelera- –
tion and rotational speed; 
ni PXie-6361 measuring card – to measure voltage and current  –
intensity;
ni usB-9211 cards – temperature measurement. –

The data measuring algorithm was built in the LabViEw envi-
ronment. The multi-layered measuring structure allows for lossless 
multi-channel data acquisition. The measurement data was recorded 

Fig. 1. Testing rig view

Fig. 2. Testing facility scheme with measuring points
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sis based on order tracking analysis was proposed. The spectrum of 
orders is determined via a method based on resampling the vibration 
time signal in relation to the rotational speed of the input shaft. Fig. 3 
shows the scheme of an algorithm for the order tracking analysis. in 
the first phase, the tachometer signal is interpolated with the cascaded 
integrator-comb (CiC) filter. Then, based on the filtered signal from 
the tachometer, a vibration signal resampling procedure is performed 
in order to determine the vibration signal in relation to the rotation 
angle (Even Angle signal). The signal resampled this way can be 
processed with fast Fourier transform (FFT). Following the transform, 
instead of frequency, shaft order numbers are obtained which corre-
spond to multiples of the rotational frequency of the input shaft [10].

in order to analyse the technical condition, order numbers cor-
responding to rotational speeds of individual shafts were determined. 
The measurement of rotational speed was performed by means of a 
tachometer generating one pulse per revolution of the input shaft be-
tween the motor and gear. Based on the measurement of vibration 
acceleration and rotational speed, the order spectrum was determined. 
The rotational frequency of the input shaft corresponds to order 
number 1. Based on the gear ratio, the order number corresponding to 
the rotational frequency of the shaft between the gear and the worm 
gear is 0.74. shaft axial misalignment is the source of vibrations with 
double rotational frequency. These vibrations measured on the adja-
cent parts of the drive system are opposite in phase [3], caused by the 
deformation of the shaft misalignment. Considerations about the pres-
ence of higher harmonic of rotational frequency generated by geo-
metrical non-linearity of objects were described in paper [7]. Realized 
measurements showed an amplitude increase of 2 and 3 multiples of 
rotational frequency. Therefore changes in the amplitude of the order 
no. 2 and 3 will be visible for the axial misalignment of the input 
shaft, while for the shaft between the gear, an amplitude change will 
be visible for orders number 1.48 and 2.22.

simultaneously by the trigger buses (PXi Trigger Bus) used. The ap-
plication structure was comprised of three basic layers prioritised, 
starting from the highest one: data acquisition, data writing to a file 
and user interface.

Measurements were performed for various rotational speeds of 
the input shaft – 100%, 75% and 50% of the electric motor nominal 
speed. To study the relationships between diagnostic parameters and 
load, for each of the speeds, vibrations were recorded for various val-
ues of the motor nominal load – 30%, 60% and 90%. The measure-
ments were performed for the aligned system and for misalignment 
between the motor and gear unit (the misalignment angle of 0.39˚, 
shaft leng`th 237 mm), and between the gear and worm gear (the 
misalignment angle of 0.03˚, shaft length 380 mm). The degree of 
misalignment has been selected experimentally in a way that does not 
damage testing rig components. Misalignment was controlled using 
oPTALign laser shaft alignment system.

Based on [5, 15], the brake loading was calculated using a coef-
ficient µ=0.4 and pressure measurement in the brake pump. The brake 
torque value was: MH1=36nm, MH2=83nm, MH3=111nm, corre-
sponding to 30%, 60% and 90% of the motor load.

4. Analysis of results

The very popular analysis of rMs value of vibration represents a 
simple diagnostic indicator that carries information about the techni-
cal condition of the equipment. in most cases, this value increases 
when damage occurs. However, the rMs values of vibration calcu-
lated from the entire measurement range can also change in relation 
to the measured value for an undamaged system. Table 1 shows rMs 
values of vibration both in the case that the experimental rig is aligned 
properly and for the case that misalignment has been introduced be-
tween the motor and gear unit. it may be observed that certain values 
of rMs are smaller in the case of misalignment than in the equivalent 
healthy case. such a case was noted for the sensors no. s6 and s7 ar-
ranged perpendicularly to the axis of the gear shaft. This decrease of 
rMs values may be due to the phenomenon of clearance elimination 
in rolling bearings operating under load caused by misalignment.

A similar situation can be found for the misalignment introduced 
to the shaft between the gear unit and worm gear. rMs values record-
ed with sensors s9, s10 and s14 decrease if misalignment has been 
introduced (Table 2).

This can lead to erroneous evaluation of the technical condition, 
particularly in cases when only the rMs value of vibration recorded 
from a single sensor is analysed. Therefore, a method of signal analy-

Fig. 3. Diagram of the order tracking analysis algorithm

Table 1. RMS values for a non-damaged facility and for the motor-gear mis-
alignment introduced.

RMS value [m/s2]

No damage Misalignment
motor-gear

Load
30%

Load
60 %

Load
90 %

Load
30%

Load
60 %

Load
90 %

Sensor s2 3.59 3.52 3.83 4.34 4.06 4.53

Sensor s3 3.59 4.12 4.41 4.36 4.53 5.02

Sensor s4 3.11 2.96 2.99 3.77 3.56 3.95

Sensor s6 13.30 16.25 14.25 12.25 13.72 14.04

Sensor s7 19.65 19.86 18.77 14.17 14.61 13.12

Table 2. RMS values for a non-damaged facility and for the motor-worm gear 
shaft misalignment introduced.

RMS value [m/s2]

No damage Misalignment
gear unit - worm gear

Load
30%

Load
60 %

Load
90 %

Load
30%

Load
60 %

Load
90 %

Sensor s8 10.85 10.90 10.14 13.84 12.41 12.52

Sensor s9 18.35 17.35 15.40 13.39 13.07 12.94

Sensor s10 13.30 14.46 14.71 17.11 17.60 18.26

Sensor s13 10.92 10.70 10.04 9.91 9.56 9.42

Sensor s14 10.80 10.53 9.91 9.60 9.27 9.26
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Fig. 4 shows the order spectrum of the acceleration signal record-
ed with the sensor s6. The order spectra for the cases of with and with-
out misalignment between the motor and gear are given in grey and 
black respectively. A considerable amplitude increase can be observed 
for 2nd order as well as the appearance of a band for the order no. 3.

For the misalignment introduced to the shaft between the gear 
and worm gear, the amplitude of the order no. 2.22 can be observed 
to have doubled. This indicates the axial misalignment of the system 
(Fig. 5). it may be observed that the introduction of damage into the 
system will typically result in an increase in the amplitude of charac-
teristic components in the order spectrum. A problem emerges, how-
ever, when the system operates with a different speed of the input 
shaft with the amplitudes of the characteristic components also chang-
ing with the rotational speed. in such a situation, it can be difficult to 
set alarm thresholds that are reliable and robust given variations in the 
rotational speed and system loading. such a situation can be observed 

in Fig. 6 which shows amplitudes of the order no. 2 for different ro-
tational speeds and system load values. The order amplitude values 
cannot be clearly separated for the healthy and misalignment cases.

when analysing the technical condition of machines operating un-
der variable conditions, the system loading values should be consid-
ered, since the amplitudes of the monitored parameters can be changed 
not only due to damages, but also due to changes in load.  in this paper 
we adopt a similar approach to that which can be found in [1].

The method for scaling the order spectrum proposed by the au-
thors requires the knowledge of amplitudes of the characteristic orders 
as a rotational speed function (in this case order no. 2, 3 and no. 1.48, 
2.22). such a function may be obtained by recording vibration signals 
and rotational speed during start-up and shut-down procedures. in the 

Fig. 4. Order Spectrum of acceleration signal - sensor no. s6 for the facility 
without damage (black) and with misalignment introduced between 
the motor and gear (grey) – rotational speed 75%, load 60%.

Fig. 5. Order spectrum of acceleration signal - sensor no. s13 for the facil-
ity without damage (black) and with misalignment introduced between 
the gear and worm gear (grey) – rotational speed 100%, load 90%

Fig. 7. Amplitude of order 2 as rotational speed function of the undamaged 
system – sensor no. s3 for different load: 30% (light grey), 60% (grey), 
90% (black), mean value of the different loads (dotted line).

Fig. 8. Amplitude of order 3 as rotational speed function of the undamaged 
system – sensor no. s3 for different load: 30% (light grey), 60% (grey), 
90% (black), mean value of the different loads (dotted line).

Fig. 9. Amplitude of order 1.48 as rotational speed function of the undam-
aged system – sensor no. s14 for different load: 30% (light grey), 60% 
(grey), 90% (black), mean value of the different loads (dotted line).

Fig. 6. Amplitude of order no. 2 for different rotational speeds of the input 
shaft vs. loading of the undamaged system (black) and with damage 
introduced (grey) – sensor no. s7
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Fig. 7, 8, 9, 10, the amplitudes of characteristic orders as a function of 
rotational speeds, for different loads is given. 

On the basis of these characteristics the order amplitude for a 
given rotational speed can be determined for one of three preset load 
values. in some cases an increase in amplitude with increasing load 
may be observed, whilst in other cases the opposite is seen to be true. 
The mean value of the three characteristics for different values of the 
load was calculated (Fig. 7, 8, 9, 10 – dotted line), which greatly sim-
plify the use of this method. The identified characteristics were used 
to determine reference values for the analyzed diagnostic parameters. 
scaling amplitudes were performed according to the equation (1):

 
),(
),(

),(
rnA
rnA

rnA
G

S =  (1)

where:
AS (n,r)  – scaled amplitude of nth order for rotational speed  
   equal to r ;
A (n,r)  – order amplitude of nth order for rotational speed   
   equal to r ;
AG (n,r)  – mean amplitude for various load nth order for rota 
   tional speed equal to r for the undamaged system;
n  – order index ;
r   – rotational speed value. 

The above scaling method was implemented in LabViEw envi-
ronment and applied to measuring signals measured in three ranges 
of rotational speed: 100%, 75%, 50%, and for each speed the order 
spectra were recorded.  Fig. 11 shows the values of the amplitude 
scaled for the rotational speed and load. separation of amplitude val-

ues between the undamaged condition (black) and the system with 
introduced damage (grey) can be noted.

Tables 3 and 4 provide the results of order tracking analysis for 
the damage introduced for measuring signals from sensors located 
perpendicularly to the axis of the shafts. The values are scaled or-
der amplitudes specific for misalignment of the shafts. The results 

Fig. 10. Amplitude of order 2.22 as rotational speed function of the undam-
aged system – sensor no. s14 for different load: 30% (light grey), 60% 
(grey), 90% (black), mean value of the different loads (dotted line).

Fig. 11. Amplitude of order no. 2 for different rotational speeds of the input 
shaft vs. loading of the undamaged system (black) and with damage 
introduced (grey) – sensor no. s7.

Table 3. Scaled values of order amplitudes no. 2 and 3 for the facility with 
introduced misalignment of shaft between the motor and gear

Misalignment
motor-gear

Load
30%

Load
60 %

Load
90 %

Se
ns

or
 n

o.
 2 O

rd
er

no
. 2

Speed 100% 3.95 3.92 4.43

Speed 75 % 2.25 1.71 1.92

Speed 50 % 4.22 4.48 3.06

O
rd

er
no

. 3

Speed 100% 1.24 2.38 2.48

Speed 75 % 1.87 2.77 2.64

Speed 50 % 2.21 1.69 1.23
Se

ns
or

 n
o.

 3 O
rd

er
no

. 2

Speed 100% 2.21 2.11 2.38

Speed 75 % 2.91 2.64 1.88

Speed 50 % 7.08 6.01 3.88

O
rd

er
no

. 3

Speed 100% 1.37 1.93 1.96

Speed 75 % 1.82 2.08 2.13

Speed 50 % 3.15 3.27 1.77

Se
ns

or
 n

o.
 4 O

rd
er

no
. 2

Speed 100% 3.90 3.78 4.30

Speed 75 % 2.49 1.84 1.94

Speed 50 % 3.59 4.19 2.98

O
rd

er
no

. 3

Speed 100% 1.32 2.65 2.90

Speed 75 % 1.99 2.92 2.80

Speed 50 % 2.27 1.72 1.24

Se
ns

or
 n

o.
 6 O

rd
er

no
. 2

Speed 100% 3.80 3.69 4.34

Speed 75 % 3.10 3.21 3.21

Speed 50 % 2.59 3.51 2.61

O
rd

er
no

. 3

Speed 100% 0.72 1.06 1.07

Speed 75 % 1.62 2.39 2.37

Speed 50 % 2.03 1.84 2.05

Se
ns

or
 n

o.
 7 O

rd
er

no
. 2

Speed 100% 1.81 1.53 2.19

Speed 75 % 3.00 2.16 2.00

Speed 50 % 2.00 1.88 1.56

O
rd

er
no

. 3

Speed 100% 0.64 0.85 0.68

Speed 75 % 1.82 1.86 1.95

Speed 50 % 1.37 2.45 2.45
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should be interpreted in relation to value 1 which denotes the value of 
a scaled amplitude for the undamaged operating condition.

Analysing the above tables, an increase can be noted in the am-
plitude of determined diagnostic signals, which are the scaled content 
of the order amplitude. in some measuring points, this increase is six-
fold and even ten-fold, which proves the usefulness of the method 
proposed for studying the misalignment of powertrain shafts. 

in tables 3 and 4, values smaller than 1 are given as shaded fields. 
interpretation of these values can lead to erroneous indication of the 
technical condition.  This leads to a conclusion that it is essential to 
observe more than one diagnostic parameter in the analysed case.

6. Summary

The paper presents a method for evaluating the technical condi-
tion of powertrains operating at different rotational speeds and with 
varying load. To validate the method proposed, a diagnostic experi-
ment was performed on a specially built testing rig. The experiment 
allowed shaft misalignment to be introduced between the motor and 
gear and between the cylindrical gear and the worm gear. 

The results of analysis of the vibration acceleration signals proved 
the effectiveness of the method. The method for scaling values of am-
plitudes of characteristic orders does require the knowledge of order 
amplitude values for the undamaged machine, for individual operat-
ing conditions related to the rotational speed and load. This type of 
information can be obtained by recording vibration signals and the 
rotational speed during motor start-up and shut-down procedures. 
This method can also be used to diagnose other rotating machinery 
and other damages which symptoms are visible in the spectrum of the 
signal. Frequencies (orders) specific to the device and damage should 
be designated. The unbalance diagnosis, which is manifested by an 
increase in the amplitude of the first shaft order can be an example.

Monitoring the amplitude of the specific orders, scaled for the 
load and rotational speed, carries more information than monitoring 
of such parameters as rMs value calculated over the entire measur-
ing range. The method proposed can be applied for diagnosing other 
types of damage that are characterised by the change of the specific 
frequency amplitude.

Table 4. Scaled values of order amplitudes no. 1.48 and 2.22 for the facility 
with introduced misalignment of shaft between the gear and worm 
gear.

Misalignment
gear unit - worm gear

Load
30%

Load
60 %

Load
90 %

se
ns

or
 n

o.
 8 o

rd
er

no
. 1

.4
8

speed 100% 3.42 0.99 1.92

speed 75 % 2.62 1.66 2.24

speed 50 % 2.57 1.76 2.07

o
rd

er
no

. 2
.2

2

speed 100% 4.81 6.00 10.30

speed 75 % 3.18 4.45 2.79

speed 50 % 2.27 2.43 2.52

se
ns

or
 n

o.
 9 o

rd
er

no
. 1

.4
8

speed 100% 3.80 1.08 2.39

speed 75 % 1.42 1.31 1.69

speed 50 % 1.54 1.34 1.81

o
rd

er
no

. 2
.2

2

speed 100% 3.41 4.41 6.87

speed 75 % 3.57 5.65 3.89

speed 50 % 2.83 3.15 3.23

se
ns

or
 n

o.
 1

0 o
rd

er
no

. 1
.4

8

speed 100% 3.31 0.94 1.95

speed 75 % 2.20 1.56 2.06

speed 50 % 2.61 1.75 1.93

o
rd

er
no

. 2
.2

2

speed 100% 4.82 5.94 10.26

speed 75 % 3.16 4.49 2.82

speed 50 % 2.34 2.56 2.59

se
ns

or
 n

o.
 1

3 o
rd

er
no

. 1
.4

8

speed 100% 1.00 0.51 0.31

speed 75 % 0.83 0.51 0.46

speed 50 % 0.81 0.66 0.56

o
rd

er
no

. 2
.2

2

speed 100% 2.74 2.02 1.53

speed 75 % 1.08 1.26 1.08

speed 50 % 0.67 0.71 0.80

se
ns

or
 n

o.
 1

4 o
rd

er
no

. 1
.4

8

speed 100% 1.85 1.37 2.28

speed 75 % 2.48 1.15 1.77

speed 50 % 6.07 3.31 2.16

o
rd

er
no

. 2
.2

2

speed 100% 1.56 1.16 1.72

speed 75 % 1.33 2.02 2.55

speed 50 % 2.83 2.48 1.81
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1. Introduction

new product development (nPD) and its launch is one of the most 
important business processes in contemporary enterprises. Dynamic 
development of technology, increasing customer requirements and 
growth of global competition result in a reduction of product life cycle 
[8, 11]. Product complexity and limited resources (e.g. financial, per-
sonal) hinder quick development of innovative products. Therefore, 
companies often modernise existing products to develop a new prod-
uct according to changing customer requirements [8, 31]. Modernisa-
tion of an existing product reduces time, cost and risk compared with 
designing a new product from scratch [13, 15, 28]. A faster launch of 
a new product can ensure company an advantage over competitors. 
However, a reduction of product design time often leads to the de-
crease of product reliability, and consequently, increases the warranty 
cost in the post-sale phase. Moreover, a decline of customers’ loyalty 
due to unsatisfactory product quality can decrease future sales and 
profits. On the other hand, the greater expenses for improving product 
quality usually lead to increasing product price, what is also adversely 
perceived by customers. Hence, there is a need to develop a system 
approach to ensure the desired product reliability from the viewpoint 
of entire business, and from the stage of selecting portfolio of new 
product development projects.

