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Macián V, Tormos B, Riechi J. Time replacement optimization model: comparative analysis of urban transport fleets using Monte Carlo
Simulation. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017;
19 (2): 151–157, http://dx.doi.org/10.17531/ein.2017.2.1.

Macián V, Tormos B, Riechi J. Model optymalizacji czasu wymiany floty.
Analiza porównawcza flot miejskiego transportu publicznego z zastosowaniem
symulacji Monte Carlo. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 151–157, http://dx.doi.org/10.17531/ein.2017.2.1.

This paper presents a comparative analysis of operation and maintenance costs of
the transport fleets in two countries: Spain and Brazil. For this analysis, the research
proposed an optimization model which is a combination of the traditional Life Cycle
Cost Analysis methodology (LCC) and simulation model Monte Carlo. The results
indicated the successful of model and show the lower cost in the Brazilian fleet. The
evidences may be useful for other practices and researches.

W niniejszej pracy przedstawiono analizę kosztów pracy i utrzymania flot transportowych
w dwóch krajach: Hiszpanii i Brazylii. Dla celów analizy, zaproponowano model optymalizacji stanowiący połączenie tradycyjnej Analizy Kosztów Cyklu Życia (LCC) oraz
modelu symulacji Monte Carlo. wyniki potwierdziły trafność modelu oraz pokazały, że
koszty ponoszone w przypadku floty brazylijskiej były niższe. Zaproponowany model
może znaleźć zastosowanie zarówno w praktyce jak i w dalszych badaniach.

He Q, Zha Y, Zhang R, Sun Q, Liu T. Reliability analysis for multistate system based on triangular fuzzy variety subset bayesian networks.
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2):
158–165, http://dx.doi.org/10.17531/ein.2017.2.2.

He Q, Zha Y, Zhang R, Sun Q, Liu T. Analiza niezawodności systemu
wielostanowego z zastosowaniem sieci bayesowskich opartych na rozmytych
podzbiorach zmienności opisanych przez trójkątną funkcję przynależności.
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 158–165,
http://dx.doi.org/10.17531/ein.2017.2.2.

In this paper, a novel reliability analysis method for multi-state system is proposed
on the basis of triangular fuzzy variety subset Bayesian network (BN). The method
considers fuzziness, multi-state, and variety of failure probability over time. With
advantages in modeling and computation, the BN is utilized for reliability analysis.
Fuzzy set theory is introduced into the BN analysis by using triangular fuzzy variety
subset to describe failure probability. The uncertainty of fault logical relationship
between different nodes is described through fuzzy conditional probability tables.
As a function of time, the failure probability of each root node is analyzed first.
Subsequently, the triangle fuzzy variety subset is established to describe the fuzzy
failure probability of root nodes. This subset is applied to analyze the reliability of
multi-state system fuzzy BN. Finally, a case study on the car free movement accident
of flexible high-speed elevator lift system is used to demonstrate the effectiveness
and practicality of the proposed method. Results show that the proposed approach
could effectively address the problems on information uncertainty and multi-state
in the early stage.

W niniejszej pracy zaproponowano nową metodę analizy niezawodności systemów
wielostanowych wykorzystującą sieci Bayesa (BN) oparte na rozmytych podzbiorach
zmienności opisanych za pomocą trójkątnej funkcji przynależności. Metoda ta uwzględnia rozmyty charakter danych dotyczących uszkodzeń, wielostanowość systemu oraz
zmienność prawdopodobieństwa wystąpienia uszkodzenia w czasie. BN, które znalazły
zastosowanie w modelowaniu i metodach obliczeniowych, wykorzystuje się także do
analizy niezawodności. W przedstawionych badaniach, analizę BN uzupełniono o elementy
teorii zbiorów rozmytych wykorzystując do opisu prawdopodobieństwa wystąpienia
uszkodzenia, podzbiory zmienności opisane przez trójkątną funkcję przynależności.
Niepewność zależności logicznej pomiędzy awariami reprezentowanymi przez różne
węzły sieci opisano za pomocą tabel rozmytego prawdopodobieństwa warunkowego. W
pierwszej kolejności analizowano prawdopodobieństwo uszkodzenia każdego korzenia
(węzła głównego) w funkcji czasu. Następnie, wyznaczono trójkątny rozmyty podzbiór
zmienności, za pomocą którego opisano rozmyte prawdopodobieństwo uszkodzenia
węzłów głównych. Podzbiór ten wykorzystano do analizy niezawodności systemu wielostanowego przy pomocy rozmytych BN. Artykuł kończy opis wypadku podczas ruchu
wózka windy szybkobieżnej, który potwierdza skuteczność i możliwość praktycznego
wykorzystania proponowanej metody. Wyniki pokazują, że proponowane podejście
może skutecznie rozwiązywać na wczesnym etapie problemy związane z niepewnością
informacji oraz wielostanowością systemu.

Szajek K, Wierszycki M, Topoliński T, Łodygowski T. Experimental verification of the two component implant optimization results
in context of fatigue life. Eksploatacja i Niezawodnosc – Maintenance and
Reliability 2017; 19 (2): 166–171, http://dx.doi.org/10.17531/ein.2017.2.3.

Szajek K, Wierszycki M, Topoliński T, Łodygowski T. Weryfikacja
eksperymentalna wytrzymałości zmęczeniowej zoptymalizowanego implantu
stomatologicznego. Eksploatacja i Niezawodnosc – Maintenance and Reliability
2017; 19 (2): 166–171, http://dx.doi.org/10.17531/ein.2017.2.3.

In this paper the verification of the optimal dental implant design is presented. It is
focused on fatigue fracture and is carried out with experimental tests. The optimal
design was obtained with an optimization strategy using finite element model and
genetic algorithm hybridized with Hooke-Jeeves technique. The fatigue tests of the
prototype and initial designs of dental implants have been performed on Instron 8874
testing system using Locati method of an accelerated fatigue testing. The presented
studies are excepted to verified the effectiveness of optimization strategy. Due to used
methodology for experimental verification only qualitative effects of the optimization
are compared. The work is a part of long term project under the grant R13 0020 06
“Development and preparation of dental implant prototypes”.

W artykule przedstawiono weryfikację zoptymalizowanego implantu zębowego w kontekście wytrzymałości zmęczeniowej przy pomocy testów laboratoryjnych. Optymalne
rozwiązanie otrzymano przy zastosowaniu modelu numerycznego metodą elementów
skończonych oraz strategii łączącej algorytm genetyczny z procedurą Hooke-Jeeves.
Dla projektu bazowego oraz ulepszonego rozwiązania przeprowadzono serię testów na
maszynie Instron 8874 używając metody Locati przyśpieszonego badania zmęczeniowego. Prezentowane badania są weryfikacją efektywności przyjętej strategii optymalizacji.
Z powodu zastosowanej metodologii badań eksperymentalnych, efekty optymalizacji
poddano tylko porównaniu jakościowemu.

Knopik L, Migawa K. Optimal age-replacement policy for non-repairable technical objects with warranty. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 172–178, http://dx.doi.org/10.17531/
ein.2017.2.4.

Knopik L, Migawa K. Optymalna strategia wymian według wieku obiektów
technicznych nienaprawialnych z gwarancją. Eksploatacja i Niezawodnosc –
Maintenance and Reliability 2017; 19 (2): 172–178, http://dx.doi.org/10.17531/
ein.2017.2.4.

This paper investigates the effects of introducing preventive replacement to maintenance system implemented by age-replacement of technical objects with valid
manufacturer’s warranty and non-repairable. In order to examine this, the cost per
unit time, resulting from the use of the preventive replacements and repairs system is
investigated. The function expressing the cost depending on the time of replacement
is defined on the basis of the foundations of the theory of semi-Markov processes.
Sufficient conditions for the existence of the minimum of criteria function were formulated, in this case when the failure rate function is increasing. In the final part of
the paper, a numerical example illustrating the findings of the paper was presented.

W pracy bada się efekty wprowadzenia odnów prewencyjnych do systemu eksploatacji,
realizowanych przez wymiany według wieku obiektów technicznych posiadających gwarancję producenta i nienaprawialnych. W tym celu bada się koszt przypadający na jednostkę
czasu, wynikający z wykonywanych w systemie eksploatacji wymian profilaktycznych i
napraw. Funkcję wyrażającą ten koszt w zależności od czasu wymiany zdefiniowano w
oparciu o podstawy teorii procesów semi–Markowa. Sformułowano warunki dostateczne
istnienia minimum kosztu wymian w przypadku, gdy czas do uszkodzenia ma niemalejącą
funkcję intensywności uszkodzeń. W końcowej części artykułu przedstawiono przykład
numeryczny ilustrujący przedstawione w pracy wyniki.

HU L, SU P, PENG R, ZhANG Z. Fuzzy Availability Assessment for Discrete
Time Multi-State System under Minor Failures and Repairs by Using Fuzzy Lz-transform. Eksploatacja i Niezawodnosc – Maintenance and Reliability
2017; 19 (2): 179–190, http://dx.doi.org/10.17531/ein.2017.2.5.

HU L, SU P, PENG R, ZhANG Z. Wykorzystanie rozmytej transformaty do
oceny rozmytej gotowości eksploatacyjnej dyskretnego w czasie systemu wielostanowego działającego w trybie drobnych uszkodzeń i napraw. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 179–190, http://dx.doi.
org/10.17531/ein.2017.2.5.

This paper studies assessment approach of dynamic fuzzy availability for a discrete
time multi-state system under minor failures and repairs. Traditionally, it was assumed
that the exact reliability data of a component/system with discrete time are given in
reliability analysis. In practical engineering, it is difficult to obtain precise data to
evaluate the characteristics of a component/system. To overcome the problem, fuzzy

W niniejszej pracy badano metodę oceny dynamicznej, rozmytej gotowości eksploatacyjnej (dostępności) dyskretnego w czasie systemu wielostanowego pracującego
w trybie drobnych uszkodzeń i napraw. Tradycyjnie zwykło się zakładać, że analiza
niezawodności dostarcza dokładnych danych niezawodnościowych na temat danego
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set theory is employed to deal with dynamic availability assessment for a discrete
time multi-state system in this paper. A fuzzy discrete time Markov model with fuzzy
transition probability matrix is proposed to analyze the fuzzy state probability of each
component at any discrete time. The fuzzy Lz-transform of the discrete-state discretetime fuzzy Markov chain is developed to extend the Lz-transform of the discrete-state
continuous-time Markov model with crisp sets. Based on the α-cut approach and the
fuzzy Lz-transform, the dynamic fuzzy availability of the system is computed by
using parametric programming technique. To illustrate the proposed method, a flow
transmission system is analyzed as a numerical example.

dyskretnego w czasie komponentu/systemu. W praktyce inżynieryjnej jednak trudno jest
uzyskać dokładne dane do oceny właściwości komponentu/systemu. W niniejszej pracy
zaproponowano jak problem ten można rozwiązać wykorzystując do oceny dynamicznej
gotowości dyskretnego w czasie systemu wielostanowego, teorię zbiorów rozmytych.
Rozmyty model Markowa z dyskretnym czasem i rozmytą macierzą prawdopodobieństw
przejść zastosowano do analizy rozmytego prawdopodobieństwa stanu każdego elementu
w dowolnym czasie dyskretnym. Opracowano rozmytą transformatę Lz rozmytego, dyskretnego w stanach i czasie łańcucha Markowa, która pozwala poszerzyć transformatę Lz
modelu Markowa dyskretnego w stanach i ciągłego w czasie o zbiory ostre. W oparciu
o metodę alfa przekrojów oraz rozmytą transformatę Lz, obliczono dynamiczną rozmytą
gotowość eksploatacyjną systemu, wykorzystując do tego celu technikę programowania
parametrycznego. Zastosowanie proponowanej metody zilustrowano na przykładzie
liczbowym analizując układ przesyłu.

Gölbaşı O, Demirel N. Risk-based reliability allocation methodology
to set a maintenance priority among system components: a case study in
mining. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017;
19 (2): 191–202, http://dx.doi.org/10.17531/ein.2017.2.6.

Gölbaşı O, Demirel N. Oparta na ocenie ryzyka metodologia alokacji
niezawodności polegająca na ustalaniu priorytetów utrzymania ruchu elementów systemu: studium przypadku z dziedziny górnictwa. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 191–202, http://dx.doi.
org/10.17531/ein.2017.2.6.
Celem niniejszej pracy było stworzenie, na podstawie dostępnej literatury na temat alokacji niezawodności, metodologii ustalania priorytetów zadań utrzymania
ruchu dla części składowych systemu. Zaproponowaną metodykę zastosowano
w odniesieniu do dwóch spychaczy dużej mocy, wykorzystując przy tym rzeczywiste zbiory danych zebrane przez operatorów Kopalni Węgla Kamiennego
Tuncbilek w Turcji. Ranking zadań utrzymania ruchu elementów tych maszyn
utworzono poprzez adaptację operacyjnych czynników ryzyka do algorytmu adaptacyjnego alokacji niezawodności. W ocenie czynników ryzyka uwzględniono
bezpośrednie i pośrednie skutki finansowe awarii części składowych, przy czym
niezawodność części składowych oceniano szczegółowo stosując ocenę odgórną
w celu określenia czynników występowaniu ryzyka. Niniejsze opracowanie jest
pierwszą próbą ustalenia priorytetów obsługi serwisowej części składowych w
sektorze górniczym, gdzie niezawodność maszyn ma ogromne znaczenie dla
produkcji. Ponadto, we wcześniejszych badaniach, alokację niezawodności na
ogół stosowano jako narzędzie wykrywania słabości w zakresie projektowania i
tworzenia systemów. W przedstawionej pracy, natomiast, alokację niezawodności
wykorzystuje się do chwilowego pomiaru konieczności obsługi elementów systemu
w trakcie jego pracy.

This study aims to build up a maintenance priority methodology for system components with the help of existing literature on reliability allocation. The offered
methodology was applied to two high-capacity earthmovers using actual datasets
collected by operations in Tuncbilek Coal Mine, Turkey. Prioritization of maintenance
for components was achieved by adapting their operational risk factors to a generic
reliability allocation algorithm. In this sense, direct and indirect financial consequences
of component failures were considered in estimation of risk severity factors where
component reliabilities were assessed comprehensively with top-to-bottom evaluation
to determine risk occurrence factors. This paper is the first initiative in component
maintenance prioritization in the mining sector where machinery reliabilities have
a vital importance in production. In addition, previous studies have generally used
reliability allocation as weakness detection tool in design and development of their
systems. In this basis, this paper utilizes reliability allocation in instantaneous measurement of component maintenance requirements during operation.

Serkies P. Comparison of the control methods of electrical drives with
an elastic coupling allowing to limit the torsional torque amplitude.
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2):
203–210, http://dx.doi.org/10.17531/ein.2017.2.7.

Serkies P. Porównanie metod sterowania napędem elektrycznym
z połączeniem sprężystym pozwalające na ograniczenie amplitudy momentu
skrętnego. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19
(2): 203–210, http://dx.doi.org/10.17531/ein.2017.2.7.

The article presents some aspects of the speed control of a drive with an elastic
coupling which allows to limit the torsional torque amplitude. The limitation of the
amplitude of this state variable increases the life of the mechanical couplings of a
drive. In the work three regulation systems: PI controller with additional couplings,
a cascade control based on the FDC method and MPC (model predictive control) are
compared. The subsequent sections present the control system model and describe
the discussed control algorithms. Next comprehensive simulation and experimental
research is discussed.

W artykule przedstawiono zagadnienia związane ze sterowaniem prędkością napędu z
połączeniem sprężystym, które pozwala na ograniczenie amplitudy momentu skrętnego.
Ograniczenie amplitudy tej zmiennej stanu wpływa na wydłużenie żywotności połączeń
mechanicznych napędu. W pracy porównano trzy układy regulacji: regulator PI z dodatkowymi sprzężeniami, kaskadowy regulator bazujący na metodzie FDC, oraz regulator
predykcyjny MPC. W kolejnych rozdziałach przedstawiono model układu regulacji, oraz
opisano rozpatrywane algorytmy sterowania. Następnie przedstawiono wszechstronne
badania symulacyjne i eksperymentalne.

Liu J, Shi Z, Shao Y. An investigation of a detection method for a subsurface crack in the outer race of a cylindrical roller bearing. Eksploatacja
i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 211–219, http://
dx.doi.org/10.17531/ein.2017.2.8.

Liu J, Shi Z, ShaoY. Badania metody wykrywania pęknięć podpowierzchniowych
w zewnętrznej bieżni łożyska walcowego. Eksploatacja i Niezawodnosc –
Maintenance and Reliability 2017; 19 (2): 211–219, http://dx.doi.org/10.17531/
ein.2017.2.8.

As one of major failure modes of roller bearings due to periodic contact forces and
external impulse loads, subsurface cracks caused by fatigues may produce catastrophic
failures of rotating machines. Investigations of subsurface crack detection methods
for roller bearings are very useful for maintenance purposes of these machines. In
this study, a new detection method based on the curvature and power spectral density
(PSD) of displacements is presented to detect a subsurface crack in the outer race
of a cylindrical roller bearing. A dynamic finite element model of the cylindrical
roller bearing with a subsurface crack in its outer race is developed using an explicit
dynamics finite element software package to obtain the time-domain displacements.
Differences of the curvature and PSD of displacements of the bearing without and
with the subsurface crack are investigated, which are used to detect the location of
the subsurface crack with different sizes in the outer race of the bearing. The results
show that differences of the curvature and PSD of displacements from the measurement points on the outer race of the cylindrical roller bearing without and with the
subsurface crack can be used to detect the location of the crack.

Zmęczeniowe pęknięcia podpowierzchniowe, stanowiące jedną z głównych przyczyn
uszkodzeń łożysk tocznych powodowanych okresowym działaniem sił kontaktowych i
zewnętrznych obciążeń impulsowych, mogą prowadzić do katastrofalnych awarii maszyn
wirnikowych. Badania metod wykrywania podpowierzchniowych pęknięć łożysk tocznych
mają niezwykle istotne znaczenie dla obsługi serwisowej tych urządzeń. W prezentowanym badaniu, zaproponowano nową metodę detekcji podpowierzchniowych pęknięć w
zewnętrznej bieżni łożyska walcowego. Metoda ta opiera się na pomiarze krzywizny oraz
gęstości widmowej mocy (PSD) przemieszczeń. Opracowano dynamiczny model łożyska
walcowego, w którego zewnętrznej bieżni powstało pęknięcie podpowierzchniowe . Model
stworzono przy użyciu pakietu oprogramowania do analizy zjawisk szybkozmiennych
metodą elementów skończonych w celu określenia przemieszczeń w dziedzinie czasu.
Badano różnice krzywizny i PSD przemieszczeń dla łożyska, w którym powstało pęknięcie
podpowierzchniowe w bieżni zewnętrznej łożyska oraz łożyska bez takiego pęknięcia.
Różnice te wykorzystano do lokalizacji pęknięć podpowierzchniowych różnych rozmiarów. Wyniki pokazują, że różnice krzywizny i PSD przemieszczeń względem punktów
pomiarowych na bieżni zewnętrznej między łożyskami walcowymi, z których jedno
charakteryzujące się pęknięciem w warstwie podpowierzchniowej, a drugie nie, mogą
być wykorzystywane do wykrywania położenia pęknięcia.
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HAO L, ZHENCAI Z. The probabilistic analysis and optimal design of
a bevel gear transmission system with failure interaction. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 220–228, http://
dx.doi.org/10.17531/ein.2017.2.9.

HAO L, ZHENCAI Z. Probabilistyczna analiza i optymalne projektowanie
układu przekładni stożkowej z uwzględnieniem interakcji między uszkodzeniami. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2):
220–228, http://dx.doi.org/10.17531/ein.2017.2.9.

The modelling of joint probability distributions of structural system with failure interaction and the reliability-based optimal design of system reliability under incomplete
probability information remains a challenge that has not been studied extensively. This
article aims to investigate the impacts of copulas for modelling dependence structures
between each failure mode of a bevel gear transmission system under incomplete
probability information. Firstly, a copula-based reliability method is proposed to
evaluate the system reliability of the bevel gear transmission system with established
performance functions for different failure modes. The joint probability of failure is
estimated with selected copula functions based on the marginal distributions of each
failure mode that are approximated by moment-based saddlepoint technology. Secondly, a reliability sensitivity problem is formulated and the formulas for calculating
the reliability sensitivity with respect to the distribution parameters of the random
variables are presented. Finally, the reliability-based robust optimal design problem
is discussed and the optimal model is established. The robustness of the system
reliability is ensured by involving the reliability sensitivity into the reliability-based
design optimization model. A practical example of the bevel gear transmission system
is given to verify the validity of the method. The proposed methods for joint failure
probability estimation and robust design optimization are illustrated in the example.
The failure probabilities of the system under different copulas can differ considerably.
The Gaussian and Clayton copula produce the results that mostly close to the Monte
Carlo simulation results. The reliability sensitivity-based robust design is performed
based on the Clayton copula-based reliability model. The proposed method is based on
the comparative analysis with selected copulas, the results obtained could be supplied
as a reference for the optimal design of the gear transmission system.

Modelowanie wspólnych rozkładów prawdopodobieństwa układu konstrukcyjnego,
w którym zachodzą interakcje między uszkodzeniami, oraz oparte na niezawodności
optymalne projektowanie takiego układu przy niekompletnych danych na temat prawdopodobieństwa pozostaje wyzwaniem dla badaczy tej tematyki. Niniejszy artykuł ma
na celu zbadanie możliwości wykorzystania kopuł (funkcji powiązań) do modelowania
struktury zależności pomiędzy poszczególnymi przyczynami uszkodzeń układu przekładni
stożkowej w warunkach niepełnej informacji na temat prawdopodobieństwa. W pierwszej
kolejności zaproponowano opartą na funkcjach kopułach metodę oceny niezawodności
układu przekładni stożkowej z ustalonymi funkcjami stanu granicznego dla różnych
przyczyn uszkodzeń. Wspólne prawdopodobieństwo uszkodzenia szacowano za pomocą
wybranych kopuł w oparciu o rozkłady brzegowe poszczególnych przyczyn uszkodzeń
aproksymowane opartą na znajomości momentów statystycznych metodą punktów siodłowych. Następnie sformułowano problem czułości niezawodności oraz przedstawiono
wzory na obliczanie czułości niezawodności w odniesieniu do parametrów rozkładu badanych zmiennych losowych. Wreszcie, omówiono zagadnienie opartego na niezawodności
optymalnego projektowania odpornego na działanie zakłóceń oraz opracowano odpowiedni
optymalny model. Odporność i niezawodność systemu zapewniono poprzez wprowadzenie
do opartego na niezawodności modelu optymalizacji projektowania, parametru czułości
niezawodności. Poprawność metody zweryfikowano na przykładzie układu przekładni
stożkowej. Proponowaną metodę wspólnej estymacji prawdopodobieństwa uszkodzenia
oraz optymalizacji projektowania odpornego zilustrowano za pomocą przykładu Prawdopodobieństwo uszkodzenia systemu może się znacznie różnić w zależności od zastosowanej
kopuły. Kopuły Gaussa i Claytona dają wyniki najbardziej zbliżone do wyników symulacji
Monte Carlo. Projektowanie odporne oparte na czułości niezawodności wykonano na bazie
modelu niezawodności opartego na kopule Claytona. Proponowana metoda opiera się na
analizie porównawczej z użyciem wybranych kopuł. Otrzymane wyniki mogą stanowić
punkt odniesienia dla optymalnego projektowania układu przekładni zębatej.

Kasprzyk L. Modelling and analysis of dynamic states of the lead-acid
batteries in electric vehicles. Eksploatacja i Niezawodnosc – Maintenance and
Reliability 2017; 19 (2): 229–236, http://dx.doi.org/10.17531/ein.2017.2.10.
The paper presents the aspects related to the modelling of lead-acid batteries, including
the description of the process of equivalent model parameter estimation. On top of
this, the subject of the discussion included the issues which concern the analysis
of vehicle energy consumption. The examples of calculations for the estimation of
the model parameters were presented and on their basis, the detailed analysis of the
battery’s behaviour while driving an electric vehicle was carried out. The tests were
performed based on the recorded velocities of the vehicle moving within the builtup area in heavy traffic conditions. The behaviour of the battery was evaluated and
the application of the hybrid energy storage consisting of battery and supercapacitor
was proposed.

Kasprzyk L. Modelowanie i analiza stanów dynamicznych akumulatorów
kwasowo-ołowiowych w pojazdach elektrycznych. Eksploatacja i Niezawodnosc
– Maintenance and Reliability 2017; 19 (2): 229–236, http://dx.doi.org/10.17531/
ein.2017.2.10.
W pracy przedstawiono problematykę modelowania akumulatorów kwasowo-ołowiowych,
wraz z opisem procesu estymacji parametrów modelu ekwiwalentnego. Omówiono także
zagadnienia dotyczące analizy energochłonności pojazdów samochodowych. Przedstawiono przykładowe obliczenia dotyczące estymacji parametrów modelu i na ich podstawie
dokonano szczegółowej analizy zachowania się akumulatora podczas jazdy samochodu
elektrycznego. Badania przeprowadzono na podstawie zarejestrowanych prędkości pojazdu
poruszającego się na terenie zabudowanym w okresie dużego natężenia ruchu. Dokonano
oceny zachowania się akumulatora i zaproponowano zastosowanie hybrydowego magazynu energii zbudowanego z akumulatora i superkondensatora.

Piechocki P, Frąckowiak R. Assessment of dynamic effects in
distribution substations with flexible conductors regarding short-circuit
duration values. Eksploatacja i Niezawodnosc – Maintenance and Reliability
2017; 19 (2): 237–243, http://dx.doi.org/10.17531/ein.2017.2.11.

Piechocki P, Frąckowiak R. Wartości czasu trwania zwarcia a ocena
skutków dynamicznych w rozdzielniach z przewodami giętkimi. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 237–243, http://dx.doi.
org/10.17531/ein.2017.2.11.

The paper refers to the finding of the short-circuit duration when computing the
dynamic effects in the EHV distribution substations with flexible conductors using
statistical-probabilistic method. A dedicated simulation model comprising an important element i.e. a short-circuit duration model has been developed. Referring to the
obtained results, the probabilistic analysis of values of short-circuit duration, shortcircuit current and dynamic forces has been carried out for the substation’s selected
points. In computations, faults on bus and in the substation’s bays, transformers and
electric power lines have been taken into account. A risk criterion- based method of
finding the short-circuit duration values needed in computations of dynamic forces
in the power distribution substations has been presented.

Artykuł dotyczy zagadnienia określania wartości czasu trwania zwarcia podczas obliczania skutków dynamicznych w rozdzielniach najwyższych napięć z przewodami giętkimi
metodą statystyczno-probabilistyczną. Do realizacji zadania opracowano model symulacyjny, którego ważnym elementem jest model czasu trwania zwarcia. Wyniki badań
symulacyjnych pozwoliły na przeprowadzenie probabilistycznej analizy wartości czasu
trwania zwarcia, prądu zwarciowego oraz sił dynamicznych dla wybranych punktów
rozdzielni. W obliczeniach uwzględniono zwarcia na szynach i w polach rozdzielni,
transformatorach oraz liniach elektroenergetycznych. Przedstawiono metodę określania
wartości czasu trwania zwarcia dla potrzeb obliczeń dynamicznych sił w rozdzielniach
elektroenergetycznych opartą na kryterium ryzyka.

Wu X, Wu X. Mission reliability modeling and evaluation of multi-mission
phased mission system based on an extended object-oriented Petri net.
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2):
244–253, http://dx.doi.org/10.17531/ein.2017.2.12.
Multi-mission phased mission system (MM-PMS) is an extension of phased mission
system (PMS) which is required to complete more than one missions for a period of
time. Missions in MM-PMS usually have following characteristics: they have different mission starting and duration times; they share common components but with
different combinational requirements; they have unequal occurrence probabilities.
Therefore, reliability modeling and evaluation of MM-PMS is more complicated
than that of PMS. This paper presents a general methodology based on the extended
object-oriented Petri net (EOOPN) for mission reliability modeling and evaluation
of MM-PMS with these characteristics. The proposed EOOPN model for MM-PMS
includes five sub-models depicting MM-PMS at different levels of granularity. To

Wu X, Wu X. Modelowanie niezawodności misji oraz ocena systemów wielozadaniowych o misjach okresowych w oparciu o rozszerzoną sieć obiektową
Petriego. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19
(2): 244–253, http://dx.doi.org/10.17531/ein.2017.2.12.
Multi-mission phased mission system (MM-PMS) is an extension of phased mission
system (PMS) which is required to complete more than one missions for a period
of time. Missions in MM-PMS usually have following characteristics: they have
different mission starting and duration times; they share common components
but with different combinational requirements; they have unequal occurrence
probabilities. Therefore, reliability modeling and evaluation of MM-PMS is
more complicated than that of PMS. This paper presents a general methodology
based on the extended object-oriented Petri net (EOOPN) for mission reliability
modeling and evaluation of MM-PMS with these characteristics. The proposed
EOOPN model for MM-PMS includes five sub-models depicting MM-PMS
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demonstrate the effectiveness of the proposed model, mission reliability evaluation
results of a simple MM-PMS case by EOOPN simulation methods are compared with
those by binary decision diagram (BDD). Results show that the EOOPN model is
suitable to depict the dynamics and to evaluate the reliability of MM-PMS.

at different levels of granularity. To demonstrate the effectiveness of the proposed
model, mission reliability evaluation results of a simple MM-PMS case by EOOPN
simulation methods are compared with those by binary decision diagram (BDD).
Results show that the EOOPN model is suitable to depict the dynamics and to
evaluate the reliability of MM-PMS.

Stańczyk E, Karwat B, Machnik R, Niedźwiedzki J. Operational research of adsorption chiller aggregate utilizing heat from district
heating to produce chilled water for air conditioning. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 254–259, http://
dx.doi.org/10.17531/ein.2017.2.13.

Stańczyk E, Karwat B, Machnik R, Niedźwiedzki J. Badania
eksploatacyjne sorpcyjnego agregatu chłodniczego wykorzystującego ciepło
sieciowe do wytwarzania chłodu dla potrzeb klimatyzacji. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 254–259, http://dx.doi.
org/10.17531/ein.2017.2.13.

The article contains the results of an experimental installation operating examination,
aiming at proving the advisability of using an adsorption chiller aggregate to produce
chilled water for air conditioning systems. The subject of the survey was an installation
supplied from heat distribution network in the summer season, utilizing the network
heat, which occurs in overabundance in off-heating seasons. The way of adsorption
chiller aggregates functioning as well as the results of examinations on the influence
of water temperature in supplying and discharging the heat from the aggregate on its
refrigeration power and Coefficient of Performance have been shown in the article.
The survey has been done for the range of network water temperatures up to 70°C,
which means typical for the off-heating season in most heat distribution networks
in Poland. The received results indicate the possibility of utilizing, being in overabundance in summer season, network heat to supply adsorptive cooling appliances
producing ice water for the needs of air conditioning.

Artykuł zawiera wyniki badań eksploatacyjnych instalacji pilotażowej, mających wykazać
celowość zastosowania adsorpcyjnego agregatu chłodniczego do wytwarzania wody lodowej na potrzeby systemów klimatyzacyjnych. Obiektem badań była instalacja zasilana z
sieci ciepłowniczej w okresie letnim, a więc wykorzystująca ciepło sieciowe, którego jest
nadmiar w okresach pozagrzewczych. W artykule przedstawiono sposób działania agregatów adsorpcyjnych oraz wyniki badań wpływu temperatur wody w obiegach zasilania
oraz odprowadzenia ciepła z agregatu na jego moc chłodniczą oraz sprawność wytwarzania
chłodu COP (Coefficient of Performance). Badania wykonano dla zakresu temperatur
wody sieciowej do 70°C, czyli typowej dla okresu pozagrzewczego w większości sieci
ciepłowniczych w Polsce. Uzyskane wyniki wskazują na możliwość zagospodarowania,
będącego w nadmiarze w okresie letnim, ciepła sieciowego do zasilania adsorpcyjnych
urządzeń chłodniczych, wytwarzających wodę lodową na potrzeby klimatyzacji.

Wolak A, Zając G. The kinetics of changes in kinematic viscosity of
engine oils under similar operating conditions. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 260–267, http://dx.doi.
org/10.17531/ein.2017.2.14.
The article describes the processes of degradation of five engine oils offered
by different manufacturers, but belonging to the same SAE class of viscosity. The direction and intensity of changes in kinematic viscosity measured
at two temperatures (40°C and 100°C) have been analyzed. As part of the
experiment, the changes in engine oils occurring during actual operation
have been observed. The conditions of which can be described as “severe”,
i.e. frequent starting of the engine, short distance driving, extended engine
idling. All engine oils were operated in passenger cars of a uniform fleet of
25 vehicles. Kinematic viscosity was determined in accordance with the EN
ISO 3104. The obtained results have led to the development of a statistical
model enabling to calculate average predictive values of kinematic viscosity
for a given mileage. The results may facilitate decision-making regarding the
service life of engine oils.

Wolak A, Zając G. Kinetyka zmian lepkości kinematycznej olejów silnikowych w warunkach eksploatacji. Eksploatacja i Niezawodnosc – Maintenance
and Reliability 2017; 19 (2): 260–267, http://dx.doi.org/10.17531/ein.2017.2.14.
Niniejszy artykuł opisuje odrębne degradacje 5 olejów silnikowych pochodzących
od różnych producentów, należących do tej samej klasy lepkościowej wg SAE.
Analizowano kierunek oraz nasilenie zmian lepkości kinematycznej w temperaturze
40ºC oraz 100ºC. W ramach zaprezentowanego eksperymentu zostały obserwowane
zmiany w olejach silnikowych występujące w trakcie rzeczywistej eksploatacji, w
warunkach które można określić jako „trudne” tzn. częste uruchamianie silnika,
jazda na krótkich odcinkach, przedłużona praca silnika na biegu jałowym. Oleje
były eksploatowane w samochodach osobowych stanowiących jednolitą flotę 25
pojazdów. Lepkość kinematyczna wyznaczana była zgodnie z normą EN ISO
3104. Uzyskane zależności pozwoliły na opracowanie statystycznego modelu,
umożliwiającego dokonywanie punktowych predykcji przeciętnych wartości
lepkości kinematycznej dla zadanej wielkości przebiegu. Uzyskane wyniki mogą
okazać się pomocne podczas podejmowania racjonalnych decyzji dotyczących
okresu eksploatacji olejów silnikowych.

Loska A. Scenario modeling exploitation decision-making process in
technical network systems. Eksploatacja i Niezawodnosc – Maintenance and
Reliability 2017; 19 (2): 268–278, http://dx.doi.org/10.17531/ein.2017.2.15.

Loska A. Scenariuszowe modelowanie eksploatacyjnego procesu decyzyjnego w sieciowych systemach technicznych. Eksploatacja i Niezawodnosc –
Maintenance and Reliability 2017; 19 (2): 268–278, http://dx.doi.org/10.17531/
ein.2017.2.15.
Artykuł podejmuje dyskusję nad wykorzystaniem metod modelowania wariantów
przyszłości, w tym scenariuszy, dla potrzeb oceny i kształtowania procesu decyzyjnego dotyczącego eksploatacji w systemach technicznych. Przeprowadzona
analiza wykazała dużą potrzebę eksploatatorów do wpływania na proces decyzyjny
w aspekcie długoterminowym. W świetle powyższych założeń, a także w oparciu o
wyniki dotychczasowych badań, opracowano procedurę budowy modeli scenariuszy eksploatacyjnych, którą następnie zweryfikowano w kontekście funkcjonowania wybranego sieciowego systemu technicznego - systemu wodociągowego.

The article shall discuss on the use of methods of modeling future variants, including scenarios, for assessment and shaping the decision-making process relating to
exploitation of technical systems. The analysis showed a strong need the exploiters
for influencing the decision-making process in long-term. In view of the above assumptions, and based on the results of the research, there was developed a procedure
for building exploitation scenarios models, which was then verified in the context of
functioning of the technical network system - water supply system.

Dui H, Chen L, Wu S. Generalized integrated importance measure for
system performance evaluation: application to a propeller plane system.
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2):
279–286, http://dx.doi.org/10.17531/ein.2017.2.16.
The integrated importance measure (IIM) evaluates the rate of system performance
change due to a component changing from one state to another. The IIM simply
considers the scenarios where the transition rate of a component from one state to
another is constant. This may contradict the assumption of the degradation, based
on which system performance is degrading and therefore the transition rate may be
increasing over time. The Weibull distribution describes the life of a component,
which has been used in many different engineering applications to model complex
data sets. This paper extends the IIM to a new importance measure that considers
the scenarios where the transition rate of a component degrading from one state to
another is a time-dependent function under the Weibull distribution. It considers
the conditional probability distribution of a component sojourning at a state is the
Weibull distribution, given the next state that component will jump to. The research
on the new importance measure can identify the most important component during
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Dui H, Chen L, Wu S. Uogólniona miara zintegrowanej ważności komponentów jako narzędzie oceny wydajności systemu: zastosowanie w odniesieniu do
układu śmigłowca. Eksploatacja i Niezawodnosc – Maintenance and Reliability
2017; 19 (2): 279–286, http://dx.doi.org/10.17531/ein.2017.2.16.
Miara zintegrowanej ważności (IIM) pozwala oceniać szybkość zmian wydajności systemu powstałych w wyniku przejścia elementu systemu z jednego stanu do drugiego. IIM
pozwala rozważać scenariusze, w których szybkość przejścia elementu z jednego stanu
do drugiego jest stała. Jest to jednak sprzeczne z założeniem degradacji, zgodnie z którym
wydajność systemu obniża się, w związku z czym, szybkość przejścia może z upływem
czasu ulegać zwiększeniu. Rozkład Weibulla opisuje żywotność danego elementu, co
wykorzystuje się w wielu różnych zastosowaniach technicznych do modelowania złożonych zbiorów danych. W przedstawionej pracy, rozszerzono IIM uzyskując nową miarę
ważności, która pozwala rozważać scenariusze, w których szybkość przejścia elementu
z jednego stanu do drugiego w wyniku degradacji jest zależną od czasu funkcją rozkładu
Weibulla. Przyjęto, że warunkowy rozkład prawdopodobieństwa elementu przebywającego w pewnym stanie jest rozkładem Weibulla, gdzie dany jest kolejny stan do którego
ma przejść dany element. Badania nad nową miarą ważności umożliwiają identyfikację
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W skrócie – A bstracts
three different time periods of the system lifetime, which is corresponding to the
characteristics of Weibull distributions. For illustration, the paper then derives some
probabilistic properties and applies the extended importance measure to a real-world
example (i.e., a propeller plane system).

najważniejszych elementów podczas trzech różnych okresów czasu życia systemu, co
odpowiada charakterystyce rozkładów Weibulla. Dla ilustracji, wyprowadzono pewne
właściwości probabilistyczne i zastosowano rozszerzoną miarę ważności do analizy
przykładu rzeczywistego układu śmigłowca.

Woch M. Reliability analysis of the PZL-130 Orlik TC-II aircraft
structural component under real operating conditions. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 287–295, http://
dx.doi.org/10.17531/ein.2017.2.17.
The theme of the paper is to present development of new methods for assessing
the reliability of the aircraft structure. Based on the described mathematical
models , the author developed the “Aircraft Structural Reliability Assessment”
(AStRAss) computer software, which implements the realized mathematical
model. The aim of the software is calculation of aircraft structure reliability.
In this contribution the failure rate of the selected location within the structure
of the PZL-130 Orlik TC-II under real operating conditions were calculated.
For the chosen control point within the structure the sensitivity of failure rate
to the input data was investigated.

Woch M. Analiza niezawodności elementu struktury nośnej samolotu PZL130 Orlik TC-II w rzeczywistych warunkach eksploatacji. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 287–295, http://dx.doi.
org/10.17531/ein.2017.2.17.

Kwiecień J, Filipowicz B. Optimization of complex systems reliability
by firefly algorithm. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 296–301, http://dx.doi.org/10.17531/ein.2017.2.18.

Kwiecień J, Filipowicz B. Optymalizacja niezawodności złożonych systemów
za pomocą algorytmu świetlika. Eksploatacja i Niezawodnosc – Maintenance and
Reliability 2017; 19 (2): 296–301, http://dx.doi.org/10.17531/ein.2017.2.18.

Algorithms based on swarm intelligence are more and more frequently applied to problems of systems reliability. The article presents the application of a firefly algorithm
to the reliability optimization of two systems: bridge and 10-unit, with minimal paths
set, minimal cuts set and decomposition methods. The obtained results are presented
and compared with the available literature data.

Tematem publikacji jest przedstawienie opracowanej metody oceny niezawodności struktury nośnej statków powietrznych. Wykorzystując opisane modele matematyczne stworzono autorskie oprogramowanie komputerowe Aircraft Structural Reliability Assessment
(AStRAss), implementujące opracowany model w celu obliczenia niezawodności struktury
nośnej statków powietrznych. W niniejszej pracy określono chwilową intensywność
uszkodzeń w wybranym miejscu struktury samolotu PZL-130 TC II Orlik dla rzeczywistych warunków eksploatacji. Dla wybranego punktu kontrolnego przedstawiono w pracy
również analizę wrażliwości wyników na zmiany istotnych parametrów wejściowych.

Algorytmy bazujące na inteligencji stadnej są coraz częściej stosowane w problemach
niezawodności systemów. Artykuł prezentuje zastosowanie algorytmu świetlika do
optymalizacji niezawodności dwóch systemów: mostkowego i 10-elementowego, z
wykorzystaniem metod zbioru minimalnych ścieżek, minimalnych cięć oraz metody
dekompozycji. Uzyskane rezultaty zostały przedstawione i porównane z dostępnymi
danymi literaturowymi.

Lu X, Chen X, Wang Y, Tan Y. Consistency analysis of degradation
mechanism in step-stress accelerated degradation testing. Eksploatacja i
Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 302–309, http://
dx.doi.org/10.17531/ein.2017.2.19.

Lu X, Chen X, Wang Y, Tan Y. Analiza niezmienności mechanizmu degradacji w przyspieszonych badaniach degradacji z obciążeniem stopniowym.
Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 302–309,
http://dx.doi.org/10.17531/ein.2017.2.19.

Step-stress accelerated degradation testing (SSADT) has been used by many researchers for the reliability assessment of highly reliable products. Most of the previous
works on SSADT assume that the degradation mechanism keeps unchanged during
the accelerated degradation testing. However, some recent investigations have shown
that degradation mechanisms may be different among various accelerated stress
levels. For an accurate extrapolation of accelerated testing results to the ambient
condition, the degradation mechanism at all accelerated stress levels should be the
same. Taking the variation of the degradation mechanism into account, it is advisable
to test the degradation mechanism consistency in a SSADT. This paper proposes a
likelihood ratio test method for the consistency analysis of degradation mechanism in
the SSADT. We first introduce the basic principle of the likelihood ratio test method.
Then we describe the model for SSADT data and the parameter estimation method.
Further, we propose a decision rule for the consistency analysis. The proposed method
is illustrated and validated with examples on the consistency analysis of degradation
mechanism in a SSADT of silicone rubbers.

Streszczenie Wielu badaczy wykorzystuje przyspieszone badania degradacji z obciążeniem stopniowym (ang. step-stress accelerated degradation testing, SSADT) do oceny
niezawodności wysoce niezawodnych produktów. Większość wcześniejszych prac nad
SSADT zakłada, że podczas badań przyspieszonych mechanizm degradacji pozostaje
niezmienny. Jednak, najnowsze badania wykazały, że mechanizmy degradacji mogą
różnić się w zależności od poziomu przyspieszonego obciążenia. Poprawna ekstrapolacja
wyników badań przyspieszonych na warunki otoczenia wymaga aby mechanizm degradacji przy wszystkich poziomach obciążenia był taki sam. Biorąc pod uwagę zmienność
mechanizmu degradacji, wskazane jest badanie stopnia (nie)zmienności mechanizmu
degradacji w badaniach SSADT. W artykule zaproponowano metodę analizy niezmienności
mechanizmu degradacji w badaniach SSADT opartą na teście ilorazu wiarygodności. W
pierwszej kolejności, przedstawiono podstawową zasadę testu ilorazu wiarygodności.
Następnie, opisano model dla danych SSADT i metodę estymacji parametrów. Ponadto
zaproponowano regułę decyzyjną stanowiąca narzędzie do analizy niezmienności.
Omawianą metodę zilustrowano i zweryfikowano na przykładzie analizy niezmienności
mechanizmu degradacji w badaniach SSADT gumy silikonowej.

Ferreira LA, Silva JL. Parameter estimation for Weibull distribution
with right censored data using EM algorithm. Eksploatacja i Niezawodnosc – Maintenance and Reliability 2017; 19 (2): 310–315, http://dx.doi.
org/10.17531/ein.2017.2.20.
The maximum-likelihood estimation (MLE) is a method of estimating the parameters
of a statistical model for given data. This method allows us to estimate the unknown
parameters of a statistical model. These parameters are obtained by maximizing
the likelihood function of the model in question. In many practical situations the
likelihood function is associated with complex models and the likelihood equation
has no explicit analytical solution, it is only possible to have its resolution through
numerical methods. The estimation of the parameters of the Weibull distribution by
maximum-likelihood method based on information from a historical record with
right censored data shows this difficulty. The solution presented in this article entails
using the Expectation-Maximization (EM) algorithm. Actual data from the historical
record of 5 centrifugal pumps failures of a petrochemical company were analyzed
for application of the methodology.

Ferreira LA, Silva JL. Zastosowanie algorytmu maksymalizacji wartości
oczekiwanej do estymacji parametrów rozkładu Weibulla w przypadku danych obciętych prawostronnie. Eksploatacja i Niezawodnosc – Maintenance and
Reliability 2017; 19 (2): 310–315, http://dx.doi.org/10.17531/ein.2017.2.20.
Metoda największej wiarygodności (MLE) służy do estymacji parametrów modelu
statystycznego dla zadanych danych. Metoda ta pozwala na estymację nieznanych parametrów modelu statystycznego. Parametry te otrzymuje się poprzez maksymalizację
funkcji wiarygodności rozważanego modelu. Często w praktyce metoda ta może jednak
nastręczać trudności związane z wielomodalnością funkcji wiarygodności oraz niemożnością uzyskania jawnych analitycznych rozwiązań równań wiarygodności. Równania
takie można jedynie rozwiązywać za pomocą metod numerycznych. Trudności te dobrze
ilustruje estymacja parametrów rozkładu Weibulla z wykorzystaniem metody największej
wiarygodności wykonywana w oparciu o prawostronnie cenzurowane dane z eksploatacji.
Rozwiązanie przedstawione w niniejszej pracy opiera się na zastosowaniu algorytmu
maksymalizacji wartości oczekiwanej (EM). Możliwości aplikacyjne proponowanej
metodyki badano na przykładzie danych eksploatacyjnych uzyskanych z przedsiębiorstwa
petrochemicznego, dotyczących awarii pięciu pomp odśrodkowych.
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Time replacement optimization model: comparative analysis
of urban transport fleets using monte carlo simulation
Model optymalizacji czasu wymiany floty. Analiza porównawcza
flot miejskiego transportu publicznego
z zastosowaniem symulacji Monte Carlo
This paper presents a comparative analysis of operation and maintenance costs of the transport fleets in two countries: Spain and
Brazil. For this analysis, the research proposed an optimization model which is a combination of the traditional Life Cycle Cost
Analysis methodology (LCC) and simulation model Monte Carlo. The results indicated the successful of model and show the lower
cost in the Brazilian fleet. The evidences may be useful for other practices and researches.
Keywords: maintenance costs, life cycle cost, Monte Carlo Simulation, fleet replacement.
W niniejszej pracy przedstawiono analizę kosztów pracy i utrzymania flot transportowych w dwóch krajach: Hiszpanii i Brazylii.
Dla celów analizy, zaproponowano model optymalizacji stanowiący połączenie tradycyjnej Analizy Kosztów Cyklu Życia (LCC)
oraz modelu symulacji Monte Carlo. wyniki potwierdziły trafność modelu oraz pokazały, że koszty ponoszone w przypadku floty
brazylijskiej były niższe. Zaproponowany model może znaleźć zastosowanie zarówno w praktyce jak i w dalszych badaniach.
Słowa kluczowe: koszty utrzymania ruchu, koszty cyklu życia, symulacja Monte Carlo, wymiana floty.

1. Introduction
“Replacement decision” is a classical operation research topic in
the industrial engineering. The replacement theory can indicate the
optimal equipment life. “Optimal life” can be defined as the period
between the time when the equipment comes into service and the time
when it should be replaced due economic reasons. The operating cost
of an equipment or asset generally rises as their condition deteriorates over time. When the cost reaches a certain level, the long-run
costs associated with investment in a new equipment become less than
those if keeping the old equipment [6]. At this point, replacement is
carried out. Thus, a basic replacement analysis usually examines both
the trend in operating and maintenance costs (O&M) and the net cost
of replacement, which is defined as the difference between the cost
of the new equipment and the salvage value of the old one. In some
cases, the replacement analysis also considers the resale value of the
equipment at various stages of its service life.
For fleet replacement, the literature suggests two kinds of models:
economic engineering (EE) and operational research (OR) models[12,
16]. EE models are restricted to economic and financial aspects, with
technological, management and strategic variables considered as exogenous. This limitations force management to avoid formal investment
analysis and to use unstructured subjective analysis [5]. Traditional
OR models focus on a single objective to be maximized/minimized by
modeling multiple variables. These methodologies are complemented

by a management tool used for decision-making known as conventional Life Cycle Cost Analysis (LCC)[2]. According to Nowakowski
[15] and other authors [7, 18], mathematical models of life cycle costs
can be classified into three basic groups:
• models dedicated to technical objects’ manufacturers that are
designed to minimize the costs that occurred in the early stages
of its lifetime,
• models aimed to minimize the lifetime cost of the facilities
already in operation,
• models oriented to customers willing to purchase a new technical object.
The main area of the authors’ interest is the last group of models,
which is useful to define the future costs. Furthermore, in this for
transport fleet applied model, the LCC is based on engineering economics to identify a point of a given asset’s life at which the cumulative cost of operating (O), maintenance (M) and ownership reaches
its minimum value. According to Fan and Jin [9], the most widely
accepted approach is called the “cost minimization method”. Gransberg and O’ Connor [11] describe it as “the most appropriate analysis
method” and proposes that it “yields an optimum replacement timing
cycle and a corresponding Equivalent Annual Cost (EAC)”. In order
to establish their useful life, particularly for buses, it is of key importance the understanding of the concepts explained in the following
figure 1.
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problem consists in finding the best fit between the age and mileage
(x*, y*) that comes to be the optimal fleet replacement point using the
Life cycle cost (LCC) analysis, as well as the Monte Carlo method,
which inserts random variables in the total maintenance and operational cost model. For the LLC analysis, the first step is to define the
entire cash flow in function of G(x,y), as shown in the equation (1):
G ( x , y ) = f ( x , y ) + Vc − VR
Being:

Fig. 1. Equivalent Annual Cost

The theoretical optimum service life is the point at which cumulative costs are at the minimum and it defines the economic life. From a
financial standpoint, the cost object of minimum life cycle is the ideal
age of retirement and/or replacement. This age can be shown in years
of life or mileage travelled. This analysis has to be subject to the same
working conditions, in order to observe a similar trend. According to
the asset type, design specifications and the service to be performed,
it is clear that in most cases total vehicle mileage is a better indication
of asset aging than the vehicle’s age.
A viable alternative to conduct a LCC study on vehicles is to use
an economic engineering criterion in conjunction with optimization
models [4, 13, 14]. Depending on the type of vehicles in a fleet, optimization models can be divided into two categories: homogeneous
and heterogeneous [3, 10]. In homogeneous models, the main objective is to find the best time for the replacement of a set of identical
vehicles (same type and age) that must be replaced together; this is
also known as the “no cluster splitting rule”. These models are usually
developed using a dynamic programming approach. Heterogeneous
models are more appropriate when different types of vehicles need
to be optimized simultaneously or when there are budget constraints.
These models can solve more practical problems and the input variables are generally deterministic.
LCC analysis always include elements of uncertainty because a
part of the input data has to be defined on the basis of different estimations and assumptions about the development of costs and revenues in
a long term. It has been recognized that probability methods are useful
in handling uncertainty in cost models. Thus, instead of treating the
input variables as fixed, such as performance, quality, costs and price
requirements, it is more appropriate to quantify them in terms of probability distribution functions. The Monte Carlo method includes all
roceedings that aim to find approximate solutions for some problems
(mathematical, technical or operational). The Monte Carlo method involves estimating the probability of occurrence of certain events based
on previous studies[17, 19]. According to Emblemsvag [8], the Monte
Carlo simulation is an especially useful method for cost management
purposes. Consequently, Monte Carlo analysis is an ideal method for
quantifying parameter uncertainty in LCC studies. On this paper, the
LCC method is combined with Monte Carlo Simulation using real
data for comparative analysis of maintenance costs between two urban transport fleets in two countries: Spain and Brazil.

2. Methodology
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Vc: Purchase Cost
VR: Resale value

Once the cash flow is defined, it is necessary to find out age and
mileage (x*, y*) for the optimal fleet replacement, which means to
find the lower values of the average annual cost per mile (AAC), defined in the equation below:
H ( x, y ) =

G ( x, y)
x* y

(2)

So, the problem can be written as:
 Find ( x, y ) ∈ R 2 , such as

( P1) 

 ( x, y ) = arg min[ H ( x, y )]

Being:

(3)

x ∈[ xmin , ymin ]
y ∈[ xmin , ymin ]
xmin , xmax , ymin , ymax ∈ R

The problem studied in this work considers variations in the cost
function that have no predictability or a well-defined pattern. Thus,
random modeling will be used for estimation. The problem is defined
as (x,y)X(Ω,F. P) , in which “Ω” is the sample space of events, “F”
the algebra of events, and “P” a probability measure. From this the
following hypotheses are necessary:
H1) The total cost function is differentiable;
H2) The random variables that define the cost function are limited and
statistically independent [1].
As a result, the problem P1 is reformulated as:

(

)

 Find x* , y* ∈ [ R 2 , P ], such as


P
2
( )  x* , y* = arg min  H ( x, y, w) ;

 ( x, y, w ) ∈ R 2 X (Ω, F .P )


(

)

(4)

The problem defined in Eq. (4) will be solved through Monte
Carlo simulation-based methods. This kind of method is developed
in three stages:
I

Generate, according to the probability functions of each parameter, N – samples of random variables that model the uncertainty
on the parameters that define the function total cost;

II

For the sample of the parameters, solve the following problem:

2.1. Model formulation
Being f (x,y) a function that represents the total maintenance and
operational cost for a single bus, it is converted to actual value since
the beginning from its operational life, until it reaches simultaneously the age “x” and the total mileage “y”. So, the description of the

(1)
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(

)

2.3. Database analysis

 Find x* , y* ∈ [ R 2 , P ], such as
i
i

 * *
( P3)  xi , yi = arg min  H ( x, y, w) ;

 ( x, y, w ) ∈ R 2 X (Ω, F .P )


(

)

(5)

III With all these results, analyze the final result with the graphical
distribution from the function H *i xi* , yi* and the variables xi*

(

and

)

y*i .

In order to generate a model that forecasts the total cost of maintenance and operating simultaneously in function of age and mileage
f (x, y), a regression analysis was developed. Besides, this analysis
employing algorithms of minimum distance was carried out using the
software ®Minitab, in order to find out the best arrangement through a
mathematical function. The kind of equation elected to be used in this
model was made with respect to the quality and quantity of available
data. For the Spanish fleet, in which the data were more abundant in
terms of years, a quadratic function was applied (formula 6). Nevertheless, as the Brazilian fleet lacks the same quantity of data, an
exponential function was employed in order to have a representative
function (formula 8). In order to analyze the parameter’s variations
that the deterministic approach can't assess, the Monte Carlo simulation will be employed.
2.2.1. The Spanish Urban Transport Fleet
f ( x, y ) = a* x 2 + b* y 2 + c* x* y + d * x + e* y + f
Where:

(6)

a, b, c, d, e, f ∈R

According to this, the constants from the quadratic function will
be considered as uniform random variables with a “p” variation of the
data field:
X i ∈ (1 − p ) * xi ; (1 + p ) * xi 
Where:

(7)

Xi: Set of possible results for a random variable x_i.
Where: xi=a; xi=b ; xi=c ; xi=d ; xi=e ; xi=f and p ∈ [0; 1].

2.2.2. The Brazilian Urban Transport Fleet
f ( x, y ) = a ∗ x ∗ e ( b∗ y )
Where:

(8)

A sample of 34 vehicles was selected and named as “Type A”
vehicles. The buses belonging to this sample have the same technical characteristics, mechanical configurations, fuel, and they were exposed to similar operating conditions, such as average speed, stops per
mileage, passenger loading, climate conditions, and the largest mileage during lifespan. The analysis period considered was of 10 years
(2005-2014), and all the costs were converted and updated using the
Spanish economic indicators. The results obtained were extrapolated
to the entire lifespan of the vehicles.
The following restraints were applied and considered:
1) Averaged fuel consumption was considered as a constant along
the vehicle’s lifespan.
2) Annual averaged mileage was constant and determined through
all sample selection buses. For this work, the annual average
mileage was taken as 61.597 km/year.
3) In order to determine the operational costs, fuel, insurance and
tax costs were summed up.
4) Resale Value (VR) was calculated by a linear model used by
the company and based on its own experience, which is obtained by formula 10:
V − R

VR = R +  c
∗ 0.7778 ∗ Rv 
N


Where:

(10)

0,7778 Factor dependent on service conditions.
Rv=Remaining vehicle’s life.
(R) Residual Value: In accounting, residual value is another
name for salvage value, the remaining value of an asset after
being fully depreciated. The formula to calculate the residual
value for this case study was established in 10% of the purchase cost.
(Vc) Purchase Cost: the investment cost considered to acquire
a new vehicle, similar as type A. To simplify, the investment
was considered paid in full at the purchase moment. Value: €
240.000,00.
(N) Estimated Lifespan: The estimated age indicated by the
company and adopted for this study was 14 years, which is
similar to those ones used by other Spanish companies. Notice that this parameter is above the average value in other
countries such as the United States, France and Italy, where
the considered vehicles’ lifespan is 12 years. Probably, the
very important economic crisis suffered by Spain on this period can be the explanation for this increase on the estimated
lifespan.

2.3.2. The Brazilian Urban Transport Fleet

a, b ∈ R

The constants from the exponential function will be considered as
uniform random variables with a “p” variation of the data field:
X i ∈ [(1 − p ) ∗ xi ;(1 + p ) ∗ xi ]
Where:

2.3.1. The Spanish Urban Transport Fleet

Set of possible results for a random variable .
Where: xi=a; xi=b and p ∈ [0; 1].

(9)

A sample of 33 vehicles was selected and named as “Type B”
vehicles. The buses belonging to the sample have the same technical characteristics, mechanical configurations, fuel, and they were
exposed to similar operating conditions such as average speed, stops
per mileage, passenger loading, climate conditions, and the largest
mileage during lifespan. The analysis period considered was of 05
years (2011-2015). The results obtained were extrapolated to the entire lifespan of the vehicles. The following restraints were applied and
considered:
1. Averaged fuel consumption was considered as a constant
along the vehicle’s lifespan.
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2. Annual averaged mileage was constant and determined
through all sample selected buses. For this work, the annual
average mileage was taken as 80.620km/year.
3. In order to determine the operational costs, only the fuel cost
was taken into account, as the company previously decided.
4. Resale Value (VR) was taken in the same way as in the Spanish fleet formula 10, and:
(Vc) Purchase Cost: Value € 103.926,10.
(N)Estimated Lifespan: The estimated age indicated by the
company and adopted for this study was 12 years, which is
set by the local legislation.

3. The Average Annual Cost (AAC) indicates the cost accrued
until the vehicle’s life, divided by its lifetime thereof, so that
the minimum average annual cost will determine the optimal
time for the vehicle’s renewal, which presents the lowest possible cost for the vehicle operation (formula 10).
 ∑ Investment + ∑ Maintenance + ∑ Operating − ( ResaleValue) 
AAC = 
n( year )
Results of the LCC Method
The cost development and analysis for the Spanish and the Brazilian fleets are shown in Tables 1 and 2 respectively

3. Results
For a better understanding, the optimum replacement moment was
at first determined by using the conventional Life Cycle Cost Analysis
(LCC) methodology. After that, an analysis using the Monte Carlo
method was performed and, finally, the results can be compared.

3.1. Life Cycle Cost Analysis
For this case study, some aspect should be taken into account:
1. The maintenance costs were selected and adjusted based on
Extrapolation Mathematics Technique, in order to obtain a set
of observations and to extend this pattern into the future.
2. The Total Accumulated Cost (TAC) until a certain year is the
result of the total investment cost plus the maintenance and
operating costs. All the costs were accumulated until that year
less the resale value of the same year.

2.3.1. The Spanish Urban Transport Fleet
In summary, the results indicate that the minimal Average Annual
Cost per kilometer (AAC) is shown to the Spanish fleet in the 7th year
(1,02 €/km), to the Brazilian fleet in the 5th year (0,393 €/km).

3.2. Monte Carlo Simulation
The method was developed considering a contraint in the annual
milleage between 55.000 km and 80.000 km for the Spanish fleet
(Scenario1), and between 60.000 km and 100.000 km for the Brazilian fleet (Scenario 2). This technique gives a reliable mathematical
basis for solutions derived from individual scenarios, and it can be
applied to linear problems in order to improve pure scenario analysis.

Table 2. Brazilian Fleet

Table 1. Spanish Fleet
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The data used for the development of the Monte Carlo methodology
were processed by using software Matlab.
Results of the Monte Carlo Method
i

Age Indicated
The ages indicated for replacement fleet that came from this
methodology are graphed in a histogram (figure 2).

Fig. 2. Age Indicated

condition), and the same trend occurs on the second scenario, which
obtains 100.000 Km for ideal annual milleage. This indicates that the
restraining conditions don’t represent the minimal cost real points of
an unrestrained scenario. An unrestrained analysis shouldn’t be perfomed because the database had no information about these regions,
thus, any inference would not be precise.
iii

General Cost Analysis
This analysis shows which parameter(s) would be the best for the
fleet’s vehicle use during its lifespan in order to optimize its costs. For
this analysis, some parameters are correlated: Annual Mileage, Age
of the vehicle and the Annual Average Cost (AAC). Figure 4 shows
one sample out of ten thousand possibilities obtained in the scenario
1 (Spanish Fleet). Besides, figure 5 shows the similar analysis for the
scenario 2 (Brazilian Fleet). For both figures, the age of replacement
is represented in the axis of the abscissa while the average annual
mileage is represented in the axis of the ordinates and the annual average cost (AAC), calculated by the function above mentioned in equa-

Fig. 4. Spanish Fleet Sample

The analysis of the histograms for both scenarios show us which
of them is the best option for the replacement decision, taking into
account the previously defined restrictions. For the Spanish fleet, the
8th year is clearly the most convenient option. For the Brazilian fleet,
the 3,98th year is the highest value, although for practical reasons the
4th year is an accurate approximation.
ii

Mileage Indicated
The mileages indicated for replacement fleet were obtained using this method and they are graphed as shown in the histogram
(figure 3).
The histogram’s analysis of Scenario 1, which presents the best
mileage to be used by the vehicle, shows that the values in km are inclined to the established value of 80.000 km (simulation’s restraining

Fig. 5. Brazilian Fleet Sample

tion 2, is represented by color grading of the intersection point,
ranging from dark blue for lower costs to red for higher costs.
Furthermore, the figure 4 and 5 indicate the best fit between age
and mileage, that minimizing the value of the AAC.
Despite the capacity of indicating the optimal point, this
analysis also demonstrates other combinations over its lifespan,
and it might effectively support fleet managers to develope their
strategies and activities, especially when the fleet managers
need to access the trade-off between costs and benefits related
to different parameters. Furthermore, a comparison between the
Spanish and the Brazilian results could be realized, as it’s shown
below (table 3), based on figure 4 and 5.

Fig. 3. Mileage Indicated
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Table 3. Fleets Comparison

Age

Annual Mileage
Cost per Km

Spanish Fleet

Brazilian Fleet

80.000 km

100.000 km

8 years

≈ €1,00

4 years

≈ € 0,50

4. Conclusion
The association of these two models allows not only the evaluation of the proper replacement moment, but also a general cost
analysis over the fleet’s useful life, which indicates the age, mileage
driven, and the unit cost per mileage in an organized and simultaneous
way over the vehicle’s useful life. Therefore this research provides the
management with the evaluation of the vehicle’s life cycles, since it
is a tool that assesses the replacement decision of the vehicles for a
similar one. The final replacement decision should take into account

not only economic criteria, but also a variety of factors which are
different from those previously studied, such as fleet’s size, real mileage, number of workers and passengers, service quality, governmental transport policies, environment, annual budget, among others. For
this case study, the cost per kilometer is much lower to the Brazilian
fleet probably due to the lower purchase price, lower costs with fleet
labour, fuel, as well as lower direct costs for maintenance, if in comparison to the costs in Spain. Besides, it is important to consider the
devalued exchange rate Real/Euro (€1,00 = R$4,33), and the inferiority in terms of available technology and luxury of the Brazilian fleet
compared to the Spanish.
Regarding replacement, it may occur sooner in the Brazilian fleet,
basically because of the difficult enviromental conditons and the traffic that the fleet is subjected to.Therefore, these features and a higher
level of use overload the fleet. Finally, another possible function of
this model, which will be studied on future researches, could be used
to improve the management decision process with an ideal replacement strategy, regarding how many and which vehicles should be replaced.
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Reliability analysis for multi-state system
based on triangular fuzzy variety subset bayesian networks
Analiza niezawodności systemu wielostanowego z zastosowaniem
sieci bayesowskich opartych na rozmytych podzbiorach zmienności
opisanych przez trójkątną funkcję przynależności
In this paper, a novel reliability analysis method for multi-state system is proposed on the basis of triangular fuzzy variety subset
Bayesian network (BN). The method considers fuzziness, multi-state, and variety of failure probability over time. With advantages
in modeling and computation, the BN is utilized for reliability analysis. Fuzzy set theory is introduced into the BN analysis by using
triangular fuzzy variety subset to describe failure probability. The uncertainty of fault logical relationship between different nodes
is described through fuzzy conditional probability tables. As a function of time, the failure probability of each root node is analyzed
first. Subsequently, the triangle fuzzy variety subset is established to describe the fuzzy failure probability of root nodes. This subset
is applied to analyze the reliability of multi-state system fuzzy BN. Finally, a case study on the car free movement accident of flexible high-speed elevator lift system is used to demonstrate the effectiveness and practicality of the proposed method. Results show
that the proposed approach could effectively address the problems on information uncertainty and multi-state in the early stage.
keywords: reliability analysis; fuzzy set theory; multi-state system; Bayesian network; elevator free movement
accident.
W niniejszej pracy zaproponowano nową metodę analizy niezawodności systemów wielostanowych wykorzystującą sieci Bayesa
(BN) oparte na rozmytych podzbiorach zmienności opisanych za pomocą trójkątnej funkcji przynależności. Metoda ta uwzględnia
rozmyty charakter danych dotyczących uszkodzeń, wielostanowość systemu oraz zmienność prawdopodobieństwa wystąpienia
uszkodzenia w czasie. BN, które znalazły zastosowanie w modelowaniu i metodach obliczeniowych, wykorzystuje się także do analizy niezawodności. W przedstawionych badaniach, analizę BN uzupełniono o elementy teorii zbiorów rozmytych wykorzystując
do opisu prawdopodobieństwa wystąpienia uszkodzenia, podzbiory zmienności opisane przez trójkątną funkcję przynależności.
Niepewność zależności logicznej pomiędzy awariami reprezentowanymi przez różne węzły sieci opisano za pomocą tabel rozmytego prawdopodobieństwa warunkowego. W pierwszej kolejności analizowano prawdopodobieństwo uszkodzenia każdego korzenia
(węzła głównego) w funkcji czasu. Następnie, wyznaczono trójkątny rozmyty podzbiór zmienności, za pomocą którego opisano rozmyte prawdopodobieństwo uszkodzenia węzłów głównych. Podzbiór ten wykorzystano do analizy niezawodności systemu wielostanowego przy pomocy rozmytych BN. Artykuł kończy opis wypadku podczas ruchu wózka windy szybkobieżnej, który potwierdza
skuteczność i możliwość praktycznego wykorzystania proponowanej metody. Wyniki pokazują, że proponowane podejście może
skutecznie rozwiązywać na wczesnym etapie problemy związane z niepewnością informacji oraz wielostanowością systemu.
Słowa kluczowe: analiza niezawodności; teoria zbiorów rozmytych; system wielostanowy; sieć bayesowska;
wypadek podczas ruchu wózka windy.

1. Introduction
Reliability is significant in describing the performance of a system. System reliability indicates the capability of a system to perform
specified functions under definite conditions and within limited time
period. System reliability analysis methods can help calculate the
value of system reliability and determine the weakness of a system.
Therefore, a system reliability analysis model, which is close to the
actual system, should be established. This model will provide theoretical support for research, improvement, and maintenance.
In recent years, system reliability theory is rapidly developed. Numerous system reliability analysis methods, such as fault tree analysis
methods [5], binary decision diagram (BDD) analysis methods [6,
9], T-S fuzzy fault tree analysis methods [16] and Bayesian networks
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(BNs), are also emerging. Among the above methods, BN analysis
methods [10, 2] are the most widely applied in system reliability analysis [17] and fault diagnosis [2] because of their advantages in both
modeling capability and analysis process. The traditional BN reliability analysis methods are based on the hypothesis of two-state simple
series–parallel systems [1,3]; these systems ignore the fuzziness of
information and polymorphism of fault states in actual systems and
consequently limit their application. In the past few years, further research used BN analysis methods to overcome the aforementioned
problems. In [12], BNs were introduced to dynamic system reliability
evaluation; moreover, traditional BN reliability analysis methods were
further developed to improve the efficiency and accuracy of calculation and extend the application scope. BNs were combined with fuzzy
set theory to predict the safety risk of subway operation and analyze
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the most important risk factor affecting fire accidents [11]. A reliability analysis model for fuzzy multi-state systems was established in
[4] by introducing fuzzy set theory into BN modeling; the resulting
model was applied on hydraulic systems. However, these system reliability research methods are mostly based on the assumption of static
failure information, and “change” is a basic characteristic of an actual
system. Therefore, a system reliability model, which considers changing failure probabilities, should be established.
In [15], a system reliability model was established by using loadstrength interference model, order statistics, and Poisson stochastic
process. This model was applied on series, parallel, and k/n systems.
The evolution characteristics of system reliability and failure probability over time were also studied. Considering the effects of strength
degradation on system reliability, a reliability model as a function of
load frequency and time was proposed in [13]; such model can be applicable on series–parallel systems. These methods are based on the
assumption that all components are identical, and the working loads
are not changed. Thus, they can only analyze simple series–parallel
system under a relatively stable working environment. In complex
mechanical systems, these methods cannot reflect the actual situation,
thereby limiting their promotion and application. Fuzziness, polymorphism, and variability are the three basic characteristics of complex
mechanical systems. Ignoring any one of them may lead to significant
errors and wrong conclusions in system reliability analysis. Therefore, a further complete BN models considering the fuzziness, multistate, and dynamics in failure information have attracted considerable
attention, specifically in system reliability analysis.
In this paper, fuzzy set theory is introduced into BN analysis. The
multi-state variety system reliability analysis methods, which consider the system component’s failure probability variation with time,
are also studied. Finally, this new method is applied in the car elevator
free accident of high-speed elevator flexible lifting system.
The remaining part of the paper is organized as follows. In Section 1, the BN methods are introduced. In Section 2, system reliability
analysis methods based on triangular fuzzy BN are proposed. In Section 3, the car elevator free accident of high-speed elevator flexible
lifting system is analyzed by using the proposed method. In Section
4, the conclusions and some suggestions for further studies are provided.

2. BNs
BNs, which are also known as belief networks, probabilistic networks, and causal diagrams, are a kind of uncertainty representation
and reasoning models based on probabilistic analysis and graph theory [7,14].
BNs consist of one directed acyclic graph and some conditional
probability tables, which are used to describe the probabilistic depend-

BN can be used to conduct either qualitative analysis or quantitative analysis. The directed acyclic graph is utilized to conduct the
qualitative analysis by describing the relationship between two variables. Quantitative analysis is performed using the conditional probability table that can describe the correlation between a node and its
parent nodes. When the priori probability and conditional probability
tables of root nodes are known, the joint probability distribution can
be described as follows:
n

P ( X1, X 2 ,, X n ) = ∏ P ( X i | π ( X i )) .

(1)

i =1

3. Reliability analysis of a triangle fuzzy variety BN
system
Fuzzy BN considers fuzziness and variation in the component
failure information of a multi-state system. The triangle fuzzy variety
subset is constructed to describe the BN root nodes. The fuzzy BN
nodes are introduced into the BN model to calculate the multi-state
system fuzzy reliability and fuzzy importance of root nodes with BN
inference algorithms. Furthermore, the goal of multi-state system reliability analysis is realized.

3.1.

Triangular fuzzy variety subset construction

In the traditional BN-based reliability analysis methods, the failure probability of a node is usually assumed as the average value of
this type of component. Nevertheless, the failure probability of most
components is fuzzy and varies with time in actual condition. In this
paper, we use a triangular fuzzy subset to describe the root nodes.
First, we obtained the relationship between failure probability and
time by analyzing the failure data of components in a system. Given
that the obtained failure data are discrete, modeling of time-varying
failure probability accurately through simple functions is difficult.
Therefore, the failure probability is fuzzy. For example, the failure
probability variation of a transmission in its initial stage is depicted in
Fig. 1 [18], where “experiment 1” and “experiment 2” are the failure
probability curves of two experiments. Results show that failure probability increases irregularly over time between two lines, namely, the
upper and lower limit lines. A simple function cannot be easily used
to describe the relationship between failure probability and time. The
failure probability of most mechanical components in the initial stage
is similar to that of the rope spring in Fig. 1.

encies of variables. A BN can be denoted as N = (( X , T ), P ), where

( X , T ) is the directed acyclic graph with N nodes, and P indicates
the conditional probability table of each node. X = ( x1, x2 ,, xn ) is
the set of all node variables. Node variable can be the abstract of any
specific question, such as component status, observational information, or personnel operation. T represents the directed edges between
two variables, which are used to describe the relationship between
two variables. The directed edges indicate links to be directed from
parent nodes to child nodes. The nodes without a parent node are root
nodes, and those without a child node are leaf nodes. The conditional
probability table P is used to describe logical relationships. According
to the conditional independence assumption of BNs, the conditional
probability distribution can be represented by P ( X i | π ( X i )) , where
π ( X i ) indicates the set of parent nodes of X i .

Fig. 1. Failure probability variation of rope spring in its initial stage
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We use the fuzzy subset to replace the fixed value and describe
failure probability of a component at a specified time t. Many kinds
of membership function, such as triangular, trapezoidal, normal, and
lognormal membership functions, are used to describe fuzzy subset.
With the advantage of simple algebraic operation, triangular membership function is most widely used and thereby adopted in this study. In
addition to variation range, triangular membership function can also
highlight the most possible value of a fuzzy variable.
Pij (t ) is the probability that the fault state of node xi is xij at time
t. Consequently, the triangular fuzzy subset of Pij (t ) can be denoted
l
m
r
as hij ( t ) , hij ( t ) , hij ( t ) :

(

)

Fig. 3. Failure probability of a node varies over time

 hijl (t ) = aijl t + bijl

 m
m
m
hij (t ) = aij t + bij
 r
r
r
 hij (t ) = aij t + bij

(2)

3.2. Failure possibility of a fuzzy BN system
Root nodes are used to represent all the basic events in the BN

{

where aijl , aijm , aijr , bijl , bijm , bijr are all constants, bijl , bijm , bijr

} represents

the triangular fuzzy variety subset at the initial time t = 0 , hijm (t )
is the center-variable function of fuzzy variety subset at time t , and

hijm (t ) − hijl (t ) and hijr (t ) − hijm (t ) are the left and right fuzzy areas,
respectively. The uncertainty of variable increases with increasing

system, which are denoted as xi (i = 1, 2,, n ) . T is the leaf node
that describes the failure state of the system. The other events of the
BN system are represented by the middle nodes, which are denoted as

j v
yk (k = 1, 2,, m) . The fuzzy numbers xi , yk , Tv are used to describe
the fault states of the three types of nodes. PT =Tv (t ) denotes the fuzzy

probability that leaf node T is in fault state Tv , which can be expressed as a function of Pij (t ) :

fuzzy area. The membership function of Pij (t ) is defined by Eq. (3),
which is also shown in Fig. 1.