Product reliability is defined as the ability of a product to perform 
required functions, under given environment and operational condi-
tions and for a stated period of time [22]. Product reliability is widely 
considered in the literature from an engineering perspective (e.g. de-
termining stress-strain models of materials in the stage of testing a 
new product) that aims to improve durability of a product and ensure 
reliability-related standards [7, 12]. Product reliability is less often 
considered in a system approach that includes all stages of product 
life cycle and aligns reliability with business goals such as customer 
satisfaction, sale/profit growth, and a reduction of development, pro-
duction and warranty costs.

Murthy [22] proposes a decision support system for determining 
parameters of product reliability based on development cost model, 
warranty cost model, and reliability and usage models. There is con-
sidered product reliability in the context of three levels (business, 
product and component), and three stages (pre-development, develop-
ment, and post-development). in turn, Kumar [19] presents a knowl-
edge based reliability engineering approach to manage product safety 
that takes into account manufacturing process of a new product and 
business environment (customer requirements, quality of materials 
purchased from suppliers). These studies consider product reliabil-
ity from the perspective of a system approach, however, they do not 

Marcin rELICh

portfolio selection of new product projects:  
A product reliAbility perspective

wybór portfelA projektów nowych produktów 
z uwzględnieniem niezAwodności produktu*

Portfolio selection of new product development projects is one of the most important decisions in an enterprise that impact future 
business profits, competitiveness and survival. Ensuring reliability in a new product is costly but it increases customer satisfaction 
and reduces the potential warranty cost, contributing to product success. This paper aims to develop an approach for designing 
decision support system of selecting portfolio of new product development projects, taking into account the aspect of ensuring 
the desired reliability of products. A portfolio selection problem is formulated in terms of a constraint satisfaction problem that is 
a pertinent framework for designing a knowledge base. A set of admissible solutions referring to the new product alternatives is 
obtained with the use of constraint logic programming. The proposed approach is dedicated for enterprises that modernise exist-
ing products to develop new products.

Keywords: cost estimation, project alternatives, constraint satisfaction problem, constraint logic programming, 
decision support system.

Wybór portfela projektów nowych produktów jest jedną z najistotniejszych decyzji podejmowanych w przedsiębiorstwie, wpły-
wającą na przyszłą wartość zysków oraz konkurencyjność i rozwój przedsiębiorstwa. Zapewnienie niezawodności produktu jest 
kosztowne, ale zwiększa satysfakcję klienta z używanego produktu i redukuje koszty potencjalnych napraw gwarancyjnych, przy-
czyniając się do sukcesu rynkowego produktu. Celem artykułu jest opracowanie podejścia umożliwiającego budowę systemu 
wspomagania decyzji dotyczących wyboru portfela projektów nowych produktów do rozwinięcia, z uwzględnieniem aspektu za-
pewnienia wymaganej niezawodności produktu. Problem wyboru portfela projektów nowych produktów został wyrażony w postaci 
problemu spełniania ograniczeń, co umożliwia zaprojektowanie systemu opartego na bazie wiedzy. Zbiór rozwiązań dopuszczal-
nych dotyczący alternatywnych projektów rozwoju nowych produktów jest otrzymywany z wykorzystaniem technik programowa-
nia w logice z ograniczeniami. Opracowane podejście jest dedykowane dla przedsiębiorstw, które realizują strategię modernizacji 
wytwarzanego produktu.

Słowa kluczowe: estymacja kosztu, warianty alternatywne projektu, problem spełniania ograniczeń, programo-
wanie w logice z ograniczeniami, system wspomagania decyzji.

rELICh M. Portfolio selection of new product projects: a product reliability perspective. Eksploatacja i niezawodnosc – Maintenance and 
reliability 2016; 18 (4): 613–620, http://dx.doi.org/10.17531/ein.2016.4.17.
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present the impact of reliability on selecting an optimal portfolio of 
nPD projects. Taking into account the fact that product reliability im-
pacts customer satisfaction, sales volume and level of costs, it seems 
significant to include reliability in determining a portfolio of nPD 
projects and supporting the decision-maker in selecting an optimal 
portfolio. This is the motivation to elaborate an approach for design-
ing decision support system of selecting portfolio of new product 
development projects, taking into account the aspect of ensuring the 
desired reliability of products.

Reliability assessment in different stages of product life cycle can 
base on objective information (e.g. computational simulation, testing 
prototypes data, field data of the products) and subjective information 
(e.g. past experience of similar products, judgments of expert) [25]. in 
turn, Chin [10] presents the use of information acquired from custom-
ers (needs, requirements) and company (business goals, resources and 
constraints) in the stage of concepts evaluation, and in the context of 
product, process, time, and cost. These approaches use information 
from enterprise and its environment to assess product reliability and 
product development cost that can be specified in the form of vari-
ables and constraints. This study proposes the use of the sets of vari-
ables and constraints to formulate the problem of selecting portfolio 
of nPD projects in terms of a constraint satisfaction problem (CsP), 
as distinct from the above-mentioned approaches. CsP enables the 
design of a knowledge base for a decision support system and the use 
of declarative programming paradigms to the effective determination 
of alternative admissible solutions.

standard failure data analysis requires specifications of parametric 
failure distributions and justifications of certain assumptions that are 
at times difficult to validate [33]. Among other things, these obstacles 
are reason of estimating product reliability with the use of heuristic 
algorithms such as neural networks [21, 33], fuzzy logic [34, 35], and 
evolutionary algorithms [9, 30]. in this study, a fuzzy neural system 
has been used to identify the relationships used farther to estimate 
product reliability and cost of new product development.

Product reliability can be measured with the use of indicators such 
as the mean time to first failure, the mean time between failures, the 
number of failures per unit time, the mean time between maintenance, 
durability (the mean length of a product’s life), or availability (operat-
ing time expressed as a percentage of operating and repair time) [2, 
16]. A design engineer perceives product reliability through product 
characteristics (e.g. reliability of used materials), whereas a customer 
perceives product reliability through product attributes (e.g. durabil-
ity). Each product failure decreases the level of customer satisfaction 
from the used product, nevertheless, the time to first failure signifi-
cantly impact this level [22]. For this reason, product reliability has 
been measured in this study as the average number of product usage 
to first failure.

The remaining sections of this paper are organised as follows: 
section 2 presents problem formulation for selecting portfolio of nPD 
projects in terms of CsP. The proposed method of developing a deci-
sion support system (Dss) for selecting portfolio of nPD projects is 
presented in section 3. An example of estimating the cost of a nPD 
project and product reliability, selecting portfolio of nPD projects, 
and determining admissible solutions for the desired product reliabil-
ity is illustrated in section 4. Finally, some concluding remarks refer 
to the advantages and limitations of the proposed approach are con-
tained in section 5.

2. Problem formulation for selecting portfolio of NPD 
projects in terms of CSP

The new product development process consists of a sequence 
of the following stages: identification of customers’ needs, concept 
generation of new products, evaluation and screening of concepts, 
development of the selected concepts (including design and build of 

prototypes), testing prototypes, and commercialization of new prod-
ucts [27, 31, 32]. A particular place in this process takes the stage re-
ferring to evaluation and screening of new product concepts, because 
wrong identification of the potential success of a new product results 
in significant expenses for development and marketing of unsuccess-
ful products, and a reduction of financial means for development of 
alternative more profitable products.

Limited resources in an enterprise impose selection and develop-
ment of only the most promising nPD projects from a set of the gener-
ated concepts. in the case of the limited budget of research and devel-
opment (r&D), especial importance is related to quality of estimating 
the cost of a nPD project. if nDP projects are similar to the previous 
projects in the extent of tasks and time, then the cost of a nPD project 
can be estimated with the use of the average of the cost for the specific 
product line [5, 14]. However, nDP projects often have the different 
extent of tasks related to developing a new product, from slight modi-
fications to large changes in product structure [14, 23]. in this case, 
estimation model of the nPD cost can base on the variables referring 
to product, enterprise and its environment. The variables are chosen 
to model taking into account their impact on the nDP cost and the 
possibility of estimating the values of these variables at the stage of 
conceptual design of a product, before the stages of detailed design, 
and build and testing of prototypes. For example, among these vari-
ables can be the number of:

attributes of a new product that are preferred by customers, –
components of a new product, –
new components of a new product, –
employees participating in new product development, –
machines and appliances needed to build and test prototypes, –
components of a new product for processing/assembly, –
materials needed to build a new product. –

Ensuring the desired product reliability R is the expensive process 
that is connected with fulfilling customers’ requirements, the complex-
ity of a new product, testing prototypes, and acquiring the required 
materials and new technology for manufacturing [20]. improvement 
of product reliability aims to reduce the potential warranty cost CWi 
and increasing customer satisfaction from the used product and good-
will, and consequently, product lifetime. However, the limited budget 
on research and development of new products imposes optimisation 
of R and CWi in order to avoid a situation of generating significant 
expenditures on a slight improvement of product reliability [1].

An enterprise can allocate funds on the r&D budget B that is in-
tended for market research CM and the development of a portfolio of I 
most promising products CDi:

 CM + 
1

I
Di

i
C

=
∑  ≤ B (1)

Market research aims to identify the customers’ needs, the accept-
ance level of a new product by target price, and the strength of com-
petitors. New product development is also limited by the number of 
team members (TMT) who develop the i-th new product. The number 
of project teams is limited by the total number of the r&D employees 
(TM) in the t-th time unit:

 ,
1 1 1

I T T
i t t

i t t
TMT TM

= = =
≤∑∑ ∑  (2)

Another factor that impacts the decision of selecting portfolio of 
nPD projects is the unit cost of manufacturing new product cUi that 
depends on the cost of labour, materials and technology needed for 
ensuring the desired product reliability. The price of a new product is 
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limited by the price of substitutionary products pi. The excessive cost 
of material and technology can reduce margin of the i-th product, and 
make impossible to obtain the target return on investment. For this 
reason, a portfolio should include such new product projects that min-
imise the cost of ensuring the desired product reliability, the potential 
warranty cost and the unit cost of production, and consequently, that 
maximise return on sales. The relation between price, the unit cost of 
production and margin of the i-th product is as follows:

 mi ≤ pi – cUi (3)

As a model of new product development includes variables and 
constraints, the problem of selecting portfolio of nPD projects can be 
formulated in terms of the constraint satisfaction problem (CsP) that 
is defined as follows [4, 29]:

 CSP = ((V, D), C) (4)

where: 
V = {v1, v2, ..., vn} – a finite set of n variables,
D = {d1, d2, ..., dn} – a finite set of n discrete domains of vari-

ables,
C = {c1, c2, ..., cm} – a finite set of m constraints limiting and 

linking variables.

A solution of CsP can be an admissible solution in which the 
values of all variables fulfil all constraints, or an optimal solution in 
which an extremum of the objective function for the selected subset 
of decision variables is sought. The problem of selecting portfolio of 
nPD projects belongs to multicriteria optimisation, in which the se-
lection of the i-th product to portfolio depends on minimising:

cost of  new product development 1. CDi
cost of warranty 2. CWi
unit cost of production 3. cUi

The solution of the presented problem is connected 
with seeking the answer to the following question:

is there a portfolio of nPD projects by the as-1) 
sumed constraints, and if yes, which nPD 
projects constitute this portfolio?

The answer to that question is related to es-
timating the cost of new product development and the 
unit cost of production, and determining the optimal 
product reliability in relation to the cost of warranty.

if the assumed constraints make impossible to 
obtain a portfolio of nPD projects or the found solution 
is not satisfactory for the decision-maker, then the prob-
lem can be reformulated towards seeking the answer to 
the following question:

which values should have the decision variables 2) 
(e.g. the number of r&D employees, the cost of 
materials for manufacturing product) to fulfil 
the assumed constraints (e.g. the nPD budget, the unit cost of 
production, the desired product reliability)?

The presented two classes of questions refer to forecasting and 
diagnosing tasks. The first class of tasks concerns problems in which 
the values of the selected decision variables determine the values of 
objective function. in turn, the second class of tasks refers to problems 
in which the alternative sets of values of decision variables are sought 
to meet the target values of objective function. Both classes of prob-
lems can be formulated in a natural way as CsP and solved with the 
use of constraint logic programming [6].

3. Method of designing DSS for selecting portfolio of 
NPD projects

in the case of the modernisation of existing products, estimation 
of the nPD cost may base on the data from the specifications of past 
products. The data is stored in an enterprise system (e.g. in enterprise 
resource planning system, computer-aided design system), and it may 
be used to identify exogenous variables that significantly impact an 
endogenous variable (e.g. the nPD cost, warranty cost). Exogenous 
variables are selected to model taking into account their impact on 
an endogenous variable and the possibility of estimating values of 
these variables at the stage of conceptual design of a product. in the 
next step, principal component analysis is carried out for the selected 
set of exogenous variables in order to reduce the number of variables 
and avoid data redundancy. The next step of the proposed method 
refers to identify the relationships between exogenous variables and 
an endogenous variable. These relationships may be identified with 
the use, for example, linear regression models and machine learning 
methods [26]. The identified relationships in the form of the condi-
tional rules expand and/or update the knowledge base that is used to 
estimate costs, and determine a portfolio of nPD projects and alterna-
tive scenarios for the given range of input variables. The knowledge 
base also includes facts such as the level of accessible resources in an 
enterprise.

The rules stored in the knowledge base are used to estimate the 
cost according to values of exogenous variables for the considered 
nPD projects. The estimates of nPD cost, production cost, and war-
ranty cost are the basis of selecting a portfolio of nPD projects. The 
identified optimal portfolio is presented for the decision-maker who 
can change the range of input variables and/or their values to investi-
gate other alternative portfolios of nPD projects. Figure 1 presents a 
framework of decision support system for selecting portfolio of nPD 
projects (PnPDP).

A constraint satisfaction problem may be seen as a well-tailored 
representation of the knowledge base. Let us assume that the knowl-
edge base describing a system is represented in the form of the sets 
U, W, Y that define some system properties U∈U, W∈W, Y∈Y. U 
consists of input variables, Y consists of output variable, and W con-
sists of auxiliary variables. Knowledge specifying the properties of 
the system is described in the form of a set of facts F(U,W,Y) and re-
lationships (including constraints) between variables of U, W, Y. The 
presented sets of input, output and auxiliary variables can be specified 
respectively as U = {u1, ..., uj}, Y = {y1, ..., yk}, W = {w1, ..., wl}, where 
U = Du1 ×  Du2 ×  ... ×  Duj, Y = Dy1 ×  Dy2 ×  ... ×  Dyk, W = Dw1 ×  
Dw2 ×  ... ×  Dwl; F(U) and F(Y) are the sets of constraints that link the 
variables from different domains. The considered problem consists in 
finding R ⊂  U ×  W ×  Y such that implies F(U) → F(Y) [3].
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A framework of the knowledge base may be described with the 
use of the logic-algebraic method that has been presented in the con-
text of project prototyping in [3]. The logic-algebraic method enables 
the considered problem to implement in constraint logic programming 
(CLP). CLP is a platform for solving combinatorial problems that are 
specified by a set of variables, their domains, and constraints that limit 
possible combinations of solutions. CLP is a well-suited platform to 
configuration because of its flexibility in modelling and the declara-
tive nature of the constraint model, where the problem description 
is also a program that solves this problem [24, 29]. The inference 
mechanism includes two components: constraint propagation and 
variable distribution. Constraint propagation uses constraints to prune 
the search space and accelerate finding possible solutions. Constraint 
propagation and variable distribution are available in CLP languages 
such as CHiP, iLog and oz Mozart [6].

4. Illustrative example

An example aims to present the possibility of the use of a fuzzy 
neural system to identify relationships between variables and specify 
these relationships in the form of conditional rules. Moreover, an ex-
ample illustrates the use of constraint logic programming to search 
alternative portfolios of nPD projects. An example consists of two 
parts corresponding to problems (questions) presented in section 2. 
The first part is related to estimation of the nPD cost (subsection 
4.1) and product reliability in relation to the warranty cost (subsection 
4.2) in order to select a portfolio of nPD projects (subsection 4.3). 
The second part presents the use of a CLP environment to search a 
set of values of input variables, for which all constraints are fulfilled 
(subsection 4.4).

4.1. Estimating the new product development cost

The estimation of the nPD cost is based on three variables as 
follows:

 CD = f(V1, V2, V3) (5)

where: CD – the cost of new product development, V1 – the number 
of components in a product, V2 – the number of new components in a 
product, V3 – the number of employees participating in new product 
development.

The dataset includes 38 completed projects that belong to the 
same product line as the considered new product projects. The dataset 
has been divided into training set (30 cases) and testing set (8 cases) 
to evaluate quality of an estimating model. The estimation of the nPD 
cost has been carried out with the use of the average, linear regression, 
and an adaptive neuro-fuzzy inference system (AnFis). A fuzzy neu-
ral system combines the advantages of the artificial neural networks 
(ability to learning and identifying the complex relations) and fuzzy 
logic (ability to incorporating expert knowledge and specifying the 
identified relationships in the form of if-then rules) [17, 18, 26]. The 
learning method and parameters of AnFis have been experimentally 
adjusted by comparison of errors for methods implemented in Mat-
lab® environment such as grid partition and subtractive clustering. 
The smallest errors for the considered dataset have been generated 
with the use of subtractive clustering method with the following pa-
rameters: squash factor – 1.25, accept ratio – 0.5, reject ratio – 0.15 
and range of influence (ri) from 0.1 to 1.5. Table 1 presents the root 
mean square error (rMsE) in the training set (Trs) and the testing set 
(TEs), and the number of rules for different values of ri in AnFis, 
linear regression and average.

The AnFis has generated in the training set less rMsE than the 
average and linear regression model. However, the rMsE in the test-
ing set for the AnFis with parameter ri from 0.2 to 0.5 is greater than 

for the linear regression model. The least rMsE and the relatively 
small number of rules have been generated by the AnFis with param-
eter ri from 0.6 to 1.5. Figure 2 presents the use of the AnFis (with 
ri = 1) to estimate the nDP cost CD, for the following values of input 
variables: V1 = 55, V2 = 12, V3 = 3.

Estimation of the nPD cost (79.6 thousand Euro) can be further 
extended towards sensitivity analysis to investigate cost changes for 
the given values of input variables. Figure 3 presents estimation of 
the nPD cost for the number of components in a product from 50 to 
60, the number of new components in a product from 8 to 14, and 3 
employees (the first figure) and 4 employees (the second figure).

Figure 3 presents the growth and direction of changes of the nPD 
cost in relation to changes of V1, V2, and V3. A unit increment of the 
number of component in a new product results in the average growth 
of the nPD cost of 0.7 thousand Euro. in turn, a unit increment of the 
number of new component in a new product results in the average 
growth of the nPD cost of 4.3 thousand Euro. Moreover, an additional 
employee increases the nDP cost of 2.4 thousand Euro. The sensitiv-
ity analysis is carried out for each potential nPD project, indicating 
the growth and direction of changes of the nPD cost depending on 
changes of input variables.

4.2. Estimating product reliability and warranty cost

The warranty cost is another criterion of selecting portfolio of 
nPD projects. The warranty cost includes settle complaints and repair 
or replacement of a permanently damaged product. The warranty cost 
is measured as the average cost of 1,000 sold products from the spe-
cific product line in the first 2 years from date of sale. in turn, product 
reliability is measured as the average number of usage of a product up 
to the first failure. The relationship between reliability and warranty 

Table 1. RMSE and the number of rules for estimating the NPD cost

Model rMsE in trs rMsE in tEs number of 
rules

anFIs, rI = 0.1 1.456 2.396 24

anFIs, rI = 0.2 1.456 4.725 11

anFIs, rI = 0.3 1.473 15.572 6

anFIs, rI = 0.4 1.462 9.937 6

anFIs, rI = 0.5 1.478 6.600 4

anFIs, rI = 0.6 1.599 2.193 3

anFIs, rI = 0.7 1.599 2.187 3

anFIs, rI = 0.8 1.599 2.159 3

anFIs, rI = 0.9 1.616 2.120 2

anFIs, rI = 1 1.617 2.111 2

anFIs, rI = 1.5 1.626 2.148 2

Linear regression 2.982 3.096 1

average 15.429 21.817 1

Fig. 2. Estimation of the NPD cost using ANFIS



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016 617

sciENcE aNd tEchNology

cost enables determination of the optimal value of investment in im-
proving product reliability.

Estimation of product reliability can be based on four vari-
ables as follows:

 R = f(V1, V2, V4, V5)                          (6)

where: R – product reliability, V1 – the number of components 
in a product, V2 – the number of new components in a prod-
uct, V4 – the number of materials in a product, V5 – the cost 
of required materials. Table 2 presents the rMsE in training 
and testing set and the number of rules for the AnFis, linear 
regression and average.

The learning process of AnFis has been carried out ac-
cording the same parameters as in the previous subsection. 
The least rMsE in the testing set has been generated by the 
AnFis with ri = 0.9. in two cases of using the AnFis (for 
ri = 0.5 and ri = 0.8), the rMsE in the testing set has been 
greater than in the linear regression model. This example in-
dicates the necessary of comparison of the rMsE generated 
for the different learning parameters of the AnFis, what is un-
doubtedly a drawback of the use of computational intelligence 
techniques. However, the more precise estimation of the cost 
by the relatively small number of rules (for ri from 0.9 to 1.5) 

indicates the attractiveness of using this tool to expand and/or update 
the knowledge base.

in the next step, the relationship between the average number of 
product usage to the first failure and the warranty cost is determined. 
in the case of the significant relationship between these variables (ab-
solute value of the correlation coefficient greater than 0.8), there is 
estimated the expected warranty cost at the stage of selecting portfolio 
of nPD projects. Figure 4 presents the average number of product 
usage to the first failure R (left y-axis, solid line) and the warranty 
cost CW (right y-axis, dashed line) for 38 previous products (x-axis). 
The number of product usage to the first failure has been increas-
ingly sorted to illustrate the relationship between these variables. The 
value of the correlation coefficient equals –0.908, indicating a strong 
dependence between the increase in the average number of product 
usage to the first failure and the decrease of the warranty cost. The 
results show that the increment of product reliability above 390 cycles 
of product usage to the first failure does not significantly reduce the 
warranty cost.

The new product specification (e.g. the number of components, 
materials) is also used to estimate the unit cost of production that is 

Fig. 3. The NPD cost in relation to changes of V1, V2, V3

Fig. 4. Product reliability and warranty cost

Table 2. RMSE and the number of rules for estimating product reliability

Model rMsE in trs rMsE in tEs number of 
rules

anFIs, rI = 0.1 0.053 3.574 30

anFIs, rI = 0.2 0.079 3.655 26

anFIs, rI = 0.3 0.062 3.981 18

anFIs, rI = 0.4 0.061 4.625 12

anFIs, rI = 0.5 0.043 10.912 10

anFIs, rI = 0.6 0.031 5.558 9

anFIs, rI = 0.7 0.138 4.597 7

anFIs, rI = 0.8 1.154 10.614 5

anFIs, rI = 0.9 1.587 2.722 4

anFIs, rI = 1 2.216 2.844 3

anFIs, rI = 1.5 2.554 2.956 2

Linear regression 9.657 8.047 1

average 21.412 22.464 1
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the third criterion (besides the cost of nPD projects and warranty 
cost) for selecting portfolio of the nPD projects.

4.3. Selecting portfolio of NPD projects

The limited r&D budget and other (e.g. personal) constraints im-
pose the selection of the most promising nPD projects. Assuming that 
the sales volume of products belonging the same line is similar, the 
criteria for selecting portfolio of nPD projects include the nPD cost 
CD, unit cost of production cU and warranty cost CW. The nPD and 
warranty cost is expressed in other values than the unit cost of produc-
tion. To use these criteria in the considered problem, their values have 
been normalised.

Let us assume that a set of potential nDP projects includes 11 
cases, for which the values of input variables V1-V5 and the project 
time T are specified. These values enable estimation of the average 
number of product usage to the first failure R, the nPD cost, the unit 
cost of production, and the warranty cost. Table 3 presents the values 
of variables and criteria that are used to select a portfolio of nPD 
projects.

New products should be developed within 150 working days, 
the r&D budget of 120 thousand Euro, and maximal 6 members of 
project teams. Other limitations refer to the minimal reliability of a 
new product (350 cycles of product usage to the first failure) and the 
maximal unit cost of production (400 Euro). Moreover, a project port-
folio should include at least two new products for development. For 
the above values and constraints, 5 admissible solutions have been 
found. The optimal portfolio consists of project P4 and P6, for which 
the expected cost reaches 119 thousand Euro and the expected total 
time of portfolio completion reaches 148 working days.

if there is no solution or the presented solution does not satisfy 
the decision-maker, then the considered problem can be reformulate 
towards seeking the answer to the following question: which values 
should have input variables to fulfil all constraints? in this case, a set 
of admissible solutions is sought with the use of methods employed 
in a CLP environment.

4.4. Seeking admissible solutions for the desired product 
reliability

The average number of product usage to the first failure for the 
considered products ranges from 314 to 368 (R in Table 3). if these 
values do not correspond to company policy of ensuring the desired 
product reliability, then the proposed approach identifies a set of val-

ues of input variables (if it exists) for which is possible to obtain the 
desired product reliability.

Let us assume that product reliability should be increased above 
370 cycles of product usage to the first failure. The number of new 
components in a product (V2) and the number of the required mate-
rials for manufacturing a product (V4) has been chosen as potential 
variables for modifying. There is sought the answer to the following 
question: can the change of V2 and/or V4 of maximal 2 pieces result 
in improving product reliability above 370 cycles of product usage 
to the first failure, by fulfilling other constraints (financial, temporal, 
personal).  The set of admissible solutions has been identified with the 
use of oz Mozart environment that includes CLP paradigms.

The use of CLP enables the problem specification in declarative 
manner that in conjunction with constraint propagation techniques and 
variable distribution significantly reduces a set of potential solutions, 
and consequently, accelerates finding a solution. Table 4 presents the 
number of admissible solutions for various variants of changes in V2 
and V4, as well as the optimal portfolio of nPD projects with the ex-
pected number of cycles of product usage to the first failure.

increasing the average 
number of product usage to 
the first failure results from re-
ducing new components in a 
product and/or increasing the 
number of the used materials. 
The proposed approach enables 
determination of values of input 
variables (project parameters) 
that ensure the desired value of 
decision criterion (the desired 
number of product usage to the 
first failure for the considered 
problem). Moreover, the pro-
posed approach presents direc-
tions of potential changes en-
suring fulfilment of the assumed 
constraints, and consequently, it 
enables the optimal portfolio se-
lection of nPD projects.

5. Conclusion

selecting portfolio of nPD projects is one of the most important 
decisions in an enterprise influencing future profits and business 
growth. A reduction of product life cycle imposes the need of continu-
ous development of new products and their launch in order to sustain 
company competitiveness. in this case, the decision to select the most 

Table 3. Data for selecting portfolio of NPD projects

      Project

Variable
P1 P2 P3 P4 P5 P6 P7 P8 P9 P10 P11

V1 52 57 61 49 55 52 57 51 59 53 50

V2 8 11 12 8 9 7 10 7 12 8 8

V3 2 3 4 2 3 3 3 3 4 3 2

V4 9 10 11 9 10 9 10 10 11 9 10

V5 220 254 281 221 246 219 251 237 280 223 238

t 93 78 64 91 68 57 74 57 63 63 91

r 347 317 314 350 336 365 325 368 314 348 350

CD 61 80 90 59 70 60 76 59 89 65 60

Cw 122 132 133 121 126 116 129 115 133 122 121

cu 341 394 436 343 382 339 389 368 434 345 369

Table 4. Number of admissible solution for various portfolios of NPD projects 

Variant number of admissible 
solution

optimal portfolio of 
nPD projects

V2 decreasing of 1,  
V4 unchanged 1 P6 (R = 389),  

P8 (R = 391)

V2 decreasing of 1,  
V4 increasing of 1 3 P6 (R = 391),  

P8 (R = 395)

V2 decreasing of 1,  
V4 increasing of 2 6 P4 (R = 371),  

P6 (R = 394)

V2 decreasing of 2,  
V4 unchanged 15 P6 (R = 422),  

P8 (R = 425)

V2 decreasing of 2,  
V4 increasing of 1 15 P6 (R = 424),  

P8 (R = 428)

V2 decreasing of 2,  
V4 increasing of 2 6 P4 (R = 395),  

P6 (R = 428)
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promising nPD projects gains especial significance. This decision is 
made on the basis of many often contradictory criteria, and taking into 
account accessible resources in an enterprise. For example, contradic-
tory criteria refer to improving product reliability and reducing the 
unit cost of manufacturing a product. Hence, it seems important to 
support the decision-maker in selecting portfolio of nPD projects.

Portfolio selection depends on available resources in an enterprise 
and bases on cost and time estimates of new product projects and their 
market success. New product success mainly relies on customer satis-
faction that is connected with product price, product features, and es-
pecially product reliability. The contribution of the proposed approach 
includes the incorporation of a product reliability aspect into problem 
of selecting portfolio of nPD projects. in the system approach, im-
provement of product reliability reduces the potential warranty cost 
and increases customer satisfaction, business goodwill, and finally, 
sales and profits. The proposed approach uses technical specifications 
of existing products to identify the relationships between product at-

tributes and the nPD cost, or expenditures on product reliability and 
the warranty cost. These relationships are the basis of estimating val-
ues of criteria used to select nPD projects. Moreover, the proposed ap-
proach presents the possibility of formulating the considered problem 
in terms of a constraint satisfaction problem and using constraint logic 
programming to obtain a solution of this problem. Problem specifica-
tion in the form of variables, their domains and constraints that link 
and limit these variables enables the use of the logic-algebraic method 
to describe a framework of the knowledge base and facilitates its ex-
tension and/or updating. in turn, the use of constraint logic program-
ming results in a time reduction needed to find a solution.

Limitations of the proposed approach include the requirements 
referring to acquiring a numerous data set (specifications of past nPD 
projects among the same product line) to estimate the nPD cost or 
warranty cost. Moreover, the build and adjustment of parameters of a 
fuzzy neural system can be seen as a drawback in comparison with a 
linear regression model.
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1. Introduction

The goal of this paper is to estimate the health states of turbo-
fan engines and predict the ruL of them. Turbofan engine health re-
lated parameters represent engine component efficiencies and flow 
capacities [4, 24]. The engine health conditions deteriorate over time 
until end of life which can be subjectively determined as a function 
of operational thresholds that can be measured. These thresholds de-
pend on user specifications to determine safe operational limits [24]. 
The ruL estimates are in units of time (cycles for engines).reliably 
estimating ruL can promisingly save engine operational costs and 
improve safety level. wear or deterioration of the five rotating compo-
nents (fan, low pressure compressor (LPC), high pressure compressor 
(HPC), High pressure turbo (HPT) and low pressure turbo (LPT)) can 

be monitored by various sensors. The sensory data collected during 
flight is utilized to estimate the health trending of the engine and its 
components. in practice very few faults are allowed to go all the way 
to a failure especially for aero engines. The turbofan engines degra-
dation simulations can be carried out using the commercial modular 
aero-propulsion system simulation (CMAPss) test-bed developed by 
nAsA for noisy sensor measurements. Fig.1 was a simplified diagram 
of the simulated engine. it is a good choice to adopt the simulated rtF 
data to validate the prognostic methods.

in data-driven prognostic context, the first step is to draw the 
health index from the multivariate sensory data. Health indices can 
be divided into two types: 1) physics health index (PHi); 2) synthesis 
health index (sHi) [12]. The sensory data which directly reflect the 

Jianming shI
yongxiang LI
gong wang
Xuzhi LI

heAlth indeX synthetizAtion And remAining useful life estimAtion 
for turbofAn engines bAsed on run-to-fAilure dAtAsets

syntezA wskAźników stAnu technicznego orAz ocenA pozostAłego 
okresu użytkowAniA silników turbowentylAtorowych 

z wykorzystAniem zbiorów dAnych o prAcy do czAsu uszkodzeniA
 Turbofan engines will gradually degrade until failure occurs or life ends if without maintenance. Reliable degradation assessment 
and remaining useful life (RUL) estimation make sense on both aviation safety and rational maintenance decisions. This paper 
proposes a data-driven prognostic method on the premise of run-to-failure (RtF) data which are multivariate sensory data collect-
ed from the engines operating from normal to failure. After necessary pre-processing to the data, clustering analysis is executed 
to generate the clusters which represent the multi-states of the degradation process. The failure state cluster is extracted, and then 
the distance between the pre-processed data and the cluster is calculated. Therefore, one-dimensional time series are generated 
and defined as the health indices. Afterwards the degradation models are built based on the health indices. Finally, the RUL of a 
testing unit can be estimated by similarity analysis with the models. Hierarchical clustering (HC) and relevance vector machine 
(RVM) are the main algorithms employed in this paper. To validate the proposition, a case study is performed on turbofan engines 
data from Prognostics Center of Excellence (PCoE) at NASA Ames Research Center, and sufficient comparisons were given.

Keywords: Hierarchical clustering; Relevance vector machine; Run-to-failure; Remaining useful life; Health 
indices; Prognostics.

Silniki turbowentylatorowe niepoddane konserwacji ulegają stopniowej degradacji aż do czasu wystąpienia uszkodzenia lub za-
kończenia cyklu życia. Rzetelna ocena degradacji oraz pozostałego okresu użytkowania (RUL) mają wpływ zarówno na bez-
pieczeństwo maszyn lotniczych jak i racjonalne podejmowanie decyzji dotyczących utrzymania ruchu. W artykule zapropono-
wano sterowaną danymi metodę prognostyczną opartą na danych o pracy do czasu uszkodzenia (run-to failure, RTF), które są 
wielowymiarowymi danymi sensorycznymi zbieranymi podczas normalnej pracy silnika aż do jego uszkodzenia. Po niezbędnej 
wstępnej obróbce danych, przeprowadzono analizę skupień w celu wygenerowania skupień reprezentujących multi-stany procesu 
degradacji. Wyodrębniono klaster stanów uszkodzenia, a następnie obliczono odległość między wstępnie przetworzonymi danymi 
a wyodrębnionym klastrem. Następnie wygenerowano jednowymiarowe szeregi czasowe, które zdefiniowano jako wskaźniki stanu 
technicznego. Na podstawie tych wskaźników zbudowano modele degradacji. Wreszcie, w oparciu o analizę podobieństwa do 
opracowanych modeli oceniono RUL jednostki testowej. Główne algorytmy zastosowane w niniejszym opracowaniu to algorytmy 
grupowania hierarchicznego (HC) oraz maszyny wektorów istotnych (RVM). Aby zweryfikować zaproponowaną w pracy metodę, 
przeprowadzono studium przypadku z wykorzystaniem danych dot. silników turbowentylatorowych pochodzące z Prognostic Cen-
ter of Excellence (PCoE) przy NASA Ames Research Center oraz przedstawiono odpowiednie porównania.