µ p ij ( h)



h m (t ) − h 
max  0,1 − ij

m


hij (t ) − hijl (t ) 


=


h − hijm (t ) 

 max  0,1 − r

hij (t ) − hijm (t ) 



0≤h≤

PT =Tv (t ) =

P ( x1, xn , y1 ym , Tv ) =

∑ P (T = Tv | π (T ) ) ∑ P ( y1 | π ( y1 ) ) ,



π (T )

hijm (t ) 



,

m
hij (t ) ≤ h ≤ 1 


∑

x1 , xn , y1 ym

×  × P1 (t ) Pn (t )

(3)

where h indicates the failure probability at time t .
The time-varying property of a root node’s failure probability is
also considered. A series of triangular fuzzy subset can be calculated
to describe the variation of a root node’s failure probability over time,
which is shown in Fig. 3.

(4)

π ( y1 )

where π (T ) is the set of all parent nodes of leaf node T , and π ( y1 )
is the set of all parent nodes of the middle node y1 .

3.3. Importance of a fuzzy BN system
In a multi-state system, the fuzzy BN reflects the comprehensive
evaluation of a root node under different fault states. p ij (t ) refers to
the fuzzy subset of the failure probability that node xi is in fault state
xij at time t, and u P (t ) is the corresponding membership function.
ij

Thus, the fuzzy importance of root node in fault state xij with leaf
node T in fault state Tq is as follows:

) (

(

)

j
F
Iij u ( t ) = E  P T = Tq | xi = xi − P T = Tq | xi = 0 


1 xµ
(t )dx
1
∫
∫0 xµ P ij ,Tq (t )dx 0 Pij , 0
−
=
,
1
1
∫0 µ  ij ,Tq (t )dx
∫0 µ P (t )dx
P
ij , 0

(

(5)

)

where P T = Tv | xi = xij is the fuzzy probability that leaf node is in
fault state Tv and conditional on that the root node xi is in fault state
xij . The two integral terms are gravity values of P T = T | x = x j

(

Fig. 2. Membership function of Pij (t )

160

and P (T = Tv | xi = 0 ) .
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The fuzzy importance of root node xi with leaf node T at fault
state Tq is as follows:
m

F

I i u (t ) =

F

∑ Iij u (t )
j =1

m

,

(6)

where m is the number of fault states for root node xi , and I iFu (t ) is
the average importance of fault state xij at time t when its fault state
changes from 0 to 1.
Equations (4) to (6) show that the proposed reliability analysis method can realize reliability estimation for multi-state systems
through optimizing the fuzzy and time-varying fault information.
Moreover, the method can help engineers perform fault diagnosis for
a system with the results of importance analysis.
Fig. 5. Car slipping accident of flexible lifting system

4. Case study
The flexible lifting system is the core mechanical part of an elevator [19]. The system consists of three parts: safety protection, traction,
and track subsystems. The safety protection subsystem mainly includes safety clamp, rope clip, and buffer. The track subsystem mainly
includes rails, guide wheels, car frame, and guide shoe. The traction
subsystem mainly includes traction rope, traction wheels, and traction machine. During operation, component damage often causes slip
ladder accident, which will seriously affect the safety of passengers.
Thus, the reliability of the flexible lifting system in high-speed elevators should be dynamically analyzed. The most important component

seriously affecting car slipping accident should also be determined.
As an example, the schematic diagram of one type of high-speed elevator is depicted in Fig. 4. Figure 5 shows the main components,
which can cause elevator car slipping accident, and the interaction
relationships among them.
BN was used to describe the working states of the elevator’s flexible lifting system. The leaf node T is the slipping accident of the elevator car. x1 ~ x10 are root nodes, which represent the safety clamp,
rope clip, buffer, rails, guide wheels, safety gear, guide shoe, traction
rope, traction wheels, and traction machine, respectively. y1 ~ y3 are
the middle nodes, which represent the safety, traction, and track devices, respectively. The BN model of car slipping accident T in the
flexible lifting system of a high-speed elevator is shown in Fig. 6.

Fig. 6. Bayesian network model of car slipping accident in the flexible lifting
system of a high-speed elevator.

The set of all fault states of nodes x1 ~ x10 , y1 ~ y3 , and T is (0,

1
2
0.5, 1), i.e., xi = 0 , xi = 0.5 , and xi3 = 1 , respectively During reliability analysis, the fuzziness and uncertainty of fault logic relationships
among different components are considered. According to historical
data and expert information, the CPT of middle nodes y1 ~ y3 and
leaf node T is obtained; results are shown in Tables 1–4, respectively
[19]. The conditional probability of each child node can be obtained
under the combinations of parent nodes in all fault states.

1. base rubber, 2. traction rope, 3. rail, 4. guide wheel, 5. car frame, 6. car, 7.
bottom rubber of car, 8. damping rubber, 8. top rubber of car, 10. spring of
rope end, 11. traction wheel, 12. bearing beam, 13. steering wheel, 14. counterweight, 15. compensation rope, 16. tensioning system

4.1. Fault probability analysis
Given that the component performance and working environments of different elevators are different, the tendencies of components’ failure probability with time also vary. Experimental data

Fig. 4. Flexible lifting system of a high-speed elevator
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Table 1. The CPT of node y1 .

x1

x2

0

x3

0

0

P ( y1 = 0 | x1 ~ x3 )

0

P ( y1 = 0.5 | x1 ~ x3 )

1

P ( y1 = 1| x1 ~ x3 )

0

0

0

0.5

0.1

0.5

0.4

…

…

…

…

…

…

1

1

0.5

0

0

0

1

1

1

1

0

0

1

0.3

0

1

0.7

0

1

0

0

1

0

1

Table 2. The CPT of node y2 .

x4

x5

0

x6

0

0

0

0

0

x7

0

P ( y2 = 0 | x4 ~ x7 )

0

0

0.5

0

0

0

0

1

1

1

1

0.5

1

1

0.3

0.5

…

1

0

0.3

0.3

…
1

0

0.4

0.2

…
1

1

P ( y2 = 1| x4 ~ x7 )

1

…
1

P ( y2 = 0.5 | x4 ~ x7 )

…

…

0

1

…

0

0

1

0

1

Table 3. The CPT of node y3 .

x8

x9

0

x10

0

P ( y3 = 0 | x8 ~ x10 )

0

1

0

0

0.5

0.3

…

…

…

…

1

1

0.5

0

0

1

1

1

1

0

1

P ( y3 = 1| x8 ~ x10 )

0

0

0.4

0.3

…

…

0

0.4

0

0

0

1

P ( y3 = 0.5 | x8 ~ x10 )

0.6
1

0

0

1

0

1

Table 4. The CPT of node T .

y1
0

y2
0

y3

P (T = 0 | y1 ~ y3 )

0

1

P (T = 0.5 | y1 ~ y3 )

P (T = 1| y1 ~ y3 )

0

0

0.5

0.3

0.5

0.2

…

…

…

…

…

…

1

1

0.5

0
1

1

0
1

1

1
0

1

0.1
0
0

0

0.2
0
0

0

analysis showed that the failure probability triangular fuzzy subset of
each node at fault state 1 is summarized in Table 5.
The fuzzy variety subset of node x1–x10 at fault state 0.5 is the
same as the subset at fault state 1. According to Eqs. 2 to 4 and Tables
1 to 4, the fuzzy failure probability of the system at different fault
states are as follows:
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Table 5. Triangular dynamic fuzzy subset of root nodes at fault state 1.
Root node xi

Fuzzy variety subset of root node xi at fault state 1. ×(10−6 / h)

x2

{0.11+0.2t,0.25+0.3t,0.39+0.4t}

x1

{12.5+15t,13.5+16t,14.5+17t}

x3

{11.1+12t,25+24t,38.9+42t}

x4

{15+10t,20+20t,25+30t}

x5

{0.7+0.5t,1.5+1.5t,2.3+2.5t}

x6

{0.021+0.02t,0.047+0.05t,0.073+0.08t}

x7

{2.4+2.5t,5.5+5.5t,8.6+8.5t}

x8

{0.004+0.002t,0.008+0.004t,0.012+0.008t}

x9

{0.25+0.2t,0.26+0.3t,0.27+0.4t}

x10

PT =1 (t ) =
=

∑

x1 ,, x10 , y1 ,, y3

∑

y1 , y2 , y3

{3.2+3t,4.2+4t,5.2+5t}

P ( x1,, x10, y1, y2 , y3 , T = 1)

P (T = 1| y1, y2 , y3 ) ×

× P1 (t ) P2 (t ) P3 (t ) ×
× P4 (t ) P7 (t ) ×

∑

x4 ,, x7

∑

x8 , x9 , x10

∑

x1 , x2 , x3

P ( y1 | x1, x2 , x3 )

P ( y2 | x4 ,, x7 )

P ( y3 | x8 , x9 , x10 )

× P8 (t ) P9 (t ) P10 (t )

Figures 7 and 8 show the analysis results of dynamic reliability analysis method based on fuzzy BNs and the fault tree analysis
method [8].
The failure probability result of the proposed method is a triangular fuzzy variety subset that includes the upper limit, center variable,
and lower limit. In the traditional fault tree analysis method, the failure probability is only a curve because of ingoing information uncertainty. When the system possesses sufficient information data, and the

Fig. 8. Result comparison of leaf T node at fault state 0.5.

fault logic relationship is clear, then the fault tree analysis method is
the most suitable option because of its simple calculation. However,
when the fault logic relationship is uncertain, and insufficient fault
information is available, then the proposed method is suitable for reliability analysis.

4.2. Importance analysis
Equation 5 shows that the fuzzy importance of root node x1 at
fault state 1 with leaf node T at fault state 1 is as follows:
F
I11u ( t ) = E  P (T = 1 | x1 = 1) − P (T = 1 | x1 = 0 ) 
1
(t )dx
(t )dx ∫01 xµ 
∫0 xµ P
P11, 0
11,1
−
=
1
1
(t )dx
(t )dx
∫0 µ 
∫0 µ P
P11,1
11, 0

Fig. 7. Result comparison of leaf T node at fault state 1.

Similarly, the fuzzy importance of root node x1 at fault state 0.5
with leaf node T at fault state 1 can be obtained. Equation 6 illustrates

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

163

S cience and Technology
that the fuzzy importance of root node x1 with leaf node T at fault state
1 is as follows;
2

F

I1 u (t ) =

F

∑ I1 ju (t )
j =1

2

Figure 9 shows the importance results of root node x1 using the
proposed methods. With the above calculation methods, the fuzzy importance of other root nodes can also be obtained.

portance of root node x1 when the leaf node T is at fault state 0.5 is
a curve with little variation over time, which is close to a constant
value. Thus, the T-S fuzzy importance analysis method can be used
for an approximate calculation. The fuzzy importance of root node x1
when the leaf node T is at fault state 1 is a curve, which changes drastically over time; hence, it cannot be calculated using the traditional
T-S fuzzy importance methods.
This study fully considered fuzziness and variety of failure information in an actual system. This method can completely utilize faulty
information compared with the traditional system reliability analysis
methods. Additionally, the results match relatively well with the actual situations. However, some subjective information, such as expert
information, is needed in this method. Consequently, the objectivity
of analysis results is influenced to some extent.

5. Conclusion

Fig. 9. Dynamic fuzzy importance of root node x1 when leaf node T at fault
states 0.5 and 1

The traditional T-S fuzzy importance based on failure probability
and fuzzy subset is a time-independent value. By contrast, the BN
fuzzy importance considers the various information of a system and
thus can derive a time-dependent curve. Figure 9 shows that the im-

In this study, triangular fuzzy variety subset is used to describe the
failure probability of components that vary with time. The proposed
method considers the variety, fuzziness, and uncertainty of component failure probability and can achieve an accurate reliability analysis result. The fuzzy multi-state CPT is used to describe the failure
mechanism between two different components. Many actual objective
factors are considered in this method compared with the traditional
fault tree analysis method. Finally, a case study on the car slipping
accident of a flexible lifting system is conducted to demonstrate the
effectiveness of the proposed method. However, the proposed method
is limited by that it can only deal with initial failures of a system. In
future work, the entire life cycle of system reliability will be investigated.
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Experimental verification of two component implant optimization
results in context of fatigue life
Weryfikacja eksperymentalna wytrzymałości zmęczeniowej zoptymalizowanego implantu stomatologicznego*
In this paper the verification of the optimal dental implant design is presented. It is focused on fatigue fracture and is carried out
with experimental tests. The optimal design was obtained with an optimization strategy using finite element model and genetic
algorithm hybridized with Hooke-Jeeves technique. The fatigue tests of the prototype and initial designs of dental implants have
been performed on Instron 8874 testing system using Locati method of an accelerated fatigue testing. The presented studies are
excepted to verified the effectiveness of optimization strategy. Due to used methodology for experimental verification only qualitative effects of the optimization are compared. The work is a part of long term project under the grant R13 0020 06 “Development
and preparation of dental implant prototypes”.
Keywords: dental implant, optimization, fatigue, experimental fatigue test.
W artykule przedstawiono weryfikację zoptymalizowanego implantu zębowego w kontekście wytrzymałości zmęczeniowej przy
pomocy testów laboratoryjnych. Optymalne rozwiązanie otrzymano przy zastosowaniu modelu numerycznego metodą elementów
skończonych oraz strategii łączącej algorytm genetyczny z procedurą Hooke-Jeeves. Dla projektu bazowego oraz ulepszonego
rozwiązania przeprowadzono serię testów na maszynie Instron 8874 używając metody Locati przyśpieszonego badania zmęczeniowego. Prezentowane badania są weryfikacją efektywności przyjętej strategii optymalizacji. Z powodu zastosowanej metodologii
badań eksperymentalnych, efekty optymalizacji poddano tylko porównaniu jakościowemu.
Słowa kluczowe: implant zębowy, optymalizacja, wytrzymałość zmęczeniowa, testy eksperymentalne wytrzymałości zmęczeniowej.

1. Introduction
Dental implant is expected to be serviced as long as it is able to
fulfill biological, esthetical and functional requirements. There is no
service life for any of its components considered. Therefore, the proper design should based on the assumption that the implant service life
has to be longer than the maximal patients’ life expectancy regardless
of biological and biomechanical conditions.
According to the retrospective studies [12, 26, 30] one of the
problems reported in long term service of the implants is fatigue failure. Systematic review of twentysix followup studies estimated a cumulative incidence of implant fractures after 5 years on the level of
0.14% [22]. However, the fracture ratio for the followup studies for
up to 15 years [2] rises drastically and can reach even 16% in the
maxilla. Dental implant failure usually results in an expensive, long
term therapy often accompanied by the patient’s trauma. It makes the
fatigue resistance crucial feature to be include in implant designing.
The significant rise in fatigue fracture cases after 5 years, which the
followup studies are mostly limited to, can suggest that this period is
inadequate to examine this phenomenon. Additionally, it should be
taken into account that nowadays, market competition and patients’
demands force the producers to introduce the new or modified design

in very short design cycles. Therefore, there is the need to develop of
the efficient procedure for fatigue fracture risk minimization.
Many researchers undertake the implant failure problem using
laboratory tests [7, 9, 10, 11, 13,20, 23,27, 29, 31, 32] and numerical approach [17]. Among the others, special attention should be
paid to the studies done by Wierszycki [38] and Ilies [20]. Wierszycki proposed complete methodology and computational model for
fatigue fracture estimation using strain based approach. The results
were supported with clinical observations [39]. Ilies, on the other
hand, proposed approach for fatigue estimation utilizing stresses
and provided additional verification with laboratory tests. Another important work was done by Patterson and Johns [28] who
presented the concept of fatigue resistance as a function of screw
preload. These results prove the existence of the optimal value of
screw preload in context of fatigue life of the implant screw. Finally, Genna [18, 19] utilized shakedown analysis to examine lowcycle fatigue failure of dental implants. The results show that the
‘worst’ load case in context of fatigue fracture is characterized by
pure transversal load or its strong domination on axial load.This
conclusion was also confirmed for the prototype analyzed in the
presented study by Szajek [35].
Taking into account the results of the above mentioned studies, the complete designing methodology for improvement of two

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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component dental implant fatigue life was
proposed [33]. The procedure utilizes opParam. Initial Optim.
timization techniques (genetic algorithm
A [mm]
1.05
1.11
hybridized with Hooke-Jeeves technique)
C [deg]
31
42.7
to find the optimal configuration of geometry parameters and screw preload considD [mm]
3.45
2.2
ering static failure risk and adequate levels
E [-]
0.356
0.12
of screw loosening/tightening moments.
F
[mm]
1.5
0.1
Moreover, the simplified computational
model, yet, capable to estimate all necesG [deg]
45
87.1
sary dental implant features is thoroughly
P [N]
425
520.0
described. The procedure was used to optimize the representative design of a two
component implant.
In the presented work the effectiveness Fig. 1. Optimized dental implant: a) geometry parameters (parameter E is defined as a fraction of * distance),
b) loads, c) the best solution, d) initial and optimal configuration of design parameters.
of the proposed optimization strategy is
verified with experimental tests. The fatigue
are taken into account. The loads are applied in two steps. Firstly,
tests of the prototype and initial design have been carried out using
tightening is defined as a prescribed assembly load (screw length is
Locati method of an accelerated fatigue testing. The used method has
reduced) in its middle part to achieve the assumed tightening force
been successfully applied to quality control fatigue tests of glass fi(425 N). The value of tightening force was calculated from the empiribre reinforced plastics [5], metallic materials and components [9] and
cal equation [4] and verified with the help of a fully three dimensional
research using thermography [25]. In order to carry out the tests, the
FE model [37]. The screw preload is considered as additional design
simplified prototype (Fig. 2) was manufactured by Osteoplant. Due to
variable. In the second step bending of the tightened implant is perused methodology, only qualitative effects are compared.
formed. The concentrated load (30 N) is defined perpendicularly to
The paper is structured as follows. Section 2 recalls the most
axisymmetric axis. The load is applied to the top surface of the abutimportant information on the optimization done and the final design
ment. The implant fixture is fixed assuming moderate three millimeter
while section 3 presents methodology and the results of laboratory
bone loss. Between all components contact conditions are considered
tests of dental implant fatigue life.
as so-called “hard” Hertz contact in normal direction and as classical isotropic Coulomb friction model ( μ=0.2) in tangential direction.
2. Two-component implant optimization
The penalty method as the contact constraint enforcement method has
been selected for both normal and tangential direction.
The goal of the optimization is to find a combination of geomBased on the FEM model the objective and all constraints are esetry parameters for which the optimal screw preload maximizes the
timated.
For fatigue life calculation the stress based approach with
number of cycles to failure which is measured in indirect way based
Goodman linear theory is used. Effective amplitude of stresses, , is
on normalized maximal effective stress amplitude at zero mean stress
calculated on the basis of stress obtained directly from FEM model.
(explanation below in the text). Additionally, it has to be taken into
The effective mean value of stresses, is given as a first invariant of
account that changes cannot reduce the loosening moment ( L ) below
stress tensor. Finally, the effective stress amplitude at zero mean stress
1
safe limit of 150Nmm (the value for the initial design ), the tightening
equals:
moment ( T ) should be applicable considering bone implant interface
resistance (300Nmm limit is assumed) and plastic strains ( S ) cannot
occur during tightening and bending. Finally, the problem is formulated as follows:
(1)
Subject to: S(x)≤ 1.0;
L(x)≥ 150 Nmm
T(x)≤300 Nmm
where x denotes design parameters (see Fig. 1a, parameter B is omitted in this study).
Finite Element Model (FEM) was developed in order to compute the objective and constraints for various configuration of parameters [33]. The geometry is simplified to axisymmetric, however,
the special type of finite elements is used, which enables to describe
nonlinear asymmetric deformation due to asymmetric loads [1]. All
components of an implant are made of medical alloys of titanium.
The fixture of the implant is made of medical titanium (Grade IV)
while the abutment and the screw of its alloys (Ti-6Al-4V-ELI). The
isotropic, non-linear elastic-plastic characteristics of material models
1 Friction between screw head and interior cylinder of an abutment is not considered. It
was estimated [29] that an additional moment due to omitted friction forces can oscillate
from 0 to 50 Nmm.

σ ar =

K fσa
,
σ
1− m
σ0

(2)

where Kf is fatigue reduction factor (for fixture 1.25 – strongly
roughed surface). Assuming constant values of stress amplitude and
stress mean value, the number of maximal cycles to fatigue failure is
given by:
N=

1
1
′ )b
(σ ar
2

′ =
σ ar

σ ar
,
σ ′f

(3)

where σ ′f is fatigue strength coefficient which is equal to 1250 MPa,
1617 MPa and 1677 for fixture, abutment and screw, respectively,
while b is Basquin’s exponent and equals −0.095. Static failure risk is
estimated as a ratio of maximal Mises stresses to yield strength. For
the sake of simplicity, screw thread is excluded from the optimization.
It is assumed that the stresses concentration in the first loaded thread
is reduced simultaneously with stresses in transition point between a
shank and a screw head. Loosening and tightening moment is estimated on the basis of Bozkaya’s formula [7] supplemented with contact
pressure obtained from FE analysis.
Because the design space is strongly nonlinear (contact, plasticity), noncontinuous (unphysical configuration of design parameters,
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convergence problems) and there are relatively big number of design
parameters, genetic algorithm (GA) is proposed. Binary encoding
with short chromosomes is used (4 to 6 bit per design parameter)
which convert the problem to combinatorial one were GA is very effective [17]. The sufficient accuracy of the optimal solution is provided by hybridization with Hooke-Jeeves procedure [16] (HJ) which
starts from the best point found with GA after 10 generations. To prevent additional multimodality Gray encoding is used [3, 6]. The static,
exterior penalty approach is used in order to control the constraints.
The optimization procedure along with FE model rebuilding has been
implemented as an independent module in Abaqus/CAE environment [34].
The optimization process was carried out three times. The best
solution is presented in Fig. 1c. The objective function is reduced by
95% to 0.0197 what is an equivalent of 4.5e17 cycles to fatigue fracture. All constraints features are below assumed limit and equals 0.49,
217 Nmm and 285 Nmm for static risk factor, loosening and tightening moment, respectively.

Fig. 4. Mädler 61541800 clamping set (D = 35.0 mm, d = 18.0 mm,
L = 21.0 mm, Ltot = 25.0 mm) (www.maedler.ch)

Fig. 5. Holder adapter for mounting implants on a test stand (cross-section)
Fig. 2. Prototype geometry: (1) fixture, (2) screw, (3) abutment. Arrows indicates the point where fatigue crack are the most likely to appear for
particular components (more in the text; colors agree with component
section colors).

3. Material and methods
To verify the optimization result the fatigue tests of the optimal
and initial designs have been carried out. The two series of dental
implants are produced: initial design (series A) and prototype of the
optimal design (series B). The implant body was made of medical
titanium (Grade IV). The abutment and the screw were made of medical titanium alloy (Ti-6Al-4V-ELI). The same materials were used for
prototype and initial designs.
The all implants of both series (19 specimens – series A and 21
specimens – series B) have been mounted in a self-curing denture
base resin Duracryl Plus (Spofa/Dental). The average mount diameter
was 25.57 mm with an average height of 17.90 mm (see Fig. 3). The
implants were mounted centrally with a slight offset from 90° in an xaxis from the mount face without affecting test results. For both group

Fig. 6. Test stand according to PN-EN ISO 14801 standard –
clamping set with the resin cylinders with embedded
implants mounted in holder of fatigue testing machine
(Instron 8874)

the abutments were connected to the embedded implants
and tightened to 285 Nmm with the use of the torque control unit.
Resin cylinders with embedded implants were mounted using Mädler 61541800 clamping sets (Fig. 4) on a specially designed and made holder adapter (see Fig. 5).
Fig. 3. Dental implants prepared for testing – (a) series A, (b) series B
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Table 1. The calculation results Zg for all specimens
specimen no.

Zg
MPa

series A

Zg

specimen no.

MPa

specimen no.

Zg
MPa

series B

specimen no.

Z Zg g
MPa

1

225.1

10

189.95

1

262.6

12

240.1

4

144.76

13

142.8

4

173.8

15

227.6

7

143.96

16

148.55

7

275.5

18

225.2

Zmg

MPa

166.26

10

2
3

5
6

8
9

sZmg

175.1
142.5

164.6
234.4

185.8
192.7
MPa

11
12

14
15

17
-

151.6

175.39
137.5
129.6

142.16

30.89

-

11

The fatigue tests were performed on Instron 8874 testing system
using Locati method of an accelerated fatigue testing [8, 24, 40]. The
Locatimethod assumes that a slope of a S-N curve is known [24].
The method uses a sinusoidally varying pulsating load with progressively-increasing amplitude. The loading method is based on ISO
14801 standard for the dynamic fatigue testing of endosseous dental
implants. This standard specifies a method for determining the fatigue
strength and defines the functional loading of the implant body under “worse case” conditions. The following test parameters have been
set:
• loading angle equals 30 degrees from the implant axis,
• number of cycles per load stage n = 10,000 cycles,
• minimum constant load per load stage 41 – 47 N,
• load increase per load stage 0.012 kN to 0.014 kN for series A
and 0.01 kN for series B,
• number of cycles at the last load stage corresponds to the
number of cycles at machine stop due to implant failure (see
Fig. 7),
• load change frequency 5 Hz.
Maximum bending loads were calculated as a quotient of maximum bending moment and section modulus in a position the implant
mounting was initiated. The load is applied directly to the abutment.
The test stand is shown in Fig. 6.

4. Results
A fatigue limit for each implant was calculated based on:
(i) Wöhler curve equation (S-N curve):
where σmax is a maximum stress in MPa and Nf is a fatigue
life in number of cycles and fatigue limit for the fatigue life of

2
3

5
6

8

226.3
250.7

207.6
249.6

266.2

9

229.9

Zmg

MPa

215

228.1
sZmg

21
-

MPa

13
14

16
17

19

20

208.2
-

168.1
237.8

271.2
259.4

243.4

263.5

234.75
28.49

2x106 cycles was 561.72 MPa. This equation was available for
ASTRA System Ti Design implants (similar to our) performed
by UNIKE design&development GmbH, Trier,

(ii) result of experimental tests combined with the phenomenology
hypothesis of cumulative fatigue damage developed by Palmgren-Miner (P-M) [24].
In accordance with the hypothesis P-M for multi-stage load at
stress level σi and ni fatigue cycles, the total Σni/Nfi ratio is 1 at the
moment of sample failure due to fatigue. Nfi for Σni/Nfi ratio is fatigue life at load level σi. This is based on the assumption that the
virgin sample (load level σi and ni=0) has a specific damage function
D equal to 0, and at the moment of sample failure i.e. n=Nf, D=1. The
ni/Nfi ratio for the assumed loading scheme with stepwise increasing
loading (σi, ni values are known) depends on the position of the S-N
curve determined for constant amplitude loads (S-N curve) and assumed ultimate fatigue limit Zg corresponding to a specific fatigue
life threshold, e.g. 106 or 2x106 cycles. Last assumption is important,
since it allows calculating total ni/Nfi ratio only for σi stresses >Zg.
The S-N curve position depends on the determined slope. In Locati method, with known or accepted S-N curve position (for similar
to our ASTRA implants slope=-51.674), anticipated scatter is determined by a parallel up and down displacement in the coordinate axis.
For the defined three S-N curves with Zg1, Zg2 and Zg3, total Σni/Nfi is
described as D1, D2 and D3. Estimated fatigue limit Zg is determined
by interpolation using the linear equation or by calculation using the
quadratic equation based on the initial assumption that D=1 at sample
failure.
End results – mean fatigue limit and standard deviation are:
• series A: Zmg = 166.26 MPa, sZmg = 30.89 MPa,
• series B: Zmg = 234.75 MPa sZmg = 28.49 MPa.
The damaged implant is shown in the Fig. 7. In the cases of
series B the critical failure was located on the screw only. There
are no damages or cracks on abutment and implant body. For
series A (fig. 7b) the significant plastic deformation and cracks
of hexagonal slot can be observed as well.

5. Discussion
Fig. 7. Damaged implants: (a) series A; (b) series B.

The direct goal of the experimental tests is a qualitative comparison of the initial and the modified dental implant designs.
However, the modifications were done based on the optimiza-
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tion strategy utilizing a new concept of hybridized genetic algorithm
and finite element model.Therefore, the obtained results are also a
verification of the optimization strategy and modeling methods from
the viewpoint of fatigue characteristics of examined dental implant
what is the main goal of this study.
The experimental test shows that used optimization approach
significantly changes fatigue characteristics of the examined dental
implant. The fatigue resistance is meaningly improved. The fatigue
limit is increased up to 41% of the initial value. From the viewpoint
of fatigue life of the implant the stress amplitude changes play the key
role in this case. The changes of the stress distribution in the optimal
implant design are discussed deeply by Szajek [33]. Due to new shape
of horizontal fixture abutment interface and higher screw preload the
effective stresses amplitude is decreased in the critical points of the
screw. The stress amplitude in the screw is reduced to 3.8% of the
initial value. The experimentally confirmed higher fatigue limit of
optimal design is caused not only by stress amplitude reduction at
hotspots but also by homogenizations of the stresses within the entire
implant, higher stiffness of the preloaded structure and the negligible
bending effect in the screw. It is also worth mentioning that the maximal stresses are lower despite the higher screw preload.
From the viewpoint of the general mechanics characteristic of
implant system the most significant modification is the reduction of
the abutment rotation and therefore screw bending. The displacement
of the point where horizontal load is applied is reduced to 41% of
the initial value. The abutment rotates relatively to the fixture causing screw bending which is indicated by many researchers as a main
reason of fatigue fracture. [21, 23,36]. In the initial design underging
horizontal load an abutment presses strongly a top region of a fixture
causing its large deformation. Moreover, the horizontal interface with
larger contact region reduces circumferential tensional stresses in the
fixture. The damage mechanics observed in experimental tests clearly
confirmed observations and conclusions resulting from numerical
modeling. In the case of initial design (series A) the significant plastic
deformation are observed for both screw and hexagonal slot of fixture. In the case of optimal design (series B) the damage is located on
the screw only.

6. Conclusions
The verification of the dental implant optimization has been done
based on the experimental studies. The fatigue tests clearly show that
the optimal design has significantly higher fatigue limit then the initial
design.
The results from experimental investigations confirms that used
optimization strategy based on finite element model and genetic algorithm hybridized with Hooke-Jeeves technique is the efficient method
of an optimization for such complex nonlinear structure like dental
implants. Based on the above results several general conclusions can
be also confirmed or formulated.The significant fatigue resistance
improvement is obtained mostly due to strong reduction of effective
stress amplitude by screw bending elimination. It’s caused by major
changes in geometry (flat fixture abutment interface) and higher screw
preload causing bigger stiffness (screw bending elimination). Due to
strong interaction between geometric parameters and screw preload
(screw preload depends on geometry and geometry differs for various
level of screw preload) it is necessary to consider all of them in an
optimization problem.The stress based approach for fatigue life calculation allows to effectively estimate fatigue life based on the ratio
of effective stress amplitude at zero mean stress to a fatigue strength
coefficient (Eq. 2) instead of number of fatigue cycles represented by
exponential function of stresses.
The presented optimization approach is comprehensive and takes
into account a several coupled mechanical and biomechanical objectives and constrains. First of all, the fatigue resistance of implant is
significantly improved. At the same time the loosening and the tightening moments of the screw remain at the assumed level what is
important in implantation as well as utilization stage. Too low value
of loosening moment can cause need of retightening while too high
value of the tightening moment can cause damage of implant-bone
interface. In the modified design, the higher screw preload results in
not only in the stiffness increasing and the screw loosing resistance
but also better leak resistance on the fixtur eabutment interface what
more efficient prevents biological complications.
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Optimal age-replacement policy for non-repairable
technical objects with warranty
Optymalna strategia wymian według wieku obiektów technicznych
nienaprawialnych z gwarancją*
This paper investigates the effects of introducing preventive replacement to maintenance system implemented by age-replacement
of technical objects with valid manufacturer’s warranty and non-repairable. In order to examine this, the cost per unit time, resulting from the use of the preventive replacements and repairs system is investigated. The function expressing the cost depending on
the time of replacement is defined on the basis of the foundations of the theory of semi-Markov processes. Sufficient conditions for
the existence of the minimum of criteria function were formulated, in this case when the failure rate function is increasing. In the
final part of the paper, a numerical example illustrating the findings of the paper was presented.
Keywords: age-replacement, semi-Markov process, cost per time unit, warranty, IFR class, failure rate function.
W pracy bada się efekty wprowadzenia odnów prewencyjnych do systemu eksploatacji, realizowanych przez wymiany według
wieku obiektów technicznych posiadających gwarancję producenta i nienaprawialnych. W tym celu bada się koszt przypadający
na jednostkę czasu, wynikający z wykonywanych w systemie eksploatacji wymian profilaktycznych i napraw. Funkcję wyrażającą
ten koszt w zależności od czasu wymiany zdefiniowano w oparciu o podstawy teorii procesów semi–Markowa. Sformułowano warunki dostateczne istnienia minimum kosztu wymian w przypadku, gdy czas do uszkodzenia ma niemalejącą funkcję intensywności
uszkodzeń. W końcowej części artykułu przedstawiono przykład numeryczny ilustrujący przedstawione w pracy wyniki.
Słowa kluczowe: wymiana według wieku, proces semi–Markowa, koszt na jednostkę czasu, gwarancja, klasa
rozkładów IFR, funkcja intensywności uszkodzeń.

1. Introduction
In order to obtain maintenance system reliability and availability,
preventive replacements according to the age of elements and subsystems are introduced into the maintenance system. Age-replacements
have been known for a long time, e.g. [2]. This problem was examined
through development of preventive age-replacement for various individual cases. In particular, in the papers [3, 4, 10, 12] whole range of
important analytical results was obtained. However, the methods of
age-replacement for technical objects with valid manufacturer’s warranty were developed much later. Currently, manufacturer’s warranty
is a basic element of modern market. The basic role of a warranty is
an offer including a list of actions the customer must undertake when
the product is damaged during warranty period. Manufacturer’s warranty for the product creates an incentive for the customer to make
various commitments, improving the reputation of the manufacturer,
and influencing the market share as well as potential profit. A detailed discussion and overview of the results connected to various approaches to product warranty is included in the following papers [5, 6,
7]. In particular, the warranty policy for non-repairable products was
discussed in the paper [5]. The warranty policy analyzed in this paper
is carried out through the strategy of damaged element replacement
within the period of warranty by a new element with full warranty.
The mathematical model and cost analysis for such strategy were developed in the papers [1, 8, 13]. In the paper [14] the criteria function
defining the costs connected to carrying out preventive replacements
of non-repairable elements with a warranty when time before failure

has distribution with increasing failure rate function. In the quoted
paper the criteria function depends on the distribution of time before
failure, repair and preventive replacement costs as well as the length
of warranty period. It is assumed that the times of repair and preventive replacement are negligible. In this paper the criteria function
discussed is more general than in the paper [14], taking into consideration non-zero times of repair and times of preventive replacements.
The set-up of the criteria function g(x) was based on the limit values
of semi–Markov processes. The aim of this work is to formulate the
conditions for existence of minimum function g(x) defining losses in
maintenance system.

2. Basic symbols and definitions
In this paper the following symbols are used:
S1 – state of proper work,
S2 – state of repair (replacement) during warranty period,
S3 – state of preventive replacement during warranty period,
S4 – state of repair (replacement) after warranty period,
z2 – cost of repair (replacement) per time unit during warranty period,
z3 – cost of preventive replacement per time unit,
z4 – cost of repair (replacement) per time unit after warranty period,
w – length of warranty period,
T1 – lifetime of technical object (time before failure),
T2 – length of repair (replacement) time during warranty period,
T3 – length of preventive replacement time after warranty period,

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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T4 – length of repair (replacement) time after warranty period,
ETi – mean value for random variable Ti, i = 1, 2, 3, 4,
x – (preventive) replacement age of technical object (element),
f(t) – density of probability for lifetime random variable T1,
F(t) – distribution function for random variable T1, F(t) = P{T1 < t},
R(t) – reliability function for random variable T1, R(t) = 1 – F(t),
λ(t) – failure rate function for time T1, λ(t) = f(t) / R(t),
g(x) – criteria function defining loss per time unit depending on replacement time x.
In the paper [14] it was shown that if at moment x preventive replacement is carried out, the cost per time unit is given in formula:
 c p R ( w) + cd F ( x)
,

ET ( x)

g ( x) = 
 c p R ( x) + cd F ( x) ,

ET ( x)


for

w ≤ x,
(1)

for

0
1
P=
1

1

(2)

Function g(x) determined by formula (1) is continuous for x ≥ 0
and differentiable for x ≠ w. In the paper [14] final sufficient conditions were given for which function g(x) has a minimum. In the
age-replacement model presented in the paper, neither the times of
replacements nor times of preventive replacements are given. The
semi-Markov model built in the paper takes into consideration times
of replacements as well as exchanges and is based on the limit theorem for semi-Markov processes with finite number of states [9]. One
of the assumptions of this theorem is the requirement for mean values
ETi, i = 1, 2, 3, 4 of times Ti, i = 1, 2, 3, 4 remaining at states to be
positive. In the semi-Markov model the criteria function g(x) belongs
to the distribution of probability of random variable depends on T1,
mean values ETi, i = 1, 2, 3, 4, unit costs zi, i = 1, 2, 3, 4 as well as
limit probabilities p*i(x), i = 1, 2, 3, 4 of Markov chain embedded in
semi-Markov process X(t). It is known that [9, 11] criteria function
g(x) expressing repair and replacement costs has the following form:

If x ≥ T1, then during warranty period the preventive replacement is
carried out (state S3), thus:

In the case when x < w, then, for post-warranty repair (state S4) it is:
p14(x) = 0.
For x ≥ w repair is carried out when < T1, thus:
p12(x) = F(w).

i =1
4

∑ ETi pi* ( x)

If T1 ≥ x, preventive replacement is carried out, thus:
p13(x) = R(x).
Repair after warranty period is carried out if w ≤ T1 < x, thus:
p14(x) = F(x) – F(w).
It is easy to confirm that in both cases discussed here for matrix (4)
the following:
p12(x) + p13(x) + p14(x) = 1.
It is known that [9] limit probabilities pi*(x), i = 1, 2, 3, 4 in formula
(3) are obtained as solution of linear equation system in the form of:

∑ pi* ( x) pij = p*j ( x) , where j = 1, 2, 3, 4.
i

4

g ( x) =

(4)

p12(x) = F(x).

0

∑ zi ETi pi* ( x)

p14 ( x) 
0 
,
0 

0 

p13(x) = R(x).

where: cd stands for cost of replacement of damaged element, cp
stands for cost of purchase of the element with ET(x) the integral in
the form of:
x

p13 ( x)
0
0
0

where x is the age of replacement. Conditional probabilities jest p1i(x),
i = 2, 3, 4 are defined separately for cases x < w and x ≥ w. The first
case to be examined is when x < w. If replacement time x < T1, the
repair took place during warranty period (stage S2), thus:

w > x,

ET (x ) = ∫ R ( s )ds .

p12 ( x)
0
0
0

,

(3)

i =1

where zi is the unit cost of technical object remaining at state Si, and
pi*(x) is the limit probability of Markov chain embedded in semiMarkov process assuming that at moment x preventive replacement
takes place. The following deliberations assume z1 = 0.

3. Mathematical model of the problem
The paper presents the possibility of an approach to building criteria function g(x) different than in other known papers. This approach
is based on the limit property of semi-Markov processes for building
criteria function. In order to build such a model, four states of S1, S2,
S3 and S4 of semi-Markov process X(t) have been delineated.
On the basis of defining conditions for the states S1, S2, S3, S4 the
matrix P of probabilities of embedded Markov chain may be written
as follows

The above system of equations is a dependent system, which is why
one of the equations is replaced by normalization condition in the
form of:

∑ pi* ( x) = 1 .
i

For x < w a system of equations is solved in the form of:
F(x) p1*(x) = p2*(x),
R(x) p1*(x) = p3*(x),

(5)

p4*(x) = 0,
p1*(x) + p2*(x) + p3*(x) + p4*(x) = 1.
Solution of linear equation system (5) for x < w is as follows:
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p*1(x) = ½,

D1 = ET4 z4 – ET3 z3,

p*2(x) = ½ F(x),
		
p*3(x) = ½ R(x),

(6)

D = ET4 – ET3,
		
E1 = F(w) [ET4 z4 – ET2 z2] + ET3 z3,

p*4(x) = 0.

(13)

E = F(w) [ET4 – ET2] + ET3.

Whereas for x ≥ w the system of equations has the following form:
F(w) p1*(x) = p2*(x),
R(x) p1*(x) = p3*(x),

The main problem analyzed in the paper is formulating the conditions for existence of the minimum function g(x) on condition x ≥ 0,
determined as follows:
 g1 ( x),
g(x) = 
 g 2 ( x),

(7)

[ F(x) – F(w) ] p1*(x) = p4*(x),

for
for

x < w,
x ≥ w.

On the basis of formulas (10), (11), (12) and (13) it is concluded that
criteria function g(x) depends on distribution of random variable T1,
of the length of warranty period w, unit costs z2, z3 and z4, mean times
ET2, ET3 and ET4 of remaining at states S2, S3 and S4 of the process.

p1*(x) + p2*(x) + p3*(x) + p4*(x) = 1.
Solution of linear equation system (7) for x ≥ w is as follows:
p*1(x) = ½,
p*2(x) = ½ F(w),
p*3(x) = ½ R(x),

4. Criteria function properties
(8)

Derivative of criteria functions (10) equals:

p*4(x) = ½ (F(x) – F(w)).
Taking into consideration that in the analyzed model of age-replacement it is assumed that z1 = 0, hence criteria function (3) for
x < w has the following form:
z2 F ( x) ET2 + z3 R( x) ET3
,
g (x ) =
ET ( x) + F ( x) ET2 + R( x) ET3

(9)

where ET(x) is the function determined by formula jest (2).
On the basis of (6) and (9), criteria function g1(x) for x ≤ w may
now be presented in the following form:

g1 (x ) =

B1F ( x) + C1
,
ET ( x) + BF ( x) + C

g1' ( x) =

where:

R( x)
M 12 ( x)

Denominator M1(x) of first derivative of criteria function (10) is
increasing function from M1(0) = C > 0 to M1(∞) = ET1 + B + C.
Hence M1(x) > 0. Sign of derivative criteria function is the same as the
sign of function h1(x), which may be written in the following form:
h1(x) = α1 H(x) + β1 + λ(x) γ1,
where the following notations are assumed:
α1 = B1,

(10)

β1 = – C1,
γ1 = B1C – BC1.

B1 = ET2 z2 – ET3 z3,

C1 = ET3 z3,

Coefficients α1, β1 i γ1 are expressed by formulas:
α1 = ET2 z2 – ET3 z3,

(11)

β1 = – ET3 z3,

C = ET3.

By analogy, derivative of criteria (12) has the following form:
g 2' ( x ) =

where:
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(15)

γ1 = ET2 ET3(z2 – z3).

On the basis of (8) and (9), criteria function g(x) for x > w may now
be presented in the following form:
D1F ( x) + E1
,
g 2 (x ) =
ET ( x) + DF ( x) + E

(14)

M1(x) = ET(x) + BF(x) + C as well as H(x) = ET(x) λ(x) – F(x).

where coefficients B1, B, C1 and C are expressed as follows:

B = ET2 – ET3,

{B1H ( x) − C1 + λ ( x)[ B1C − BC1 ]} ,

R( x)
M 22 ( x)

{D1H ( x) − E1 + λ ( x)[ D1E − DE1 ]} ,

(12)
where M2(x) = ET(x) + DF(x) + E.
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Denominator M2(x) of derivative of criteria function (12) is determined by the formula:
M2(x) = ET(x) + F(x) (ET4 – ET3) +F(w) (ET4 – ET2) + ET3,
M2(x) = ET(x) + F(x) ET4 +F(w) (ET4 – ET2).
If ET4 ≥ ET2, then the inequality M2(x) > 0 is true. Sign of derivative
(16) of criteria function is the same as sign of function h2(x), which
may be written as follows:
h2(x) = α2 H(x) + β2 + λ(x) γ2,

after grouping of final terms may be written in the following form:
γ2 – γ1= F(w) ET2 ET4 (z4 – z2) – R(w) ET2 ET3 (z2 – z3) +
R(w) ET3 ET4(z4 – z3),
γ2 – γ1= F(w) ET2 ET4 (z4 – z2) + R(w) ET3 [ ET4(z4 – z3) –
ET2 (z2 – z3)].
Provided that ET4 ≥ ET2 and z4 ≥ z3 for subtraction γ2 – γ1 may be
written as follows:

where coefficients α2, β2 and γ2 are expressed by formulas:

γ2 – γ1 ≥ F(w) ET2 ET4 (z4 – z2) + R(w) ET3 ET2(z4 – z2),

α2 = D1= ET4 z4 – ET3 z3,

thus γ2 – γ1 ≥ 0.

β2 = – E1 = F(w) [ ET4 z4 – ET2 z2] – ET3 z3,

The final inequality as well as inequalities (17) and (18) prove the
validity of the thesis of lemma 2.

γ2 = D1E – DE1.
After transformations, coefficient γ2 may be written as:
γ2 = F(w) [ET2 ET4 (z4 – z2) + ET2 ET3 (z2 – z3) + ET3 ET4(z3 – z4)]
+ ET3 ET4(z4 – z3).
Lemma 1. If ET4 > ET3 and z4 ≥ z3, then inequality γ2 > 0 is true.
Proof. By grouping two final terms of the above total may be written
as follows:
γ2 = F(w) [ET2 ET4 (z4 – z2) + ET2 ET3 (z2 – z3)] + R(w) ET3 ET4(z4 – z3).
Provided that ET4 > ET3 , we arrive at inequality:
γ2 > F(w) ET2 ET3[ (z4 – z2 + z2 – z3] + R(w) ET3 ET4(z4 – z3).
Since z4 ≥ z3 , we get:
γ2 > (z4 – z3) ET3 [F(w)ET2+ R(w) ET4],
which concludes the proof for lemma 1.
While formulating criteria of the existence of minimum function g(x),
it is comfortable to examine function h(x) determined as follows:
h(x) = h1(x) for x ∈ < 0, w> as well as h(x) = h2(x) for x∈ (w, ∞),
where hi(x) = αi H(x) + βi + γi λ(x), and = 1, 2.
A very important characteristic of function h(x) is determined by
lemma 2.
Lemma 2. If unit cost of post-warranty repairs exceed unit costs of
repairs during warranty period and post-warranty preventive replacement as well as for mean values, there is ET4 ≥ ET2, then h(w+) –h(w)
≥ 0, where h(w+) is the right limit of function h(x) at point x = w.
Proof. We know that:
α2 – α1 = ET4 z4 – ET2 z2 ≥ 0,

(17)

β2 – β1 = F(w) [ET4 z4– ET2 z2] ≥ 0.

(18)

Then result of subtraction:

γ2 – γ1= F(w) [ET2 ET4 (z4 – z2) + ET2 ET3 (z2 – z3) +
ET3 ET4(z3 – z4)] + ET3 ET4(z4 – z3) – ET2 ET3(z2 – z3),

5. Conditions for the existence of minimum criteria
function
Examination of criteria function g(x) is considered with the following assumptions:
Z1. β1 + γ1 f(0+) < 0,
Z2. Failure rate function λ(t) of random variable T1 is non-decreasing
(T1 ∈ IFR),
Z3. ET4 > ET2,
Z4. ET4 > ET3,
Z5. z4 ≥ z2,
Z6. z4 ≥ z3.
The first assumption is usually implemented while considering
preventive replacements [9]. It is easy to observe that for numerous
known probability distributions f(0+) = 0 is valid. For example, for
Weibull distribution and gamma distribution with increasing failure
rate function this condition is valid. Therefore, if f(0+) = 0, then in this
paper the inequality β1 =–ET3 z3 < 0 is always true. A very important
assumption is the one claiming the failure rate function λ(t) is nondecreasing (T1 ∈ IFR).

5.1. Examining criteria function in <0, w> interval
In examining function g(x) in <0, w> interval, Z1 and Z2 assumptions are implemented. Following is the examination of four cases for
coefficients α1, γ1.
Case 1. α1 > 0, γ1 > 0
Function h1(x) increases in <0, w> interval from value h1(0) = β1 + γ1
f(0+) < 0 to value h1(w). Two cases are possible:
(A): h1(w) > 0,
(B): h1(w) ≤ 0.
Case 2. α1 < 0, γ1 < 0
Function h1(x) decreases in <0, w> interval from value β1 + γ1 f(0+) <
0 to value h1(w). Possible case (B).
Case 3. α1 > 0, γ1 < 0
Derivative of function h1(x) is expressed by the formula:
h1’(x) = λ’(x) [α1 ET(x) + γ1].
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Let u(x) = α1 ET(x) + γ1, then u(x) increases from u(0) = γ1 < 0 to
u(w). Two cases are possible:
(a): u(w) ≤ 0, then u(x) ≤ 0 for x∈ <0, w>, hence h1(x) is decreasing
and case (B) occurs,
(b): u(w) > 0, in this case function u(x) changes the sign from „–” to
„+”. Function u(x), therefore, reaches minimum. Only cases (A) and
(B) are possible.
Case 4. α1 < 0, γ1 > 0
Function u(x) is decreasing from u(0) = γ1 > 0 to u(w). Depending on
the sign of u(w), two cases are defined:
(c): u(w) ≥ 0, then function h1(x) is increasing for x∈ <0, w>, therefore cases (A) and (B) are possible,
(d): u(w) < 0, in this case, u(x) changes the sign from „+” to „–”,
hence function h1(x) at a point x0 reaches maximum. Formally, three
of the following cases are possible:
(i): h1(x0) ≤ 0, then h1(w) < 0, case (B),
(ii): h1(x0) > 0 and h1(w) ≤ 0,
(iii): h1(x0) > 0 and h1(w) > 0.

be examined. However, a more detailed analysis of the characteristics
of g(x) allows us to eliminate some pairs of cases.
Case (A, C): (A): h1(x) > 0, (C): h2(w) ≥ 0
On the basis of lemma 2 it was determined that in case (A, C) it is
enough to consider (A): h1(x) > 0, (C): h2(w) > 0. Therefore, one may
arrive at a conclusion:
Conclusion 1. For case (A, C) criteria function g(x) reaches precisely
one minimum at point x0 ∈ (0, w).
On the basis of lemma 2 it is concluded that pairs of cases (A, D) and
(A, E) may not occur.
For pair (B, C): (B): h1(w) ≤ 0, (C): h2(w) ≥ 0 the following set is
considered:
K = { w : h1(w) = 0, h2(w) = 0 }.
The conclusion is evident:

Cases (ii) and (iii) are discussed in the conclusion below.

Conclusion 2. If for case (B, C) set K ≠ Ø, then for any x0 ∈ K function g(x) reaches minimum.

Lemma 3. If α1 < 0, γ1 > 0 and function h1(x) reaches maximum in
point x0, then h1(x0) ≤ 0.

Implementing additional assumption into failure rate function leads to
the following conclusion:

Proof. Necessary and sufficient condition for existence of maximum function h1(x) in <0, w> interval is the change of sign of derivative h1’(x) at certain point x0, i.e. function u(x) from „+” to „−”.
For function u(x) we may write u(x0) = α1 ET(x0) + γ1 = 0, hence
ET(x0) = − γ1 / α1. The final equation is introduced to the formula for
function h1(x). Hence h1(x0) = − α1 F(x0) + β1. If h1(x0) > 0, then
F(x0) > β1 / α1. Entering formulas (15) on the right side of the final
inequality, we may write it in the following form:

Conclusion 3. If failure rate function λ(x) is increasing, then functions
h1(x) and h2(x) are increasing and for (B, C) criteria function g(x)
reaches exactly one minimum at point x0 = w.

F(x0) > 1 / (1 – ET2 z2 / ET3 z3).

(19)

The fact that α1 < 0 results in inequality 0 < (ET2 z2) / (ET3 z3) < 1 being
valid, hence finally, on the basis of (19) it is concluded that F(x0) > 1.
Final inequality goes against the basic characteristic of the distribution function of random variable. Therefore, assumption h1(x0) > 0 is
not true in this proof, which concludes the proof for lemma 3.
The thesis in lemma 3 implies that, for the introduced assumptions
cases (ii) and (iii) fail to appear in deliberations of the paper.

5.2. Examining criteria function in (w, ∞) interval
This section implements the following assumptions: Z2, Z3, Z4,
Z5 and Z6. Implementing these assumptions allows for making use of
the inequality α2 > 0 and γ2 > 0. Paper (17) and lemma 1 suggest that
function h2(x) is increasing for x ∈ (w, ∞). The cases considered are
the following:
(C): h2(w) ≥ 0, then from the fact that function h2(x) is increasing
implies that for each x ∈ (w, ∞) function g(x) is increasing,
(D): h2(w) < 0 and h2(x) is increasing to do h2(∞) ≤ 0, then h2(x) ≤ 0
for each x ∈ (w, ∞). Function g(x) is decreasing in (w, ∞) interval,
(E): h2(w) < 0 and h2(∞) > 0. Function h2(x) is increasing and there
is one change of sign from „–” to „+”. Criteria function g(x) has its
minimum at certain point x0 ∈ (w, ∞).

For the pair (B, D) it is (B): h1(x) ≤ 0, (D): h2(w) ≤ 0, h2(∞) ≤ 0.
The fact that function h2(x) is non-decreasing as well as lemma 2 imply that it is enough to analyze the case when h1(x) < 0, h2(w) < 0 i
h2(∞) ≤ 0. Then the following conclusion is true:
Conclusion 4. For case (B, D) criteria function g(x) is decreasing.
For pair (B, E) it is (B): h1(w) ≤ 0, (E): h2(w) ≤ 0, h2(∞) > 0. Exceptional case when h1(w) ≤ 0, h2(w) = 0 was considered for case
(B, C).
Conclusion 5. If h1(w) < 0, h2(w) < 0 and h2(∞) > 0, then point x0 ∈
(w, ∞) exists at which function g(x) reaches minimum.
Conclusions 1, 2, 3, 4 and 5 include sufficient conditions for existence
of minimum cost function g(x).
Numerical example
Example 1. In this example the optimization of criteria function is
carried out for two distributions of random variables T1. In the first
one it is assumed the random variable T1 has Weibull distribution with
probability density function in the form:
f(t) = a b tb–1 exp(– a tb),
for t ≥ 0, a > 0, b > 0.
Time before failure T1 ∈ IFR, if b ≥ 1. The second distribution considered in this example is gamma distribution with density function
in the form:

5.3. Analysis of function for x > 0
For x ∈ (0, w ) w two cases (A) and (B) were selected, while for x
∈ (w, ∞) three cases, (C), (D) and (E). Formally, in order to examine
the course of criteria function g(x) for x ≥ 0, 6 pairs of cases should
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f (x ) =

1
β Γ (α )
α

xα −1e − xβ ,

for x ≥ 0, α > 0, β > 0, symbol Γ(α) denotes gamma function defined
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by the formula:
∞

Γ(α ) = ∫ xα −1e − x dx .
0

If α ≥ 1, then time until failure T1 ∈ IFR. In calculations the following
parameter values were chosen:
ET2 = 0.10, z2 = 1.2,
ET3 = 0.01, z3 = 0.7,
ET4 = 0.15, z4 = 1.5.
In the example the warranty period considered is w = 1. For calculations, the following values of Weibull distribution parameters were
chosen: a = 0.4, b = 2. The values of gamma distribution parameters
were set at α = 3.63 and β = 0.38. Values of parameters α and β of
gamma distribution were selected so that for both considered times
until failure the mean value of gamma distribution ET1 = βα = 1.4 and
distribution function value F(w) = 0.33. Graphs of function g(x) for
both distributions are shown in figure 1.

Graphs of the functions of costs shown in the above figure are
delineated for the same parameter values, they only differ in the type
of probability distribution of random variable T meaning time until
failure. An analysis of graphs shows that both criteria functions reach
minimum values for approximate time moments. However, there are
certain differences in optimal values for criteria function. The minimum value of criteria function for gamma distribution is lower than
for Weibull distribution. It shows that the identification of the type of
probability distribution for time until failure is important in maintenance tasks.

6. Conclusions
In the paper a criteria function was created to describe the cost
of operation of maintenance system in the case of implementing age
replacements according to the age of the elements (technical objects)
with valid manufacturer’s warranty as well as being non-repairable.
Criteria for the existence of minimum cost for such replacements. It
was demonstrated that, taking general assumptions into consideration,
criteria function has one such minimum. Numeric example was shown,
in which, for two distributions of time until failure the cost function
reaches minimum value. It demonstrates that in practice there may
be situations in which cutting of costs for preserving of maintenance
systems is possible as a result of carrying out replacements of objects
before expiration of warranty period.

Fig. 1. Graphs of the cost of preventive replacement for gamma and Weibull
distributions
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Fuzzy Availability Assessment for Discrete Time Multi-State System
under Minor Failures and Repairs by Using Fuzzy Lz -transform
Wykorzystanie rozmytej transformaty do oceny rozmytej
gotowości eksploatacyjnej dyskretnego
w czasie systemu wielostanowego działającego
w trybie drobnych uszkodzeń i napraw
This paper studies assessment approach of dynamic fuzzy availability for a discrete time multi-state system under minor failures
and repairs. Traditionally, it was assumed that the exact reliability data of a component/system with discrete time are given in
reliability analysis. In practical engineering, it is difficult to obtain precise data to evaluate the characteristics of a component/
system. To overcome the problem, fuzzy set theory is employed to deal with dynamic availability assessment for a discrete time
multi-state system in this paper. A fuzzy discrete time Markov model with fuzzy transition probability matrix is proposed to analyze
the fuzzy state probability of each component at any discrete time. The fuzzy Lz-transform of the discrete-state discrete-time fuzzy
Markov chain is developed to extend the Lz-transform of the discrete-state continuous-time Markov model with crisp sets. Based
on the α-cut approach and the fuzzy Lz-transform, the dynamic fuzzy availability of the system is computed by using parametric
programming technique. To illustrate the proposed method, a flow transmission system is analyzed as a numerical example.
Keywords: discrete time, Markov model, fuzzy Lz-transform, multi-state system, availability.
W niniejszej pracy badano metodę oceny dynamicznej, rozmytej gotowości eksploatacyjnej (dostępności) dyskretnego w czasie
systemu wielostanowego pracującego w trybie drobnych uszkodzeń i napraw. Tradycyjnie zwykło się zakładać, że analiza niezawodności dostarcza dokładnych danych niezawodnościowych na temat danego dyskretnego w czasie komponentu/systemu. W
praktyce inżynieryjnej jednak trudno jest uzyskać dokładne dane do oceny właściwości komponentu/systemu. W niniejszej pracy
zaproponowano jak problem ten można rozwiązać wykorzystując do oceny dynamicznej gotowości dyskretnego w czasie systemu
wielostanowego, teorię zbiorów rozmytych. Rozmyty model Markowa z dyskretnym czasem i rozmytą macierzą prawdopodobieństw przejść zastosowano do analizy rozmytego prawdopodobieństwa stanu każdego elementu w dowolnym czasie dyskretnym.
Opracowano rozmytą transformatę Lz rozmytego, dyskretnego w stanach i czasie łańcucha Markowa, która pozwala poszerzyć
transformatę Lz modelu Markowa dyskretnego w stanach i ciągłego w czasie o zbiory ostre. W oparciu o metodę alfa przekrojów
oraz rozmytą transformatę Lz, obliczono dynamiczną rozmytą gotowość eksploatacyjną systemu, wykorzystując do tego celu technikę programowania parametrycznego. Zastosowanie proponowanej metody zilustrowano na przykładzie liczbowym analizując
układ przesyłu.
Słowa kluczowe: czas dyskretny, model Markowa, rozmyta transformata, system wielostanowy, dostępność.

1. Introduction
The availability, as a performance measure, is one of the most important indicators for characterizing a repairable system and its components. For repairable multi-state systems with various performance
levels, the availability is more meaningful than reliability to measure
the effectiveness of the system to satisfy consumer demand.
In the past few years, a variety of methods are available in the literature for analyzing the availability of repairable multi-state systems.
Some of them are Monte Carlo simulation [41, 42], stochastic Petri
nets [19, 21], universal generating function [24, 32], Markov models
[6, 37] and the combinations of the above methods [9]. However, conventional availability analysis methods for repairable multi-state systems are based on the continuous time models. In some engineering
circumstances, it is sometimes impossible or inconvenient to measure
the lifetimes and repair times length of some systems (components)

on a continuous scale. In such situations, the lifetimes and repair times
can be expressed in terms of the number of working and repairing
periods (cycles), respectively. Thus, it is essential to construct discrete
time reliability models for repairable multi-state systems.
The discrete time reliability has drawn continuous attention in
both model analysis and problem solution. Bracquemond and Gaudoin [5] presented a good overview of discrete probability distributions
used in reliability for modeling discrete lifetimes of non-repairable
systems. The discrete time reliability modeling for general binary
systems can be found in [4, 22, 34]. Eryilmaz [14], Guerry [16] and
Sadek and Limnios [35], presented the discrete time reliability models
for Markov multi-state systems. The discrete time reliability models
for semi-Markov multi-state systems were investigated in [1, 4, 10].
However, most of the reported works mainly focus on the issues of
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discrete time systems with the exact reliability data. As stated in Garg
[15], the complicated system has the massive fuzzy uncertainty due to
which it is difficult to get the exact probability of the events. Thus, it
is of large practical value to investigate the availability assessment for
discrete time repairable system with fuzzy uncertainty.
Fuzzy reliability theory, which is based on the fuzzy set theory introduced by Zadeh [39,40], is becoming a useful tool for dealing with
the imprecision and uncertainty problems of reliability evaluation for
many industrial systems. The basic concept and theory of the fuzzy
reliability have been introduced and developed by several authors [7,
18, 27, 38]. More recently, fuzzy reliability research has focused on
reliability/availability evaluation of fuzzy multi-state system according to various analysis methods. Ding and Lisnianski [12] firstly provided the basic definition of the fuzzy multi-state system model, and
then investigated the system reliability based on the proposed fuzzy
universal generating function technique. The concepts of relevancy,
coherency, equivalence, and performance evaluation algorithms for
the fuzzy multi-state systems were given by Ding, Zuo, Lisnianski
and Tian [13]. Liu and Huang [33] proposed a fuzzy Markov model
to establish dynamic state probabilities of fuzzy multi-state elements,
and investigated a dynamic fuzzy reliability assessment method for
fuzzy multi-state systems. Li, Chen, Yi and Tao [25] developed interval universal generating function to analyze the reliability of multistate systems when the available data of components are insufficient.
Bamrungsetthapong and Pongpullponsak [3] studied the fuzzy system
reliability for a non-repairable multi-state series-parallel system by
using fuzzy Bayesian inference based on prior interval probabilities.
Hu, Yue and Tian [17] provided a special assessment approach for
evaluating the fuzzy steady-state availability of a repairable multistate series-parallel system based on fuzzy universal generating function and parametric programming technique.
However, all the reported works for fuzzy multi-state system reliability mainly focus on the issues of dynamic reliability/availability
assessment for continuous time multi-state systems or steady-state
availability assessment for repairable multi-state systems. The fuzzy
reliability/availability assessment for a discrete-time multi-state system has been seldom discussed in the literature. Moreover, availability
has a wider scope than reliability as it takes into account maintenance
time analysis in addition to failure time analysis [8]. Therefore, the
main objective of our work is to present an analytical technique of
dynamic fuzzy availability assessment for a discrete time repairable
multi-state system (DTRMSS) with fuzzy consumer demand. The
technique called the fuzzy Lz-transform is based on the combination
of fuzzy universal generating function technique and discrete time
Markov process method. In the presented paper, the fuzzy Lz-transform for discrete-state discrete-time Markov process is developed to
extend the Lz-transform for discrete-state continuous-time Markov
process [28] with crisp sets. Minor failures and repairs of components
[30] (that transitions can only occur between adjacent states) with
fuzzy state transition probabilities are considered. Fuzzy discrete-state
discrete-time Markov model is proposed to perform fuzzy state probability analysis for each component in dynamic modes. The dynamic
fuzzy state probability, dynamic fuzzy performance level and dynamic fuzzy availability of the system are evaluated by the proposed
fuzzyLz-transform method, and the α -cut of dynamic fuzzy availability is computed according to parametric programming technique.
The rest of this paper is organized as follows. The discrete time
fuzzy Markov model for a repairable multi-state component is presented in Section 2. Section 3 describes the definition of fuzzy Lztransform. The fuzzy dynamic availability assessment method for the
DTRMSS is given in Section 4. The analytical technique and assessment method are illustrated in Section 5 via a flow transmission system. Conclusions are given in Section 6.
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2. Discrete time repairable multi-state component
2.1. Markov model for repairable multi-state component
Consider a discrete time repairable multi-state component with

m different possible states i (i = 1, 2, , m ) , where 1 and m repre-

sent perfect function and complete failure states, respectively. Assume
that these states of the component correspond to different performance levels x1, x2 ,, xm , where xi is the performance level associated with the state i. Let x(k) denote the performance level of the component at the end of the kth time period (such as hour, day, month,
etc.), x(k) takes values from {x1, x2 ,, xm xi ≥ 0, i = 1, 2,, m} :
x (k )∈ {x1, x2 ,, xm xi ≥ 0, i = 1, 2,, m}, k = 0,1, . Thus, the performance level x(k) is a discrete-state discrete-time stochastic process.
For the repairable multi-state component, we assume that minor
failures and repairs [30] are considered. Minor failures are failures
causing component transition from state i to the adjacent state i + 1 ,
and minor repairs are repairs causing component transition from state
i to the adjacent state i − 1 . In some components development process, the life of the components need to test. The geometric distribution
has an important application in testing the life of the components.
Sarhan, Guess and Usher [36] stated that the geometric distribution
is a common discrete distribution used to model the lifetime of a device. Eryilmaz [14] investigated the mean residual life of discrete time
multi-state systems based on the geometric distribution. In our work,
it is assumed that the time between transitions from one state to another has geometric distribution with constant mean values 1 qi ,i +1
and 1 pi ,i −1 . Let Tci and Tri denote the time between transitions from
the state i to the state i + 1 and from the state i to the state i − 1 ,
respectively. We have:

{

}

P Tci = k = qi ,i +1 (1 − qi ,i +1 ) , i = 1, 2, , m − 1, k = 1, 2,
k −1

and:

{

}

P Tri = k = pi ,i −1 (1 − pi ,i −1 )

k −1

, i = 2, 3,, m,

k = 1, 2,

It is obvious that the process x(k) has the property of being memory-less. Furthermore, for the repairable multi-state component, its
performance level x(k) ( k = 0,1, ) is a discrete-state discrete-time
Markov chain with the following one-step transition probability matrix:
 P11
P
 21
P= 

 0
 0


P12
P22

0
0

0 
0
P23 
0



0  P( m −1)( m − 2)
0



0

0
0

P( m −1)( m −1)
Pm( m −1)

0
0







P( m −1) m 
Pmm 

That is, the one-step transition probability Pij from component
state i to component state j is determined by:
j = i + 1, i = 1, 2,, m − 1
qi ,i +1 ,

j = i − 1, i = 2,3,, m
 pi ,i −1 ,
1− q ,
j
= i =1

1,2
Pij = P x (k + 1) = j x (k ) = i = 
j =i=m
1− pm, m −1,
1 − p
−
q
,
j
= i = 2,3,, m − 1
i ,i −1
i ,i +1

0,
otherwise

{

}
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(1)
w h e r e 0 ≤ qi ,i +1 ≤ 1 (i = 1, 2,, m − 1) , 0 ≤ pi ,i −1 ≤ 1 (i = 2,3,, m)
and 0 ≤ qi ,i +1 + pi ,i −1 ≤ 1 (i = 2,3,, m − 1) .
Let Pi (k ) denote the probability that the component is in state
i (i = 1, 2,, m) at time k , the state probabilities of the component
at any discrete time can be calculated by the matrix equation:
 P1 (k ), P2 (k ),, Pm (k ) =  P1 (k − 1),P2 (k − 1),, Pm (k − 1) ⋅ P (2)

with the initial conditions:
P1 (0 ) = 1, P2 (0 )=P3 (0 ) =  = Pm (0 ) = 0

(3)

(3) One-step transition probability of the component from one
state to another state (that transitions can only occur between
adjacent states) can be measured as fuzzy value. We substi ij for P in Eq. (1) to denote the fuzzy one-step trantute P
ij
sition probability [2, 23, 26] from the component state i
to the component state j ( j = i − 1, i, i + 1 ). The qi ,i +1
(i = 1, 2,, m − 1) and pi ,i −1 (i = 2,3,, m) values are fuzzy
values and we substitute q i ,i +1 for qi ,i +1 and pi ,i −1 for pi ,i −1
 ij can be determined by the fuzzy values q
in Eq. (1). P
i ,i +1

and pi ,i −1 based on Eq. (1). Because the qi ,i +1 and pi ,i −1
values are presented as fuzzy numbers in the model, we put
the following restrictions on the q i ,i +1 and pi ,i −1 values:
∈ p
q
∈ q
and p
with 0 ≤ q
≤1,
i ,i +1

(4)

The matrix equation (4) can be written as:
Pk = P0 ⋅ P k

(5)

Pk =  P1 (k ), P2 (k ),, Pm (k )
where
is
the
row
vector of the state probabilities of the component at time k and
P0 =  P1 (0 ),P2 (0 ), , Pm (0 ) = [1,0, ,0] is the row vector of the
state probabilities of the component at time 0.

2.2. Fuzzy Markov model for repairable multi-state component
In this subsection, we define the fuzzy discrete time repairable
multi-state component and propose a discrete time fuzzy Markov
model to evaluate the dynamic fuzzy state probability for the discrete
time repairable multi-state component.

The fuzzy discrete time repairable multi-state component is defined as the component in which the different state performance levels, the corresponding state probabilities or one-step transition probabilities between each pair of adjacent states are represented as fuzzy
values. The general assumptions of a fuzzy discrete time repairable
multi-state component are given as follows:
(1) State index of the component is a crisp value taking integer
values only, and the state space is {1, 2,,, m}.
(2) State performance level x(k) of the component at time k

(

ance level associated with the state i , i = 1, 2,, m . The fuzzy
performance level x (k ) takes values from {x 1, x 2 ,, x m }. Because the xi value is presented as fuzzy number in the model,
with x ≥ 0 , where x i
is α -cut of the
we have x ∈ x i
i

( )α

i

fuzzy number x i for 0 ≤ α ≤ 1 .

( )α

(q i,i +1 )α

2.2.2. Fuzzy Markov model
According to definition and assumptions of the fuzzy discrete
time repairable multi-state component, the fuzzy performance level
x (k ) ( k = 0,1, ) forms a discrete-state discrete-time fuzzy Markov
chain [2, 23, 26] with the following fuzzy one-step transition probability matrix:
1 − q 1,2
q 1,2
0

 p 2,1 1 − p 2,1 − q 2,3 q 2,3

= 
P



0
0
0


0
0
 0



0

0



0

0







0




0




q m −1, m 

1 − p m, m −1 
0


 p m −1, m − 2 1 − p m −1, m − 2 − q m −1, m
p
m, m −1

where the fuzzy uncertainty is on the state transition probabilities of
the component from the state i to the state i + 1 and from the state i
to the state i − 1 , but not on the fact that every row must add to 1. The
fuzzy values q i ,i +1 and pi ,i −1 are restricted by qi ,i +1 ∈ q i ,i +1 and
α
p
∈ p
with
.

(

( i,i −1 )α

)

0 ≤ qi ,i +1 + pi ,i −1 ≤ 1

With the fuzzy state transition probabilities, the state probability
of the component in the state i at time k must also be a fuzzy value
 i (k ) . The dynamic fuzzy state probability P
 i (k ) can be
denoted as P
determined by:





P
 
 
 1 (k ), P 2 (k ),, P m (k ) =  P1 (0 ), P 2 (0 ),, P m (0 ) ⋅ P

k

(6)

The matrix equation (6) can be written as:
k = P
0 ⋅ P
k
P

x (k ) for x(k) in the subsection 2.1 to denote the fuzzy perx i for xi in the subsection 2.1 to denote the fuzzy perform-

i ,i +1

)

( k = 0,1,) can be measured as fuzzy value. We substitute
formance level [12, 17, 33] of the component at time k , and

( i,i −1 )α

and
are α -cuts of the fuzzy numbers q i ,i +1 and pi ,i −1
α
for 0 ≤ α ≤ 1 , respectively.
p
i ,i −1

i ,i −1

2.2.1. Definition and assumption

i ,i −1

0 ≤ pi ,i −1 ≤ 1 and 0 ≤ qi ,i +1 + pi ,i −1 ≤ 1 , where

By solving the matrix equation (2) under the initial condition (3),
we can determine the following matrix equation:
k
 P1 (k ), P2 (k ),, Pm (k ) =  P1 (0 ),P2 (0 ),, Pm (0 ) ⋅ P

( i,i +1 )α

(7)

k =  P





where P
 1 (k ), P 2 (k ),, P m (k ) and P 0 = [1,0,,0] . By
solving the matrix equations (6) or (7), the dynamic fuzzy state prob i (k ) at time k can be given as function of fuzzy variables
ability P
q


i ,i +1 ( i = 1, 2, , m − 1) and p i ,i −1 ( i = 2,3, , m) , and then P i ( k ) can

(

)

 i (k ) = P
 i k ; q , q ,, q
 

be written as P
m −1, m ; p 2,1, p 3,2 , , p m, m −1 .
1,2 2,3

If the fuzzy state transition probabilities are represented by fuzzy vectors q = q 1,2 , q 2,3 ,, q m −1, m and p = p 2,1, p3,2 ,, p m, m −1 , we

{

}

(

{

}

)

 i (k ) = P
 i k , q , p .
have P
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Let ηq

i , i +1

and η p

denote the membership functions of q i ,i +1

i , i −1

and pi ,i −1 , respectively. The α -cuts of q i ,i +1 and pi ,i −1 can be determined as crisp intervals:

(

q i ,i +1

)α

{

}

{

}



=  min
qi ,i +1 ηq
qi ,i +1 ηq
( qi,i +1 ) ≥ α , q max
( qi,i +1 ) ≥ α 
i , i +1
i , i +1
q
∈
Q
∈
Q
i
,
i
+
1
i
,
i
+
1
i
,
i
+
1
i
,
i
+
1



Based on the fuzzy universal generating function [12,33] and the

Lz -transform of a discrete-state continuous-time Markov process
[28,29,31], fuzzy Lz -transform of a discrete-state discrete-time fuzzy
, P
 0 is defined as:
Markov chain x (k )= x , P

U
L
= ( qi ,i +1 ) , ( qi ,i +1 ) 
α
α


{

(8)


( pi,i −1 )α =  p


min

i ,i −1∈Pi ,i −1

{

pi ,i −1 η p

i , i −1

( pi,i −1 ) ≥ α

}

,

max

pi ,i −1∈Pi ,i −1

{

pi ,i −1 η p

i , i −1

( pi,i −1 ) ≥ α

(9)

chain is in the state i at time k (k = 0,1,) for any given initial state
 0 , and z is a complex variable in the genprobability distribution P

)

( Pi ( k ) )αL = min Pi ( k , q, p ) ( k = 1, 2,, 0 ≤ α ≤ 1)
L

U

α
L

α
U

( qi,i +1 ) ≤ qi,i +1 ≤( qi,i +1 ) , i = 1, 2,, m − 1
( pi,i −1 )α ≤ pi,i −1 ≤( pi,i −1 )α ,

 0 , the
eral case. Under given initial state probability distribution P
discrete-state discrete-time fuzzy Markov chain has one and only one
fuzzy Lz -transform.
For example, consider a simple component which has only two
 and x 2 = 0 . It means that
different fuzzy performance levels x 1 = χ
x 1 is the performance level associated with nominal working state
and x 2 is the performance level associated with complete failure

state. The working time and the repair time of the component have
(10)

geometric distributions with fuzzy mean values 1 / q and 1 / p . The

{ }

i = 2, 3,, m

 , 0 (k = 0,1,) for the considered exfuzzy Markov chain x ( k ) ∈ χ

0 ≤ qi ,i +1 + pi ,i −1 ≤ 1, i = 2, 3,, m − 1

 and P
 0 are given
, P
 0 , where x , P
ample is denoted by x (k )= x , P

respectively as:
• Set of

and:
U
α

( Pi ( k ) )

= max Pi ( k , q, p )
s.t.