Słowa kluczowe: grupowanie hierarchiczne; maszyna wektorów istotnych; praca do czasu uszkodzenia; pozo-
stały okres użytkowania; wskaźniki stanu technicznego; prognostyka.

shI J, LI y, wang g, LI X. health index synthetization and remaining useful life estimation for turbofan engines based on run-to-failure 
datasets. Eksploatacja i niezawodnosc – Maintenance and reliability 2016; 18 (4): 621–631, http://dx.doi.org/10.17531/ein.2016.4.18.
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damage process or health degradation is served 
as PHi. nevertheless, in most situations sys-
tem or subsystem health is related with various 
parameters measured by a mount of sensors. 
Therefore, we need an effective approach to 
generate health indices from multivariate data. 
wang T. et al. [30] employed a linear regres-
sion model to transform multi-dimensional 
sensory signals to one-dimensional sHi. Lo-
gistic regression was employed to transfer the 
multivariate data to health indices by reference 
[32]. The shortcomings of the above models are 
that they rely on the whole degradation space 
and sometimes will be over-fitting. Most of the 
time it is hard to acquire a data set that is repre-
sentative of the whole degradation space [21]. 
Alternatively health state can be decided based on the quantization 
error away from the normal/failure feature space. Huang r.Q et al. 
[15] developed a new bearing degradation indicator from three time 
features and three frequency features based on self-organizing map-
ping (soM) method and minimum quantization error away from nor-
mal feature space. inspired by existing research, this paper proposes 
an approach for turbofan engine health indices generation based on 
clustering of multivariate sensory data and distance-based similarity 
analysis with a target cluster.

From the first time the engines come into use to the final failure, 
besides the good and failure states, there as well exist intermediate 
states. As the system operational modes and failure modes are very 
complicated. it is a practical problem to define the number of the 
states during the clustering stage. For instance, reference [16] em-
ployed fuzzy clustering method to discriminate four health states for 
the specified application, e.g. good, mild wear, critical and failure. 
The ground truth or prior knowledge along with the input data should 
be taken into account to confirm the state number. 

Clustering analysis is a class of discovery process that divides data 
into subsets. Each subset represents a cluster, where the intra-cluster 
similarity is maximized and the inter-cluster similarity is minimized 
[12].Clustering is conventionally an unsupervised machine learning 
algorithm. Xiao w.C [31] et al. proposed a novel clustering ensemble 
models including semi-supervised method and discussed its applica-
tion in fault diagnosis of high speed train (HsT) running gear. Many 
literatures applied clustering methods for fault diagnosis, but few for 
health indices generation. 

Cluster stamped by the failure state is served as the baseline. Thus 
the topological distances between the feature vectors of the sensory 
data with the baseline are calculated. The distances form a one-di-

mensional time series defined as the sHi in this paper. in prognostics 
context, it is generally desirable to have early ruL estimates rather 
than late ruLs, since the main aspect is to avoid failures. For engines 
degradation scenario, an early ruL estimate is preferred over late 
ruL. Therefore, we consider it is more appropriate to take the failure 
cluster, rather than the failure point, as the baseline. Although it may 
sacrifice the prediction accuracy, it is safe in realistic applications.

with the health indices available, the engine health degradation is 
then modeled so as to predict the ruL. Machine learning approaches 
are commonly used such as linear regression [30], neural network [10, 
15, 33], stochastic process regression [18], Bayesian learning meth-
ods [22] and etc. goebel K et al. [10] compared three data-driven 
algorithms for ruL prediction, namely rVM [26], gaussian proc-
ess regression (gPr) [14], and neural network. results of reference 
[10] show that the ruL estimation errors of rVM are the minimum. 
in [33], a novel method is developed using unscented Kalman filter 
(uKF) with relevance vector regression (rVr) and applied to ruL 
and short-term capacity prediction of batteries. once the rtF models 
are constructed, the ruL of a testing unit can be predicted by analys-
ing the similarity between the health indices of the testing unit with 
the models. After the optimal matching model and the most similar 
segment of the model are found, the ruL can be confirmed. 

Prognostics are meaningless unless the uncertainties in the predic-
tions are account for. uncertainties arise from various sources, includ-
ing modeling uncertainties, sensory data uncertainties, future profile 
uncertainties and etc. [23]. since the software CMAPss can ideally 
simulate the rtF processes for many engines under the same opera-
tional settings with different initial states. An ensemble of degradation 
models can be obtained. Therefore, for a testing engine, we will get 
the samples of ruLs based on the degradation models, then the sam-
ples can be used to output the ruL interval estimations. 

Fig. 2 illustrates the framework of the proposed method. This 
paper is organized as follows. section 2 focuses on synthesizing the 
health indices from multivariate feature vectors based on the hierar-
chical clustering method. section 3 elaborates ruL estimation pro-
cedure based on sHi. section 4 demonstrated the proposition by the 
nAsA CMAPss datasets and compares the results with different 
methods and different feature vector data. Finally, section 5 concludes 
this paper and indicates future work.

2. Health indices synthetization

2.1. Preprocessing of the RtF data

Before clustering, three preprocessing measures are taken.
(1) Parameter selection
Firstly, parameters of interest were selected to construct the fea-

ture vectors related with the health degradation. One vector consists 
of the parameters at a time instant, which can be treated as a point in 

Fig. 1. Simplified diagram of engine simulated in C-MAPSS

Fig. 2. The framework of the proposed method
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the multidimensional space. it is crucial to choose the appropriate pa-
rameters. The criterion is that the selected parameter must be coupling 
tightly with the health degradation or the concerned failure modes. 
Typically, the health parameters are correction factors on the efficien-
cy and flow capacity of the components (fan, compressors, turbines, 
and nozzle) of the engines, while the measurements are, for instance, 
inter-component pressures, temperatures, and shaft speeds [3]. 

(2) Outlier removal 
in data mining community, there always exist outliers in the raw 

that must be removed using some algorithms [2, 19]. An outlier is 
a data object that deviates significantly from the rest of the objects. 
This paper used K nearest neighbor (KNN) algorithm to remove the 
outliers, as it is the most-frequently used algorithm and computational 
economic. The flow of the KNN algorithm is as follows.

set the value of a) K, and establish a rule for confirming an out-
lier.
Calculate the first point’s distances to the other points to obtain a) 
the K nearest points. The average of the K distances will be 
obtained.
Repeat step b until all vectors are traversed.b) 
rank the average distance values in descending order. select c) 
the top points as outliers, or select the points whose average 
distance values exceed the set line. This depends on what type 
of rule is applied.

(3) Normalization

Normalization is executed in the last step of data preprocessing. 
it must be noted that normalization should be taken carefully. it has a 
precondition for normalization that the parameters contribute equiva-
lently to the health degradation expression. Thereby, normalization 
has two advantages in health index synthetization. 1) Each param-
eter is transformed to the value varying in the range of [0, 1], which 
is helpful for expressing the health index. 2) The negative effect 
caused by the different scales of parameters can be eliminated. 

2.2. Clustering of the preprocessed data

As an unsupervised machine learning method, clustering can be 
used in health monitoring and state estimation especially when the 
number of states is unknown. The sensory data of system or subsys-
tem is time series data, for which the clustering methods are summa-
rized by Liao [17]. Reference [12] divides the clustering methods into 
four categories, i.e. partitioning methods, hierarchical methods, den-
sity-based methods, and grid-based methods. The agglomerative hier-
archical clustering method based on the Matlab functions is used 
in this paper. The result of agglomerative hierarchical clustering 
is a structured tree graph called a dendrogram. The tree is not a single 
set of clusters, but rather a multilevel hierarchy, where clusters at one 
level are joined as a cluster at the next level [5, 25, 28]. This allows 
us to decide the level or scale of clustering that is most appropriate for 
our application. And HC require no initial settings beforehand. The 
algorithm flow is as follows:

Take each data point as a dependent cluster so that there is only a) 
one member in a cluster;
Calculate the Euclidean distance between every two points, then b) 
each point and its nearest point converge to a cluster. This pro-
cess is called linkage;
Calculate the Euclidean distance between every two clusters, then c) 
each cluster and its nearest cluster converge to a new cluster;
Repeat step c until all points converge to one clusterd) ;
A binary cluster tree is created and is trimmed based on some e) 
rules to get the final clusters.
For a given input m n×  matrix X , each row vector of this matrix 

is a data point at a time slice. in step c, for two different vectors ix  and 

jx , their distance can be obtained by the following formula:

 2 '( )( )st i j i jd x x x x= − −   (1)

Here the distance metrics are discussed shortly. There are several 
different distance metrics, for instance, the Euclidean distance, stand-
ardized Euclidean distance, Mahalanobis distance, and etc, among 
which Euclidean distance is a commonly used. Mahalanobis distance 
takes the scales into account by introducing a covariance matrix in the 
distance measures. As the data was normalized afore, the scales of di-
mensions import no effects on the distance measures. Therefore, Eucli-
dean distance is a reasonable similarity measure in this application.

The combination of two generated clusters is called linkage. 
There are numerous linkage methods, including single linkage, com-
plete linkage, average linkage, centroid linkage, and ward’s link-
age. This paper adopts ward’s linkage, which is a type of least mean 
square (LMs) algorithm that is only adapted to Euclidean distance. 
The ward’s linkage algorithm is as follows. suppose that there exist 
cluster r and cluster s. Their numbers are rn  and sn , respectively. 
The centroids are rx  and sx . The ward’s distance between them is 
calculated by the equation:

 2
2(r,s) r s

r s
r s

n nd x x
n n

= −
+

  (2)

where 2  represents the Euclidean distance.

The dendrogram is trimmed according to a certain rule to acquire 
the final clusters. The common rules are “max cluster number”, “in-
consistency coefficient”, etc. The inconsistency coefficient character-
izes each link in a cluster tree by comparing its height with the aver-
age height of other links at the same level of the hierarchy. Clusters 
are formed when a node and all of its subnodes have an inconsistent 
value less than c. in cluster analysis, inconsistent links can indicate 
the border of a natural division in a data set. in the rtF process of 
one failure mode, the states can be divided into four categories, i.e. 
healthy state, subhealthy state, degraded state, and failure state. For 
the failure state cluster, it can be further divided into more clusters ac-
cording to the dendrogram. This can be useful for refining the failure 
state cluster but should be executed carefully according to different 
applications.

2.3. Distance-based synthesis health indices

After the preprocessing and clustering of the primitive rtF data, 
clusters are acquired that represent different states, i.e. normal state, 
failure state or intermediate degraded states. The cluster centroid and 
radius are related with the health state and accordingly kept as the so-
called knowledge. Health state estimation is actually a similarity anal-
ysis process for testing or real-time data with the learned clusters. The 
Euclidean distance between the testing data (preprocessed as well) 
point with each cluster centroid is calculated, and the nearest cluster is 
taken as the target cluster for the point. generally, the distance should 
not exceed the radius. However, there might be some data points that 
fall outside the target cluster. if the learning stage covered the whole 
feature space, the data points are considered as outliers. Otherwise 
further analysis should be carried on in case the points form a new 
cluster or expand an existing cluster. 

The failure state cluster is extracted and served as the baseline to 
generate the health indices. The centroid of the failure state cluster 

Fc  is a 1 n×  vector. Qualitatively, a larger distance value represents 
a better state; otherwise, the health is deteriorative. For the training 

data, suppose there are 1S  units (engines) that run through the degra-
dation process. The preprocessed training data for the ith unit is de-
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noted by Tr  that is a iL n×  matrix. The health indices for the ith unit 
is denoted by ( )i ih l  with 11,2, ,i S=  , and 1,2, ,i il L=  . iL  is the 
length of #i engine life. The Euclidean distances between Tr  and Fc  
are calculated by the following formula:

 ( ) ( )( )
i ii i l F l Fh l Tr c Tr c ′= − −  (3)

so we can obtain a health index time series for each training unit. 
And it is the same for the testing units. The health indices are the 
basis for ruL estimation. The health indices of a training unit always 
contain an uptrend tail, as seen in Fig.3. in order to output a safer esti-
mated ruL based-on model-matching method, the tail should be cut.

3. RUL estimation based on health indices

3.1. Algorithms for degradation modeling 

The health indices can be directly used to estimate the ruL. Fur-
thermore, degradation models can be firstly constructed based on the 
health indices. in prognostic application, many degradation modeling 
algorithms are researched, for example, auto-regression and moving 
average [9, 13], exponential regression [30], and rVr. This section 
introduces the theoretical background of rVM.  

The relevance vector machine (rVM) algorithm is a sparse Baye-
sian learning algorithm proposed by Tipping in 2000 [26, 27]. On the 
basis of sVM, Tipping applied the kernel theory to the Bayesian in-
ference of the gaussian process. The irrelevant points are removed 
to acquire the sparse model by the theory of automatic relevance de-
termination (ArD) under the hierarchical prior parameters [7, 20]. 

Compared with sVM, rVM offers some advantages including non-
“Mercer” kernels, sparsity, fewer hyperparameters and probabilistic 
predictions.

given a dataset of input–target pairs 1{ , }N
n n nt =x , the aim is to 

learn a model for the dependency of the targets on the inputs to make 
accurate predictions of t  for unseen values of x . The targets are sam-
ples from the model with additive noise:

 ( , )n n nt y ε= +x w   (4)

where y  is used to base the prediction, and nε  are independent sam-
ples from some noise process that is assumed to be mean-zero gaus-

sian with variance σ2. 

Assuming the independence of nt , the likelihood of 
the complete dataset can be written as:

p N( , ) ( ) exp{ || || ( )}/t w| t - wσ πσ σ2 2 2 2 22 2= −− ΦΦ    (5)

where 1( ... )T
Nt t=t , 0( )T

Nw w=w   ,  

and Φ is the ( 1)N N× +  ‘design’ matrix 
with ΦΦ = [ ( ), ( ),... , ( )]φ φ φx x xN

T
1 2  wherein 

φ( ) [ , ( , ), ( , ),..., ( , )]x K x x K x x K x xn n n n N
T= 1 1 2 , w i t h 

( , )n iK x x  being a kernel function.
if directly estimated by the maximum likelihood 

estimation (MLE), this will lead to over-fitting of the 
parameters. To solve this problem, Tipping defines a 
zero-mean gaussian prior distribution over w:

 p N wi i
i

N
( ) ( , )w αα = −

=
∏ 0 1

0
 α                  (6)

where αα = { , , , }α α α0 1  N  is a vector of  1N +  hyper-
parameters.

Hyperpriors for α and σ2 are then defined as:

 
p a b

p c d

i
i

N

i

N

( ) gamma( , )

( ) gamma( , )

αα =

=

=

=

∏

∏

α

σ β

0

2

0

  (7)

where 1 1gamma( , ) ( ) iba a
i i ia b b e αα α α −− −= Γ , and 

410a b c d −= = = = . when the hyperparameters approach infinity, 
the probabilistic distribution of the corresponding weights tends to 0. 
The related inputs with nonzero weights are deemed to be “relevant” 
and are the core points characterizing the time series. Next, the hy-
perparameters should be optimized based on the observed data. The 
posteriori distribution of weights w satisfies gaussian distribution:

p t N
T

( , , ) ( ) exp ( ) ( )( )w w w
αα

µµ µµ
σ π2 1 2 1 2

1
2

2
= −

− −










− + −

−
∑∑

∑∑   (8)

The posteriori variances and means of weights w  are:

Fig. 3. The tail of a training unit health idices
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A
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  (9)

where A = diag N( , ,... , )α α α0 1 ; the detailed derivation process can 
be found in [5]. The optimal values of α and σ2 should maximize the 
following: 

p p p dw

N T T

( , ) ( , ) ( )

( ) exp

t t w wαα αασ σ

π σ σ

2 2

2 2 1 1 2 22 1
2

=

= + − +

∫
− − −

I A t IΦΦ ΦΦ ΦΦΦΦ ΦΦA t− −( )







1 1T
 (10)

α is estimated by the iterative method:

 α
γ
µ

i
new i

i
= 2  (11)

wherein γ αi i ii= − ∑1 , µi  is the mean value of the ith posteriori 

weight in eq.(15), and ii∑  is the ith diagonal element of the poste-
riori variance matrix ∑ . The variance σ2  is estimated by the same 
method:

 ( )σ
γ

2
2

new

i iN
=

−
− ∑

t ΦΦµµ   (12)

3.2. RUL estimation through similarity analysis

The commonly used ruL estimation approach is 
by extrapolating the degradation model of testing units 
across the specified failure threshold (FT). However, 
how to define an appropriate FT for a specified test-
ing unit is still a challenge. The degradation behavior 
of individual engine can differ according to operational 
environment. it is realistic that the FTs can vary and 
should be assigned dynamically for different testing 
unit, rather than static ones based on fixed number of 
states as presented in [8]. in reference [16] the authors 
proposed a dynamic FT assignment technique by look-
ing at distance similarity among learned classifiers 
and indexes of test data. Center of the last cluster of 
the most matched classifier that learned from a train-
ing unit is defined as the FT. in reference [29, 30] and 
this paper, the most matched training unit is selected 
by distance based similarity analysis with all the points 
of the degradation trajectory. Therefore, although com-
putation time is shorter as declared in reference [16], 
the most matched training unit selection process is more 
elaborate by the trajectory similarity measures. There is 
another problem not considered in reference [16]. The 
data of each training unit is clustered independently, so 
there are hundreds of clusters for the training data. From 
the whole view of the training data set, there must be 
serious overlaps between clusters. so the distance be-
tween the data point of the testing unit with A cluster 
(for example) and B cluster might be very close. Be-
sides, the most matched clusters for a testing unit might 
locate in different training units. Then how to select the 
matched classifier in these situations is not illustrated 
by the authors.

3.2.1. Basic model-matching (BMM) RUL estimation

with enough rtF training data available, ruL prediction is con-
ducted more favorably by similarity analysis, which finds the best 
matched model and locates the point where the preprocessed testing 
data fit into the degradation model to acquire the value of the ruL 
[29]. The similarity between the testing data and the model is meas-
ured by the root mean square error (rMsE). The ruL estimation via 
model-matching method was executed as follows.
The health index data series of the units of the training data 
sets are modeled (e.g., smoothing, regression) to obtain 

1{ 1, , }TrainData traindata traindataS=  (new data series).
Match the first testing unit data “testdata1” with “traindata1” a) 
based on the least mean square error (LMsE) principle to ob-
tain the optimal position 1_ 1test trainpos  with minimal MsE 

1_ 1test trainmse .
repeat step b; i.e., match “b) 1testdata ” with oth-
er training data. The optimal position data   

11 1_ 1 1_ 1_{ , , , , }test train test traink test trainSPOS pos pos pos=    
and the corresponding MsE 

11 1_ 1 1_ 1_{ , , , , }test train test traink test trainSMSE mse mse mse=    
are then obtained. select the minimum MsE from “ 1MSE
” as the optimal matching unit denoted by “ 1testtrain ” for “

1testdata ”. The corresponding optimal position is denoted by “
1 1_test test trainkpos pos= ”.

Repeat step b and step c to match each test unit with c) 
“TrainData” to obtain the optimal matching units 

1 2 1_ { , ,..., }test test testSTrain match train train train=  and posi-
tions 1 2 1{ , ,..., }test test testSPOS pos pos pos= .
Calculate the remaining cycles for the testing units. with regard d) 
to the ith unit, its ruL is ˆ ( )

iRUL testi testiL length train pos= − .

Fig. 4. RUL Prediction error based on model-matching method
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3.2.2. Improved model-matching (IMM) RUL estimation

As depicted in Fig.4, the ruL prediction error based on the LMsE 
principle is too large. There are several training units that match well 
with a testing unit; however, the training units differ largely from each 
other. The best matching training unit we picked suits the testing unit 
only locally; when applied to predict the ruL, the error became too 
large. The health states of some these testing units usually concentrate 
on “healthy” and “sub-healthy” states, and the health indices change 
gently. This implies that ruL prediction at the early stage of degrada-
tion might not be inaccurate.

To solve this problem, we proposed an improved model-matching 
ruL estimation. The test units can be categorized into three types 
by the health states: the first are the units containing “failure” state; 
the second are the units whose health states concentrate on “healthy” 
and “sub-healthy” and whose health indices are placidly evolving; the 
remaining units are the third type, which contain the “degradation” 
state. we adapted different model-matching strategies for the three 
cases.
Case 1: The first type of unit was treated the same way as in  

sec.3.2.1.
Case 2: The second type of unit was processed as follows. suppose 

that the ith testing unit “ itestdata ” was of the second type; 
calculate the MsE values by all the training units accord-
ing to the method proposed in sec.3.2.1, then sort the val-
ues and select p training units with minimum MsE values 

_1 _j _{ , , , , }i i i pmse mse mse  .

Therefore, the related ruL { }1 2, , ,i i ipRUL RUL RUL  
vector was generated. To estimate the ultimate ruL, the p ruLs 

were given the weights 1 2{ , , , }pw w w . The weight jw  was ob-
tained by the following formula:

 _ _
1

p

j i p j i j
j

w mse mse−
=

= ∑   (13)

The ruL of the ith testing unit was then 
1

ˆ
i

p

RUL j ij
j

L RULω
=

= ⋅∑ .

Case 3: The third type of unit was treated as follows. As in case 2, 
select p matching training units for one testing unit of this 
type. Pick out the last portion of data points from the testing 
unit. Calculate the MsEs with the p training units, and obtain 
the minimum MsE within the p values. The ruL of the test-
ing unit is the one calculated by the minimum MsE related 
training unit.

A good prognostic system not only provides accurate and precise 
ruL predictions but also specifies the level of confidence associated 
with such predictions. in addition to the point estimation, rational 
interval estimation can support the risk decision. The uncertainty of 
ruL prediction arises from several aspects—e.g., the sensory data 
noise, the modeling error, the operational condition variance, the ini-
tial state difference of the system, and the working load variation. 
Therefore, ruL prediction is a complex dynamic nonlinear problem 
[1, 34]. 

when the ruL is estimated by applying the model matching 
method and there are multiple degradation models, each model can 
generate an ruL value intuitively. in this way, an optimal ruL can 
be given in the sense of mathematics and can also output the proba-
bilistic results.

with the samples of the ruL, there are two types of approaches to 
obtain the probabilistic results: one is the parametric method, and the 
other is the nonparametric method. For the first approach, the distribu-
tion of ruL should be estimated first, followed by the parameters of 
the distribution. The parametric method must define the distribution 
type. when the distribution type is unknown, the nonparametric esti-
mation methods are more applicable. The common methods include 
rank method and statistical histogram.

4. Case study on simulated turbofan engines

4.1. Data sets and prognostic assessment criterions

The data for demonstration are provided by the prognostic-data-
repository of the PCoE of nAsA. The datasets were generated by 
CMAPss and kept in several text files. A dataset is constructed of 
26 dimensions/columns, wherein the first column is the unit number 
for different engines, the second column is the time index (cycle), the 
third through fifth columns are the settings of operational conditions, 
and the other 21 columns are simulated sensory data [24].

The dataset “train_FD001”, which contains the simulated rtF data, 
was selected for training. The dataset “test_FD001”, which contains the 
partial degradation process data, is used for ruL estimation. The simu-
lation experiment contains one failure mode, which is the deteriora-
tion of the high-pressure compressor (HPC). “Train_FD001” covers the 
rtF process of 100 testing engines and consists of 20,631 data points 
(row vectors). “Test_FD001” contains the data collected in the running 
process with no failures, which is used to predict when the failure will 
occur—in other words, to estimate the ruL. The operational conditions 
of “FD001” are the same but have different initial states, which are 
caused by the variant initial wear and manufacture bias.

For results evaluation, estimated ruLs are compared with actual 
ruLs provided in the file “rul_FD001.txt.” Most importantly, for a 
given testing unit, an interval i = [−10,13] is considered to assess ruL 
estimates as on-time, early or late. in PHM context, it is generally 
desirable to have early ruL estimates rather than late ruLs. Another 
criterion is the accuracy of prognostics model evaluated by coefficient 
of determination that should be close to 1. 
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  (14)

4.2. Offline learning

As the three parameters out of the 21 sensory signals, i.e. Total 
temperature at HPC outlet (P1), Total pressure at HPC outlet (P2), 
and ratio of fuel flow to Ps30 (P3), are related with HPC health deg-
radation. They are used to construct the 3-dimeansional feature space. 
Fig. 5 shows the curves of P1, P2 and P3 for one engine (#2). it is 
explicit that the sensory data are contaminated by noise. The charts 
of normalized P1, P2 and P3 are also depicted in Fig. 5. According to 
the framework in Fig. 2, there exist outliers within the raw data, which 
might impact the results. Therefore, outliers should be removed to 
enhance the accuracy of the outputs. The outliers are detected through 
the KNN method and removed from the 20,631 data points. The value 
K is a trial value, and we set different values to test the effects. it is 
discovered that the distances to the K nearest neighbors of the top 10 
points are much larger than those of the others. Then the 10 points are 
removed with K=4000.

The hierarchical clustering for the 20,621 data vectors was con-
ducted to generate the dendrogram in Fig. 6. The cut line in Fig. 6 
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shows that the generated cluster number is 4.The engine 
health states are divided into four classes: healthy state, 
subhealthy state, degraded state, and failure state. The 
color coding of the health states is given in Table 1.

Because “train_FD001” is the rtF dataset of the 
100 engines organized in sequence, according to the 
unit number, the clustering can detect the endpoint of 
each engine. Taking engines #1 and #2 for example, the 
health indices and related health states are shown in Fig. 
7. The health states are denoted in order by “1”, “2”, “3” 
and “4”, which represents the rtF process. 

According to the dendrogram, the failure cluster can 
be further divided to refine the failure state information. 
As shown in Fig.8, there are three patterns of divisions 
for the failure cluster, i.e. 2, 3, and 4 sub-clusters. The 
refined failure state information is shown in Table 2.  
The refined clusters are denoted by rC1 and rC2. we 
will compare ruL estimations based on different health 
indices based on cluster “4” and the refined clusters.

4.3. RUL estimation

This section gives the results of ruL estimation 
of the 100 testing units by different methods and in-
put data. 

(1) Different degradation modeling methods
Fig. 5. Curves of 3 parameters for #2 engine

Fig. 6. clustering of the training data

Table 1. Results of the clustering of RtF data

Color green Blue yellow red

health state healthy sub-
healthy Degraded Failure

Centroid
P1
P2
P3

0.337718
0.704982
0.734335

0.453279
0.596571
0.61862

0.58049
0.500512
0.503711

0.716569
0.319629
0.30542

radius 0.37004 0.377641 0.369111 0.415286

Point quantity 6087 5964 6055 2515

Table 2. Results of failure state cluster divisions

no. 1 2 3

sub-cluster Case 2 sub-clusters 3 sub-clusters 4 sub-clusters

Centroid
P1
P2
P3

0.765613
0.322051
0.304777

0.777587
0.259857
0.238734

0.777587
0.259857
0.238734

Point quantity 1774 770 770
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This part is to compare different degradation mod-
eling methods based on health indices derived from 
cluster “4”. The tails of the health indices are not cut. 
And BMM method is used. As shown in Table 3 are 
the results.

(2) individual parameter versus sHi
This part is to validate the effectiveness of health in-

dices compared with one-dimensional data. The health 
indices are derived from cluster “4” with tails retained. 
rVM and BMM method are used here. The results are 
shown in Table 4.

(3) BMM versus iMM
Before carrying out the iMM for the testing units, 

we classified the testing units based on health state es-
timation. Three typical units (#1, #14 and #20 engines) 
were selected to account for the classification. As shown 
in Fig. 9, the health states of unit #1 are almost “1”, 
meaning that it is in the healthy condition. For unit #14, 
the health states are mostly “2” in the earlier stage but 
switch to “3” in the later stage, which indicates that the 
engine health state is changing from the sub-healthy to 
the degraded state. with regard to the #20 unit, the en-
gine has passed through the 4 states and might be near 
failure. This part compares BMM and iMM with rVM 
modeling algorithm based on health indices derived 
from cluster “4”. The tails of the health indices are not 
cut. Results are displayed in Table 5.

(4) Tail retained versus tail cut
This part is to compare the results based on health 

degradation models with tail retained and cut. rVM 
and iMM are used here. The results are shown in Ta-
ble  6.

The last column of Table 6 indicates the proposed 
method in this paper is effective and has better per-
formance than others. when compared with reference 
[9], the results of on-time ruLs and r2 are better.  

Each testing unit had 100 probable ruL values, 
which could be used for uncertainty analysis. Here, the 
nonparametric method was applied to output the inter-
val estimation results based on the iMM method. 

The median of the sorted 100 ruLs was obtained 
first. The confidence interval (Ci) was set as 70%, 
which means that 70 ruL values were selected. The 
ruLs located between the lower confidence limit 

Fig. 7. Health indices and states of #1 and #2 engines

Fig. 8. Failure state cluster further divisions 

Fig. 9. Health state evolutions of the testing engines
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(LCL) and the median occupied approximately 65% of the total 70 
ruLs, whereas the ruLs located between the median and the upper 
confidence limit (uCL) occupied 35%. Furthermore, we cut off the 
ruLs whose corresponding MsE values with the training units were 
larger than 1.5 times the minimum MsE value. The 70% Ci then de-
creased to facilitate a more accurate prediction.

Let us take test #31, of which actual ruL is 8, as an example. To 
use the model-matching method, the length of the train unit must be 
longer than the test, and there are 43 train units that meet this require-
ment. The median of these 43 ruLs is 10, and its 70% Ci is [0, 20] 
(see left part of Fig. 10). if 1.5 times the minimum MsE value is used 
to cut off the ruLs, then the median is 6, and the 70% Ci is [0, 13] 
(see right part of Fig. 10).

4. Conclusion
in this work, we investigated data-driven prognostic methods for 

turbofan engines. The machine condition monitored data are collected 
and used for health state estimation and ruL prediction. we proposed 
a health index synthetization approach by hierarchical clustering and 

distance-based similarity analysis. with rtF data available, the whole 
degradation model was constructed by rVr based on health indices 
of the rtF training unit. Then the ruL of a testing unit was estimated 
by similarity analysis with the degradation models of training units. 
in real world failure prognostics are difficult as the degradation of 
system/subsystem under monitored is complex and nonlinear. The 
simulated engine degradation datasets by CMAPss are noisy and 
nonlinear, which are employed by many researchers. some signifi-
cant issues are raised and the adaptive adjustments for the methods are 
highlighted.  in the specified turbofan engine application our work has 
the following advantages.

The health index synthetization is robust even there is no rtF a) 
or failure state data. since the good state cluster can substitute 
as the baseline. 
The hierarchical clustering algorithm is flexible and needs no b) 
initial settings and little prior knowledge.

Table 6. Comparisons between tail cut and retained

Criteria tail retained
tail cut

Cluster “4” rC1  rC2

ruL error interval [-56,58] [-74,64] [-57,63] [-58,64]

on-time ruLs 39 45 49 60

Early ruLs 22 33 27 21

Late ruLs 39 22 24 19

r2 0.70 0.58 0.67 0.69

Table 3. Comparisons with different degradation models

Criteria original smoothing Er rVM

ruL error interval [-146,87] [-103,48] [-183,79] [-75,114]

on-time ruLs 37 24 38 37

Early ruLs 42 11 19 40

Late ruLs 21 65 43 23

r2 0.2 -0.2 -0.44 0.42

Table 4. Comparisons with different input data

Criteria P1 P2 P3 shI

ruL error interval [-154,70] [-200,89] [-147,82] [-75,114]

on-time ruLs 31 34 34 37

Early ruLs 36 27 40 40

Late ruLs 33 39 26 23

r2 0.08 -0.38 0.25 0.42

Table 5. Comparisons between BMM and IMM

Criteria BMM IMM

ruL error interval [-75,114] [-56,58]

on-time ruLs 37 39

Early ruLs 40 22

Late ruLs 23 39

r2 0.42 0.70

Fig. 10. The uncertainty of #31 testing engine RUL estimation
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The proposed methods are applicable in safety-critical systems/c) 
subsystems, as the number of on-time and early ruLs are rela-
tively larger.

But still there are a few testing units whose ruL errors are rela-
tive too large. These units are in an early degradation state as a matter 
of fact, which means it is difficult to estimate the ruL of a unit in 
early stage. Besides, in real world, the rtF datasets can hardly be col-
lected so that we cannot construct an ensemble of whole degradation 
models for ruL estimation. in the perspective of this paper, further 

research work should focus on the dynamic ruL estimation methods 
for real in-service engines without rtF datasets.
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1. Introduction

Thin-walled load-carrying structures are characterized by high 
stiffness and strength compared to their specific weight. Owing to 
these properties, thin-walled elements are widely used in many indus-
trial branches, particularly in the aerospace and automotive industry. 
This especially pertains to thin-walled profiles with complex shapes 
of the cross section which are used as stiffening elements. The dis-
advantage of such structures is that they can lose stability even un-
der operational load [8, 15, 16]. when the buckling of a thin-walled 
element is local and elastic, the structure does not get damaged, and 
the element itself can be safely operated in the post-critical state [5, 
15, 16, 23]. given the above, the data regarding the critical load at 
stability loss of a thin-walled structure is of vital significance to the 
structure’s operation.  unfortunately, the methods for determining the 
critical load of real structures are not unequivocal, which adds up to 
the difficulty with respect to a rational design of such structures.  This 
being the case, an alternative tool enabling determination of critical 

load is performing a numerical analysis by the finite element method 
[13, 15, 16]. Critical load is determined using a nonlinear eigenprob-
lem analysis based on the minimum potential energy of the system. 
The numerically determined critical load can be to a certain extent 
regarded as determination of the critical force due to the fact that such 
computations are performed for an ideal structure which does not take 
account of geometric defects occurring in real structures. This means 
that the numerical models of thin-walled structures with complex 
cross-sectional shapes should be validated in experimental tests. such 
a procedure will lead to a development of adequate discrete models 
enabling analysis of the complex problem of stability loss and post-
critical behaviour of thin-walled structures [4, 6, 9, 10, 16, 26].

in the design of modern thin-walled structures used in state-of-
the-art aircraft or automotive structures, traditional engineering ma-
terials (metals) are replaced by advanced composite materials. given 
the structure of composites, this predominantly pertains to composite 
materials known as laminates [2, 3, 14, 17, 25, 27, 28, 29], or laminar 
composites. These materials exhibit a high strength to specific weight 

wysMuLsKI P, DęBsKI h, różyło P, FaLKowICz K. a study of stability and post-critical behaviour of thin-walled composite profiles under 
compression. Eksploatacja i niezawodnosc – Maintenance and reliability 2016; 18 (4): 632–637, http://dx.doi.org/10.17531/ein.2016.4.19.
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A study of stAbility And post-criticAl behAviour of thin-wAlled 
composite profiles under compression

bAdAniA stAteczności i stAnów pokrytycznych ściskAnych 
cienkościennych profili kompozytowych*

The object of this study is a thin-walled channel-section profile made of a carbon-epoxy composite subjected to axial compression. 
The study included analysis of the critical and  weakly post-critical behaviour using experimental and numerical methods. As a 
result of the research conducted on a physical model of the structure, we determined a post-critical equilibrium path, which was 
then used to determine the critical load by approximation methods. Simultaneously, numerical calculations were performed by 
the finite element method. Their scope included a linear analysis of eigenvalue problems, the results of which led to determination 
of the critical load for the developed numerical model. The second step of the calculations consisted in performing a nonlinear 
analysis  of the structure with geometrically initiated imperfection corresponding to the lowest buckling mode of the investigated 
profile. The numerical results were compared with the experimental findings, revealing that the developed numerical model of the 
structure was correct. The numerical simulations were performed using the ABAQUS® software.