{

U

( qi,i +1 )α ≤ qi,i +1 ≤( qi,i +1 )α ,
L
U
( pi,i −1 )α ≤ pi,i −1 ≤( pi,i −1 )α ,

i = 1, 2,, m − 1

(11)

i = 2, 3,, m

where q = {q1,2 , q2,3 ,, qm −1, m } and p = {p2,1, p3,2 ,, pm, m −1} are
 i (k ) can be
crisp state transition probability vectors. Then α -cut of P

(

 i (k )
denoted as P

)α = ( Pi ( k )) , ( Pi ( k ))

U
α

.


fuzzy

performance

 
q 
 = 1 − q
• Fuzzy transition probability matrix P
;


 p 1 − p 
 0 = [1,0] .
• Initial state probability distribution P

x (k ) at time k (k = 0,1,) can be calculated by:
k
 
q 
1 (k ), P
 2 (k ) = [1,0]⋅ 1 − q
P





 p 1 − p 

Consider the discrete-state discrete-time fuzzy Markov chain

x (k )( k = 0,1,) in subsection 2.2, the fuzzy Markov chain can be

completely determined by set of possible fuzzy performance levels

}

 and the inix = x1, x 2 ,, x m , fuzzy transition probability matrix P
 0 . The discrete-state discrete-time
tial state probability distribution P
fuzzy Markov chain can be notated by using triplet:
, P
0
x (k )= x , P

(12)

1 (k ) =
P

(


p + q 1 − q − 
p
q + 
p

)

k

 2 (k ) =
, P

(

q − q 1 − q − 
p
q + 
p

(14)

)

k

For the component with a number of fuzzy performance levels,
the forms of closed-form solutions for the dynamic fuzzy state proba i (k ) (i = 1, 2,, m) are very complicated. A numerical techbilities P
nique can be used to obtain these solutions.

The fuzzy Lz -transform of the fuzzy Markov chain for the
binary component can be obtained as follows:

182

levels

Solving (14), we can obtain:

3. Fuzzy Lz-transform

{

} { }

possible

The fuzzy dynamic state probabilities of the fuzzy Markov chain

0 ≤ qi ,i +1 + pi ,i −1 ≤ 1, i = 2, 3,, m − 1

L
α

the

, 0 ;
x = x1, x 2 = χ

( k = 1, 2,, 0 ≤ α ≤ 1)

L

(13)

i =1

 i (k ) is the fuzzy state probability that the fuzzy Markov
where P

U
 i k , q , p can
and upper bound ( Pi ( k ) )α of the α -cut of P
be computed as:

s.t.

m





where Qi ,i +1 and Pi ,i −1 are the crisp universal sets of the state transition probabilities for the component from the state i to the state
i + 1 and from the state i to the state i − 1 , respectively. According to parametric programming technique [20, 33], the lower bound

(

)

}

L
U
= ( pi ,i −1 ) , ( pi ,i −1 ) 
α
α


( Pi ( k ))αL

} (



L Z x ( k ) = u z, k , P 0 = ∑ 
P i ( k ) ⋅ z xi
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{

} (

2

)



L Z x ( k ) = u z, k , P 0 = ∑ 
P i ( k ) ⋅ z xi

(

 ( k ) =φ G
1 ( k ) , G
 2 ( k ) ,, G
 n (k )
G

i =1

(

p + q 1 − q − p
=
q + p

)

k

(

q − q 1 − q − p
⋅z +
q + p

χ

)

⋅ z0

4. Fuzzy dynamic availability assessment for DTRMSS
The fuzzy dynamic availability assessment method for the
DTRMSS under minor failures and repairs, which is based on using
the proposed fuzzy Lz -transform. It is assumed that the behavior of
any component l (l ∈ {1, 2,, n}) in the DTRMSS with n components can be characterized by the discrete-state discrete-time fuzzy
 l (k ) , which has m different states that correspond
Markov chain G
l
to different fuzzy performance levels represented by the ordered fuzzy
, where g is the fuzzy performance levset g = g , g ,, g

{

l1

l2

lml

}

lil

el of component l in its state il (il = 1, 2,, ml ) .
lk =  P




Let P
 l1 (k ), Pl 2 (k ),, P lml (k ) denote the fuzzy dynamic state probabilities associated with different states for the component l at time k , that is:

{

 li (k ) = Pr G
 l ( k ) = g
P
l
li

l

} , il = 1, 2,, ml , l ∈ {1, 2,, n}

(15)

 li (k ) for each of m
The fuzzy dynamic state probabilities P
l
l
states can be obtained by writing and solving a corresponding fuzzy
l 0 .
matrix equation (7) with the given initial conditions P

Based on the fuzzy Lz -transform method, each discrete-state
 l (k ) associated with the fuzzy
discrete-time fuzzy Markov chain G

output Markov process of the component l (l ∈ {1, 2,, n}) should
be expressed as:

{

} (

ml

) ∑ Plil ( k ) ⋅ z


 l (k ) = u z, k , P
l0 =
LZ G

il =1

g li

l

, l = 1, 2,, n (16)

 j (k ) denote the
where φ () is the system structure function. Let P
fuzzy dynamic state probability of the DTRMSS in state j at time k ,
then the fuzzy dynamic state probabilities associated with different
states for the system at time k can be denoted by:

(k ) =  P




P
 1 (k ), P 2 (k ),, P M (k )

For the entire DTRMSS, its states are separated through its fuzzy
performance levels, which are unambiguously determined by the
fuzzy performance levels of components and its structure. Assume
that the DTRMSS has M different states and g j is the fuzzy per (k )
formance level of the system in state j ( j = 1, 2,, M ) . Let G
denote the fuzzy performance level of the DTRMSS at time k , then

 (k ) ,
of the discrete-state discrete-time fuzzy stochastic process G
which is a fuzzy single-valued function of n independent discrete l (k ) (l ∈ {1, 2,, n}) .
state discrete-time fuzzy Markov chains G

 φ to all individual fuzzy
Appling the fuzzy composition operator Ω

{

} (l ∈ {1, 2,, n})

 l (k )
Lz -transforms 
LZ G
k

{

{

}

}


 (k ) = Ω
φ 
1 ( k ) , 
 



LZ G
L Z G
 L Z G 2 ( k )  ,, L Z G n ( k ) 

(19)

According to (16) and (19), the fuzzy Lz -transform of the dis (k ) can be writcrete-state discrete-time fuzzy stochastic process G

ten as:

{

{(

}

) (

)

(


 (k ) = Ω
φ u z, k , P
10 , u z, k , P
 20 ,, u z, k , P
 n0
LZ G

)}

mn
m2
 m1
g
g
g
φ  P
=Ω
∑ 1i1 ( k ) ⋅ z 1i1 , ∑ P 2i2 ( k ) ⋅ z 2i2 ,, ∑ P nin ( k ) ⋅ z n in
i2 =1
in =1
i1 =1

=

m1 m2

mn  n

(

φ g1i , g 2i ,, g n i
n
1
2

∑ ∑  ∑  ∏ P lil ( k )z

i1 =1i2 =1 in =1 l =1
M

 j k ⋅ zg j
=
P
j =1

∑

) 








( )

(20)

(

n

)

 j (k )=
where P
∏ P lil (k ) and g j = φ g1i1 , g 2i2 ,, g n in . The low-

er and upper bounds of the α-cuts of the fuzzy dynamic state probabil of the DTRMSS in
 j (k ) and the fuzzy performance level g
ity P
j
state j at time k can be determined according to parametric programming technique.
The dynamic fuzzy availability of the entire DTRMSS for the

 at time k (k = 0,1,) is defined as:
fuzzy consumer demand ω

(

)

M

(


, k = 
A ω
∑ P j ( k ) ⋅ P g j ≥ ω

)

= g
 ,g


set G
1 2 , , g M . Based on the fuzzy performance stochastic
 (k ) can be given
the system structure, the fuzzy stochastic process G
by:

over any discrete time

( k = 0,1,) , we have:

 (k ) is a fuzzy stochastic process that takes fuzzy values from the
G

 l (k ) (l ∈ {1, 2,, n}) of all components at time k and
processes G

(18)

Based on the property of Lz -transform [28] and the general fuzzy
 φ [12], we can find the fuzzy L -transform
composition operator Ω
z

l =1

(

(17)

k

 and
Assume that the α-cuts of q and p are ( q )αL , ( q )U
α


( p ) L , ( p )U  respectively, we can obtain the α-cuts of the fuzzy
α

 α
1 (k ) and P
 2 (k ) for the fuzzy Markov
dynamic state probabilities P
chain according to (10) and (11).

l

)

(


where P g j ≥ ω

)

j =1

)

(21)

 . Because
denotes the possibility of g j ≥ ω

 values are fuzzy numbers, we give a method for
the g j and ω
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(


P g j ≥ ω

)

based on method of interval number ranking in accord-

n

( Pj ( k ))α =
L

min Pj ( k ) = ∏ Plil ( k )

 . We define the
ance with possibility [11] and the α-cuts of g j and ω

s.t.

 as:
possibility of g j ≥ ω

(


p g j ≥ ω

)α

( )α − ( g j )α + (ω )Uα − (ω )αL − max {0, (ω )Uα − ( g j )α }


max 0, g j

=

U

l =1
L

( qi ,i +1 )α ≤ qi ,i +1 ≤( qi ,i +1 )α ,
L
U
( pi ,i −1 )α ≤ pi ,i −1 ≤( pi ,i −1 )α ,
l l

l l

il = 1, 2,, ml − 1

l l

l l

l l

il = 2, 3,, ml

l = 1, 2,, n

( g j )α − ( g j )α + (ω )Uα − (ω )αL
U

U

l l

0 ≤ qil ,il +1 + pil ,il −1 ≤ 1, i = 2, 3,, ml − 1

L

L

( k = 1, 2,, 0 ≤ α ≤ 1)

L

(26)

(22)
and:

( )α

where g j

L

( )α

and g j

U

are the lower bound and upper bound of

L
U
the fuzzy performance level α-cut of g j , and (ω )α and (ω )α are
the lower bound and upper bound of the α-cut of the fuzzy consumer
 , respectively.
demand ω

n

( Pj ( k ))α =
U

max Pj ( k ) = ∏ Plil ( k )
s.t.

In order to find the α-cut of the dynamic fuzzy availability (21),
the following procedures can be adopted.
(1) For each repairable multi-state component l

l l

l l −1

(il = 2,3,, ml )

from the state il to the state il − 1 , and the fuzzy performance
level g in state i (i = 1, 2,, m ) can be determined acl

lil

l

l

( q i ,i +1 )α = ( qi ,i +1 )α , ( qi ,i +1 )α 

(23)

( pi ,i −1 )α = ( pi ,i −1 )α , ( pi ,i −1 )α 

(24)

( g li )α = ( gli )α , ( gli )α 

(25)

L

l l

U

l l

L

U

l l

l l

l l

L

l

l

U

l

2.2.2, the fuzzy dynamic state probabilities

 li (k ) (
P
l

il = 1, 2,, ml , l ∈ {1, 2,, n} ) for each component at time k
can be determined. According to the general fuzzy composi φ [12] and the individual fuzzy L -transforms
tion operator Ω
z
of all components at time k , the fuzzy Lz -transform

 ( k ) of the entire DTRMSS can be obtained.
LZ G

}

(3) According to parametric programming technique, the lower
bound

(

Pj ( k )

)α

L

and upper bound

(

Pj ( k )

)α

U

of the α-cut of

 j (k ) of the DTRMSS in
the fuzzy dynamic state probability P

state j at time k can be computed as:
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l l

l l

l l

l l

il = 1, 2,, ml − 1
il = 2, 3,, ml

l l

0 ≤ qil ,il +1 + pil ,il −1 ≤ 1, i = 2, 3,, ml − 1
l = 1, 2,, n

(27)
where Plil (k ) is the function of qil ,il +1 and pil ,il −1 .

( )α

The lower bound g j

L

( g j )α

U

and upper bound

of the α-cut of

( g j )α =
L

(

min g j = φ g1i1 , g 2i2 ,, g n in
s.t.

( gli )α ≤ gli ≤( gli )α ,
L

U

l

l

)

( 0 ≤ α ≤ 1)

il = 1, 2,, ml

l

(28)

l = 1, 2,, n

(2) Based on the proposed fuzzy Markov model in the subsection

{

U

l l

the fuzzy performance level g j of the DTRMSS in state j can be
computed as:

cording to individual membership functions as follows:

l l

( k = 1, 2,, 0 ≤ α ≤ 1)

( qi ,i +1 )α ≤ qi ,i +1 ≤( qi ,i +1 )α ,
L
U
( pi ,i −1 )α ≤ pi ,i −1 ≤( pi ,i −1 )α ,

( l ∈ {1, 2,, n})

under minor failures and repairs, the α-cuts ( 0 ≤ α ≤ 1) of the
fuzzy state transition probabilities q i ,i +1 (il = 1, 2,, ml − 1)
from the state il to the state il + 1 , pi ,i

l =1
L

and:

( g j )α =
U

(

max g j = φ g1i1 , g 2i2 ,, g n in
s.t.

( gli )α ≤ gli ≤( gli )α ,
L

l

U

l

)

( 0 ≤ α ≤ 1)

il = 1, 2,, ml

l

(29)

l = 1, 2,, n
 in Eq. (22) and
(4) Based on the defined possibility of g j ≥ ω

(

, k
the defined availability 
A ω

( A (ω , k ) )αL

)

in Eq. (21), the lower bound
U
α

and upper bound ( A (ω , k ) )

(

of the α-cut of the

)

 , k for the fuzzy condynamic system fuzzy availability 
A ω
 at time k can be computed as:
sumer demand ω

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

S cience and Technology

M

The HSS subsystem has two identical parallel components with
three different states: perfect operation state (corresponding to the
HSS
fuzzy performance level gl1 = (18, 20, 22, 24 )), partial operation
state (corresponding to the fuzzy performance level
HSS
g
= (10,12,14,16 ) ), and complete failure state (corresponding to

j =1

HSS
the performance level gl 3 = 0 ), l = 1,2 . The fuzzy state transition

M

( A (ω , k ) )αL = min ∑ Pj ( k ) ⋅ P ( g j ≥ ω )α ( k = 1, 2,, 0 ≤ α ≤ 1)
j =1

s.t.

( Pj ( k ))α ≤ Pj ( k ) ≤( Pj ( k ))α ,
L

U

j = 1, 2,,, M

l2

∑ Pj ( k ) = 1
(30)
and:

p HSS1 = p HSS3 = (0.4,0.5,0.6,0.7 ) and p HSS2 = p HSS4 = (0.5,0.6,0.7,0.8 ) .

M

( A (ω , k ) )Uα = max ∑ Pj ( k ) ⋅ P ( g j ≥ ω )α ( k = 1, 2,, 0 ≤ α ≤ 1)
j =1

s.t.

probabilities
of
the
two
components
are
q HSS1 = q HSS3 = (0.04,0.05,0.06,0.07 ) , q HSS2 = q HSS4 = (0.06,0.07,0.08,0.09 ) ,

( Pj ( k ))α ≤ Pj ( k ) ≤( Pj ( k ))α ,
L

U

j = 1, 2,,, M

1

2

CP
to the fuzzy performance level g3 = (7,8,9,10 ) ) and a complete

M

∑ Pj ( k ) = 1

CP
failure state (corresponding to the performance level g4 = 0 ). The

j =1

(31)

5. Numerical example
Consider a repairable multi-state flow transmission system with
three subsystems (LSS subsystem, HSS subsystem and CP subsystem), where the structure of the system and the state-transition diagrams for its components are presented in Fig. 1. It can be seen from
Fig. 1 that only components of the LSS subsystem have two states,
whereas components of the HSS subsystem and components of the CP
subsystem are multi-state components.
The fuzzy state transition probabilities and fuzzy performance
level for each component are treated as trapezoidal fuzzy numbers.
To reduce the computational complexity, the following operations of
the trapezoidal fuzzy numbers are used to determine the fuzzy performance levels of the each parallel subsystem and the entire seriesparallel system.
Assume that a = ( a1, a2 , a3 , a4 ) and b = ( b1, b2 , b3 , b4 ) are two
trapezoidal fuzzy numbers, then:
a + b = ( a1 + b1, a2 + b2 , a3 + b3 , a4 + b4 )

The CP subsystem has only one component with four states: two
perfect operation states (corresponding to the fuzzy performance level
CP
CP
g = g = (14,16,18, 20 ) ), a partial operation state (corresponding

(32)

{ }

min a , b = ( min {a1, b1} , min {a2 , b2 } , min {a3 , b3} , min {a4 , b4 }) (33)

The LSS subsystem consists of two different components connected in parallel, and their respective performance is allowed in only
one of two principal states: perfect performance level (state 1) and
zero performance level (state 2). The fuzzy state transition probabilities of each component from state 1 to state 2 are
LSS
LSS
q 1 = (0.020,0.025,0.030,0.035 ) and q 2 = (0.05,0.06,0.07,0.08 ) ,
respectively. The fuzzy state transition probabilities of each compoLSS
nent from state 2 to state 1 are p 1 = (0.30,0.35,0.40,0.45 ) and
p LSS2 = (0.40,0.50,0.60,0.70 ) , respectively. The fuzzy performance
LSS
levels of the first component are g11 = (4,5,6,7 ) (perfect performLSS
ance) and g12 = 0 (zero performance). The fuzzy performance lev-

fuzzy

state

transition

probabilities of the component are
CP
q 2 = (0.05,0.06,0.07,0.08 )
,

CP
q 1 = (0.03,0.04,0.05,0.06) ,
CP
q 3 = (0.09,0.1,0.11,0.12 ) ,

pCP1 = (0.2,0.3,0.4,0.5 ) ,

pCP2 = (0.4,0.5,0.6,0.7 ) and pCP3 = (0.5,0.6,0.7,0.8 ) .
According to the method and procedures provided in Section 4,
we can calculate the α-cuts of the dynamic fuzzy availability for the
system with different fuzzy consumer demand levels:
1 = (12,15,18, 21) and ω
 2 = ( 8,10,12,14 ) .
ω
1 and ω
2 ,
Based on different fuzzy consumer demand levels ω
Tables 1-2 presents the α-cuts of the dynamic fuzzy availability at 11
distinct α values: 0,0.1,,1.0 for the mission time k = 2, 4, 8, 12.
Suppose that the reliability standard of the repairable multi-state flow
transmission system at the confidence level α
α =0.9 for the mission
time k = 2 requires the system performance must satisfy a fuzzy con 2 = ( 8,10,12,14 ) ) of the system availability,
sumer demand level ( ω
which is set as 0.4. It can be seen from Table 2 that the result of the
availability assessment ( [0.4026,0.6353] ) can satisfy the availability
requirement of the repairable multi-state flow transmission system,
which ensures the system relatively reliable working. In the same
manner, one can explain the rest of the results shown in Tables 1-2.
Figs. 2-3 illustrate the membership functions of the dynamic
1, k and 
 2 , k when k = 2, 4, 8, 12.
A ω
A ω
fuzzy availabilities 
The dynamic fuzzy availability curves of the system under different
fuzzy consumer demand levels, shown in Figs. 4-5, represent the variation in availability of the system with time at the confidence levels
α=0,αα = 0.5 and α=1. It can be seen from Figs. 4-5 that the system
dynamic fuzzy availability decreases as time k increases, and the
decrease is very rapid when k < 2 and tends vanish when k becomes
large. This means that the system availability has relative stability in
a certain range when k ≥ 2 .
These results in the numerical example will be beneficial for system analyst or design engineer. Based on these results, the system
manager can carry out design modifications and make maintenance
(repair and replacement actions) decision for the discrete time repairable multi-state systems under imprecise and fuzzy environment.

(

)

(

)

LSS
els of the second component are g21 = (8,10,12,14 ) (perfect perLSS

formance) and g22 = 0 (zero performance).
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(

)

 , k at 11 distinct α values when k = 2,4,8,12
Table 1. The α-cuts of the fuzzy availability 
A ω
1

( A (ω , k ) ) L , ( A (ω , k ) )U 
1
1
α
α


α

( A (ω , 2 ) ) L , ( A (ω , 2 ) )U 
1
1
α
α



( A (ω , 4 ) ) L , ( A (ω , 4 ) )U 
1
1
α
α



( A (ω , 8 ) ) L , ( A (ω , 8 ) )U 
1
1
α
α 


( A (ω ,12 ) ) L , ( A (ω ,12 ) )U 
1
1
α
α



0.0

[0.2521,0.8005]

[0.2342,0.7823]

[0.2260,0.7783]

[0.2245,0.7781]

0.2

[0.2790,0.7542]

[0.2604,0.7358]

[0.2523,0.7313]

[0.2512,0.7311]

0.1

[0.2654,0.7771]

0.3

[0.2929,0.7314]

0.4

[0.3073,0.7093]

0.5

[0.3220,0.6871]

0.6

[0.3370,0.6663]

0.7

[0.3524,0.6442]

0.8

[0.3681,0.6240]

0.9

[0.3831,0.6024]

1.0

[0.4002,0.5827]

[0.2468,0.7589]

[0.2390,0.7546]

[0.2744,0.7132]

[0.2661,0.7083]

[0.2879,0.6909]

[0.2802,0.6851]

[0.3021,0.6677]

[0.2952,0.6635]

[0.3171,0.6461]

[0.3101,0.6417]

[0.3326,0.6250]

[0.3253,0.6202]

[0.3477,0.6041]

[0.3410,0.5989]

[0.3641,0.5837]

[0.3569,0.5782]

[0.3800,0.5626]

[0.3733,0.5577]

[0.2377,0.7544]

[0.2651,0.7081]

[0.2793,0.6855]

[0.2939,0.6633]

[0.3089,0.6413]

[0.3242,0.6198]

[0.3399,0.5986]

[0.3559,0.5779]

[0.3724,0.5574]

Table 2. The α-cuts of the fuzzy availability A (ω 2 , k ) at 11 distinct α values when k = 2,4,8,12

( A (ω , k ) ) L , ( A (ω , k ) )U 
2
2
α
α 

α

( A (ω , 2 ) ) L , ( A (ω , 2 ) )U 
2
2
α
α



( A (ω , 4 ) ) L , ( A (ω , 4 ) )U 
2
2
α
α



( A (ω , 8 ) ) L , ( A (ω , 8 ) )U 
2
2
α
α 


( A (ω ,12 ) ) L , ( A (ω ,12 ) )U 
2
2
α
α



0.0

[0.2662,0.8416]

[0.2538,0.8343]

[0.2495,0.8341]

[0.2488,0.8342]

0.2

[0.2943,0.7934]

[0.2815,0.7857]

[0.2773,0.7852]

[0.2735,0.7853]

0.1
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1.0

[0.2801,0.8173]
[0.3087,0.7697]
[0.3237,0.7466]
[0.3390,0.7234]
[0.3546,0.7018]
[0.3707,0.6787]
[0.3870,0.6576]
[0.4026,0.6353]
[0.4204,0.6145]

[0.2671,0.8099]
[0.2963,0.7621]
[0.3105,0.7388]
[0.3254,0.7146]
[0.3412,0.6919]
[0.3576,0.6698]
[0.3734,0.6479]
[0.3906,0.6265]
[0.4073,0.6043]

6. Conclusions
The dynamic fuzzy availability assessment technique for a
DTRMSS under minor failures and repairs is investigated in the paper. The technique is based on the Fuzzy Lz-transform of the discrete-state discrete-time Markov process, the α-cut approach and the
parametric programming algorithm. A discrete-state discrete-time
fuzzy Markov model is proposed to analyze the dynamic fuzzy state
probability for each multi-state component at any discrete time. The
analytical procedure is provided to calculate the α-cut of the dynamic
fuzzy availability of the system. A flow transmission system with five
components is considered, and it illustrates the performance of the
proposed technique. This technique is suitable and effective for the
dynamic fuzzy availability assessment of the DTRMSS with fuzzy

[0.2633,0.8093]
[0.2919,0.7613]
[0.3068,0.7377]
[0.3226,0.7146]
[0.3383,0.6918]
[0.3543,0.6694]
[0.3708,0.6471]
[0.3875,0.6254]
[0.4047,0.6040]

[0.2881,0.7614]
[0.3029,0.7378]
[0.3182,0.7147]
[0.3338,0.6918]
[0.3498,0.6693]
[0.3662,0.6472]
[0.3828,0.6256]
[0.4000,0.6042]

discrete-state discrete-time Markov process and its application to the
fuzzy multi-state system reliability, and the dynamic fuzzy availability optimization design for the DTRMSS.
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uncertainty. In future, we will concern the fuzzy Lz -transform of the
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Fig. 1. Structure and component state-transition diagrams of the repairable multi-state flow transmission system

a) k=2

b) k=4

c) k=8

d) k=12

(

)

 , k at k=2,4,8,12
Fig. 2. The membership functions of the fuzzy availability 
A ω
1
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a) k=2

b) k=4

c) k=8

d) k=12

Fig. 3. The membership functions of the fuzzy availability A (ω 2 , k ) at k=2,4,8,12

(

)

 , k with α=0.0, 0.5, 1.0
A ω
Fig. 4. The fuzzy availability 
1
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Fig. 5. The fuzzy availability A (ω 2 , k ) with α=0.0, 0.5, 1.0
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Onur Gölbaşı
Nuray Demirel

Risk-based reliability allocation methodology to set a
maintenance priority among system components:
a case study in mining
Oparta na ocenie ryzyka metodologia alokacji niezawodności
polegająca na ustalaniu priorytetów utrzymania ruchu
elementów systemu: studium przypadku z dziedziny górnictwa
This study aims to build up a maintenance priority methodology for system components with the help of existing literature on reliability allocation. The offered methodology was applied to two high-capacity earthmovers using actual datasets collected by operations in Tuncbilek Coal Mine, Turkey. Prioritization of maintenance for components was achieved by adapting their operational
risk factors to a generic reliability allocation algorithm. In this sense, direct and indirect financial consequences of component
failures were considered in estimation of risk severity factors where component reliabilities were assessed comprehensively with
top-to-bottom evaluation to determine risk occurrence factors. This paper is the first initiative in component maintenance prioritization in the mining sector where machinery reliabilities have a vital importance in production. In addition, previous studies have
generally used reliability allocation as weakness detection tool in design and development of their systems. In this basis, this paper
utilizes reliability allocation in instantaneous measurement of component maintenance requirements during operation.
Keywords: maintenance priority, reliability allocation, risk assessment, production systems.
Celem niniejszej pracy było stworzenie, na podstawie dostępnej literatury na temat alokacji niezawodności, metodologii ustalania priorytetów zadań utrzymania ruchu dla części składowych systemu. Zaproponowaną metodykę zastosowano w odniesieniu
do dwóch spychaczy dużej mocy, wykorzystując przy tym rzeczywiste zbiory danych zebrane przez operatorów Kopalni Węgla
Kamiennego Tuncbilek w Turcji. Ranking zadań utrzymania ruchu elementów tych maszyn utworzono poprzez adaptację operacyjnych czynników ryzyka do algorytmu adaptacyjnego alokacji niezawodności. W ocenie czynników ryzyka uwzględniono bezpośrednie i pośrednie skutki finansowe awarii części składowych, przy czym niezawodność części składowych oceniano szczegółowo
stosując ocenę odgórną w celu określenia czynników występowaniu ryzyka. Niniejsze opracowanie jest pierwszą próbą ustalenia
priorytetów obsługi serwisowej części składowych w sektorze górniczym, gdzie niezawodność maszyn ma ogromne znaczenie dla
produkcji. Ponadto, we wcześniejszych badaniach, alokację niezawodności na ogół stosowano jako narzędzie wykrywania słabości w zakresie projektowania i tworzenia systemów. W przedstawionej pracy, natomiast, alokację niezawodności wykorzystuje się
do chwilowego pomiaru konieczności obsługi elementów systemu w trakcie jego pracy.
Słowa kluczowe: priorytety utrzymania ruchu, alokacja niezawodności, ocena ryzyka, systemy produkcyjne.

1. Introduction
The issue of reliability in production industries has become a
greater concern in recent decades since the availability and performance of systems employed in production cycles are required to be at
desired levels to satisfy short- to long-term production goals. Reliability supports improvement of system performances via revealing
root-causes of failures, their occurrence frequencies, consequences of
failures, and maintenance-critical components. In this sense, reliability allocation as an essential part of system reliability modelling helps
to figure out reliability growth requirements of individual system elements for target system reliability at a specified time zone. In the literature, reliability allocation has mainly concentrated on understanding performance factors of systems in design and development stages.
There are various studies to optimize early-stage reliability allocation
for software [3, 22, 25, 34, 35], network systems [4, 21, 23], and other
mechanical or electromechanical complex systems [1, 2, 13, 17, 18,
31, 33]. In addition, more general methodologies have also been proposed to be applied in design and development of various systems. In
this basis, equal apportionment technique, ARINC method, feasibility-of-objectives technique, and minimization of effort algorithm are

extensively utilized conventional methods in reliability allocation [9].
Equal apportionment technique assigns same goal reliabilities to components for target system reliability where ARINC method allocates
reliabilities considering weight of component failure rates in system
failure rate. Feasibility-of-objectives technique regards factors such
as, system intricacy, state-of-the-art, performance time, and environment when determining allocation weights of components. The minimization of effort algorithm aims to minimize total effort for improving component reliabilities while ensuring target system reliability.
Besides the conventional methods, Mettas [19] developed a flexible
formulation for reliability allocation which bounds system components between minimum and maximum reliability values and optimizes allocation weights via minimizing the cost function according to
the feasibility of component improvements. Kim et al. [14] proposed
a new reliability allocation method to be utilized in the early development of mission-critical systems considering maximum severity of
failure modes and their approximate failure occurrence rates. Thomas
and Richard [27] considered warranty burden rate while generating
the allocation method and they obtained target reliability values with
a budget control. Sriramdas et al. [26] utilized fuzzy logic includ-
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ing expert opinions for evaluation of reliability allocation
START
factors in the early stages of engineering system designs
Specifying system
and developments. In addition, reliability allocation for
boundary
redundancy systems was discussed in detail by Elegbede
Identification of failureet al. [9], Li and Zuo [16], and Yalaoui et al. [32]. The
inducing components
main effort in reliability allocation literature was given
Identification of failure
to improving system reliabilities in pre-operation stages.
modes
Furthermore, these studies have commonly regarded cost
Classification of
factor as a financial response of reliability improvement
lifetime and repair
time values according
in the design or testing stages. In this basis, the current reto failure modes
search study uses both comprehensive system reliability
Data independency tests
modelling and reliability allocation to develop a maintenance assessment methodology that can be utilized
Lifetime Data
by operation or maintenance managers to update their
maintenance polices via detecting and investigating critiNo
Is the failure mode
reparable?
cal components during operations. Frequencies of failure
modes and their resultant direct and indirect economic
Yes
Data Trend Tests
consequences were included in the study to evaluate risk
Qualitative Trend Test
levels of components and to decide their reliability al Graph of ordered
location priorities.
cumulative time values
In order to verify the developed model, the study
Quantitative Trend Tests
 Crow/AMSAA
methodology was applied to two draglines currently op Laplace Test
erating in an open-cast coal mine in Turkey. Draglines
Estimation of mean
Estimation of mean
are extensively utilized in overburden stripping activities
repair times
litetimes
No
Yes
Is there data trend?
which are integral parts of open-cast coal mine producCalculation of mean
Conversion of mean
tions. Overall productivity in these mines is substantially
indirect cost per failure
lifetimes to occurrence
mode ($/event)
factors of RPNs
Estimation of data
Estimation of data
affected by availability and reliability of draglines. In
characteristic parameters
characteristic parameters
using general renewal process
using best-fit distribution
the United States alone, almost half of the overburden
Conversion of unit failure
costs (sum of mean
stripping operations are performed by draglines with a
indirect and direct costs)
to severity factors of
3
bucket capacity more than 30 m [10]. They create an opRPNs
Construction of
erational radius using their booms with a varying length
dependencies between
Calculation of risk priority
between 37 and 128 meters [12]. System functionalities
failure modes
factors (RPNs)
such as hoisting, dragging, swing, and walking ensure
System reliability
Conversion of RPNs to
modelling (Rs)
continuous and cyclic operation of draglines. Draglines
feasibility parameters (fi)
can provide an estimated overburden removal of 30-35
Building of cost functions
Specifing a target system
for each failure modes (ci)
reliability (Rg) for time 𝑡
million m3, annually [5]. Components in dragline subsystems have high functional and operational dependencies.
Implementation of Metta’s
Failures in these components can damage the operational
equations to minimize sum of the
cost function for target system
sustainability and the resultant production losses can raise
reliability
up to 1 million dollars per day [28]. Although there are
various research studies about the effect of failure breakDetection of maintenance-critical
components and required
downs on dragline operability [6, 24, 29], componentreliability growths
based maintenance prioritization has not been discussed
END
in the literature. In this basis, the offered methodology
aims to highlight the draglines components with the highest financial risk that should be maintained with priority
Fig. 1. )LJXUH5HOLDELOLW\DOORFDWLRQPHWKRGRORJ\IRUHIILFLHQWPDLQWHQDQFHGHFLVLRQV
Reliability allocation methodology for efficient maintenance decisions
for the reduction of failure-based breakdowns. In addition, there is not any observed study on application of the
tenance feasibility factors in reliability allocation algorithm, and (vi)
maintenance prioritization for other mining systems although mine
identification of maintenance-priority components and the required
production efficiency is directly affected by performance of machinreliability growths for target system reliability. In item (v), generic
ery systems which are generally capital intensive and high capacity.
model of Mettas [19] was utilized in estimation of the feasibility facBesides its contribution to mining, the methodology offered in the
tors. This model allows consideration of current and maximum achievstudy can also be applied to other production systems when determinable reliabilities of system components and prioritization of compoing the maintenance priority levels among system components and
nent reliability growths according to their feasibility factors using an
measuring the required component reliability growths for various sysexponential relation. Therefore, financial risk factors of failures can
tem reliability goals. Usage of reliability allocation in the study differs
be practically adapted to the model considering these feasibility facfrom the literature by adapting risk factors to estimation of the priority
tors as priority factors.
scores of components in an operating system.
Although the study methodology can be applicable for any proThe study methodology as seen in Figure 1 briefly entails (i) acduction systems, this paper is structured considering a mining case
quisition of repair and lifetime datasets and data classification accordstudy. In this sense, the methodology is discussed under 6 main secing to available failure modes in target system, (ii) data independency
tions. Following the introductory part, Section 1, Section 2 gives brief
and trend tests for repair and lifetime datasets, (iii) determination of
information on acquisition of the datasets, classification of failure
lifetime and repair time characteristic parameters, (iv) determination
modes, and data independency and trend tests applied for the dataof severity and occurrence factors to obtain Risk Priority Numbers
sets. Section 3 discusses the determination of lifetime (uptime) and
(RPNs) for individual failure modes, (v) conversion of RPNs to mainrepair time (downtime) characteristics of individual system compoRepair Time Data
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nents. Section 4 includes the estimations for severity and occurrence
factors of failure modes, their resultant RPN values, and conversion
of these values to maintenance feasibility (priority) factors. Detection of maintenance-priority components and their required reliability
growths to support a specific target system reliability is discussed in
Section 5 with a numerical example. Finally, Section 6 provides the
main conclusions drawn from this study.

2. Pre-processing of repair time/lifetime datasets for
individual failure modes

the boom via throwing it away from the main frame. Overburden
stripping is achieved with dragging the bucket toward the machinery
house. Then, the filled bucket is hoisted and dumped to spoil area
after a rotation around machinery’s own axis. The dragline keeps its
operation going with successive cycles of these stripping, hoisting,
swinging, and dumping actions. Considering the functional and structural dependencies in dragline, the system was decomposed into seven
main subsystems as hoisting, rigging, bucket, dragging, movement,
machinery house, and boom. Operational and schematic views of a
dragline are illustrated in Figure 2.
Draglines in the study are currently utilized in an open cast coal
mine in Turkey. They work in conjunction with excavator-truck dispatching system to achieve overburden stripping of 60-65 million m3

Reliability allocation analysis initially requires precise system
decomposition to reveal primary failure zones and their statistical
profiles. In this basis, maintenance catalogues, previous maintenance records at
plants, expert opinions, and functional
abilities of systems can be utilized to
detect major failure-inducing components in systems, their occurrence
modes, and their recovery conditions.
In the current research, two working
draglines were examined in details as a
case study. Draglines perform stripping
operation via dragging, hoisting, swinging, and dumping actions of its working
components. The dragline initially creates an operational radius via its boom
Fig. 2. (a) Operational and (b) schematic views of a dragline (modified after [11])
and locates its bucket suspended from

Fig. 3. Failure number and maintenance duration distributions for (a) Dragline-1 and (b) Dragline-2
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failure-inducing components in the draglines were revealed regarding definitions in the maintenance records and interviews
Code
Components
Failure Modes
Repair Types
with dragline maintenance experts. These components and their
Replacing and welding of
common failure modes and repair types are given in Table I. The
DR1
Chain assembly
Breakage
individual chain
components holding different failure modes were separated usDR2
Ringbolt
Breakage
Welding
ing denominations of mode01 and mode02. Mode01 refers the
DR3
Rope-mode01
Rupture
Replacement
failure conditions where component recovery can be provided
Dislocation from
with replacement alone. On the other hand, mode02 indicates
DR4
Rope-mode02
Recovering the mechanism
pulley
that component dislocates from its hosting mechanism and it
DR5
Control
General Malfunction
General Repair
can be recovered without a complete replacement. According to
these assumptions, a total of 30 failure modes was listed to be
DR6
Socket
Breakage
Welding
analyzed in this study. These failure modes will be referred in the
HO1
Brake
Fail to brake
Mechanical Repair
analyses using abbreviations given in Table I.
HO2
Rope-mode01
Rupture
Replacement
Once the draglines were decomposed into the components,
Dislocation from
failure
statistics were assigned to the individual failure modes.
HO3
Rope-mode02
Recovering the mechanism
pulley
Contributions of subsystems to system failure number and breakHO4
Sockets
Breakage
Welding
down durations can be examined using Pareto Charts as seen in
Figure 3. These charts explicitly state that there is not a strict
HO5
Control
General Malfunction
General Repair
correlation between failure numbers and resultant breakdown duBU1
Bucket Body
Wear and tear
Welding
rations of subsystems. For instance, dragging and rigging units
Replacing and welding of
BU2
Chain Assembly
Breakage
cause short downtimes although they frequently fail compared to
individual chain
the other units. On the other hand, machinery housing for both
Replacing and welding of
BU3
Digging Teeth
Dropping, breakage
individual tooth
draglines lead to the longest production losses when any functional interruption takes place in these subsystems. In this basis,
BU4
Pins
Breakage
Replacement of individual pins
56 and 47 percent of the overall failure breakdowns are due to the
BU5
Ringbolt
Breakage
Welding
failures in machinery house units of Dragline-1 and Dragline-2,
RI1
Socket
Breakage
Welding
respectively.
Datasets of each failure mode in the draglines cover sequenRI2
Ringbolt
Breakage
Welding
tial
time-between-failures (TBF) and time-to-repair (TTR) valRI3
Rope-Mode01
Rupture
Replacement
ues as a time series. Significant correlations between successive
Dislocation from
RI4
Rope-Mode02
Recovering the mechanism
data or ascending/descending trend throughout datasets disrupt
pulley
stationary data behavior. Although best-fit distributions are
Irrecoverable malRI5
Pulley-Mode01
Replacement
function
enough to evaluate reliability of components with stationary daMechanical disintetasets, nonstationary datasets require the utilization of stochastic
RI6
Pulley-Mode02
Recovering the mechanism
gration
methods with ability of measuring this deviation. Therefore, exRemoval of brush dust, fixamining correlation and trend of individual repair and lifetime
MH1
Generators
General malfunction
ing armatures, bearings or
couplings
datasets is significant for precise forecasting of system behavior
in different time intervals. In this sense, Lag-1 plot and Pearson
Removal of brush dust, fixMH2
Motors
General malfunction
ing armatures, bearings or
correlation coefficient were utilized to check data correlations in
couplings
the study where hypothesis testing methods such as, Crow-AMFixing injectors, valves, pumps,
SAA and Laplace were used to investigate data trend behavior.
MH3
Lubrication
General malfunction
air compressors or timing
Lag-1 correlation plot helps qualitative evaluation of data
mechanism
randomness
in a time series. The plot is generated using a scatMH4 Air Conditioning General malfunction
General repair
ter plot of (i−1)th value along the horizontal axis and (i)th value
Fixing transmission box, bearings, felts, pinion gears, turret
along the vertical axis for a dataset with sequential order. Serial
MO1
Rotation
General malfunction
traversing mechanism, rails
correlation between successive data causes the scattered data to
or flanges
be in an identifiable pattern and reduces data randomness. OthFixing transmission box,
erwise, data is scattered randomly without any specific pattern.
bearings, felts, walking axle,
MO2
Walking
General malfunction
journal bearing, pins or steel
In the study, the inquiry regarding serial correlation was also
construction of walking feet
verified using Pearson correlation coefficients quantitatively.
Fixing connection couplings or
The tests validated that the datasets are free of serial correlation.
MO3
Warning
General malfunction
warning brushes
One representative example for the correlation tests is illustrated
BO1
Boom Chords
Fracture
Preventive Welding
in Figure 4.
In addition to data correlation, validity of any data trend also
changes
the assessment method for estimating repair time/lifeannually. These draglines hold bucket capacities of 20 yd3 (15.3 m3)
time
parameters.
In this basis, Crow-AMSAA and Laplace methand 40 yd3 (30.6 m3) and they are referred as Dragline-1 and Draods were utilized in the study to test whether any regular deterioration
gline-2 in the study, respectively. They have an excavation ability of
or growth rate is valid or not for repair and lifetime intervals of failure
20 and 35 meters in depth, respectively and complete a full stripping
modes. Crow-AMSAA test accepts trend behavior of the repair time/
and dumping cycle in less than 60 seconds with an operational radius
lifetime datasets if 2 N / βˆ < χ 22N , 1−α / 2 or 2 N / βˆ > χ 22N , α / 2 where N
of more than 60 meters.
Following a 13-year investigation between 1998 and 2011 into the
is the total number of failures, β̂ is the expected shape parameter,
maintenance data sheets, Dragline-1 and Dragline-2 were observed to
χ a2,b is the score of chi-square distribution, and 1−α is the confidence
halt for 938 and 903 times due to failures which resulted in the breakinterval. β̂ can be estimated using Equation 1 where Ti is cumulative
down of the system for 13,954 and 16,471 hours, respectively. Main
time-between-failures till the ith failure [30].
Boom

Movement

Machinery
House

Rigging

Bucket

Hoisting

Dragging

Table I. Common failure modes and maintenance types of dragline components.
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The tests also showed that lifetime datasets coded
with DR1, HO1, RI1, and MO1 for Dragline-1 and
HO2, HO4, BU2, BU4, BU5, RI6, MH1, MH3, MO1,
and MO3 for Dragline-2 hold trend behavior. In addition, there is not an observed significant trend in the
repair time datasets. Effects of data trend decision on
reliability assessment will be discussed in Section 3.

3. Lifetime and repair time characterization
of failure modes

System reliability analysis requires precise identifications of functional dependencies between components. A dragline may operate only if its seven subsystems perform their functionalities properly. Since any
failure of components in Table I leads to compulsory
breakdown of draglines, components in the subsystems
"
"
 "
 "
"
"
 "
"

are connected to each other with series dependency.
    
Therefore, subsystem and system reliability formulations can be generated as in Table III.
"" "  "  "  "
The reliability function R(t) can be derived using
the cumulative failure function which is the integral
Fig. 4. Data correlation tests for Dragline-1 BU4 using lag-1 plot and Pearson correlation
&G" "$"""F"$G""5 "G"G"P"D""
of failure density function f (t), over a time interval
(Equation 3). Reliability function is also called as survival
function,
gives probability of a component to operate properly
N
βˆ =
at
a
time.
T
N −1
(1)
∑ i =1 ln( TN )
i

The Laplace method accepts data trend if UL > zα/2
or UL < zα/2 where zb is the score of standardized normal
distribution. Test parameter, UL can be calculated using
Equation 2 [30]:
N −1

UL =

∑ i =1 Ti − ( N − 1)
TN

N −1
12

TN
2

(2)

Sample test scores for time-between-failures, i.e.
lifetime, datasets of MH2 and MH3 components in the
machinery houses and decision on data trends can be
viewed in Table II. Trend behavior of Dragline-1 MH2
was validated via both Crow-AMSAA and Laplace
tests. This trend can also be examined qualitatively in
Figure 5 which illustrates ordered cumulative time between failures of the components.

Fig. 5. Graphical trend test for MH2 and MH3 components of the draglines

Table II. Data trend tests for sample lifetime datasets of motor and lubrication components.
Test
Test Statistics
Name

Crow
AMSAA

Dragline-2

MH2

MH3

MH2

MH3

2N/β̂

153.06

79.12

76.38

199.68

χ 22 N, α / 2

135.48

122.11

95.08

227.50

χ 22 N, 1− α / 2

Decision
Laplace

Dragline-1

Ul

86.79

Trend

zα/2

-3.33

Decision

Trend

1.64

76.16

55.19

162.78

Non-trend Non-trend Non-trend
1.15

1.64

-0.04
1.64

0.43

1.64

Non-trend Non-trend Non-trend

t

R ( t ) = 1 − ∫ f ( t ) dt

(3)

0

In this study, failure density functions of the components were
estimated regarding trend behaviors of lifetime datasets discussed
in Section 2. In this sense, general renewal process (GRP) was performed for trend-components while lifetime parameters of the other
components were estimated via best-fit distributions of the time-between-failures. GRP offers flexible modelling of non-stationary datasets since the process allows estimation of renewal success between
as good as new and as bad as old via assigning a restoration factor
between 1 and 0, respectively. In addition, GRP assumes two separate
cases in estimation of the restoration factors: i) Maintenance recovers
the defects only between two failure points, called as Kijima-I model
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Table III. Reliability equations of the dragline subsystems and the main system.
Reliability Equations
Dragging
Hoisting
Bucket

Rigging

Machinery House
Movement
Boom

MAIN SYSTEM

R Chain Assembly ( t ) .R Control ( t ) .R Ringbolts ( t ) .R Rope − m 01 ( t ) .R Rope − m 02 ( t ) R Socket ( t )
R Brake ( t ) .R Control ( t ) .R Rope − m 01 ( t ) .R Rope − m 02 ( t ) .R Sockets ( t )
R Chain Assembly ( t ) .R Main Body ( t ) .R Pins ( t ) .R Ringbolts ( t ) .R Teeth ( t )
R Pulley − m 01 ( t ) .R Pulley − m 02 ( t ) .R Ringbolts ( t ) .R Rope − m 01 ( t ) .R Rope − m 02 ( t ) .R Sockets ( t )
R Generators ( t ) .R Lubrication ( t ) .R Motors ( t )
R Rotation ( t ) .R Walking ( t ) .R Warning ( t )
R Boom Chords ( t )
R Dragging ( t ) .R Hoisting ( t ) .R Bucket ( t ) .R Rigging ( t ) .R Mach.House ( t ) .R Movement ( t ) .R Boom ( t )

and ii) Maintenance contributes to elimination of accumulated defect
from the beginning of lifetime, called as Kijima-II mode [20]. This
study considers Kijima-II model in estimation of GRP models since
maintenance works on dragline components recover accumulated
damages proportionately. On the other hand, best-fit distributions assume the renewal of components to as good as new condition after
maintenance and it makes sense to use them in the reliability assessment of non-trend components. In this study, lifetime parameters of
the dragline components were estimated using Reliasoft Weibull++7
as seen Tables IV-V.
Tables IV-V indicate that the majority of components can be defined using a Weibull distribution in lifetime characterization. GRP
with power law function (λβtβ−1)also uses similar descriptive parameters of Weibull distribution as well as a restoration factor [20]. In
addition, loglogistic, lognormal, normal, and exponential distribu-

tions were also observed to be fitted in lifetime description of the
components. The related failure density functions can be examined
in Table VI.
Shape parameters of a Weibull distribution and GRP, β, identifies the slope of data behavior curve. The shape parameter less
than one refers infant mortality in the mechanism and lifetime
curve exhibits quasi-exponential behavior. If the shape parameter
is higher than one, this condition points to potential wear-out problems in the functionality and lifetime curve is fitted in bell-shape.
If the shape parameter is exactly one, then Weibull distribution
turns to exponential distribution. Parameter η is the scale parameter referring to a specific time point where failure probability of
the relevant component is fairly equal to 63.2 %. The last parameter, γ, identifies the start point of curve with respect to the origin.
Positive γ values are also referred as failure-free time that denotes

Table IV. Lifetime Parameters of Dragline-1 Components
Code

Model

Parameter

p-value

Weibull-3P

β=0.9; η=812.3; γ=15.8

0,258

DR3

Loglogistic-2P

μ'=6.7; σ'=0.5

DR5

Weibull-2P

Dragging Unit
DR1

DR2

DR4

Weibull-2P

β=1.3; η=1,085.0

>0,250
0,168

β=0.8; η=732.2; γ=9.8

DR6

Weibull-2P

β=1.0; η=5,509.9

>0,250

BU1

GRP

β=0.7; η=788.9; RF=0%

Not iid

GRP

β=0.8; η=942.8; RF=92%

GRP

β=0.9; η=988.8; RF=85%

BU2

Weibull-2P

BU4

Weibull-3P

BU3

BU5

β=0.9; η=1,820.2

0,233

>0,250

MH1

GRP

HO1

Lognormal-2P

μ'=6.8; σ'=2.0

0,284

HO3

GRP

β=1.5; η=7,361.1; RF=0%

GRP

β=1.7; η=10,566.2; RF

β=0.9; η=10,402.7

>0,250

Weibull-2P

β=1.1; η=2,420.1

>0,250

Weibull-3P

β=1.5; η=595.2; γ=51.9

>0,500

Lognormal-2P

μ'=9.5; σ'=0.4

0,836

MH3

Exponential-2P

HO2

Loglogistic-2P

HO4

Weibull-2P

HO5

μ'=7.4; σ'=0.2

0,205

Not iid

Not iid

Rigging Unit
RI1

RI2

Weibull-2P

β=0.9; η=873.4; γ=31.3

>0,500

RI4

No Failure Data

RI6

Movement Unit

GRP

β=0.7; η=1,176.4; RF=0.72

Not iid

GRP

β=0.5; η=490.7; RF=78%

Not iid

GRP

β=1.4; η=3,322.3; RF=0%

Not iid

Not iid

Not iid

RI3
RI5

β=0.8; η=1,472.2; RF

Not iid

MO1

λ=0.1E-2; γ=13.0

>0,250

MO3

β=0.4; η=2,675.6; γ=16.2

>0,250

β=0.7; η=758.4; RF=90%

Boom Unit

No Failure Data

-

BO1

Weibull-3P

Not iid: Not identically and independently distributed

196

p-value

>0,250

GRP

MH4

Parameter

β=0.6; η=11,528.2

Machinery House Unit
MH2

Model

Hoisting Unit

Weibull-3P

Bucket Unit

Code

Not iid

MO2

Weibull-2P

β=0.8; η=3,438.4
-

β=1.1; η=1,635.7
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Table V. Lifetime Parameters of Dragline-2 Components
Code

Model

Parameter

p value

Dragging Unit
DR1

Code

GRP

β=0.9; η=626.7; RF=0%

Not iid

HO1

DR3

Weibull-3P

β=2.2; η=1,848.3; γ=−389.0

>0.500

HO3

DR5

Weibull-3P

β=0.9; η=485.7; γ=11.5

>0.500

DR2

Weibull-3P

DR4

DR6

Weibull-3P

Lognormal-2P

Bucket Unit
BU1

Weibull-3P

BU2

Exponential-2P

BU4

Weibull-3P

BU3

Weibull-2P

BU5

Weibull-3P

β=1.0; η=820.8; γ=52.0

β=1.0; η=2,451.8; γ=14.0
μ'=8.4; σ'=1.5

β=0.9; η=959.1; γ=20.8

0.354

>0.500
0.364

0.492

λ=0.2E−3; γ=4,528.1

>0.250

β=0.9; η=640.4; γ=12.7

>0.500

β=0.9; η=740.8

β=1.0; η=1,114.9; γ=28.5

0.191

>0.500

Machinery House Unit
MH1

Weibull-3P

MH2

Exponential-2P

MH4
BO1

MH3

Model

Parameter

p value

GRP

β=0.7; η=1,443.7; RF=90%

Not iid

Lognormal-2P

μ'=8.2; σ'=1.3

0.519

Weibull-2P

β=0.7; η=1,042.1

0.16

GRP

β=0.8; η=6,790.1; RF=0%

Hoisting Unit

β=0.8; η=829.2; γ=12.3

0.475

>0.250

Lognormal-2P

μ'=7.9; σ'=1.0

0.212

Exponential-1P

λ=1.09E−04

0.348

Boom Unit

HO4

HO5

Normal-2P

No Failure Data

μ'=5.8; σ'=1.3

Not iid: Not identically and independently distributed

0.339

μ=2,851.6; σ=1,640.6
-

0.93

Rigging Unit
RI1

RI2

Weibull-2P

>0.250

β=0.8; η=2,494.6

>0.250

Weibull-3P

β=1.3; η=1,935.4; γ=28.8

>0.500

GRP

β=0.8; η=782.4; RF=0%

Exponential-2P

λ=0.3E−3; γ=332.5

RI3

Loglogistic-2P

RI5

Normal-2P

RI4
RI6

MO1

MO2

MO3

Not iid

β=0.9; η=3,608.0

Weibull-2P

Movement Unit
λ=0.8E−3; γ=20.4

Lognormal-2P

HO2

Weibull-3P

μ'=5.8; σ'=0.5

μ=3765.2; σ=2,954.0

β=0.7; η=647.5; γ=14.4

0.178
0.882

Not iid

>0.500

>0.250

a particular time where failure probability is zero prior to it. In
4. Setting component maintenance priorities in the
addition, logarithmic and loglogistic distributions use logarithmic
reliability allocation model using risk factors
state of mean and standard deviation in expressions. Another disThis study utilizes reliability allocation in development of effectribution type, exponential, always holds a continuous descending
tive maintenance policies via determining maintenance-critical comdistribution plot indicating the accumulation of data near a starting
point, i.e. early failures. Failure rate (λ) of an
exponential distribution always remains con- Table VI. Descriptions of some common distributions and general renewal process.
stant. In a 2-parameters exponential distribuLifetime Functions
Parameters
Failure Probability Functions
tion, γ is also utilized to refer the presence of
²
failure free time.
 t −γ 
η = Scale Parameter
−



t
−
β
γ
η
Parametric estimations in Tables IV-V de

β
=
Shape
Parameter
Weibull Distribution
f (t) = 
e
η η 
termine uptime characterization of the operating
γ = Location Parameter
draglines. On the other hand, repair durations,
i.e. time-to-repair (TTR), of the components
λ = Failure Rate
f ( t ) = λe − λ ( t − γ )
Exponential Distribution
were also estimated to reveal production losses
γ = Location Parameter
due to failures. In this sense, lognormal distri2
bution was detected to be well fitted for TTR
1  ln ( t ) −µ′ 
σ' = Std.of ln(TBF)Values


1
2
σ′ 
Lognormal Distribution
datasets (Table VII). Mean time-to-repair
f (t) =
e 
μ' = Mean of ln(TBF)Values
(MTTR) values showed that failures in generatσ 2 π
tors (MH1), motors (MH2), and hoisting ropeez
mode01 (HO2) induced the longest downtimes
f (t) =
for both draglines. However, rigging compoσ t (1 + e z ) 2
σ' = Std.of ln(TBF)Values
nents were observed to be maintained in shorter
Loglogistic Distribution
where
μ' = Mean of ln(TBF)Values
periods compared to the other components.
t′ − µ
z=
; t ′ = ln (t )
This section estimated lifetime and repair
σ
time characteristics of the dragline components
to form a basis for reliability allocation analf ( t i |t i −1, t i ,…, t1 ) = f ( t i |t i −1 )
β = Shape Parameter
ysis. Effects of the downtime and the uptime
β
β
β −1
λ
=
Failure
Rate
General Renewal Process
= λβ ( x i +υi −1 ) eλ[( xi + υi −1 ) − υi −1
behaviors on the allocation of component re(Kijima Model II with
υ = Virtual Age
liabilities for target system reliability are diswhere
Power Law Function)
q = Degree of Repair
cussed in Section 4.
υ = q(υ + x )
x = Time between Failures

i
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Table VII. Time-to-repair (TTR) characteristics of the dragline failure modes.
DRAGLINE-1
Code
DR1

DR2

DR3

DR4

DR5

DR6

HO1

HO2

HO3

HO4

DRAGLINE-2

Ln(Mean)

Ln(Std)

MTTR
(hours)

1.16

0.71

4.11

0.75

1.22

0.60

0.76

0.52

0.43

2.05

0.37

1.24

0.75

0.77

0.80

1.14

0.80

0.78

2.80

4.56

2.50

4.08

2.31

2.08

0.78

10.54

1.36

8.77

0.70

Ln(Mean)

Ln(Std)

MTTR
(hours)

0.96

0.53

3.01

0.48

1.64

0.35

1.16

0.16

0.59

2.40

0.49

0.80

0.59

1.17

0.37

1.07

7.11

1.69

1.25

3.18

13.99

-

-

0.49

0.35

1.74

HO5

0.77

1.56

7.25

0.85

1.32

5.60

BU2

0.81

0.52

2.59

1.22

1.03

5.74

BU1
BU3
BU4
BU5
RI1

RI2

RI3

RI4

RI5

RI6

MH1

MH2

MH3
MO1

MO2

MO3

0.48
0.82
0.03
0.70

0.33

0.02

0.11

0.49

0.83

0.36

3.96

2.98

0.20

0.59

0.84

1.46

0.83
0.83
0.57
0.77

0.52

0.46

0.53

0.69

0.69

0.61

1.40

1.70

0.68

0.96

1.39

1.58

2.28

1.00

3.20

-0.02

2.70

0.43

1.21
1.59

1.13

1.28

2.08

2.92

1.73

139.38
83.16
1.53

2.89

6.07

14.86

0.08

0.16

0.51

0.44

0.48

0.72

0.31

2.63

2.76

0.76

0.55

1.46

1.23

1.21
0.64
0.61
0.63

0.70

0.64

0.58

0.59

0.69

0.78

1.95

1.73

1.04

1.09

1.56

1.27

ponents and their required reliability increments to sustain system
functionality at the intended level. In the study, a generic reliability
allocation model [19] was selected to evaluate these reliability improvement rates. The model given in Equations 4-7 allocates reliability values regarding both improvement convenience and lifetime
characteristics of components within a system. The algorithm aims to
minimize the cost of improving component reliability while taking
account of the goal system reliability. The cost parameter, ci(Ri), in
Equation 4 is dimensionless and it rates the difficulty to raise the ith
component reliability from its current value to Ri. At the constraints,
Rs and RG are current and target system reliabilities at time t, respectively. Moreover, Ri,min and Ri,max refer the current (minimum) and
maximum achievable reliabilities of ith component at time t, respectively. Utilization of Ri,max and Ri,max in the algorithm restricts unit
improvement of higher-reliability components compared to the lowerreliability one, realistically. The last parameter, fi, is the feasibility
parameter, which originally implies the convenience of component
for reliability improvement in the system development stage and takes
a comparative value between 0.01 and 0.99. This parameter is actually
a priority-setting factor among the system elements when allocating
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n

5.68
1.21

Minimize ∑ (i =1) ci ( Ri )

(4)

Rs > RG

(5)

Ri,min < Ri < Ri,max

(6)

Subject to:

6.38

0.69

1.84

-

1.82

the reliability values. In the study, the algorithm was
forced to allocate reliabilities considering maintenance
priority of components via evaluating the feasibility
factors with severity of failure modes and their occurrence frequencies:

ci ( R i : fi , R i, min , R i, max )


R i − R i , min 
(1− fi )

R
i , max − R i 
= e 

(7)

Expected emergence rates of failure modes (occurrence) and their financial consequences (severity) were
specified as main determinants in the operating system
when designating maintenance criticalities among the
components. In this basis, risk priority numbers (RPNs)
were utilized in the study to estimate feasibility factors
for each failure modes (Equations 8-9):

1.30

(8)

RPNi = Si xOi

1.88

1.49

fi =

2.05

RPNi
x 0.99
RPNi, max

(9)

1.83

In Equation 8, Si and Oi are severity and occurrence
factors of the ith failure mode and take comparative
rankings between 1 and 10. Each feasibility factor fi,
2.59
is calculated via proportioning ith RPN with the highest
1.84
RPN in the system where 0.99 is the maximum achiev92.7
able feasibility factor value. The severity factor is generally estimated subjectively and considers one or many
70.07
issues such as, safety risks, environmental hazards, pro3.65
duction losses, and damage of corporate image in case
of failures. If failure records are available, repair times
3.14
of each failure mode can also be utilized to score the
14.63
severity of failures [15]. This study evaluates severity
7.70
factor considering economic consequences of failures
since the cost is an effective and rational measure of
failure severity in a system.
In production industries, economic consequences of failures can
be measured including direct and indirect costs (Equation 10). Direct
cost is a physical consequence of a failure where production loss due
to downtime can be considered as indirect cost. In this sense, Equation
11 gives the estimated production loss of a dragline due to failures
and it can also be utilized for any earthmover with bucket production.
Indirect cost formulation uses mean time-to-repair values of failure
modes (MTTRi), bucket volume (Vbucket), fill factor (F), swell factor
(S), cycle time (Tcycle), efficiency of operator (ηoperator), and profit per
1.91

(

unit bank volume of overburden excavation C

per bank m3

) . In Equa-

tion 11, MTTR values covers total of time required to detect, repair,
and inspect for failures:
Unit Failure Cost = Cost Direct + Cost Indirect�
Cost Indirect =MTTR i x

Vbucket xF
1
×
×C
per bank m3
Tcycle
S
ηoperator
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Following failure cost estimations, the severity factor of each failure mode can be rated using a severity ranking table particular to the
system. In this basis, Table VIII was offered to be used in severity
evaluation of dragline failures. This table can be modified according
to economic aspects of the related system to be analyzed.
The frequency of failures can be measured using mean time-between-failures (MTBF) of each failure modes given in Tables IV-V
and included in RPN calculations as occurrence factors. Table IX illustrates ranking values for expected failure rates (1/MTBF). These
scores were specified by Department of Army of The USA [7] to be
utilized in failure modes and effects analysis of systems.
Findings about severity and occurrence factors of the dragline failure modes were converted to the feasibility factors using Equation 9
as given in Table X. Generators (MH1) and motors (MH2) in machinery house units and walking and rotation mechanisms in movement
units were detected to hold the highest priority in reliability allocation
for both draglines. Majority of the mechanical components are with
feasibility factors less than 0.30 and this value raises according to the
complexity of component.
Once the component lifetime characteristics in Tables IV-V and
feasibility factors in Table X are obtained, then the reliability allocation algorithm in Equations 4-7 can be applied for target system
reliabilities. Decision on target reliability value should be specified
realistically considering spare part policy and crew condition. Moreover, reliability improvement in system should not develop any conflict in production plans. In case that the conditions are suitable for
improving system reliability, maintenance policy can be modified
regarding reliability allocation results. In order to validate success of
the modified policy, system is required to be monitored for a specified period and system reliability should be assessed using up-to-date
Table VIII. Severity scores for dragline failure modes.
Condition

Unit Failure Cost
($/failure)

Score

Incontrovertibly high economic cost

20,000 - …

10

15,000 - 10,000

8

Very high economic cost

20,000 - 15,000

High economic cost

10,000 - 5,000

Very high to high economic cost
High to Moderate economic cost

5,000 - 4,000

Moderate economic cost

4,000 - 3,000

Low economic cost

2,000 - 1,000

Moderate to low economic cost
Very low economic cost

Inconspicuous economic cost

3,000 - 2,000
1,000 – 500
500 – 0

Table IX. Ranking scores of RPN occurrence factor.

9
7
6
5
4
3

2
1

Condition

Expected Failure Rates

Score

Excessive failure rate

1/10+

10

Very high to high failure rate

1/50

8

Very high failure rate

1/20

9

High failure rate

1/100

7

Moderate failure rate

1/500

5

High to moderate failure rate

1/200

Occasional failure rate

1/1,000

Low failure rate

Very low failure rate

1/2,000

Remote probability of occurrence

1/5,000

1/10,000

6
4
3
2
1

Table X. Feasibility parameter calculations using risk priority numbers.
Component
Code

S

O

RPN

fi

S

O

RPN

fi

DR1

3

4

12

0.30

4

5

20

0.50

DR3

3

3

9

0.30

6

4

24

0.59

5

25

DR2

DR4

DR5

DR6

HO1

HO2

HO3

HO4

HO5
BU1

Dragline-1

2

2

3

2

2

6

2

4

4

2

4

4

3

2

2

9

4

4

18

1

4

2

1
4

2

1

BU4

2

4

3

8

3

BU2

BU3

8

4

4

8

12

RI2

1

2

2

1

RI4

2

RI6

2

RI5

5

6
5

MH3

2

4

8

MO2

MO3
BO1

5

6

5

4

2

3
40
2

4

20

2

12

4

1

20
5

2

5

2

3

7

3

1

5

4

4

1

3

20

1

5

4

2

0.12

3

0.05

3

3

4

3

0.30

9

1

4

0.15

2

1

1

2
3

8

21

0.30

5

8

3

5

4

2

10

4

40

0.20

4

5

20

0.05

0.50

0.50

0.30

0.12

10
1

7

8

6

4

4

1

6
9

40
1

4

28

2

12

4

1

0.02

0.50

0.12
0.37

0.15

0.74

0.99

0.07

6
8

3

0.52

0.30

2

3

0.22

12

4

0.07

0.05

0.20

1
2

0.62

8

15

15

3

0.20

0.50

5
2

0.20

20

5

0.15

30

5

0.10

2

0.20

6

3

1

0.10

3

10

MO1

0.10

0.05

MH1

MH4

0.45

2

1

10

0.10

1

3

MH2

0.10

0.20

12

4

RI3

0.22

8

4
3

0.20

0.05

3
2

0.20

2

BU5
RI1

Dragline-2

32
4

0.05
0.37
0.15
0.20
0.22

0.99

0.99

0.50

0.02

0.69

0.79

0.30

0.10

datasets. The applied policy can survive if the reliability assessment
results prove success and validity of the policy. If not, target value
for system reliability can be modified considering the short-comings
of the recent policy. Sustainable maintenance policy using reliability
allocation can be developed as given in Figure 6.
The following section, Section 5, presents a numerical example
of reliability allocation for the draglines to achieve a specific target
system reliability.

5. A numerical example: allocated reliability values for
a target system reliability of 60% at 24th operating
hour
As discussed in Section 4, target system reliability for a pre-defined time interval should be specified by decision-maker considering the conditions such as, production rate, spare part inventory, and
suitability of maintenance crew. Once these pre-conditions are satisfied, then the target system reliability can be specified. Success of the
policy requires a long-term observation period about the suitability
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since main concentrations can be
given to the components which can
cause less economic consequence
in case of failure.

6.

Conclusions

Production industries necessitate the implementation of effective maintenance policies to
ensure their production goals. Development of a risk-based maintenance strategy via identifying
and characterizing failures modes
and their effects on system functionality may help to prioritize
mechanism problems required to
be fixed. This study gathers both
system reliability assessment and
reliability allocation to reveal the
required reliability improvements
of components for target system
reliability. In this sense, two active draglines were selected to be
analyzed as a case study. The reliability assessment section covered
data correlation and trend tests and
resultant evaluation assumptions.
Reliability allocation analysis was
Fig. 6. Methodology of sustainable maintenance policy cycle using reliability allocation.
performed using a cost minimization algorithm which considers
'JHVSF.FUIPEPMPHZPGTVTUBJOBCMFNBJOUFOBODFQPMJDZDZDMFVTJOHSFMJBCJMJUZBMMPDBUJPO
of the decided target reliability for the system itself. Following this
both reliabilities and failure risk evaluations of individual compoobservation period, if the target system reliability cannot be achieved
nents. Severity and occurrence of the failure modes were included in
by the modified maintenance policy, this decision can be reviewed
the risk evaluation. Effect of risk evaluation on reliability allocation
again as discussed in Figure 6. In this numerical example, observation
scores and resultant allocation values were criticized with a numeric
time is selected as 24 operating hours. Using component dependenexample for an observation period of 24 hours. In this basis, the curcies in Table III and lifetime parameters in Tables IV-V, Dragline-1
rent survival probabilities of the draglines are detected to be 43-44%
and Dragline-2 were observed to have 43 % and 44% reliabilities at
at the end of 24th operating hour. If the manager decides to upgrade
th
24 operating hours. Target reliability, RG, for both draglines was asthe maintenance policy which can ensure a system reliability with
sumed to be 60% at the end of this operating period. Therefore, it
60% for this operating period, the policy should focus more on rotais required to allocate component reliabilities to ensure a system retion and motors for Dragline-1 and rigging pulley-mode01 and genliability growth with 16-17% for both draglines. Maximum (Ri,max)
erators for Dragline-2. In addition, this policy should provide a reliand (Ri,min) minimum ith reliabilities of component were identified as
ability growth of 9.08, 8.32, 3.95, and 3.32 % for those components,
th
99.99% and actual component reliabilities at 24 operating hour, rerespectively. The study methodology can be applied to any system
spectively. Reliability allocation was carried out using the estimated
with a reliability importance. Maintenance authorities at production
feasibility factors in Table X and a constant feasibility factor to reveal
plants can define their target system reliability values considering
the effect of risk assessment. The resultant allocated reliabilities (Ri)
their crew, spare part, and production conditions and rearrange the
according to the formulations in Equations 4-7 can be investigated in
framework of maintenance policies regarding the methodology of
Table XI.
this study.
Table XI illustrates the components with a priority of reliability
growth and the resultant increase rates to satisfy a dragline reliability
of 60% at the end of 24 hours operating period. The allocation results
regarding the feasibility factors in Table X reveal that motors (MH2),
rotation mechanism (MO1), bucket body (BU1), and rigging pulleymode02 (RI6) for Dragline-1 and rigging pulley-mode01 (RI5), generators (MH1), rotation mechanism (MO1), and walking mechanism
(MO2) for Dragline-2 require the highest reliability improvement. In
this basis, the modified policy should satisfy a reliability increase with
9.08 and 8.32 % for rotation mechanism (MO1) and motors (MH2) of
Dragline-1 where it should be 3.95 and 3.32 % at least for rigging pulley-mode01 (RI5) and generators (MH1) of Dragline-2, respectively.
For the given feasibility factor of 0.5, target components and their
reliability growth values were observed to differ compared to the values with actual feasibility factors. It shows that reliability allocation
without any risk evaluation can cause development of maintenance
policies with misleading decisions. Such a policy may not be efficient
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Table XI. Reliability allocation of dragline components for target reliabilities of 60%.
Dragline-1
Code

Ri,min
(%)

DR1

98.58

DR2

DR3

DR4

DR5

DR6

HO1

99.15

99.96

95.39

98.25

99.49

96.71

Calculated
Ri
(%)

Growth
(%)

Ri
(%)

Growth
(%)

98.58

0.00

98.61

0.03

99.15

99.96

95.76

98.25

99.49

96.71

HO2

100.00

100.00

HO5

100.00

100.00

HO3

HO4
BU1

BU2

BU3

99.98

99.49

92.23

97.57

94.04

99.98

99.49

94.29

97.57

95.20

BU4

100.00

100.00

RI2

98.10

98.10

BU5
RI1

RI3

RI4

RI5

RI6

MH1

MH2

MH3

MH4
MO1

MO2

MO3
BO1

96.00

99.26

100.00

100.00

100.00
92.19

95.89

91.75

98.83

100.00
85.12

99.12

99.91

100.00

Dragline-2
Constant

96.30

99.26

100.00

100.00

100.00
94.13

97.69

99.38

98.83

100.00
92.85

99.12

99.91

100.00

0.00

0.00

0.39

0.00

0.00

0.00

99.28

99.97

96.64

98.33

99.61

97.33

0.00

100.00

0.00

100.00

0.00

0.00

2.23

0.00

1.23

99.98

99.50

95.11

98.02

96.13

0.00

100.00

0.00

98.37

0.31

0.00

0.00

0.00

0.00

2.10

1.88

8.32

0.00

0.00

9.08

0.00

0.00

0.00

96.76

99.43

100.00

100.00

100.00
95.09

96.74

95.00

99.03

100.00
91.85

99.29

99.91

100.00

Ri,min
(%)
94.83

Calculated
Ri
(%)

Growth
(%)

Ri
(%)

Growth
(%)

96.24

1.49

97.06

2.35

0.13

100.00

100.00

0.08

96.31

97.22

0.01

1.31

0.12

0.64

0.00

0.00

96.27

99.47

99.98

93.26

95.76

100.00

97.21

99.47

99.98

94.94

97.05

100.00

0.01

100.00

100.00

0.46

100.00

100.00

0.79

100.00

100.00

0.00

3.12

2.22

0.00

0.17

0.28

0.00

0.00

0.00

93.46

99.35

95.30

96.89

98.97

99.01

99.54

97.43

89.73

95.72

99.35

95.93

96.91

98.97

99.01

99.54

97.43

93.27

3.15

100.00

100.00

0.20

98.13

98.13

0.89

3.54

0.00

7.91

0.17

0.00

0.00

96.43

99.72

100.00
93.61

95.38

100.00

100.00

Constant

99.63

99.90

100.00
96.08

97.91

100.00

100.00

0.00

100.00

0.94

97.63

0.98

0.00

0.00

1.80

1.35

0.00

97.62

99.47

99.98

96.51

97.42

100.00

0.00

100.00

0.00

100.00

0.00

100.00

2.42

0.00

0.66

0.02

0.00

0.00

0.00

0.00

3.95

96.58

99.35

97.24

97.88

98.97

99.01

99.54

98.12

95.38

0.00

100.00

0.00

98.46

3.32

0.18

0.00

2.64

2.65

0.00

0.00

97.68

99.72

100.00
96.63

97.27

100.00

100.00

0.00

1.40

0.00

1.37

0.00

3.48

1.73

0.00

0.00

3.34

0.00

0.00

2.04

1.02

0.00

0.00

0.00

0.00

0.71

6.30

0.00

1.30

0.00

0.34

0.00

3.23

1.98

0.00

0.00
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Comparison of the control methods of electrical drives with an
elastic coupling allowing to limit the torsional torque amplitude
Porównanie metod sterowania napędem elektrycznym
z połączeniem sprężystym pozwalające na ograniczenie
amplitudy momentu skrętnego*
The article presents some aspects of the speed control of a drive with an elastic coupling which allows to limit the torsional torque
amplitude. The limitation of the amplitude of this state variable increases the life of the mechanical couplings of a drive. In the
work three regulation systems: PI controller with additional couplings, a cascade control based on the FDC method and MPC
(model predictive control) are compared. The subsequent sections present the control system model and describe the discussed
control algorithms. Next comprehensive simulation and experimental research is discussed.
Keywords: drive with elastic coupling, torsional vibration attenuation.
W artykule przedstawiono zagadnienia związane ze sterowaniem prędkością napędu z połączeniem sprężystym, które pozwala na
ograniczenie amplitudy momentu skrętnego. Ograniczenie amplitudy tej zmiennej stanu wpływa na wydłużenie żywotności połączeń mechanicznych napędu. W pracy porównano trzy układy regulacji: regulator PI z dodatkowymi sprzężeniami, kaskadowy
regulator bazujący na metodzie FDC, oraz regulator predykcyjny MPC. W kolejnych rozdziałach przedstawiono model układu
regulacji, oraz opisano rozpatrywane algorytmy sterowania. Następnie przedstawiono wszechstronne badania symulacyjne i eksperymentalne.
Słowa kluczowe: napęd z połączeniem sprężystym, tłumienie drgań skrętnych.