Keywords: finite element method, stability of construction, composites, critical state, thin-walled structures.

Przedmiotem badań jest cienkościenny profil o przekroju ceowym, wykonany z kompozytu węglowo-epoksydowego, poddany 
osiowemu ściskaniu. Zakres badań obejmował analizę stanu krytycznego i słabo pokrytycznego metodami doświadczalnymi i 
numerycznymi. W wyniku badań prowadzonych na fizycznym modelu konstrukcji wyznaczono pokrytyczną ścieżkę równowagi, na 
podstawie której z wykorzystaniem metod aproksymacyjnych określono wartość obciążenia krytycznego. Równolegle prowadzono 
obliczenia numeryczne z wykorzystaniem metody elementów skończonych. Zakres obliczeń obejmował liniowa analizę zagadnie-
nia własnego, w wyniku której określono wartość obciążenia krytycznego modelu numerycznego konstrukcji. Drugi etap obliczeń 
obejmował nieliniową analizę stanu słabo pokrytycznego konstrukcji z zainicjowaną imperfekcją geometryczną, odpowiadającą 
najniższej postaci wyboczenia konstrukcji. Wyniki obliczeń numerycznych porównano z wynikami badań doświadczalnych, po-
twierdzając adekwatność opracowanego modelu numerycznego konstrukcji. Zastosowanym narzędziem numerycznym był pro-
gram ABAQUS®.

Słowa kluczowe: metoda elementów skończonych, stateczność konstrukcji, kompozyty, stan krytyczny, konstruk-
cje cienkościenne.
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ratio, which makes them widely used in load-carrying structures. An 
additional advantage of composite materials is the fact that we can 
shape their mechanical properties as desired by selecting a specified 
set of material properties and laminate lay-up arrangement. The lit-
erature on thin-walled load-carrying structures made of composite 
materials is rather scarce, the majority of publications being de-
voted to theoretical issues, while there are very few publications 
reporting experimental results. 

The purpose of this study is to investigate the behaviour of 
a thin-walled, channel-section carbon/epoxy composite profile 
under axial compression in both critical and weakly post-critical 
state. The study involves determination of the critical load of a 
real structure as well as analysis of the critical and post-critical 
states by the finite element method. The study also presents a 
methodology for solving the problem of buckling and nonlinear 
stability of thin-walled structural elements made of composite 
materials. 

2. Object of the study

The study was performed on a short thin-walled channel-
section profile under axial compression. The investigated pro-
file is a standard thin-walled structure consisting of perpendicu-
lar walls in the form of flat plates which are joined on longer 
edges  [5, 6, 23]. The  structure was produced by autoclave and 
it was made of a carbon/epoxy composite denoted as M12/35%/
uD134/As7/143. The composite lay-up consisted of 8 layers in 
a symmetric arrangement relative to the central plane described 
by the configuration [0/-45/45/90]s. The channel-section profile 

had the overall dimensions of 80x40 mm, a wall thickness of 0.148 
mm and a length of 143 mm – Fig.1.

Basic mechanical properties of the produced composite material  
were determined in experimental tests according to the relevant iso 
standard [19, 20, 21]. Thereby determined mechanical properties of 
the carbon/epoxy composite allow us to define a model of the mate-
rial with orthotropic properties in a two-dimensional state of stress 
(Table 1).

3. Methods and scope of the study

The study involved both experimental and numerical investigation 
of the critical and weakly post-critical state of a thin-walled composite 
structure under compression. The experimental tests conducted on the 

produced thin-walled composite columns enabled observing the real 
behaviour of the structure in a critical state and its operation following 
the stability loss. The purpose of the parallel-run numerical analysis 
was to develop adequate, experimentally validated FEM models for 
investigating the problem of stability (critical state) of thin-walled 
composite structures; in other words, models that would accurately 
reflect the behaviour of a real structure.  

3.1. Experimental

The experimental tests were performed on a thin-walled compos-
ite profile with a channel section  for a load range of approx. 150% 
of the critical force determined in the numerical simulation. The ex-
periments were performed in room temperature on the Zwick Z100 
universal testing machine with a maximum load range of 100 kN, at a 
constant speed of the upper cross beam set to 2 mm/min. in the tests, 
the profile ends were simple-supported to ensure articulate support 
of individual profile walls which had the form of plate elements. To 
prevent the impact of boundary conditions on the structure, both ends 
of the profile were provided with soft material pads to level poten-
tial inaccuracies of the end sections of the profile. The specimen was 
aligned using special pads enabling precise setting of the profile’s end 
sections relative to the bolts of the testing machine. The test stand 
with the mounted specimen is shown in Fig.2.

The experiments involved measuring variations in the compressive 
force and strains using strain gauges located lengthwise the column on 
the opposite sides of the web in the region of the highest expected 
deflection. The obtained post-critical equilibrium paths describing the 
relationship between load and difference in strain, P – (ε1−ε2), enabled 
determination of the critical load as well as assessment of the struc-
ture’s behaviour in a weakly post-critical range.  

3.2. Approximation methods for determining critical load in 
experiments 

inaccuracies occurring in experimental tests due to various inde-
pendent factors such as geometric defects of the structure, design of 
the test stand, load and boundary conditions hamper accurate determi-

Fig. 1. Thin-walled channel-section column: a)geometric model, b) physical 
model of the structure

Fig. 2. Test stand used in the experiments 

Table 1. Mechanical properties of carbon/epoxy composite 

young’s modulus 
[gPa] Poisson’s ratio ν12 Kirchhoff’s modulus 

g12 [gPa]

0° (E1) 90° (E2)
0.32

±45°

130.71 6.36 4.18

a) b)
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nation of critical load. in such cases, it is necessary to use approxima-
tion methods which enable assessing the critical load based on ex-
perimental results. The assessment of the critical force was performed 
by two independent approximation methods: Koiter’s method and the 
P – w2 method [18]. 

The application of Koiter’s method consisted in approximation of 
the post-critical equilibrium path describing the relationship between 
the specimen’s load and the difference in strains measured on the op-
posite sides of the profile wall.  Here, the experimentally determined 
post-critical equilibrium path, P–(ε1−ε2), in a weakly post-critical 
range is approximated with a quadratic function expressed as [18]:

 P P w P w Pcr cr cr=
∝
∝

+
∝
∝

+2

0

2 1

0
 (1)

where: α0, α1, α2 are unknown parameters of the function, P is the ap-
plied force, Pcr is the unknown critical load, and w ≈(ε1−ε2) denotes 
the increase in deflection measured perpendicular to the profile wall. 

in Koiter’s method, the critical load is a point of intersection of 
function (1) and the vertical axis of the coordinate system describing 
the post-critical behaviour of the structure, P−(ε1−ε2). The accuracy of 
the determined critical load depends on selection of an approximation 
range, where, in the case of stable behaviour of the structure, the di-
rection coefficient of the second-order polynomial must be positive. 

with the P−w2 method, the critical load is also determined 
based on the post-critical equilibrium path; however, the assess-
ment of the approximate value of critical force is done based on 
the relationship between load and the square of deflection perpen-
dicular to the plane of the profile wall. in this study, the deflec-
tion w was approximated by a difference in the results obtained 
with the strain gauges (ε1−ε2). The post-critical equilibrium path  
P−w2 was approximated by a linear function expressed as [18]:

 P P w Pcr cr=
∝
∝

+1

0
 (2)

where: α0, α1  are unknown parameters of the function, P is the ap-
plied force, Pcr is the value of unknown critical load, and w2≈(ε1−ε2)2  
denotes the increase in deflection measured 
perpendicular to the profile wall. 

The critical load is a point of intersection 
of approximation function (2) and the verti-
cal axis of the coordinate system describing 
the post-critical behaviour of the structure, 
P–(ε1−ε2)2.

The approximation results obtained with 
the above methods are not always unequivocal. 
The degree of linearity of the approximated 
curve is inextricably linked to the range of data 
used for determining critical loads. in addition, 
the results significantly depend on the number 
of points described by specified coordinates 
subjected to approximation. 

in the experiments, the key factor describ-
ing the accuracy of approximation was a cor-
relation coefficient, R2, the value of which af-
fects the degree of  convergence between the 
approximation function and the applied range 
of the approximated experimental curve. The 
higher the correlation coefficient is, the high-
er the accuracy of the applied approximation 
process can be observed. in the applied approx-

imation for the experimental equilibrium paths of the structure, the 
minimum correlation coefficient was set to R2 ≥ 0.95.

3.3. Numerical analysis

The study of stability and post-critical state was also conduct-
ed numerically by the finite element method using the commercial 
ABAQus® simulation software. The scope of the numerical compu-
tations involved performing analyses of both critical and weakly post-
critical states up to a value of approx. 150% of the lowest determined 
critical force. The analysis of the critical state involved solving a lin-
ear eigenproblem, leading to determination of the lowest critical load 
and the corresponding mode of stability loss. The eigenproblem is 
solved using the extreme potential energy conditions, i.e. the system’s 
equilibrium is equal to the minimum potential energy [1]. This means 
that, in static systems, the second variation of potential energy must 
be positive. The second stage of the computations involved a nonlin-
ear static analysis performed on a model with initial geometric imper-
fection corresponding to the lowest buckling mode with the amplitude 
equal to 0.1 of the profile wall thickness. This enabled determination 
of the post-critical equilibrium path of the structure describing the 
relationship between load and profile wall deflection in the normal 
direction P-w for a weakly post-critical range. The geometrically 
nonlinear problem (large displacements) was solved by the Newton-
Raphson method [1].

The discretization of the numerical model was performed using 
SHELL elements having  6 degrees of freedom in each node. we used 
8-node s8r elements described by a second-order shape function and 
reduced integration. The technique of reduced integration is one of 
the oldest approximation methods for solving problems regarding dis-
placement and stress in elements. Reduced integration enables reject-
ing false modes of finite elements deformation owing to the use of 
higher order polynomials to describe the element shape function [7, 
11, 12, 22, 24, 30]. The discretization process was performed using 
a structural mesh of finite elements, with the side of the element set 
to 2 mm. with the applied discretization methods, it was possible to 
uniformly divide individual walls of the profile, thereby obtaining a 
numerical model consisting of 5760 finite elements and 17585 nodes. 
A general view of the numerical model is shown in Fig. 3b.

Fig. 3. Discrete model of a channel-section column: a) boundary conditions, b) discretization of the geo-
metric model 

a) b)
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The finite element used in the discretization process was a lami-
nar element enabling defining the laminate structure based on the el-
ement’s thickness.  in the developed numerical model, the material 
is assigned orthotropic properties in two-dimensional state of stress, 
described by the experimentally determined mechanical properties of 
the composite material (Table 1).

The boundary conditions formulated for the numerical model 
ensured articulated support of the compressed composite columns 
– Fig. 3a. The boundary conditions were ensured by applying zero 
displacements to the nodes located on the edges of the lower and up-
per sections of the column, perpendicularly to the plane of each wall 
(displacements ux = 0 and uy = 0 ). in addition, the nodes from the 
bottom end of the column were blocked to prevent vertical displace-
ment (uz = 0), while the nodes belonging to the edge of the top end of 
the column were described by the same displacement uz=const via 
coupling the displacements relative to the axis of the column. The nu-
merical model was subjected to load applied to the edge of the  upper 
section of the column, ensuring that the column was under uniform 
compression in the axial direction. 

4. Results and discussion

The experiments on the axially compressed thin-walled 
channel-section column provided information enabling the as-
sessment of strains in the real structure in a function of external 
load. The results enabled performing qualitative and quantita-
tive analyses of the pre-critical and critical states based on the 
recorded test parameters. The critical state was identified based 
on the obtained buckling mode and its corresponding critical 
load. The experimentally determined critical values served as a 
basis for verifying the FEM numerical results. 

The investigation of the pre-critical and critical behaviour 
revealed that the lowest critical load corresponds to the local 
mode of stability loss of the structure resulting in formation of 
one half-wave on the walls and on the web of the channel-sec-
tion profile. The lowest buckling mode obtained in the experi-
ments and the numerical simulations is shown in Fig. 4. 

The experimental and numerical results of buckling modes 
of the investigated channel-section column under compression 
show complete agreement. The measurements of strains per-

formed using resistance strain gauges enabled determination of the 
post-critical equilibrium path describing the relationship between the 
compressive force and the difference in strains P–(ε1 − ε2). The ob-
tained characteristics served as a basis for determining the critical load 
by two independent approximation methods: Koiter’s method and the 
P−w2 method. The key problem with such an approach is to select an 
adequate measuring range for describing the post critical path, which 
directly affects the results. with inadequate approximation procedures 
the experimental critical loads significantly differ from the numeri-
cal findings. in addition, the approximation range should be selected 
such so as to maintain the highest possible correlation coefficient R2 
in order to ensure sufficient accuracy of matching the approximation 
function to the experimental curve. in the simulations, the range of the 
approximated experimental curve in all investigated cases covered a 
part of the experimental post-critical path from the intersection point 
of  force – strain to the end of the curve determined in the experiments 
for a weakly post-critical state (Koiter’s method) or for a linear state 
(P−w2 method), at the same time maintaining a high value of the cor-
relation coefficient (R2 ˃ 0.95).

As for the Koiter method, we examined the 
experimental post-critical equilibrium path ex-
pressed as P−w (where deflection is determined 
according to w≈(ε1−ε2)), and then performed 
approximation using a third-order polynomial. 
The critical load was determined here as a point 
of intersection between the approximation func-
tion and the chart’s vertical axis (axis of load). 
The critical load determined by Koiter’s method 
is 3108.2 n – Fig. 5. 

As for the P−w2 method, we analyzed the 
post-buckling equilibrium path expressed as 
P-(ε1−ε2)2 and approximated by a linear func-
tion. Also here, the critical load is determined as 
the ordinate of a point of intersection between 
the straight line of approximation and the verti-
cal axis in the chart (axis of load). The critical 
load determined by the P−w2  method is 3125.8 
n – Fig. 6.

The critical load determined by the above 
approximation methods was compared with the 
lowest eigenvalue determined numerically in 
the critical behaviour analysis. The critical load 
of the numerical model is 3008 n. All values 

Fig. 4. Lowest buckling mode in a channel-section column: a) experiment, b) FEM

Fig. 5. Critical load determined by Koiter’s method

a) b)
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of the critical load determined by the applied research methods are 
listed in Table 2.

The values of the critical load describing the buckling of a thin-
walled channel-section column determined by the approximation and 

numerical methods show high agreement.  The highest differ-
ences do not exceed 4%, which means that there is a high quan-
titative agreement between the applied research methods, and 
at the same time this confirms that the proposed procedure for 
calculating the critical load of a real structure was correct. 

The post-critical equilibrium paths P-w (compressive force 
– highest deflection perpendicular to the wall of the profile) de-
termined for the weakly post-critical range are compared, too. 
The experimental results shown in Fig. 7 show both quantitative 
and qualitative agreement with the numerical results determined 
by the finite element method. The results confirm the adequacy 
of the developed  numerical model for investigating the critical 
and post-critical behaviour of channel-section composite pro-
files under compression. 

5. Conclusions

The study investigated the behaviour of a thin-walled 
channel-section column subjected to uniform compression. The 
critical load was determined based on the experimental results 
of the post-critical equilibrium paths of the structure obtained 
by two independent approximation methods: Koiter’s method 
and the P−w2 method. The experimental results were compared 
with the critical load determined by the finite element method. 
it was found that the results of critical load show a very high 
agreement, with the greatest differences not exceeding 4%. This 
confirms the possibility of using the proposed procedure to de-
termine the critical load for real structures. Accurate determina-
tion of the critical load of thin-walled structures is extremely 
vital due to operational reasons, as it prevents the structure from 
undesired loss of stability. 

The results reveal a high sensitivity of the approximation 
parameters on the results accuracy. in particular, this pertains to 
selecting an appropriate approximation range and a high value 
of the correlation coefficient R2 to ensure agreement between 
the experimental characteristics of the structure and the approxi-
mation function. 

The results reveal a high qualitative and quantitative agree-
ment between the experimental results and the numerical find-
ings. This concerns both the mode of stability loss of the struc-
ture, critical load, as well as the post-critical equilibrium paths 
P–w in the early post-critical range. Therefore, the results pro-
vide vital information regarding the modelling of thin-walled 
composite structures and at the same time they confirm the 
correctness of the developed numerical models with respect to 
the eigenproblem and nonlinear statistical analysis in the post-
critical range. 

Fig. 6. Critical load determined by P-w2 method

Fig. 7. FEM post-critical equilibrium paths 

Table 2. Critical load – comparison of experimental and numerical results 

FEM [n] Koiter’s meth-
od [n]

Koiter’s/ FEM 
difference [%]

P-w2 method 
[n]

P-w2/ FEM differ-
ence [%]

3008 3108.2 3.3 3125.8 3.9
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1. Introduction

rolling element bearings (rEBs) are commonly used components 
in rotary machines. As their dynamic response has a great influence 
on the machine in which they are placed, they are key elements from 
the reliability point of view. To assure a satisfactory level of reliabil-
ity during their useful life, an efficient maintenance approach such as 
condition-based maintenance (CBM) should be applied [16]. in this 
context, it is essential to detect, isolate and identify faults, as well as 
to determine the remaining useful life of the studied system; i.e. to 
carry out diagnosis and prognosis processes [2, 6, 16]. Physics-based 
models use physical laws and mathematical formulations to obtain the 
response of a system under certain operating conditions, making them 
an appropriate choice for such endeavours [14, 37]. These models can 
be used together with other methods, such as the data-driven approach 
or symbolic modelling, to create a hybrid model that aims to over-

come the limitations of each method [9, 25]. in short, the development 
of physics-based models can facilitate the maintenance of rEBs.

Many researchers have considered the physics-based modelling 
of rEBs. The majority of the literature on dynamic models of rEBs 
focuses on ball bearings, with single-row deep-groove ball bearings 
receiving the most attention. Other dynamic models are related to oth-
er configurations of single-row ball bearings, such as angular-contact 
ball bearings [5, 15, 26, 42]. There are a few models for double-row 
ball bearings in the research literature [20, 46]. There are some mod-
els for roller bearings; these generally focus on cylindrical roller bear-
ings [22, 28, 36], with a few some models proposed for tapered roller 
bearings [17]. Models for other configurations of roller bearings, such 
as double-row tapered roller bearings and double-row spherical roller 
bearings, are proposed by some authors as well [1, 3].

A review of the literature suggests there is a wider variety of phys-
ics-based models for ball bearings than roller bearings. Furthermore, lit-

urko LEturIonDo
oscar saLgaDo
Diego gaLar

multi-body modelling of rolling element beArings And 
performAnce evAluAtion with locAlised dAmAge

metodologiA opArtego nA fizyce modelowAniA 
wielorAkich konfigurAcji łożysk tocznych

Condition-based maintenance is an extended maintenance approach for many systems, including rolling element bearings. For 
that purpose, the physics-based modelling of these machine elements is an interesting method. The use of rolling element bearings 
is extended to many fields, what implies a variety of the configurations that they can take regarding the kind of rolling elements, 
the internal configuration and the number of rows. Moreover, the differences of the applications make rolling element bearings 
to take different sizes and to be operating at different conditions regarding both speed and loads. In this work, a methodology to 
create a physics-based mathematical model to reproduce the dynamics of multiple kinds of rolling element bearings is presented. 
Following a multi-body modelling, the proposed strategy takes advantage of the reusability of models to cover a wide range of 
bearing configurations, as well as to generalise the dimensioning of the bearing and the application of the operating conditions. 
Simulations of two bearing configurations are presented in this paper, analysing their dynamic response as well as analysing the 
effects of damage in their parts. Results of the two case studies show good agreement with experimental data and results of other 
models in literature.

Keywords: rolling element bearing, physics-based modelling, multi-body, dynamics, bearing configuration, 
damage.

Utrzymanie ruchu zależne od stanu technicznego urządzenia to rozszerzone podejście do eksploatacji mające zastosowanie do 
wielu układów, w tym łożysk tocznych. Ciekawą metodą modelowania tych elementów jest modelowanie oparte na fizyce. Łoży-
ska toczne wykorzystywane są szeroko w wielu dziedzinach, co oznacza, że elementy toczne mogą występować w wielorakich 
konfiguracjach różniących się rodzajem elementów tocznych, ich wewnętrznym układem oraz liczbą rzędów. Co więcej, różnice 
dotyczące zastosowań sprawiają, że łożyska toczne mogą przybierać różne rozmiary i działać w różnych warunkach prędkości i 
obciążeń. W niniejszej pracy zaprezentowano metodologię tworzenia modelu matematycznego opartego na fizyce służącego do 
odtwarzania dynamiki wielu rodzajów łożysk tocznych. Zgodnie z zasadami modelowania układów wieloczłonowych, propono-
wana strategia wykorzystuje możliwość ponownego użycia modeli do zamodelowania szerokiego zakresu konfiguracji łożysk, a 
także uogólnienia wymiarowania łożyska oraz ujęcia warunków jego pracy. W opracowaniu przedstawiono symulacje dwóch 
konfiguracji  elementów tocznych wraz z analizą ich dynamicznej odpowiedzi oraz analizą skutków uszkodzenia ich części. Wyniki 
dwóch przedstawionych w pracy studiów przypadków wykazują dobrą zgodność z danymi doświadczalnymi oraz wynikami innych 
modeli opisanymi w literaturze.

Słowa kluczowe: łożyska toczne, modelowanie oparte na fizyce, układy wieloczłonowe, dynamika, konfiguracja 
łożysk, uszkodzenia.

LEturIonDo u, saLgaDo o, gaLar D. Multi-body modelling of rolling element bearings and performance evaluation with localised 
damage. Eksploatacja i niezawodnosc – Maintenance and reliability 2016; 18 (4): 638–648, http://dx.doi.org/10.17531/ein.2016.4.20.
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tle research has been conducted on some rEB configurations, including 
axial ball bearings, four-point contact ball bearings, double-row deep-
groove ball bearings, slewing bearings, thrust roller bearings, etcetera.

in their study of single-row deep-groove ball bearings, Xiangyang 
and wanqiang [43] used a two degrees-of-freedom (DoF) model con-
sidering the vertical and horizontal motion of the inner ring. Purohit 
and Purohit [30] took a similar approach, studying the effect of the 
number of balls and the preload on the frequency response of the rEB. 
They concluded that an increase in the number of balls implies an in-
crease of system stiffness and a reduction of the vibration amplitude. 
Kappaganthu and Nataraj [18] also studied motion in the plane of the 
rEB, but they took into account the effect of internal clearance.

Focusing on the effect of defects, Qiu et al. [31] used a single 
DoF model to represent the dynamics of a rEB in which both the sys-
tem stiffness and damping are defined as the sum of undamaged and 
damaged parameters. The authors used different approaches to estab-
lish the evolution of damage, such as the linear damage rule, damage 
curve approach and the double linear damage approach. Rafsanjani 
et al. [32] reproduced the transient force that occurs when there is 
contact with a defective surface by means of a series of impulses re-
peated with the characteristic frequencies of the elements of the rEB, 
whether a ring or a rolling element (rE). Patil et al. [29] and Kulkarni 
and sahasrabudhe [21] introduced defects as geometric changes in the 
races using circumferential half sinusoidal waves and cubic Hermite 
splines, respectively. Pandya et al. [27] combined localised defects on 
the races and the rEs and studied the dynamic response of a rEB in 
those conditions.

The aforementioned models only take into account the motion in 
the plane of the rEB. other models, such as that used by Changqing 
and Qingyu [4], describe the three-dimensional (3D) motion using a 
five DoF model, defining three translation motions and two angular 
displacements. The mathematical modelling of the waviness is also 
considered to represent the geometrical imperfections. Zhang et al. 
[45] proposed a model for a rotor-bearing system using a five DoF 
approach and taking into account the effect of the lubrication by us-
ing an elastohydrodynamic lubrication (EHL) model in each ball-
race contact. sopanen and Mikkola [39] went beyond this approach 
and included both waviness and localised defects in their proposed 
model. sawalhi and randall [34] presented a bearing-pedestal model 
in which two DoF are used for the inner ring motion, two DoF for 
the pedestal motion and an extra DoF to simulate a high frequency 
resonant response. The authors included the effect of the slippage and 
localised faults in the races and the balls.

some authors have studied the motion of the shaft and the dy-
namics of the balls, defining one DoF [13, 41] or two DoF [44] for 
each ball, but they have not considered the dynamics of the cage. in 
general, previous work is based on the assumption of the balls as eq-
uispaced. The motion of the cage is studied by a few authors; among 
these, Meeks and Tran [24] considered the dynamics of that compo-
nent by using six DoF.

Dynamic models of single-row deep-groove ball bearings based 
on finite element modelling are available, such as those by Kiral and 
Karagüelle [19] and Liu et al. [23]. in the latter work, the authors 
used a model consisting of 641,450 elements and 719,654 nodes with 
three DoF for each node, considering the cage to be rigid and the 
other components elastic.

As for other configurations of ball bearings, wang et al. [42] 
used a three DoF model to determine the 3D motion of an angular 
contact ball bearing. They studied the radial, axial and angular dis-
placements when a combination of radial, axial and moment loads 
are applied. Cui and zheng [5] also considered this 3D motion but 
used a five DoF model to model a rotor-bearing system. Jain and 
Hunt [15] introduced a different approach; they calculated the friction 
forces between the balls and the races in each contact using the EHL 
theory. Although they did not consider the dynamics of the cage, they 

inserted springs of very high stiffness between the balls. Thus, the 
balls were not assumed to be equidistant. Niu et al. [26] introduced 
not only the lubrication tractive forces but also two translational DoF 
for the pedestal motion. Kogan et al. [20] combined the model of an 
angular contact ball bearing to obtain a model for a duplex angular 
contact ball bearing. Another model for a double-row ball bearing was 
offered by zhuo et al. [46]. The authors proposed a three DoF model 
for self-aligning bearings; they studied the effect of the applied loads, 
the internal clearance, the waviness and the number of balls on the 
dynamic response of the rEB.

in work on roller bearings, shao et al. [36] proposed a two DoF 
model for cylindrical roller bearings in which the time-varying deflec-
tion and stiffness are calculated when there is a localised defect in a 
race. instead of studying the motion in the plane of the rEB, the three 
DoF model of Patel and upadhyay [28] considered 3D motion. These 
researchers also studied the effect of localised effects, but neglect-
ing the edge stresses. Leblanc et al. [22] proposed a planar model for 
cylindrical roller bearings in which the cage is also modelled. They 
defined the normal forces as well as the friction torque in the contact 
between the rollers and the cage. This model includes the EHL theory 
for roller-race contacts. Kabus et al. [17] proposed a model for tapered 
roller bearings using the elastic half-space theory to define the contact 
pressure between the rollers and rings instead of the classical Hertz-
ian contact theory. Models for other configurations of roller bearings, 
such as double-row tapered roller bearings and double-row spherical 
roller bearings, have been proposed by Bercea et al. [1] and Cao and 
Xiao [3], respectively.

The objective of this paper is to present a general approach to the 
physics-based modelling of rEBs in different configurations, follow-
ing a multi-body strategy. The model represents the characteristics 
of the parts that form the rEBs as well as the way in which contacts 
between those parts are produced. it can obtain the dynamics of rEBs 
of any kind of RE and in any configuration, based on the reusabil-
ity of models. As different operating conditions affect both the shaft 
speed and applied loads, the model has the ability to reproduce either 
stationary or non-stationary operating conditions. The model is imple-
mented using Modelica® modelling language.

The paper is structured as follows: section 2 presents the basic 
concepts of the proposed physics-based model; section 3 shows how 
to create a model for any kind of rEB based on the basics of the 
model; section 4 presents two case studies; section 5 provides a con-
clusion.

2. Definition of the basic concepts of the model

The multi-body model proposed in this paper is composed of 
three kinds of parts: the rings, REs and the cage. Each is assumed to 
behave as a rigid solid with point mass moving in the space, with the 
exception of the zones where there is contact between parts. Hence, 
each part is defined by six DoF: three for the translational motion and 
three for the rotational motion. These six DoF are defined by two vec-
tors: r = [rx ry rz]T and q = [q0 q1 q2 q3]T, where r is the linear position 
vector from the centre of a fixed reference system to the gravity centre 
(gC) of the body, and q represents the Euler parameters for the body-
fixed reference system [35]. Only three of the four parameters are 
independent, as the condition of q being a unitary vector is imposed.

The dynamics of the aforementioned parts is affected by the 
contact loads and the loads caused by the restrictions. This section 
explains the physics behind these loads and the way damage is con-
sidered.

2.1. Contact loads between bodies

The contact between the different elements that form a rEB caus-
es forces and moments. Thus, each RE receives loads because of its 
contact with the rings and the cage, each ring receives loads because 
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of its contact with each RE and the cage, and the cage receives loads 
from its contact with each RE and each ring.

2.1.1. Contact between the rolling elements and the rings

The contact force caused by the contact between the REs and the 
rings can be divided into two forces depending on the direction in 
which they are applied. One force is normal to the mating surface 
where the contact is produced; the other is on the contact plane. The 
directions of these forces are given by the unitary normal vector n̂  
and the unitary tangential vector t̂ .

The normal force is calculated as the sum of elastic and dissi-
pative components [7]. The elastic force is determined using Hertz 
theory [12], whereby deformations occur in the elastic range and the 
dimensions of the contact area are small compared to the radii of cur-
vature of the bodies under load. The dissipative effect is modelled as 
proposed by Flores et al. [7]. The effect of the damping is introduced 
as a function of the relative normal penetration velocity δ . Thus, the 
normal force fN is expressed as:

 ( )
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where Kn is the contact stiffness, δ the contact deformation, n the load-
deflection factor, which is equal to 3/2 for ball bearings and to 10/9 
for any kind of roller bearings, ce the restitution coefficient, and 
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the initial normal impact velocity where the contact is produced. The 
expression to calculate Kn is given as:
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where Ki and Ko are the stiffness of the contacts between the REs and 
the inner and outer rings, respectively. These two values are func-
tions of the geometrical and material properties of the bodies, and the 
procedure to calculate them is explained by Harris and Kotzalas [12]. 
The deformation is equal to zero if there is no contact and is calculated 
as the distance between the nearest surfaces of both the RE and the 
raceway of the ring, as expressed in the following equation:
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where rψ is the distance between the gC of the rE and the raceway 
curvature centre in the radial plane, Dw is the diameter of the RE, and 
ri,o is the raceway curvature radius of the ring.

Tangential force takes into account the effect of the lubricant and 
the rolling/sliding motion of the rEs. According to the EHL theory, 
the shear stress τ in the lubricant film is defined as a function of the lu-
bricant viscosity η and the strain rate γ , i.e. the sliding speed between 
the two surfaces divided by the local film thickness. The integration of 
this shear stress in the contact area gives the friction force fT. in many 
cases, the friction force is obtained as the modulus of the normal force 
multiplied by a friction coefficient μ, i.e., as the shear stress τ, a func-
tion of η and γ [40]. Thus,

 ˆ( , )·| |·T Nµ η γ= f f t  (4)

in the proposed model, different expressions for the friction coef-
ficient μ are used depending on the kind of rE. in the case of ball 
bearings it is obtained as [10,40] 
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where τe is the value of the shear stress at which shear thinning starts 
to become significant, p  is the mean pressure in the contact, η0 is 
the dynamic viscosity of the lubricant at atmospheric pressure, α  is 
an average pressure-viscosity coefficient, U is the mean of the roll-
ing speeds of the two surfaces with respect to the contact, SRR is the 
slide-roll-ratio [40], and hc is the central film thickness. Values for τe 
and α  depending on the mean film temperature and the mean contact 
pressure are given by spikes [40]. Hamrock and Dowson [11] offer an 
expression for the cental film thickness for elliptical contacts.

For roller bearings, another approach is followed when defining the 
value of μ [10], given as:

 µ = + ⋅ − ⋅ +( )· ( )A B u C u D∆ ∆exp  (6)

where A, B, C and D are coefficients for a particular lubricant [10] and 
Δu is the sliding velocity of the surfaces.

The sum of the normal and tangential forces, leading to the to-
tal RE - ring contact force, creates a moment calculated as the cross 
product of the vector from the gC of each part to the contact points 
and the contact force.

2.1.2. Other contacts

The cage is considered as a body with Z holes for avoiding contact 
between the REs. These holes have a cylindrical form for ball bear-
ings and a prism form for roller bearings. The contact loads between 
the rEs and the cage holes are calculated using Hertz theory as ex-
plained above.

The contact between the rings and the cage is simplified by con-
sidering that a nonlinear spring connects the centre of the cage and the 
centre of the rings. This nonlinear spring is formed as a linear spring 
with a gap in which there is no contact force. Equations (7) and (8) 
show the relation between the radial distance between the centres rr 
and the radial component of the contact force fr, as well as the relation 
between the axial distance between the centres ra and the axial com-
ponent of the contact force fa. The parameters defining those relations 
are the clearances cr and ca and the stiffness coefficients kr and ka for 
the radial and the axial force, respectively. As there is not considered 
to be any rotational stiffness in the contact between the rings and the 
cage, the moments are defined as equal to zero.

 f
r c

k r c r cr
r r

r r r r r
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<
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0,
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2.2. Housing restrictions and operating conditions

The housing is considered as either completely rigid or in a wide 
range of stiffness. The former results in the elimination of the six DoF 
of that ring; the latter implies the need to define a symmetric stiffness 
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matrix Kh of order six with the aim of obtaining the loads because of 
the housing restrictions fh and mh, which are given as:

 f
m

K
rh

h
h

r







 =









φφ

 (9)

where rr is the position vector of the ring and ϕ is the rotation 
vector of the ring, which is related to its Euler parameters [35]. 
The stiffness matrix Kh is a function of the linear and angular 
position of the non-rotating ring and a function of its linear and 
angular velocity. The matrix can be calculated by estimating the 
coefficients or by reducing a finite element model of the hous-
ing to a matrix of order six. it should be noted that the rotating 
ring is considered to be rigidly fixed to the shaft.

The operating conditions are introduced as restrictions of 
the motion, in such a way that the rotary DoF is eliminated in 
order to impose a predefined speed on the rotary ring. it should 
be highlighted that either stationary or non-stationary operating 
conditions can be introduced. The applied loads are also given 
as a predefined profile function of time. They can be a combi-
nation of radial forces, axial forces and tilting moments and are 
added to the vectors fh and mh.

2.3. Introducing damage to the parts

Local damage is defined in the different parts of the rEB as 
geometrical changes of their surface in one or more locations. 
The surface modifying profile function of the angular position 
directly affects the geometric properties of the contact between 
the elements. The deformation in a damaged case δd is calcu-
lated as the subtraction or the sum of the deformation in the 
healthy case and the depth of the damage in the point at which 
the contact is produced, h, as expressed in the following equa-
tion:

 δ δd h=   (10)

Equation (10) depends on whether there is a lack of material 
in a zone or some particle is fixed to any of the parts. Faulty situations 
such as spalling and wear debris in the contacts can be modelled using 
this approach.