1. Introduction
Modern power transmission systems are expected to show higher
dynamics while preserving high precision and reliability. Such requirements results in an increasingly higher use of the properties and
strength of construction materials. Therefore, in a growing number of
drives one can observe finite stiffness of couplings between a drive
and machinery. This problem was initially considered in the heavy
industry in various types of machines, such as: rolling mills [13], conveyor belts [10] or papermaking machines [20]. However, currently
this problem is investigated also in the research on drives for: robots
[4], throttling valves [21], wind generators [2] or modern servo drives
with magnetic clutches [12].
Various methods are used in the control of vehicle speed or the
location of drives with an elastic coupling, starting with simple ones
based on a PI controller tuned with account for coupling elasticity
[22], to the introduction of additional feedbacks from one to a few
state variables to such a controller, a detailed overview of such solutions can be found in [17]. Some other control systems use adaptive
control. Such methods as fuzzy sliding mode control and neural control [3,7], as well as vortex control [14] can be distinguished here, this
group of methods ensures good oscillation attenuation and it is additionally characterised by high resistance in the case of wrongly determined drive parameters. Another approach to adaptive is presented
in [8,18], here a superior system was used to retune controller setting,
it continuously reproduces the unknown and variable parameter. Yet
another, not so common, is the sliding mode control [9].
In the case drives with an elastic coupling, the major challenge
faced by the control system is the attenuation of the oscillation of
electro-mechanical state variables. However, another issue which ap-

pears in the discussed group of drives is the limitation of the torsional
torque amplitude in such a way that the lives of mechanical couplings
can be extended, which improves the reliability of the whole drive
system. However, the above described methods do not allow to introduce the restriction of the values of state variables (torsional torque)
in a simple way. The only restricted values is the set electromagnetic
torque (control signal). In such systems the only way to limit the amplitude of internal state variables is weakening the dynamics of the
whole system. Another approach which allows to introduce the value
restrictions of a selected state variable is using the cascade control
structure in which a separate, subordinate control loop is formed. Then
it is possible to restrict such state variable [16]. One of the methods
allowing to introduce the restrictions of the values of state variables
is predictive control. This method allows to introduce limitations as
early as the controller design stage [6, 15].
The goal of this work is a comparison of various methods of restricting the amplitude of selected state variables of a drive with an
elastic coupling and their influences on the dynamic properties of
a drive. The comparison will encompass three control systems: the
first one will use a classical PI controller with two additional feedbacks from selected state variables. The second investigated system
will be a predictive speed controller calculated using multiparametric
programming. The last, third, of the discussed solutions will be the
cascade control structure based on the Force Dynamic Control.

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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2. Drive model

3. Analysed control structures

A few models are used to describe a drive with an elastic coupling
(a two-mass model), however, in the synthesis of the control system
most frequently a model with an inertialess elastic coupling is used
[17] written in relative units:

d
1
ω1 = ( me − ms )
dt
T1

(1a)

d
1
ω2 = ( ms − mL )
dt
T2

(1b)

d
1
ms = (ω1 − ω2 )
dt
Tc

(1c)

Fig. 1. General control structure.

where: w1 ,w2 – speed of the drive and machinery, me, ms, mL – electromagnetic torque, torsional and loading, T1, T2– mechanical time
constant of the drive and machinery, Tc – elasticity time constant. The
above time constants can be determined on the basis of mechanical
parameters and base units:

T1 =

Mb
Ωb J1
Ω J
; T2 = b 2 ; Tc =
Mb
Mb
Ωb K c

(2)

where: J1, J2 – moments of inertia related to the drive and machinery,
Ωb – reference pulsation, Mb – reference electromagnetic torque, Kc
– elasticity constant.
Characteristic frequency parameters can be determined for the
model described with equations (1a-c):

1
T +T
fr =
Tc 1 2
2π
T1T2
f ar

1
=
2π

Tc
T2

One of the classical control structures is the PI controller with
two additional feedbacks (from the torsional torque and the speed
difference between the drive and the machinery) [17]. The proposed
controller structure is presented in Fig. 2. It ensures the random distribution of poles on the complex plane, which allows for the extensive
shaping of the closed system dynamics.
To determine the controller setting and the feedback coefficient,
it is necessary to compare the conductive transmittance of the system
with the reference transmittance [17]. The conductive transmittance
of the closed system takes the following form:
GR

s 3T1T2Tc + s 2T2 (GRTc (1 + k8 ))+ s (T1 + T2 (1 + k1 ))+ GR

(5)

where:
(3b)
GR =

KI
+ Kp
s

(6)

After the substitution of (6) to (5) a polynomial characteristic for
the discussed fourth order model is obtained.
According to the theory of modal control, to determine the controller settings and feedbacks, the obtained characteristic polynomial
must be compared with the reference polynomial of the same order:

( s 2 + 2sξoω0o + ω02o ) ( s 2 + 2sξoω0o + ω02o )

(4)

According to equation (4) the occurrence of the electromagnetic
reserve allowing to attenuate the torsional torque in the system, the
ratio of these torques must be at least equal to the ratio of the sum of
mechanical time constants and T1 and T2 of both machines to time
constant T2. The values of the parameters of the analysed system were
(T1=203ms, T2=203ms, Tc=1.2ms).

204

3.1. PI regulator with two additional feedbacks

(3a)

The value of the limitation of the torsional torque which can be
safely transferred through the elastic clutch results from the properties used for its production. The value is usually bigger than the value
resulting from the limitation:
T2
melim
T1 + T2

shaped by the subordinate control system. The delay of this loop can
be approximated using the first order inertia element with the time
constant of 1ms.
In this work the Luenberger observer was used as the observer of
state variables. The methodology of its design can be found in [19].

G=

where: fr – resonance frequency of the mechanical system, far –
antiresonance frequency of the mechanical system.

mslim ≤

The drive structure is presented in Fig. 1.
The system is comprised of the discussed controller which sets
the specified value of the electromagnetic torque on the basis of the
estimated values of state variables. Next the value of this torque is

Fig. 2. Structure of the PI controller with two additional feedbacks.

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

(7)

S cience and Technology
where: ξo – attenuation coefficient, ω0o – resonance pulsation.
The comparison of the coefficients of particular orders allows to obtain expressions describing the reinforcement of the automatic control
system:
1

k8 =

− 1 ; k1 =

ω02oT2TC
K I = ω04oT1T2TC

(

2

T1 4ξo − k8
T2 (1 + k8 )

)

; K P = 4ξoω03oT1T2TC

(13)

Finally, the control law can be written in a simplified form:

(

)

me = K1 msref − ms + K 2 g1 (ω1 − ω2 ) + K3ms + K 4 mL

(8)

(14)

Where:

The above dependencies allow to select reinforcement coefficients in the analysed control system.

3.2. Cascade control structure based on the FDC law
To enable the introduction of the limitations of state variables in
the classical control structure based on the linear control theory one
should use the cascade structure. In such a structure an internal control loop is made to take control of the state variable interesting for
the authors and the limitation is introduced to the set value of the
superior loop. In the case investigated in this work the limited variable
is the torsional torque. The controller synthesis was conducted using
the FDC law.
The control was directly determined using drive model equation
(1). The controlled variable must be differentiated so many times that
the following control value is obtained in the equation:
ms →

d
1
ms = (ω1 − ω2 )
dt
Tc

K 1 = ωrmsT1Tc ; K 2 = −2ξ msωrmsTcT1; K3 =

A controller was used in the speed control loop to make it possible
to control the machinery speed, its control law was derived analogically to the previous subsection:

d
1
ω2 = ( ms − mL )
dt
T2

Gref =


d
d2
1
11
1
ms = (ω1 − ω2 ) → 2 ms =  ( me − ms ) − ( ms − mL ) 
dt
Tc
Tc  T1
T2
dt

(9)

The next step is the extraction of the control signal from the previous equation:

T1 + T2
T
1
; K 4 = − 1 ; g1 =
T2
T2
Tc

msref =

ω2
ω

ref

=

1
d
Tz + 1
dt

T2
ωref − ω2 + mL
Tz

(

)

(15)

(16)

(17)

The regulator structure is presented in Fig. 3.

1
d2
1
1
1
me = 2 ms +
ms +
ms −
mL
TcT1
T
T
T
T
T
dt
c 1
c 2
cT2

(10)
Because in equation (10) there is the second
power of the differential operator, the adopted
reference model is the second order system:

Gref =

ms

msref

=

d

2

dt 2

ωr2
+ ωrmsξ ms

d
2
+ ωrms
dt

(11)
Fig. 3. Structure of the cascade regulator based on the FDC law.

After the determination of the second derivative of the controlled variable from equation (11) and substituting
it to equation (10), after ordering, the control law is obtained:

(

)

me = ωrTcT1 msref − ms + ( −2ξ msωrmsTcT1 )

 T 
 T 
d
ms + 1 + 1  ms +  − 1  mL
dt
T
2

 T2 

(12)
Where: ωrms – model resonance pulsation, ξms – attenuation coefficient. With the use of equation (1),it is possible to determine the controlled variable derivative:

3.3. Predictive controller with the state space model
The strategy of predictive control is the determination of
control sequences whose number depends on the control horizon minimising the set objective function over the prediction horizon of outputs. The values of the future actions of an object are determined on
the basis of the model. For this purpose the two-mass model (1) was
extended by three additional variables: load torque, reference speed
and the dynamics of torque enforcement loop. In the case of the first
two values, their dynamics is unknown.
d
mL = 0
dt

d ref
ω =0
dt
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system x(k) and the adopted length of the prediction horizon in the
algorithm. It should be emphasised here that an increase in the length
of the prediction period allows to obtain better dynamic properties of
the object, however, it also significantly influences the complexity of
the control algorithm (increases the required computational effort).
In practice, very frequently the constant value of the control signal is
assumed for the whole prediction horizon. This significantly reduces
the computational complexity of the whole algorithm. After the determination of the optimum value of the control signal at instant k, it
is transferred to the controlled object. The next computational instant
(k+1) the whole procedure is repeated with account for the current
values of the state vector of object x(k+1) (measured or estimated).
The described control strategy requires the use of fast microprocessor
systems and this is why it used in the case of objects with relatively
high time constants.
In the other method the problem of the optimisation of a given form
of objective function (23) is solved off-line for all combinations of
state vector xÎXf with the use of multiparametric programming [1, 11].
It allows to demonstrate that space Xf can be divided into the regions
in which the optimiser is expressed as an explicit function for the set
values of vector x. The control law can be treated one-piece continuous and expressed as follows:

Finally the drive state vector consists of six elements:
X c = ω1 ω2


mL ω ref 


ms

T

(19)

The model described by equation (1) taking into account (18) and
the defined state vector (19) is presented in equation (20). Next the
above model was discreticised with sampling time Ts using the Euler
method.
−1


0
0 0
0
T1
  ω1
 ω1  
1 −1  
ω  
0
0   ω2
 2  0
T2 T2
d 
⋅ m
ms  = 
  s
  1 −1
dt 
m
0
0
0
  mL
 L  
  ref
 ref   Tc Tc
ω  
ω

0
0
0
0 0 


Xc
0
0
0 0 
 0




1
    ω1
  T1   ω
 0  2
 +   ⋅  ms
 0 
    mL
  0   ref
  0  ω






 (20)




Bc

Ac

U ( x) = K r x + g r ,

where: ω1 – drive speed, ω1 – machinery speed, ωref – set speed, ms –
torsional torque, mL – load torque.

{

(22)

y2 = ω2 − ω ref
y3 = ms − mL

The first and the second outputs are responsible for the minimisation
of the difference between the speed of the drive and the load, and the
set speed. The third output is responsible for the minimisation of the
difference between the torsional torque an the load. In summary, the
determination of controls can be described by the following dependencies:
min

u1 ,u2 ,,u Nc

N

∑
−1

k =0

( q ( y ( k )) + q ( y ( k )) + q ( y ( k )) ) + ∑ r ( m ( j ))
1

1

2

2

2

2

3

3

2

Nc −1
j =1

e

r = 1,...N r

(25)

The design algorithms of polyhedral sets and the control law computations are described in detail in [20, 21]. In the simplest case the
control law can be calculated by searching all regions one after another until the active one is found and subsequent implementation of
the control law in accordance with (23). It should be noted that in the
primary sources it is possible to find more effective algorithms of the
generation of the control law current value. The substitution of the online optimisation with its off-line version allows to put to practice predictive control in systems with small time constants, such as electrical
drives. The direct comparison of these solutions is presented in [5].

In the case of two-mass drives, the minimised outputs are:

y1 = ω1 − ω ref

}

Pr = x ∈ ℜ n | H r x ≤ d r ,

(21)

−1.5 ≤ ms ≤ 1.5

(24)

where Pr are polyhedral sets defined as:

For the purpose of preventing the drive from damage, the limitation of the electromagnetic and torsional torque was introduced:
−3 ≤ me ≤ 3

∀x ∈ Pr

4. Simulation research
This section presents the selected comparative results showing the
operation of the investigated control structures. The research was conducted in the Matlab/Simulink environment. Controller parameters
were selected in such a way that they ensured approximate dynamic
properties (setting time and resetting). Controller parameters with the
so selected criteria are presented in Table1.
The drive operated in the following cycle: first it was started and
reached the set speed, next at time t=0.5s the rated load torque was
applied. First of all the operation of the PI controller with additional
feedbacks was investigated. For the purpose of these considerations
three values of the set speed were adopted: 0.25, the rated value and
the value when the ramp of set speed changes was used. The obtained
results are presented in Fig. 4.
In the case of drive operation with the PI controller, in the low
set speed zone the controller managed to efficiently attenuate the me-

2

me ≤ 3
ms ≤ 1.5
(23)

where: q1 … q4 – weights differentiating the influence of particular
outputs on the control value, r – weight influencing control attenuation, N – output prediction horizon, Nc –
control prediction horizon, me– electromag- Table 1. Parameters of the investigated control structures
netic torque.
The predictive control algorithm can
be implemented in two ways. The traditional way encompasses solving the on-line
optimisation problem for a given state of
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Parameters

PI

ωr=90rad/s; ζ=0.95

FDC- ms

FDC

ωrms=180rad/s; ζms=0.7

FDC-ω2

Tz=0.035s
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MPC

q1=50; q2=1; q3=65;
r=1e-3; N=10; Nc=2
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Fig. 4. Transients in the system with the PI controller for three set values: 0.25 (a,b,c), rated value
(d,e,f) and speed changes after leaving a ramp (g,h,i), where a),d),g) electromagnetic torque,
b),e),h) speed transients, c),f),i) torsional torque transients

Fig. 5. Transients in the system with the FDC controller for two set values: 0.25 (a,b,c) rated value
(d,e,f), where a),d),g) electromagnetic torque, b),e),h) speed transients, c),f),i) torsional torque
transients

chanical oscillations of state variables. However, at
the set rated speed when the controller reaches the
electromagnetic torque limitation, the oscillation
attenuation properties deteriorate and the values of
torsional torque limitations are violently exceeded
(Fig. 4.f). One of the ways of solving this problem is
the use of a ramp after which there is a change of the
set speed (Fig. 4.h). In this case after the appropriate
selection of the ramp slope, it is possible to limit
the amplitude of the torsional torque. However, it
should be noted that this approach deteriorates the
drive dynamics.
Next the power transmission system with the
FDC cascade controller structure was tested. The
obtained results are presented in Fig. 5. It can be
observed that the set speed is reached in both cases
without exceeding the limitation of the torsional
torque with simultaneous complete attenuation of
torsional vibration. In the case of the investigated
structure there was no necessity to introduce additional ramps along the set speed path.
The last of the tested systems was the predictive
controller. The transients of selected state variables
are presented in Fig. 6. It can be observed that the
predictive controller allows for the quick reaction
of speed with simultaneous torsional vibration attenuation and the limitation of the torsional torque
amplitude.
Because the figures presented above do not
clearly show the influence of the applied load
torque, Fig. 7 shows the comparison of state variable transients when the load is applied.
The presented transients allow to observe that
the FDC controller ensures the smallest deviation in
the load speed control (Fig. 7d), which results from
the introduction of the estimated load value at the
torque control node. The predictive controller ensures very similar properties regardless of the lack
of the torsional torque controller. In the group of the
compared structures the PI controller has the weakest dynamic properties although it is tuned to the
resonance frequency of 90 rad/s.
To compare the operation of the investigated
structures, they underwent comparative research using the ITAE criterion.
J=

t1

∫

)

(

t ⋅ ω ref − ω2 dt +

=0
t

ITAE (ω2 )

t2

∫

t =t1

(t ⋅ ω

ref

)

− ω2 dt


ITAE (ml )

(26)
Fig. 6. Transients in the system with the MPC controller for two set values: 0.25 (a,b,c) and rated
value (d,e,f), where a),d),g) electromagnetic torque, b),e),h) speed transients, c),f),i) torsional
torque transients
Table 2. Values of ITAE quality criterion of the tested control systems (values x10-3)

PI

FDC

MPC

Nom.

2Tc n

0.12

0.19

0.17

0.10

0.91

0.28

ωref=0.25

ωref =1

0.5Tc n

2T2 n

0.5T2 n

Nom.

2Tc n

0.5Tc n

2T2 n

0.5T2 n

0.38

0.43

0.042

2.16

2.64

3.09

8.17

1.08

0.13

0.08

5.13

0.26

0.058

0.075

8.82

2.10

7.53

2.80

7.41

3.30

14.9

7.55

2.90

1.13

The tests were conducted for 0.25 of the rated
value and nominal speed. Additionally it was tested this value is influenced by the change of drive
mechanical parameters (Tc and T2). The results obtained for selected values are presented in Table 2.
To improve the readability of the values presented
in the table, the indicator values is multiplied by
10-3. Fig. 8 presents the value changes of indicator J
as a function of parameter change.
The presented results show that when the mechanical parameters of the drive are changed, the
predictive controller preserves the best properties.
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5. Experimental research
The experimental research was conducted
at an experimental set-up made of 500W DC
motors connected with a long shaft. The driving
motor was fed by a power converter operating
in the H-bridge configuration. The bridge was
controlled by a hardware pulse-width modulator, carrier frequency 10 kHz. The speed of the
driving motor was measured with an incremental encoder, resolution 36000 pulses per revolution. The current was measured with a halotronic converter made by LEM. The algorithm was
implemented on the DS1103 card with a signal
Fig. 7. Comparison of the impact of the described structures on the application of load torque: a) electro- processor. To ensure the optimum operation of
the whole control structure, the control circuit
magnetic torque, b) torsional torque, c) drive speed, d) load speed
of the electromagnetic torque, working with the
PI controller, was calculated with a frequency
of 10kHz. The discussed controllers and observer worked at a step size of 1ms. Fig. 9 presents
the view of the described experimental set-up.
During the research the driving motor was
cyclically started using the investigated control
structures. In these considerations the PI controller with a ramp as well as the MPC and FDC
controllers were adopted. The obtained results
are presented in Fig. 10.
The emphasise time differences in speed
determination, the results presentation time was
reduced to 0.5 s. It can be seen that reply was
provided by the predictive controller which can
also effectively limit the amplitude of the torsional torque (Fig.10c,d). In the case of the PI
controller, the increasing speed determination
time can be clearly observed (Fig. 10a,b).
Fig. 8. Influence of mechanical parameters T2 (a,c) and Tc (b,d) on the value of the ITAE indicator at: a)
In the case of a start-up with the FDC conb), set rated value, c),d) 0.25 speed
troller, some problems with the efficient estimation of the torsional torque occurred in the
physical system, which resulted in the necessity to limit
the resonance frequency set up in the internal controller of
torsional torque to the value ωrms=140 rad/s. This tuning
allowed the system to operate correctly, however, a significant level of noise could be observed in torsional torque
transients (Fig. 10.e).
Fig. 11 presents transients obtained in the system with the
PI controller with the use of a ramp.
It can be observed that big amplitudes of torsional
torque and speed oscillations occur in the system.

6.

Summary

The article presents a comparison of three drive control
structures with an elastic coupling taking into account the
possibility of limiting the torsional torque. It also includes
the abridged methodology of the design of the discussed
Fig. 9 Experimental set-up

In the case of the FDC controller, the results are similar, however,
when the parameters are incorrectly identified state variables oscillations appear in the system. The transients presented in Fig. 8 show
that the dynamic properties of the PI regulator are the weakest in the
whole range of parameter change. In the case of FDC it can be observed that it has better dynamic properties than the predictive controller for values smaller than the rated one (Fig. 8b,c).
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Fig. 10. Experimental transients of state variables for the regulator: PI (a,b), MPC
(c,d), FDC (e,f), where a),c),e) torque transients, b),d),f) speed transients
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structures as well as the simulation experimental results. The presented considerations lead to the following results:
–– used methods allow to efficiently attenuate torsional vibration.
–– application of advanced control structures allow
to efficiently limit the torsional torque amplitude
and, hence, increase the life of clutches and shafts.
–– in the case of the cascade FDC structure, problems with the estimation speed of torsional torque
occurred which was reflected in the quality of operation.

Fig. 11. Transients in the system with the PI controller without a ramp: a) torques, b) speeds
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An investigation of a detection method for a subsurface crack in
the outer race of a cylindrical roller bearing
Badania metody wykrywania pęknięć podpowierzchniowych
w zewnętrznej bieżni łożyska walcowego
As one of major failure modes of roller bearings due to periodic contact forces and external impulse loads, subsurface cracks
caused by fatigues may produce catastrophic failures of rotating machines. Investigations of subsurface crack detection methods
for roller bearings are very useful for maintenance purposes of these machines. In this study, a new detection method based on
the curvature and power spectral density (PSD) of displacements is presented to detect a subsurface crack in the outer race of a
cylindrical roller bearing. A dynamic finite element model of the cylindrical roller bearing with a subsurface crack in its outer race
is developed using an explicit dynamics finite element software package to obtain the time-domain displacements. Differences of
the curvature and PSD of displacements of the bearing without and with the subsurface crack are investigated, which are used to
detect the location of the subsurface crack with different sizes in the outer race of the bearing. The results show that differences of
the curvature and PSD of displacements from the measurement points on the outer race of the cylindrical roller bearing without
and with the subsurface crack can be used to detect the location of the crack.
Keywords: detection method, subsurface crack, cylindrical roller bearing, power spectral density (PSD), curvature.
Zmęczeniowe pęknięcia podpowierzchniowe, stanowiące jedną z głównych przyczyn uszkodzeń łożysk tocznych powodowanych
okresowym działaniem sił kontaktowych i zewnętrznych obciążeń impulsowych, mogą prowadzić do katastrofalnych awarii maszyn wirnikowych. Badania metod wykrywania podpowierzchniowych pęknięć łożysk tocznych mają niezwykle istotne znaczenie
dla obsługi serwisowej tych urządzeń. W prezentowanym badaniu, zaproponowano nową metodę detekcji podpowierzchniowych
pęknięć w zewnętrznej bieżni łożyska walcowego. Metoda ta opiera się na pomiarze krzywizny oraz gęstości widmowej mocy
(PSD) przemieszczeń. Opracowano dynamiczny model łożyska walcowego, w którego zewnętrznej bieżni powstało pęknięcie podpowierzchniowe . Model stworzono przy użyciu pakietu oprogramowania do analizy zjawisk szybkozmiennych metodą elementów
skończonych w celu określenia przemieszczeń w dziedzinie czasu. Badano różnice krzywizny i PSD przemieszczeń dla łożyska,
w którym powstało pęknięcie podpowierzchniowe w bieżni zewnętrznej łożyska oraz łożyska bez takiego pęknięcia. Różnice te
wykorzystano do lokalizacji pęknięć podpowierzchniowych różnych rozmiarów. Wyniki pokazują, że różnice krzywizny i PSD przemieszczeń względem punktów pomiarowych na bieżni zewnętrznej między łożyskami walcowymi, z których jedno charakteryzujące
się pęknięciem w warstwie podpowierzchniowej, a drugie nie, mogą być wykorzystywane do wykrywania położenia pęknięcia.
Słowa kluczowe: metoda wykrywania podpowierzchniowych pęknięć, łożysko walcowe, widmowa gęstość mocy
(PSD), krzywizna.

1. Introduction
Roller bearings are one of key components in various rotating
machines. As one of major failure modes of the roller bearings due to
periodic contact forces and external impulse loads, subsurface cracks
in the bearings can significantly affect their dynamic performances
[18,29], and produce catastrophic failures in these machines. Detecting the subsurface cracks in the races of the bearings at an early stage
enables timely maintenance works to extend the lifetime of the machine system. One of current detection methods is vibration-based
damage detection based on changes in dynamic characteristics [6,13].
Therefore, it is helpful to investigate the subsurface crack detection
method for early failure detection and diagnosis for maintenance purposes.
Many crack detection methods for rolling element bearings have
been numerically and experimentally studied [21, 22, 29]. For instance, Yoshioka and Fujiwara [32] and Yoshioka [33] used the acous-

tic emission and vibration methods to detect the propagation initiation
and propagation time of rolling contact fatigue cracks. They denoted
that the subsurface cracks can be detected by the acoustic emission
method. Mano et al. [25] investigated the relationship between the
growth of rolling contact fatigue cracks and load distribution on the
inner race of a radial rolling bearing using a new acoustic emission
source location method. They represented that the fatigue crack at the
early stage would occur in a narrow area. Choudhury and Tandon [7]
studied changes in the acoustic emission signal for defects with different sizes on the inner race and a roller of a cylindrical roller bearing.
They denoted that the ringdown counts of the acoustic emission signal
can be used to detect the defect in bearing raceways. Price et al. [27]
and Schwach and Guo [31] also used the acoustic emission method
to detect a subsurface crack caused by rolling contact fatigue. They
also indicated that the acoustic emission method can be used to detect
the subsurface crack in the bearing. Elforjani and Mba [12] used a
range of time and frequency domain analysis techniques to detect a
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subsurface initiation and subsequent crack propagation. They demonstrated that the subsurface crack initiation and propagation can be
detected by a time and frequency domain acoustic emission analysis.
Eftekharnejad et al. [11] compared the applicability of the acoustic
emission and vibration methods in monitoring a naturally degraded
roller bearing. They described that the acoustic emission method was
more sensitive in diagnosing incipient faults than the vibration method. Zhang et al. [34] studied the rolling contact fatigue damage process of the sprayed coating using the acoustics emission and vibration
signals. Their results showed that the analysis of acoustic emission
frequency and waveform can be effective approaches for investigating the rolling contact fatigue failure process.
Kumar et al. [17] analyzed the subsurface crack initiation produced by rolling contact fatigue. They indicated that the subsurface
crack initiation and growth can be influenced by the plastic strains
and residual stresses. Liu and Choi [19] proposed a new method to
study the crack initiation life for rolling contact fatigue according to
the dislocation and crack propagation. Their results showed that the
fatigue life from their model was only 14% of that from the International Standard. Sawalhi and Randall [30] discussed the relationship
between the subsurface crack and the spalling on the races of a rolling
element bearing. They described a reasonable approximation of the
measured defect widths. Kocich et al. [16] used an acoustic emission
method to detect the subsurface crack initiation. Deng et al. [9] studied effects of subsurface cracks, distributing along the axial direction,
on the rolling contact fatigue failure in the races of a bearing. They denoted that the subsurface crack growth ratio can be significantly influenced by the distribution density and interval. Bomidi and Sadeghi [3]
and Moghaddam et al. [26] also investigated the subsurface crack
initiation and propagation due the rolling contact fatigue. They indicated that a larger inclusions have a higher change to be located at the
critical depth and produce damage. Most of the above research works
are focused on modeling the subsurface crack initiation and propagation and detection the subsurface crack using the acoustic emission
method. A few previous research works used vibration methods to
detect the subsurface crack in rolling element bearings. Therefore, it
is necessary to study the detection methods based on vibration signals
for the subsurface crack in rolling element bearings.
A new detection method based on the curvature and power spectral density (PSD) of displacements from the measurement points
on the outer race of a cylindrical roller bearing is proposed to detect
the location of a subsurface crack in the outer race of the bearing in
this study. The curvature method can easily detect the kinds in the
structure displacements. The PSD method can give clearly understanding how a signal strength is distributed in its frequency domain.
The curvature method [24, 28] and PSD method [1, 8, 10] have been
widely used to detect cracks and localized defects in beam structures
and bearings. Therefore, in proposed detection method, the curvature
and PSD of displacements are used. In the practical experiments, the
displacements on the outer race of the bearing can be measured by a
3D Doppler laser vibrometers such as a Polytec PSV-500 scanning
laser vibrometer. In this study, a dynamic finite element model of the
cylindrical roller bearing with a subsurface crack in its outer race is
developed using an explicit dynamics finite element software package to obtain the time-domain displacements since the finite element
method has been widely used to formulate the cracks due to rolling
contact fatigue [2, 5, 15, 19]. Differences of the curvature and PSD
of displacements of the bearing without and with the subsurface crack
are investigated, which are used to detect the location of the subsurface crack with different sizes in the outer race of the bearing.

2. Description of the detection method
In order to detect a subsurface crack in the outer race of a cylindrical roller bearing, a new detection method based on the curvature and
PSD of displacements from the measurement points on the outer race
of the bearing is presented in this study. The measurement points on
the outer race of the bearing are shown in Fig. 1.

Fig. 1. (a) Measurement points on the outer race of a cylindrical roller bearing and (b) crack diagram

The radial displacement signal Rp from the measurement points
on the outer race of the bearing is defined as:
Rp = [r1, r2 ,, ri ,, rN ]

(1)

in which ri is the radial displacement of the ith measurement point
on the outer race of the bearing at time t, where i is from 1 to N. The
radial displacement signal ri is calculated by:
ri =

1
xi2

+ yi2

(xi , yi )⋅ (dxi ,dyi )

(2)

in which xi and yi are the coordinates in the X- and Y-direction, respectively; dxi and dyi are the displacements in the X- and Y-direction,
respectively. The curvature of the radial displacement signal Rp is determined by:
f ′′ (ri ) =

f (ri +1 ) − 2 f (ri ) + f (ri −1 )
∆r 2

(3)

in which f (ri +1 ) , f (r ) , and f (ri −1 ) are the curvatures of the displacement signals of the outer race at (i+1)th, ith, and (i-1)th measurement points, respectively; and Δr is the distance between the chosen
measurement points used to calculate the curvature.
According to the calculation method for the PSD of a signal
in Ref. [4], the PSD of the radial displacement signal Rp can be
defined as:
S (ω ) =

( ∆t )2
T

N

∑

n =1

f ne − jω n

2

(4)

in which ω is the excitation frequency of the radial force F(t) applied
on the outer race of the bearing, which will be described in the next
section; T is the symbol time; n is the nth date in the radial displacement signal, where n is from 1 to N.
The difference ∆f between the curvature of the displacement
signals of the bearing without and with the subsurface crack is calculated by:
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∆f = f h′′ (r ) − f c′′(r )

(5)

in which f h′′ (r ) and f c′′(r ) is the curvature of the displacement signal
of the bearing without and with the subsurface crack on its outer race,
respectively.
The difference ∆S between the PSD of the displacement signals of
the bearing without and with the subsurface crack is calculated by:

∆S = Sh (ω ) − Sc (ω )

(6)

in which Sh(ω) and Sc(ω) is the PSD of the displacement signal of
the bearing without and with the subsurface crack on its outer race,
respectively.

3. Finite element model
In this study, a cylindrical roller bearing is analyzed and its parameters [23] are listed in Table 1. Geometries of the subsurface crack
with different sizes in the outer race of the bearing are plotted in
Fig. 2. The width (B) and length (L) of the crack case 1 are 0.3mm and
1.85mm, respectively. The width and length of the crack case 2 are
0.3mm and 3.65mm, respectively. The width and length of the crack
case 3 are 0.90mm and 8.1mm, respectively. The radial clearance of
the bearing is assumed to be 0.01mm. The depth (H) of the subsurface
Table 1. Dimensions of a cylindrical roller bearing.
Parameters

Value

Diameter of outer race (do, mm)

62.5

Diameter of inner race (di, mm)
Diameter of pitch (D, mm)

Diameter of roller (d, mm)

Effective contact length of roller (Ler, mm)
Number of rollers (Z)

40.5

crack is 0.3mm, which is the distance between the crack and the surface of the outer race of the bearing. The crack is introduced into the
finite element model by modelling a gap with the same sizes of the
crack in the outer race. Here, the crack width, length, and depth are
determined by the practical spalls in rolling element bearings used in
railways and mining. The clearance between the rollers and their corresponding cage slots is assumed to be 0.05mm.
An explicit dynamic finite element method is used to solve the
displacements of the bearing. This method was presented by using a
commercially available finite element software package [14]. The finite element model of the bearing is developed using two dimensional
shell elements. The two dimensional shell elements are considered
as plane strain elements, which have two degrees-of-freedom at each
node (translations along the X- and Y-directions) and can be applied
to simulate the roller bearing as a solid structure [23]. The finite element model of the bearing in this study has 32080 elements and 33694
nodes. The materials of the bearing structure, such as the inner race,
the outer race, the rollers, and the cage, are considered as isotropic
elastic materials. They are described using the material properties of
steel. A linear elastic material model is used to formulate the material
properties of the bearing components. The Young’s modulus of the
material is equal to 200GPa, the density of the material is 7850 kg/m3,
and the Poisson’s ratio of the material is 0.3. In addition, the displacements of the nodes on the inner surface of the inner race of the bearing
are fixed. Based on the description in Ref. [23], a dry frictional contact model is used for the contacts between the rollers and corresponding mating bearing components in the finite element model. A low
friction coefficient of 0.005 is applied for the contact interfaces within
the model according to the descriptions in Ref. [23]. A sinusoidal radial load is applied on the outer race of the bearing in the Y-direction
to excite its vibrations as shown in Fig. 3, which is determined by its
amplitude FA and frequency ω.

51.5
11

11.4
12

Fig. 3. Boundary conditions of the finite element model

4. Results and discussion
In this study, there are totally 332 measurement points from
points A to C on the outer race of the cylindrical roller bearing,
as shown in Fig. 3, which are evenly distributed along the circular surface of the outer race. The total simulation time is equal to
0.04s. The sample frequency of displacement signals from the
measurement points on the outer race of the bearing is 100K.
Effects of the amplitude and frequency of the radial load on the
time-domain displacement, the curvature and PSD of radial displacements from the measurement points at the same time tB are
investigated to detect the location of the subsurface crack in the
outer race of the bearing. Here, the time tB is that when the radial
displacement at point B reaches its maximum.
Fig. 2. Schematics of the subsurface crack with different sizes in the outer race of the
bearing: (a) normal; (b) crack case 1; (c) crack case 2; and (d) crack case 3
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4.1. Time-domain displacement signals
Figure 4 shows the effects of the amplitude and frequency of the
radial load on the time-domain displacement signals at point B in Ydirection from 0.015s to 0.03s. As shown in Fig. 4, the periods of
displacements are equal to those of the frequencies of the radial loads.
The amplitude of displacement increases with the amplitude of radial
load as shown in Fig. 4a. The frequency of radial load has slight effect
on the amplitude of radial load as shown in Fig. 4b. The results show
that it is difficult to detect the location of the subsurface crack in the
outer race of the bearing based on the time-domain displacement from
the measurement point on the outer race of the bearing.

4.2. Curvature of the displacements
4.2.1. Effect of the amplitude of the radial load
Figure 5 shows the effect of the amplitude of radial load on the
curvatures of displacements from the measurement points on the outer
a)

race of the bearing for the normal case, crack cases 1, 2, and 3. The
results in Fig. 5 show that it is difficult to detect the location of the
subsurface crack in the outer race of the bearing based on the curvature of displacements from the measurement points on the outer race
of the bearing. To overcome this problem, the difference of the curvature of displacements of the bearing without and with the subsurface
crack is calculated using the method in Eq. (5). Figure 6 shows the
effect of the amplitude of radial load on differences of the curvatures
of displacements of the bearing without and with the subsurface crack
for crack cases 1, 2, and 3. As shown in Fig. 6, a peak at the center location of the crack zone (the point number is 167) can be observed in
the difference of the curvature of displacements of the bearing without
and with the subsurface crack, whose amplitude increases with the
amplitude of the radial load. The results in Fig. 6 show that the differences of the curvatures of displacements of the bearing can be used
to detect the location of the subsurface crack in the outer race of the
bearing, and the curvature method can be more sensitive to detect the
subsurface crack when a larger radial load applied on the outer race
of the bearing.

b)

Fig. 4. Effects of the amplitude and frequency of the radial load on time-domain displacement signal from
point B on the outer race of the bearing: (a) effect of the amplitude, and (b) effect of the frequency

4.2.2. Effect of the frequency of the radial load
Figure 7 shows the effect of the frequency of
the radial load on the curvature of displacements
from the measurement points on the outer race of
the bearing for the normal case, crack cases 1, 2,
and 3. The results in Fig. 7 show that it is also difficult to detect the location of the subsurface crack
in the outer race of the bearing based on the curvature of displacements of the bearing. Figure 8
shows the effect of the frequency of the radial load
on difference of the curvatures of displacements of
the roller bearing without and with the subsurface
crack for crack cases 1, 2, and 3. As shown in Fig.
8, a peak at the center location of the crack zone

Fig. 5. Effect of the amplitude of the radial load on the curvatures of displacements from the measurement points on the outer race of the bearing for different crack
cases: (a) F=800N, and ω=400Hz; (b) F=4000N, and ω=400Hz; and (c) F=8000N, and ω=400Hz

Fig. 6. Effect of the amplitude of the radial load on differences of the curvature of displacements from the measurement points on the outer race of the bearing
without and with the subsurface crack for different crack cases: (a) crack case 1; (b) crack case 2; and (c) crack case 3
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Fig. 7. Effect of the frequency of the radial load on the curvature of displacements from the measurement points on the outer race of the bearing for different crack
cases: (a) F=800N, and ω=200Hz; (b) F=800N, and ω=400Hz; and (c) F=800N, and ω=600Hz.

Fig. 8. Effect of the frequency of the radial load on differences of the curvatures of displacements from the measurement points on the outer race of the bearing
without and with the subsurface crack for different crack cases: (a) crack case 1; (b) crack case 2; and (c) crack case 3

(the point number is also 167) can be observed in the difference of
the curvature of displacements of the bearing without and with the
subsurface crack too, whose amplitude increases with the amplitude
of the radial load. The amplitude of the peak for the 400Hz is larger
than those for the other two frequencies. The amplitude of the peak
for the 200Hz is larger than that for the 600Hz. The results in Fig. 8
also show that the difference of the curvature of displacements of the
bearing can be used to detect the location of the subsurface crack in
the outer race of the bearing.

4.3. PSD of the displacement
4.3.1. Effect of the amplitude of the radial load
Figure 9 shows the effect of the amplitude of the radial load on
the PSD of displacements from the measurement points on the outer
race of the bearing for the normal case, crack cases 1, 2, and 3. The
results in Fig. 9 show that it is difficult to detect the location of the
subsurface crack in the outer race of the bearing based on the PSD of

displacements of the bearing. To overcome this problem, the difference of the PSD of displacements of the bearing without and with the
subsurface crack is calculated using the method in Eq. (6). Figure 10
shows the effect of the amplitude of the radial load on differences of
the PSD of displacements of the bearing without and with the subsurface crack for crack cases 1, 2, and 3. As shown in Fig. 10, a peak at
the center location of the crack zone (the point number is also 167)
can be observed in the difference of the PSD of displacements of the
bearing without and with the subsurface crack, whose amplitude increases with the amplitude of the radial load. Moreover, as shown in
Fig. 10a, the PSD is not very sensitive for the subsurface crack with
a small size under a smaller radial load, which means a lager radial
load is needed to detect the subsurface crack with a small size using
the PSD method. The results in Fig. 10 show that the difference of
the PSD of displacements of the bearing can be used to detect the
location of the subsurface crack in the outer race of the bearing for a
larger radial load, and the PSD method has slight sensitive to detect
the subsurface crack when a smaller radial load applied on the outer
race of the bearing.

Fig. 8. Effect of the frequency of the radial load on differences of the curvatures of displacements from the measurement points on the outer race of the bearing
without and with the subsurface crack for different crack cases: (a) crack case 1; (b) crack case 2; and (c) crack case 3
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Fig. 9. Effect of the amplitude of the radial load on differences of the PSD of displacements from the measurement points on the outer race of the bearing without
and with the subsurface crack for different crack cases: (a) crack case 1; (b) crack case 2; and (c) crack case 3

Fig. 10. Effect of the amplitude of the radial load on differences of the PSD of the displacements from the measurement points on the outer race of the bearing
without and with the subsurface crack for different crack cases: (a) crack case 1; (b) crack case 2; and (c) crack case 3

Fig. 11. Effect of the frequency of the radial load on the PSD of displacements from the measurement points on the outer race of the bearing for different crack cases:
(a) F=800N, and ω=200Hz; (b) F=800N, and ω=400Hz; and (c) F=800N, and ω=600Hz

Fig. 12. Effect of the frequency of the radial load on differences of the PSD of displacements from the measurement points on the outer race of the bearing without
and with the subsurface crack for different crack cases: (a) crack case 1; (b) crack case 2; (c) crack case 3
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Fig. 12. Effect of the frequency of the radial load on differences of the PSD of displacements from the measurement points on the outer race of the bearing without
and with the subsurface crack for different crack cases: (d) enlarge view of (a); (e) enlarge view of (b); and (f) enlarge view of (c)

4.3.2. Effect of the frequency of the radial load
Figure 11 shows the effect of the frequency of the radial load on
the PSD of displacements from the measurement points on the outer
race of the bearing for the normal case, crack cases 1, 2, and 3. The
results in Fig. 11 show that it is also difficult to detect the location of
the subsurface crack in the outer race of the bearing based on the PSD
of displacements of the bearing. Figure 12 shows the effect of the
frequency of the radial load on the difference of the PSD of displacements of the bearing without and with the subsurface crack for crack
cases 1, 2, and 3. As shown in Fig. 12, a peak at the center location of
the crack zone (the point number is also 167) can be observed in the
difference of the PSD of displacement of the bearing without and with
the subsurface crack, whose amplitude increases with the frequency
of the radial load. The results in Fig. 12 show that the differences of
the PSD of displacements of the bearing can be used to detect the
location of the subsurface crack in the outer race of the bearing for a
larger radial load, and the PSD method is more sensitive to detect the
subsurface crack when a radial load with a higher frequency applied
on the outer race of the bearing.

5. Conclusions
A new detection method based on the curvature and PSD methods
is used to detect a subsurface crack in the outer race of a cylindrical
roller bearing. A dynamic finite element model of the bearing with
a subsurface crack in its outer race is developed to obtain the timedomain displacements. Differences of the curvature and PSD of dis-

Appendix A

placements of the bearing without and with the crack are investigated
to detect the location of the crack in the outer race of the bearing. The
following conclusions can be draw from this study:
1) It is difficult to detect a subsurface crack in outer race of a
cylindrical roller bearings based on the time-domain displacements of the outer race of the bearing.
2) A peak at the center location of the crack zone can be observed
in the difference of the curvature of the displacement of the
bearing without and with the subsurface crack, whose amplitude increases with the amplitude of the radial load applied
on the outer race of the bearing. The curvature method can
be used to detect the subsurface crack in the outer race of the
bearing.
3) Differences of curvature and PSD of displacements from the
measurement points on the outer race can be used to detect
the location of a subsurface crack in the outer race of the bearing. The curvature and PSD methods can be more sensitive
to detect the subsurface crack under a larger radial load. An
appropriate excitation frequency of the radial load will helpful for detecting the subsurface crack. The PSD method is not
very sensitive for the subsurface crack with a small size under
a smaller radial load. A lager radial load is needed to detect the
subsurface crack with a small size in the outer race of the bearing using the PSD method.
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Nomenclature
B Width of subsurface crack, mm
c Crack case
D Diameter of pitch, mm
d Diameter of roller, mm
di Diameter of inner race, mm
do Diameter of outer race, mm
dxi Displacement in X-direction, mm
dyi Displacement in Y-direction, mm
FA Amplitude of radial load, N
F(t) Radial load, N
f "(r) Curvature of radial displacement signal
h Normal case
i Measurement point number
L Length of subsurface crack, mm
Ler Effective contact length of roller, mm

N Number of measurement points
Rp Radial displacement signal, mm
r Radius of roller, mm
ri Radius of inner race, mm
ro Radius of outer race, mm
ri radial displacement of ith measurement point, mm
S(ω) PSD of radial displacement signal, dB
t Time, s
xi Coordinate in X-direction
yi Coordinate in Y-direction
Z Number of rollers
∆f Difference of curvature of displacements
∆S Difference of PSD of displacements, dB
ω Frequency of radial load, Hz
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The probabilistic analysis and optimal design of a
bevel gear transmission system with failure interaction
Probabilistyczna analiza i optymalne projektowanie
układu przekładni stożkowej
z uwzględnieniem interakcji między uszkodzeniami
The modelling of joint probability distributions of structural system with failure interaction and the reliability-based optimal design of system reliability under incomplete probability information remains a challenge that has not been studied extensively. This
article aims to investigate the impacts of copulas for modelling dependence structures between each failure mode of a bevel gear
transmission system under incomplete probability information. Firstly, a copula-based reliability method is proposed to evaluate
the system reliability of the bevel gear transmission system with established performance functions for different failure modes. The
joint probability of failure is estimated with selected copula functions based on the marginal distributions of each failure mode that
are approximated by moment-based saddlepoint technology. Secondly, a reliability sensitivity problem is formulated and the formulas for calculating the reliability sensitivity with respect to the distribution parameters of the random variables are presented.
Finally, the reliability-based robust optimal design problem is discussed and the optimal model is established. The robustness
of the system reliability is ensured by involving the reliability sensitivity into the reliability-based design optimization model. A
practical example of the bevel gear transmission system is given to verify the validity of the method. The proposed methods for
joint failure probability estimation and robust design optimization are illustrated in the example. The failure probabilities of the
system under different copulas can differ considerably. The Gaussian and Clayton copula produce the results that mostly close to
the Monte Carlo simulation results. The reliability sensitivity-based robust design is performed based on the Clayton copula-based
reliability model. The proposed method is based on the comparative analysis with selected copulas, the results obtained could be
supplied as a reference for the optimal design of the gear transmission system.
Keywords: copula; sensitivity analysis; system reliability; bevel gear; optimization.
Modelowanie wspólnych rozkładów prawdopodobieństwa układu konstrukcyjnego, w którym zachodzą interakcje między uszkodzeniami, oraz oparte na niezawodności optymalne projektowanie takiego układu przy niekompletnych danych na temat prawdopodobieństwa pozostaje wyzwaniem dla badaczy tej tematyki. Niniejszy artykuł ma na celu zbadanie możliwości wykorzystania
kopuł (funkcji powiązań) do modelowania struktury zależności pomiędzy poszczególnymi przyczynami uszkodzeń układu przekładni stożkowej w warunkach niepełnej informacji na temat prawdopodobieństwa. W pierwszej kolejności zaproponowano opartą
na funkcjach kopułach metodę oceny niezawodności układu przekładni stożkowej z ustalonymi funkcjami stanu granicznego dla
różnych przyczyn uszkodzeń. Wspólne prawdopodobieństwo uszkodzenia szacowano za pomocą wybranych kopuł w oparciu o
rozkłady brzegowe poszczególnych przyczyn uszkodzeń aproksymowane opartą na znajomości momentów statystycznych metodą
punktów siodłowych. Następnie sformułowano problem czułości niezawodności oraz przedstawiono wzory na obliczanie czułości
niezawodności w odniesieniu do parametrów rozkładu badanych zmiennych losowych. Wreszcie, omówiono zagadnienie opartego
na niezawodności optymalnego projektowania odpornego na działanie zakłóceń oraz opracowano odpowiedni optymalny model.
Odporność i niezawodność systemu zapewniono poprzez wprowadzenie do opartego na niezawodności modelu optymalizacji projektowania, parametru czułości niezawodności. Poprawność metody zweryfikowano na przykładzie układu przekładni stożkowej.
Proponowaną metodę wspólnej estymacji prawdopodobieństwa uszkodzenia oraz optymalizacji projektowania odpornego zilustrowano za pomocą przykładu Prawdopodobieństwo uszkodzenia systemu może się znacznie różnić w zależności od zastosowanej
kopuły. Kopuły Gaussa i Claytona dają wyniki najbardziej zbliżone do wyników symulacji Monte Carlo. Projektowanie odporne
oparte na czułości niezawodności wykonano na bazie modelu niezawodności opartego na kopule Claytona. Proponowana metoda
opiera się na analizie porównawczej z użyciem wybranych kopuł. Otrzymane wyniki mogą stanowić punkt odniesienia dla optymalnego projektowania układu przekładni zębatej.
Słowa kluczowe: kopuła; analiza czułości; niezawodność systemu; przekładnia stożkowa; optymalizacja.

1. Introduction
Generally, multiple failure modes may occur in a gear transmission system. Due to the common-source of the input random variables
of the system, such as the external loads, the geometric parameters
and the material properties, the existing failure modes would be cor-
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related to a certain extend [2, 13]. From another perspective, it means
that a failure may cause another failure occurs more rapidly, or just the
opposite. Actually, whether the dependence of different failure modes
is considered during the reliability design process may affect the system reliability estimation greatly. The commonly used independent
assumption between failure modes usually leads to defects in gear
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mechanism and the transmission accuracy accompanied with contheory are combined to evaluate the system reliability. In the next Secservative and even unacceptable reliability results while the failure
tion, the reliability-based optimal design model is established based
modes are highly dependent. Therefore, it is necessary to involve deon the reliability sensitivity. The robustness of the system reliability
pendence modelling throughout the design process to provide a more
is ensured by minimize the reliability sensitivity with respect to the
accurate reliability estimation for the gear transmission system with
highly dependent random variables. Summary and conclusions are
failure interaction, and to enhance the optimization for the design.
given in the final Section.
Then the question arises. How to model the correlation property
and to achieve a more accurate description of related patterns between
2. The reliability modeling of the bevel gear transmisfailure modes? In the existing methods, the Pearson correlation coefsion system
ficient is the most widely used method [15]. However, the method is
The schematic diagram of a bevel gear transmission is shown
just an approximation of the actual situation, which limits the use of
in Figure 1. As is shown in the figure, 1 and 2 refers to the pinion
occasions. When the limit state functions are nonlinear and the propand the gear, respectively. According to the theory of machines and
erties of the input random variables are unknown, that is common in
mechanisms, there are multiple failure modes exist when a bevel gear
the gear transmission system, the linear correlation coefficient cannot
transmission system fails. To investigate the reliability of each failure
reflect the true dependency structure. Thus, a more reasonable and
mode and the system reliability considering the failure interaction, the
valid modelling approach should be put forward to realize the dependence modelling and the measure of the degree of relationship between
failure modes in the gear transmission system. It is worth mentioning
that the copula theory has found widespread application for constructing joint probability distribution of multivariate data, particularly bivariate data [9, 14, 16]. Copulas are functions that join multivariate
distribution functions to their one-dimensional marginal distribution
functions with undetermined coefficients [18]. It means that the joint
modelling of distributions could be divided into two aspects, one is
the approximation of the marginal distributions and the other is the
connection of the marginal distributions with selected copulas. The
copula method has been proved as an effective mathematical tool and
greatly reduce the difficulty of joint probabilistic modelling. There are
many copula families in the literature such as the Gaussian, t, Clayton, Gumbel, Frank and Farlie-Gumble-Morgensterm (FGM) copulas
[23]. These copulas differ in the different dependence structures of
their own.
Fig. 1. The bevel gear transmission system
Many literatures have investigated the copulas in terms of multivariate modelling in the fields such as statistics [24], hydrology [25],
engineering [12], and etc. However, the copula method has not yet
reliability model for different failure modes of the gear transmission
received enough attention in the field of mechanical design, especially
system is firstly defined.
when it comes to the design of the mechanical components involve
dependent failure modes. As an important transmission device, the
2.1. Reliability model based on the tooth contact strength
bevel gear transmission system contains a variety of failure modes.
The contact stress of the bevel gears can be calculated with equaAlthough research literatures on bevel gear pair addressing design option (1):
timization and reliability can be found [3, 19, 21], there is still a need
for more in-depth research on the joint failure modelling of the bevel
gear transmission system.
The dependency structure between different failure modes may be
Fmt uv + 1
a positive correlation, negative correlation and etc. In order to effecσ H = Z M − B Z H Z E Z LS Z β Z K
K A KV K H β K H α (1)
d
uv
v1lbm
tively describe the potential dependency structure, the selected copulas are comparative analysed with the purpose to put forward a system
reliability method for the bevel gear transmission system with failure
The contact fatigue strength of the bevel gears can be calculated
interaction. The third-moment saddlepoint approximation technique
with equation (2):
are adopted so as to guarantee the system reliability estimation results
and meet the needs of the engineering calculation [10]. The system
σ H′ lim = σ H lim Z NT Z X Z L Z R ZV ZW
(2)
reliability of the gear transmission system is estimated with the bound
reliability theory based on the dependence model with different copulas. The work done in this paper aims to investigate the impacts of copThe limit state function is thus modeled as:
ula selection on the reliability of the bevel gear transmission system
under incomplete probability information and failure interaction. This
(3)
g1 ( X1 ) = σ H′ lim − σ H
article is organized as follows. In Section 2, the performance functions of the bevel gear transmission system are established based on
the tooth contact strength and the tooth bending strength. The system
where X 1 is the vector of the basic random variable and:
reliability estimation method based on the saddlepoint technology and
the copula functions is proposed in Section 3. The moment-based saddlepoint approximation is used to
T
obtain the marginal probabilistic
X1 = [ Z M − B , Z H , Z E , Z LS , Z β , Z K , Fmt , d v1 , lbm , K A , KV , K H β , K H α , σ H lim , Z NT , Z X , Z L , Z R , ZV , ZW ]
distributions. The narrow bounds
reliability method and the copula
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2.2. Reliability model based on the tooth bending strength
The bending stress of the bevel gears can be calculated with equation (4):

σ F = YFaYsaYeYK YLS

Fmt
K A KV K F β K Fα
bmmn

(4)

The bending fatigue strength of the bevel gears can be calculated
with equation (5):

σ F′ lim = σ F limYST YNT Yδ relT YRrelT YX

(5)

The limit state function of the pinion could be modeled as:

g 2 ( X 2 ) = σ F′ lim − σ F

the determination of the marginal distribution of each failure mode
has to be made.
In this paper, the saddlepoint approximation (SPA) is designed
to calculate the CDF and PDF of the performance function Y=g (X)
of each failure mode. The most fundamental SPA was proposed
by Daniels [5]. The improvements and applications of the method
can be found in [7, 8, 11]. The classcal saddlepoint approximation
method is established with the most frequently used formulas that
is expressed as:
 1 1
(8)
FY ( y ) = P (Y ≤ y ) = Φ ( w ) + ϕ ( w )  − 
w v
Equation (8) is an exact approximation of the CDF of limit state
function Y. Symbol Φ (⋅) and ϕ ( ⋅) represents the CDF and PDF of a
standard normal distribution function. Symbol w and v is expressed as:

(6)

{

}

w = sign ( ts ) 2 ts y − KY ( ts ) 

0.5

(9)

where:

X 2 =[YFa1 , Ysa1 , Ye , YK , YLS , Fmt , b, mmn , K A , KV , K F β , K Fα ,σ F 1lim , YST , YNT , Yδ relT 1 , YRrelT 1 , YX 1 ]T
.

0.5

v = ts  KY′′ ( ts ) 
Similarly, the limit state function of the gear could be modeled as:

g3 ( X 3 ) = σ F′ lim − σ F

(7)

(10)

where sign is the sign function with sign(ts)= 1, -1, or 0 corresponding
to the cases ts> 0, ts < 0, or ts = 0, respectively.

This method requires an explicit cumulant generating function
(CGF) which is not always exist for all distribution type. In situations
where:
that the CGFs do not exist, the SPA would be unable to use. To overcome such a disadvantage, a moment
based saddlepoint approximation
T
X 3 =[YFa 2 , Ysa 2 , Ye , YK , YLS , Fmt , b, mmn , K A , KV , K F β , K Fα ,σ F 2 lim , YST , YNT , Yδ relT 2 , YRrelT 2 , YX 2 ] method is proposed which requires
only the first three moment information of the performance function [10]. The failure probability of a failAs described above, three failure modes are defined here. As can
ure mode with the limit-state function Y=G(X) can be represented as:
be seen from the vectors of random variables X1, X2, and X3, some
common random variables are shared in different failure. Thus, it is

1  q 
Pf = P (Y ≤ 0 ) = P (Ys ≤ − β 2 ) = Φ  r + ln    (11)
necessary to establish the joint probabilistic distribution between each
r  r 

failure modes.

3. Joint probabilistic modelling of correlated failure
modes with copula function
The word “copula” was first employed in a mathematical or statistical sense by Abe Sklar in the theorem describing the functions that
“join together” one-dimensional distribution functions to form multivariate distribution functions [18]. It means that a joint probabilistic
distribution can be modelled with a certain copula when the marginal
probability distribution is determined. In this work, the marginal probability distribution is approximated with the saddlepoint technology
using the statistical moment information. Selected copula functions
are used to describe the dependence structure and the system reliability of the bevel gear transmission system is comparatively studied.

3.1. Marginal probability of failure estimation by saddlepoint
approximation
As stated above, multiple failure modes may occur in the bevel
gear transmission system, which are involved in the reliability analysis with the consideration of correlation among them. Thus, the joint
cumulative distribution function (CDF) or the joint probability density
function (PDF) of these correlated failure modes has to be established
in order to properly evaluate the system reliability. Based on the Sklar
theory, the join CDF and the joint PDF is modelled as the combination
of a copula function and marginal distributions. Thus, as the first step,
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in which:
Ys = (Y − µG ) σ G , β 2 =

{

}

r = sign ( tˆs ) 2 tˆs ( − β 2 ) − KYs ( tˆs ) 

µG
,
σG

12

12

q = ts  KYs′′ ( tˆs )  ,

2
 2
2  γ
 
 − tˆs − 2 ln 1 − G ts   , (γ G ≠ 0 )

2  
γ G 
KYs (tˆs ) =  γ G

2
 0.5tˆs , (γ G = 0 )
1
KYs′′ (tˆs ) =
2
(1 − 0.5γ G tˆs )

where KYs is the cumulant generating function (CGF) of the stand3
ardized variable Ys, γ G = γ G′ σ G is the skewness coefficient and the
single saddlepoint is provided as tˆs = 2 β 2 (γ G β 2 − 2 ) .
The moment-based saddlepoint approximation provides an efficient and accurate result of the marginal failure probability. The method uses the first three moments of the performance function of the
failure modes, different to the first order reliability method (FORM)
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and the fourth moment method, which is applicable in the engineering field commonly with incomplete probability information and not
compromise on accuracy.

3.2. System probability of failure estimation with copulas
and narrow bounds
Recent advances in mathematics show that the copula-based techniques [17, 20] could be provided as an efficient mathematical tool for
the multivariate analysis problem. A copula is a multivariate distribution function of a random vector with uniform marginal distributions
in (0,1), which decouples the marginal CDFs and the joint CDF. As
thoroughly explained below, we shall use copulas to provide a twodimension dependence characteristics for different failure modes.
Generally, let Fi(Gi(X)) and Fj(Gj(X)) denote the marginal distribution functions of the failure modes Gi(X) and Gj(X), respectively. Then,
the joint distribution function of the two failure modes, Fij(Gi, Gj), can
be expressed as equation (12) according to the Sklar theory [22]:

Fij ( Gi , G j ) = C  Fi ( Gi ( x ) ) , Fj ( G j ( x ) )

The underlying marginal distributions could be arbitrary and approximated with the moment-based saddlepoint technique. The PDFs
of these copulas are plotted in Figure 2, which illustrates the basic
property of each copula function. It should be noted that the selected
copulas only describe the dependence characteristics of pair variables,
which is independent with the marginal distributions of failure modes.
Although some high-dimensional copula functions are available, the
undetermined parameters in high-dimension copulas are difficult to
obtain [1].

(12)

where C(u,v) is the copula function.
According to the copula theory, any joint CDF or PDF can be
modelled by a certain copula function with an unknown parameter to
be estimated. However, the dependence characteristics between different failure modes would be differ considerably, which means that
a specific copula function has to be carefully selected to describe the
dependence exactly. Thus, it is necessary to compare the dependence
characteristics underlying different copulas and a well-defined copula
has to be chosen for each pair of failure modes. On the other hand,
how to choose a suitable family of copulas is still an open problem
in Statistics, and no clear procedures are available yet. However, our
main goal here is to provide a procedure in order to model the dependence between the potential failure modes of the bevel gear transmission system. Thus, several well-known copulas are chosen herein to
describe a wide range of dependence, including Gaussian, Clayton,
Gumbel, and Frank copula, as displayed in Table 1. The Gaussian
copula belongs to the Elliptical copulas family and is a link between
a multivariate normal distribution and marginal distributions. The difference between the Gaussian copula and the well-known joint normal
CDF is that the former allows non-normal and different marginal distributions while the latter does not. The selected copulas can describe
both positive and negative dependence characteristics and the correlation coefficient to be estimated is limited within the range [-1,1].
Table 1. Summary of the adopted bivariate copula functions
Copula

Gaussian
Clayton

Gumbel
Frank

Copula function, C ( u , v;θ )

Range of

Φ 2 ( Φ −1 (u ), Φ −1 (v); θ )

CCl ( u , v;θ ) = ( u

−θ

+v

−θ

− 1)

1  (e
CF ( u , v;θ ) = − ln 1 +
θ 


−θ u

[-1,1]

( 0, ∞ )

−1 θ

1
1 θ
 

CG ( u , v;θ ) = exp  − ( − ln u )θ + ( − ln v )θ 
 



θ





− 1) ( e −θ v − 1) 


e −θ − 1


( 0,1]

( −∞, +∞ ) \ {0}

*u, v are the random variables of marginal distribution, θ is the copula parameter.

Fig. 2. The probability density distribution of adopted bivariate copulas

For each failure mode pair, the two-dimensional system failure
probability could be expressed as equation (13):

Pfpair = Pf G1 ( x ) ≤ 0  G2 ( x ) ≤ 0 
= Pf G1 ( x ) ≤ 0  + Pf G1 ( x ) ≤ 0  − Pf G1 ( x ) ≤ 0  G2 ( x ) ≤ 0 
= Pf 1 + Pf 2 − C ( Pf 1 , Pf 2 )

(13)

in which the probability C(Pf1, Pf2) is estimated under different
copulas.
System reliability bounds theory such as Cornell bounds [4] and
Ditlevsen bounds [6] are commonly used to estimate system reliability. The Ditlevsen bounds, which is also known as the narrow reliability bounds, produce a narrower estimate of the system probability of failure by evaluating the joint failure probabilities of
each pair of failure modes. For a series system with m failure
modes, the narrow bounds for system reliability estimation is
given by:
m
m
i −1
m


Pf 1 + ∑ max  Pfi − ∑ Pfij , 0  ≤ Pfs ≤ ∑ Pfi − ∑ max ( Pfij )
i=2
i=2
j =1
i =1



(14)
where Pfi is the failure probability of the i-th failure mode, Pfij
is the joint failure probabilities of each pair of failure modes
that is evaluated with copulas. In this work, the narrow reliability bounds method is adopted to realize the system reliability estimation.
The bivariate copula functions shown in Table 1 are
adopted in this work and will be comparatively analyzed.
Since that the dependence structure and the degree of cor-
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relation between failure modes are previously unknown, the undetermined coefficient θ in each copula function is estimated using statistical approach. To facilitate the understanding of the procedure for
system reliability calculation under different copulas, Figure 3 shows
the flowchart of implementation for system reliability analysis. This
procedure mainly includes three steps. Details of each step are summarized as follows:
(1) Draw n random samples of the basic random variables vector
X1, X2, and X3 of the bevel gear system that previously defined. These
samples are then used to evaluate the performance functions and the
samples of the responses (u) can be obtained. The kendall’s tau, which
is the index for correlation and used to estimate copula parameters,
is calculated using MATLAB: corr(ui, uj,’type’,’kendall’). The joint
probability of failure (Pfij) for each pair of failure modes can be calculated under different copulas with obtained correlation coefficient.
(2) Marginal probability of failure (Pfi) of each failure mode is estimated with the moment-based saddlepoint approximation. The high
order moments of the performance function are estimated using the
perturbation method, which is shown in Appendix. It should be noted
that the accuracy of the adopted approximation depends on that of
moments obtained.
(3) Based on the obtained marginal probability of failure Pfi and
joint probability of failure Pfij , the system probability of failure Pfsys
could be calculated using narrow bounds formula. The system probability of failure Pfsys under selected copulas are comparatively studied.

ability sensitivity, which means that system reliability of the bevel
gear transmission system would be stable despite the volatility of the
random variables.

4.1. Reliability-based sensitivity analysis
Based on the moment-based saddlepoint approximation, the reliability sensitivity for each failure modes with respect to the distribution parameters of input random variables could be derived as:

DPfi ∂Pfi ∂r ∂Pfi ∂q
+
=
∂r ∂ξ ∂q ∂ξ
Dξ

(15)

in which:

∂Pfi
∂r

 1  q    1 + ln (q r ) 
= ϕ  r + ln    1 −

r  r  
r2



∂r ∂r ∂ts
∂r ∂β 2
∂r ∂K Zs
=
+
+
∂ξ ∂ts ∂ξ ∂β 2 ∂ξ ∂K Zs ∂ξ

∂r
= sign (tˆs ) 2 tˆs (− β 2 ) − K Zs (tˆs )
∂tˆs

{

}

-1 2


∂K Zs 
 − β 2 − ˆ 
∂ts 


 1 ∂µG µG ∂σ G 
∂tˆs
∂γ G
2β 22
4
=−
−
−


2
2
2
∂ξ
(γ G β 2 − 2 )  σ G ∂ξ σ G ∂ξ  (γ G β 2 − 2 ) ∂ξ
∂r
= −tˆs sign ( tˆs ) 2 tˆs ( − β 2 ) − K Zs ( tˆs ) 
∂β 2

{

}

∂r
= − sign ( tˆs ) 2 tˆs ( − β 2 ) − K Zs ( tˆs ) 
∂K Zs

{

−1 2

}

−1 2

2
 ∂λ
 ∂tˆs  2tˆs 4 ln (1 − 0.5γ G tˆs )
∂K Zs  2
2tˆs
2
 G
+ 2 +
=− +
+ 2

∂ξ  γ G γ G (1 − 0.5γ G tˆs )  ∂ξ  γ G
γ G3
γ G (1 − 0.5γ G tˆs )  ∂ξ



∂Pfi
∂q

=

1 
1  q 
ϕ r + ln   
qr 
r  r 

tˆs ∂K ′′
∂tˆ
∂q
= K Zs′′ s +
∂ξ
∂ξ 2 K Zs′′ ∂ξ
Fig. 3. Flowchart of system probability of failure using selected copulas

4. Reliability-based optimal design with copula function
To insure the robust design of the bevel gear transmission system, a reliability-based optimal design model is established here by
introducing the reliability sensitivity information of design variables
into the optimal design model. The reliability sensitivity reflects the
impacts of the random variables on the system reliability. The robustness of the system reliability could be guaranteed by limiting the reli-
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∂K Zs′′ ∂K Zs′′ ∂t̂s ∂K Zs′′ ∂λG
+
=
∂ξ
∂tˆs ∂ξ ∂λG ∂ξ
γG
∂K Zs′′
=
∂tˆs (1-0.5γ G tˆs )3

∂K Zs′′
=0.5β 2 (γ G β 2 − 2 )
∂γ G
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The optimal design of the bevel gear transmission system could
be carried out according to the established optimization model based
on the results of the reliability analysis. The whole process of the
method is shown in Figure 4.

In equation (15), symbol ξ represents the distribution parameters
of the random variables, such as the mean value and the standard deviation.

4.2. Reliability-based robust design optimization

5. Illustrative example

According to the definition of the robust optimal design involving reliability sensitivity, the reliability-based robust design optimal
model of the bevel gear transmission system can be established as
follows:

In this section, the probabilistic analysis and optimal design based
on the reliability sensitivity of a bevel gear transmission system is
used to illustrate the application of the proposed method. The stochastic structural parameters are listed in Table 2 and the variables are
normally distributed.

M

min f ( X ) = ∑ ωk f k ( X )
k =1

(16)

s.t. P  gi ( X ) > 0  ≤ PFtar
,i = 1, , N
i
L

U

d ≤ d ≤ d , d ∈R

ndv

where d = {d i } = µ ( X ) is the mean value of design
vector of the bevel gear transmission system and X=[Xj]
T

T

tar
Fj

is the target failure probability of the ith conj=1,..,N. P
straint of reliability. M, N, and ndv represent the number
of sub-objective functions, probabilistic constraints and
design variables, respectively. dL and dU is the lower and
upper bound of the design variables. The optimal function is built as a weighted sum of two objective functions, i.e., the reliability sensitivity with respect to µ ( X )
, and the minimum volume of the gear transmission system. symbol ωk represents the weighting coefficients,
the value of which can be determined by considering the
importance degree of each objective functions. Herein,
ωk is given as follows:
ωk =  f1 ( X *k ) − f1 ( X *1 ) 

(

+  f2 X


*( k −1)

+  +  f k ( X

{ f ( X ) − f ( X )
1

*k

) − f ( X )

*1

) − f ( X )}
k

∑ω
k =1

k

= 1 (ωk ≥ 0)

Fmt
KA
KV

KHβ

Mean

ZV

-

ZW

1.65

0.05445

1.65

b

27.138

0.13569

mm

Ysa1

50.886

0.25433

mm

Ye

0.9874

0.00494

-

28

dv1
mmn

2.54827

ZM-B

2.49457

189.8117
4709.078

ZK

σ H lim
ZNT

ZR

-

YFa1

1
1

0.8

0.14

0.01274
0.01247
9.4905
70.636
0.033
0.033

1370
1.07

0.033

0.004

164.4

0.03531

-

YFa2

mm

Ysa2
YK

mm
-

σ F lim

-

YRrelT1
2

N/mm
-

0.936408

0.030901

YRrelT2
YX1

Units
-

-

0.031951

-

0.033

-

2.249644

0.074238

-

1.889086

0.06234

-

1

2.243285

1.880157

-

0.074028

-

0.06204

-

0.717334

0.0035867

380

76

N/mm2

0.912

0.030096

-

1.004782

0.033158

-

1.024202

0.033809

-

1

0.033

-

1.000244
2.0

YNT1

YrelT2

-

0.033

0.0318714

YNT2
YrelT1

-

Std

0.9658

0.968213

YST
2 1/2

(N/mm )
N

1

ZL

-

-

1

lbm

0.05445

Mean

ZX

N

0.033

1

Zβ

(18)

-

0.034127

KFa

ZE

0.033

1.034147

KHa

Fmt

Units

70.636

1

Variable

Std

4709.078

KFβ

ZLS

*k

while the weighting coefficients should satisfy the following conditions:
n

Variable

ZH

*1

(17)

*2

2

1

Table 2. Random variables in the bevel gear transmission system

0.933

1.003269

1.024202

0.005

0.066

-

0.030789

-

0.033108

-

0.033809

-

5.1. System failure probability estimation with selected
copulas

Fig. 4. The flowchart of the proposed copula-based reliability optimal method

The equations (1) and (4) are used to calculate the contact stress
and the bending stress of the bevel gears with the mean value of the
input random variables. The reliability of the three failure modes is
then estimated with the equations (3), (6) and (7) considering the stochastic structure and design parameters for the system. The reliability
of each failure modes and the system probability of failure with failure interaction is therefore estimated. As a matter of convenience, the
mean of the reliability bounds that obtained under each copula function is used for comparative analysis, which is displayed in Table 3.
Herein, the Monte Carlo simulation is used to provide the benchmark
of the system reliability. And the system reliability under the independent assumption is also estimated.
From the above Table it can be observed that the probability of
failure for the system differ a lot under different copulas. The commonly used Gaussian copula produces a probability with the relative
error of 0.97%, which denotes that the most commonly used Gaussian copula is applicable in the bevel gear pair design when the true
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a)

Table 3. The system probability of failure under selected copulas
Copula

System failure probability

Independent

0.012763

Gumbel

0.010323

Gaussian
Clayton
Frank
MCS

0.009440

0.008368

0.012329

0.008876

Reliability
index

Relative error

2.3479

0.97%

2.3925

0.92%

2.2333

2.3144

2.2467

2.3708

5.8%

2.38%

5.23%
-

dependence structure is unknown. The relative error with the Clayton
copula is the least among the selected copulas. By comparing the scatter plots of Clayton functions and system random variables samples
for g2 and g3, both of the two figures show a lower tail correlation
as shown in Figure 5, which can be understand as that the reduction
of the reliability of g2 leads to a more likelihood of reduction of the
reliability of g3.

b)

c)

Fig. 5. The scatter plots for g2 and g3 under random samples and Clayton
copula

The impacts of the performance degradation on the system probability of failure that estimated under different copulas is also studied.
Figure 6 shows the variation curve of the system probability of failure
when the reliability of each failure mode decreases respectively. It
can be clearly seen that the system probability of failure increases
with the increase of Pfi. On the other hand, the system probability of
failure under Frank copula always produce the biggest value, and then
is the Gumbel and Gaussian copula. The Clayton copula helps to provide the smallest value of the system probability of failure, which is
also the most accurate results as shown in Table 3. This relations and
trends appear to be consistency in three figures (a), (b) and (c).

5.2. Reliability-based optimal design with minimum reliability sensitivity
Due to that the reliability obtained by the Clayton copula is the
closest one to the Monte Carlo simulation result, the reliability sensitivity analysis is furthermore conducted based on the Clayton copulabased reliability results. According to the equations deduced in section
“reliability-based sensitivity analysis”, the reliability sensitivity with
respect to the mean of the input variables of the bevel gear transmission system can be obtained.
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Fig. 6. The comparison of system probability of failure under selected copulas
with pf1, pf2 andpf3 increase

As illustrated in Figure 7, the random variables dv1, lbm, b and mmn
has relatively larger values of reliability sensitivity, which means that
the failure of the system is highly dependent on these random variables. The volatility of these random variables may lead to significant
changes of the failure probability. In order to obtain more robust reliability results of the system, the reliability sensitivity of these variables is involved in the reliability-based optimal design model. The
robust design model is thus established as follows:
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6. Conclusions

(a) Sensitivity index of the mean value for g1 mean

(b) Sensitivity index of the mean value for g

(c) Sensitivity index of the mean value for g3
Fig. 7. The reliability sensitivity results for each failure mode with respect to
mean

min f1 (d ) =

2
π
b
b 1 b  
3
u (u + 1)(mmn L Lm ) z13 1 − +   
8
L 
L 3  L  
2

2

 ∂p f 1   ∂p f 2   ∂p f 3 
f 2 (h ) = 
 +
 +

 ∂h1   ∂h2   ∂h2 

2
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s.t. P  gi ( X ) > 0  ≤ Pgtarj , j = 1,, N
mmn L / Lm − 1.5 ≥ 0;
8 − mmn L / Lm ≥ 0
z1 − 17 ≥ 0
36 − z1 ≥ 0

Appendix

b − 0.2 L ≥ 0
0.35L − b ≥ 0
The sub-objective function f1(d) represents the volume of the gear
and the design variable vector is d=[mmn, z1, b]T. The sub-objective
function f2(h) minimize the reliability sensitivity with respect to the
vector h1=[dv1, lbm,]T and h2= [b, mmn]T, which represents the random
variables that have larger reliability sensitivity values. The initial value
is set as d0=[2.55, 19, 28]T. The optimal results are obtained and shown
in Table 4. It clearly shows that the reliability sensitivity with respect to
h1 and h2 is reduced, and the volume of the gear is also greatly reduced.
Besides, the system probability of failure is reduced, that means the
gear transmission system could become less sensitive to the volatility of
the random variables with the system reliability increases.
Table 4. The summary of the optimal results under Clayton copulas

Initial

Optimal

Design variables

d0=[2.55, 19, 28]T

d*=[2.23 17 32.54]T

A numerical procedure has been proposed for evaluating the system probability of failure of the bevel gear transmission system with
dependent failure modes. The proposed procedure utilizes selected
copula functions to efficiently describe the dependence structure between failure modes and the most suitable copula is determined by
comparative analysis. The probability of failure and the system reliability index were determined by the moment-based saddlepoint technique and the narrow bounds theory. Based on the reliability results
obtained, some conclusions could be made.
(1) Different copula function can be used to describe the dependence structure between each failure mode, but result in different joint
failure probability. What can be seen from the example is that the
system reliability is underestimated using Gumbel and Frank copula,
while the ones obtained with the Gaussian and Clayton copula get
results that close to the simulation results.
(2) By comparing the obtained reliability index, the one under
Clayton copula produce the most accurate result. According to the
properties of the Clayton copula, the copula describes the tail correlation between random variables, which denotes that the reliability
of one failure modes reduces, the reliability of the other one is more
likely to reduce.
(3) The reliability-based optimal design is performed and the corresponding optimal variables are obtained. The reliability sensitivity
is obtained based on marginal failure probability, and the value of
which is decreased to a certain extend to ensure the robust of system
reliability.
(4) The failure probability analysis is performed under the assumption that the dependence structures among different failure modes of
the gear system are the same based on the engineering experience. If
the number of failure modes is increased, the dependence structures
between different response variables would be more complex. The
combination of copulas for the multivariate joint modelling will serve
as the main research content of the future.

Pfsys
0.009036
0.007655

V

2.0702e05
1.3292e05

Herein, the statistical perturbation method is adopted to estimate
the first three moments of each failure mode. Given the vector of random variable Xi (i=1,2,3) and the limit state function for each failure
mode gi(Xi), the moments could then be estimated by:

E  gi ( X i )  = E  gid ( X i )  + ε E  gip ( X i )  = gid ( X i ) = gi ( X i )
[ 2]

17.1299

(A.1)

  ∂g ( X ) 
 ∂g ( X ) 
σ gi2 = Var  gi ( X i ) = ε 2 E  id T  X ip[2]  =  id T  Var ( X i )
∂( X i ) 
∂( X i ) 

 
(A.2)
[3]
[3]


 ∂g ( X ) 
  ∂g ( X ) 
γ gi = C3  gi ( X i ) = ε 3 E  id Ti  X ip[3]  =  id Ti  C3 ( X i )
 ∂ ( X i ) 
  ∂ ( X i ) 



f2(h)
30.6945

[ 2]

(A.3)
where σ gi2 and γ gi are the variance and the third central moments of
gi(Xi) respectively.
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Leszek Kasprzyk

Modelling and analysis of dynamic states of the lead-acid batteries
in electric vehicles
Modelowanie i analiza stanów dynamicznych akumulatorów
kwasowo-ołowiowych w pojazdach elektrycznych
The paper presents the aspects related to the modelling of lead-acid batteries, including the description of the process of equivalent
model parameter estimation. On top of this, the subject of the discussion included the issues which concern the analysis of vehicle
energy consumption. The examples of calculations for the estimation of the model parameters were presented and on their basis,
the detailed analysis of the battery’s behaviour while driving an electric vehicle was carried out. The tests were performed based
on the recorded velocities of the vehicle moving within the built-up area in heavy traffic conditions. The behaviour of the battery
was evaluated and the application of the hybrid energy storage consisting of battery and supercapacitor was proposed.
Keywords: lead-acid battery modelling, model parameters estimation, supercapacitor, electric vehicles.
W pracy przedstawiono problematykę modelowania akumulatorów kwasowo-ołowiowych, wraz z opisem procesu estymacji parametrów modelu ekwiwalentnego. Omówiono także zagadnienia dotyczące analizy energochłonności pojazdów samochodowych.
Przedstawiono przykładowe obliczenia dotyczące estymacji parametrów modelu i na ich podstawie dokonano szczegółowej analizy
zachowania się akumulatora podczas jazdy samochodu elektrycznego. Badania przeprowadzono na podstawie zarejestrowanych
prędkości pojazdu poruszającego się na terenie zabudowanym w okresie dużego natężenia ruchu. Dokonano oceny zachowania
się akumulatora i zaproponowano zastosowanie hybrydowego magazynu energii zbudowanego z akumulatora i superkondensatora.
Słowa kluczowe: modelowanie akumulatorów kwasowo-ołowiowych, estymacja parametrów modelu, superkondensator, samochody elektryczne.

1. Introduction
For hundreds of years, the people’s need for mobility has contributed to the development of various types of vehicles, which were
usually powered by draught animals or humans. However, rapid industrial development in the 19th century resulted in numerous solutions, which used mechanical drives powered mainly by heating fuels.
Initially, these were steam vehicles, and later on, the whole range of
various internal combustion engines was developed. The vehicle solutions powered by electric engines also appeared during that period,
but electric drive systems were hardly used in vehicles because of
limited abilities to store electric energy in mobile systems. For this
reason, the 20th century is the period dominated by vehicles powered
by heating fuels [16].
However, the use of non-renewable energy sources has this one
obvious disadvantage that such sources someday will be exhausted.
For this reason, wind power plants and photovoltaic panels appear at
single-family houses, wind and photovoltaic farms are built on fields
and almost all well-known companies that manufacture cars boast
with the offered electric and hybrid ecological vehicles [5, 16, 19, 21].
In comparison with internal combustion engine vehicles, they have
many advantages – they do not emit substances detrimental to the
environment, are much more efficient (their efficiency exceeds 90%,
while internal combustion engine vehicles are characterised by the
efficiency ranging between 20% and 30%), their construction is much
simpler and cheaper to operate and – what is also important – they can
regenerate energy during the braking process [16, 21].
Not only do the electric vehicles become more and more popular

for ecological reasons, but also as a consequence of the technological development of systems used for energy storing. The recent years
mark the appearance of the whole range of various kind of batteries
whose parameters allow their use in numerous mobile systems, including cars. Unfortunately many of these solutions are much more
expensive than popular lead-acid batteries. Additionally, modern
batteries often require the application of systems that control their
performance (values and distribution of voltages and currents on the
respective cells and quite importantly, also the temperature). Failure
to observe the limit parameters may lead to their premature aging,
and also to a dangerous fire. For this reason, and also because of their
low price, lead-acid batteries, whose construction technology is also
subject to continuous improvement, are still used. Owing to this, they
become more durable and resistant to operating conditions that deviate from nominal operating conditions [16].
Unfortunately, the main disadvantage of the lead-acid batteries is
the significant impact of high currents on their life. So far, the solution
for this problem included just an increase the number of cells (total
capacity), however, in the case of the mobile solutions, this is related
to a cumbersome increase in weight. Another solution is the use of
the system allowing for the reduction of high currents that have a
deteriorating effect, for instance, the hybrid energy storage consisting of a battery and a supercapacitor. Such a system does not have
great abilities to store energy (energy density), yet it can return it at
a relatively short time (power density). In view of differences in the
principle of operation of both storages, voltages on their terminals
in various states may differ significantly, therefore, power electronics
systems which control their performance are required for cooperation
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between these storages [8,10]. In such solutions, it is possible to use
various algorithms which control the energy flow and which can be
supervised in professional solutions by complex optimization algorithms [17] using e.g. genetic algorithms [3, 13, 14]. In order to design
and control energy storages, it is necessary to be familiar with the
behaviour of such storages (especially the dynamics of changes in the
values of currents, voltages and present amount of stored energy). In
view of the diversity of electrochemical processes, which take place
in the lead-acid battery – being the main energy source in such systems – this is a very difficult issue, especially with regards to vehicles,
whose power demand is quasi-stochastic.
For this reason, many scientific works are presently devoted to
the analysis of energy consumption in electric vehicles, and also to
the creation of mathematical models for estimation of the vehicle
power demand [21]. Contemporary scientific works concentrate on
mathematical-physical models intended for analysis of energy consumption of vehicles and optimization of energy management in vehicle power supply systems. A frequently applied methodology which
serves the purpose of estimation of the vehicle energy consumption is
the development of the model based on vehicle dynamics equations
and data measured during the real driving sessions. Such an approach
was applied in works [4, 21, 12]. The works present vehicle models
intended for energy consumption analysis and demonstrate that the
electric vehicle power demand may be described by means of the normal distribution in a specific range of variability of parameters such
as velocity, acceleration or road slope [21]. A different approach was
presented in paper [7], in which the quantitative correlations between
the kinematic vehicle parameters were discussed to estimate the energy consumption of the electric vehicle.
Problems related to the determination of parameters of the electric
energy storage model are also important and valid subjects. These issues constitute an important part of the topics regarding modelling,
because in order to carry out the analysis of behaviour of a selected
energy storage with as high accuracy as possible (in particular, this
refers to electrochemical storages), the parameters of its model must
be calibrated. As examples of works dealing with these issues, one can
present [1, 9, 11, 15, 22].
It must also be emphasised that an important aspect of operation
of electric vehicles is the proper management of electric energy flow
between the electric power train and the electric energy storage, especially in the systems with the hybrid energy storage. The example
of such solutions is presented in works [8, 9, 10], where the dynamic
models of energy storages such as batteries or supercapacitors are described.
Therefore, this paper deals with the issue of modelling of leadacid batteries and optimal selection of the hybrid energy storage, as
well as energy flows in electric vehicles. The mathematical model of a
battery and the method of estimation of its parameters are described in
detail. The calculation algorithm takes into account the driving characteristics of a real vehicle moving within an urban area, recorded by
means of the developed and designed drive recorder.

2. Energy consumption vehicles
In order to estimate the energy demand of a vehicle, it is necessary to analyse forces acting on it. In the case of vehicles moving
with variable velocity (e.g. in the case of cars), a significant amount
of the energy results from the necessity to accelerate and brake. Additionally, each moving vehicle is affected by forces resulting from the
aerodynamic resistance force as well as rolling friction force. Both of
these forces depend on many factors such as the shape of the vehicle,
its frontal surface, type of pavement and even tyre width and pressure
[15, 20].
The resultant force acting on the vehicle, which causes a change
in its velocity, is relatively easy to estimate based on the instantaneous
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velocity of the vehicle under consideration, therefore the energy demand analysis for vehicles is usually carried out, by starting with the
determination of the driving force (F) understood as the difference
between the resultant force (FD) and the aerodynamic resistances (FA)
and rolling resistances (FR):
F = FD − FA − FR

(1)

The rolling resistance can be estimated on the basis of the following
equation [12,15,16,21]:
FR = mgft 0 ( 1 + Kv 2 )

(2)

where: m – vehicle mass, g – standard gravity acceleration, v – speed
of the vehicle,K – additional rolling resistance coefficient (for asphalt
surfaces K = 5⋅10-5 s2/m2),ft0 – rolling resistance coefficient at low
speeds, which is determined by performing the drag racing test and
calculated by the following formula [12, 15, 16, 21]:
Ft 0 =

vb2
2 gSt

(3)

where: vb – initial speed of the vehicle, St – the rolling distance of the
vehicle.
Usually, for a passenger vehicle moving on an asphalt road, the
rolling resistance coefficient for low speeds is assumed to range between 0,012 and 0,014 [15].
FA =

1
ρ c x Avr2
2

(4)

where: ρ – air density (for normal conditions of 0°C and the pressure
of 1013 hPa, dry air density is about 1.29 kg/m3), cx – air resistance
coefficient in the longitudinal direction – it depends on the shape of
the vehicle and ranges between 25% and 45%, A – coefficient of a
vehicle frontal surface area, vr – the speed of the vehicle in relation
to the air.
Having the thermal resistance value, the given value of the instantaneous velocity v of the car and assuming the given level of the drive
system efficiency η, it is possible to estimate the driving forces acting
on the vehicle, the instantaneous power P and the energy E (equations
5 and 6) needed to take a given route S in the specified time t [15].
E=

FS
Ftv
or E =
η
η

(5)

Fv
E
or P =
η
t

(6)

P=

3. Modelling of lead-acid batteries
The task of mathematical models is to solve a broad range of issues from many fields of science and different situations in everyday
life. In the case of batteries, they allow the determination of desired
values during the simulation which maps the real conditions with satisfactory accuracy, without a need to establish any measuring systems. They also allow the estimation of the state of charge and the
degradation of the batteries, and even the determination of parameters
which would be difficult or even impossible to measure in real ob-

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

S cience and Technology
jects. Values obtained as a consequence of performed analytical
calculations on the mathematical model are often used to select
and optimize the efficiency of energy storages irrespective of the
nature of the device, which cooperates with the storage and its
structure [1, 9, 11, 16].
The mathematical model of energy storages constitutes an
electric circuit which represents a single cell of the modelled
storage. In order to obtain a higher capacity of the storage, the
cells are connected in serial-parallel configurations. For loads
characterised by the power consumption with a constant value
at a relatively short time, it is possible to apply a simplified
mathematical model, which treats the battery as an ideal or real
voltage source. However, when there is a need to consider the
operating conditions of the real battery, the model turns out to
be insufficient.
The electric circuit which reflects the operation of the real
battery in a representative manner is the electric circuit which
contains the serial connection of the voltage source (E) and the
non-linear resistor (R) (Fig. 1).

Fig. 3. Battery electric equivalent model with a parasitic branch (n-th order) [2, 6]

Fig. 1. Simple model of lead-acid battery

Inner resistance represents the resistance of electrode plates and
electrolyte, which map the chemical phenomena taking place in electrode plates and electrolyte, and also the polarization resistance, which
expresses the relative change in the polarization voltage on the cell
terminals during the current flow, referred to rated voltage [2, 6]. The
non-linearity of the resistor results from a high variability of chemical
processes taking place in the cell (which depend on the load current,
current flow time, temperature and electrical capacity) [2, 6].

equations that describes the wiring diagram and the difficulty in the
proper estimation of initial values of parameters increase (model estimation). The electric circuit of the n-th order lead-acid battery cell is
presented in figure 3.
In order to carry out the analysis of the battery’s behaviour, it is
necessary to know the useful capacity of the battery, which depends on
the load current, current flow time and temperature – formula [2,6]:
ε


T 
KC C0* 1 + e 
 −T f 


C ( I ,T ) =
δ
 I 
1 + ( KC − 1)  
 In 

(7)

where: KC, C0* , ε, δ – constants determined on the basis of battery
specifications, Te – electrolyte temperature, Tf – electrolyte freezing
point, I – battery load current, In – battery rated current.
The parameters which have the decisive influence on the battery
performance are values related to the equivalent circuit. Their number
depends on the selected circuit, and for the model variant with two
branches, (the model presented in figure 3), they are determined by
the following relationships [2, 6]:

Fig. 2. Battery electric equivalent model

Very frequently, in engineering applications, there is a need to determine the properties of electrochemical sources while applying the
current load with the amplitude variable in time, at the set temperature
and known value of the available charge accumulated in the battery.
For this purpose, the equivalent circuit of the cell, which additionally contains the branch of RC elements connected in parallel is used.
Owing to this branch, it is possible to map the inertial behaviour of
the battery in dynamic states. The electric circuit which enables the
determination of operating parameters of the battery in dynamic states
is presented in figure 2 [2, 6].
In long-lasting analyses of the behaviour of a cell or at longlasting load of high currents with a value that significantly varies in
time, it is necessary to use the mathematical model which takes into
consideration the thermal phenomena (the effect of temperature on
parameters), as well as phenomena related to the self-discharge process occurring in the battery. The accuracy of the applied model is
also affected by the number of selected RC branches (dependent on
the degree and dynamics of load variation). However, it must be emphasised that as a consequence of the appearance of a large number
of RC branches in the model, the difficulty in solving the system of

R0 = R00 (1 − A0 (1 − SOC ))

(8)

R1 = − R10 ln( DOC )

(9)

C1 =

R2 = R20

τ1
R1

exp[ A21 (1 − SOC )]
A I 
1 + exp  22 m 
 In 

C2 =

τ2
R2

Em = Em0 − K E (273.15 + Te )(1 − SOC )

(10)

(11)

(12)
(13)

where: R00 , R10 , R20 , A0 , A21 , A22 , KE – constants which depend on
the construction and state of the battery, determined on the basis of
the estimation (described in section 4), τ1, τ2 – time constants of the
RC branch, Im – the current of the battery’s main branch (see Fig. 3),
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Em0 – open circuit battery voltage at 0˚C, and the battery state of
charge (SOC) and depth of charge (DOC) during the discharging or
charging are described by equations (14) and (15) [2, 6]:
t

∫ im (t )dt

SOC = 1 − 0
C (0, T )

(14)

t

DOC = 1 −

∫ im (t )dt

0

(15)

C ( I avg , T )

where: im – current flowing through the main branch, C(0,T) – no-load
battery capacity at temperature T, C(Iavg,T) – battery capacity referred
to the average discharge or charge current Iavg at set temperature T.

4. Estimation of the battery model parameters
The battery model presented in the preceding section is used to
analyse the operation of various batteries in dynamic states, but its
respective parameters differ significantly depending on many factors
related to the type, construction, and state of the battery. In order to
analyse the performance of a specific battery while driving an electric
vehicle, it is necessary to carry out a series of tests which allow for determination of the respective elements of the battery equivalent circuit
and the constants related to it (discussed in section 3) [12].
For the purposes of the tests, the NPCG18 12 V 18 Ah Gel Deep
Cycle traction battery manufactured by TOYAMA was selected. The
measurements were made using Potentiostat VMP3 BioLogic. The
tests were started with the determination of the real battery capacity
for different discharge times by means of the constant current method
(CC) under rated conditions – the 20-hour capacity was estimated at
the level of 20.25 Ah.
As the temperature of electrolyte has a significant impact on the
behaviour of electrochemical batteries, during the analysis of the
battery operation, it is necessary to take into account the thermal
conditions (heating and cooling) of the battery, related both to the
electrochemical processes taking place inside the battery and resulting from the heat transfer to the surrounding environment. In order
to estimate the amount of heat transferred to the surrounding environment, the heat capacity of the battery and its thermal resistance
were determined. The precise determination of these parameters in
real conditions of battery performance is extremely difficult. In the
case of vehicles, they depend on many conditions such as ambient
temperature, tightness of the housing inside which there is the battery,
vehicle velocity, and even wind velocity. Moreover, the so-called bat-

tery managing systems (BMS) are also used frequently; they enable
the additional cooling or heating of the batteries if required. Despite
this, laboratory tests consisting in the estimation of the value of thermal parameters were conducted in order to verify the model correctness – by comparing the obtained electrolyte temperature results and
the measured values. The heat capacity of the battery was determined
by means of the heat balance method (using the calorimeter), and the
thermal resistance was determined by analysing the time constant of
the battery cooled down to the temperature of 4.2°C in the laboratory
premises with the constant temperature of 27°C (Fig. 4). The temperature was measured by the Graphtec GL800 temperature recorder
equipped with ceramic PT100 probes, by fixing them nearby the battery terminal (so as to approximate the temperature as closely to the
electrolyte temperature as possible). The determined value of the heat
capacity of the battery amounts to about 1.2 kJ/K, and thermal resistance is 5K/W.
In the next part of the tests, the voltage on battery terminals and
electrolyte temperature were recorded during the cyclic (fourfold)
discharge at current with the value of 4.07 A for 3600 s, then the discharge process was interrupted for 3600 s. The battery current and
voltage measurements were presented in figures 5 and 6 with the dotted line.
In view of the fact that in the situation under consideration the
battery, whose model parameters were determined, is supposed to
power the electric vehicle, the parasitic branch, which represents the
self-discharge effect, was omitted during the estimation. The process
is no significance to the obtained simulation results, as it is very slow
in comparison to the considered travelling time of the electric vehicle
– currents flowing through this branch are measured in micro- or even
nanoamperes [2, 6].

Fig. 5. Battery current vs time

Fig. 6. Voltage on battery terminals vs time

Fig. 4. Electrolyte temperature vs time
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The next step was the development of the computer application
in the MS Visual Studio environment, which is supposed to serve the
purpose of estimation of the battery model parameters. The application carries out the analysis of the values of momentary currents and
voltages in the electric circuit which represents the equivalent circuit
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of the battery, for different values of model parameters. Ultimately it
optimizes the sought parameters in such a way as to bring the voltage
values on the battery terminals resulting from the analysis as close as
possible to the measured values – using the mean square approximation. Because of high values of time constants of the electric circuit,
the analysis of the electric values of this circuit must be treated as the
analysis of transients, which, according to the electric circuit methods
require that the system of differential equations be solved (16). These
equations have been solved on many occasions, each time changing
the values of parameters of the mathematical model by means of the
range searching method using decreasing step sizes. The obtained
results of the determined model parameters are included in table 1,
while figure 6 presents the results of the analysis of voltages on terminals of the battery equivalent circuit (the measured ones with the
dashed line and the calculated ones with the continuous line). The calculated values were determined on the basis of parameters obtained
during the optimization:
im (t ) = iR1 (t ) + iC1 (t )


im (t ) = iR 2 (t ) + iC 2 (t )

u (t ) = em (t ) − im (t ) R1 − im (t ) R2 − im (t ) R0

du (t ) u (t )

C1 1 = 1

dt
R1


du (t ) u (t )
C2 2 = 2

dt
R2


5. Analysis of the lead-acid battery operation while
driving an electric vehicle
The exemplary analysis of the lead-acid battery operation while
driving an electric vehicle was carried out using the presented battery
model and the estimated power demand of the vehicle. The estimation
of the power demand was performed by recording the driving velocity
(Fig. 8) of a real vehicle moving at the distance of 24.8 km at a time of

(16)

Fig. 9. The route on which the driving velocity was recorded
Table 1. Parameters archived during the estimation
Em0 [V]
2.18

R00 [Ω]
0.0124

A0

-0.013

R10 [Ω]
0.009

R20 [Ω]
0.21

A21

-6.6

A22

-0.7

Fig. 7. Calculated battery state and depth vs time

Fig. 8. Recorded velocity during a drive

τ1 [s]
450

τ2 [s]
50

Ke [V/°C]
10.5⋅103

KC

1.166

heavy traffic, with the average velocity of about
27 km/h. The course of the route during which
the recording was made, is presented in figure 9.
Having the velocity, the vehicle accelerations were calculated and, by using the relations
presented in section 3 (equations 1-6), all forces

Fig. 10. Acceleration of the car vs drive time

Fig. 11. Single cell power vs drive time – the positive power means that the
car is speeding up (battery is discharging), while negative power
means that the caris slowing down (battery is charging)
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Fig. 12. Calculated voltage on a single cell vs drive time

Fig. 16. Calculated power on a battery and supercapacitor vs drive time

Fig. 13. Calculated current flowing through a single cell vs drive time

Fig. 17. Calculated voltage on a single cell vs drive time

Fig. 18. Calculated voltage on the supercapacitor vs drive time
Fig. 14. Calculated battery state and depth of charge vs drive time

Fig. 15. Energy balance during the vehicle movement 1) speeding-up energy,
2) recoverable energy during the braking process, 3) resultant energy

acting on the car as well as momentary power required to move on the
asphalt surface with the vehicle with the assumed weight of 1000 kg
and frontal surface equal to 2 m2 were determined. The accelerations
and single cell momentary power demand are presented in figure 10
and 11, respectively.
During the analysis of the battery operation, voltages and currents
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on the respective elements of the equivalent circuit as well as the battery state and depth of charge were determined for the assumed initial
battery charge level equal to 90%. These values are presented in figures 12 - 14.
The next step was the determination of the total energy consumed
by the vehicle under consideration, both the positive one – needed to
speed up the vehicle, the negative one – recoverable during the braking process, and the resultant one – being the sum of both of these
energies (the energy which would be consumed by the vehicle during
its movement, with the system that allows for charging of the battery
during the regenerative braking). The results of the obtained calculations are presented in figure 15.
The calculated voltage on battery terminals presented in figure 12
is characterised by numerous variations of values, resulting from the
heavy regenerative braking, which adversely affects the battery and
would cause the shortening of its life. Therefore, in real systems, such
overvoltages are not allowed and traditional mechanical brakes are
used during heavy braking (without the possibility of regeneration of
the vehicle’s kinetic energy).
For this reason, the use of an additional energy storage which
would allow for taking over high currents flowing during the heavy
regenerative braking (storages with high power density) is proposed
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in innovative solutions. In the present article, the BMOD0006 E160
B02 supercapacitor module manufactured by Maxwell was selected
for this purpose. Its rated voltage amounts to 160 V, its capacity is
11.6 F (0.35 Wh), and its inner resistance (ESRDC) is equal to 0.34Ω.
The module is adapted to operation within a broad temperature range
(from -40 to +60°C). Then, the calculations related to the recorded
driving route were repeated for the selected hybrid energy storage. An
assumption was made during the analysis that the power electronics
systems enable the use of the supercapacitor within the voltage range
from 60 to 160 V. The calculated power and voltage values on the
respective energy storages are presented in figures 16-18.
While comparing voltages on a single cell of the battery operating independently and in the hybrid system with the supercapacitor
(Fig. 12 and 17) it is possible to notice that the addition of the supercapacitor caused a significant reduction in high voltages on the battery terminals (only a few characteristic peaks were left). This follows
from the fact that the supercapacitor takes over high flowing currents
during the regenerative braking. This effect is visible in figure 16, in
which power values on the respective energy storages were presented.
Owing to the more effective use of energy during the regenerative
braking, also the energy drawn from the battery was decreased, which
can be noticed by comparing the average voltage value on cell terminals presented in figures 11 and 17. The result is that the supercapacitor was used while driving in the majority of cases of regenerative
braking, and then its energy was used during the vehicle acceleration.
This provides evidence of the proper selection of the hybrid energy
storage for the electric vehicle.

6. Summary and conclusions
The article presents methods of analysis of operation of energy
storages used in electric vehicles. The modelling of the operation of
energy storages is an important and valid issue, which concerns the
electric vehicles, but also the systems which operate together with
renewable energy sources and all types of electronic mobile devices
(telephone sets, portable computers, etc.) sensitive to instabilities of
the energy source performance.
Particular attention was paid in the paper to the issues concerning the

estimation of the parameters of the mathematical model. For this purpose, the author has developed his own computer application, which
enables the calculations of the equivalent circuit parameters based on
the conducted measurements of voltage and current flowing through
the battery. The performed computer calculations were confirmed by
comparing them to the measured values (Fig. 6).
The main body of the paper also presents the problems related to
energy consumption of vehicles and the energy storage load resulting from it. The recording of the velocity of the vehicle, which was
moving along a route characterised by heavy traffic allowed for the
modelling of the tested battery behaviour. The analysis demonstrated
that the regenerative braking process may cause excessively intensive
battery charging (Fig. 12), which would cause the systematic degradation of cells, and as a consequence of this, fast reduction of their ability to accumulate and transfer electric energy. In reality, such states in
vehicles are not allowed owing to the use of mechanical brakes during
the braking process, and the reduction of the amount of recovered
energy.
The paper also presents the analysis of the hybrid storage consisting of an identical battery and a supercapacitor, which constitutes
an energy storage of the vehicle moving along the same route. The
conducted calculations demonstrated that the use of additional storage
(supercapacitor) with much higher power density than the basic storage (battery), may significantly reduce high currents flowing through
the battery and thus extend its life. Such a solution during an investment would require increased expenditure related to the purchase, but
may turn out to be advantageous during operation both in the economic and ecological aspects. Further studies related to energy storages
in electric vehicles will be aimed at improvement of the performance
and life of various types of lithium batteries.
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Assessment of dynamic effects in distribution substations with
flexible conductors regarding short-circuit duration values
Wartości czasu trwania zwarcia a ocena skutków dynamicznych
w rozdzielniach z przewodami giętkimi*
The paper refers to the finding of the short-circuit duration when computing the dynamic effects in the EHV distribution substations with flexible conductors using statistical-probabilistic method. A dedicated simulation model comprising an important element i.e. a short-circuit duration model has been developed. Referring to the obtained results, the probabilistic analysis of values
of short-circuit duration, short-circuit current and dynamic forces has been carried out for the substation’s selected points. In
computations, faults on bus and in the substation’s bays, transformers and electric power lines have been taken into account. A
risk criterion- based method of finding the short-circuit duration values needed in computations of dynamic forces in the power
distribution substations has been presented.
Keywords: dynamic effects, short-circuit duration, EHV distribution substations, simulation.
Artykuł dotyczy zagadnienia określania wartości czasu trwania zwarcia podczas obliczania skutków dynamicznych w rozdzielniach najwyższych napięć z przewodami giętkimi metodą statystyczno-probabilistyczną. Do realizacji zadania opracowano model
symulacyjny, którego ważnym elementem jest model czasu trwania zwarcia. Wyniki badań symulacyjnych pozwoliły na przeprowadzenie probabilistycznej analizy wartości czasu trwania zwarcia, prądu zwarciowego oraz sił dynamicznych dla wybranych
punktów rozdzielni. W obliczeniach uwzględniono zwarcia na szynach i w polach rozdzielni, transformatorach oraz liniach elektroenergetycznych. Przedstawiono metodę określania wartości czasu trwania zwarcia dla potrzeb obliczeń dynamicznych sił w
rozdzielniach elektroenergetycznych opartą na kryterium ryzyka.
Słowa kluczowe: skutki dynamiczne, czas trwania zwarcia, rozdzielnie najwyższych napięć, symulacja.

1. Introduction
Taking decisions related to the electric power system operation
and maintenance shall be preceded by many analyses. Accepted data
and assumptions as well as the developed models introduce different sources of uncertainty [2]. Decisions taken on the base of the determined magnitudes do not give any image of risk of making a too
important mistake; one does not know if the assumed criterions result
in the solutions which are either too reliable or too unreliable regarding the incurred costs. Such a problem appears when the short circuit
capacity in the considered power distribution substation rises and the
devices are to be adapted to the operation with higher short-circuit
current values. One of the significant effects of the short-circuit current flow through the bus conductors are the dynamic forces on the
supporting structures. The computation of dynamic effects in the substations with flexible conductors has been a question discussed by the
Polish and foreign authors [1, 11, 12, 14, 15, 18, 19].
When designing the distribution substation’s modernization, an
assessment of dynamic effects of the short-circuit current flow requiring a proper definition of the short-circuit conditions is required. In
addition, the short-circuit current’s value and flow characteristics are
to be considered. The computed dynamic force values in substations
are significantly dependent on the assumed short-circuit duration Tk
[16]; too high or too low assumed Tk value can result in the economic
losses due to the erroneous decision leading to over-sizing, damage
or even destruction of devices. For instance, the supporting structures
can be left unchanged, reinforced or rebuilt throughout the substation.

The problem is closely related to the power distribution substation’s
reliability. Few papers treating the statistical studies on the short-circuit duration in the HV grid provide a view on the type of distribution
of this magnitude. However, due to the relatively low number of available samples, the credibility of obtained distributions of this random
variable is low and does not allow to assess the short-circuit duration
value Tk basing on the probability of its occurrence. The probabilistic
analysis can be helpful when choosing the short-circuit duration values for finding risks caused by the fault disturbances. Application of
the probabilistic approach to the choice of electric power devices has
been a subject of many works worldwide [4, 10, 20] and in Poland [3,
6, 17]. The works on criterions of choice of the short-circuit duration
when computing the dynamic effects in the substations with flexible
conductors are missing in the available literature.
In the paper, the application of the Monte Carlo simulation method to the short-circuit duration analysis in the EHV grid regarding
dynamic effects in the distribution substation with flexible conductors has been presented. A dedicated simulation model providing
possibility of simulation of short-circuits on bus, in substation bays,
transformers and electric power lines has been developed. Due to the
simulation, the probabilistic analysis of values of short-circuit duration, short-circuit current and dynamic forces in chosen points of substation has been carried out. To determine the short-circuit duration
values needed in the dynamic forces’ analysis, a method based on the
risk criterion (i.e. on the expected annual frequency of exceeding the
force to be found) has been proposed. For illustration, an analysis for

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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the 220 kV substation and some selected configurations of the automatic power protections (EAZ) has been carried out and reported.

2. Simulation model for dynamic effects’ analysis
One of the methods of the dynamic force computations is that
given by the standard PN-EN 60865-1 [16]. Besides the force resulting from the mutual influence of the adjacent phase conductors Ft and
that related to the force of the post-fault fall of conductors Ff the force
due to the dynamic interaction of conductors within the bundle Fpi
is also taken into account. To compute the dynamic effects, the data
describing span geometry, conductor and supporting structures in the
span as well as short-circuit parameters are required; the latter are of
the random type.
It can be assumed that the short-circuit duration does not affect the
force Fpi [6]. As the influence of the periodic component of short-circuit current on the forces due to the adjacent phase conductors’ interaction Ft and Ff , is negligible [16], in the actual span, value of aperiodic
component of short-circuit current in the bus conductors as well as the
duration of its flow significantly affect the value of these forces.
General scheme of finding distributions of dynamic forces Ft and
Ff in the actual span of the substation using Monte Carlo simulation
is shown in Fig. 1. In computations, the faults in the substation alone
and in its neighborhood have been considered.

where Tk - short circuit duration
tzab - the protection’s operation time measured between the
moment the short circuit occurs and the moment the „switch
off” pulse appears at the protection’s output
twył - the circuit-breaker operation time measured between
the time the „switch off” pulse is received and the short-circuit current is broken off.
The general rule of finding the Tk value using the Monte Carlo
simulation technique in the form of consecutive simulation steps is
discussed in details in [9]. Detailed requirements concerning the protections installed in the HV and EHV substation’s bays as well as the
power automatic equipment are given by Instruction of Transmission
System Operation and Maintenance [13].
The layout of the system section containing the considered 220 kV
substation is shown in Fig. 2. Protections Z and circuit-breakers W are
marked on the scheme.

Fig. 2. Scheme of considered section of 220 kV grid

Fig. 1. Scheme of finding dynamic force distributions

In simulation, the fault’s location and type are defined; then, the
short-circuit current value in the bus conductors and the duration of its
flow are computed. In next step, for an actual span of the substation,
the dynamic force values are calculated. After having done an assumed
number of simulations, the annual frequency of occurrence of theses
forces is calculated. The dedicated computer program has been written in Delphi environment. In its development, the simulation model
for short-circuit current analysis [6, 8] additionally equipped with the
correlated model of the short-circuit duration and with the module
computing the dynamic effects in substations has been applied

3. Short-circuit duration model
The short circuit duration time for finding the short-circuit effects
is computed referring to the knowledge on the operation time of the
EAZ system as well as the operation time of the circuit breakers clearing the fault disturbances in the substation. The following relationship
has been applied to find the short circuit duration value:
T³k = t zab + twy
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(1)

In the developed model of the short-circuit duration, the EAZ elements of substation’s bus, connected lines and electric power transformers have been taken into account. The following EAZ equipment
has been considered:
–– Line bays are equipped with two distance protectons and overcurrent earth-fault protections; no unit protection,
–– Duplicated operation of distance protections on individual lines
(can be switched-on independently on any individual line),
–– automatic reclosing equipment (SPZ) on lines (can be switchedon independently on any individual line),
–– protection in bus coupler bay,
–– bus bar protection,
–– local circuit-breaker back-up (LRW)
–– two differential protections on each transformer, distance protections in transformer bays and earth-fault protection.
For instance, when the disturbance appears in AB line, the action
of protections in the tested substation in the line AB bay (Z11, Z12,
Z13), in the bay at the opposite line end (Z21, Z22), on the opposite
ends of line branches connected to the considered 220 kV substation
(Z31, Z32 – in adjacent substations), in transformer bays (ZT3 i ZT4)
and on the opposite side of transformer (ZT3) is taken into account.
The LRW failure frequency is not assumed whilst the failure frequency of circuit-breakers excited by this unit is assumed. ZT1 and
ZT2 are the residual-current operated protections (RCDs) protecting
the transformers with the lowest possible time delay. Regarding its
operation principle, it is the fastest protection installed in the trans-
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former bay. Every transformer installed in the HV
and EHV grids is protected by at least one RCD
protection. Transformer can be equipped with a
second set of such protections provided that the
IRiESP requirements are met. The area protected
by the RCDs falls between the current transformers installed in the bay and the bushings of the
second side voltage transformer. When the RCD
protection acts, the pulse is transmitted to the
transformer’s circuit-breakers on both sides.
ZT3 is the distance protection like those installed in the line bay; however, its settings are
slightly different. The zone I reach is of 70% of
protected transformer’s impedance. Within the Fig. 4. Scheme of 220 kV substation under consideration; lookout points A and B are depicted as
zone, the operation is delay-free. The zone II reach
squares on the I and II bus systems between bays No. 12 and No. 13
includes busbar on the opposite side of transformGeneral algorithm of finding the short-circuit duration for substaer, and the time setting is 1 s. The protection has
tion is shown in Fig. 3. In the first step, depending on the fault loca„a backward zone” reaching of 60% impedance of the shortest line
tion, the operation algorithm of protections detecting ad clearing the
connected to the substation with time setting of 0.6 s. The backward
fault at its location is carried out (Fig. 3 dotted line). Detailed descripzone provides protection against the near faults (i.e. will restrict the
tion of algorithms can be found in [9], and refers to the protections
short-circuit current through the transfoirmer) when the bay protecdirectly protecting lines, transformers and busbar systems.
tions, busbar protections or coupling bay’s protection will not act.
The next simulation steps consider successively the operation of:
When the protection ZT3 acts in the „forward” zone, the pulse is
–– protection on the opposite ends of line cooperating with the
transmitted to both circuit-breakers (CBs) of the tranformer. When the
CB, which can switch-off the fault current flowing to the disfault is detected in the backward zone, the pulse is transmitted only on
turbance’s location,
the CB in the auxiliary bay.
–– protection in the transformer bay,
Moreover, the transformer is protected by the ZT4 earth-fault pro–– protection disconnecting the couplers in the bay when the fault
tection looking toward the grid (it has two current settings and correoccurs within its reach of activity.
sponding time settings) and by the earth-fault protection in the transformer’s star point (also two current settings). Time settings of these
In the successive step, the „out-of-work” protections and CBs
protections are high and are not taken into account in the algorithm.
which are not able to take part in the disturbance clearance are inDetailed values of reach of the protection zones considered in
dicated. If the CB is in failure, the operation of the LRW unit is adsimulation calculations are described in [8].
ditionally considered in the simulation.
In the final simulation step, according to the assumed distributions,
the operation time of protections and CBs is being found. The shortest
total operation time of the devices is treated as the disturbance’s clearance time. According to the recognition, it has been assumed that the
DLF circuit breakers are used in the tested 220 kV grid; therefore, the
operation time distribution found for DLFs has been introduced. The
operation time distributions for chosen protections obtained on the
base of records of their operation times are presented in the work [7].

4. Distribution substation model and short-circuit current distribution
In Fig. 2, the scheme of substation is presented; the lookout points
(A, B) of short-circuit conditions on the No. I and No. II bus systems
between bays 12 and 13 are depicted. In the first case, the two bays
to which the transformer (bay No. 14) and line (bay No. 15) are connected is situated on the one side of the lookout point whilst the other
branches of the scheme are on its other side. In the second case (sys-

Fig. 3. General algorithm for simulation-based finding of the short-circuit
duration

Fig. 5. Annual frequency of exceeding actual values of short-circuit current at
the lookout point B
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tem No. 2), only the line (bay No. 16) with a very low contribution
to the bus short-circuit current is on the one side of the lookout point.
To find the short-circuit currents’ flow, a Plans-based grid model has
been applied. For simulation computing needs, the short-circuit current values in the system have been over-scaled to obtain the maximum current on substation’s bus equal to 40 kA.
In Fig. 5, annual frequency of exceeding actual values of shortcircuit current at the lookout point B under short-circuit conditions
within the considered section of the system has been plotted. As the
contribution of the short-circuit current in the line connected in the
bay 16 is negligible, maximum current values are of 40 kA (values of
short-circuit currents on bus). It should be underlined that maximum
short-circuit current value on the bus occurs under the single-phase
fault conditions. Under a three-phase fault conditions on the bus of
considered substation, the current value is slightly lower than 40 kA.
The plot of Annual frequency of exceeding actual values of shortcircuit current at the lookout point A under the faults in the considered
section of the system is shown in Fig. 6. Due to the short-circuit current flow through the substation’s bus, a maximum value of the current expected at the lookout point is slightly higher than 25 kA. Total
contribution of the line (bay 15) and transformer (bay 14) to the bus
short-circuit current is near to 15 kA.

Fig. 7. Annual frequency of exceeding actual values of short-circuit duration
at the lookout point A

out point A is plotted in Fig. 7. The faults have been simulated on the
part of the bus-bar system No. 1, in the line bay and line as well as in
the transformer bay and transformer (part of the system located on the
right of the lookout point).
Lower values of the frequency of exceeding for the most frequent
short durations of the fault (up to 150 ms) occur for configurations
No. 1 (full) and No. 3 (no disconnecting protection with the operation
delay of 400 ms in the coupler bay).
Higher values of the frequency of exceedings correspond to the
configurations No. 2 (free of the SPZ on the line and with no duplicated operation of protections) and No. 4 (no bus bar protection).
When frequency of exceeding is 10-2 1/a and 10-3 1/a, significant
differences in the short-circuit duration values for different configurations can be seen. For frequencies 10-4 1/a and lower, the influence of
the EAZ configuration type is negligible.
Short-circuit duration values, found at the lookout point A for chosen levels of frequency of exceedings and four EAZ configurations
are presented in Table 2.
Table 2. Short-circuit duration values, Tk, found at the lookout point A
for chosen levels of frequency of exceedings and four EAZ configurations

Fig. 6. Annual frequency of exceeding actual values of short-circuit current at
the lookout point A

More detailed analysis of the short circuit currents’ distributions
in the EHV substations using statistical-probabilistic method is reported in [8].

Ra, 1/a
-1

10

Table 1. Configurations of EAZ equipment in substations
Equipment

Conf. No. 1

Conf. No. 2

Conf. No. 3

Circuit-breaker back-up
system

YES

YES

YES

YES

YES

YES

Automatic reclosing equipment and duplicated operation of protections
Disconnecting protection in
bus coupler bay
Busbur protection
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YES

YES

NO

YES

YES

NO

97.2

108.7

119.6

10-4

1066.4

10

Annual frequency of exceeding the actual short-circuit duration
values for four different configurations of the EAZ equipment in
220 kV substation has been discussed. The EAZ configurations are
described in details in Table 1. In simulative computations, the system sections in which the faults-related flow of the significant shortcircuit current values through the lookout points occurs, regarding the
dynamic effects analysis, have only been taken into account.
Expected annual frequency of exceeding actual values of the
short-circuit duration (short-circuit current flow duration) at the look-

Conf. No. 2

Tk [ms]

10-2
-3

5. Results of the short-circuit duration analysis

Conf. No. 1

491.1

Tk [ms]

Conf. No. 3

Conf. No. 4

97.2

101.2

Tk [ms]

569.8

119.8

1067.6

1069.0

923.9

689.4

Tk [ms]
469.3
545.2

1065.8

Annual frequency of exceeding actual values of short-circuit duration at the lookout point B is plotted in Fig. 8. In calculations, the
faults on the section of the busbar system No. II in the line bay No. 16
and on the line connected to this bay (on right side of the lookout
point) have been taken into account.
When there is only one 220 kV line on the right to the lookout
point, the investigated frequency of exceeding is mostly influenced
by the SPZ devices and duplicated work of protections on
this line. For frequency values of 10-1 1/a and 10-2 1/a, the
lack of these devices results in an important increase in the
found short-circuit duration values. The influence of autoConf. No. 4
matic devices protecting the line on which the disturbances
are simulated is higher than for the line considered at the
YES
lookout point in the system I. It results from the fact line
connected in the bay 16 is almost 7 times longer than that
YES
in the bay 15. The runs of curves shown in Fig. 8 for configurations No. 1, No. 3 and No. 4 are similar. For frequency of exceeding 10-3 1/a and lower, no impact of the EAZ
YES
configuration on the obtained results has been observed.
NO
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Fig. 11. Risk of exceeding force Ft versus Tko for short-circuit conditions at
point A for configuration No. 1
Fig. 8. Annual frequency of exceeding actual values of short-circuit duration
at the lookout point B

be assumed when computing the Ft force in substation can be estimated, at the assumed risk value Raz (i.e. expected frequency of exceeding
the found force). An example: the force Ft1 of 23.1 kN corresponds to
the frequency of exceeding of 10−3 1/a (Fig. 9). Referring to the curve
in Fig. 10 one can see that the time Tko1 = 43.9 ms corresponds to
that value. In such a way, the short-circuit duration values assumed in
calculations of dynamic effects in the substation of maximum shortcircuit current 40 kA can be lied to the expected risk of exceeding a
force value being found during the faults.
Using the method described above, the curve of risk of exceeding
the force Ft being found from the value of time Tko taken to calculate
the value of this force, can be plotted. For the last example, such a
relationship is given by the curve presented in Fig. 11.
Listing of the force Ft values and corresponding time Tko values
for four considered EAZ configurations at the chosen risk levels are
reported in Table 4. The results refer to the short-circuit conditions at
the lookout point A. The results of similar analysis carried out under
the short-circuit conditions at the lookout point B are reported in Table 5.

Short-circuit duration values for chosen levels of frequency of
exceeding and for considered EAZ configurations found at lookout
point B are presented in Table 3.
Table 3. Short-circuit duration values, Tk, found at lookout point B for
chosen risk levels and four EAZ configurations
Ra, 1/a
10-1
-2

10

-3

10

10-4

Conf. No. 1

Conf. No. 2

Conf. No. 3

Conf. No. 4

111.5

562.9

111.5

115.1

Tk [ms]
498.7

1055.9
1081.9

Tk [ms]
620.6

1058.7
1081.0

Tk [ms]
503.4

1058.3
1081.2

Tk [ms]
527.2

1057.2
1081.6

6. Assessment of dynamic forces and short-circuit duration for computation purposes
The analysis of the dynamic force values has been
carried out using computer simulation in which the computation scheme shown in Fig. 1 has been used. A an
example, computations for a defined 220 kV span, 56 m
long, has been carried out.
In Fig. 9, expected annual frequency of exceeding
the actual values of force Ft found for EAZ configuration No. 1 in the substation is presented. Referring to the
found curve and the relationship between the force Ft
and the short-circuit duration found for 40 kA (Fig. 10),
the values of the short-circuit duration, Tko, which are to

Table 4. Values of force Ft and time Tko for defined risk levels and different EAZ configurations under short-circuit conditions at the lookout point A
Ra, 1/a

Conf. No 2

Conf. No 3

Conf. No 4

Tko, ms

Ft, kN

Tko, ms

Ft, kN

Tko, ms

Ft, kN

-2

10

22.7

36.2

22.8

37.6

22.7

36.2

23.0

10-4

28.0

110.0

28.0

110.0

28.0

110.0

28.0

-1

10

10-3

Fig. 9. Annual frequency of exceeding actual values of force Ft at the lookout
point A and configuration No. 1

Fig. 10. Force Ft versus short-circuit duration for Ik” = 40 kA

Conf. No. 1

Ft, kN
-

23.1

-

43.9

-

25.2

-

77.6

-

23.1

-

43.9

-

28.0

Tko, ms
-

41.5

110.0
110.0

The results reported in Table 4 indicate that the time Tko is very
low and rises up to 100 ms just for the risk of exceeding equal to 10−4
1/a. It results from the fact the maximum short-circuit current value
at point A is much below 40 kA. As there is no busbar protection, the
time value being found increases. It is explicitly observed at the risk
of 10−3 1/a.
Under the short-circuit conditions at point B, the found values of
time Tko are explicitly higher and for the risk equal to 10−3 1/a are of
100 ms (configurations No. 1 and No. 3). As there is no busbar protection, the time value being found significantly (3 times) increases. At
the considered risk level, the effect of lack of both the SPZ devices and
the duplicated work of protections is observed (Tko is of 160 ms).
Similar analysis has been carried out for the force Ff. In Fig. 12,
expected annual frequency of exceeding the actual values of force Ff
found for the EAZ configuration No. 1 under the short-circuit conditions at point B has been presented. The relation between the force Ff
and the short-circuit duration at the current 40 kA is shown in Fig. 13.
For instance, the time Tko value for calculation of the force Ff under
the assumed risk of exceeding equal to 10−4 1/a has been found. The
force value read out from the curve in Fig. 12 is 61.5 kN whilst the
corresponding value of the short-circuit duration read out from Fig.
13 is of 400 ms.
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Table 5. Values of force Ft and time Tko for defined risk levels and different EAZ configurations under short-circuit conditions at the lookout point B
Ra, 1/a
10-1
10-2

10-3

10-4

Conf. No. 1

Conf. No. 2

Conf. No. 3

Conf. No. 4

Ft, kN

Tko, ms

Ft, kN

Tko, ms

Ft, kN

Tko, ms

Ft, kN

Tko, ms

27.6

104.7

32.9

156.0

27.6

104.7

45.9

317.1

-

25.0
45.9

-

74.2

317.1

-

25.6
45.9

-

82.0

317.1

-

25.0
45.9

-

74.2

317.1

Fig. 12. Risk of exceeding force Ff at lookout point B for configuration No. 1

-

25.8
45.9

-

84.8

317.1

drawn that there is no need to take into account the force
Ff when analyzing the dynamic effects in the substation
for EAZ configuration No. 1 and No. 3 at the assumed
risk equal to 10-3 1/a. For EAZ configurations No. 2 and
No. 4, the short-circuit duration values of 280 ms and
433 ms should be assumed, respectively.

7. Final remarks
Finding of short-circuit duration values during computations of dynamic forces in the EHV substations can

Fig. 13. Force Ff value versus short-circuit duration for Ik” = 40 kA

be based on the levels of risk assumed in analysis, i.e. on expected
annual frequency of exceeding of the force being found in train of the
substation’s operation and maintenance (static operation conditions
assumed). For a defined span of the substation, the values depend
mostly on (1) the substation point for which the short-circuit conditions are being, (2) assumed risk level for which the computations are
being carried out and (3) substation’s EAZ equipment.
In the EHV substations, due to the length of spans, the force Ff
values are, in general, higher than those of the force Ft; however, the
probability of its occurrence is low. The Authors of works treating the
question of the allowable risk when choosing the devices regarding
Fig. 14. Risk of exceeding force Ff versus Tko under short circuit conditions at
the fault conditions indicate the values 10-2 1/a, 10-3 1/a [6]. The time
point B for configuration No. 1
Tko values found to calculate the force Ff under the risk
10-3 1/a and lower are higher than those used to calcuTable 6. Force Ff and time Tko values for defined risk levels and different EAZ configurations
under the short-circuit conditions at point B
late the force Ft. In doubtful cases, the force Ff should
be taken into account when the modernization version is
Conf. No. 1
Conf. No. 2
Conf. No. 3
Conf. No. 4
chosen and the choice shall be proven by the economic
Ra, 1/a
Tko, ms
Ff, kN
Tko, ms
Ff, kN
Tko, ms
Ff, kN
Tko, ms
Ff, kN
analysis.
One has to be aware that the time Tko values being
10-2
found
will also depend on parameters of the substation’s
-3
10
53.8
280.3
63.2
433.1
span, applied static tension of conductors, short-circuit
-4
10
61.5
399.7
64.8
469.4
63.7
444.6
66.4
517.2
current flow within the substation (including reactance
10-5
65.4
486.8
66.8
531.9
66.7
528.3
66.7
529.9
ratio x0/x1), accepted models and data. In the next step
of studies, the authors plan to undertake work aiming to
A curve representing the relation between expected risk of exestimate the influence of the factors listed above.
ceeding the found force Ff and the time Tko taken to calculate the force
Our assumptions, especially decision to omit the current flow
value is shown in Fig. 14.
within a single span and to take a constant temperature of conducListing of the force Ff values and corresponding time values for
tors before the fault, lead to a significant increase in the expected risk
four considered EAZ configurations and chosen risk levels is shown
value (i.e. introduce a safety margin).
in Table 6. The results refer to the short-circuit conditions at point B.
For the short-circuit conditions at point A, force Ff is missing completely. From the results listed in the Table 6, the conclusion can be
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Mission reliability modeling and evaluation of
multi-mission phased mission system based on
extended object-oriented Petri net
Modelowanie niezawodności misji oraz ocena systemów
wielozadaniowych o misjach okresowych w oparciu
o rozszerzoną sieć obiektową Petriego
Multi-mission phased mission system (MM-PMS) is an extension of phased mission system (PMS) which is required to complete
more than one missions for a period of time. Missions in MM-PMS usually have following characteristics: they have different
mission starting and duration times; they share common components but with different combinational requirements; they have unequal occurrence probabilities. Therefore, reliability modeling and evaluation of MM-PMS is more complicated than that of PMS.
This paper presents a general methodology based on the extended object-oriented Petri net (EOOPN) for mission reliability modeling and evaluation of MM-PMS with these characteristics. The proposed EOOPN model for MM-PMS includes five sub-models
depicting MM-PMS at different levels of granularity. To demonstrate the effectiveness of the proposed model, mission reliability
evaluation results of a simple MM-PMS case by EOOPN simulation methods are compared with those by binary decision diagram
(BDD). Results show that the EOOPN model is suitable to depict the dynamics and to evaluate the reliability of MM-PMS.
Keywords: Multi-mission phased mission system, extended object-oriented Petri net, mission reliability, reliability modeling, reliability evaluation.
Wielozadaniowy system o misjach okresowych (ang. multi-mission phased mission system, MM PMS) jest rozszerzoną wersją
systemu o misjach okresowych (ang. phased mission system, PMS). MM PMS to system, w którym zachodzi konieczność wykonania więcej niż jednego zadania w danym okresie czasu. Zadania (misje) w MM-PMS zazwyczaj charakteryzują się następującymi
cechami: mają różne czasy rozpoczęcia i trwania; mają wspólne elementy, ale występujące w różnych kombinacjach; różnią się
prawdopodobieństwem wystąpienia. W związku z tym, modelowanie i ocena niezawodności MM-PMS jest bardziej skomplikowana niż w przypadku PMS. W pracy przedstawiono ogólną metodologię opartą na idei rozszerzonej sieci obiektowej Petriego
(EOOPN) służącą do modelowania niezawodności misji oraz oceny MM-PMS o podanych cechach. Proponowany model EOOPN
dla MM-PMS obejmuje pięć modeli zależnych przedstawiających MM-PMS na różnych poziomach szczegółowości. Aby wykazać
skuteczność proponowanego modelu, porównano wyniki oceny niezawodności misji dla prostego przypadku MM-PMS dokonanej
metodami symulacji EOOPN z oceną przeprowadzoną metodą binarnego diagramu decyzyjnego (BDD). Wyniki pokazują, że
model EOOPN można z powodzeniem stosować do obrazowania dynamiki oraz oceny niezawodności MM-PMS.
Słowa kluczowe: Wielozadaniowy system o misjach okresowych, rozszerzona sieć obiektowa Petriego, niezawodność misji, modelowanie niezawodności, ocena niezawodności.

1. Introduction
Phased-mission system (PMS) is a kind of complex system whose
mission could be divided into a number of consecutive independent
periods [1, 4]. As an extension of PMS, multi-mission phased mission
system (MM-PMS) is used to accomplish several different missions,
while a PMS only completes one mission during its mission time.
Examples of MM-PMSs abound in many practical applications, such
as the tracking, telemetry and command (TT&C) system [13, 17], rail
transportation system, etc. For example, a TT&C system is used to
support several missions like tracking different spacecrafts or receiving data from different spacecrafts for a period of time. These missions may have different starting times and duration times, but occupy
same ground resources. Failure of these missions could lead to serious
consequence, such as failure to launch the spacecraft or failure to receive useful information. Hence, it is necessary to evaluate the mission reliability of MM-PMS before its being putted into operation.
In general, mission reliability is defined as the probability to
successfully complete a prescribed mission under given conditions
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[13]. So far, mission reliability analysis of PMS has attracted many
researchers. Generally, there are two kinds of reliability evaluation
methods: analytical methods and simulation method. Combinational
method is one of the most effective analytical methods in analyzing non-repairable PMS which are mainly based on binary decision
diagrams (BDD) algorithm, but has to combine with state-based approaches to deal with repairable PMS [7, 13]. State-based approaches
could consider each possible state of the repairable systems [9]. However, they may suffer state space explosion problems when there are
large number of components. Modular or hierarchical methods are
provided to balance the drawbacks of the previous two approaches [5,
6]. But they have to make many hypothesis and could not fully consider the repairable cases; Simulation methods have less restriction
and stronger representation power, but are time consuming to gain
high accuracy [1, 3]. As research continues, more literature has addressed mission reliability analysis of PMS with more complicated
cases, such as with repairable component [4, 11] , common cause failures [13, 14], imperfect fault coverage [15], multi-states [17]. How-
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ever, to the best of our knowledge, mission reliability of MM-PMS
has not been systematic studied.
Reliability evaluation of MM-PMS is more complicated than
that of PMS because of its following characteristics: different missions in a MM-PMS have different mission starting times and phase
duration times; missions in a MM-PMS are not independent due
to overlapping phase durations and sharing common components;
missions in a MM-PMS may have different importance degrees for
conflict resolution; different missions may have unequal occurrence
probabilities. Considering these characteristics, in this paper, the
reliability of MM-PMS is defined as the proportion of successfully completed missions weighted by mission importance degree, and
we present a simulation method for mission reliability modeling and
evaluation of MM-PMS based on an extended object-oriented Petri
net (EOOPN) model.
Petri net (PN) is an adaptable and widely used tool for dynamic
system modelling and simulation, which combines the advantage of
state-based methods and simulation methods [3,10,18]. To satisfy the
requirement of complex system modelling, considerable work has
been done on the extensions of PN models [1,2,10]. The proposed
EOOPN in [11] was suitable for modeling of complex system. It introduced the concept of logic transitions to describe the complicated
logic relations between the various system components and broadcast
place to transmit information to the large number of objects in the
model simultaneously. Compared with other PN models, EOOPN had
been demonstrated to have good readability and reusability. However,
the EOOPN model for PMS in [11] did not consider multi-missions
with different mission starting times, missions with overlapping durations, with different importance degrees and occurrence probabilities.
As a result, the model in [11] has difficult in reliability evaluation
of MM-PMS. In this paper, we further extend the EOOPN by introducing a competitive-handling mechanism which is used to deal with
component sharing and conflict in overlapping durations.
The rest of this paper is organized as follows. Section 2 presents
the mission reliability definition of the MM-PMS. Section 3 provides
the EOOPN model for mission reliability evaluation of MM-PMS and
outlines the simulation procedure. Section 4 illustrates the proposed
method via an example. The results obtained by the proposed methods are compared with a BDD based analytical method to show its
effectiveness for mission reliability evaluation of MM-PMS. Finally,
section 5 presents some conclusions.

2. Mission reliability definition and model assumptions
2.1. Mission reliability definition of MM-PMS
Reliability of MM-PMS depends on the component reliability parameters, mission duration times, mission logic structures of components, mission importance, and mission occurrence probability. Suppose that a system consists of n components and has to accomplish
m missions, the mission importance degree of mission M i is Wi
( i ∈ {1, 2,..., m} ), and the occurrence probability of a mission Mi is
Pi ( i ∈ {1, 2,..., m} ).
Supposed that the reliability distributions and parameters of each
component are given, according to the law of large numbers, the sample average value can be viewed as an approximated of true value, so
the point estimated value of the reliability of MM-PMS including m
missions could be evaluated based on Monte-Carlo sample method
after Nth simulation.
When the missions in a MM-PMS are independent (there is no
conflict among each mission), we have:

R=

N m

∑ ∑Wi Pi Ri / N ,
j =1 i =1

where Ri is the mission reliability of mission Mi , Wi is the importance of mission Mi and Pi is the occurrence probability of mission
Mi .

When there are conflicts among missions, only the mission with
higher Wi can be executed. In this case, the above equation should be
changed with the real MM-PMS examples.

2.2. Assumptions
In the sequel, the following assumptions of MM-PMSs are made
[1, 11, 17]:
1) The phases durations of each mission are fixed, and phases of
each mission are ordered in a predetermined sequence;
2) A mission is considered to be failed if any one of its phases
fails;
3) Maintenance resources are adequate, and repair is carried out
immediately after failure occurs;
4) A component is as good as new after its repair;
5) A component has three modes: free, busy and failure;
6) A phase task has four states: activation waiting, activation,
success and failure;
7) The importance degree and the occurrence probability of a
mission are predefined fixed values.

3. EOOPN models for reliability evaluation of MMPMS
EOOPN model is designed to facilitate mission reliability simulation and analysis of complex systems [11]. It consists of subnets to
encapsulate internal behaviors of an object, broadcast place to transmit shared information without time delay, logic transitions (similar to
the logic gates in fault tree) to depict logics and arcs linking subnets
and logic transitions.

3.1. The general EOOPN specification
As introduced in [11], EOOPN is defined as a tri-tuple ( S N ,
F , Ddr ), where:
S N is a finite set of extended CPN model drawn as a package icon (
); the extended CPN is defined as an eight-tuple
( P, F , Ddr ; S , C ; Pre, Post ; M 0 ) : P is a non-empty finite set of places
with three kinds of places, they are simple place drawn as an ellipse
, information place drawn as a circle and broadcast place drawn as

a circle with two vertical bars ; Ddr and F are defined as follows;
S is a non-empty finite set of colors. C is a color function to set place
color and transition color. Pre and Post are pre and post mappings
between places and transitions. M 0 is the initial places markings;
F is a finite set of arcs, via which subnets transfer tokens.
EOOPN defines two kinds of arcs: simple arc, drawn as an arrow
), and information arc, drawn as an arrow with dashed line ( ).
(
Tokens will not be removed from the output place after a transition
fired when it is linked by an information arc;
, AND
Ddr is a finite set of logic transitions (Delay transition
transition
, OR transition
, N/R transition R/N , and Probability
transition r ) [11]. Probability transition and Delay transition have
more than one transition modes defined by transition-colors. Different transition-colors in Delay transition represents different transition
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modes with different transition delay times, and that of probability
transition means different firing probabilities.

3.2. EOOPN reliability Models for MM-PMS
S N of EOOPN in [11] is used to represent a single phase or a
component, in this paper, it can also represent a single mission. Additionally, token of EOOPN in [11] has a unique ‘ID’ to separate each
other, an attribute ‘state’ depicting its state, an attribute ‘priority’ deciding its firing order. There are three kinds of tokens defined in this
paper: mission token, which has a ‘task’ attribute to record the phase
ID in execution state in the mission; phase token, which has a ‘pathset’ attribute to record all the minimal-paths of the phase task; For
example, a phase has two components 1 and 2. If the two components are parallel, its ‘path-set’ attribute is 1+2. If the two components
are serial, its ‘path-set’ attribute is 1*2; component token, which has
an ‘occupant’ attribute to record the phase ID it working in. These
attributes are designed to solve component conflict in simulation of
MM-PMS reliability evaluation.
Transition is used to change the state of a component, a phase or
a mission. All kinds of transitions in [11] have difficulty in correctly
and clearly changing states of missions, phases and components during phase overlapping durations. When two or more missions have
overlapping duration, we have to judge whether these missions have
conflict. Thus, another kind of logic transition is added called comparison transition drawn as C . Before activate the missions, a corresponding comparison transition will fire. Firstly, the comparison transition will obtain the phase ID in execution or the phase ID needing to
be activated from ‘task-state’ attribute of the missions. Then, according to the unique IDs, the corresponding phase tokens can be found.
The comparison transition will compare the ‘path-set’ attributes of
these phases. When their path-sets are same, these phases are common
phases. The phase task in execution could continue and the phases
needed to be activated can start. When there is a minimal path (we call
it feasible path in the following) of the phase needing to be activated
has no common component with those in a minimal path of the phase
in execution, the phase needing to be activated has no conflict with the
phases in execution. In this case, the comparison transition will send
a release information to the components in the feasible path, and thus
the phase needing to be activated will be activated immediately. When
there is no feasible path of the phase needing to be activated, task conflict will occur. In this case, the comparison transition will compare
the ‘priority’ attribute of these missions. The mission with higher priority can be continued or be successfully activated, while the mission
with lower priority will be terminated or failed in activation.
Fig. 1 uses an example with two missions to explain the algorithm
of the comparison transition. It has three kinds of output results named
as case1, 2, and 3. Five kinds of EOOPN sub-models are defined for
mission reliability evaluation of MM-PMS to ensure model general-

ity. They are: multi-mission model (MMM), controlling the starting
time and duration time of each mission; mission state model (MSM),
reflecting the states of a mission on real time; phase execution model (PEM), depicting the states of each phase on real time (failed or
executing); phase logic model (PLM), describing the phase mission
logic; component execution model (CEM), governing the change of
component state according to its failure time distribution, repair time
distribution and work duration time.
In the following part of this section, we will introduce the preceding models in detail.
3.2.1. CEM for MM-PMS
Component is the basic unit to support mission implementation.
CEM is designed to depict the change of component state. During the
whole system mission, each component is assumed to be in one of the
three states: free, busy, or failure. Fig. 2 shows a general CEM for a
repairable component, with the symbols explained as follows:
111-mp1: storing activation request place storing activation request
from the phase execution model, capacity is 1;
111-mp2: storing release request from the phase execution model, capacity is 1;
p1:					 component in free state;
p2:					 component in busy state;
p3:					 component in failure state;
b1:					 the latest state information of a component token;
ADR1:		 enabled when p1 has a free component token and mp1 has a
cooperation activation request token for the component token, an instantaneous transition;
ADR2:		 enabled when p2 has a busy component token and 111-mp2
has a release request token for the component token, an instantaneous transition;
t1:					 component fails. The delay time is governed by failure distribution of the enabled token;
t2:					 component repairs. The delay time is governed by repair distribution of the enabled token.

Fig. 2. A general CEM

The notes on the arc are used to depict
the required input tokens states that enable
a transition or the output tokens states after
the transition fires.
Initially, a component token in the ‘free’
state is put in p1. ADR1 will fire after 111mp1 receives an activation request token.
After ADR1 fires, the token state in p1 will
be updated to ‘busy’ and be transmitted to
p2. Meanwhile, its attribute ‘occupant’ will
be updated to the task activation request token ID in 111-mp1. If there is no component
failure occurring before 111-mp2 receives
the token release information, ADR2 fires,
Fig. 1. Example of comparison transition
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and the component token will be released and sent back to p1. If component failure occurs, t2 fires and sends a component token in ‘failure’ state to p3. The simulation clock will be advanced according to
failure occurrence time. During this period, once the component state
changes, the latest state will be transmitted to b1 and be broadcasted
by b1 without time delay. Arcs from transitions ADR1, ADR2, t1 and
t2 to b1 are not shown in Fig. 2 for better readability. Transitions t1
and t2 have different types of transition colors. The actual choice of
transition colors depends on the component that enables the transition.
Their firing time are sampled by the Monte-Carlo methods. Besides,
places with capacity equal to 1 meaning the token in them will be
replaced by the new arrival.
3.2.2. PLM for MM-PMS
In this paper, PLM is designed to depict phase mission logic. Its
input information is the state of each related components, and the
output information is the mission state of this phase (a phase token
is a kind of information token). PLM of a particular phase can be
transformed from its fault tree model (FT) directly. Fig. 3 uses a series structure as an example to illustrate the transformation approach.
From which we observe that PLM elements with grey color are totally
consistent with the FT model. Therefore, the PLM model of a phase
can be easily built after its phase FT model is determined.
The meaning of the places and transitions in Fig. 3 are given
below:
11-mp1: phase token in activation state, capacity is 1;
ADR1:		 enabled when 11-mp1 has activation request tokens and b1
has component states, instantaneous transition;
ADR2:		 enabled when component a and b are in free states, instantaneous transition;
ODR1:		 enabled when either component a or b is in failure states, or
at least one of them is occupied by other task, instantaneous
transition;
b1:					 the latest states of components and mission states of phases.
When 11-mp1 receives a phase token in activation, ADR1 fires
and the related components states information will be sent to the corresponding places. The arc from mp1 to ADR1 is an information arc.
That is, token in mp1 will not be removed after ADR1 fires. Thus,
until the phase finish time or phase failure occurrence, any of the
components states change will enable ADR1. PLM can generate
three kinds of phase state: 1) ‘activation’, when the related components in ‘free’ state match the reliability logic, ADR2 fires and phase
token state in b1 is updated to ‘activation’; 2) ‘failure’, during the
phase duration time, once the failure logic of the phase is matched,
ODR1 will fire and token state of this phase in b1 will be updated
to ‘failure’. Different from PMS, phase task in MM-PMS has two

Fig. 3. A PLM example with series failure logic

failure modes: one is caused by component failure, and the other is
caused when the required components occupied by other missions.
As mentioned above, a component token has an ‘occupant’ attribute
recording the phase task ID which occupied it. If the information of
the occupant of a token is not equal to the ID of this PLM Petri net,
it means this token has been occupied by other phases with higher importance. Thus, arcs from ‘a’ or ‘b’ to ‘ODR1’ are noted with
‘failure or occupant.ID! = PLM.ID ’ which are used to depict component failure or occupied by other missions respectively. Except for
the above two cases, phase token state remains unchanged (the original phase token state is ‘activation waiting’).
3.2.3. PEM for MM-PMS
PEM is designed to control the phase task process according to
the phase state from PLM. Different from PMS, there are three kinds
of failure modes in PEM for MM-PMS: 1) activation failure, components supporting this phase is occupied by another mission with
higher mission importance degree before mission starts; 2) component failure, components supporting this phase fail during the phase
duration; 3) conflict failure, components working in this phase taken
away by another mission with higher mission importance degree during the phase task duration. PEM for MM-PMS considering these
three kinds of failures is shown in Fig. 4. The meaning of the places
and transitions in it are given below:
1-mp1:		 phase task activation request from MSM, capacity is 1;
1-mp2:		 component activation request to CEM, capacity is 1;
p1:					 phase task activation request to obtain state information from
PLM, capacity is 1;
p2:					 phase task activation request to activate phase task, capacity
is 1;
p3:					 phase state from PLM, capacity is 1;
p4:					 phase task in execution state;
mp3:			 phase task finishing information from MSM, capacity is 1;
mp4(result_place): phase task in success state;
mp5:				 release information to CEM, capacity is 1;
mp6:				 phase interrupt information from MSM, capacity is 1;
b1:					 the latest states information of the phase;
t1:						request to activate phase task, instantaneous transition;
t2:						fail to activate phase task, delay transition;
ADR1:		 enabled when p1 has activation request token and b1 has
phase state tokens, instantaneous transition;
ADR2:		 enabled when p3 has phase in ‘activation waiting’ state token
and p2 activation request token, instantaneous transition;
ADR3: enabled when mp3 has a release token and p4 has a phase
token in execution state, instantaneous transition;
ADR4: enabled when p3 has a phase state token in failure state and
p4 has a phase token in execution state, instantaneous transition;
ADR5: enabled when mp6 has a interrupt information and
p4 has a phase token in execution state, instantaneous transition.
After a PEM model being initialized, b1 will receive a
phase token in ‘activation waiting’ state. When mp1 receives
a phase activation request information, t1 fires and sends the
request information to p1, p2. Token in p1 is used to enable
ADR1 to obtain the lasted phase state information. Token in
p2 is used to enable ADR2 to start the phase task.
Arc from p1 to ADR1 is an information arc. Once the
phase state changes, ADR1 will fire. Hence, p3 can obtain
the latest phase state. When the latest phase state is ‘activation’, i.e., the components supporting this phase task are
available, ADR2 will fire and put a phase token in execution
state to p4, a component activation request token to 1-mp2 to
activate the corresponding CEM. When the latest state of the
phase is ‘activation waiting’, i.e., the phase task cannot be
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t2 (t4):			 terminate phase task 1(2), delay
									 transition whose delay time is
									 equal to the duration time of
									 phase 1 (2);
ADR1 (ADR3): enabled when p1(p5) has
phase token and b1 has phase failure state,
instantaneous transition;
ADR2 (ADR4): enabled when p2(p6) has
phase token and b1 has phase success state,
instantaneous transition;

Fig. 4. A general PEM

activated at time moment. Transition t2 is a
delay transition whose delay time is equal
to the tolerant activation buffer time of the
phase. In engineering, it is equal to the interval time between the latest start time of
the phase mission and the present time.
For example, if the delay time of t2 is 5, it
means the phase task can be activated during [t , t + 5] , where t is the firing time of
transition t1. Therefore, if the latest phase
state turns to ‘activation’ during this period,
phase task also can still be activated (ADR2
will fire). Otherwise, t2 will fire and b1 will
update the phase state to ‘failure’ (activation failure).
If ADR2 fires, phase task begins to execute. Under this situation, if p3 receives
a ‘failure’ phase state token before mp3
receives a finishing request token, ADR4
will fire immediately and b1 will update the phase state to ‘failure’
(component failure). Besides, if mp6 receives a task interrupt token,
ADR5 will fire and b1 will update the phase state to ‘failure’ (conflict
failure). Only when the above two kinds of failures do not occur, will
ADR3 fire and send a phase success token to mp4, and b1 update the
phase state to ‘success’. Place mp4 is a result_place used to estimate
the reliability of each phase.
3.2.4. MSM
MSM controls the simulation process of a mission. Fig. 5 is an example MSM with two phases. From which, we observe the two parts
in the dashed rectangle are identical. They are used to activate the corresponding phase task and update the mission state according to the
phase state from PEM. In cases that a mission has more phases, add
same number of dashed rectangle parts. The meaning of the places
and transitions in Fig. 5 are given below:
mp1:												 phase activation request to PEM and PLM, capacity
								 is 1;
p1(p4, p5): 					 phase token with ID phase1(phase 2) in execution 			
								 state, capacity is 1;
p2, p3(p6): 					 phase token with ID phase1(phase 2) in success state,
								 capacity is 1;
1-mp1(2-mp1): phase token with ID phase1 (phase 2) in activation 		
								 state, capacity is 1;
1-mp3(2-mp3): phase token with ID phase1 (phase 2) in success state,
								 capacity is 1;
mp3:												 information token in success state;
mp4:												 information token in failure tate;
mp5:												 mission interrupt information from MMM;
t1 (t3):										 activate phase task 1 (2), instantaneous transition;
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After place mp1 receives a mission
activation request, transition t1 will fire
and send phase token in activation state to
1-mp1 to activate PEM for phase 1, and
will send a token represent mission in ‘ac-

Fig. 5. A MSM with two phases

tivation’ state in p1 to enable ADR1. When p1 has tokens, transition
t2 is enabled. It can fire after the duration time of the phase. The firing priority of ADR1 is higher than that of t1. Therefore, if the latest
phase state turns to failure before t2 could fire, ADR1 will fire, and
send a token representing mission in ‘failure’ state to mp3. If not,
t2 will fire, and send a phase token in ‘success’ state to p3. A phase
task could be activated when its previous phases end in success. As
a result, only when place p3 has token, could t3 fire to start phase
task 2. The next phases will go on in the same way as the first phase.
Arcs from transitions ADR1, ADR3 and ADR4 to b1 are not shown in
Fig. 5 for better readability. Place mp5 is used to receive the mission
interrupt information from MMM and transmit the information to the
PEMs. Note that b1 is a global broadcast place. The whole EOOPN
for a MM-PMS has only one b1.
3.2.5. MMM for MM-PMS
MMM is used to activate and terminate all the missions. The activation of a mission depend on its planned activation time point and
occurrence probability. Fig. 6 shows a general MMM for MM-PMS.
The meaning of the places and transitions are given below:
m-mp1:			 missions in waiting state;
m-mp2:			 mission activation request to MSM;
m-mp3:			 mission interrupt information to MSM;
p1:							 mission in activation judgement state;
p2:							 missions in execution state;
m1 (m n ) : mission m1 (m n ) in execution state;
r1 (rn ) :					 result place for mission m1 (m n )
t1:							 delay transition and the delay time depends on the mission
		 planned starting time;
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Fig. 6. A general MMM

update the mission state according to the phase state.
Meanwhile, PEM will send release information to relevant CEMs. If the phase state is success, the mission
state is in execution. Otherwise, the mission state is failure. Until the state of the last phase of a mission is success, the mission's state will be updated to success, and
this information will be transferred to MSM. Besides,
when task conflict occurs, MMM will send an interrupt
information to the MSM then the MSM will transmit the
information to the related PEM.
Simulations of the five sub-models are done by
movement of tokens among places in or between dif-

R1:					 probability transition, the occurrence probability depends
on different missions;
N/R1:			 enabled when two or more
places have mission tokens,
instantaneous transition;
ADR1 (ADRn): enabled when m1 (m n )
has mission token and b1 has
mission success or failure state
token to terminate mission 1(n)
, instantaneous transition;
C1:					 comparison transition, instantaneous transition.
Different mission tokens in place
m-mp1 are used to start different missions. Transition t1 has different transition colors used to depict different
mission starting time. For example,
supposed that there are two missions
M1 and M 2 . Both M1 and M 2 can
enable transition t1, and t1 will have
two corresponding transition colors.