3. Construction of the rolling element bearing model

Now that the general background has been established, this sec-
tion explains the proposed approach. The first step is the creation of a 
new library of models, as shown in Table 1. These body and contact 
models are based on the use of attributes to simulate any kind of rEB, 
as explained in sections 3.1 and 3.2.

A model for a single-row rEB is constructed by combining the 
appropriate models, as seen in Fig. 1. The schematic includes the bod-
ies that compose a rEB (two rings, Z REs and a cage), the contact 
models between the different elements, and the restriction models for 
the housing and the operating conditions. The lines between the boxes 
represent the connections between the body, contact and restriction 

models. The models of the bodies share their linear and angular posi-
tion; these are used by the contact models to determine the existence 
of contact between the bodies and to establish the contact loads in an 
acausal way. The restriction models build conditions in the position 
of the bodies or in the loads supported by them according to section 
2.2. The motion of any part can be defined using the Newton-Euler 
equations.

with the aim of creating the model for rEBs combining the dif-
ferent parts explained previously, this work uses Modelica® model-
ling language. Modelica® takes advantage of acausal modelling, its 
multi-domain modelling capability, its object-oriented approach and 
the ability to create and connect components of models to simulate 
dynamic systems represented by a set of differential algebraic equa-
tions (DAEs) [8].

As there are many different needs in industry with respect to ro-
tary machines, many kinds of rEBs have appeared over the years. 
This work seeks to model any kind of rEB. To achieve this goal, the 
following issues are covered, based on the scheme of Fig. 1:

How to model rEBs using different rEs.• 
How to model rEBs in different internal configurations.• 
How to model rEBs with different numbers of rows.• 

3.1. Adapting the model for any kind of rolling element

one of the main features of a rEB is the kind of rE used. rEBs 
are classified as ball bearings or roller bearings; in addition, roller 
bearings can be composed of cylindrical, needle, tapered or spherical 
rollers. This paper defines two kinds of rEs, as shown in Fig. 2. A 
sphere of diameter Dw is defined for ball bearings (see Fig. 2a) and 
a general roller with mean diameter Dw and length Lw is defined for 
roller bearings (see Fig. 2b).

Despite their differences, the four kinds of rollers found in off-
the-shelf rEBs can be easily modelled using a roller model and vary-

Table 1. Library of models

Bodies Contacts Restrictions Damage

rE rE - ring contact operating conditions Damage

ring rE - cage contact housing

Cage Cage - ring contact

Fig. 1. Scheme of the model for a single-row REB
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ing its parameters – the tilt angle α and the radius of curvature R, as 
shown in Fig. 2b. The combination of different values of α and R 
leads to the four kinds of rollers, as seen in Table 2. The roller model 
only supports the combinations shown in Table 2; other combinations 
are not taken into account because it does not make sense. it should 
also be noted that the relationship between the length and the mean 
diameter is the only difference considered between the models of cy-
lindrical rollers and needle rollers. Thus, the length of a needle roller 
is considered to be longer than four times its diameter.

3.2. Adapting the model for any internal configuration

Another important factor is the internal configuration of the 
rEBs. regarding this issue, many configurations can be found, that 
go from radial to thrust or axial configurations, through angular con-

tact and four-point contact configurations in the case of ball 
bearings.

To obtain a model for a ring able to cover this wide range of 
configurations, a geometry of reference for rings is defined as shown 
in Fig. 3a. rings for radial rEBs, angular contact rEBs and thrust 
rEBs can be obtained by restricting the zone in which the contact 
between a rE and the ring is produced. Fig. 3b, 3c and 3d show, re-
spectively, how to obtain outer rings for the aforementioned configu-
rations based on the reference geometry. This restriction is given by 
the contact angle allowed to support each rEB. Table 3 shows the 
ranges for the values of β1 and β2, the initial and final possible contact 

angles, as shown in Fig. 3.
The case of four-point contact 

rEBs is constructed as the change in 
the number of curvatures to two, in 
such a way that the centres of curva-
ture are displaced axially a distance 
L4, as shown in Fig. 4. Thus, the con-
tact angles for each curvature are 0º 
< β1 < β2 < 90º for the raceway in the 
left and −90º < β1 < β2 < 0º for the 
raceway in the right.

3.3.   Adapting the model for any 
number of rows

Once the kind of RE and the inter-
nal configuration of the rEB are selected, the model for a single-row 
rEB can be obtained. A multi-row rEB is modelled by taking advan-
tage of the reusability of the model. in general, a p-row rEB is mod-
elled taking p single-row rEB models. To assure the p outer rings move 

in time with each other, they are connected by models containing 
stiffness matrices of order six, as shown in Fig. 5. The same pro-
cedure is used for the p inner rings and the p cages. These matri-
ces relate the linear and angular position of the parts with the joint 
forces needed to assure the synchronous movement. The values 
of the matrices Ko, Ki and Kg indicate whether the synchronisation 
between the parts is rigid or flexible.

4. Results and discussion

To show the capabilities of the proposed approach for the 
physics-based modelling of rEBs, the paper employs two case 
studies. First, it gives results for the simulation of a single-row 
deep-groove ball bearing; more specifically, it simulates the 
rEXnorD Er16K bearing. second, it shows the response of 
a nJ 305 cylindrical roller bearing. The dimensions of the two 
rEBs are shown in Table 4.

Both cases consider three different scenarios for the health 
condition of the rEB: rEB without damage, local damage on 
the outer ring and local damage on the inner ring. in the last 
two cases, damage is introduced as changes in the surfaces 
of the damaged bodies. As Fig. 6 shows, the damaged sur-
faces are defined by means of two smooth curves. These cubic 

Fig. 2. Parameters of the REs: (a) ball, (b): roller

Fig. 4. Detail of a four-point contact REB ring

Fig. 3. Ring geometry: (a) reference geometry; (b) radial REB; (c) angular contact 
REB; (d) thrust REB

Table 2. Restrictions for the roller parameters in the different roller geometries

Cylindrical needle tapered spherical

shape

α 0° 0° >0° 0°

R ∞ ∞ ∞ >0

Table 3. Restrictions for the contact angles in the different internal configurations

Angle Radial REB Angular contact REB Thrust REB

β1 −90°<β1<0° 0° 0°<β1<90°

β2 0°<β2<90° 0°<β2<90° 90°<β2<180°
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curves are defined by the angular length of the damage, ψ, and the 
damage depth, h.

The properties of the material (steel) are the same for both case 
studies: modulus of elasticity E of 207 gPa, Poisson’s ratio ν of 0.3 
and density ρ of 7830 kg/m3.

4.1.   First case study

The first case study considers a constant ro-
tational speed of 20.9 rad/s (200 rpm) applied to 
the inner ring and a radial force of 1600 N. The 
selected values for ψ and h are 0.0847 rad and 
0.13 mm, respectively, for both the damage in 
the outer ring and in the inner ring.

The model provides the time evolution of 
the different elements of the rEB. Fig. 7 shows 
the vertical acceleration of the inner ring in the 
aforementioned three health conditions. As the 
figure indicates, the vibration of the healthy 
case is lower than that of the two damaged cases 
because of the presence of the damage in the 
surface of the rings.

To experimentally validate the results ob-
tained by the model, the study uses a commer-
cial test rig manufactured by spectraQuest inc., 
gearbox Prognostics simulator (see Fig. 8). 
An induction motor drives a motor in which a 
tachometer, a torquemeter and an encoder are 
mounted. in this case, one gearbox is moni-
tored, more specifically, a rEB in the interme-
diate shaft. There is another gearbox, as well 
as a motor that applies some load. The control 
guarantees that the speed of the drive motor 
and the load applied by the load motor are the 
desired ones. The vibration near the housing of 
the monitored rEB is acquired using a triaxial 
PCB 356A17 accelerometer using a sample fre-
quency of 10240 Hz.

Fig. 9 shows the spectral content of the 
results obtained from the model and from the 
measurements taken in the test rig in both 
healthy and damaged conditions. For damaged 
conditions, localised damage in the outer ring 
is considered. in this case, periodic peaks are 

Fig. 5. Scheme for a multi-row REB

Fig. 6. Scheme of the damage introduced to the rings in both case studies

Fig. 7. Vertical acceleration results obtained with the 
model in the first case study: (a) healthy case, (b) case 
with damage in the outer ring, (c) case with damage 
in the inner ring

Table 4. Dimensions of the analysed REBs

Dimensions REXNORD ER16K NJ 305

number of rEs, Z 9 11

Ball/roller diameter, Dw 7.94 mm 10 mm

Inner ring diameter, di 31.38 mm 34 mm

outer ring diameter, do 47.26 mm 54 mm

Inner raceway curvature radius, ri 4.1 mm -

outer raceway curvature radius, ro 4.1 mm -

Fig. 8. Test rig used for the experiments in the first case study
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found at a theoretical frequency called ballpass frequency of outer 
race (BPFo) [33], given as:

 BPFO Z n D
D

i w

pw
= −









· · ·cos

2
1 β  (11)

where ni is the rotational speed of the shaft expressed in revolu-
tions per second, Dpw is the pitch diameter of the rEB, and β is 
the contact angle. Fig. 9c shows the signal has some impulsive-
ness at the BPFo and at its next harmonics; the healthy case 
(Fig. 9a) shows a flatter spectrum with no peak at the aforemen-
tioned fault frequency.

A more complex signal can be seen when the fast Fourier 
transform is applied to the vibration measurements taken in 
the test rig, largely because of the different elements of the rig. 
in the results obtained from both the healthy and the damaged 

cases (see Fig. 9b and 9d) impulsiveness is found at the rotating fre-
quency of the input shaft and the intermediate shaft of the monitoring 
gearbox (8.33 Hz and 3.33 Hz, respectively, shown with dashed lines) 
as well as some of their higher harmonics (6.66 Hz, 16.66 Hz, 25 Hz 
and 33.33 Hz, shown with dotted lines). The main difference between 

the healthy and the damaged cases is the pres-
ence of the BPFo (shown with a solid line) and 
higher harmonics (shown with dotted lines) in 
the latter because of the existence of damage in 
the outer ring.

The values of the peaks obtained in the 
four graphs shown in Fig. 9 are summarised 
in Table 5. As the table shows, the differences 
between the results are less than 0.85 %. This 
difference can be caused because of slip at the 
contact, as the theoretical value does not con-
sider it.

Despite the lack of experimental results 
for the case with damage in the inner ring, the 
results obtained from the frequency-domain 
analysis are compared to the theoretical ones. 
Fig. 10 shows the spectral content of the accel-
eration of the inner ring with this kind of dam-
age. The spectrum follows the expected pattern 
[38]; i.e., a peak is found at the theoretical fre-
quency called ballpass frequency of inner race 
(BPFi) [33] expressed as:

 BPFI Z n D
D

i w

pw
= +









· · ·cos

2
1 β         (12)

This is shown by a solid line. impulsiveness 
is also found at the second harmonic of BPFi 
(36.13 Hz, shown with a dotted line), at the 
sidebands of BPFi and its second harmonic 

(11.23 Hz, 14.65 Hz, 21.48 Hz, 24.66 Hz, 29.54 Hz, 32.71 Hz, 
39.31 Hz and 42.72 Hz, shown by dash-dot lines), at the rotating fre-
quency (3.42 Hz, represented by a dashed line) and at the second har-
monic of the rotating frequency (6.59 Hz, shown by a dotted line). in 
other words, the results obtained with the proposed model are near to 
the theoretical ones, with a difference up to 2.6 %. Data related to the 
BPFi and its second harmonic are summarised in Table 5.

The theoretical rotational speed of the cage ωc can be calculated 
as 2·π· FTF, where FTF is the fundamental train frequency [33], 
given as:

 FTF n D
D

i w

pw
= −









2

1· ·cosβ
 (13)

The theoretical value of the rotational speed of the cage and the 
values obtained in the model for the different healthy scenarios are 
shown in Fig. 11 and summarised in Table 6 using the mean values of 

Fig. 9. Fast Fourier transform of the experimental and model results in the first case study: (a) model 
result for the healthy case, (b) experimental result for the healthy case, (c) model result for the case 
with damage in the outer ring, (d) experimental result for the case with damage in the outer ring

Fig. 10. Fast Fourier transform of the model results for the case with damage 
in the inner ring in the first case study

Table 5. Comparison of BPFO and BPFI obtained from the model, using experiments 
and theoretical values in the first case study

Damage location Proposed model Theoretical Experimental data

outer ring (BPFo) 11.96 hz 11.91 hz 11.87 hz

outer ring (2·BPFo) 23.93 hz 23.82 hz 23.73 hz

Inner ring (BPFI) 18.07 hz 18.09 hz -

Inner ring (2·BPFI) 36.13 hz 36.18 hz -
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the time signals. The differences are less than 0.35 % and are given by 
the loss of contact between the REs and the raceways when the REs 
reach the damaged zone; this produces a disturbance in the transmit-
ted load and, therefore, in the friction forces producing the rotation of 
the balls involved in the motion of the cage.

4.2. Second case study

This case study considers the response of a cylindrical roller bear-
ing when a radial constant force of 75 N and a constant shaft speed 
of 104.72 rad/s (1000 rpm) are applied to the inner ring. The selected 
values for ψ and h are 0.0093 rad and 0.5 mm, respectively, for the 
damage in the outer and inner ring, according to the tests done by 
Patel et al. [28].

Fig. 12 shows the results obtained from simulations of the verti-
cal acceleration of the inner ring in the three health conditions. in 
order to experimentally validate the results of the model, results are 
compared to those obtained by Patel et al. [28] and to experimen-
tal data in the same work. Frequency-domain analysis is applied to 
the accelerations signals obtained from the proposed model for the 

two damaged cases; the results appear in Fig. 13. For the 
healthy case, an almost flat response is found; for the case 
with damage in the outer ring, impulsiveness is found at 
BPFo (solid line) and at the next two harmonics of this 
frequency (dotted lines); for the case with damage in the 
inner ring, peaks are found at the shaft frequency (dashed 
line), its higher harmonics (dotted lines), BPFi (solid line), 

two sidebands (dash-dot lines), and the second 
harmonic of BPFi (dotted line). The frequency 
values at which the characteristic fault frequen-
cies and their corresponding second harmonics 
are found are summarised in Table 7; the ta-
ble also contains the theoretical results and the 
simulation and experimental results of Patel et 
al. [28]. The results obtained by the proposed 
model have differences of less than 1.4 % from 
the theoretical results, less than 2.3 % from 
the results of the model of Patel et al. [28] and 
less than 2.8 % from the experimental results 
shown in the same work.

As Fig. 14 shows, the speed of the cage 
closely follows the theoretical values, with a 
mean difference of less than 1.2 %. The values 
of the cage speed are summarised in Table 8.

5. Conclusions

This work proposes a methodology for the 
physics-based modelling of rEBs. The objec-
tive is to represent the dynamics of different 
kinds of rEBs and give detailed information 
about the response of a rEB in different oper-
ating and health conditions using a multi-body 
model. To this end, the work takes advantage 
of the reusability of the different components 
of the model, generalised to represent as many 

cases as possible. Examples of this ap-
proach include modelling the REs, the 
different internal configurations and 
multi-row rEBs. The model is able to 
consider the application of both sta-
tionary and non-stationary operating 
conditions to the rotary ring and the ef-
fect of damage considered as geomet-
ric changes in the surfaces of the bod-
ies. it should be noted that other kinds 

Fig. 12. Vertical acceleration results obtained with the model in the second case study: (a) healthy case, (b) 
case with damage in the outer ring, (c) case with damage in the inner ring

Fig. 11. Rotational speed of the cage in the different health conditions in the 
first case study

Table 6. Comparison of cage speeds obtained from the model in the first case study in the 
different health scenarios and the theoretical

Value healthy case damage in outer 
ring

damage in inner 
ring

theoretical

ωc [rad/s] 8.32 8.34 8.34 8.31

Table 7. Comparison between the fault frequencies obtained from the proposed model, from the work of Patel et al. 
[28] (both simulated and experimental) and the theoretical values in the second case study

Damage location Proposed model Theoretical Experimental data [28] Model of Patel et al. [28]

outer ring (BPFo) 71.53 hz 70.59 hz 69.6 hz 70 hz

outer ring (2·BPFo) 143.1 hz 141.19 hz 141.7 hz 140 hz

Inner ring (BPFI) 112.1 hz 112.74 hz 111 hz 112 hz

Inner ring (2·BPFI) 225.3 hz 225.48 hz 225.8 hz 224 hz



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol.18, No. 4, 2016646

sciENcE aNd tEchNology

of damage that do not imply local spalling are 
not included at this point.

Two case studies are analysed using the pro-
posed approach. The response of a single-row 
deep-groove ball bearing and a cylindrical roller 
bearing is simulated. The vibratory response is 
indicative of the presence of damage in the rEB 
and gives information on the kind of damage. 
The spectral content of the simulated results 
agree well with theoretical results, experimental 
data and results from other literature; hence, the 
model is validated.

The use of the proposed methodology for 
the physics-based modelling of rEBs will help 
in future research into condition-based mainte-
nance. using the proposed model to carry out 
simulations covering a range of operating and 
health conditions will help to create a map of 
situations that may arise; a classification system 
can be set up, and the state of an operating rEB, 
as well as its evolution, can be determined.
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Fig. 14. Rotational speed of the cage in the different health conditions in the 
second case study

Fig. 13. Fast Fourier transform of the model results in the second case study: (a) healthy case, (b) case with 
damage in the outer ring, (c) case with damage in the inner ring

Table 8. Comparison of cage speeds obtained from the model in the second case study in the different 
health scenarios and the theoretical value

Value Healthy case Damage in outer ring Damage in inner ring Theoretical

ωc [rad/s] 40.76 40.8 40.75 40.32
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