Given that M1 occurs every 100 hours
and M 2 occurs every 150 hours, t1 fires with transition color M1
firstly and the simulation clock will be pushed to 100h. Note that arc
from m-mp1 to t1 is an information arc, so a mission could happen
more than once during the whole mission time. Then when the simulation time is pushed to 150h, t1 fires with transition color M 2 . As a
probability transition, R1 has different transition colors to represent
different mission occurrence probabilities. If a mission is activated,
its corresponding token will be put into the execution state places.
During the mission duration, if there is another mission occurs, N/R1
will fire. Then the comparison transition C1 will fire. If there exists
mission conflict, the interrupt information for the phases of a mission
will be transmitted to m-mp3. If not, all the missions could continue.
When the latest state of a mission in b1 turns to ‘failure’ or ‘success’,
the corresponding transition ADR will fire and transmit the mission
state to the corresponding result_place which is used to estimate the
system mission reliability.
Fig. 7 shows the interactions among the five sub-models. Simulation begins with the MMM. When m-mp2 has tokens, a mission activation request will be transferred to the corresponding MSM. Then
MSM will send the phase activation request to PEM and PLM. PEM
will send component activation request to CEM. PLM begins to receive the latest state information of components of this phase from
broadcast place and updates phase state in terms of task logic. PEM
also begins to monitor the phase process in real time. When simulation reaches a mission’s first phase finish time, MSM transfers the
finish request to PEM. After receives the finish request, PEM will

Fig. 7. Interaction between sub-models

ferent object models through firing of transitions. The reliability
of each mission can be estimated by statistics of the tokens in the
result_place in MMM, and the reliability of each phase can be estimated by the statistics of the tokens in the result_place in PEM.

4. Case Study
In this section, an example MM-PMS is used to illustrate the procedure and verify the effectiveness of the proposed EOOPN simulation method.
Supposed that an example MM-PMS has 12 binary components
and two missions. The reliability block diagram for the first system
mission and the second system mission are shown in Fig. 8. The starting times of missions A and B are the same, and the phase duration
times of them are TA = (100,160,100,150)T and TB = (200,180,160)T
. The failure time distribution of each component follows exponential
distribution, with failure rates as shown in Table 1.

4.1. An example with non-repairable component
To verify the effectiveness of the model and the simulation method, the BDD analytical algorithm proposed by Xing and Levitin [13]
is used. Generally, the BDD method applied in mission reliability
evaluation of PMS requires that the components are non-repairable.
For comparison purpose, the components in the example MM-PMS
are supposed to be non-repairable. The BDD models for mission A
and mission B are shown in Fig. 9. We use two different cases shown
in Table 2.
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Fig. 8. Reliability block diagram of missions A and B
Table 1. Failure rate of each component *10−3

Components
1,2

1

Mission A
2

0.0

0.15

7,8

0.11

0.0

11,12

0.05

3,4,5,6
9,10

0.0

0.2

0.3

0.15

0.15

3

4

0.0

0.15

0.0

0.0

0. 2
0.0

Table 2. Two different cases

1

Mission B
2

3

0.0

0.12

0.15

0.12

0.11

0.0

0.12

0.13

0.05

0.0

0.13

0.0

0.3

0.0

0.2

0.2

0.0

0.0

0.3

Case one

Mission A
Mission B

importance

occurrence
probability

importance

occurrence
probability

2

1

2

0.3

1

1

1

1

The EOOPN modeling and simulation procedure of these two
cases are the same, except with different simulation parameters. The
simulation steps are as follows:
Step 1: build the MMM. Put two information tokens with color A and
B to represent mission A and B in place m-mp1 in Fig. 6 to activate the simulation. Priority attribute of the token representing
mission A is 1 in both case one and two, while that of the token

In case one, both mission A and mission B will occur, and their occurrence probabilities are both equal to 1.
Table 3 shows the conflict resolution for mission A and mission
B in each time interval. From which we observe that conflict occurs
when system mission moves to phase
3 of mission A. Mission B has higher
importance degree. Thus, only mission B could be executed.
Although in this case, only mission
B could succeed, the system reliability
is not equal to the mission reliability
of B, for mission A also be executed
before conflict occurs. According to
the system structure function in Table 3, the MM-PMS is divided into 5
phases, and BDD models for the MMPMS is shown in Fig. 10.
By the BDD analytical algorithm,
mission reliability of the MM-PMS is
obtained as 0.5921.
In case two, mission A and mission B have different occurrence
probabilities. When both mission A
and mission B occur, only mission B
continues. When only mission A occurs, mission reliability of the MMPMS could be calculated based on the
mission reliability of the mission A.
Based on the BDD algorithm, in this
case, mission reliability of the MMFig. 9. BDD models for mission A and mission B
PMS is equal to 0.8696.
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Step 5: initial these Models. Place the information tokens in MMM and
facility tokens in CEM. Add transition colors to each delay transitions and probability transitions according to practical cases.
Step 6: run the simulation for Nth times, and estimate the MM-PMS
reliability.
Mission reliability evaluation results of the MM-PMS in these
two cases by the proposed EOOPN method and the BDD analytical
method are compared in Fig. 11. From which we observe that these
two methods obtain almost the same reliability results in the above
two cases, which shows the effectiveness of the simulation method to
estimate the reliability of MM-PMS.
An EOOPN Modeling & Simulation software tool coded in C#
has been developed [18].

4.2. Other applications of the EOOPN model for MM-PMS
4.2.1. Reliability estimation of MM-PMS with repairable components

Fig. 10. BDD model for MM-PMS in case one

representing mission B is 2. R1 has two transition colors to represent different occurrence probabilities of Mission A and Mission
B. In case one, two transition colors of R1 are 1 and 1, but in case
two, they are 1 and 0.3.
Step 2: build the MSM. There are two missions in total, as a result,
we need to build two MSMs. Mission A is be supported by three
phases, and so add another two phases in Fig. 5 to obtain MSM
for mission A. Similarly, add another one phases in Fig. 5 and
then obtain MSM for mission B.
Step 3: generate PEMs and PLMs. We have to create five PLMs according to the five different kinds of phase mission failure logic.
Step 4: generate CSMs. All the components are non-repairable, when
the failure mode that enabled transition t2 is component failure,
the firing time after enabled is set to a constant larger than the
system mission time. In this way, components are treated as nonrepairable.

(a) case one

(b) case two
Fig. 11. Convergence of mission reliability

Table 3. Conflict resolution for mission A and mission B
Time

Minimal path f A

Minimal path of B

Conflict
No

System structure function

{7,9}…7,12}
{8,9}…{8,12}

No, release 9
for A

A:(1+2)(3+4+5+6)(9)
B:(7+8)(10+11+12)

{1,3,4} {2,5,6}

Yes,
terminate A

(0,100]

{7,9}…{7,12}{8,9}…{8,12}

{7,9}…{7,12}{8,9}…{8,12}

(200,260]

{1,3,9}…{1,6,12}
{2,3,9}…{2,6,12}

{1,3,4} {2,5,6}

\

{1,7,9}…{1,8,12}
{2,7,9}…{2,8,12}

(100,200]

(260,380]

(380,540]

{1,3,9}…{1,6,12}
{2,3,9}…{2,6,12}

{3,5},{3,6},{4,5}{4,6}

(7+8)(9+10+11+12)

No, release
3, 4 for B

A:2( 5+6)(9+10+11+12)
B:134

Only mission
B

(1+2)(7+8)
(9+10+11+12)

B:134+256

Traditional methods (e.g.
combinational method and BDD
based method) have difficulty
in reliability evaluation of PMS
with repairable component.
EOOPN model can be applied in
this case without much complexity. Let the mission duration time
and failure time distributions for
each component of the given
MM-PMS as in the example of
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section 4.1. Repair distributions and parameters for each component
are shown in Table 4.
The simulation steps are similar with that in section 4.1. The main
difference is the initialization of transition t2 in CEM in step 4. Transition t2 should be attached with several transition colors to represent
different repair distributions when failure mode is component failure.
After 20 million simulation runs, the mission reliability of MMPMS in case one is estimated as 0.6041, and mission reliability of
MM-PMS in case two is estimated as 0.8762.
4.2.2 Component sensitivity analysis of MM-PMS
Component sensitivity analysis is mainly used to evaluate the component importance to the mission. We use case one as an example.
Firstly, the Birnbaum structural importance of each component is
computed. The definition of Birnbaum structural importance of component ci for MM-PMS is : I iB =

∂R
1
| r = ... = rn = . Fig. 12 shows
∂ri 1
2

Fig. 13. Component reliability against the mission reliability

the Birnbaum structural importance for each component, from which
Table 4. Input repair parameters of each component

Components

distribution

3,4,5,6

μ

1,2

7,8

9,10

11,12

μ

μ
μ
μ

1

Mission A
2

3

4

0.0

0.015

0.005

0.015

0.011

0.012

0.01

0.016

0.0

0.02

0.05

0.03

0.015

0.015

0.02

0.04

1

Mission B
2

3

0.0

0.012

0.015

0.012

0.011

0.0

0.012

0.013

0.05

0.0

0.013

0.02

0.03

0.0

0.02

0.02
0.0

0.02

0.03

to be understood, and easier to be rebuilt with the change
of practical MM-PMS.
The proposed EOOPN model allows missions in MMPMS with different mission starting times, phase duration
times, occurrence probabilities and mission importance degrees, and it is demonstrated to be effective and efficient in
modeling MM-PMS. Compared with traditional methods
for PMS, the EOOPN model could be used for evaluating
the mission reliability of MM-PMS in more complex situations such as component repairable. Besides, the EOOPN
model could be used to analysis components sensitivities.
However, unlike existing analytical methods, only simulation results can be obtained by EOOPN.

we find components 3 and 4 are relatively more sensitive to the mission reliability of MM-PMS.
Then, the component reliability influence on the system mission
is studied. Fig. 13 shows the change of the mission reliability of the
given MM-PMS with component reliabilities. From which, we observe that components 3 and 4 are relatively more sensitive to the
mission reliability of MM-PMS. It is consistent with the conclusion
above. Thus, it is more effective to improve the reliability of a component with higher Birnbaum structural importance.

5. Conclusions
This paper proposes a simulation method based on an EOOPN
model for reliability modeling and evaluation of MM-PMS. Five general and relative independent sub-models are presented, which depict
MM-PMS at different levels. In this way, the sub-models are easier

Fig. 12. Birnbaum structural importance for each component
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Operational research of adsorption chiller aggregate utilizing
heat from district heating to produce chilled water
for air conditioning
Badania eksploatacyjne sorpcyjnego agregatu chłodniczego
wykorzystującego ciepło sieciowe do wytwarzania chłodu
dla potrzeb klimatyzacji*
The article contains the results of an experimental installation operating examination, aiming at proving the advisability of using
an adsorption chiller aggregate to produce chilled water for air conditioning systems. The subject of the survey was an installation supplied from heat distribution network in the summer season, utilizing the network heat, which occurs in overabundance in
off-heating seasons. The way of adsorption chiller aggregates functioning as well as the results of examinations on the influence of
water temperature in supplying and discharging the heat from the aggregate on its refrigeration power and Coefficient of Performance have been shown in the article. The survey has been done for the range of network water temperatures up to 70°C, which
means typical for the off-heating season in most heat distribution networks in Poland. The received results indicate the possibility
of utilizing, being in overabundance in summer season, network heat to supply adsorptive cooling appliances producing ice water
for the needs of air conditioning.
Keywords: district heating, chilled water, air conditioning, adsorption process.
Artykuł zawiera wyniki badań eksploatacyjnych instalacji pilotażowej, mających wykazać celowość zastosowania adsorpcyjnego
agregatu chłodniczego do wytwarzania wody lodowej na potrzeby systemów klimatyzacyjnych. Obiektem badań była instalacja
zasilana z sieci ciepłowniczej w okresie letnim, a więc wykorzystująca ciepło sieciowe, którego jest nadmiar w okresach pozagrzewczych. W artykule przedstawiono sposób działania agregatów adsorpcyjnych oraz wyniki badań wpływu temperatur wody
w obiegach zasilania oraz odprowadzenia ciepła z agregatu na jego moc chłodniczą oraz sprawność wytwarzania chłodu COP
(Coefficient of Performance). Badania wykonano dla zakresu temperatur wody sieciowej do 70°C, czyli typowej dla okresu pozagrzewczego w większości sieci ciepłowniczych w Polsce. Uzyskane wyniki wskazują na możliwość zagospodarowania, będącego w
nadmiarze w okresie letnim, ciepła sieciowego do zasilania adsorpcyjnych urządzeń chłodniczych, wytwarzających wodę lodową
na potrzeby klimatyzacji.
Słowa kluczowe: sieć ciepłownicza, energia chłodnicza, klimatyzacja, proces adsorpcji.

1. Introduction
Heat distribution networks are complexed structures being a combination of pipes of various diameters, which carry the heat, by a thermodynamic factor, from the source producing the network heat to its
terminal receivers. The heat is used to technological, warming and
municipal purposes. The basic problem of heat distribution networks
in summer season is the decrease in the demand for heat, which is
mostly used for preparing domestic warm water. A discussion on the
possibility of increasing heat distribution networks load by utilization the heat to produce chilled water by using absorptive as well as
adsorptive aggregates has taken place for a couple of years. In Scandinavian counties the interest is particularly visible, mainly because
of higher temperatures of the heating factor [17]. The data shown in
publications [7, 13] are a proof of an increasing tendency of network
coolants supplies. In the majority of Polish cities, too low temperature

of distribution network water, which in summer season varies from 66
to 70°C in the source, and in fact is 8°C lower reaching the receiver,
restricts the usage of adsorptive air conditioning systems working in
decentralized units. The minimum temperature of a factor which supplies absorptive, bromine-lithium refrigerators is about 72°C, whereas
the effective work is possible at temperatures 85-90°C [20]. Increasing the temperature of a heating factor to parameters 90/55°C, typical for Scandinavian countries, would lead to increasing the heat loss
during the transfer [21, 22]. The problem of low temperature of water
supplying sorptive cooling aggregates in summer season do not apply
to silica gel adsorptive appliances, whose performance is possible for
a heating factor at temperatures just above 55°C.
Designing and development of adsorptive cooling systems, based
on the usage of silica gel and sulfur dioxide began in the 20th of the
previous century [14]. A modification of the construction and applying various pairs of adsorbent-adsorbate have been done in order

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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to increase the efficiency of coolant production as well as the
cooling power. Experimental examination of basic parameters
influencing the ability to absorb silica gel in a grainy state and
after covering a flat surface with it have been shown in article
[5]. The evaluation of the possibility to increase the adsorptive
efficiency of refrigerating appliances by intensifying heat transport to the border of an adsorbent deposit and heat exchanger
pipes has been carried out. Many publications, among others
[1, 3, 4, 12, 16, 23] deal with numeric modelling and mass and
energy flow simulation in adsorptive refrigerating aggregates,
most often of double and triple-deposit.
The described models are based on some main fore designs,
among others:
–– the law of mass and energy conservation,
–– adsorption balance depending on pressure and temperature,
–– the kinetics of the adsorption process.
The equations of a kinetic model, Linear Driving Force [19]
are used most often to describe the process of adsorption. The
adsorptive balance as a function of pressure and temperature is
determined by using the equations formulated by Chihara and
Suzuki [2].
The possibilities of using adsorptive cooling aggregates
supplied by the heat from distribution networks have been described in publications [10, 20]. In publications [6, 8, 9, 11, 15,
18] it is possible to find the analysis of sorptive appliances practical usage in industrial applications, enabling to regain the heat
from technological processes, waste heat from clinker cooler
or the process of sintering and cooling iron-bearing materials
in steel plants.
The aim of carrying out the scientific experiment on the
possibility of using distribution network heat in summer season
to supply double-chamber adsorptive refrigerators was to verify
present knowledge on the influence of hot water temperature
and the temperature of water in the discharging from the aggregate heat cycle on the Coefficient of Performance and refrigeration power of the appliance. The expected result was to define
the dependence describing the tested characteristics, which will
be the base to ensure a better stability of the coolant producing
process and make the optimization of the parameters in order to
use a cooling appliance effectively.

Fig. 1. An aggregated diagram of an adsorptive refrigerator – the initial state of the
semi-cycle

Fig. 2. An aggregated diagram of an adsorptive refrigerator – for a deposit regenerating
cycle

2. Structure and the way of double chamber cooling aggregate functioning
An adsorptive silica gel cooling aggregate of 7 kW power
value has been used in examination. The appliance consists of
two-bed silica gel water adsorption chiller, whose function is
Fig. 3. An aggregated diagram of an adsorptive refrigerator- for a cooling cycle
to adsorb cooling factor’s evaporates. Adsorption is defined as
a process of particles, atoms or ions bonding on the surface or
pressure and high temperature in adsorber 2 and the adsorbent has a
a border of physical phases [24]. The adsorption ability depends on
minimum contents of water – state C. Valves Z1 and Z2 are closed.
the size of the surface separating two phases. Adsorptive aggregates
Fig. 2. shows the state of isosteric deposit 1 heating and isosteric
are built of various pairs of adsorbent-adsorbate units. Water is most
deposit 2 cooling. Heat from heating water cycle is provided to adcommonly used as an adsorbate and silica gel – as an adsorbent. Silica
sorber 1, which results in the pressure and temperature increase, at
gel has several advantages, among others the ability to absorb a large
a constant humidity of the deposit –curve A-B. Heat receiving by an
amount of water at low temperatures and the possibility to desorb at
exchange with a cooling water cycle takes place in adsorber 2, which
temperatures below 90°C. This medium is durable, nontoxic and noncauses a fall of temperature and pressure, at a constant humidity of the
corrosive [5].
deposit – curve C-D.
Functioning of an adsorptive, double chamber appliance, whose
When the pressure in adsorber 1 reaches the value of condensaaggregated diagram is shown in Fig. 1, takes place in two semi-cycles.
tion pressure Ps, and in adsorber 2 it reaches the value of evaporatThe first one begins when there is low pressure and low temperature
ing pressure Pp, valves Z1, connecting chamber 1 with the condenser
in the adsorber 1 and the adsorbent is saturated with a cooling factor,
and chamber 2 with the evaporator are being opened, which has been
which means it contains a big amount of water – state A. There is high
shown in Fig. 3. Effective performance of the cooling unit starts for
this stage. Regeneration of the sorbent deposit is being done in ad-
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sorber 1. In a condenser, where heat exchange with cooling water cycle takes place, condensed steam flows through the expansion valve,
then evaporating in the evaporator takes the heat from chilled water
cycle. The ice water cycle ends up with fan coil unit, where heat is
taken from the refrigerated space. Exothermic adsorption process requires discharging the overabundance of heat by cooling water cycle.
The adsorber’s states vary according to isobaric lines B-C and D-A.
The effective performance is completed when adsorber 1 reaches
state C and adsorber 2 reaches state A, which has been shown in Fig.
4. Valves Z1 are being closed. The second semi-cycle of the unit functioning starts, when heat is being supplied to adsorber 2 and received
from adsorber 1. In the second semi-cycle a cooling factor flows
through a crossing connection of adsorber 2 with the condenser and
adsorber 1 with the evaporator. Such a connection is possible by opening valves Z2. The rest of the process is held identically as in the first
semi-cycle.

taking under consideration the influence of the temperatures of the
aggregate supplying factors on the efficiency and cooling power. For
this kind of adsorptive appliance the most important factors affecting
its performance are:
̶
the temperature of supplying hot water − TT1
̶
the temperature of chilled water − TT2
̶
the temperature of the water in the heat discharging from
the appliance cycle − TT3.
The regulation of the temperatures in particular hydraulic cycles
may contribute to estimating the most favorable conditions for a sorptive cooling unit functioning. The efficiency of a coolant production
COP (Coefficient of Performance) in the adsorptive aggregate is defined according to a dependence (1):
COP =
where:
				
				
				
				

Q2
Q1

(1)

Q1 – the amount of heating energy provided to
the adsorptive aggregate [kJ],
Q2 – the amount of cooling energy received by
chilled water from the cooling space [kJ].

The efficiency of a cold production is the rate of the amount
of heat received from the cooling space as a result of evaporating and the amount of heat supplied in the process of heating the
deposit and its regeneration.
The cooling power of the adsorptive appliance is defined by the
dependence (2):
Fig 4. An aggregated diagram of an adsorptive refrigerator – the initial state of the
second semi-cycle

3. Methodology of examinations
Experimental examinations of heat energy utilization to produce
chilled water in an adsorption process have been carried out on an
experimental installation consisting of subsystems:
–– recording, monitoring and controlling,
–– pressure and temperature regulation,
–– chilled water production,
–– discharging heat overabundance from the installation.
Fig. 5. shows a simplified model of a chilled water production
system. Hot water from heat distribution network, whose maximum
temperature in summer reaches 70°C is the inlet to the system. Ice water used to discharging the heat from the cooling space is the outlet.
In this publication a detailed analysis of functioning of a sorptive cooling aggregate of nominal power 7 kW has been carried out,

Pch =

Q2
t

(2)

where:
Pch – the heat flux taken by chilled water from the cooling
space [kW]
t
– time [sec]

4. The results of operating examination of an adsorptive
cooling aggregate
The operating examinations have been carried out for hot water
supplying the adsorptive aggregate in the range of temperatures TT1
varying from 55°C to 70°C. In the same range recording of chilled
water temperatures and water temperatures in the heat discharging
from the aggregate cycle has been done. In order to define the efficiency characteristics of a cold production and refrigeration power,
the indications from the heat meter on both hot water supplying the
aggregate and chilled water have been read out. In the publication
the examination results have been depicted for extreme values
of hot water in the supplying adsorptive aggregate cycle. Basic
examinations of functioning characteristics have been done for
water temperature in the heat discharging cycle at a cooling appliance supplying point in the range of 18°C − 37°C.

4.1.Examination results for water temperatures in the
aggregate supplying cycle TT1=55± 2.8°C
Figure 6 shows Coefficient of Performance distribution as
a function of water temperatures in a heat rejection circuit from
appliance TT3 for given temperature of hot water supplying a
chiller aggregate TT1= 55 ± 2.8°C.
Fig. 5. A simplified model of a coolant production in the process of adsorption
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temperatures in the heat discharging cycle TT3 for the temperature of hot water supplying a cooling unit TT1=55± 2.8°C.
The form of a function approximating chilled water temperatures from water temperature in the heat discharging cycle
has been accepted as follows (5):
TT2 = 0.27·(TT3)+1.83 [°C]

(5)

The temperature of water in the heat discharging cycle is
increasing with the increase of chilled water temperature at the
aggregate’s outlet.
Fig. 6. A diagram of a Coefficient of Performance − COP of an adsorptive aggregate for
TT1=55±2.8°C

The form of a function approximating a Coefficient of Performance
distribution from water temperature in the heat discharging from the
appliance cycle has been accepted as follows (3):
COP = − 0.002·(TT3)2 + 0.092·(TT3) − 0,7

(3)

The maximum value of efficiency COP=0.47 has been received
for water temperature in the heat discharging cycle TT3=24.2°C.
Figure 7 shows cooling power distribution of an adsorptive aggregate Pch for a given range of water temperatures in the heat dis-

4.2.Examination results for water temperatures in the
aggregate supplying cycle
TT1=70±3.7°C

Figure 9 shows a diagram of a Coefficient of Performance as a
function of water temperature in the heat discharging cycle TT3
for given temperatures of hot water supplying a chilled aggregate
TT1=70±3.7°C.
A relationship between a coolant production efficiency and water
temperatures in the heat discharging from the aggregate cycle can be
described by a square function, depicted in the form (6):

Fig. 7. A diagram of cooling power Pch of an adsorptive aggregate for TT1= 55±2.8°C

COP = − 0.001·(TT3)2 + 0.052·(TT3) − 0.36

(6)

The maximum value of efficiency COP=0.53 has been
received for water temperature in the heat discharging cycle
TT3=33°C.
The examination of a Coefficient of Performance in an adsorption chiller aggregate presented here indicate a large dependence on water temperature in the heat discharging cycle.
With the increase in temperature of the hot water supplying the
sorptive cooling appliance, the range of maximum efficiency
extends, which results in limiting the influence of water temperature in the heat discharging cycle.
Cooling power distribution Pch of an adsorptive aggregate as
a function of water temperature TT3 has been shown in Fig. 10.

charging cycle.
The form of a function approximating cooling power distribution from water temperature in the heat discharging from the
appliance cycle has been accepted as follows (4):
Pch = − 0.004·(TT3)2 + 0.021·(TT3) + 4.34

[kW]

(4)

The maximum value of cooling power Pch=3.67 kW has
been received for water temperature in the heat discharging
cycle TT3=18.6°C. For temperatures TT3≥32°C the aggregate
cooling power has decreased to the value below 1 kW.
Figure 8 shows chilled water temperatures distribution TT2
on the output of an adsorptive aggregate depending on water

Fig. 9. A diagram of a Coefficient of Performance coolant production efficiency – COP
of an adsorptive aggregate TT1=70±3.7°C

The form of a function approximating cooling power distribution from water temperature in the heat discharging from the
appliance has been accepted as follows (7):
Pch = − 0.004·(TT3)2 + 0.017·(TT3) + 6.1

Fig. 8. A diagram of ice water temperatures – TT2 for the temperature of hot water supplying an adsorptive aggregate TT1 =55± 2.8°C

[kW]

(7)

The maximum value of cooling power Pch=5.45 kW for a
given range has been received for temperature TT3=18.2°C. The
cooling power of the adsorptive aggregate is increasing with
the increase in the temperature of the supplying hot water. It is
caused by a faster regeneration of a silica gel bed.
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The examinations have proved the possibility to reach high
Coefficient of Performance as well as cooling power of a double
chamber cooling aggregate by changing hot water temperature
in the supplying cycle of this aggregate. The cooling efficiency
and the cooling power can be also changed by changing temperature in the heat discharging cycle. The defined relationship
describing the parameters of functioning let us choose between
power maximization and efficiency maximization, which, depending on the temperature of the available source of heat allows to utilize effectively a sorptive cooling appliance with lowering exploitation costs at the same time.
Fig. 10. A cooling power diagram – Pch of an adsorptive aggregate for TT1=70±3.7°C

5. Conclusions

The fall of the demand for network heat in summer season
results in underloading of heat distribution networks and affects negatively the all-year-round energy balance of heating companies. It seems
possible to utilize heat to supply adsorptive cooling appliances producing chilled water for the needs of air conditioning in order to increase the heat distribution networks’ weight in summer season.
By analyzing the examination results, a strong linear correlation between ice water temperatures and water temperatures in
the heat discharging from the aggregate cycle has been recorded.
Decisive parameters affecting the efficiency and cooling power
of the examined appliance are equally hot water temperatures
and water temperatures in the heat discharging cycle. The influence of water temperatures in the heat discharging cycle onto
the efficiency and cooling power at a certain hot water temperature are described by square functions. The increase in water
temperatures in the heat discharging from the appliance cycle
Fig. 11. A diagram of chilled water temperatures TT2 for the temperatures of hot water causes the fall of cooling power.
supplying an adsorptive aggregate TT1=70±3.7°C
Aiming at limiting the influence of water temperatures in
the heat discharging cycle, at given cooling power characteristics, water of highest possible temperature should be provided
A relationship between ice water temperatures and water temperato the adsorptive appliance supplying cycle.
tures in the heat discharging from the aggregate cycle can be described
The carried out experiments let us determine basic parameters
by a linear function, depicted in the form (8):
influencing cooling efficiency, refrigeration power and chilled water
temperature of a two bed silica gel water adsorption chiller double
TT2 = 0.62·(TT3) − 3.1    [°C]
(8)
chamber adsorptive cooling aggregate. The received results show the
possibility to regulate the parameters of the cooling appliance supFor the whole range of carried out examination, the increase in
plied from a heat distribution network more precisely, this way let us
temperature of hot water supplying a sorptive cooling appliance causlower the costs of exploitation.
es an increase in chilled water temperatures.
Figure 11 shows chilled water temperature distribution TT2 at an
adsorptive aggregate’s outlet depending on water temperatures in the
heat discharging cycle TT3 for the temperature of hot water supplying
a cooling unit TT1=70±3.7°C.
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The kinetics of changes in kinematic viscosity of
engine oils under similar operating conditions
Kinetyka zmian lepkości kinematycznej olejów silnikowych
w warunkach eksploatacji*
The article describes the processes of degradation of five engine oils offered by different manufacturers, but belonging to the
same SAE class of viscosity. The direction and intensity of changes in kinematic viscosity measured at two temperatures (40°C
and 100°C) have been analyzed. As part of the experiment, the changes in engine oils occurring during actual operation have
been observed. The conditions of which can be described as “severe”, i.e. frequent starting of the engine, short distance driving,
extended engine idling. All engine oils were operated in passenger cars of a uniform fleet of 25 vehicles. Kinematic viscosity was
determined in accordance with the EN ISO 3104. The obtained results have led to the development of a statistical model enabling
to calculate average predictive values of kinematic viscosity for a given mileage. The results may facilitate decision-making regarding the service life of engine oils.
Keywords: degradation, engine, engine oil, kinematic viscosity, reliability, modeling, operating conditions.
Niniejszy artykuł opisuje odrębne degradacje 5 olejów silnikowych pochodzących od różnych producentów, należących do tej
samej klasy lepkościowej wg SAE. Analizowano kierunek oraz nasilenie zmian lepkości kinematycznej w temperaturze 40ºC oraz
100ºC. W ramach zaprezentowanego eksperymentu zostały obserwowane zmiany w olejach silnikowych występujące w trakcie
rzeczywistej eksploatacji, w warunkach które można określić jako „trudne” tzn. częste uruchamianie silnika, jazda na krótkich
odcinkach, przedłużona praca silnika na biegu jałowym. Oleje były eksploatowane w samochodach osobowych stanowiących
jednolitą flotę 25 pojazdów. Lepkość kinematyczna wyznaczana była zgodnie z normą EN ISO 3104. Uzyskane zależności pozwoliły na opracowanie statystycznego modelu, umożliwiającego dokonywanie punktowych predykcji przeciętnych wartości lepkości
kinematycznej dla zadanej wielkości przebiegu. Uzyskane wyniki mogą okazać się pomocne podczas podejmowania racjonalnych
decyzji dotyczących okresu eksploatacji olejów silnikowych.
Słowa kluczowe: degradacja, silnik, olej silnikowy, lepkość kinematyczna, niezawodność, modelowanie, eksploatacja.

1. Introduction
The lubricating oil, which is indispensable for the proper functioning of the engine, is subject to aging and it can be used as long
as it fulfills its task properly by retaining specific physicochemical
properties. The levels of specific physical and chemical properties of
engine oil affect the quality and range of functions performed by the
oil and, as such, they are a prerequisite for its suitability for a particular type of engine. Among the parameters and physicochemical
quantity levels outlined in subject standards and literature, the preference is given to the kinematic viscosity and dynamic viscosity (some
of the basic properties of fluids) [2, 4, 6, 10, 11]. Kinematic viscosity
is always stipulated in the quality requirements relating to lubricating oils. It can increase or decrease during operation. An increase in
viscosity is generally connected with progressive oxidation processes
at elevated temperature, and a decrease with the shear of oil. The assessment of oil viscosity allows the user to estimate the time between
oil changes.
According to the current state of knowledge, the quality of engine
oil can be determined through a series of tests, which include laboratory evaluation of the physicochemical properties, as well as through
assessing its particular properties which, however, entails lengthy and
costly operational research [1, 3, 8, 13, 15, 16, 18]. Knowledge and un-

derstanding of the characteristics of motor oils and developing effective
methods of analysis enables the creation of systems of quality monitoring which may be conducted within the life cycle of the engine.
A number of studies have been conducted to scientifically measure
the quality of engine oils. Inayatullah et al. [5] used the technique of
acoustic emission to analyze engine oil viscosity. Karpovich et al. [7]
attempted to develop a universal instrument to measure and control
the quality of motor oils. Their evaluation of the quality and condition of engine oil was centered around viscosity as a key performance
indicator. Agoston et al. [1], on the other hand, have focused in their
research on thermal aging of engine oils. They have shown that oil
evaporation and oil burning have the most significant impact on the
process of aging, thus leading to the loss of its key properties, which
inevitably affects the overall performance of the engine oil. Wang
[14] used the road tests in the assessment of engine oils. Special sensors have been installed in three vehicles and tested during the drive.
The results of the study point out three stages of engine oil degradation: 1. Good condition 2. A rapid increase in acid number 3. A rapid
increase in viscosity.
Bassbasi et al. [3] proposed infrared spectroscopy to monitor and
control as well as enable high-speed inspection of motor oils. Similarly, Wolak and Janocha [16] focused on the assessment of changes
in physicochemical properties of engine oils, using the method of in-

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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frared spectroscopy with the Fourier
transform. Moreover, they compared
the results of the traditional standardized method with the results obtained
using modern equipment - FluidScan.
Youngk [17] focused in his research
on the impact of oil on the quality,
longevity and reliability of the engine. The analysis was conducted
based on a review of oils, engines
and technologies, and a survey study
of vehicle users. The results of these
in-depth studies indicate a significant
influence of oil change intervals on
quality and reliability of the engine.
The aim of the present study was
to examine the direction and intensity
of changes in kinematic viscosity of
engine oils under similar operating
conditions. The obtained results have
led to the development of a statistical
model describing these relationships.

2. Materials and methods

Table 2. The number of kilometers traveled
Sample
Code

Mileage – start
phase [km]

Mileage after 3
months [km]

Mileage after 6
months [km]

Mileage after 9
months [km]

Mileage after 12
months [km]

CE 17943

14571

4215

7996

11450

13907

CE 17760

CE 17977

12858
6033

CE 17988

14804

ME 17764

15484

ME 17973

8015

CE 18716

ME 17810

ME 18345

7840

3350

9753

MS 18128

14571

MS 18793

MS 18817
PE 17939

874

3080

15307

MS 18361

2973

9477

ME 18760
MS 18011

4401

13486

14988
6223

14666

12370

The experimental material conPE 18024
11694
sisted of five engine oils offered by
PE 18207
12209
different manufacturers, but belonging
PE 18591
15409
to the same SAE class of viscosity. The
oils were coded as CE, MS, ME, PS,
PE18689
13290
PE; detailed specifications of which
PS 18149
13556
are presented in Table 1. All engine
PS
18193
14457
oils were operated in passenger cars
of a uniform fleet of 25 vehicles. The
PS 18597
15361
cars were equipped with petrol engines
PS
18784
11948
with the displacement of 1,332 cm3.
PS 18799
14154
The vehicles in the research were
Source:
Own
elaboration
divided into two groups. The first
group of 23 vehicles was operated in
conditions that can be described as “severe”, i.e. frequent starting of
the engine, driving a short distance, extended engine idling. The second group consisting of 2 vehicles (PS018193 and CE017977) was
operated in typical urban driving and mixed conditions. Graphical
illustrations of the results including both groups of engine oils are
presented below. However, the second group of vehicles has been left
out in statistical analyzes due to their not meeting the prerequisite of

3752

2811

3176
4654

2205

1808

3790
818

3832
4180
3758
3836
4738
3944

4269

7931

5640

4350

-

9975
-

10009

12169

5183

7702

8749

8593

5513

5922
8641

5199

5218

11620
7579

8196

14501
9029

9234

12018

14573

8773

10803

7265

9005

7654

12331

8037

11439

13877

5881

10203

11748

1120

8806
7311
8697
8749

8317

10619

3177

7249

4083

8796

13220

6360

5240

3544

11358

8022

8035

3240

11990
10663
13073
13974

12412

14732
-

10907

11792

14166
6100

13066
13223
15188
15531

14384

18211
-

12317

13523

being operated under similar conditions. Both groups of vehicles were
fueled up by petrol coming from the same source. Each of the oils was
applied randomly to five cars.
Oil sampling is of particular importance in such studies because
the samples must be representative. This can be achieved, not only by
ensuring appropriate and regular sampling procedure, but also by setting a proper sampling frequency. Due to the problems with regular
collection of the samples after a certain number of kilometers traveled,
a specific period of time was
Table 1. Quality and viscosity classifications selected for engine oil testing.
selected at which the sampling
would be performed. All samOil
SAE
ACEA
API
OEM
ples were collected and examCode
Classification
Classification
Classification
Specifications
ined on a quarterly basis, startVW 504 00; BMW Longlife-04; MB-Approval; 229.31/
CE
5w-30
A3, C3
SH
ing with fresh oil and then after
229.51; Porsche C30
3, 6, 9 and 12 months. At 3 and
BMW: Longlife 04; MB-Approval: 229.31/229.51;
6 months as many as 25 oil samChrysler: MS-11106; Porsche: C30; Chrysler: MSples were taken, whereas at 9
ME
5w-30
C2/C3
SM/SN
11106; Peugeot/Citroën Automobiles: B71 2290, B71
and 12 months – 23 (due to the
2297; AvtoVAZ: Group “Luxe”; AAE: Standard STO
decommissioning of the two ve003-05, Group B6
hicles). In total, after 12 months,
General Motors Service Fill dexos2TM (license
96 samples were collected.
number GB1A0914015); BMW Longlife 04; MBMS
5w-30
C3
SM/SL
The kinematic viscosity was
Approval 229.31/229.51; Volkswagen (petrol) 502 00
measured at 40°C and 100°C in
/ 505 00
all samples, including fresh oil,
PE
5w-30
C2
JASO - DL-1
and it was determined in acPS
5w-30
A3
SM
VW 504.00-507.00
cordance with the EN ISO 3104
Source: Own elaboration
using the Ubbelohde capillary
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viscometer (the size 2C; range 60-300 mm2·s-1 - temp. 40°C,
and the size 1B; range 10-50 mm2·s-1- temp. 100°C). The lab
workstation used to measure the kinematic viscosity at 40°C and
100°C is presented in Fig. 1.
All measurements were repeated three times and the results
were statistically analyzed using the Statistica 10 software. Initially, the data was fitted to the linear regression model, estimated
using the maximum likelihood method within the scope of socalled general least squares method. The use of that method made
it possible to include in the process of estimation theoretically reasonable assumptions about the correlation of the next consecutive
time measurements of the oil coming from the same vehicle.
It was assumed that the random component in the regression model is subject to continuous process of the first-order
auto-regression. However, in the course of further studies, the
results of the sensitivity analysis demonstrated that the use of
the above-mentioned apparatus of advanced statistical analysis
changed the outcome only minimally compared to the classical
model of the normal linear regression. As a result, in order to
Fig. 1. The workstation used to measure the kinematic viscosity; Depart- simplify the presentation and to facilitate the interpretation of
ment of Performance Testing, Oil and Gas Institute in Kraków
results, linear regression models were estimated using the clasSource: Own elaboration
sical least squares method.

Fig. 2. Changes in kinematic viscosity of engine oils tested at 40°C. Source: Own elaboration

Fig. 3. Changes in kinematic viscosity of engine oils tested at 100°C. Source: Own elaboration
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3517
(206)

12.1
(0.17)

3500
(1047)

11.5
(0.72)

3409
(865)

Mileage [km]

Kinematic viscosity at 100 °C
[mm2·s-1]

Mileage [km]

1920
(564)
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12.2
(0.85)

78.2
(8.01)

12.8
(0.28)

79.8
(0.94)

2160
(298)

N=3

12.5
(0.06)

79.1
(0.61)

3510
(121)

N=3

73.6
(2.26)

N=4

12.4
(0.43)

81.1
(7.79)

2181
(465)

N=5

12.1
(0.37)

75.2
(4.38)

3164
(1095)

N=5

11.8
(0.28)

72.2
(3.00)

2955
(1552)

N=5

11.9
(0.24)

70.9
(2.52)

Source: Own elaboration

11.0
(0.27)

67.8
(4.64)

1771
(575)

N=5

10.6
(0.22)

63.2
(1.92)

4092
(835)

N=5

10.3
(0.10)

59.7
(1.09)

3798
(1077)

N=5

10.1
(0.18)

56.9
(1.80)

3409
(1707)

N=6

[PE]

13.0
(0.37)

86.9
(2.64)

1704
(282)

N=3

12.4
(0.19)

81.0
(1.50)

3837
(229)

N=3

11.7
(0.33)

73.4
(2.66)

4138
(233)

N=4

11.7
(0.23)

71.9
(1.57)

3015
(1740)

N=5

[PS]

0.622

0.875

0.426

0.069

0.041

0.022

0.068

0.280

0.612

0.099

0.561

0.698

CE
vsME

0.130

0.747

0.941

0.094

0.112

0.521

0.096

0.449

0.466

0.321

0.701

0.699

CE vsMS

0.001

0.003

0.255

<0.001

<0.001

0.196

<0.001

<0.001

0.596

<0.001

<0.001

0.451

CE vs
PE

0.614

0.032

0.127

0.604

0.159

0.116

0.059

0.909

0.007

0.081

0.906

0.683

CE vs PS

0.460

0.712

0.413

0.748

0.920

0.386

0.505

0.663

0.768

0.244

0.795

0.352

MEvsMS

N - the number of samples tested, x̅ - arithmetic average, s – standard deviation, p – p-value

12.6
(0.64)

79.4
(5.36)

1794
(867)

N=5

12.1
(0.41)

74.9
(3.24)

2653
(541)

N=5

11.7
(0.40)

71.2
(3.75)

3222
(1187)

N=5

11.7
(0.28)

70.6
(2.17)

N=6

[MS]

2076
(1549)

x̅ (s)

2957
(1580)

N=6

[ME]

*p-value resulting from the application of Student’s t test for independent samples

Kinematic viscosity at 100 °C
[mm2·s-1]

Kinematic viscosity at 40 °C
[mm2·s-1]

N=21

Mileage [km]

IV quarter

11.9
(0.77)

73.7
(6.92)

N=21

69.7
(5.98)

N=23

Kinematic viscosity at 100 °C
[mm2·s-1]

Kinematic viscosity at 40 °C
[mm2·s-1]

III quarter

Kinematic viscosity at 40 °C
[mm2·s-1]

II quarter

71.7
(3.63)

12.1
(0.41)

68.2
(6.40)

11.5
(0.78)

Kinematic viscosity at 40 °C
[mm2·s-1]

Mileage [km]

Kinematic viscosity at 100 °C
[mm2·s-1]

N=5

2514
(1986)

N=28

[CE]

2796
(1646)

I quarter

[In
total]

Table 3. The mean values, standard deviations and p* values after specific periods of measurement.

p

0.002

0.007

0.961

<0.001

<0.001

0.015

0.001

0.002

0.445

<0.001

<0.001

0.644

ME
vsPE

0.406

0.039

0.839

0.123

0.012

0.006

0.946

0.344

0.161

0.880

0.263

0.956

ME vs
PS

0.001

0.015

0.251

<0.001

0.002

0.173

<0.001

<0.001

0.351

<0.001

<0.001

0.187

MS vs
PE

0.094

0.181

0.122

0.184

0.040

0.247

0.440

0.546

0.164

0.173

0.450

0.376

MS vs
PS

0.003

<0.001

0.835

<0.001

<0.001

0.548

0.002

0.001

0.527

<0.001

<0.001

0.715

PE vs PS
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Table 4. The mean values, standard deviations and p* values for kinematic viscosity 40 ºC and 100 ºC.

Oil group
CE
PS

ME
MS
PE

Viscosity at 40 ºC

Viscosity at 100 ºC
Viscosity at 40 ºC

Viscosity at 100 ºC

[quarter 1]
N=5

x̅ (s)

71.7 (3.63)

12.1 (0.41)

71.9 (1.57)

11.7 (0.23)
N=6

[quarter 2]
N=4

73.6 (2.26)

12.1 (0.17)

73.4 (2.66)

11.7 (0.33)

x̅ (s)

N=5

[quarter 2]
p

0.647

0.331

0.115

0.725
p

N=4

[quarter 3]

x̅ (s)

73.6 (2.26)

12.1 (0.17)

N=3

79.1 (0.61)

12.5 (0.06)

73.4 (2.66)

81.0 (1.50)

N=5

N=5

11.7 (0.33)

12.4 (0.19)

x̅ (s)

[quarter 3]
p

0.050

0.123

0.028
0.029

p

Viscosity at 40 ºC

70.6 (2.17)

71.2 (3.75)

0.300

71.2 (3.75)

74.9 (3.24)

0.014

Viscosity at 40 ºC

70.9 (2.52)

72.2 (3.00)

72.2 (3.00)

Viscosity at 40 ºC

56.9 (1.80)

11.8 (0.28)

0.294

59.7 (1.09)

0.009

11.8 (0.28)

10.3 (0.10)

0.203

59.7 (1.09)

10.3 (0.10)

Viscosity at 100 ºC
Viscosity at 40 ºC

Viscosity at 100 ºC

11.7 (0.28)
11.9 (0.24)
10.1 (0.18)

11.7 (0.40)

0.657
0.531

11.7 (0.40)

N=3

x̅ (s)

79.1 (0.61)

12.5 (0.06)

81.0 (1.50)

12.4 (0.19)
N=5

[quarter 4]
N=3

79.8 (0.94)

12.8 (0.28)

86.9 (2.64)

13.0 (0.37)

x̅ (s)

N=5

p

0.106

0.255

0.111

0.054
p

79.4 (5.36)

0.022

0.019

74.9 (3.24)

75.2 (4.38)

0.071

75.2 (4.38)

81.1 (7.79)

0.038

63.2 (1.92)

0.011

67.8 (4.64)

0.080

12.1 (0.41)
12.1 (0.37)
10.6 (0.22)

0.117

0.016

12.1 (0.41)
12.1 (0.37)

63.2 (1.92)

10.6 (0.22)

N - the number of samples tested, x̅ - arithmetic average, s - standard deviation , p – p-value

12.6 (0.64)

0.018

12.4 (0.43)

0.008

11.0 (0.27)

0.014

*p-value resulting from the application of Student’s t test for independent samples
Source: Own elaboration

3. Results and discussion
The test results for the kinematic viscosity in the analyzed periods
are shown graphically in Figure 2 and 3. All test oils corresponded
with viscosity grade 5W-30, at which, according to the classification
SAE J300-2013, kinematic viscosity at 100°C should be in the range
of 9.3-12.5 mm2·s-1. Although all oils have met the requirements, it is
clear that the oil sample PE was characterized by the lowest values of
kinematic viscosity.
The analysis of changes in kinematic viscosity of motor oils during operation gives rise to the conclusion that the kinematic viscosity
of oil samples CE, MS and PE at 40 and 100°C showed an upward
trend, which is a clear indication of the intensity of oxidation processes. In the case of oil samples ME and PS, the reverse trend was observed, i.e. the kinematic viscosity decreased from its baseline level.
The decrease in viscosity of engine oil in the initial operation phase
under the shear of viscosity modifier was not compensated by the increase in viscosity resulting from the compaction of oil degradation
products. The situation has changed diametrically between 10,00015,000 km, when the degradation process dramatically accelerated,
thus setting the maximums for all tested oils.
It should also be noted that the oil sample PE which was characterized by the lowest value of the kinematic viscosity, at the mileage
level of 15,000 km, eventually reached the figures corresponding with
the initial ones for the remaining oils analyzed. Thus, the oil sample
PE after a year of operation has a kinematic viscosity similar, or equal,
to the fresh oil samples CE and MS.
Of the 23 analyzed oils, from the third to the fourth quarter, the
highest percentage increase in viscosity at 40°C was recorded for the
following oil samples: PE 018207 by 20% (from 62.6 to 75.1 mm2·s-1),
MS 018128 14% (from 76.5 to 87.1), MS 018361 by 13% (from 78.8
to 89.3), PS 018 784 13% (from 79.5 to 89.7) and ME 017764 12%
(from 76.8 to 85.8). And an increase in viscosity at 100°C for oil samples: ME 017764 14% (from 11.8 to 13.4), PS 018 149 13% (from
11.6 to 13.1) and ME 018 760 12% (from 11.9 to 13.3).
The second group of samples i.e. PS 018193 and CE 017977 should
be analyzed separately in the future. Clearly, a change in operating con-
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ditions influenced the changes in viscosity. The viscosity figures in the
second group of samples were lower by about 10% throughout the entire test period in relation to oils used in the first group of samples.
After analyzing the changes in viscosity at 40°C, it can be concluded that a relatively narrow range of variation was retained by the
oil samples CE. In this group, in all four cases, the kinematic viscosity
was maintained within the range of 66.4 to 80.8 mm2 /s. In contrast,
for the kinematic viscosity at 100°C the narrowest range of variation
was retained by the oil sample PE (from 9.8 to 11.2 mm2·s-1).
Moreover, it is worth noting that the curves of changes in viscosity are of similar shape in three cases: oil sample MS, PS and ME.
The kinematic viscosity at 40°C in these groups after about 14,000
km traveled in relation to the kinematic viscosity of fresh oil has increased by 23%, 17% and 15% respectively.
The results of the viscosity at 100°C give rise to the conclusion
that the kinematic viscosity of oil samples CE, ME, MS and PS, after
about 12,000 km traveled rises to levels corresponding to the class of
viscosity 5W-40. Only oils designated as PE remain in the viscosity
grade 5W-30 during entire life-cycle.
Table 3 presents the descriptive characteristics of the tested engine oils in different periods of measurement. The limit value level
of significance was set at 0.05. Below this value, the results obtained
were evaluated as statistically significant (values are distinguished in
bold). The p-values of less than 0.01 were considered highly significant (values are distinguished in bold and underlined).
Analyzing the individual variables, as in Table 3, it was found that
after the first three months of operation the greatest number of statistically significant differences between the mean values was found
in the pairs of oils with the oil sample PE. It showed lower average
viscosity value compared with other oils. The analysis of the variable
– mileage – did not show any statistically significant differences.
After three periods of measurement, a continuation of previously
discussed trend was visible, i.e. the greatest number of statistically
significant differences between the mean values was found in the
pairs of oils with the oil sample PE. After six months of operation, the
most homogeneous in terms of the analyzed variables were oil sample
pairs CE - ME and MS - ME.
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After the third quarter, the analyzed variable - kinematic viscosity
at 40°C and 100°C - showed that the statistical significance level lower
than or equal to 0.001, makes the previously described comparisons
(pairs of oils containing oil sample PE) highly significant. In terms of
the variable – mileage - it was noted that statistically significant differences between the mean values were found in the pairs of oils with the
oil sample ME (except for ME – MS). This is due to the fact that the
group of oil samples ME had the lowest average mileage in the third period of the test – 2,653 km. This result is perhaps statistically significant
but essentially irrelevant. The standard deviation of mileage for ME oils
in the study is on a low level (about 541 km) – which indicates a highly
uniform mileages of vehicles equipped with these oils.
After the last measurement period, no statistically significant differences between the arithmetic means have been observed. After
analyzing all four measurement periods, it can be noted that in some
of them the comparisons almost reached statistical significance, suggesting the potential existence of differences. Such observation may
be of interest in terms of possible future studies.
When analyzing the contents of Table 4, it can be concluded that
some of the differences in the consecutive measuring periods were
statistically significant, e.g. the kinematic viscosity measured at 40°C

and 100°C in the group of oil samples ME showed statistically significant differences between the second and third period, and between the
third and the fourth, which may potentially indicate the acceleration
of the upward trend for the average values of this parameter.
In the case of the oil samples PS, the kinematic viscosity showed
a statistically significant difference only between the second and the
third period, which may potentially indicate a sinusoidal curve form of

Table 5. The results of the estimation of linear regression model for kinematic viscosity (100°C).
A

B

11.846

0.067

11.162

0.115

11.602

0.070

9.776

0.079

11.233

0.105

Source: Own elaboration

CE
ME
MS
PE
PS

p

Se

0.001

0.247

0.000

0.361

0.000

0.224

0.000

0.161

0.001

0.394

Fig. 4. Empirical data and single point predictions of mileage in the
range (0-16) thousand kilometers (kinematic viscosity at 100°C)
P –single point predictive; Pd – lower limit of the 95% prediction interval; Pg - upper limit of the 95% prediction interval; G – the limit
value
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Fig. 4. (continued) Empirical data and single point predictions of mileage in
the range (0-16) thousand kilometers (kinematic viscosity at 100°C)
P –single point predictive; Pd – lower limit of the 95% prediction interval; Pg - upper limit of the 95% prediction interval; G – the limit value
Source: Own elaboration

the average values for this parameter. In the case of kinematic viscosity
of oil samples CE, both at 40°C and 100°C, no significant differences
were observed for any of the studied consecutive periods. It should be
noted, however, that in the case of kinematic viscosity at 40°C, comparing the second period with the third, the differences in the mean values
were very close to reaching the statistical significance (p = 0.05).

4. Modeling changes in the parameter values of engine
oils
In the first step of modeling the changes in kinematic viscosity
at 100°C the acceptable limit value was determined [9, 12], then on
the basis of collected empirical material the visual assessment of the
relationships between the mileage and the changes in the oil properties was performed for every oil type. It was assumed that the linear
relationship was adequate.
Table 5 presents the results of estimations. It specifies the absolute
term values (A), slope coefficients (B), contains probability test for
the hypotheses proclaiming slope coefficients’ value equal to 0 (p),
and the residual standard deviations (Se).
It can be observed that each of the ratings of the slope coefficients was significantly different from zero (all p <0.05). The slope
coefficient indicates the expected (average) change in the parameter
with the increase in the mileage of 1000 km. Thus, the positive slope
coefficients indicate a positive relationship between the mileage and
the average parameter values while negative slope coefficients indicate a negative relationship between the mileage and the average
parameter values.
The estimated regression equation, with the form of
Y = A + B * X, enables to calculate average predictive values for
parameters (Y) and given mileage (X). The adequate values of A and
B are shown in Table 5. The predictions will be less affected by error
within the observed values of mileage, whereas the extrapolation or
prediction making for much higher or lower mileage figures than
investigated in this study may carry a higher risk of error, since the
form of the relationship between the mileage and the test parameter
outside the data is not necessarily of the same form and nature.
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Figure 4 presents the collected empirical data and predictive values of mileage between 0-16 thousand kilometers (the blue line in
the center). The predictive values, like any other values estimated on
the basis of empirical data, carry a risk of error. In order to quantify
the level of possible error, the curves defining the limits of 95% prediction interval (curves Pd and Pg) are also included in the chart. The
black dotted horizontal line stands for accepted limit values (line G).
At the point of intersection of the line P with the line G the mileage value can be found at which the average parameter value would
exceed the threshold value; this is a so called reversed prediction
value. The mileage value read as the points of intersection of the line
G with the curves Pd and Pg indicate the 95% confidence interval
(also called calibration interval) for the mileage value, at which the
threshold value is exceeded for a hypothetical individual measurement of the tested parameter.
After analyzing the predictive values of mileage between
0-16 thousand kilometers for the kinematic viscosity at 100°C parameter (Fig. 4), it was found that the critical value was first exceeded by the group of oil samples ME, followed by the CE and
PS ex aequo. A distinctively low kinematic viscosity compared to
other oils, continuing at the acceptable limits up to the mileage of
40 000 km (extrapolation), was observed in the case of oils from
the PE group. Noteworthy, are also very narrow prediction ranges
for oils in this group.

5. Final conclusions
This study focuses primarily on the description of changes in kinematic viscosity of engine oils during operation. The results of research
conducted on a fleet of vehicles under actual working conditions may
facilitate decision-making regarding the service life of engine oils and
the intervals between oil changes. The main conclusions of this study
are as follows:
Three of the five types of oils i.e. CE, MS and PE have shown,
since the beginning of the test, an increase in kinematic viscosity at
40 and 100°C as compared to the baseline levels, which may indicate
oxidation processes occurring in oils.
The curves of changes in these oils are of similar shape, and the
kinematic viscosity in these groups after 12 months, relative to the
kinematic viscosity of fresh oil, increased by 20%, 16%, 27% (temp.
40°C) and 11%, 5%, 12 % (temp. 100°C), respectively. In the case of
two oils – ME and PS – an initial decrease in viscosity from baseline
level up to the mileage of about 10 thousand km was observed, then
the viscosity started to increase. This can be explained by the shear
of viscosity additives in the initial period of operation. The curves of
viscosity changes for these oils have similar shape and the change in
viscosity, as compared to the fresh oil, was as follows: 8% and 14%
(temp. 40°C), 4% and 8% (temp. 100°C), respectively. It must be,
therefore, concluded that the change in viscosity will strongly depend
on the formulation of oil by the manufacturer. A proper selection of oil
formulation for fleet vehicles operated in similar conditions will have
an impact on the degradation of oil.
Statistical analysis assisted in confirming the significance of
changes in viscosity between oil type PE and other oils. In contrast,
only some of the differences in the consecutive measuring periods
proved to be statistically significant.
The obtained results have led to the development of a statistical
model using basic mathematical model - a linear function. The resulting model, based on the change in kinematic viscosity of in-service
engine oils at 100°C can be used to predict the behavior of the engine
oil during operation.
It should be noted, however, that in order to obtain the full picture of the changes taking place in the oil, it is advisable to interpret
the kinematic viscosity figures together with the dynamic viscosity (HTHS) ones, as well as with the degree of oxidation and acid
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number. These properties can affect the reliability of the engine, and
therefore it is important to continue to investigate the processes of
degradation of engine oils.
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Scenario modeling exploitation decision-making process in
technical network systems
Scenariuszowe modelowanie eksploatacyjnego
procesu decyzyjnego w sieciowych systemach technicznych*
The article shall discuss on the use of methods of modeling future variants, including scenarios, for assessment and shaping the
decision-making process relating to exploitation of technical systems. The analysis showed a strong need the exploiters for influencing the decision-making process in long-term. In view of the above assumptions, and based on the results of the research, there
was developed a procedure for building exploitation scenarios models, which was then verified in the context of functioning of the
technical network system - water supply system.
Keywords: decision-making process, scenario methods, exploitation policy, techncal network systems, maintenance management.
Artykuł podejmuje dyskusję nad wykorzystaniem metod modelowania wariantów przyszłości, w tym scenariuszy, dla potrzeb oceny
i kształtowania procesu decyzyjnego dotyczącego eksploatacji w systemach technicznych. Przeprowadzona analiza wykazała dużą
potrzebę eksploatatorów do wpływania na proces decyzyjny w aspekcie długoterminowym. W świetle powyższych założeń, a
także w oparciu o wyniki dotychczasowych badań, opracowano procedurę budowy modeli scenariuszy eksploatacyjnych, którą
następnie zweryfikowano w kontekście funkcjonowania wybranego sieciowego systemu technicznego - systemu wodociągowego.
Słowa kluczowe: proces decyzyjny, metody scenariuszowe, polityka eksploatacyjna, sieciowe systemy techniczne,
zarządzanie eksploatacją.

1. Introduction
Exploitation future is closely linked to the past and present, assuming the shape of complex interactions between: decisions, and
consequently the operating and maintenance activities, which are realized in the present, and the effects and/or consequences occurring in
the future. In other words, an insight into exploitation future is possible by recognizing current events. The key problem seems to be the
possibility of shaping the decision-making process, which, in this article, will be defined as the exploitation decision-making process. Such
a process focuses effects of modeling exploitation policy, being the
subject of its assessment, both internally - against functioning of the
technical network system, and externally - in terms of requirements
and conditions of the environment of the maintenance organization.
Every decision concerning the future behavior of technical objects
is charged with some uncertainty, which in this approach is reflected
in the volume and variety of possible paths of exploitation procedures
to choose (operating and maintenance) [14]. This uncertainty is further increased by the long-time horizon of the intended effects or consequences of decision making. In this context, there are important the
answers to the following practical questions [4, 22]:
1. How long will the technical object/system fulfill its functions
at a given level of the performance/effectiveness?
2. When will occur a need to replace the technical object/system,
in order to use the exploitation potential in an optimal way,
assuming cost minimization criteria?
3. What decisions should be taken today to ensure maximum
exploitation potential of the technical object/system in the future?
The answers to these questions are possible on the basis of developed, in quantitative way, models of exploitation processes, including

variability of the features of the analyzed technical object/system, as
well as dynamic environmental conditions, in which it operates. It
is also important reliable assessment of the future results of present
activities, in particular, quantitative analysis of possible problems
and potential effects or consequences of decisions taken [1, 3, 10,
17, 20].
For the purpose of shaping the exploitation decision-making process, there can be useful concepts and methods for modeling and analysing future variants. They enable the use of multi-threaded image
of the current reality, with simultaneous possible look, which is far
ahead of the current time. It results in scenarios of future behaviors of
technical objects and guidelines for functioning technical staffs within
the maintenance departments of the enterprises.
In response to the above formulated circumstances, later in this
article, there was developed and presented the way of scenario modeling and assessment of the exploitation decision-making process.

2. Review of the concepts of modeling future variants
in the context of shaping the exploitation decisionmaking process
Modeling the future variants is related to the preparation of assumptions and images, for identifying the development of events,
which may occur in the period which may occur in the period much
ahead of the current moment. This is to the optimal realization of the
decision making process, by tracking its possible future effects or
consequences.
In the studies on methods of modeling future variants, which are
carried out since the fifties of the twentieth century [12, 35], initially
there were distinguished two opposing general concepts. According to
them, future operation of a technical object can be based on predict-

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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ing, which results in the prediction, or on the anticipation, the efect of
which is a vision. In particular [24, 34, 37]:
• prediction is the effect of the mathematical modeling and is a
quantitative - computation,
• vision is due to search for goals and values of the future, in
the form of immeasurable interrelated descriptions, facts and
statements; valid vision is simple and understandable, but not
entirely quantified.
The specificity of the exploitation decision-making process realized in an industrial environment, which is based on the quantitative
characteristics and the features expressed in the descriptive form, justifies the need to link the quantitative character of predictions with
the qualitative and descriptive character of visions. A tool, that meets
these requirements is a scenario, which in this case, can fill the gap
between the aforementioned concepts, being their common part.
In the area of research, as well as in the context of practical applications, scenario is defined inconsistently. It results from its interpretation in the aspect of the purpose and scope of the specific project
of modeling of future variants. These definitions can be summarized
in two categories:
• scenario in the methodological term, as a way of dealing with
the decision uncertainty, on the basis of an internally consistent
image of the future, represented by a set of descriptions of possible variants of future events or situations [9, 33],
• scenario in the utility term, as a response to the results of research and application, as a set of methods and tools, enabling
optimization of the decision-making process within the issues
of strategic management [18, 32, 36].
The scenario is a tool that helps to present the future and allows us
to answer the questions:
• what conceivable can happen, when …?
or
• what could happen, when ...?
Development and effective use of scenarios within the exploitation decision-making process, requires reaching to the concept of the
prediction and the vision. Prediction is short-term and allows you to
determine the potential change of the technical conditions of the object, which facilitates the formulation of decisions and the realization
of activities [5]. With the increase of the distance of time in the future,
there are required methods and tools to assess the possibilities and risk
of potential decisions relating to the exploited object, as well as its
economic and organizational environment [2]. This enables to prepare
on not one, but more future images. This can be demonstrated using
the futures funnel concepts (Fig. 1). It displays the multiplicity and

Fig. 1. The graphical interpretation of the concept of the so-called funnel of
future variants

diversity of possible courses to achieve alternative results describing
the effects/consequences of the decisions taken.
On the input of scenario process, there should be a clear set of
information defining the main goals of the entire project. The output
from the scenario project can indicate to the consequences (variants)
of potential occurrence of events and circumstances, described by scenarios, in a simple and understandable way for users.
The results of the research on possibilities and needs of the use of
methods of modeling future variants (including scenario methods), in
shaping of the exploitation decision-making process, revealed that:
1. Scenario methods of modeling future variants, although known
and used in the macro area - global strategic planning [7, 11,
27, 32, 33], not yet gained greater recognition in the micro
area - the operation of individual systems under technical and
organizational conditions.
2. The issue of the use of scenario methods of modeling future variants, appears in the bibliography incidentally in the
context of solving exploitation problems. There are single
descriptions of the practical applications of scenarios in the
emergency tasks [16], or in acquiring diagnostic knowledge of
the selected group of machines [26].
3. Domestic and foreign publications and other elaborations include the references to the selected methods and partial issues
used in complex solution, proposed in this article [18, 22, 28,
32].
4. The use of scenario methods for the needs of complex modeling of the exploitation decision-making process can be considered a new issue, not published in Poland and abroad.
5. Proposed methodology and application solutions (tools), can
fill the gap in shaping the exploitation decision-making process of industrial enterprises.

3. Methodology of scenario modeling of the exploitation decision-making process
The analysis of the possibilities of the future variants description,
justifies the need to develop a methodology for modeling the exploitation decision-making process with the use of scenario methods.
The realization of the undertaken research tasks was to develop
scenario models with the use of selected methods and tools, and then
to assess their suitability within the framework of supporting the longterm exploitation decision-making process. The content of the developed models and the basis of their quantitative verification was a set
of data obtained from the activities of the maintenance organization
of the company managing the network technical system - the water
supply system.
Firstly, there was developed procedure for constructing models of
the exploitation scenarios (Fig. 2), which:
• was coherent to the general scenario logic represented by three
key concepts: the intuitive logic concept [18, 34], La Prospective concept [8, 9, 32], TIA/CIA concept (Trend Impact Analysis/Cross Impact Analysis) [6],
• was adequate for the considered problem of the identification
and description of the future images for development of the exploitation policy of the analyzed water supply system [13, 19].
The A phase of the scenario procedure, first focus on the identification of a set of factors, describing the impact of the external and
internal environment on the exploitation policy, in a way that underlines aspects of convergent and consistent with the considered issues
of decision-making. For this purpose, STEEPVL model was applied
[27, 34]. It provided the basis for structuring factors under the seven
categories: Social, Technological, Economic, Ecological, Political,
Value, Legal. The second stage of the A phase was to specify the main
scenario problem. The main scenario problem is expressed in the form
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In order to distinguish the factors as a basis of the scenarios construction, there was proposed the procedure of parametric comparison of the key factors, in the context of the mutual interactions and
the level of uncertainty. The result of this comparison, for three key
factors, was described by the matrix expressing the summary mutual
level of the scenario advantage:
 … c12
Ti = c21 …
 c31 c32

c13 
c23 
… 

(1)

where: cij - the assessment of the advantage of the impact/uncertainty
of i factor over j factor.

Fig. 2. The procedure for constructing scenario models of the development of
the exploitation policy

The possible values of the assessment of the advantage of the impact/uncertainty of i factor over j factor (cij) are shown in Table 1.
The final result of the B phase was the set of key factors ordered
using the procedure of the parametric assessment of the mutual scenario advantage.
The C phase of the scenario procedure was to develop the scenario models. For this purpose, the identification of a predetermined
number of scenarios was performed (usually four), on the basis of
a relationship between two or three key factors, as defined in the B
phase of the scenario procedure (Fig. 4).
There was proposed the use of three forms of the scenario description as the next steps of their detailing:
• symbolic description, as an ordered set of agreed values of factors, assigned to the scenarios,
• schematic description, as an ordered set of statements, which
was syntactic development of a symbolic description for the
scenarios,
• narrative description, as an ordered set of content, which was
a semantic extend of the schematic description for the scenarios.

of the so-called focal question and is the target, to which are referred
potential effects/consequences of the scenario procedure.
The B phase of the scenario procedure was to extract key factors,
which, such that, on the one hand, they were the most important for
the formulated main problem, and on the other they had the highest
degree of uncertainty, in relation to the target time point. To
do this, there were identified the level of mutual interactions Table 1. The set of possible values for the assessment of the advantage of the impact/uncertainty of i factor over j factor (cij)
between key factors, by determining the number of tracks
and loops of nodes, built on the basis of the prepared matrix
Values cij
Interpretation of cij values
of impacts and relationships (direct and indirect) between
1
impact/uncertainty of i factor, greater than impact/uncertainty of j factor
the factors. For the needs of carrying out this task, there
0,5
impact/uncertainty of i factor, equal to impact/uncertainty of j factor
was used the structural analysis method [7, 18, 28], which
is schematically shown in Fig. 3.
0
impact/uncertainty of i factor, lower than impact/uncertainty of j factor

Fig. 4. The modeled layout of four scenarios [18, 32]

Fig. 3. The concept of the structural analysis, based on La Prospective methodology [8, 28]
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The D phase of the scenario procedure was to develop a parametric scenario model. It was a quantitative interpretation of the symbolic
model and the schematic model, enabling the assessment of the compliance level of the exploitation policy with the developed scenarios.
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The tree shown in Fig. 5, combines the weights hierarchically, in such a way, that the absolute values of the components (determined with reference to the highest level)
are the product of the relative values of all the previous levels within a given path. The result of so constructed tree are
the synthetic values of coefficients, necessary to determine
the quantitative structure of the maintenance works, in the
context of the key features of the exploitation policy. The
values of coefficients (based upon the shape and content of
the tree) are determined according to the (6).

Table 2. A generalized set of input components to the parametric model for the assessment of the exploitation scenarios
Scenario S
Weight

Factor 1

...

Factor m

w1

...

wm

Feature 1

ch11

...

ch1m

...

...

...

Feature n

chn1

...

chnm

...

Category 1

kt11

Category p

ktp1

wkt11 =
wkt pm =

kt11

(2)
p
kt
i =1 i1

...

kt1n

wkt1m =

(4)
p
kt
i =1 im

...

ktnn

wkt pm =

∑

ktmn

∑

kt1m
p

∑ i =1ktim

Development of the parametric scenario models began with the
transformation of the symbolic and the schematic representation in
the description representation. This consisted in the interpretation and
transformation of the symbols and statements at the set weights and
then ordering them (Table 2).
where: wi - weights of the key factors, whose values were determined
in the B phase of the scenario procedure, chij - weights of the
key features of the exploitation policy (cost, time, quantity
of exploitation tasks completed in a reference period [21]),
whose values from the range (0,1〉 describe the level of significance of the features against the scenario key factors, as
a result of the assessment carried out by a scenario team in
response to the question: What is the level of the key features
in view/against a particular value of a scenario key factor?,
ktik - weights of the categories of the maintenance works (inspections, maintenances, repairs, overhauls), whose values
from the range (0,1〉 describe the level of importance of each
category against the individual key factors, as a result of the
assessment carried out by a scenario team in response to the
question: What is the level of a maintenance category in view/
against a particular value of a scenario key factor?
Determination of the coefficients, as the basis for identifying the
maintenance works structure against the key features, required a synthesis of various weight groups within a coherent and representative
model. For the purposes of such synthesis, there was used a hierarchical model of objectives decomposition, which is a component of the
method of the concepts valuation [30]. In this respect, the components
tree was defined, obtaining the hierarchical weight structure (Fig. 5).

ktmn
p

∑ i =1ktim

m

R jk =  ∑wi ⋅ chij ⋅ wktik  ⋅ Pw j
 i =1


(3)
(5)

(6)

where: Rjk - the value of j-th key feature of the exploitation policy for k-th category of the maintenance works, wi the weight of the i-th scenario environment factor, chij - the
weight of the j-th key feature in the context of the i-th sce-

Table 3. The generalized set of components for the parametric model of
the exploitation policy assessment
Scenario S
Category 1

...

Category p

Key feature 1

...

R11

...

...

...

Rp1

...

Key feature n
R1n
...

Rpn

nario environment factor, wktik - the weight of k-th category
of the maintenance works in the context of the i-th scenario
environment factor, Pwj - the value of pattern parameter of
j-th key features.
General form of the parametric structure of the maintenance
works, in the context of the particular key features of the exploitation
policy, was shown in Table 3.
Table 3. The generalized set of components for the parametric model of
the exploitation policy assessment
Scenario S
Category 1
...

Category p

Key feature 1

...

Key feature n

...

...

...

...

R11

...

Rp1

R1n
Rpn

Developed quantitative structure of the maintenance works, was
the foundation for the identification of the values of the taxonomic
measures, which, in consequence, were used in the variant assessment of the exploitation decision-making process., In [21, 23] there
was presented, elaborated by the author, the detailed procedure for
determination of the taxonomic measures of the exploitation policy
assessment, on the basis of purposely selected methods and tools [25,
31]. In this regard, there were determined synthetic measures and geometric distance values of the key features of the exploitation policy
for particular categories of the maintenance works, by:
• normalization of the features based on the standardization procedure:
zij =
Fig. 5. The generalized form of the components tree for the parametric model
of the assessment of the exploitation scenarios

chij − ch j

(7)

S (ch j )
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where: zij - the normalized feature, ch j - the average value of
the class of the exploitation policy features, S(chj) - the
standard deviation of the class of the exploitation policy
features.
• determination of the geometric distance from the particular
categories of the maintenance works to the pattern object,
based on the Euclidean measure:
di 0 =

m

∑ ( zij − z0 j )

2

(8)

j =1

• determination of the synthetic measures for the particular categories of the maintenance works:
si = 1 −

di 0
d0

(9)

where:
z0 j =

d 0 = d 0 + 2 ⋅ S ( d 0 ), d 0 =

zj

(10)

Sj

1 n
1 n
⋅ ∑ di 0 − d 0
⋅ ∑di 0 , S ( d 0 ) =
n i =1
n i =1

(

Determined
characteristics
describe the taxonomic level of
distance of the maintenance works
categories from the pattern [23].
This is the basis for the assessment
of their contribution within the exploitation policy.

4. The exploitation scenario models of the analyzed technical network
system
The developed methodology
of construction of the exploitation
scenarios was verified in the context of functioning of the technical
network system - exploited water
supply system1 . For this purpose,
based on the data sets resulting
from the activities of the maintenance department of the analyzed
enterprise, and also taking into account the expert workshops, the
following assumptions was formulated:
• the starting point for the
scenarios was the year
2013, which means, that
the tasks were carried out
based on the data describ-

)

2

(11)

ing the exploitation policy of the analyzed water supply system in 2013,
• the period of the scenario narrative was set for 20 years, which
means, that proposed at the present time, effects and/or consequences of decisions have a chance to develop during this
period.
The intended and realized result of the developed procedure
should be a set of scenarios specified in qualitative (descriptive) and
quantitative (parametric).
The results of the implementation of the A phase of the developed
scenario procedure, was:
• a set of the environmental scenario factors arranged by the
STEEPVL model (Table 4),
• the main scenario problem, as a conditional formula, actual
at the final moment of the assumed period of the developed
scenarios: What aspects will have long-term impact on the
shape of the exploitation policy realized in relation to the
water supply system?
The first stage of the B phase of the scenario procedure, including
the structural analysis, was carried out with the use of the MICMAC
program - one of the components of the specialized software package based on the principle of algebraic logic Boolle'a, developed by
M. Godet and experts from the French Computer Innovation Institute
3IE. Prepared matrices of mutual direct and indirect impacts of the
environmental scenario factors of the analyzed exploited water supply
system, were first processed to the form of graphs (Fig. 6), and then to
the maps of the impacts and relationships (Fig. 7).
The structural analysis allowed to extract the three factors, located
in the typical area of the key factors (with the highest level of the direct and indirect interactions):

Table 4. The list of the scenario environmental factors, as a result of the analysis using the STEEPVL model
Categories
S:
Social
factors

Scenario envirnment factors
S-1		 Level of request and consumption of water in the activity area of the enterprise.
S-2		 Staff potential of the enterprise.
S-3		 Staff potential of the maintenance department of the enterprise.

T:
T-1		 Level of modernity of the water supply system.
Technological
T-2		 Access to innovative exploitation solutions on the water supply system.
factors
T-3		 Level of the use of innovative methods and tools in the exploitation of the water supply
EC:
Economic
factors

EL:
Ecological
factors
P:
Political
factors

EC-1 Dynamics of changes in the price (cost) of water supply to consumers.
EC-2 Expenditures for development and modernization of the water supply system.
EC-3 Expenditures for activities of the maintenance department.

EL-1 Influence of the water supply system on the environment.
EL-2 Impact of exploitation activities for the water supply system on the environment.
P-1		 State and region policy in the field of water management.
P-2		 Enterprise policy for ensuring supply of water to customers.
P-3		 Importance of the maintenance activity for the enterprise.

V:
V-1		 Life style and consumption patterns of the local community.
Value factors
V-2		 Level of acceptance of maintenance works of the water supply system by the local community.
L:
Legal factors

L-1		 Legislation in the supply of water to consumers.
L-2		 Legal requirements and standards for the exploitation of the water supply system.

1 Due to the information range, which may be a strategic value, deliberately omitted the
name of the analyzed company, which does not affect the value of research.
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a)

b)

Fig. 6. The graphs of mutual interactions of the scenario environmental features of the analyzed exploited water supply system: a. the graph of direct interactions,
b. the graph of indirect interactions

a)

b)

Fig. 7. The maps of mutual interactions of the scenario environmental features of the analyzed exploited water supply system: the map of direct interactions, b. the
map of indirect interactions

EC-2 Expenditures for development and modernization of the water supply system
P-3			Importance of the maintenance activity for the enterprise
T-3			Level of the use of innovative methods and tools in the exploitation of the 		 water supply system
The process of parametric comparison of the key factors, in the
context of mutual interactions and the uncertainty level, let to the unambiguous selection of two of them. They were the foundation for
construction of the scenarios, determining the directional axes of dis-

tribution of influences areas of the particular exploitation future variants (Table 5).
As a basis for scenarios, there was taken the key factors: EC-2 i
P-3. It should be noted, that the differences between the interaction/
uncertainty values, for the key factors are low. Simultaneously, the
Table 5. The values of interaction/uncertainty for the key factors
Factor

EC-2

P-3

T-3

Value

6,5

4,5

4
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Table 6. The symbolic description of the scenarios for the development of the
exploitation policy of the analyzed water supply system
Key factor
EC-2
P-3
T-3

Scenario
no. 1

Scenario
no. 2

Scenario
no. 3

Scenario
no. 4

max

max

min

min

min

max

max/min

min

min

max

max

min

measures and geometric distances were summarized in Table 9.
Graphical visualization of the taxonomic measures for each scenario,
is shown in Fig. 9.

5. The use of scenarios in shaping the exploitation
decision-making process
Fig. 8. The layout of the scenarios for the development of the exploitation
policy of the analyzed water supply system

values difference between distinguished factors, and other factors2,
represented by the distance scale of interactions of the direct and indirect influences (Fig. 7), is large enough, that justifies the inclusion
of all three factors in the further analysis. There was decided that, due
to the importance of T-3 factor in the results of previous studies, it
should complement the structure and particular descriptions.
The result of the C phase of the procedure was the layout of four
scenarios for development of the exploitation policy of the analyzed
water supply system, as a combination of the extreme values of the
analyzed key factors (Fig. 8).
The developed scenarios were described and shown in the symbolic form (Table 6), in the schematic form (Table 7) and in the narrative form.
The D phase of the scenario procedure consisted in the development of the structure of the maintenance works (Table 8), for four scenarios, in the context of the key features of the exploitation policy.
The developed parametric models of the scenarios (the quantitative structure of the maintenance works), were the basis for the
identification of the values of the taxonomic measures (based on the
formulas (7)–(11)). They were used to the variant assessment of the
exploitation decision-making process. Achieved values of synthetic

With a set of the scenario models of the developed taxonomic
models, feasible become:
• the analytical taxonomic comparative procedure of the exploitation policy of the analyzed water supply system with the scenario models,
• the assessment of the similarity (convergence) of the exploitation policy with the particular scenarios,
• the assessment of the implementation of the exploitation decision-making process, in the context of potential different future variants, represented by the the scenarios.
These tasks were carried out on the basis of prepared taxonomic
models, describing the exploitation policy of the analyzed water supply system (in 2013) and the scenarios for the development of the
exploitation policy. The results were summarized in tabular form in
Table 10 and graphically in Fig. 10.
The presented results can be drawn the following conclusion: the
exploitation policy of the analyzed water supply system realized in
2013, showed the highest taxonomic similarity to the scenario no.
3 – Hope and potential development of exploitation policy. This is
confirmed by:
• the smallest values of the differences of the determined taxonomic measures for the analyzed exploitation policy and the
indicated scenario,

Table 7. The context (schematic) description of the scenarios for the development of the exploitation policy of the analyzed water supply system
Factor description/
Scenario name
EC-2
What is expenditures for
development and modernization of the water supply
system?
P-3
What is importance of the
maintenance activity for the
enterprise?
T-3
What is level of the use of innovative methods and tools in
the exploitation of the water
supply system?

Scenario no. 1

Scenario no. 2

Scenario no. 3

Scenario no. 4

Lost exploitation potential:

Active exploitation policy:

Hope and potential development of exploitation policy:

Passive exploitation
policy:

high level of financing
for development and
modernization of water
supply system

high level of financing for
development and modernization of water supply
system

low or insufficient level of
financing for development
and modernization of water
supply system

low or insufficient level of
financing for development
and modernization of water
supply system

no need and ability to
explore and implement
innovative maintenance
methods and tools

high activity in exploring
and implementing innovative maintenance methods
and tools

high activity in exploring and
implementing innovative
maintenance methods and
tools

no need and ability to
explore and implement
innovative maintenance
methods and tools

model of limited role of
maintenance department
in enterprise

model of high role of maintenance department in the
enterprise

model of high role of maintenance department in the
enterprise

2 Other factors are those that were not included in the building scenarios process, as a
result of structural analysis.
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Table 8. The quantitative structure of the maintenance works for the scenarios for the development of the exploitation policy of the analyzed water supply
system
Sceniario no. 1
Costs [PLN]
Inspections

Maintenances

Repairs

Overhauls

Total

49 341,74

140 826,33

Inspections

326 652,66

915 000,00

35,70%

51000

34,51%

41219

Overhauls

49 242,08

14,92%

330 000,00

100,00%

49 445,70

20,86%

742

40,69%

49,49%

361

100,00%

24,07%

1500

100,00%

Time [hours]

117 420,81

Total

5,58%

313

31,36%

20754

Costs [PLN]
113 891,40

84

22,94%

15994

100,00%

Quantity
5,00%

11700

43,52%

Maintenances

Repairs

2552

15,39%

398 179,27

Sceniario no. 2

Time [hours]
5,39%

Quantity

45,05%

4122

45,05%

35,58%

30984

33,86%

3098

33,86%

14,98%

91500

11389

100,00%

12,45%

9150

1139

100,00%

7907

8,64%

791

8,64%

12,45%

Sceniario no. 3
Costs [PLN]
Inspections

Maintenances

Repairs

Overhauls

Total

134 157,51

Time [hours]
14,66%

257 967,03

37070

28,19%

166 749,08

356 126,37

150000

30,23%

4171

13,69%

42940

100,00%

3552

32,97%

20540

38,92%

915 000,00

24,71%

49451

18,22%

Quantity
35,50%

1280

28,63%

10,90%

2746

100,00%

23,37%

11750

100,00%

Sceniario no. 4
Costs [PLN]
Inspections

Maintenances

Repairs

Overhauls

Total

70 518,21

Time [hours]
4,70%

246 708,68

4669

16,45%

609 943,98

22289

40,66%

572 829,13

37171

38,19%

1 500 000,00

45371

100,00%

109500

Quantity
4,26%

171

33,95%

1610

20,35%

4,16%

747

41,43%

18,21%

39,27%

1573

100,00%

38,36%

4100

100,00%

Table 9. The calculation results of the taxonomic models within the scenarios for the development of the exploitation policy of the analyzed water supply
system
Categories of
maintenance
works
Inspections
Maintenances
Repairs
Overhauls

Scenario no. 1

Scenario no. 2

Scenario no. 3

Scenario no. 4

Synthetic
measure

Geometr.
distance

Synthetic
measure

Geometr.
distance

Synthetic
measure

Geometr.
distance

Synthetic
measure

Geometr.
distance

0,5723

0,5221

0,0958

1,1984

0,1595

1,1261

0,6203

0,6284

0,1929

0,4893

0,3200

0,5320

0,2460

0,8757

0,2200

0,3471

0,2583

0,2102

0,2640

0,4199

0,1050

0,2683

• the largest uniformity of the differences of the determined
taxonomic measures for all considered categories of the maintenance works,
• the smallest median value for the differences of the determined
taxonomic measures.
Interpretation of the results confirms the compliance of developed
models with the conditions and circumstances of the industrial observation, made by the author, within the maintenance department, that
manages the analyzed water supply system. In this regard, it is worth
mentioning the following considerations:

1,1858

0,5673

0,0759

0,0780

1,5399

1,5834

0,2774

0,2183

0,1609

0,3503

• the water supply system was in a period after years of use,
which justifies the need to realize the exploitation policy in
line with current service requirements of individual technical
objects,
• high level of the exploitation culture of the maintenance staff,
associated with the policy of searching for support solutions,
provide an opportunity for increase the share of quantity and
time of preventive maintenance, while keeping costs at the current level,
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Fig. 9. The graphical presentation of the taxonomic measures of the scenarios for the development of the exploitation policy of the analyzed water supply system

The assessment is temporary, relating to a certain period of time
(2013). It is a starting point of the possibilities and advisabilities of introducing changes within the exploitation decision-making process.
In addition to the presented interpretation, scenario shaping of the
exploitation decision-making process can proceed in two directions:
1. Monitoring of the exploitation policy, involving the cyclic assessment of the exploitation policy based on the taxonomic
models, and then interpretation of the results in the following,
predefined, time points. This allows for continuous assessment of direction and level of changes of the similarity (convergence) of the exploitation policy to the particular scenarios,
and this in turn, enables to correct principles and guidelines of
the exploitation decision-making process.
2. Simulation assessment of changes of the exploitation decision-making process [15, 29], consisting in the analysis and
interpretation of impact of the features modification on change
of the similarity level (convergence) of the exploitation policy
with the particular scenarios.

6. Conclusions

Fig. 10. The graphical comparison of the taxonomic models of the exploitation policy assessment and the scenarios for the development of the
exploitation policy of the analyzed water supply system

• the lack of modernization plans of the network in the near
term, causes a negative trend for routinization of the maintenance works.
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The results of the research demonstrated the possibility of the
assessment and shaping of exploitation future, based on the use of
alternative multi-threaded collections of continuous-time or discrete
images of reality. Building the scenarios for the development of the
exploitation policy of the analyzed water supply system, which was
complemented mutual taxonomic assessment, confirmed the need of
long-term multifaceted supervision of the exploitation decision making process in industrial environment. The developed methodology of
scenario exploitation modeling, adopts a new approach to the exploitation decision-making process, based on resources of assumed and
anticipated data on the realization of the exploitation processes.
However, taking into account the objectives, specificity as well as
methodological and utilities constraints, it should be noted that:
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Table 10. The result of a comparative analysis of the taxonomic models of the exploitation policy assessment and the scenarios for the development of the
exploitation policy of the analyzed water supply system
Categories of
maintenance
works
Inspections
Maintenances
Repairs
Overhauls
Comparison
Median

Water supply system
Synth.
meas.
0,0423

0,2147

0,3241

0,2928

Geom. dist.
2,0279

1,0564

0,8362

0,8631

Scenario no. 1
Synth.
meas.

Geom. dist.

0,5723

0,2583

0,1929

0,2102

0,7874

Scenario no. 2
Synth.
meas.

Geom. dist.

0,5221

0,0958

1,1984

0,1050

1,1858

0,4893

0,3200

0,5320

0,2683

0,5673

0,1918

1,5590

0,2640

0,4199

3,0882

1,9378

0,8754

Scenario no. 3
Synth.
meas.

Geom. dist.

0,1595

0,0759

0,2460

0,0780

0,5487

1,1261

1,5399

0,8757

1,5834

2,1451

1,3469

Scenario no. 4
Synth.
meas.

Geom. dist.

0,6203

0,2774

0,2200

0,2183

0,8194

0,6284

0,1609

0,3471

0,3503

3,2969

2,0581

Table 11. The comparison of the specificity of the scenario modeling methods for the classical applications and for the exploitation decision-making process in
technical network systems
Specificity of classical methods of scenario modeling
• individuality of procedures for problems or situations,
• complexity, time-consuming and the necessity of a large commitment of
resources in the development of the models,
• identified multifaceted and high detail of analyzed environmental factors.

• the modeling methods of future variants can be the basis for
the description of equivalent images of exploitation future,
• descriptions of the exploitation future variants are not direct
procedures to be followed in the realization of exploitation
tasks,
• the modeling methods of future variants is characterized by
internal significant level of the decision uncertainty, therefore
developed images (scenarios) are dynamic, changing discretely during the time.
An attempt to adapt the classic ways of modeling future variants to
the requirements of the exploitation decision-making process, shown
the differences, which impede the use of existing typical procedures
of the exploitation scenarios within the context of functioning technical network systems. These differences were summarized in Table 11.
This causes the need to develop customized scenario solutions.
The research presented in the article was targeted to the technical
network systems. However, the prepared methodical, modelled and

Specificity of the exploitation decision-making process in the context of the functioning of technical network systems
• continuous repetitive cyclical nature of realization,
• a narrow range of factors influencing the exploitation decision-making
process in the long term.

application solutions does not have any specific restriction by category of a technical system. According to the author, it is possible
to implement the scenario shaping the exploitation decision-making
process in the context of functioning of industrial installations or production machines and devices. This requires additional work on:
• the development of objects, events and exploitation processes
models and their verification in relation to the exploitation
policy,
• the adaptation of a set of the exploitation measures used in
industrial environment, to the requirements and possibilities of
the exploitation decision making process,
• the identification and interpretation of internal and external
environment for the exploited industrial (production) technical
system, with an additional selection of factors and features,
that can be the basis for the scenario modeling.
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Generalized integrated importance measure for system
performance evaluation: application to a propeller plane system
Uogólniona miara zintegrowanej ważności komponentów
jako narzędzie oceny wydajności systemu: zastosowanie
w odniesieniu do układu śmigłowca
The integrated importance measure (IIM) evaluates the rate of system performance change due to a component changing from
one state to another. The IIM simply considers the scenarios where the transition rate of a component from one state to another is
constant. This may contradict the assumption of the degradation, based on which system performance is degrading and therefore
the transition rate may be increasing over time. The Weibull distribution describes the life of a component, which has been used in
many different engineering applications to model complex data sets. This paper extends the IIM to a new importance measure that
considers the scenarios where the transition rate of a component degrading from one state to another is a time-dependent function
under the Weibull distribution. It considers the conditional probability distribution of a component sojourning at a state is the
Weibull distribution, given the next state that component will jump to. The research on the new importance measure can identify
the most important component during three different time periods of the system lifetime, which is corresponding to the characteristics of Weibull distributions. For illustration, the paper then derives some probabilistic properties and applies the extended
importance measure to a real-world example (i.e., a propeller plane system).
Keywords: system performance, importance measure, Weibull distribution, transition rate.
Miara zintegrowanej ważności (IIM) pozwala oceniać szybkość zmian wydajności systemu powstałych w wyniku przejścia elementu systemu z jednego stanu do drugiego. IIM pozwala rozważać scenariusze, w których szybkość przejścia elementu z jednego
stanu do drugiego jest stała. Jest to jednak sprzeczne z założeniem degradacji, zgodnie z którym wydajność systemu obniża się,
w związku z czym, szybkość przejścia może z upływem czasu ulegać zwiększeniu. Rozkład Weibulla opisuje żywotność danego
elementu, co wykorzystuje się w wielu różnych zastosowaniach technicznych do modelowania złożonych zbiorów danych. W
przedstawionej pracy, rozszerzono IIM uzyskując nową miarę ważności, która pozwala rozważać scenariusze, w których szybkość
przejścia elementu z jednego stanu do drugiego w wyniku degradacji jest zależną od czasu funkcją rozkładu Weibulla. Przyjęto,
że warunkowy rozkład prawdopodobieństwa elementu przebywającego w pewnym stanie jest rozkładem Weibulla, gdzie dany
jest kolejny stan do którego ma przejść dany element. Badania nad nową miarą ważności umożliwiają identyfikację najważniejszych elementów podczas trzech różnych okresów czasu życia systemu, co odpowiada charakterystyce rozkładów Weibulla. Dla
ilustracji, wyprowadzono pewne właściwości probabilistyczne i zastosowano rozszerzoną miarę ważności do analizy przykładu
rzeczywistego układu śmigłowca.
Słowa kluczowe: wydajność systemu, miara ważności, rozkład Weibulla, szybkość przejścia.

Notation
xi (t ) 	 state of component i at time t, xi (t ) = 0,1, 2,, M i
X (t )

( x1 (t ), x2 (t ),, xn (t )) : state vector of the components at time t

Φ ( X (t )) 	 system structure function at time t and range {0,1, , M } , Φ ( X (t )) = Φ (x1 (t ), x2 (t ), , xn (t ))

(⋅i , X (t ))

(x1 (t ),, xi −1 (t ), ⋅, xi +1 (t ),, xn (t ))

Pi , ml (t )

Pr( xi (t ) = l | xi (0) = m)

Pi , m (t )

Pr( xi (t ) = m)

bi , ml 	 transition rate of component i from state m to state l

c j 	 maintenance cost of improving the system from state j to state M.

ρi , m (t )

Pr {xi (t ) < m}

ρi , ml (t )

Pr {xi (t ) < l | xi (0) = m}

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

279

S cience and Technology
1. Introduction
In reliability engineering, a bulk of research has been devoted to
evaluate the contribution of components to system reliability and performance [14]. For example, Yang et al. [26] provided a method of
simulating the reliability of degradation using Monte Carlo principle
and cloud theory. Cheng et al. [6] proposed an approach to analyze the
reliability evaluation based on fast Markov chain simulations. Leturiondo et al. [12] presented a model to evaluate the system performance with localized damage. Werbińska-Wojciechowska and Zając
[21] used a delay-time concept to analyze the system maintenance
performance.
The seminal work of reliability importance measure is credited to
Birnbaum, who introduce the well-known Birnbaum importance in
1969 [1]. Since then, a wide range of different importance measures
have been introduced. For example, Wu and Chan [22] proposed the
utility importance of component states in multi-state systems. Levitin
et al. [13] generalized the importance measures for multi-state elements based on performance level restrictions. Wu and Coolen [24]
extended the Birnbaum importance to a cost-based importance measure. Borgonovo et al. [2, 3] proposed differential importance measure,
and time-independent reliability importance for the risk evaluation.
Zhai et al. [27] presented a moment-independent importance to evaluate the safety probability. Tyrväinen [20] presented risk importance
measures to analyze the dynamic reliability. Wu et al. [23] proposed
a component maintenance priority importance to improve the system
performance. Dutuit and Rauzy [9] extended the importance measures to complex components. Kuo and Zhu [11, 28] summarized the
concepts of importance measures and their application in reliability
and mathematical programming. Si, Dui et al. [17, 18] proposed the
integrated importance measure (IIM) of component states, which
evaluates how the transition of component states affects the system
performance in multi-state systems. Si, Dui et al. [19] studied the IIM
from component states to the component, which can identify the most
important component for improving the system performance. Dui et
al. [7, 8] studied the IIM in system lifetime and semi-Markov process
to evaluate the change of the system performance, respectively.
The IIM evaluates the rate of system performance change due to a
component changing from one state to another. The IIM simply considers the scenarios when the transition rate of a component from one
state to another is constant. This may contradict the assumption of the
degradation, based on which system performance is degrading and
therefore the transition rate may be increasing over time.
On the other hand, the Weibull distribution is one of the most
commonly used lifetime distributions in reliability modeling and lifetime testing [25]. It has been used in many different engineering applications to model complex data sets, such as life tests [15], fault
diagnosis [4, 5], oral irrigators [16], et al. The Weibull distribution
and its variants can accommodate increasing, constant or decreasing
failure rates [10]. Thus, one may extend the IIM to a new importance
measure that considers the scenarios where the transition rate of a
component changing from one state to another as a time-dependent
function. Typically, one may consider the conditional probability distribution of a component sojourning in a state is the Weibull distribution, given the next state that the component will jump to. On the basis
of such consideration, this paper proposes a new importance measure.
The research on the new importance measure can identify the most
important component during three different time periods of the system lifetime, which is corresponding to the characteristics of Weibull
distributions. The paper then derives some probabilistic properties.
It also analyzes the properties of the proposed importance measure
of the parallel-series systems and the series-parallel systems, respectively. A real-world example is borrowed to illustrate the proposed
importance measure.
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The rest of the paper is as follows. Section 2 extends the IIM.
The corresponding properties of IIM in the Weibull distribution are
analyzed for typical parallel-series system and series-parallel system
structures in Section 3. An application is presented to illustrate the
proposed method in Section 4. Section 5 gives the conclusion of this
paper.

2. The extended IIM for system performance under
Weibull distributions
In this paper, the state space of component i is {0,1,…, Mi} and
the state space of the system is{0,1,…, M}. State 0 represents the
complete failure state and state M (Mi) is the perfect functioning state.
The states are ordered from the complete failure state to the perfect
functioning state.
We assume that the levels of maintenance cost and the system
states ( c0 ≥ c1 ≥  ≥ cM −1 ≥ cM = 0 ) are inversely proportional. The
expected maintenance cost is:
C=

M −1

∑

j =0

c j Pr(Φ ( X ) = j ) =

M −1

∑ (c j − c j +1) Pr(Φ( X ) ≤

j =0

j ) . Si, Dui et

al. [17] gave the following IIM, as in Equation (1):
IIM i , ml (t ) = Pi , m (t )⋅ bi , ml
= Pi , m (t )⋅ bi , ml

M −1

∑ (c j − c j +1) Pr (Φ(mi (t ), X (t )) ≤ j ) − Pr (Φ(li (t ), X (t )) ≤ j )

j =0

M −1

.

∑ c j Pr (Φ(mi (t ), X (t )) = j ) − Pr (Φ(li (t ), X (t )) = j ), m < l

j =0

(1)
Then IIMi,ml(t) describes the rate of maintenance cost loss due to a
component improving from state m to state l at time t.
In Equation (1), bi , ml , which is the transition rate of component i
from state m to state l, is a quantity independent of time t. Intuitively,
bi , ml may be a time-dependent quantity as the component is a deteriorating/ageing unit. Hence, the IIM defined in Equation (1) is too
restrictive. In order to attract wider applications, one may extend the
IIM by introducing the following importance measure.
Definition 1. The extended integrated importance measure (EIIM) is
given by:
M −1

EIIM i, ml ( t , y ) = Pi, m ( t ) ⋅ bi, ml ( y ) ∑ c j  Pr ( Φ (mi (t ), X (t )) = j ) − Pr ( Φ (li (t ), X (t )) = j ), m < l.
j =0

(2)
In Equation (2), bi , ml ( y ) is a function of the sojourn time y. An
interesting question is what form of function bi , ml ( y ) should be. In
the following, we consider the case when the Weibull distribution is
adopted.
Let the two-parameter Weibull distribution W ( t;θ , γ ) be denoted by:
γ
W ( t ;θ , γ ) = 1 − exp  − ( t / θ )  ,θ , γ > 0 ,



(3)

where θ and γ are the scale and shape parameters, respectively. We
can then obtain the distribution function of the sojourn time in state m
and the transition rate for component i. Denote θi , ml the scale param-
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eter of component i in state m, given that the next state is l, and γ i the shape parameter of component i. Then the transition rate bi , ml ( y ) is

(

bi , ml ( y ) = γ i / θi , ml

)( y / θi,ml )

γ i −1

.

According to Equation (2), the expression of the EIIM under the Weibull distribution is as following:
Definition 2. The EIIM under the Weibull distribution is given by:

(

EIIM i , ml ( t , y ) = Pi , m ( t ) γ i / θi , ml

(

= Pi , m ( t ) γ i / θi , ml

γ i −1 M −1

)( y / θi,ml )

∑ (c j − c j +1)  Pr ( Φ(mi (t ), X (t )) ≤ j ) − Pr ( Φ(li (t ), X (t )) ≤ j )

j =0

(4)

γ i −1 M −1

)( y / θi,ml )

∑ c j  Pr ( Φ(mi (t ), X (t )) = j ) − Pr ( Φ(li (t ), X (t )) = j ).

j =0

It is known that with different shape parameters, the Weibull distribution becomes different distributions, such as the exponential distribution,
the Rayleigh distribution, the normal distribution. Thus, with different shape parameters, Equation (4) can be converted into different expressions
under different distributions.
When M = 1 , the multi-state system reduces to a binary system. Equation (4) can be converted into:

(

EIIM i ,01 ( t , y ) = Pi ,0 ( t ) γ i / θi ,01

)( y / θi,01 )

γ i −1

c0  Pr ( Φ (0i (t ), X (t )) = 0 ) − Pr ( Φ (1i (t ), X (t )) = 0 )  .

(5)

It is obvious that the last term in the right hand side of Equation (5) is the Birnbaum importance measure (BM) of component i, as in Equation (6):
BM i ( t ) = Pr ( Φ (0i (t ), X (t )) = 0 ) − Pr ( Φ (1i (t ), X (t )) = 0 ) .

(6)

From Equations (5) and 6, the EIIM of component i is a generalization of BM based on the system performance. We will discuss the difference
between BM and EIIM for the change of different parameters in section 4.

3. Characteristics of EIIM for typical system structures
We now discuss the properties of the EIIM for parallel-series system and series-parallel system structures.
Fig. 1 gives the structure of a typical parallel-series system, where [ij] represents the component that is located in row i and column j. The
corresponding structure function of the system is Φ( X (t )) = max min X [ij ] (t ) .
1≤i ≤ N 1≤ j ≤ Ni

{

}

Fig. 1. A parallel-series system

The structure of a typical series-parallel system is as in Fig. 2, where [ij] represents the component which is located in column i and row j. The
corresponding structure function of the system is Φ( X (t )) = min max X [ij ] (t ) .
1≤i ≤ N 1≤ j ≤ Ni

{

}

Fig. 2. A series-parallel system

(

)

Assume that the lifetime distribution function of component [ij] follows Weibull distribution W t ;θ[ij ], ml , γ [ij ] . We can obtain the following
propositions:
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Proposition  1. In a parallel-series system, assume

(

P[i1 j1 ], m (t ) ⋅ 1 / θ[i1 j1 ], m( m +1)

)

γ [ i1 j1 ]

≥

α m (i1 )(1 − ρ[i1 j1 ], m (t ))

γ [i1 j1 ] = γ [i2 j2 ] , then

(

P[i2 j2 ], m (t ) ⋅ 1 / θ[i2 j2 ], m( m +1)

)

EIIM [i1 j1 ], m ( m +1) (t , y ) ≥ EIIM [i2 j2 ], m ( m +1) (t , y )

only when

γ [ i2 j2 ]

.

α m (i2 )(1 − ρ[i2 j2 ], m (t ))

Proof. According to the structure function in the parallel-series systems and Equation (4), the right hand side of Equation (4) can be converted
into:
M −1

∑

j =0

=

(c j − c j +1 ) Pr ( Φ (mi (t ), X (t )) ≤ j )

M −1

∑

j =0

(c j − c j +1 ) Pr(max{ min { X [1h ] (t )},, min { X [(i −1) h ] (t )},
1≤ h ≤ N1

1≤ h ≤ Ni −1

min{ X [i1] (t ),, X [i ( j −1)] (t ), m, X [i ( j +1) (t ),, X [iNi ] (t )}, min { X [(i +1) h ] (t )},,
1≤ h ≤ Ni +1

min { X [ N N h ] (t )}) ≤ j

1≤ h ≤ N N

=

M −1

∑

j =0

(c j − c j +1 ) Pr( min { X [1h ] (t )} ≤ j ,, min { X [(i −1) h ] (t )} ≤ j ,
1≤ h ≤ N1

1≤ h ≤ Ni −1

min{ X [i1] (t ),, X [i ( j −1)] (t ), m, X [i ( j +1) (t ),, X [iNi ] (t )} ≤ j , min { X [(i +1) h ] (t )} ≤ j ,,
1≤ h ≤ Ni +1

min { X [ N N h ] (t )} ≤ j ).

1≤ h ≤ N N

For k ∈ {1, 2,, N }, k ≠ i, j ∈ {0,1,, M − 1} , we can obtain:
Pr( min { X [ kh ] (t )} ≤ j ) = 1 − Pr( min { X [ kh ] (t )} > j )
1≤ h ≤ N k

1≤ h ≤ N k

Nk

= 1 − Pr( X [ k1] (t ) > j ,, X [ kN k ] (t ) > j ) = 1 − ∏ (1 − ρ[ kh ], j (t )).
h =1

min{ X [i1] (t ),, X [i ( j −1)] (t ), m, X [i ( j +1)] (t ),, X [iNi ] (t )} ≤ m ,

so

for

k = i, j ∈ {m,, M − 1} ,

we

Pr(min{ X [i1] (t ),, X [i ( j −1)] (t ), m, X [i ( j +1)] (t ),, X [iNi ] (t )} ≤ j ) = 1 , and for k = i, j ∈ {0,, m − 1} , we have:
Pr(min{ X [i1] (t ),, X [i ( j −1)] (t ), m, X [i ( j +1)] (t ),, X [iNi ] (t )} ≤ j )
= 1 − Pr(min{ X [i1] (t ),, X [i ( j −1)] (t ), m, X [i ( j +1)] (t ),, X [iNi ] (t )} > j )
= 1 − Pr( X [i1] (t ) > j ,, X [i ( j −1)] (t ) > j , X [i ( j +1)] (t ) > j ,, X [iNi ] (t ) > j )
=1−

Nk

∏

h =1, h ≠ j

(1 − ρ[ih ], j (t )).

So we can get:
M −1

∑

j =0

=

(c j − c j +1 ) Pr ( Φ (mi (t ), X (t )) ≤ j )

m −1

N

j =0

k =1, k ≠ i

∑ (c j − c j +1) ∏

Nk

[1 − ∏ (1 − ρ[ kh ], j (t ))] ⋅ [1 −
h =1

Ni

∏

h =1, h ≠ j

(1 − ρ[ih ], j (t ))] +

M −1

∑

j =m

(c j − c j +1 )

N

∏

k =1, k ≠ i

Nk

[1 − ∏ (1 − ρ[ kh ], j (t ))].
h =1

Then the right hand side of Equation (4) is:
M −1

∑ (c j − c j +1)  Pr ( Φ(mi (t ), X (t )) ≤ j ) − Pr ( Φ(li (t ), X (t )) ≤ j )

j =0

=
=
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l −1

N

j =m

k =1, k ≠ i

l −1

N

j =m

k =1, k ≠ i

∑ (c j − c j +1) ∏

∑ (c j − c j +1) ∏

Nk

l −1

N

h =1

j =m

k =1, k ≠ i

[1 − ∏ (1 − ρ[ kh ], j (t ))] −
Nk

[1 − ∏ (1 − ρ[ kh ], j (t ))] ⋅
h =1

∑ (c j − c j +1) ∏
Ni

∏

h =1, h ≠ j

Nk

[1 − ∏ (1 − ρ[ kh ], j (t ))] ⋅ [1 −
h =1

Ni

∏

h =1, h ≠ j

(1 − ρ[ih ], j (t )).
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At last, we can obtain:

(

EIIM [i1 j1 ], m( m +1) (t , y ) = P[i1 , j1 ], m ( t ) γ [i1 j1 ] / θ[i1 j1 ], ml

) ( y / θ[i j ],ml )

γ [ i1 j1 ] −1

1 1

×

Ni1


N
 Nk



(cm − cm +1 ) ∏ 1 − ∏ (1 − ρ[ kh ], m (t ))  ⋅ ∏ (1 − ρ[i1h ], m (t ))  ,


h
=
1
=
1
≠
=
1
≠
k
,
k
i
h
,
h
j



1
1



(

EIIM [i2 j2 ], m ( m +1) (t , y ) = P[i2 , j2 ], m ( t ) γ [i2 j2 ] / θ[i2 j2 ], ml

) ( y / θ[i j ],ml )

γ [ i2 j2 ] −1

2 2

×

Ni1


N
 Nk



(cm − cm +1 ) ∏ 1 − ∏ (1 − ρ[ kh ], m (t ))  ⋅ ∏ (1 − ρ[i1h ], m (t ))  .
 h =1, h ≠ j1
k =1, k ≠ i1 


 h =1



Then we have:
EIIM [i1 j1 ], m( m +1) (t , y ) ≥ EIIM [i2 j2 ], m( m +1) (t , y )

⇔

⇔

(

P[i1 , j1 ], m ( t ) γ [i1 j1 ] / θ[i1 j1 ], ml

N
γ [ i1 j1 ] −1 i1

)( y / θ[i j ],ml )

∏ (1 − ρ[i1h],m (t ))

1 1

h =1

 Ni1

1 − ∏ (1 − ρ[i h ], m (t ))  (1 − ρ[i j ], m (t ))
1
1 1
 h =1




(

P[i1 , j1 ], m ( t ) γ [i1 j1 ] / θ[i1 j1 ], ml

) ( y / θ[i j ],ml )

γ [ i1 j1 ] =γ [ i2 j2 ]

⇔

(

P[i1 , j1 ], m ( t ) ⋅ 1 / θ[i1 j1 ], m( m +1)

)

γ [ i1 j1 ]

≥

α m (i1 )(1 − ρ[i1 j1 ], m (t ))

P[i2 , j2 ], m ( t ) γ [i2 j2 ] / θ[i2 j2 ], ml

≥

α m (i1 )(1 − ρ[i1 j1 ], m (t ))

N
γ [ i2 j2 ] −1 i2

)( y / θ[i j ],ml )
2 2

∏ (1 − ρ[i2 h],m (t ))

h =1

 Ni2

1 − ∏ (1 − ρ[i h ], m (t ))  (1 − ρ[i j ], m (t ))
2 2
2
 h =1




(

γ [ i1 j1 ] −1

1 1

≥

(

P[i2 , j2 ], m ( t ) γ [i2 j2 ] / θ[i2 j2 ], ml

)( y / θ[i j ],ml )

γ [ i2 j2 ] −1

2 2

α m (i2 )(1 − ρ[i2 j2 ], m (t ))

(

P[i2 , j2 ], m ( t ) ⋅ 1 / θ[i2 j2 ], m( m +1)

)

γ [ i2 j2 ]

α m (i2 )(1 − ρ[i2 j2 ], m (t ))

.

Since the parallel system and the series system are dual systems, according to Proposition 1, we can obtain Proposition 2.

γ [i1 j1 ] = γ [i2 j2 ] , then

Proposition  2. In a series-parallel system, assume

(

P[i1 j1 ], m (t ) ⋅ 1 / θ[i1 j1 ], m( m +1)

)

γ [ i1 j1 ]

≥

β m (i1 ) ρ[i1 j1 ], m (t )

(

P[i2 j2 ], m (t ) ⋅ 1 / θ[i2 j2 ], m( m +1)

)

EIIM [i1 j1 ], m ( m +1) (t , y ) ≥ EIIM [i2 j2 ], m ( m +1) (t , y )

only when

γ [ i2 j2 ]

β m (i2 ) ρ[i2 j2 ], m (t )

.

Proof. Similarly to Proposition 1, the proof can be established.
In Proposition 1, if we consider the situation that there is only one row i, the parallel-series system reduces a series system. In Proposition 2,
if we consider the situation that there is only one column i, the series-parallel system reduces a parallel system. According to Propositions 1 and
2, we have Corollaries 1 and 2.
Corollary  1. In a parallel-series system, assume γ [ij1 ] = γ [ij2 ] , then EIIM [ij1 ], m( m +1) (t , y ) ≥ EIIM [ij2 ], m( m +1) (t , y ) only when:

(

P[ij1 ], m (t ) ⋅ 1 / θ[ij1 ], m( m +1)

)

γ [ ij1 ]

≥

1 − ρ[ij1 ], m (t )

(

P[ij2 ], m (t ) ⋅ 1 / θ[ij2 ], m( m +1)

)

γ [ ij2 ]

1 − ρ[ij2 ], m (t )

.

Proof. Similarly to Proposition 1, the proof can be established.
Corollary  2. In a series-parallel system, assume γ [ij1 ] = γ [ij2 ] , then EIIM [ij1 ], m( m +1) (t , y ) ≥ EIIM [ij2 ], m( m +1) (t , y ) only when:

(

P[ij1 ], m (t ) ⋅ 1 / θ[ij1 ], m( m +1)

ρ[ij1 ], m (t )

)

γ [ij1 ]

≥

(

P[ij2 ], m (t ) ⋅ 1 / θ[ij2 ], m( m +1)

ρ[ij2 ], m (t )

)

γ [ij2 ]

.

Proof. Similarly to Proposition 2, the proof can be established.
From Propositions 1, 2 and Corollaries 1, 2, in a parallel-series system or series-parallel system, if the transition rate function of component
i from state m to an adjacent state is larger than that of component j, then the effect of component i on the system performance is larger than that
of component j. This also means that we can identify the most important component in the system when considering the effects of improvement
between adjacent states of a component on system performance, at time t. If two components are in the same degrading state, then the component
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with larger importance value should be maintained first in
the operation of a parallel-series system or series-parallel
system to get the larger improvement of system performance.

4. Application to a propeller plane system
In this section, we use a real-world example to illustrate
the application of the EIIM.
A propeller plane mainly consists of engines 1, 2, 3, 4
(components 1, 2, 3, 4), control panel (component 5), and
wings 1, 2 (components 6, 7), as shown in Fig. 3. The four
components (ie., engines) constitutes a 2-out-of-4: G system. That is, in order to ensure safety flight, at least two
engines must be working.
We assume that when the propeller plane system fails, the maintenance cost is 1 million CNY. In order to analyze the difference between BM and EIIM, we assume that the lifetime of all the components follow the Weibull distribution with the same scale parameters
and different shape parameters γ i = 0.1, γ i = 1, γ i = 3 , and θi,01 = 1 .
Fig. 4 illustrates the difference between BM and EIIM of engines and
other components for different shape parameters.
From Fig. 4, we have the following findings.
• If the shape parameter of a component is less than 1, the transition rate decreases with time, the BM of a component is bigger
than its EIIM.
• If the shape parameter of a component is equal to 1, the transition rate is bi ,01 ( y ) = 1 / θi ,01 = 1 based on Proposition 2, and
IIM i ,01 ( t , y ) = Pi ,0 ( t ) BM i ( t ) which is independent of the so-

journ time.
• If the shape parameter of a component is more than 1, the transition rate increases with time, and component EIIM is also
higher than its BM.

Fig. 3. A propeller plane system

When fixing y=1 and θi,01 = 1 , we can obtain the BM and EIIM
of engines with the change of shape parameter as in Fig. 5, which
is corresponding to Figs. 4 (a), (c), and (e) for γ i = 0.1, γ i = 1, γ i = 3 .
When the shape parameter becomes bigger, the value of EIIM also becomes bigger than BM more and more. This is because that γ i / θi ,01
becomes bigger, and the EIIM is related to shape parameters.
As discussed above, the four engines constitute a 2-out-of-4: G
system. In case all the four engines follow different Weibull distributions, how do the engines affect the system performance? To find the
answer, we will analyze the difference of importance among engines.
We assume θi ,01 = 1, y = 3 , γ 5 = γ 6 = γ 7 = 3 , and for the shape parameter of engines, γ 1 = 3, γ 2 = 2,γ 3 = 1,γ 4 = 0.1 . The difference between the BM and the IIM among engines is shown in Fig. 6.
From Fig. 6, the order of BM and EIIM of four engines is engine 1 > engine 2 > engine 3 > engine 4. When θi,01 = 1 and t=1, according
to
Equation
(3),
γi 

−1
W t ;θi ,01, γ i = 1 − exp  − t / θi ,01  = 1 − e . That is to say that the



(

)

(

)

reliabilities of all engines are the same. So BM of all engines are the

(a) Importance of engines when γ i = 0.1

(b) Importance of other components when γ i = 0.1
and other components

(c) Importance of engines when γ i = 1

(f) Importance of other components when γ i = 3 and
(e) Importance of engines when γ i = 3 and other
(d) Importance of other components when γ i = 1 and
other components
components
other components
Fig. 4. Difference between BM and EIIM of engines and other components
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bigger than its extended integrated importance measure. If the shape
parameter of a component equals to 1, the transition rate is constant,
which is independent of the sojourn time of a component in a state. If
the shape parameter of a component is greater than 1, the transition
rate increases with time, and component extended integrated importance measure is higher than its BM.
In the future work, we will discuss the other distributions when
component maintenance cost changes with the failure rate and time.
The cost can take different types into consideration, such as the constraint of other resources (finance, external factor), opportunity cost,
and so on.
Acknowledgements
The authors gratefully acknowledge the financial supports for this
research from the National Natural Youth Science Foundation of
China (Nos. 71501173, 61401403, 71571168).

Fig. 5. Importance of engines with the change of shape parameter

(a) BM of engines

(b) EIIM of engines
Fig. 6. Difference of importance among engines

same when t=1, as in Fig. 6(a). When θi,01 = 1 and y=3, the value of
EIIM of engines increases with the increment of shape parameters,
which is corresponding to Fig. 6(b).

5. Conclusions and future work
This paper extends the integrated importance measure to a new
measure and studies the propositions of the new measure. The results
are useful for maintenance managers to evaluate which component
state generates the most improvement in providing the system performance. It typically considers the conditional probability distribution of a component sojourning at a state is the Weibull distribution,
given the next state that component will jump to. Then the difference between the Birnbaum importance and the integrated importance
measure of a component with different shape parameters is discussed.
If the shape parameter is smaller than 1, the transition rate decreases
with time, and the Birnbaum importance measure of a component is
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Marta Woch

Reliability analysis of the PZL-130 Orlik TC-II aircraft structural
component under real operating conditions
Analiza niezawodności elementu struktury nośnej samolotu PZL130 Orlik TC-II w rzeczywistych warunkach eksploatacji*
The theme of the paper is to present development of new methods for assessing the reliability of the aircraft structure. Based on
the described mathematical models , the author developed the “Aircraft Structural Reliability Assessment” (AStRAss) computer
software, which implements the realized mathematical model. The aim of the software is calculation of aircraft structure reliability.
In this contribution the failure rate of the selected location within the structure of the PZL-130 Orlik TC-II under real operating
conditions were calculated. For the chosen control point within the structure the sensitivity of failure rate to the input data was
investigated.
Keywords: airframe, risk analysis, reliability research, single flight probability of failure, PZL-130 Orlik TC-II.
Tematem publikacji jest przedstawienie opracowanej metody oceny niezawodności struktury nośnej statków powietrznych.
Wykorzystując opisane modele matematyczne stworzono autorskie oprogramowanie komputerowe Aircraft Structural Reliability Assessment (AStRAss), implementujące opracowany model w celu obliczenia niezawodności struktury nośnej statków powietrznych. W niniejszej pracy określono chwilową intensywność uszkodzeń w wybranym miejscu struktury samolotu PZL-130 TC
II Orlik dla rzeczywistych warunków eksploatacji. Dla wybranego punktu kontrolnego przedstawiono w pracy również analizę
wrażliwości wyników na zmiany istotnych parametrów wejściowych.
Słowa kluczowe: struktura nośna samolotu, badania niezawodnościowe, chwilowa intensywność niesprawności, PZL-130 Orlik TC-II.

1. Introduction
This article presents a method of reliability prediction as well as
sustainability of selected areas of the airframe in the aspect of fatigue
and ageing processes. Supporting structure may be classified as an
element with strongly correlated changes of airworthiness parameter
values with the correct operation time of the aircraft [28].
One of the most important issues associated with aircraft maintenance is durability analysis of their structure components [10, 27].
The previous experience in operation confirms that exhaustion of aircraft service life cannot be unambiguously identified with its unserviceability for further, reliable flights. Not always does the service life
exhaustion results in losing the aircraft technical efficiency and exceeding the assumed dependability parameters [6, 7]. The inadequacies of the traditional (service life) approach to aircraft maintenance
used were the reason to initiate works in the field of developing new
methods for assessing the durability of the aircraft structure, which
will be presented in this article [21, 23].
The described mathematical model is implemented with the use
of specialized software, created by the author of the publication,
known as Aircraft Structural Reliability Assessment” (AStRAss).
United States Air Force [1, 4], in order to conduct reliability analysis
of aircraft structure, uses the Probability Of Fracture (PROF) program [13], whose math kernel was written on the basis of the same
equation. National Research Council Canada [12, 25] uses a similar
mathematical approach for reliability analysis of aircraft structure in
its ProDTA (PRObabilistic Damage Tolerance Analysis) software.
The presented method and the results of operational experience
make it possible to extend aircraft service life. Discussed procedures
are not performed for aircraft owned by Polish Air Force, particularly

for PZL-130 Orlik TC-II aircraft. Such analyses are conducted only
by Lockheed Martin, in exploitation of F-16s.

2. Presentation of the reliability assessment model
Failure rate function [2, 9] is defined as the limit of quotient of
conditional probability of failure occurence in time interval t + ∆t ,
under the condition of lasting out to time interval t by ∆t , when ∆t
leads to zero, which can be described as:

λ (t ) = lim

∆t →0

P {t < T ≤ t + ∆t | T > t}

(1)

∆t

+

where T is a continuous positive random variable of device operation
time.
If random variable T has a function of density f(t) as well as cumulative distribution function F(t), the equation (1) will take the form
of:
λ (t ) =

f (t )
1 − F (t )

(2)

t

where F (t ) = ∫ f (u )du = P {T ≤ t} = 1 − P {T > t}.
0

Given the failure rate λ(t) the life distribution can be calculated
by the equation:

(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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t

F (t ) = 1 − e

− ∫ λ ( x ) dx
0

(3)

In the aircraft reliability analysis to determine the probability of
failure two independent events are taken into consideration. The failure can be recognized as a state in which:
–– crack length exceeds a pre-defined size acr,
–– for a crack size smaller than acr there will be a stress cycle,
which will produce a stress intensity factor K exceeding the
fracture toughness Kc.
Failure rate for a place in aircraft structure is calculated using the
equation [14, 22]:
λ (t ) = λ1 (t ) + λ2 (t )

(4)

The probability of component failure during a time period (0, t )
caused by exceeding the allowable crack length can be described as:
FLcr (t ) = 1 − FA (a* (tcr − t ))
where: FA 		 – the distribution function of the initial crack length,

a* (t ) –function of crack length corresponding to the time to
the occurrence of failure t f = tcr − t ,
tcr – the time, when crack size will reach the predefined
value acr.

Failure rate associated with exceeding the permissible crack size
acr might be calculated by the following equation (2):
λ1 (t ) =

where: λ1 (t ) – failure rate resulting from exceeding the allowable
crack length acr,
λ2 (t ) – failure rate resulting from exceeding the allowable
stress in flight.
Based on the knowledge of the failure rate λ(t) failure function can
be calculated using the equation (3) for a single location.
Function g which defines the relation between crack length from the
quotient of stress intensity factor by stresses can be expressed as [8]:

K / σ = π a β (a) = g (a)

(5)

where: σ – stress,
β(a) – geometry correction factor specified for a cracks
length a.
For the material under consideration and a specific location in
the aircraft supporting structure, the critical crack size acr is a value
corresponding to a mean value of the fracture toughness K c and the
modal value of stresses occurring in flights for the place under discussion, which can be mathematically represented as:

K 
acr = g −1  c 
 σ 

(6)

where:

f Lcr =

f Lcr (t )
1 − FLcr (t )

(8)

dFLcr
.
dt

The probability that the stress value will cause a failure during a
flight at time t for cracks smaller than acr can be calculated with the
following equation:
PN (t ) =

∞ acr

∫ ∫

0 0

Hˆ (σ cr (a, kc )) f A (a)da· f Kc (kc )dkc

{

where: Hˆ = 1 − H = P σ > σ cr = K c / β (a ) π a

}

(9)

is the exceedance

probability for the peak load per flight,
f A (a ) is the density of the flaw size distribution at time interval t,
f Kc (kc ) is the density distribution of fracture toughness,
POF(t) is the probability that a peak load will cause a failure
during a flight at time t.
Failure rate due to a large stress can then be approximated by:

where g −1 is the inversion of function (5).

Fig. 1. Graphical representation of the applied mathematical model
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λ2 (t ) =

POF (t )
t

(10)

where t is the average flight length.
A method of assessing the reliability of the aircraft airframe has
been developed for the purpose of reliability analysis of PZL-130 Orlik TC-II aircraft. It was necessary also to create the innovative Aircraft Structural Reliability Assessment (AStRAss) software, which
implements the method developed by author, in order to calculate the
reliability of the selected control points in aircraft airframe under real
operating conditions.
Numerical implementation of failure rate for the place in the aircraft structure, calculated on the basis of equation (4), was completed
according to the scheme shown in Fig. 1.
Failure rate depending on exceeding the allowable crack length
acr is calculated on the basis of initial crack size distribution function
FA(a) and the crack growth function a(t).
The critical crack length is calculated according to formula (6)
using linear interpolation. In case, when the search value exceeds
the values from the input array K/σ,as a critical values one assumes
the smaller value of the crack length from an array of function a(t)
or K/σ.
For each value of the crack length ai from the array of cumulative
distribution function of the initial crack size, the time ti in which this
crack length will be obtained and time to failure tfi are assigned, as
shown graphically in Figure 2.

Failure rate caused by exceeding the maximum stresses in flight
shall be calculated using equation (10). The probability that the
stress value will cause damage during flight at the time t for failures
of the crack length less than acr, described by equation (9), can be
calculated by:
PN (t ) =

acr

∫

0

∞

f A (a ) ∫ f Kc (kc )·Hˆ (σ cr (a, kc ))dkc da

(11)

0

The above equation can be represented as:
PN (t ) =

where:

acr

∫

0

f A (a ) PA (a)da

(12)

PA (a ) is the probability of failure for a specified crack
length, expressed by:
PA (a ) =

∞

∫

0

f Kc (kc )·Hˆ (σ cr (a, kc ))dkc

(13)

Equation (12) is an analytical formula to determine the probability
of failure in flight for a particular stress value. Numerical implementation strictly from formula (12) is susceptible to inaccuracy, because
probability density function fA(a) of the crack length at the time t is
derived from the tabular cumulative distribution function of the crack
length FA(a) and not from the clearly defined mathematical formula.
In order to minimize numerical errors change of variables has been applied. If the variable u is a uniform random variable from the interval
(0, 1), then the variable a1 = FA−1 (u ) has the cumulative distribution
function FA(a1) [3, 13]. Equation (12) can therefore be expressed as:
PN (t ) =

Fig. 2. The crack growth function a(t)

Probability function of component deterioration FLcr(t) is created
from the array of time to failure tf and an array of 1-FA, as shown
in Figure 3. Polynomial interpolation of the probability function of
component deterioration in selected time points, which is given as an
input parameter, is based on finite differences. The probability density
function fLcr is calculated using numerical differentiation.
It is possible that when using polynomial interpolation or numerical integration, the probability function of component deterioration
FLcr(t) or the probability density function fLcr will locally have a value
lower than zero. In this case, the minimum allowed by the decimal
type variable value (amounting 10-28) is generated. In the case where
there is a correct value for the previous time instant, this value increased by 10-28 is assumed. An appropriate message in the text message field of AStRAss software is then displayed.

Rys. 3. Function graph of the probability of component deterioration FLcr(t)

ucr (t )

∫

0

PA ( FA−1 (u ))du

(14)

where: ucr (t ) = FA (acr ) at time t,
FA−1 (u ) is the inverse of cumulative distribution function of
crack length at time t.
Equation (13) was calculated on the basis of definition by applying integration of trapezium method. Interval (0, +∞) was limited to
the (μ − 4 · σ, μ + 4 · σ), where μ is the mean value and σ is a standard
deviation, which covers more than 99.7% of the entire range.

3. Reliability analysis – input data
Reliability analysis has been performed for the area situated on
the fuselage, for a possible failure in the area of the upper left side
canopy longeron at the middle lock cut out. During the full-scale fatigue test a cracked left upper longeron was observed in this place.
The defect was classified as PTC (Plate Through Thickness Crack)
[5] (shown in Fig. 4).The finite element method (FEM) model study
area is shown in Fig. 5.
The parameter values determining the normal distribution of constant KIc which define the fracture toughness for flat samples across
the grain (L-T reference directions) made of 2024-T351 alloy, which
correspond to the damage at control point, have been adopted on the
basis of the literature [19]:
–– mean value 36,7 MPa m ,
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Based on flight data records covering the period from the beginning of operation of Orlik aircraft in the Polish Air Force, the average
length of the flight was determined to be 43 minutes.
By means of AFGROW software the curve shape was obtained. It
is presented in black in Fig. 7. Green colour indicates an adequate fit
to the equation (11). Red curves indicate extrapolation with the use of
exponential function:
a (t ) = a0ebt

Fig. 4. PTC (Plate Through Thickness Crack) type damage on the graphic
scheme
where: T

D

– component thickness,
– component width,
– maximum crack length,

L1

– crack length from the upper edge,

L2

– crack length from the lower edge,

L3

– length of not cracked material.

W

(11)

In calculations a simple through crack propagating from one side
of the model was used. The relation between β(a) and crack length
as well as the load spectrum based on strain gauge measurements
were used. Material properties for 2024-T351 aluminum alloy such
as Young’s modulus (E) and KIC were established based on tests carried out in the laboratory [19]. Model data used in calculations are
presented in Table 1.
Table 1. Data used in crack propagation calculations [15]
Parameter
Element length

Section a
0.04857 [m]

Element thickness

0.0025 [m]

Initial crack length

0.00143 [m]

Section b
0.06283 [m]
0.0025 [m]

0.00143 [m]

KIC

36.75 [MPa√m]

36.75 [MPa√m]

Stress Multiplication Factor

0.072 [-]

0.072 [-]

E

72 000 [MPa]

72 000 [MPa]

The distribution of maximum stress peak in a flight is modelled
in terms of a Gumbel distribution of extreme values and is based on
flight research results:

 σ − B 
H (σ ) = exp  − exp  −

A  



Fig. 5. FEM model of the probable crack location [15, 16]

–– standard deviation 4,29 MPa m .
FEM analysis was performed with the use of MSC Software [15].
Based on the FEM analysis results the following relation between
stress intensity factor, stress (K/σ), and crack size a has been established:
Calculations of failure propagation in AFGRWO programme
might be performed only for models not containing holes. Due to this
fact the crack was divided into two sections, as shown in Figure 5.

where: σ
- stress,
A
- Gumbel distribution parameter determining the slope
of the cumulative distribution function,
B
- Gumbel distribution parameter determining the 37th
percentile of maximum stress on flights.
To achieve A and B parameters of Gumbel distribution the correlation between maximum vertical load values nz and stresses occurring on strain gauge using 285 development flights for this purpose.
During these flights one utilizes KAM 500 data recorder [11, 17]. The
next step of the calculation was to obtain a transfer function relat-

Fig. 6. Dependence K/σ from crack length
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Fig. 7. Relation of crack length from flight time

Fig. 8. Inverse of cumulative distribution function and cumulative distribution function of initial flow sizes (EIFS) [5]

ing vertical load factor nz and stress. The calculations were conducted
with the application of the algorithm of linear approximation of the
method of the least squares or by way of using the non-linear Levenberg-Marquardt regression algorithm. Stresses resulting from the
global model from FEM calculations for nz=1 in the region of interest
were extracted. For calculations the coefficients of transfer function
and maximum exceedance of vertical load factor nz were obtained
from on-board flight recorders mounted on PZL-Orlik TC-I and TCII aircrafts from the beginning of operation until 2010 were used. At
that time more than 40 000 flights were performed. Stress values were
estimated to the Gumbel distribution with the following coefficients:
–– A = 8.6 [MPa],
–– B = 71.9 [MPa],
using a fitting for flight, in which vertical load factor nz>4.6.
The initial crack size distribution was adopted pursuant to the article [5] (fig. 8). Data from literature were estimated using a Weibull
distribution:

FA (a ) = 1 − e −( a / λ )
where: λ
k

- scale parameter,
- shape parameter.

k

The initial crack size distribution resembles the Weibull distribution function, which was justified by Yang and Manning [21, 28].
Following parameters were assumed for calculations: λ = 0.0891
mm, k = 1.1204.

4. Result
For the failure section b, it is assumed that the beginning of crack
propagation will be a time instant in which a section is damaged. For
military aircrafts it is recommended to determine the event as unlikely
Table 2. Probability levels [14]
Description

Remote

Level

Individual Aircraft

Fleet

D

Unlikely, but possible to occur
in the life of an item during
service life of the aircraft.
Probability of occurrence less
than 10-3 but greater than or
equal to 10-6

Unlikely but
can reasonably be
expected to
occur

(13)
Improbable

E

So unlikely, it can be assumed
that the occurrence will not
be experienced in the life of
an item. Probability of occurrence less than 10-6
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(improbable), thanks to which it might be presumed that such event
may not be experienced, for which the failure rate is lower than 10-6
during aircraft service life. Events that are unlikely, but possible to
occur during aircraft service life are distinguished by the failure rate
smaller than 10-3 but greater than 10-6 (Table 2). Another important
criterion of events qualification is the failure probability. If the value
F(t) exceeds 10-3 it should be considered whether the aircraft shall be
admitted to further operation without conducting necessary overhauls
[24, 26]. On graphs of failure rate the appropriate probability levels
have been specified.
The figure 9 present charts of failure rate of the area in aircraft
PZL-130 TC II Orlik supporting structure.

4.1. Sensitivity analysis to input variations

Fig. 9. Failure rate

A modernization programme entitled “Transition to operation
system according to technical condition of PZL-130 TC II Orlik aircrafts” (pol. SEWST) did not take into account the need to test all
the input parameters essential to analyse the reliability of the Orlik
aircraft structure. It was therefore indispensable to assume, on the basis of literature, parameters describing the fracture toughness for flat

Fig. 10. Fracture toughness distribution within the confidence interval for mean value μ and standard deviation σ

Fig. 11. Failure rate for the section a of the control point for different values of the mean value μ and standard deviation σ of the normal distribution of fracture
toughness KIc
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Table 3. Weibull parameters distribution of initial crack size
[mm]

[in.]

The scale parameter λ
110% · λ
90% · λ

0.0891
0.0980
0.0802

0.0035072
0.0038579
0.0031565

The shape parameter k
110% · k
90% · k

1.1204
1.2324
1.0084

[-]

σ of the established normal distribution KIc. Sensitivity on fracture
toughness variations was performed by changing the mean value µ
and standard deviation σ to reflect potential uncertainty of parameters,
which are often described on the basis of samples from different manufacturing batches of the material.
The parameter values KIc for flat samples across the grain (L-T
reference directions), which correspond to the damage in control point
7, for 2024-T351 alloy, were adopted pursuant to the literature [19]
and have been based on five samples.
Ninety-percent confidence interval for the mean value μ and standard deviation σ for five samples was calculated applying the maximum likelihood method [20] and it is as follows:

Fig. 12. Cumulative distribution function and inverse of cumulative distribution function of equivalent distribution of initial flaw sizes (EIFS) when the scale parameter λ was modified

Fig. 13. Cumulative distribution function and inverse of cumulative distribution function of equivalent distribution of initial flaw sizes (EIFS) when the shape parameter k was modified

samples across the grain (L-T reference directions), made of 2024T351 alloy, and the initial crack size distribution.
Sensitivity analysis of calculation results of structure failure probability of PZL-130 Orlik TC-II airframe on changes of input data parameters allowed to assess the impact of the parameters (which were
assumed on the basis of literature) on final results.
Analysis of sensitivity to the change of fracture toughness KIc
Fracture toughness, for the specified control point of the airframe,
is defined by determining the mean value μ and standard deviation

–– mean value (33.54; 39.86) MPa m ,
–– standard deviation (10.17; 2.78) MPa m .
Figure 10 shows the differences in fracture toughness distribution
when the mean value μ and standard deviation σ are in extreme points
of these confidence intervals.
The results of calculations are illustrated in Figure 11.Based on
the failure rate curves (Fig. 11) it can be inferred that both the change
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Fig. 14. Failure rate for the section a of the control point for different parameter values of scale λ and shape parameter k of Weibull distribution of initial crack
size

in the parameter of mean value μ or standard deviation σ will significantly affect the final results. The change of 10% of the confidence
interval of standard deviation σ, as compared to the 10-percent change
of the confidence interval of the mean value, in the final result will
cause more intense disturbance. The initial, significant divergence of
results when changing the standard deviation σ fades with time, as has
been well shown in Fig. 11.
Analysis of sensitivity to changes of initial crack size distribution
The sensitivity of failure rate to the initial crack size distribution
was investigated by the change of parameters in two different ways:
• the scale parameter λ of the baseline Weibull distribution was
arbitrarily increased and decreased 10 percent with a shape parameter k at baseline,
• the shape parameter k of the baseline Weibull distribution was
arbitrarily increased 10 and decreased percent with a scale parameter λ at baseline.
Parameter values of Weibull distribution for sensitivity analysis
were collected and presented in Table 3. Figures 12 and 13 illustrate
the initial crack size distributions used for calculations of sensitivity
analysis. The calculation results are shown in Figure 14.
Based on the graphs of failure rate (Fig. 14), it can be inferred
that both the scale parameter λ and the shape parameter k does not
affect the final results to great extent. In the area, which is the most
significant in terms of reliability, where the instantaneous failure rate
is greater than 10-3, the results slightly differ. The change by 10% of
shape parameter k, as compared to the 10% change of scale parameter
λ, will cause more intensive change in the final result. Since the results
deviations are minor, therefore, it can be concluded that the reliability
analysis of structure is not significantly susceptible to the initial crack
size distribution.

5. Conclusions
The obtained simulation results indicate that a crack on the fuselage, on the upper left side canopy longeron near the middle lock
cut out for 6 000 hours of service life can be described as unlikely
(remote), since the probability of fracture, provided that the damage
did not occur previously is less than 10-3 during the aircraft operation
time. The shape of the obtained curve for section a shown in Fig. 9 is

due to a moderate increase of the crack propagation curve in the initial
periods of aircraft service life and a relatively low stress value at the
considered control point with respect to the curve describing the relation of stress intensity factor to stresses depending on crack length.
Assuming that the inner canopy section will start to propagate at a
time when the previous section, located outside the canopy fails, the
probability of failure in the next hour of flight significantly increases.
The most important factor influencing the failure rate of section b is
the crack propagation rate. This damage can be described as unlikely
(remote) for 3 000 hours of aircraft service life, since the probability
of occurrence is less than 10-3, but greater than 10 -6.
For section b a graphical comparison of relation between stress
intensity factor, stresses (K/σ), and crack size a (Fig. 6) together with
chart portraying failure rate (Fig. 9) demonstrated a strong influence
of geometry correction factor (β(a)) on reliability. The fact that (K/σ)
curve for crack length of ~ 40 mm (Fig. 6b) is not monotonic, suggests
the decrease of the failure rate decrease of about 5 000 flight hours.
The presented analyses have confirmed that it is possible and also
advisable to determine the reliability at the points of the selected critical airframe locations. This kind of approach, while monitoring failures, allows to optimise the process of flight approval, while ensuring
the safety of an aircraft during operation.
In addition, it was possible to specify the most important input
parameters that have the greatest impact on the final assessment of the
reliability at the checkpoints of airframe critical locations. The present
research suggests that in the case of airframe components, essential
for reliability are the parameters that define the crack propagation rate
and structural determinants expressed by the dimensionless geometry
correction factor, which specifies the state of stress in the crack tip
and takes into account the shape of the tested element, independent
of the applied load.
The methodology with implementation to evaluate the reliability of the selected control points of the supporting structure in the
developed software has been designed in such a way, so as to allow
implementation of any type of aircraft. Reliability analysis enables to
determine the changes over time of the fatigue failure probability in
the aircraft structure. The results of this analysis provide the basis for
determining safe intervals between successive inspections of aircraft
structures.
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Optimization of complex systems reliability by firefly algorithm
Optymalizacja niezawodności złożonych systemów
za pomocą algorytmu świetlika*
Algorithms based on swarm intelligence are more and more frequently applied to problems of systems reliability. The article
presents the application of a firefly algorithm to the reliability optimization of two systems: bridge and 10-unit, with minimal
paths set, minimal cuts set and decomposition methods. The obtained results are presented and compared with the available
literature data.
Keywords: system reliability optimization problems, reliability optimization methods, RRAP system, firefly
algorithm.
Algorytmy bazujące na inteligencji stadnej są coraz częściej stosowane w problemach niezawodności systemów. Artykuł prezentuje zastosowanie algorytmu świetlika do optymalizacji niezawodności dwóch systemów: mostkowego i 10-elementowego,
z wykorzystaniem metod zbioru minimalnych ścieżek, minimalnych cięć oraz metody dekompozycji. Uzyskane rezultaty zostały
przedstawione i porównane z dostępnymi danymi literaturowymi.
Słowa kluczowe: problemy optymalizacji niezawodności systemów, metody optymalizacji niezawodności,
system RRAP, algorytm świetlika.

2. Reliability of complex systems

1. Introduction
The problem of testing the reliability of devices which influence
the quality of technical object operation can be seen as an analysis
of a system, i.e. intentionally separated collection of subsystems associated with dependencies or interactions. A system model can be
represented as an ordered pair <N, f>, where N is the set of natural
numbers assigned to the elements, and f is the function called the
system structure, which expresses the state of the system depending upon the state of its components. If the object has two states
{operating, failed}, this function takes binary values, where “1” implies operating state and “0” is assigned to failed state. In order to
achieve the required reliability of the whole system, there must be
adequate reliabilities of its individual components. It is important to
take into account the specific limits being imposed, such as the total
cost of the various components of the equipment as well as the sum
weight and volume.
There are many different approaches that allow us to solve the
problem of optimizing the reliability of complex systems. Many papers relate to the application of algorithms belonging to the group of
swarm algorithms, i.e. those based on the behavior of social insects
or animal herds. Analyzing the current literature, it can be observed
that such research mainly concern the effectiveness of ant algorithms
[1], particle swarm optimization [4, 10, 15], bees algorithms [18]
and cuckoo search algorithm [5, 6, 13, 14], which simultaneously
indicates the advantage of the cuckoo search over other swarm algorithms. This study focuses on examining the usefulness of applying
the firefly algorithm to systems consisting of 5 and 10 elements, taking into consideration several methods of determining the reliability
of these systems.

When designing a highly reliable system, it is very important to
achieve a balance between reliability, and other resources, such as
cost, volume or weight. The problem of optimizing reliability with
respect to redundancy (RRAP, reliability redundancy allocation problem) is treated as a nonlinear programming problem which has one or
more resources constraints. Among these known systems, two cases
were considered: a bridge system and a system consisting of 10 elements.

2.1. Bridge system
The bridge system shown in Figure 1 can be formulated as follows
[12, 14]:
Max f (r , n) = R1R2 + R3 R4 + R1R4 R 5 + R2 R3 R5 − R1R2 R3 R4 − R1R2 R3 R5 +
− R1R2 R4 R5 − R1R3 R4 R5 − R2 R3 R4 R5 + 2 R1R2 R3 R4 R5

(1)
with constraints taking into account the upper limit of the total volume
and weight (V), cost (C) and system weight (W):
m

g1 (r , n) = ∑ wi vi2 ni2 − V ≤ 0
i =1

β

m
 1000  i
0.25n i 
g 2 ( r , n) = ∑ α i  −
−C ≤ 0
  ni + e


i =1  ln (ri ) 
m

g3 (r , n) = ∑ wi ni e0.25ni − W ≤ 0
i =1

0 ≤ i ≤ m, 0 ≤ ri ≤ 1, ni ∈ Z+
(*) Tekst artykułu w polskiej wersji językowej dostępny w elektronicznym wydaniu kwartalnika na stronie www.ein.org.pl
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where:
m – the number of subsystems in the system,
ni – the number of components in subsystem i,
ri – the reliability of each component in subsystem i,
Ri – the reliability of subsystem i,
αi, βi – physical features of components,
wi, vi, ci – the weight, volume, cost of element in subsystem i.

Table 2. Data used for 10-unit system
i

r

44.1345

10.9891

3

0.6688

13.3800

28.6889

85.8783

19.2621

1.0164

0.7329

0.6102

8

9

1

2

3

4

5

2.330

1.450

0.541

8.050

1.950

βi
1.5

1.5

1.5

1.5

1.5

wivi2
1

2

3

4

2

wi

8

6

0.4922

39.6833

0.8088

51.8804

78.4996

0.8487

0.7901

82.9415

77.9446

26.8835

85.8722

59.2294

86.6633
7.8195

27.7460

10

g y (r , n) = ∑ c yi xi ≤ by ,

V

C

W

7

8

0.4710

44.9520

51.2555

0.7142

10

27.5668

0.7911

0.8140

7

105αi

i =1

96.7365

63.0815

78.5364

11.8123

97.1872

45.0850
3.6722

55.3950

25.9855

68.0713

12.1687

29.4809

28.9889

46.5904

23.9668

47.8387

25.0545

76.9923

53.3007

59.5441

49.6226

59.2594

87.4070

55.3175

y = 1, 2,..., m, xi ∈ Z +

For this system the coefficients cyi represent random numbers in
the range [0, 100], ri are generated in the range [0.65, 0.85], whereas
the parameter by = rand (1.5,3.5) ⋅ ∑10
c . The values of setting pai =1 yi
rameters of the model are summarized in Table 2, based on the data
available in the literature [14].

3. Methods of determining the reliability of systems
110

175

200

9

2.2. The system consists of 10 elements
The reliability structure of a 10-unit system is shown in Figure 2 [14].

In systems defined as having redundant reliability structure, the
case of incompatibility of some features of the system with the specified requirements does not lead to system’s failure. The two minimal
subsets of elements can be distinguished, giving the possibility of estimating upper and lower bounds of the system reliability [2, 3, 8, 11]:
- minimal path - a set of components whose proper functioning (all)
ensure the successful operation of the whole system, however the failure of even one of these elements will cause a failure state for the
system as a whole; components of a minimal path are connected in
series and the actual reliability structure of the system can be mapped
to the structure of a parallel-series, in which the minimal paths are
connected in parallel [3]; denoting by P1, ..., Pr the minimal paths set
of the system, the structure function of the system is given as [2]:
f ( x) = 1 −

Fig. 2. The diagram of 10-unit system

Assuming by Ri(xi) reliability of the subsystem i equals 1 − (1 − ri ) xi
and Qi = 1 – Ri this problem can be formulated as follows [1]:
Max f ( x) = R1R2 R3 R4 + R1R2 R6 R10 (Q3 + R3Q4 ) + R1R5 R9 R10 (Q2 + R2Q3Q6 +
+ R2 R3 R4 R5 R7 R8Q1 (Q9 + R9Q10 ) + Q1R3 R4 R6 R7 R8 R9Q10 (Q2 + R2Q5 ) +
+ R1Q2 R3 R4 R6 R7 R8 R9Q10 + R1Q2 R3 R4 R5 R6 R9Q10 (Q7 + R7Q8 ) +
+ Q1R2 R5 R6 R7 R8Q9 R10 (Q3 + R3Q4 )

(2)



1 − ∏ Ri 

j∈{1,..., r} 
i∈Pj


∏

(3)

- minimal cut - is a set of components, which being in a failure state
cause the system malfunction, however damage to any subset of this
elements set does not damage the system; elements of the minimal cut
are connected in a parallel combination and the real reliability structure of system can be converted to an equivalent series-parallel structure, wherein the minimal cuts are connected in series [3]. If C1, ..., Cs
denote the set of minimal cuts, therefore we have:

+ R2 R3Q4Q6 ) + R7 R8 R9 R10 (Q1 + R1Q2Q5 + R1R2Q3Q5Q6 + R1R3Q4Q5Q6 ) +

subject to m constraints:

c5

13.7848

6

Table 1. Data used in the bridge system

c4

35.6054

4

The parameter settings of the bridge system can be found in the
literature. According to [14] the following values shown in Table 1
were selected.

c3

33.2468

5

i

c2

0.6796

2

Fig. 1. The scheme of bridge system

c1

1

f ( x) =



1 − ∏ (1 − Ri ) 

j∈{1,..., s} 
i∈C j


∏

(4)

One of the known methods for determining the reliability of complex systems is called the decomposition method which consists of
performing consecutive structural operations converting a n-elements
object of any structure to a certain number of simple objects with the
series-parallel structures for which the reliability can be determined
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using known methods [3, 11]. In each operation this decomposition is
always performed with respect to one chosen ith element with the reliability Ri. The two structures consisting of n-1 elements are considered. In one of them the chosen element is replaced by an absolutely
reliable one – “short circuit” (Ri = 1), and in the second structure by
an absolutely failed component (Ri = 0) called “break”. The reliability
of the whole n-elements system R(n) can be computed by using the following recursive formula:

liabilities: π(P1) = R1R2R3R4, π(P2) = R7R8R9R10, π(P3) = R1R5R9R10,
π(P4) = R1R2R6R10. Then, for four paths of order 6: P5 = {7, 8, 5, 2,
3, 4}, P6 = {1, 5, 9, 6, 3, 4}, P7 = {7, 8, 9, 6, 3, 4}, P8 = {7, 8, 5, 2, 6,
10}, we have π(P5) = R7R8R5R2R3R4, π(P6) = R1R5R9R6R3R4, π(P7) =
R7R8R9R6R3R4, π(P8) = R7R8R5R2R6R10.
The reliability of the whole system can be described as follows:

R ( n ) = Ri Ri( n −1) + (1 − Ri )Ri( n −1)

(1 − R7 R8 R5 R2 R3 R4 )(1 − R1R5 R9 R6 R3 R4 )(1 − R7 R8 R9 R6 R3 R4 )(1 − R7 R8 R5 R2 R6 R10 )

(5)

where Ri(n-1), Ri(n-1) denote the reliability of decomposed structure with
“short circuit” (Ri = 1) and with “break” (Ri = 0), respectively.

3.1. Case: bridge system
There are four minimal paths in the bridge system shown in Figure 1, namely: P1 = {1, 2}, P2 = {3, 4}, P3 = {1, 4, 5} and P4 = {2, 3,
5}. For these minimal paths the function which describes the reliability of the system in terms of its elements has following form:
f = 1 − (1 − R1R2 )(1 − R3 R4 )(1 − R1R4 R5 )(1 − R2 R3 R5 )

(6)

Analyzing minimal cuts set method, the bridge structure is characterized by the following cuts: C1 = {1, 3}, C2 = {2, 4}, C3 = {2, 3,
5}, C4 = {1, 4, 5}, and on the basis of Eq.(4) the function is given as:
f = [1 − (1 − R1 )(1 − R3 )][1 − (1 − R2 )(1 − R4 )][1 − (1 − R2 )(1 − R3 )(1 − R5 )][1 − (1 − R1 )(1 +
− R4 )(1 − R5 )]

n

f = 1 − ∏ (1 − π ( Pi )) = 1 − (1 − R1R2 R3 R4 )(1 − R7 R8 R9 R10 )(1 − R1R5 R9 R10 )(1 − R1R2 R6 R10 )
i =1

(9)
Structure of 10 elements is characterized by 16 minimal cuts, including:
–– five of second order: C1 = {1, 7}, C2 = {1, 8}, C3 = {2, 9}, C4
= {3, 10}, C5 = {4, 10},
–– six of third order: C6 = {1, 5, 9}, C7 = {2, 6, 10}, C8 = {2, 5, 8},
C9 = {3, 6, 9}, C10 = {2, 5, 7}, C11 = {4, 6, 9},
–– five of fourth order: C12 = {7, 6, 5, 3}, C13 = {8, 6, 5, 3}, C14 =
{7, 5, 6, 4}, C15 = {8, 5, 6, 4}, C16 = {1, 5, 6, 10}.
Using Eq.(4), the reliability of the whole structure is determined
from the following formula:
f = [1 − (1 − R1 )(1 − R7 )][1 − (1 − R1)(1 − R8 )][1 − (1 − R2 )(1 − R9 )][1 − (1 − R3 )(1 − R10 )][1 +
− (1 − R4 )(1 − R10 )][1 − (1 − R1)(1 − R5 )(1 − R9 )][1 − (1 − R2 )(1 − R6 )(1 − R9 )][1 − (1 − R2 )
(1 − R5 )(1 − R8 )][1 − (1 − R3 )(1 − R6 )(1 − R9 )][1 − (1 − R2 )(1 − R5 )(1 − R7 )][1 − (1 − R4 )(1 +
− R6 )(1 − R9 )][1 − (1 − R7 )(1 − R6 )(1 − R5 )(1 − R3 )][1 − (1 − R8 )(1 − R6 )(1 − R5 )(1 − R3 )][1 +
− (1 − R7 )(1 − R6 )(1 − R5 )(1 − R4 )][1 − (1 − R8 )(1 − R5 )(1 − R6 )(1 − R4 )][1 − (1 − R1)(1 − R5 )
(1 − R6 )(1 − R10 )]

(7)

(10)

As can be seen the bridge system contains sets {2, 3, 5}, {1, 4, 5},
which are both the minimal path and minimal cut.
Applying the decomposition method, the reliability of the bridge
system can be calculated in terms of decomposed structures reliabilities with respect to the chosen component 5 which are:

In the case of the decomposition method, performed analysis on the
new elements is repeated until structures resulting from replacement
of elements are sufficiently simple for the calculation. Hence the initial structure R(10) can be decomposed with respect to its element 5,
which is replaced by “short circuit” and “break”. Therefore, the structure reliability is given as:

R5(4) = [1 − (1 − R1 )(1 − R3 )][1 − (1 − R2 )(1 − R4 )]

R (10) = R5 R5(9) + (1 − R5 ) R5(9)

R5(4) = R1R2 + R3 R4 − R1R2 R3 R4
For these specific reliabilities, the total reliability of the bridge
system is given by the following formula:
R (5) = R5 R5(4) + (1 − R5 )R5(4) = R1R2 + R3 R4 + R1R4 R5 + R2 R3 R5 − R1R2 R3 R4 +
− R1R2 R4 R5 − R1R2 R3 R5 − R1R3 R4 R5 − R2 R3 R4 R5 + 2 R1R2 R3 R4 R5

(8)
In the case of homogeneous system (Ri = r), the total reliability
reduces to form:
R (5) = 2r 2 + 2r 3 − 5r 4 + 2r 5

3.2. Case: structure of 10 elements
In order to evaluate the total reliability of structure shown in Figure 2, methods of minimal cuts set and minimal paths set were used.
Applying minimal paths set method one can find eight paths. Therefore we have four minimal paths of order 4: P1 = {1, 2, 3, 4}, P2 = {7,
8, 9, 10}, P3 = {1, 5, 9, 10}, P4 = {1, 2, 6, 10} and their appropriate re-
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(11)

In the next step, structures R5(9) and R5(9) are decomposed with respect
to the chosen component 6, for which:
(8)
(8)
R5(9) = R6 R5,6
+ (1 − R6 ) R5,6
(8)
(8)
R5(9) = R6 R5,6
+ (1 − R6 ) R5,6

(12)

The structures R5,6(8), R5,6(8), R5,6(8), R5,6(8) obtained in this way are
simple structures, therefore their reliability can be easily computed.

4. Firefly algorithm
The firefly algorithm (FA), based on the behavior of fireflies
flying towards a light source and their interaction with bioluminescent signals, is one of the algorithms belonging to the group of
swarm algorithms. The phenomenon of a firefly moving towards
the brighter individual is the basis of the algorithm. One of the
rules used in the firefly algorithm is that all fireflies are unisex.
Moreover, attractiveness of fireflies is proportional to the intensity
of their emitted light, wherein the light intensity determined by
the value of the objective function (it is proportional to this value
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for maximization problems) decreases with increasing distance
between the fireflies. If there is no more attractive individual, a
firefly moves randomly [16, 17]. Each firefly has a certain light
intensity I, which varies according to the distance r between two
individuals, and attractiveness β, which is proportional to the light
intensity seen by the neighboring fireflies. Therefore, attractiveness (β) is dependent on distance and the light absorption coefficient γ [17]:
m

β ( r ) = β 0 e −γ r , m ≥ 1

(13)

where β0 denotes the attractiveness at r = 0.
The movement, during which the firefly i being in the position xi
tries to get closer to the more attractive individual j in the position xj
is determined by the following formula [17]:
xi = xi + β 0e

−γ rij2

1
( x j − xi ) + α (rand − )
2

(14)

where xi is the current position of a firefly i, the second term denotes
attractiveness and the third term is due to random movement (rand is
a random number generator uniformly distributed in the range [0, 1],
and α ∈ [0, 1]).
The general structure of the FA is as follows [7, 16, 17]:
1. Initialize algorithm’s parameters (β0, γ, stopping criterion) and
randomly generate initial population of n fireflies; define the
objective function f(x).
2. Compute the light intensity of each individual, whereby the
light intensity of ith firefly Ii is determined by the value of the
objective function f(xi).
3. While the stopping criterion has not been met, do the following:
–– compare all pairs of fireflies in terms of light intensity:
if (Ij > Ii) then move firefly i towards another firefly j,
–– determine new values of the objective function f(xi), evaluate new solutions, update the light intensity.

4. If the stopping criterion has been met, determine the best
solution.
The firefly algorithm was originally developed for the continuous optimization problems. Applying it to reliability optimization of
selected structures with continuous and discrete decision variables
requires certain additional operations. Correctly determining the
distance and ways of movement of individuals, in order to ensure
the validity of the solutions are the main elements of the algorithm,
which should be adapted. We assume that the distance between the
two fireflies is determined as the norm of the difference between
values of the decision variables assigned to the two individuals. The
movement of each firefly in the direction of the brighter individual
consists in performing the specified number of steps, in which the
length of the step does not exceed the predefined maximum changes
of values for the continuous variables (STEP_MAX_CV) and for
the discrete variables (STEP_MAX_DV). If after the performed
step the firefly finds itself outside the acceptable area, the maximum length of the step is reduced (multiplied by a random number
from the range [0.5, 0.99]). If after a specified number of trials
(MAX_P) the solution does not find itself in the acceptable area the
firefly will not move.

5. Results of experiments
Using the set values of various parameters in the selected two systems, listed in Tables 1 and 2, many experiments have been performed
to investigate the suitability of the firefly algorithm in solving selected
reliability problems. As we know, the reliability for minimal cuts (i.e.
lower bound) is less than for minimal paths (i.e. upper bound), which
represents the basis for seeking out optimal values. Within the confines of the testing, for the chosen set parameters, the efficiency of the
firefly algorithm was checked and the obtained results were compared
to the best previously known solutions. The presented results of the
applied algorithm to solve the problem of the reliability of system
with 10 elements were limited to discussing the results where m = 5.
The firefly algorithm was implemented in the Matlab 2015a environment. During the experiments, to verify the quality of the results of
the algorithm, the following values of its parameters were established:

Table 3. Results for the bridge system after 50 runs
Method
decomposition
cuts

Number of fireflies

Worst value

Mean value

30

0.999889027392830

0.999692113944072

0.999867770075797

30

0.999887373640587

0.999709686550381

0.999839910069411

10

10

30

paths

Best value

10

0.999882704854672
0.999881295104186

0.999535345770864

0.999789510970645

0.999998825015460

0.999561725825725

0.99999874719315

0.999992668983783

0.999997639615957

Worst value

Mean value

0.999995999869590

0.999795740150406

0.999997854290027

Table 4. Results of 10-unit system (m = 5)
Method
decomposition
cuts
paths

Number of fireflies

Best value

30

0.999124934817144

0.998712767969089

0.999029684217294

30

0.999123179843347

0.998518087543003

0.998951987420550

10

10

30

10

0.999124934817144

0.999123179843347

0.999999983601514
0.999999983601514

0.997639045897561

0.997349605284400

0.999999961168195

0.999999967299759

0.998706554859805

0.998697533072659

0.999999979369618
0.999999978215736

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

299

S cience and Technology
Table 5. Compilation of best obtained results from the literature data
Structure: bridge system
Algorithm

Best result

Mean value

PSO [15]

0.99988963

-

PSO [4]

MPSO [10]
ABC [18]

CS-GA [6]

CS [13, 14]
BAT [9]

0.99988957

0.9998896376
0.99988962

0.99988964

0.99988964

0.9998896376

0.99988594
0.9998891423
0.99988362
0.9998854

0.99987998

0.9998894767

Structure: 10-unit system

Algorithm

Best result

Mean value

CS [13, 14]

0.67189992

0.67189992

ACO [1]

0.999991

0.9980477

the stopping criterion of a single run – 1000 iterations, population
size – 10 or 30 individuals, MAX_P = 100, STEP_MAX_CV = 0.5,
STEP_MAX_DV = 2, γ = 0.1. For each instance there were 50 independent repetitions of the algorithm.
The results of the experiments are presented in Tables 3 and 4,
which list the best and worst obtained results as well as the mean
value of 50 runs. The results of the research suggest an advantage of
the presented algorithm using minimal paths versus other methods.
Analysis of the literature data regarding the best solutions obtained by various methods inspired by swarm behavior, including

ant colony optimization (ACO), particle swarm optimization (PSO)
and modified PSO (MPSO), artificial bee colony (ABC), cuckoo
search (CS) and bat algorithm (BAT), allowed for their collective
summary (Table 5).
As is evident from the calculations, in the case of the bridge system the firefly algorithm with minimal paths set was the one method, which enabled the obtainment of results (0.999998825015460),
exceeding the results of PSO, MPSO, ABC, CS, CS-GA and BAT.
Unfortunately, such a conclusion cannot be drawn when comparing
the FA using other methods. In the case of the 10-unit system, the
firefly algorithm can clearly be seen to have an advantage over the
cuckoo search. It should be noted, however, that for the considered
examples, the results, obtained during maximization with the minimal paths method, differ significantly from the results of both the
decomposition method and minimal cuts set method. Therefore, we
can conclude that in the design of a variety of real systems, the safest
approach is to adopt the lower estimated value for reliability.

6. Conclusions
The paper presents research results obtained using the firefly
algorithm in reliability-redundancy allocation problems. In order to
examine the effectiveness of the algorithm, two systems and three
methods of determining the reliability were chosen, i.e. the minimal
paths set, the minimal cuts set and the method of decomposition.
Analyzing the results, it can be concluded that for the considered
systems, significantly better results for the firefly algorithm were
obtained in conjunction with the use of the minimal paths set method. It is worth noting that the results concerning the use of swarm
algorithms presented in the literature turned out to be worse than
those that managed to obtain by proposed implementation of the
firefly algorithm.
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Consistency analysis of degradation mechanism
in step-stress accelerated degradation testing
Analiza niezmienności mechanizmu degradacji w przyspieszonych
badaniach degradacji z obciążeniem stopniowym
Step-stress accelerated degradation testing (SSADT) has been used by many researchers for the reliability assessment of highly
reliable products. Most of the previous works on SSADT assume that the degradation mechanism keeps unchanged during the
accelerated degradation testing. However, some recent investigations have shown that degradation mechanisms may be different
among various accelerated stress levels. For an accurate extrapolation of accelerated testing results to the ambient condition, the
degradation mechanism at all accelerated stress levels should be the same. Taking the variation of the degradation mechanism
into account, it is advisable to test the degradation mechanism consistency in a SSADT. This paper proposes a likelihood ratio test
method for the consistency analysis of degradation mechanism in the SSADT. We first introduce the basic principle of the likelihood ratio test method. Then we describe the model for SSADT data and the parameter estimation method. Further, we propose
a decision rule for the consistency analysis. The proposed method is illustrated and validated with examples on the consistency
analysis of degradation mechanism in a SSADT of silicone rubbers.
Keywords: step-stress accelerated degradation testing, degradation mechanism consistency, likelihood ratio
test, rubber seals.
Streszczenie Wielu badaczy wykorzystuje przyspieszone badania degradacji z obciążeniem stopniowym (ang. step-stress accelerated degradation testing, SSADT) do oceny niezawodności wysoce niezawodnych produktów. Większość wcześniejszych prac
nad SSADT zakłada, że podczas badań przyspieszonych mechanizm degradacji pozostaje niezmienny. Jednak, najnowsze badania
wykazały, że mechanizmy degradacji mogą różnić się w zależności od poziomu przyspieszonego obciążenia. Poprawna ekstrapolacja wyników badań przyspieszonych na warunki otoczenia wymaga aby mechanizm degradacji przy wszystkich poziomach
obciążenia był taki sam. Biorąc pod uwagę zmienność mechanizmu degradacji, wskazane jest badanie stopnia (nie)zmienności
mechanizmu degradacji w badaniach SSADT. W artykule zaproponowano metodę analizy niezmienności mechanizmu degradacji
w badaniach SSADT opartą na teście ilorazu wiarygodności. W pierwszej kolejności, przedstawiono podstawową zasadę testu
ilorazu wiarygodności. Następnie, opisano model dla danych SSADT i metodę estymacji parametrów. Ponadto zaproponowano
regułę decyzyjną stanowiąca narzędzie do analizy niezmienności. Omawianą metodę zilustrowano i zweryfikowano na przykładzie
analizy niezmienności mechanizmu degradacji w badaniach SSADT gumy silikonowej.
Słowa kluczowe: przyspieszone badania degradacji z obciążeniem stopniowym, niezmienność mechanizmu
degradacji, test ilorazu wiarygodności, uszczelki gumowe.

1. Introduction
Due to the strong market competition, many newly developed
products are highly reliable and long-lifetime, such as light emitting
diodes and silicone rubber seals. For these highly reliable products, it
turns out to be impractical to make the reliability assessment within a
feasible life testing time. Accelerated life testing (ALT) and accelerated degradation testing (ADT) have been widely used in industry to
solve this problem. Hirose [11] used the ALT data to estimate the lifetime of insulation film at the normal stress. Cary [5] applied the ADT
to the reliability evaluation of an integrated logic family. Tang [22]
described the procedure for the reliability prediction of power supplies
by nondestructive ADT data. Wang [25, 26] made a research on the
lifetime prediction of self-lubricating spherical plain bearings based
on the ADT, and he provided an optimal design of the test plan. In an
ALT and ADT, the failure times and performance degradation data of
samples at accelerated stress levels are recorded respectively. When
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the failure mechanism for an ALT and the degradation mechanism for
an ADT are consistent at all stress levels, the accelerated test results
can be extrapolated to estimate the product lifetime at the normal condition. In terms of the sample size and the amount of test time needed,
SSADT is more efficient than other accelerated tests. Many reliability
analysts recently employ the SSADT to assess the lifetime distribution of highly reliable products. Tseng et al. [23] presented an optimal
test plan for the SSADT of carbon-film-resistors, and they performed
a sensitivity analysis for the test plan. Cai and Liao [4, 15] established
a SSADT model and a test plan for the degradation of light emitting
diodes. In order to obtain an accurate lifetime prediction, the design of
the test plan should guarantee the failure mechanism and degradation
mechanism keep unchanged at all accelerated stress levels. But these
researchers mainly focused on the exact statistical inference of test
data. They guaranteed the consistent degradation mechanism based on
the empirical assumption and standard specifications.
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In fact, some investigations have reported the variation of the degradation mechanism over a wide range of stress levels. Tan and Singh
[21] found the change of the degradation mechanism among various
stress levels in the ADT of light emitting diodes, and they concluded
the mechanism variation presented a challenge in the extrapolation of
accelerated results to the normal condition. Patel and Skinner [20] reported the change of the underlying degradation process at high temperatures of an ADT of polysiloxane rubbers. Gillen et al. [7, 8, 14]
showed the evidence for the variation of degradation mechanism over
a sufficiently wide range of temperatures. They also obtained distinct
lifetime prediction results based on the consistency analysis of the
degradation mechanism.
Researchers should judge whether the degradation or failure
mechanism changes at the accelerated stress levels, and guarantee that
the mechanism is consistent for the reliability assessment of highly
reliable products. This process is defined as the mechanism consistency analysis in the accelerated degradation or life testing. Heat is
known to be one important factor that affects the product performance
and failure. Most of accelerated tests use the elevated temperature
stress for accelerating the failure and degradation process. The Arrhenius model is commonly used as the acceleration model for such
an ALT and ADT. For the Arrhenius model, the consistency of the
failure mechanism or degradation mechanism is equivalent to the activation energy consistency [13, 16, 17]. There are a few works on the
consistency analysis of the failure mechanism in an ALT. Hu et al.
[13] discussed the possible failure mechanism shifting in an ALT of
electronic devices and packages. Guo et al. [9, 10] explored the decision rule for judging the failure mechanism consistency in an ALT.
But the decision rule can not be directly applied to the case of an ADT,
due to the difference in statistical models of the ALT and ADT. Gillen
[3, 6] proposed a test method for examining the degradation mechanism consistency in an ADT. This method is a graphical method in
essence, which tests the consistency by examining the linearity of the
log-plot of degradation rates versus inverse temperatures. If the logplot is a nearly straight line, the degradation mechanism is determined
to be constant within the investigated temperature range. Otherwise,
it changes at a sufficiently high temperature. This graphical method is
simple and provides available supplements to a formal analysis, but
it is subjective in practice and can not be applied to the consistency
analysis of the degradation mechanism in a SSADT. In fact, a statistical test method is a formal analysis for the degradation mechanism
consistency, and a decision rule should be proposed for the SSADT.
Unfortunately, few literatures deal with the statistical test method of
the degradation mechanism consistency in the SSADT.
The purpose of this paper is to develop a statistical test method
for the consistency analysis of degradation mechanism in a SSADT.
In statistical terms, it is intended to develop a statistical method for
testing the null hypothesis of consistent activation energy against the
alternative hypothesis of inconsistent activation energy in a SSADT.
The rest of this paper is organized as follows. First the basic principle of the likelihood ratio test method for testing the activation energy consistency is introduced. Then a reliability model for SSADT
data is established, followed by the maximum likelihood estimation
(MLE) method of unknown parameters. Furthermore, a decision rule
for identifying the degradation mechanism consistency is constructed
and the test method is compared with the AIC method to show its
validity. Examples are also given to illustrate how to make judgments
on the degradation mechanism consistency in a SSADT.

2. Basic principle of the likelihood ratio test method
Suppose that the probability distribution function of a population
Y

is

f ( y,θ1,,θ p ) , which depends on the vector parameter

θ = (θ1,,θ p ) . The activation energy Ei at each temperature stress

level Ti is an unknown parameter, thus Ei ∈ θ and we set
(θ h ,,θ p ) = ( E1,, Ei ) . As mentioned above, we are interested in
testing the activation energy consistency in a SSADT. Therefore we
have the following null hypothesis H 0 and alternative hypothesis
H1 :
H 0 : Ei = E for all i against H1 : Ei ≠ E j for i ≠ j
From the definition stated above, the activation energy is assumed
to be constant in H 0 and hence the model for H 0 is called the activation energy fixed ( E -fixed) model. In contrast, activation energy
depends on the stress in H1 , and this case is called the activation energy free ( E -free) model. Except for the activation energy parameter,
other unkown parameters are the same for the E -fixed and E -free
model. The E -free model is a more general model and has more independent parameters than the E -fixed model. Likelihood ratio (LR)
test methods can compare models for two hypotheses, provided that
one model is a special case of another model. Hirose [11] used the
LR test method to determine whether the shape parameter of Weibull
distribution changes in an ALT. We employ the LR test method to test
the activation energy consistency in a SSADT.
The LR test method is based on the likelihood ratio statistic. A
random sample y1, y2 ,, yn is considered from the population Y .
The likelihood function associated with this sample is given by:
n

L(θ) = ∏ f ( y1, y2 , yn ; θ)

(1)

i =1

Let θˆ H 0 = arg max L0 (θ) denote the MLE for the E -fixed model,
and θ̂ H1 = arg max L1 (θ) denote the MLE for the E -free model.
Then the likelihood ratio statistic λ is:
λλ ==

max{
max
{LL00((θθ)θ})}= =L0L(0θˆ(Hθ0H)0 )
max{{LL
(θ)})} L1L(1θˆ(Hθ1H)1 )
max
1 1(θ

(2)

Due to the use of more parameters, the E -free model will always
fit better to the sample observations than the E -fixed model except
they both fit well to the data. Hence the E -free model has the same or
greater likelihood value than the E -fixed model. The likelihood ratio
statistic λ satisfies:
0 ≤ λ ≤ 1 for L0 (θ) ≤ L1 (θ)

(3)

If the E -fixed model is an appropriate model for data fitting as
the E -free model, the likelihood ratio is large otherwise it is small.
Thus the LR test method rejects the null hypothesis ( E -fixed model)
if the value of the likelihood ratio statistic is too small. The critical
region or rejection region of a LR test is:
W = {λ ≤ c}

(4)

0 ≤ c ≤1

where the critical value c depends on the statistical distribution of λ
and the specified significance level β in the LR test.
After the construction of the degradation model and the estimation of unknown parameters, the specific decision rule for the consist-
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ency analysis of degradation mechanism is derived. The decision rule
corresponding to the SSADT data is presented in the fourth part of
this paper.

3. Model for SSADT data and parameter estimation
3.1. Model for SSADT data
Suppose that q temperature stress levels are employed in a
SSADT. The performance characteristics of n testing units are measured at mi specified time points tik (k = 1, 2,, mi ) for each temperature stress Ti (i = 1, 2,, q ) . Nondestructive inspections for the performance characteristic are conducted. The termination time for the
degradation test at Ti is ti ( tik < ti ). When the terminatime time at
Ti is reached, the temperature Ti will be increased to the temperature Ti +1 until the highest temperature Tq is reached. Then the testing
stress sequence of a q-step SSADT can be expressed as:
 T1

T =
T
 q

0 ≤ τ < τ1
 D(τ | T1 )

τ1 ≤ τ < τ 2
 D(τ − τ1 + ω2 | T2 )
DSS (τ ) = 



 D(τ − τ q −1 + ωq | Tq ) τ q −1 ≤ τ < τ q


(8)

The graphical illustration for the transformation from DSS (τ ) to

{D(τ | Ti )}i3=1

is shown in Figure 1.

0 ≤ t < t1

tq −1 ≤ t < tq

Let L(t | Ti ) denote the mean degradation path at a constant temperature Ti . Then the path can be modeled by:

(

L(t | Ti ) = B exp − Kitα

)

(5)

where the parameter α is independent of the temperature stress and
0 < α ≤ 1 .The degradation model (5) is recommended by the industrial standard HGT 3087 for rubber seals [12]. Yu and Tseng [29] also
used the model B = 1 with α = 0.5 to describe the degradation path
of a light emitting diode. For convenience of data fitting and parameter estimation, the linear transformation of (5) is used in this paper:

Fig. 1. Transformation from the SSADT path DSS (τ ) to ADT path

{D(τ | Ti )}iq=1

From (6) and (7), for i = 1, 2,, q − 1 , the equivalent duration
time ωi+1 is given by:
ωi +1 =

D(τ | Ti ) = ln B − Kiτ

(6)

where τ = tα , and the parameter B denotes the initial value of the
performance characteristic. The initial measurement data are generally standardized to be unity in the statistical analysis, thus B should
be a constant approximating to unity. When α is fixed, obviously Ki
can be interpreted as the degradation rate, which depends on the stress
level Ti .
Similar to the previous cumulative exposure model for the stepstress ALT [19, 30], the degradation rate depends only on the current
stress regardless of the accumulation history of the degradation process [24]. Let ωi+1 denote the equivalent duration time at the stress
Ti +1 , which yields the same cumalative degradation amout as the termination time τ i at the stress Ti of the SSADT. For i = 1, 2,, q − 1,

D(ωi +1 | Ti +1 ) = D(ωi + τ i − τ i −1 | Ti )

(7)

where ω1 = 0 , τ i = tiα and τ 0 = 0 .
Let DSS (τ ) denote the mean degradation path of a SSADT with
a linear degradation model. The relationship between DSS (τ ) and

{D(τ | Ti )}iq=1
304

is:

with q = 3

Ki
(τ i − τ i −1 + ωi )
Ki +1

(9)

Applying the iterative procedure to (9), the analytic expression
for ωi+1 is:
i

∑ Kl (τ l − τ l −1)

ωi +1 = l =1

(10)

Ki +1

From (8) and (10), the mean degradation path of a SSADT is:
ln B − K1τ
0 ≤ τ < τ1

ln B − K1τ1 − K 2 (τ − τ1 )
τ

1 ≤τ <τ2
(11)
DSS (τ ) = 


q −1
ln B − ∑ K (τ − τ ) − K (τ − τ ) τ q −1 ≤ τ < τ q
q −1
l l
l −1
q

l =1
The observed sample degradation ln yijk ( j = 1, 2,, n) of the unit
j at the time tik is the mean degradation plus the unit-to-unit vari-

ability. Thus SSADT data ln yijk is modeled by:
ln yijk = DSS (τ ik ) + ε ijk
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where the unit-to-unit variability ε ijk is commonly assumed to be
2

s-independent of k and normally distributed N (0,σ ) [2, 18, 28].
From (12), the cumulative distribution for SSADT data yijk is:
 ln yijk − DSS (τ ik ) 
FY ( yijk ) = P ln Y ≤ ln yijk = Φ 


σ



(

)

(13)

In the E -free model, Ei ≠ E . The unknown parameters for the
E -free model are ¸θ   ̂ H1 = ( B,α , A, E1,, Eq ,σ ). The increase in the
amount of unknown parameters makes the corresponding MLE for
Ei intractable. However, the desired ln L1 (θˆ H1 ) can be calculated
without deriving the estimation for Ei .
Let υυH1 = ( B,α , K1,, K q ,σ ) . The log-likelihood equation satisfies:

α
.
where τ ik = tik

∂ ln L1 ∂ ln L1 ∂Ki ∂ ln L1 − Ki
=
⋅
=
⋅
=0
∂Ei
∂Ki ∂Ei
∂Ki RTi

For a decreasing degradation, a unit is considered to have failed
when its performance characteristic degrades below the specified
threshold value ζ . Therefore the reliability at time t for the normal
stress level T0 is:
 ln ζ − D(τ | T0 ) 
R (t ) = P (Y > ζ ) = 1 − Φ 

σ



(14)

(18)

From (15) and (18), it is seen that ln L1 (θˆ H1 ) = ln L1 (υˆ H1 ) . Thus
the log-likelihood function in the E -free model is given by:
 ln y − ln B + H  2

ln ( 2π ) 
ijk
ik 

−
ln
σ
−

2 
−2σ 2
i =1 j =1 k =1 


q n mi

ln L1 ( B,α , K1,, K q ,σ ) = ∑ ∑

∑ 

(19)

3.2. Parameter estimation
According to the Arrhenius reaction rate theory, the relationship

where:

between the degradation rate Ki and temperature stress Ti can be
formulated by:

i −1

H ik = Ki (τ ik − τ i −1 ) + ∑ Kl (τ l − τ l −1 )
l =1


E 
Ki = exp  A − i 
RT
i


(15)

where A is the intercept of the Arrhenius model, Ei is the activation
energy at temperature Ti , and R is the gas constant.
In the E -fixed model, Ei = E . From (13) and (15), the log-likelihood function for SSADT data in the E -fixed model is given by:

Furthermore, the log-likelihood equations from (19) are:
∂ ln L1
=0
∂B

n mi

(

i −1


E 
E 
Gik = exp  A −
 (τ ik − τ i −1 ) + ∑ exp  A −
 (τ l − τ l −1 )
RTi 
RTl 


l =1

∂ ln L0
=0
∂A

∂ ln L0
=0
∂E

(20)

)

(21)

(22)

i −1

Cik = Ki (τ ik ln tik − τ i −1 ln ti −1 ) + ∑ Kl (τ l ln tl − τ l −1 ln tl −1 ) (23)
l =1

Furthermore, the log-likelihood equations from (16) are:
∂ ln L0
=0
∂α

)

∂ ln L1
1 q n mi
= − 2 ∑ ∑ ∑ ln yijk − ln B + H ik ⋅ Cik
∂α
σ i =1 j =1 k =1

(

where:

∂ ln L0
=0
∂B

∂ ln L1
=0
∂σ

∂ ln L1
1 q n mi
= 2 ∑ ∑ ∑ ln yijk − ln B + H ik
∂B
σ B i =1 j =1 k =1

ln L0 ( B,α , A, E ,σ ) = ∑ ∑

(16)

∂ ln L1
=0
∂Ki

Similarly, the maximum value of log-likelihood ln L1 (θˆ H1 ) is obtained by solving equations in (20) with the Newton-Raphson method.
The detailed expressions for the log-likelihood equations in (20) are:

 ln y − ln B + G  2

ln ( 2π ) 
ik 
  ijk
−
ln
σ
−

∑
2 
−2σ 2
i =1 j =1 k =1 


q

∂ ln L1
=0
∂α

∂ ln L1
1 q n mi
= 3 ∑ ∑ ∑  ln yijk − ln B + H ik
∂σ
σ i =1 j =1 k =1 

(

∂ ln L0
=0
∂σ

(17)
The unknown parameters for the E -fixed model are
θ¸̂ H 0 = ( B,α , A, E ,σ ) . The MLEs of these parameters can be obtained by solving equations in (17) with the Newton-Raphson
method. Then the maximum value of log-likelihood ln L0 (θˆ H 0 ) is
derived from (16).

∂ ln L1
1
=− 2
∂Ki
σ

n mi

∑ ∑ ( ln yijk − ln B + H ik ) ⋅ τ ik −
j =1 k =1

1

σ

2

q

)

2

− σ 2 


(24)

n mi

∑ ∑ ∑ ( ln yijk − ln B + H gk ) ⋅ τ i

g =i +1 j =1 k =1

(25)
The log-likelihood equations for the same parameters ( B,α ,σ ) in
(17) and (20) are similar. Specially, the expressions for the log-like-

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

305

S cience and Technology
lihood equations in (17) are calculated by applying (15) and constant
activation energy as:
∂ ln L0 ∂ ln L1
=
∂B
∂B
∂ ln L0 ∂ ln L1
=
∂α
∂α
∂ ln L0 ∂ ln L1
=
∂σ
∂σ

H ik =Gik

H ik =Gik

H ik =Gik


∂ ln L0 q  ∂ ln L1
= ∑
⋅ Ki 
∂A
∂
K
i

i =1 

(26)

(27)

(28)

(29)
H ik =Gik

∂ ln L0 q  ∂ ln L1 − Ki 
= ∑
⋅

∂E
RTi 
i =1  ∂K i

(30)
H ik =Gik

4. Decision rule for the mechanism consistency analysis
In most cases, it is very difficult to determine the exact distribution of likelihood ratio statistic λ based on the specific distribution
and hypothesis. Fortunately, the asymptotic distribution of the loglikelihood ratio statistic with large sample size has been determined
by Wilks [27]. Let
Λ = −2ln λ = −2 ln L0 (θˆ H 0 ) − ln L1 (θˆ H1 ) 
According to Wilks’ theorem [27], the statistic Λ has an asymptotically chi-squared χ 2 distribution with ν degrees of freedom χ 2 (ν ) .
The degrees of freedom is equal to the difference in the number of
independent parameters under H 0 and H1 , that is, ν = q − 1 . According to (4), when λ ≤ c , the hypothesis H 0 is rejected. Thus when
Λ ≥ −2ln c , the E -free model is much more appropriate than the E
-fixed model. Taking the significance level β and the distribution of
Λ into account, it can be concluded that:
−2 ln c = χ12− β (q − 1)
where χ12− β (q − 1) denotes the 100(1 − β )th percentile from the chisquared distribution χ 2 (q − 1) .
Therefore, the decision rule for judging the degradation mechanism consistency is
1) If 0 ≤ Λ < χ12− β (q − 1) , the null hypothesis is not rejected. The
activation energy keeps unchanged, and the degradation mechanism remains consistent in the SSADT;
2) If Λ ≥ χ12− β (q − 1) , the null hypothesis is rejected at the β ssignificance level. The activation energy depends on the stress,
and a change in the degradation mechanism occurs.
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From the statistical analysis above, the major steps for the consistency analysis of the degradation mechanism in a SSADT can be
summarized as:
1) Select the proper degradation model and acceleration model.
For rubber seals and light emitting diodes, the transformed
linear degradation model (12) and Arrhenius model (15) are
adopted;
1) Make the null hypothesis H 0 for E -fixed model, and the alternative hypothesis H1 for E -free model. Derive the loglikelihood functions corresponding to the SSADT data under
H 0 and H1 ;
2) Calculate the value of test statistic Λ and the critical value

χ12− β (q − 1) in the LR test method;
3) Compare the computed test statistic with the critical value, and
make the decision on the degradation mechanism consistency
based on the decision rule.

A method for the verification of the mechanism consistency analysis may be identified. By performing the asymptotic analysis and
considering the expectation of Kullback-Leibler divergence, Akaike
proposed the Akaike information criterion (AIC) for statistical model
selection [1]. In practice, the conclusion from AIC may provide a reference for the validity of the decision from LR test method. The AIC
value of a statistical model can be calculated by:
AIC = −2ln L(θˆ ) + 2γ

(31)

where the parameter γ is the dimension of θ. The value of −2 ln L(θ   ̂ )
is related to the goodness of fit of the model, while the value of 2γ is
associated with the complexity of the model. The smaller the value of
−2 ln L(θ   ̂ ), the better fit is the model. The smaller the value of 2γ, the
less complex is the model. Given some candidate models for data fitting, the desired model is the one with the minimum AIC value.
According to the definition of the AIC, it deals with the tradeoff between the goodness fit of the model and the complexity of the
model. In contrast, the LR test only considers the goodness of fit of
the model. Note that the s-significance level is specified in the LR
test. However, it is difficult to determine the s-significance level in the
AIC unless some other complicated methods are employed.
If the E -fixed model is an appropriate model for data fitting as
the E -free model, the difference in the maximum values of log-likelihoods for two models is small. Due to less independent parameters
in the E -fixed model, the AIC value of the E -fixed model is smaller
than that for the E -free model. In terms of the goodness of fit and the
complexity of the model, the E -fixed model is better than E -free
model in this instance. If the E -free model is much more appropriate
for data fitting than E -fixed model, the difference mentioned above
is large. The AIC value of the E -fixed model is much larger than that
for the E -free model, so the E -fixed model is worse than E -free
model at this stage. Thus the decision from LR test method should be
in accordance with the conclusion from the AIC. We will demonstrate
this point in the numerical examples.

5. Numerical examples
The E -fixed model and E -free model are compared in numerical
example 1 and example 2 respectively. Note that the E -fixed model
denotes the consistent degradation mechanism and the E -free model
denotes the inconsistent degradation mechanism. Both examples use
the simulation data with activation energy from a real test.
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5.1. Example 1
The degradation mechanism remains consistent in a SSADT. Silicone rubber seals are typical highly reliable products, and they are
susceptible to thermal oxidation. Due to the effcet of thermal oxidation, their mechanical performance degrade in the period of storage or
service. The degradation trend can be characterized by monitoring the
compression set cs . When the compression set exceeds the threshold
70%, a failure in rubber seals occurs. Predicting the lifetime of rubber
seals by the ADT is a subject of ongoing interest for years. The original
activation energy is reported in a previous study on thermal aging of
vulcanized polysiloxane rubbers [20]. In the original data, the ADT is
carried out at constant temperatures within a wide temperature range
(298-488 K). The result based on the analysis of compression set data
shows the change in the activation energy occurs. For temperatures
above and below 423 K, the activation energies are 77 ± 45 kJ/mol
and 22 ± 7 kJ/mol respectively. Thus example 1 uses the simulated
SSADT data of 4 silicone rubber seals at step-up temperatures of 393
K, 408 K, and 423 K. The assumed model parameters are B = 1.05,
α= 0.38, σ= 0.01, A = 6.46 and E = 27.12 kJ/mol respectively. For
degradation modeling, the measured compression set cs is converted
into the performance degradation data y by y = 1 − cs / 100 . According to the degradation model in (12), the simulated sample SSADT
degradation paths are obtained and shown in Figure 2.

Table 2. Comparison between MLEs and true values for E-free model in
example 1
B

Parameters
MLE

1.047

True value

1.05

α

σ

0.385

0.01

0.38

0.01

K1

0.154

0.158

K2

0.210

0.215

Λ = −2ln λ = −2 ln L0 (θˆ H 0 ) − ln L1 (θˆ H1 ) 
= −2 × (767.391 − 767.468) = 0.154

K3

0.276

0.285

(32)

The small value of test statistic also suggests that both models are
appropriate for data fitting. The number of temperature stress levels
is 3 in example 1. Given the s-significance levelββ = 5% , the critical
value χ12− β (q − 1) satisfies χ 02.95 (2) = 5.99 > Λ . Thus the E -fixed
model for the null hypothesis is not rejected, and the degradation
mechanism is considered to be consistent in this SSADT based on the
decision rule.
On the other hand, the AIC values of two models are calculated
respectively as follows:
AIC E -fixed = −2 × 767.391 + 2 × 5 = −1524.8

(33)

AIC E -free = −2 × 767.468 + 2 × 7 = −1520.9

(34)

The AIC value of the E -fixed model is smaller than that of the
E -free model. In terms of the goodness of fit and the complexity of
the model, the E -fixed model is more appropriate than the E -free
model. According to the AIC criterion, the degradation mechanism
does not change in this SSADT.

5.2. Example 2
The degradation mechanism changes in a SSADT. As mentioned
above, a change from 22 ± 7 kJ/mol to 77 ± 45 kJ/mol occurs at temperatures higher than 423 K. Thus example 2 uses the simulated
SSADT data of 4 silicone rubber seals at step-up temperatures of 393
K, 408 K, and 428 K. The assumed model parameters are B = 1.05,
α = 0.38, σ = 0.01, A = 6.46, E1 = 27.12 kJ/mol (393-423 K) and
E2 = 120 kJ/ mol (423-428 K) respectively. The simulated sample
SSADT degradation paths in example 2 are shown in Figure 3.

Fig. 2. Simulated SSADT degradation paths in example 1

By the numerical solution method, the MLEs of unknown parameters in the E -fixed model and E -free model are derived. To illustrate the goodness of fit of two models, these MLEs are compared
with true values of unknown parameters. The comparison results for
the E -fixed model and E -free model are presented in Tables 1 and 2
respectively. Note that the E -fixed model and E -free model are applied to the same set of data shown in Figure 2. From Tables 1 and 2,
it is seen that both models fit well to the same set of data.
Table 1. Comparison between MLEs and true values for E-fixed model in
example 1
Parameters
MLE

True value

B

α

σ

A

E

1.044

0.390

0.01

6.20

26.40

1.05

0.38

0.01

Further, the test statistic Λ is calculated as:

6.46

27.12

Fig. 3. Simulated SSADT degradation paths in example 2
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Similarly, the MLEs of unknown parameters are derived and the
comparison with true values for the E -fixed model and E -free model are presented in Tables 3 and 4 respectively. Note that example 1
and example 2 differ in the goodness of fit of E -fixed model to the
test data. In example 1, the MLEs approach to the true values for the
E -fixed model. However, the disparity between MLEs and true values are obvious for the E -fixed model in example 2. In addition, the
E -free model fits well to the test data in both examples.
Table 3. Comparison between MLEs and true values for E -fixed model in
example 2
Parameters
MLE

True value

6. Conclusion

B

α

σ

A

E

1.106

0.304

0.01

12.96

47.43

1.05

0.38

0.01

6.46

27.12; 120

Table 4. Comparison between MLEs and true values for E -free model in
example 2
B

Parameters
MLE

1.054

True value

1.05

α
0.376
0.38

σ
0.01

0.01

K1

0.160
0.158

K2

0.220
0.215

K3

0.438
0.425

Further, the test statistic Λ is calculated as:
Λ = −2ln λ = −2 ln L0 (θˆ H 0 ) − ln L1 (θˆ H1 ) 
= −2 × (763.770 − 782.848) = 38.16

Note that the goodness of fit dominates the comparison of AIC
values in example 2, whereas the complexity of model is the dominating factor in example 1. As the AIC value of the E -free model is
smaller than that of the E -fixed model, the E -free model is more
appropriate than the E -fixed model in example 2. According to the
AIC criterion, a change in the degradation mechanism occurs in this
SSADT.
In both examples, the decision from the LR test method accords
with the conclusion from the AIC, and the decision agrees with the
original setting of degradation mechanism consistency.

(35)

2
As the critical value satisfies χ 0.95
(2) = 5.99 < Λ , the E -fixed
model for null hypothesis is rejected at the 5% s-significance level.
It can be concluded that the degradation mechanism changes in this
SSADT by the decision rule.
In addition, the AIC values of two models are:

AIC E -fixed = −2 × 763.770 + 2 × 5 = −1517.5

(36)

AIC E -free = −2 × 782.848 + 2 × 7 = −1551.7

(37)

The variation of the degradation mechanism exists in the accelerated testing of some products such as rubber seals and light emitting
diodes. The confident extrapolation of accelerated results requires the
consistent degradation mechanism, thus the degradation mechanism
consistency in the SSADT must be examined for the reliability assessment. In this paper, we make new contributions by proposing a statistical test method with an exact decision rule for the consistency analysis
of degradation mechanism in a SSADT. First we point out that the difference in activation energies among various stress levels represents the
change in the degradation mechanism. The basic principle of the LR
test method is depicted. By means of a model similar to the cumulative
exposure model in a SSALT, we establish a transformed linear degradation model for SSADT data. Then the derivation of MLEs for unknown
parameters in two distinct models is discussed. Finally we propose a
specific decision rule for the mechanism consistency analysis by the LR
test method. The AIC criterion is introduced to verify the availability of
the decision from the LR test method.
The proposed method is applied to the numerical examples with
the consistent failure mechanism and inconsistent failure mechanism.
The obtained statistical analysis in two examples indicates that the
change of the degradation mechanism can be identified by the proposed method. In both cases, the judgment derived from the decision
rule is in accordance with the conclusion from the AIC and the original setting of parameters, which verifies the proposed method.
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Parameter estimation for Weibull distribution with right censored
data using EM algorithm
Zastosowanie algorytmu maksymalizacji wartości oczekiwanej
do estymacji parametrów rozkładu Weibulla w przypadku danych
obciętych prawostronnie
The maximum-likelihood estimation (MLE) is a method of estimating the parameters of a statistical model for given data. This
method allows us to estimate the unknown parameters of a statistical model. These parameters are obtained by maximizing the
likelihood function of the model in question. In many practical situations the likelihood function is associated with complex models
and the likelihood equation has no explicit analytical solution, it is only possible to have its resolution through numerical methods. The estimation of the parameters of the Weibull distribution by maximum-likelihood method based on information from a
historical record with right censored data shows this difficulty. The solution presented in this article entails using the ExpectationMaximization (EM) algorithm. Actual data from the historical record of 5 centrifugal pumps failures of a petrochemical company
were analyzed for application of the methodology.
Keywords: EM algorithm, parameter estimation, maximum likelihood estimates, reliability.
Metoda największej wiarygodności (MLE) służy do estymacji parametrów modelu statystycznego dla zadanych danych. Metoda
ta pozwala na estymację nieznanych parametrów modelu statystycznego. Parametry te otrzymuje się poprzez maksymalizację
funkcji wiarygodności rozważanego modelu. Często w praktyce metoda ta może jednak nastręczać trudności związane z wielomodalnością funkcji wiarygodności oraz niemożnością uzyskania jawnych analitycznych rozwiązań równań wiarygodności.
Równania takie można jedynie rozwiązywać za pomocą metod numerycznych. Trudności te dobrze ilustruje estymacja parametrów
rozkładu Weibulla z wykorzystaniem metody największej wiarygodności wykonywana w oparciu o prawostronnie cenzurowane
dane z eksploatacji. Rozwiązanie przedstawione w niniejszej pracy opiera się na zastosowaniu algorytmu maksymalizacji wartości
oczekiwanej (EM). Możliwości aplikacyjne proponowanej metodyki badano na przykładzie danych eksploatacyjnych uzyskanych z
przedsiębiorstwa petrochemicznego, dotyczących awarii pięciu pomp odśrodkowych.
Słowa kluczowe: algorytm EM, estymacja parametrów, estymator największej wiarygodności, niezawodność.

1. Introduction
The estimation process is supported by a number of statistical
techniques, methods and procedures for analyzing the data on the
variable of interest that may be the time that elapses from the welldefined initial instant, for example, installation of equipment, until the
occurrence of a specific event, such as the failure of the equipment or
component under consideration.
The process aims to estimate the distribution parameters for modeling the system under review. The parameters are the distribution
characteristics that show the behavior of a given population and therefore fixed for a specific system. Thus, the estimation of system parameters is obtained from the data collected from the population.
System data analysis can be obtained from various possible sources, namely, laboratory tests or a recording of occurrences along its use
(historical record).
The parametric analysis assumes that the data fits a specific distribution, such as the Weibull distribution.
The Weibull distribution has a wide application in various fields.
These applications include its use to model the distribution phenomena of fatigue and the life of many devices, such as bearings, shaft and
motor [1, 14, 20].
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The popularity of the distribution of Weibull due to its great
flexibility, i.e., as it can describe functions with failure intensity
constant, increasing and decreasing, for different values of the shape
parameter.
Since the distribution of Weibull became widely recognized,
various methods have been proposed to estimate its parameters
[2,17,19].
However, the maximum-likelihood estimation method is currently one of the most used methods of estimation, for its versatility and
provides reliable results [10].
The maximum-likelihood estimation method allows us to estimate
the unknown parameters of a statistical model. These parameters are
obtained by maximizing the likelihood function of the model in question [4].

2. Types of data
With the information from a historical record of data is possible
to obtain indicators to estimate and understand the behavior of the
equipment with respect to failures. Therefore, using appropriate methodologies, it will be possible to set the proper maintenance policies to
any equipment and their components.
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The data is considered complete when it is known the exact time
of each system failure. In many cases the data contain uncertainties,
i.e., it is not known the exact moment when the failure occurred. The
data containing such uncertainty as to when the event occurred are
regarded as incomplete or partial. Incomplete data can be classified
into censored or truncated [8, 13].
Incomplete data give only part of the information about the failure
time of the units under review. However, this information should not
be ignored or treated as failure. In the absence of such data, it would
not be possible to make good estimation parameters and thus make a
proper analysis.
One of the most common types of censored data, which may arise
in real cases, is Type-1 right censored data [9]. For Type-1 right censored data, all units of a system are observed up to the date of completion of the study. For this censorship scheme the time each unit is
under observation is fixed, while the number of units that fail (uncensored observations) is random.
If T is a random variable representing the failure time and Cd
another random variable independent of T which corresponds to the
end of the registration information (observation time). It is said that
the time to failure is right censored when one does not know its exact
value, only that its value is greater than Cd, with regard to item i (i =
1, 2, ..., n). Therefore:
1 if Ti ≤ Cdi
ti = min (Ti , Cdi ) and δ i = 
0 if Ti > Cdi

(1)

The δi variable (censorship indicator) indicates whether Ti is censored or not. The obtained data can be represented by the pair (ti, δi)
i.e. ti the failure time or censored time and δi the variable that indicates
whether it concerns a failure or censorship, that is, (2):
 1, for uncensored data
δi = 
 0, for censored data

3. The maximum-likelihood estimation method
As we have seen, in the particular case of the right censored data
classified as Type-1 censorship, the recording of information is interrupted at a predetermined time Cd > 0, such that ti is observed to occur
before Cd, otherwise, one only knows that the failure time is greater
than the observation time.
Let ti = t1, t2, ..., tn, n independent observations, where r records
are failure times and (n - r) are censured information.
Let the probability density function, f(x, θ) and the cumulative
probability function F(x, θ), with the distribution parameters denoted
by θ, the likelihood function for right censored data Type-1 is given
by [18]:

∏ f ( xi |θ1, θ 2 ,…,θk ) ∏ 1 − F ( xi |θ1,θ 2 ,…,θ k )

δ i =1

δi =0

δi

 β  t  β −1
  t  β  

L (η , β ) = ∏   i 
exp  −  i   
  η  
η η
i =1 


  
n

(3)

Where (x1, x2, ..., xn) is a sample of n independent observations of
the random variable X and θ = (θ1, θ2, ..., θk) is the vector of unknown
distribution parameters.

1−δ i

  t  β 
i
exp  −  
  η  

(4)

In many situations it is easier to achieve the maximization of the
log of the likelihood function and, since the logarithm function is a
monotonically increasing function, is equivalent to maximizing the
likelihood function or the log-likelihood function.
By applying logarithm to eq. 4, it becomes:
β

n
n
n t 
(5)
ln L (η , β ) = l (η , β ) = ∑ ( nδ i ln β − nβδ ilnη ) + ( β − 1) ∑ (δ i ln ti ) − ∑  i  �
�
�
(5)
i =1  η 
i =1
i =1

As the maximum-likelihood equations in many cases have no
analytical solution to determine their solutions, it is needed to use
numerical optimization methods. Among the possible numerical solutions, in this paper the Expectation-Maximization (EM) algorithm
was selected [3, 5, 15].

3.1. The Expectation-Maximization algorithm
The EM algorithm is an iterative process that can be used to
calculate the maximum likelihood estimators in cases with incomplete data.
Let X be the set of complete data with the probability density
function fc (x, θ) and Y the observed data. The corresponding loglikelihood function to the full sample is represented by:
ln Lc ( x,θ ) = lc ( x,θ )

(2)

In the right censored data the failure time of the units with censored data it is just known to be greater than the operating time of the
conclusion of the registration information. These right censored data
are further classified into Type-1 if the recording of information is
interrupted at a predetermined time and Type-2 censure if registration
is completed when a predetermined number of failures occur [12].

L (θ1,θ 2 ,…,θ k ) =

For the Weibull distribution with scale parameter η and shape parameter β, the likelihood function for the right censored data Type-1
is given by:

(6)

Each iteration of the EM algorithm involves two steps: step E
(expectation) and step M (maximization), defined by [15],

)

(

Step E: To calculate Q θ ,θ ( k ) , where:

)

(

k
k −1
Q θ ,θ ( ) = E ( k ) lc ( x,θ ) y, δ ,θ ( ) 


θ

Step M: To find θ (

k +1)

(

(7)

)

that maximizes Q θ ,θ ( k ) , that is:

( )
Q (θ ( ) ,θ ( ) ) ≥ Q (θ ,θ ( ) )
θ(

k +1)

k
= arg max Q θ ,θ ( )

k +1

k

k

(8)

The procedure is performed until the difference between the iteration k and iteration k+1:

(

 = L θ(

k +1)

) − L (θ ( ) )
k

(9)

decrease to an acceptable value, with  > 0
In Step E the algorithm calculates the conditional expected value
of the logarithm of the likelihood function for complete data given the
observed sample and step M calculates its maximum.
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This algorithm requires an initial solution for the values of the
distribution parameters, designated by θ(0). The selection of this initial
solution requires particular attention to the extent that the algorithm
convergence speed may become extremely slow due to a poor choice.
Another aspect to take into account is the maximum likelihood equation can have multiple solutions corresponding to local maxima, so
the choice of the starting solution becomes important.
A comparative study of various strategies in the choice of initial
values can be found in Karlis and Xekalaki [11]. The results obtained
by these authors demonstrate the importance of the choice of initial
values, to have a reasonable convergence speed.
The figure 1 illustrates the EM algorithm procedure.

3.2. EM algorithm with right censored data
The observed data consists of (Yi, δi), with Yi = min (Ti, Cdi),
where Cdi corresponds to the observation times, δi = 1 (Ti ≤ Cdi),
corresponds to the non-censored data and δi = 0 (Ti > Cdi), to the
censored data.
In the step E of the algorithm it is required the calculation of the
conditional expected value of the log-likelihood for complete data,
given the observed sample. In this case the log-likelihood function to
complete data is given by equation (10), for n data collected:
β

n t 
n
ln L (η , β ) = l (η , β ) = n ln β − nβ lnη + ( β − 1) ∑ ( ln ti ) − ∑  i  (10)
i =1  η 
i =1

The θ = (η, β) are the distribution parameters, δ = (δ1, δ2, ..., δn) is
the vector indicator of censorship and y = (y1, y2, ..., yn) is the vector
of observed data.
We have from equation (7):

)

(

n

n

i =1

i =1

k
Q θ ,θ ( ) = nln
��
β − nβ lnη + ( β − 1) ∑ Ai − ∑Bi

(11)

Where:
Ai = E ( k ) ln ti yiδ  = δ i ln yi + (1 − δ i ) E ( k ) ln ti ti > yi 
θ
θ

(12)

Bi = E ( k ) tiβ yiδ  = δ i yiβ + (1 − δ i ) E ( k ) tiβ ti > yi 




θ
θ

(13)

For the conditional expected value is first necessary to determine
the expression of the corresponding conditional probability density
function, f(y|y’) (y|y’). For this case is given by [16]:
Fig. 1. EM algorithm procedure

The EM algorithm has several advantages which stand out relative to other iterative algorithms:
–– The EM algorithm converges in a large variety of conditions,
that is, from an arbitrary data, θ(0) the algorithm usually finds a
local maximum, except for a poor choice of initial solution θ(0)
or in the wrong formulation of the likelihood function.
–– The required analytical work is simpler than with other methods, since only it is necessary to maximize the conditional expected value of the log-likelihood for complete data.
–– The EM algorithm is relatively easy to program and implement.
–– During the iterations it is possible to control the convergence
and programming errors
However it also has some disadvantages:
–– The EM algorithm can converge slowly, even in some apparently simple problems and on issues where there is a lot of incomplete information.
–– The EM algorithm does not have an integrated process for producing an estimate of the covariance matrix of the estimated
parameters. But this disadvantage can be overcome by using
appropriate methodology.
–– The EM algorithm does not guarantee convergence to the global maximum when there are multiple maximum sites. The obtained estimate depends on the initial solution

f ( ti |yi ) =

β  ti 
 
η η 

β −1

β

 y 
t 
exp  i  −  i 
 η 
η 


β

 ,�
�
ti > yi



(14)

So,
 y 
1
E ( k ) ln ti t > yi  = ln yi +
exp  i 
k)
(
 η (k ) 
θ
β



E ( k ) tiβ t > yi  = yiβ


θ

(k )

k
β( )

k

β( ) 
  yi 


“ 0, 
  (15)
 η (k ) 
 





( )

k
+ η( )

k
β( )

(16)

Where:
∞

Γ ( p, x ) = ∫u p −1e −u du , is the upper incomplete gamma function.
x

Introducing equations (15) and (16) in equations (12) and (13):
k
k

β( ) 
β ( ) 
 y 
 y 


 
1
Ai = δ i ln yi + (1 − δ i ) ln yi +
exp  i 
“ 0,  i 

k)
k) 
k) 
(
(
(


β

 η 

η 


 

(17)
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 (k )
k
Bi = δ i yiβ + (1 − δ i )  yiβ + η ( )



( )

k
β( ) 





(18)

Thus, the expression referring to step E of the algorithm EM,
Q(θ, θ(k)) with censored data to the right is given by the following
equation:


1
k
…
Q θ ,θ ( ) = n ln β − nβ lnη + ( β − 1) ∑ δ i ln yi + (1 − δ i ) ln yi +
k

β( )
i =1 

k
k
β( ) 
β ( )  
k
 (k )
β ( ) 
 y 
  yi 
  1 n  β
k
i
 


− β ∑ δ i yi + (1 − δ i )  yiβ + η ( )
exp 
Γ 0, 



 η (k ) 
 η (k ) 


η
i =1 

 
 






 

)

(

n

( )

(19)
As mentioned above, the step M is intended to find the solution
θ (k+1) which maximize Q(θ, θ (k)).
In order to get the points that maximize the function it is necessary
to solve the partial derivatives of the above equation and equal them
to zero, as shown in the following equations:

(

k
∂Q θ ,θ ( )

∂η

) = − nβ +
η


 (k )
 β
 yiβ + η ( k )
δ
δ
+
−
1
y
(
)

∑
i
i
i

η β +1 i =1 



( )

n

β

k
β ( ) 






(20)

(

k
∂Q θ ,θ ( )

∂β

) = n − n ln η + ∑ δ ln y + (1 − δ ) ln y +
n

β

i

i =1 

i

i






i

 y 
1
exp  i 
k)
(
 η (k ) 
β



k

β ( )  

 (k )
  n  lnη  β
  yi 
k
β

Γ 0, 
+ η( )
  + ∑  β δ i yi + (1 − δ i )  yi
 η (k ) 

 
  i =1  η 



 

( )

k
β( )

…

k
β ( ) 



1
−
δ i yiβ ln yi 
 η β



(21)
Thus, the solution for the estimation of the distribution parameters
η is given by the following equation:
1

k


β ( )  β
1
n 
 y 
 β (k )
 
 β
k)
(
β
i


η = ∑ δ i yi + (1 − δ i )  yi
+ η exp
  .η
 η (k ) 
i =1 






 

(22)

With equation (22) for η parameter, it is possible to calculate the β
parameter of the distribution.
The second derivative must be negative to ensure that the results
obtained correspond to a maximum point. The second derivative
equations are as follows:

(

k
∂ 2Q θ , θ ( )

∂η 2

(

k
∂ Q θ ,θ ( )
2

∂β

2

) = nβ − β ( β + 1) ∑ δ y
n

η β +2

η2

) = − n − (lnη )
β

2

η

β

+

i =1 


β
i i

 (k )
k
+ (1 − δ i )  yiβ + η ( )



( )

k
β ( ) 






(23)
2 n






∑ δ i yiβ + (1 − δ i )  yiβ

i =1 




2 lnη

∑ (δ i yiβ ln yi ) −

η

β

n

i =1

(k )

1

η

β

( )

k
+ η( )
n

k
β ( ) 


 …



∑ δ i yiβ ( ln yi )

i =1

2

 �

(24)

(

k
∂ 2Q θ , θ ( )

∂η∂β

) = ∂ Q (θ ,θ ( ) ) = − n + 1 − β lnη ∑{δ y

 (k )
 yiβ + η ( k )



( )

k

2

n

∂β∂η

η

k
β ( ) 


η β +1

β n
 +
∑ δ i yiβ ln yi
β
  η +1 i =1


(

i =1

β
i i

+ (1 − δ i )…

)
(25)

With this analysis it is possible to calculate the Weibull distribution parameters β and η, through the knowledge of the maximum
values of function Q.

4. Case study
The case study concerns the history of five centrifugal pumps
failures of a petrochemical company, used to pump oil with similar
density for the period 2006 to 2013.
From the collected data it can be seen that one of the pumps components is responsible for an important number of failures. It is the
mechanical seal which represents approximately 45% of the total
number of failures. Thus, based on the assessment of these results, it
justifies the need of further study on this component.
For the purposes of this study, we select only the data related to
failures due to excessive leakage of fluid to the outside of the pumps.
The reason for this consideration is due to the significant number of
failures and to restrict the study for just one failure mode.
The possible failures between inspections are treated as complete
data, as the centrifugal pumps in question are visually inspected by
the user of the equipment at least every 8 hours. So, it was not considered the possible mistake between two inspections compared to
the total time of the observation and it was assumed that the exact
moment of failure was well known.
The last record in each pump does not correspond to a fault but
at the end of the test, since the pumps continued in operation. Thus
the last recording time of each pump was considered as right censored data.
For the estimated values of the Weibull distribution parameters
by the maximum-likelihood method it was used the EM algorithm for
right censored data as described in section 3.2.
For the algorithm implementation process it was used the statistical program R.
The autors used a manually written code in R software and also
used some packages like for exemple, maxNR, boot and mass.
The initial solution θ(0) was attributed by the result obtained by
the least squares method. The iterative process stopped when the difference between the iteration k and iteration k+1, given by equation
(9), was less than 0,1.
The following Table 1 shows the expected value for β̂ and ηˆ for
each of the mechanical seals applying the maximum-likelihood method with the EM algorithm, as described in this paper. The respective
confidence intervals are also presented.
Table 1. Expected value of β̂ and ηˆ (days) for each of the mechanical seals
obtained with the maximum-likelihood method (EM) and respective confidence interval by the bootstrap-T method
Mechanical
seals

β̂

1

6,12

9,21

14,09

365,51

3

10,85

13,92

17,19

385,03

5

3,96

7,56

2

4

2,01

4,93

5,04

8,17

10,12

12,98

12,51
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301,49

352,85

335,62

ηˆ (days)
392,96

425,53

403,68

423,21

345,31

381,44

368,37

392,67

416,05

406,99
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Because the sample of data is small, it was used the bootstrap-t
method in determining the confidence intervals with a confidence
level of 95% [6, 7].
The bootstrap-t method allows the calculation of the confidence
interval of the parameters of interest in particular in the case where the
sample is small (n <30).
New samples are taken randomly from resampling the original
sample. For the randomization of the process be minimized it is necessary to perform a large number of resampling, B. With the generated
bootstrap samples it is possible to calculate the standard deviation of
B repetitions that will be used in the confidence intervals:

Table 2. Expected value of β̂ and ηˆ (days) for each of the mechanical seals
obtained with the least squares method

(26)

The estimation of the unknown parameters of the Weibull distribution was also obtained, in the same system, with the least squares
method, to compare with the results obtained by the EM algorithm.
In Rinne is indicated how to obtain the estimates of the unknown
parameters using least squares method.
The following Table 2 shows the expected value for β̂ and ηˆ for
each of the mechanical seals applying the least squares method.
The shape parameter, β, is higher by maximum likelihood
method (EM algorithm) than the least squares method and in both
is higher than 1.
For the scale parameter, η, the values obtained by the two methods
are similar.

Where:
(27)
From the table of the t-Student distribution gets the value tc that:
(28)
Thus, the bootstrap-t confidence interval with confidence level
100 (1-α)% is given by:
(29)
The number of resampling for the bootstrap method is equal to 1000.
From the results obtained and presented in table 1, it can be noted that, all
mechanical seals feature the shape parameter β >1. The values of the scale
parameter η vary between 345.31 and 403.68 days of operation.
With the information obtained by the bootstrap method, it is possible
to represent the confidence interval around the probability density function of the estimated Weibull distribution, as shown in Figure 2 to seal 1.

Mechanical seals

β̂

1

8,76

3

12,54

5

6,55

2
4

4,26
7,68

ηˆ (days)
388,72
338,17
415,15
386,71
363,42

5. Conclusion
The prediction of failures of equipment for a given time horizon
can only be considered in probabilistic terms, because there is always
uncertainty about the time they will happen. Thus, this work has focused on the presentation of statistical techniques inherent to an estimation process of the parameters of a theoretical probabilistic model
that best fits the observed data.
Also, it showed the importance of the record of occurrences of
failures during the use of equipment (historical record). This information is essential for monitoring a system, and also for the correct
performance of the maintenance activities.
However, some data may contain uncertainty regarding the
time of occurrence of the failures and thus are regarded as incomplete or partial.
Due to the complexity of the analyzed data, in particular in the
presence of right censored data, it was found that the equation from
the maximum-likelihood method showed no analytical solution. So
the solution presented in this work was using the EM algorithm.
In this work it was possible to validate the applicability of the
EM algorithm to determine the solutions of the equation that is derived from the maximum-likelihood method in the presence of incomplete data.
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Fig. 2. Confidence interval around the probability density function of the estimated Weibull distribution by the bootstrap method, seal 1

References
1.
2.
3.
4.

Abernethy R B. The New Weibull handbook. Florida: Robert B. Abernethy, 2006.
Akram M, Hayat A. Comparison of estimators of the Weibull distribution. Journal of Statistical Theory and Practice 2014; 8(2): 238-259,
https://doi.org/10.1080/15598608.2014.847771.
Balakrishnan N, Mitra D. Left truncated and right censored Weibull data and likelihood inference with an illustration. Computational
Statistics and Data Analysis 2012; 56: 4011-4025, https://doi.org/10.1016/j.csda.2012.05.004.
Balakrishnan N, Kundu D, Ng H K T. Point and interval estimation for a simple step-stress model with type-II censoring. Journal of Quality
Technology 2007; 39: 35-47.

314

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

S cience and Technology
5.
6.
7.
8.
9.
10.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.

Chambers R L, Steel D G, Wang S, Welsh A H. Maximum likelihood estimation for sample surveys. Boca Raton, Florida: Chapman and Hall/
CRC Press, 2012.
Dempster A P, Laird N M, Rubin D B. Maximum likelihood from incomplete data via the EM algorithm. Journal of the Royal Statistical
Society 1977; 39(1): 1-38.
Efron B, Tibshirani R J. An introduction to the bootstrap. London: Chapman & Hall, 1993, https://doi.org/10.1007/978-1-4899-4541-9.
Fang L Y, Arasan J, Midi H, Bakar M R A. Jackknife and bootstrap inferential procedures for censored survival data. AIP Conference
Proceedings 2015; 1682: 1-6, https://doi.org/10.1063/1.4934631.
Gijbels I. Censored data. Wires Computational Statistics 2010; 2: 178 - 188, https://doi.org/10.1002/wics.80.
Guure C B, Ibrahim N A. Methods for estimating the 2-parameter Weibull distribution with type-I censored data. Journal of Applied Sciences,
Engineering and Technology 2013; 5(3): 689-694.
Karlis D, Xekalaki E. Choosing initial values for the EM algorithm for finite mixtures. Computational Statistics and Data Analysis 2003; 41:
577-590, https://doi.org/10.1016/S0167-9473(02)00177-9.
Kinaci I, Akdogan Y, Kus C, Ng H K T. Statistical inference for Weibull distribution based on a modified progressive type-II censoring
scheme. Sri Lankan Journal of Applied Statistics 2014; 1: 95-116, https://doi.org/10.4038/sljastats.v5i4.7786.
Lawless J F. Statistical models and methods for lifetime data. New Jersey: John Wiley & Sons, 2003.
McCool J I. Using the Weibull distribution, reliability, modeling and inference. New York: John Wiley & Sons, 2012, https://doi.
org/10.1002/9781118351994.
McLachlan G J, Krishnan T. The EM algorithm and extensions. New Jersey: John Wiley & Sons, 2008, https://doi.
org/10.1002/9780470191613.
Ng H K T, Chan P S, Balakrishnan N. Estimation of parameters from progressively censored data using EM Algorithm. Computational
Statistics and Data Analysis 2002; 39: 371-386, https://doi.org/10.1016/S0167-9473(01)00091-3.
Procaccia H, Ferton É, Procaccia M. Fiabilité et maintenance des matériels industriels réparables et non réparables. Paris: Ed. Tec & Doc,
2011.
Rinne H. The Weibull distribution - A handbook. Florida: CRC Press, 2009.
Teimouri M, Hoseini S M, Nadarajah S. Comparison of estimation methods for the Weibull distribution. Statistics: Journal of Theoretical and
Applied Statistics 2013; 47(1): 93-109, https://doi.org/10.1080/02331888.2011.559657.
Tobias P A, Trindade D C. Applied reliability. Florida: Chapman & Hall/CRC Press, 2011.

Luís Andrade Ferreira
FEUP - Faculdade de Engenharia da Universidade do Porto
Department of Mechanical Engineering
Rua Dr. Roberto Frias, 4200-465, Porto, Portugal
José Luís Silva
ESTV – Escola Superior Tecnologia de Viseu
Department of Mechanical Engineering and Industrial
Management
Campus Politécnico, 3504-510, Viseu, Portugal
E-mail: lferreir@fe.up.pt, jsilva@ipv.pt

Eksploatacja i N iezawodnosc – Maintenance and Reliability Vol.19, No. 2, 2017

315

Scientific Board
Professor Andrzej Niewczas, PhD, DSc (Eng)
Chair of Scientific Board
President of the Board of the Polish Maintenance Society
Professor Holm Altenbach, PhD, DSc (Eng)
Otto-von-Guericke-Universität, Magdeburg, Germany

Professor Vaclav Legat, PhD, DSc (Eng)
Czech University of Agriculture, Prague, Czech Republic

Professor Karol Andrzejczak, PhD, DSc
Poznań University of Technology, Poznań

Professor Jerzy Merkisz, PhD, DSc (Eng)
Poznań University of Technology, Poznań

Professor Gintautas Bureika, PhD, DSc (Eng)
Vilnius Gediminas Technical University, Vilnius, Lithuania

Professor Gilbert De Mey, PhD, DSc (Eng)
University of Ghent, Belgium

Professor Zdzisław Chłopek, PhD, DSc (Eng)
Warsaw University of Technology, Warsaw

Professor Maria Francesca Milazzo, PhD, DSc, (Eng)
University of Messina, Italy

Dr Alireza Daneshkhah
Warwick Centre for Predictive Modelling
University of Warwick, UK

Professor Tomasz Nowakowski, PhD, DSc (Eng)
Wrocław University of Technology, Wrocław

Professor Marcin Ślęzak, Ph.D., D. Sc. (Eng.)
Motor Transport Institute, Warsaw, Poland
Professor Sławczo Denczew, PhD, DSc (Eng)
The Main School of Fire Service, Warsaw

Professor Stanisław Radkowski, PhD, DSc (Eng)
Warsaw University of Technology, Warsaw
Professor Jan Szybka, PhD, DSc (Eng)
AGH University of Science and Technology, Cracow

Professor Mitra Fouladirad, PhD, DSc
Troyes University of Technology, France
Dr Ilia Frenkel
Shamoon College of Engineering, Beer Sheva, Israel
Professor Olgierd Hryniewicz, PhD, DSc (Eng)
Systems Research Institute of the Polish Academy of Science, Warsaw
Professor Hong-Zhong Huang, PhD, DSc
University of Electronic Science and Technology of China,
Chengdu, Sichuan, China
Professor Krzysztof Kołowrocki, PhD, DSc
Gdynia Maritime University

Professor Marek Orkisz, PhD, DSc (Eng)
Rzeszów University of Technology, Rzeszów

Professor Katsumi Tanaka, PhD, DSc (Eng)
Kyoto University, Kyoto, Japan
Professor David Vališ, PhD, DSc (Eng)
University of Defence, Brno, Czech Republic
Professor Min Xie
City University of Hong Kong, Hong Kong
Professor Irina Yatskiv, PhD, DSc (Eng)
Riga Transport and Telecommunication Institute, Latvia

Co-financed by the Minister of Science and Higher Education

The Journal is indexed and abstracted in the Journal Citation Reports (JCR Science Edition), Scopus,
Science Citation Index Expanded (SciSearch®) and Index Copernicus International.
The Quarterly appears on the list of journals credited with a high impact factor by the Polish Ministry of Science
and Higher Education and is indexed in the Polish Technical Journal Contents database – BAZTECH
and the database of the Digital Library Federation.
All the scientific articles have received two positive reviews from independent reviewers.
Our 2015 Impact Factor is 1.248
Editorial staff:

Dariusz Mazurkiewicz, PhD, DSc (Eng), Associate Professor (Editor-in-Chief, Secretary of the Scientific Board)
Tomasz Klepka, PhD, DSc (Eng), Associate Professor (Deputy Editor-in-Chief)
Teresa Błachnio-Krolopp, MSc (Eng) (Editorial secretary)
Andrzej Koma (Typesetting and text makeup)
Krzysztof Olszewski, PhD (Eng) (Webmaster)
Publisher:
Polish Maintenance Society, Warsaw
Scientific patronage:
Polish Academy of Sciences Branch in Lublin
Address for correspondence: “Eksploatacja i Niezawodność” – Editorial Office
ul. Nadbystrzycka 36, 20-618 Lublin, Poland
e-mail: office@ein.org.pl
http://www.ein.org.pl/
Circulation:
550 copies

INFORMATION FOR AUTHORS
Eksploatacja i Niezawodnosc – Maintenance and Reliability – the journal of the Polish Maintenance Society, under the scientific
supervision of the Polish Academy of Sciences (Branch in Lublin), published four times a year.

The scope of the Quarterly
The quarterly Eksploatacja i Niezawodnosc – Maintenance and Reliability publishes articles containing original results of experimental
research on the durability and reliability of technical objects. We also accept papers presenting theoretical analyses supported by physical interpretation of causes or ones that have been verified empirically. Eksploatacja i Niezawodność – Maintenance and Reliability
also publishes articles on innovative modeling approaches and research methods regarding the durability and reliability of objects.
The following research areas are particularly relevant to the journal:
1. degradation processes of mechanical and biomechanical systems,
2. diagnosis and prognosis of operational malfunctions and failures.
3. analysis of failure risk/wear,
4. reliability-and-environmental-safety engineering in the design, manufacturing and maintenance of objects,
5. management and rationalization of object maintenance,
6. risk management in the processes of operation and maintenance,
7. the human factor and human reliability in operation and maintenance systems.

Terms and Conditions of Publication
The quarterly Eksploatacja i Niezawodnosc – Maintenance and Reliability publishes only original papers written in English or in
Polish with an English translation. Translation into English is done by the Authors after they have received information from the
Editorial Office about the outcome of the review process and have introduced the necessary modifications in accordance with the
suggestions of the referees! Acceptance of papers for publication is based on two independent reviews commissioned by the Editor.
The quarterly Eksploatacja i Niezawodnosc – Maintenance and Reliability proceeds entirely online at submission.ein.org.pl

Technical requirements
• After receiving positive reviews and after acceptance of the paper for publication, the text must be submitted in a Microsoft
Word document format.
• Drawings and photos should be additionally submitted in the form of high resolution separate graphical files in the TIFF, SVG,
AI or JPG formats.
• A manuscript should include: names of authors, title, abstract, and key words that should complement the title and abstract (in
Polish and in English), the text in Polish and in English with a clear division into sections (please, do not divide words in the
text); tables, drawings, graphs, and photos included in the text should have descriptive two-language captions, if this can be
avoided, no formulae and symbols should be inserted into text paragraphs by means of a formula editor; references (written in
accordance with the required reference format); author data – first names and surnames along with scientific titles, affiliation,
address, phone number, fax, and e-mail address.
The Editor reserves the right to abridge and adjust the manuscripts. All submissions should be accompanied by a submission form.
Detailed instructions to Authors, including evaluation criteria can be found on the journal’s website: www.ein.org.pl

Editor contact info
Editorial Office of „Eksploatacja i Niezawodnosc - Maintenance and Reliability”
Nadbystrzycka 36, 20-618 Lublin, Poland
e-mail: office@ein.org.pl

INFORMATION FOR SUBSCRIBERS
Fees
Yearly subscription fee (four issues) is 100 zloty and includes delivery costs. Subscribers receive any additional special issues published during their year of subscription free of charge.

Orders
Subscription orders along with authorization to issue a VAT invoice without receiver’s signature should be sent to the Editor’s address.

Note

No text or photograph published in „Maintenance and Reliability” can be reproduced without the Editor’s written consent.

